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L' Stability Estimates
for n xn Conservation Laws

ALBERTO BRESSAN, TAI-PING L1u & TONG YANG

Abstract

Letu; + f(u)x = 0 be astrictly hyperbolic n x n system of conservation laws,
each characteristic field being linearly degenerate or genuinely nonlinear. In this
paper we explicitly define a functional ® = & (u, v), equivalent to the L! distance,
which is “almost decreasing” i.e.,

<1§(u(t), v(t)) - @(u(s), v(s)) SO@E)-(t—s) forall t >s5 20,

for every pair of e-approximate solutions u#, v with small total variation, generated
by a wave front tracking algorithm. The small parameter ¢ here controls the errors
in the wave speeds, the maximum size of rarefaction fronts and the total strength of
all non-physical waves in « and in v. From the above estimate, it follows that front-
tracking approximations converge to a unique limit solution, depending Lipschitz
continuously on the initial data, in the L' norm. This provides a new proof of
the existence of the standard Riemann semigroup generated by a n x n system of
conservation laws.

1. Introduction

The aim of this paper is to provide a new, concise proof of the L! stability of
solutions to the Cauchy problem

ur+ fu)x =0, 1.1

u(0,x) =u(x) (1.2)

for a strictly hyperbolic n x n system of conservation laws. Within a domain of
small BV functions, the existence of a globally Lipschitz flow, whose trajectories
are entropy weak solutions to (1.1), was conjectured in [2] and first proved in [7]
for systems of two equations and in [8] for general n x n systems. In all these
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works, the basic idea is to connect two solutions u, v of (1.1) by a one-parameter
family of solutions uY, and study how the length of the path y; : 6 — uf(r)
varies in time. As long as all solutions u’ remain sufficiently regular, the length
of y; can be computed by integrating the norm of a generalized tangent vector. By
studying the linearized evolution equation for these tangent vectors [11], an a-priori
estimate on their norm is derived [5]. In turn, this provides a bound on the length
of y; and hence on the distance ||u(t) —v(t) ||L1. Unfortunately, this approach is
hampered by the possible loss of regularity of the solutions «?. In order to retain
the minimal regularity (piecewise Lipschitz continuity) required for the existence
of tangent vectors, in [4, 7, 8] various approximation and restarting procedures had
to be devised. These eventually led to entirely rigorous proofs, but at the price of
heavy technicalities.

A different approach has been proposed in [18, 20, 21, 22]. It relies on the
explicit construction of a functional ® = & (u, v) which is equivalent to the L!
distance:

1
E||u—v||L. S D, v) £ Cllu—vl, (1.3)
and which is decreasing in time along any pair of solutions of (1.1), i.e.,
CD(u(t), v(t)) < q)(u(s), v(s)) forevery t > s = 0. (1.4)

For n x n systems with coinciding shock and rarefaction curves, a functional having
these properties was introduced in [20]. In the case of 2 x 2 systems without this
coincidence property, the construction of an appropriate functional was carried out
in [21]. The method can also be applied to general n x n systems [22].

In the present paper we show that the functional constructed in [21] and [22]
can be simplified considerably when the distance between the two solutions u and
v are measured along shocks, instead of rarefaction curves. The new functional is
then a part of the original ones in [21] and [22]. Indeed, for piecewise constant u, v,
the value of @ (u, v) is defined as follows. For each x € R, connect u(x) with v(x)
always moving along shock curves. Call g; (x) the size of the i-th shock in the jump
thus determined by u(x) and v(x). We then define

@(u,v)iZ/ |qi () |Wi (x) dx, (1.5)
j=1Y "%

where the weights W; have the following form:

Wix) =1+« - [total strength of waves in u and in v
which approach the i-wave g; (x) ] (1.6)

+ k7 - [wave interaction potentials of u and of v].

See (2.16) for a precise definition. This functional consists of the linear, quadratic
and generalized entropy functionals of [21] and [22]. Here the functional is ex-
pressed in a form so that the weights W; look very similar to those used in [2, 4,
5, 7, 8]. In the case of systems with coinciding shock and rarefaction curves, our
functional coincides with the one in [20]. In the opposite case, for a given genuinely
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nonlinear family i € {1, ..., n}, it is interesting to observe that the contribution to
W; given by the i-waves in u and v approaching g; (x) yields precisely the nonlinear
entropy functional studied in [19].

Most of our analysis will be concerned with e-approximate solutions con-
structed by a wave-front tracking algorithm [1, 3, 13, 23]. These are piecewise
constant functions in the ¢, x-plane with a finite number of wave fronts, classified
as shocks, rarefactions and non-physical waves. The small parameter ¢ controls
three types of errors:

* Errors in the speeds of shock and rarefaction fronts.
* The maximum strength of rarefaction fronts.
* The total strength of all non-physical waves.

As ¢ — 0, every strong limit of e-approximate solutions provides an en-
tropy weak solution to (1.1). Studying the behavior of the functional @(r) =
@(u(r), v(t)) in connection with front tracking approximations offers consid-
erable advantages. Indeed, the maps t — u(¢), ¢t +— v(t) are continuous with
values in L!. Hence the same is true for the corresponding wave strengths g; in
(1.5). Moreover, at every time T where two fronts in # or in v interact, by the Glimm
interaction estimates [14, 24] all weights W; decrease. This trivially implies that
@ (t+) < @(t—). Therefore, to prove the basic inequality

M) S P)+O)-e(t—s), 0Zs <1, 1.7)

it suffices to show that & < @ (1) - € outside interaction times. This can be checked
by a direct calculation, relying again on standard interaction estimates.

By using (1.7) in connection with sequences of approximate solutions u,,, v, and
letting e, — 0, itnow becomes clear that front-tracking approximations converge to
a unique limit, depending Lipschitz continuously on the initial data. This provides
a new, much simpler proof of the existence of a Lipschitz semigroup generated
by the n x n system of conservation laws (1.1). We recall that the existence of
such a semigroup plays a key role in various uniqueness proofs [9, 10] for entropy
weak solutions of the Cauchy problem. As a further consequence, thanks the front-
tracing technique developed in [16], sharp error estimates on approximate solutions
constructed by the Glimm scheme can also be derived [12].

The paper is organized as follows. After a review of basic material, in Section
2 we give the definition of the functional @ and state the main results. Section 3
contains an outline of the proof. The calculations involved in the main estimate
are then performed in Section 4 for the case with coinciding shock and rarefaction
curves, and in Section 5 for the general genuinely nonlinear case.

2. Statement of the Main Results

Let (1.1) be a strictly hyperbolic n x n system of conservation laws in one space
dimension, and assume that each characteristic field is either linearly degenerate or
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genuinely nonlinear [15, 24]. In the following we denote by A1 (1) < --- < A, (u)
the eigenvalues of the Jacobian matrix A(u) = Df (u). Moreover,

o = Si(0)(uo), o> Ri(o)(uo) 2.1

indicate respectively the i-shock and i -rarefaction curves through the point . If the
i-th field is linearly degenerate, or else if the i-rarefaction curves are straight lines,
then these shock and rarefaction curves coincide [25]. In this case, we parametrize
them simply by arc length. On the other hand, in the general genuinely nonlinear
case without this coincidence property, we choose the parameter o in (2.1) so that

d d
E)Li (Si(0) (o)) =1, Eki (Ri(0)(ug)) = 1,

2i(Si(0) (o)) — 2i(uwo) = o = Ai(Ri(0)(u0)) — Ai(uo).

In all cases, it is well known [24] that the two curves S;, R; have a second-order
tangency at ug. By A; (u™t, u™) we denote the i -th eigenvalue of the averaged matrix

1
At um) = / A(Ou™ + (1 —0)u")do.
0

When u™ = S;(o)(u"), this eigenvalue coincides with the Rankine-Hugoniot
speed of the i-shock joining u~ with . In the following we shall consider ap-
proximate solutions of (1.1) with small total variation, obtained by a wave-front
tracking algorithm.

Definition 1. Given ¢ > 0, we say that u : [0, co[ LI!(R; R") is an &-
approximate front-tracking solution of (1.1) if the following holds:

1. As a function of two variables, u = u(t, x) is piecewise constant, with dis-
continuities occurring along finitely many lines in the (¢, x)-plane. Only finitely
many wave-front interactions occur, each involving exactly two incoming fronts.
Jumps can be of three types: shocks (or contact discontinuities), rarefactions and
non-physical waves, denoted as 7 = . U.2U 7.

2. Along each shock (or contact discontinuity) x = x4(¢), @ € .7, the values
u” =u(t, xo—) and u™ = u(t, x,+) are related by

ut = Sy, (0a) ™), 2.2

for some k, € {1, ..., n} and some wave size o,. If the ky-th family is genuinely
nonlinear, then the entropy admissibility condition o, < 0 also holds. Moreover,
the speed of the shock front satisfies

|tq — Myt um)| S e (2.3)
3. Along each rarefaction front x = x4 (¢), @ € .72, one has

ut = Ry, (0x) ™), o4 €10,¢], (2.4)
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for some genuinely nonlinear family k,. Moreover,

[Xa (1) = di, )| S e (2.5)

4. All non-physical fronts x = x,(¢), @ € .//"5” have the same speed:
o (1) = A, (2.6)

where  is a fixed constant strictly greater than all characteristic speeds. The total
strength of all non-physical fronts in u(z, -) remains uniformly small, namely,

> Juttxat) —ult. xq—)| S forallr 2 0. 2.7
ae VD

If, in addition, the initial value of u satisfies
Ju(0,) —i|, <e, (2.8)

we say that u is an e-approximate solution to the Cauchy problem (1.1), (1.2).
In the following, we simply call

Oy = ‘M([, Xa+) - M(t, xo(_)‘v S ‘/y*//j’ (29)

the strength of the non-physical front at x,(¢). By convention, we regard non-
physical fronts as belonging to a fictitious linearly degenerate (n + 1)-th charac-
teristic family, so that k, = n + 1 for every a € ./"5”. As customary, the total
strength of waves in u is measured by

V) =) loal, (2.10)

o

where the summation runs over all wave fronts of u. The wave interaction potential
is
Qu)= Y l|og-0opl, (2.11)

(a.B)e. 4

where the summation runs over all couples of approaching waves. With the above
convention on non-physical fronts, we recall that two fronts of the families kq, kg €
{1,..., n+1} located respectively at xo, xg With x, < xg are approaching if either
ko > kg, or kg = kg, and at least one of them is a genuinely nonlinear shock.

The existence of front-tracking approximate solutions was proved in [13] for
systems of two equations and in [1, 3, 23] for general n x n systems. More precisely,
for each ¢ > 0 and for all initial data # € L! with sufficiently small total variation,
there exists an g-approximate solution u = u(z, x) to the Cauchy problem of (1.1),
(1.2), defined for all # = 0. For a suitable constant Cy, the function

1 T (u@) = V(@) + CoQ(u®), (2.12)

bounding the total variation of u, is non-increasing.
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Now let v be another e-approximate solution of (1.1) with small total variation.
We wish to estimate how the distance H v(t) — u(t) ”Ll changes in time. For this
purpose, we define the scalar functions g; implicitly by

V() = Su(gn(x)) 0 -+ 0 Si(g1(x)) (u(x)). (2.13)

Intuitively, g; (x) can be regarded as the strength of the i-shock wave in the jump
(u (x), v(x)). On a compact neighborhood of the origin, we clearly have

1 n
o @ —ue] = Y lai0)] £ €1 o) — u)| (2.14)
i=1

for some constant C;. We now consider the functional
n oo
®(u,v) = Zf |gi ()| Wi (x) dx, (2.15)
i=1Y7%

where the weights W; are defined by setting:

Wix) =1+« - [total strength of waves in u and in v

which approach the i-wave g; (x)]

. . . (2.16)
+ Ky - [Wave interaction potentials of u and of v]

= 1+ K14;(x) + k2[ QW) + Q)]

The amount of waves approaching g; (x) is defined as follows. If the i-shock and
i-rarefaction curves coincide (Temple class), we simply take

Ai(x)i[ )Y ]Iaal. 2.17)

Xa<x, i<koS<n  xg>x, 15ky<i

The summations here extend to waves both of u and of v. By [25], the definition
(2.17) applies if the i-th field is linearly degenerate or if all i-rarefaction curves
are straight lines. On the other hand, if the i-th field is genuinely nonlinear with
shock and rarefactions curves not always coinciding, our definition of A; contains
an additional term, accounting for waves in # and in v of the same i-th family:

aw=[ Y + > e

ae 7 w)U 7 (v) ae 7 w)UZ (v)
X <x, i<ky §n Xo>X, lgka <i
[ X+ Y el ifaw <o,
ko =i k=i
o€ 7 (u), xg<x a€ 7 (v), xq>x
. 7 (2.18)
[ X+ Y el ifawso.

k=i k=i
ae 7 (v), xq<x ae 7 (u), xq>x
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Here and in the sequel, 7 (1) and 7 (v) denote the sets of all jumps in « and in
v, while 7 = Z(u) U Z(v). We recall that k, € {1,...,n + 1} is the family
of the jump located at x, with size o,. Notice that the strengths of non-physical
waves do enter in the definition of Q. Indeed, a non-physical front located at x,
approaches all shock and rarefaction fronts located at points xg > x,. On the other
hand, non-physical fronts play no role in the definition of A;.

The values of the large constants k1, x2 in (2.16) will be specified later. Observe
that, as soon as these constants have been assigned, we can then impose a suitably
small bound on the total variation of u, v so that

1S Wi(x) £2 forall i, x. (2.19)

From (2.14), (2.15) and (2.19) it thus follows that
1
C—l-Hv—u”L] §¢(u,v)§2C1~”v—u”L]. (2.20)

In view of (2.12), our L! stability estimate for front tracking approximations can
now be stated as follows.

Theorem 1. For suitable constants C», k1, k2, 8o > 0 the following holds. Let u, v
be e-approximate front tracking solutions of (1.1), with

T(u(t)) < &0, T(v(r)) <8y forall t Z0. 2.21)
Then the functional ® in (2.15)—(2.18) satisfies
@(u(t), v(t)) - <D(u(s), v(s)) < Cre(t —s) forall 0 < s <t. (2.22)

From this result, the existence of a Lipschitz semigroup generated by (1.1) can
be easily proved. Indeed, recalling (2.12), consider the domain

g = cl{u e LI(R; R"); u is piecewise constant, V (u) 4+ Co - Q(u) < 80},

(2.23)
where cl denotes L!-closure. We then have

Theorem 2. For all initial data u € &, as ¢ — 0 any sequence of e-approximate
front-tracking solutions of the Cauchy problem (1.1), (1.2) converges to a unique
limit u = u(t, x). The map (u,t) — u(t,-) = S;u defines a uniformly Lipschitz
continuous semigroup, whose trajectories are entropy weak solutions of (1.1).

Proof of Theorem 2. Let 1 € & be given. Consider any sequence {u,},>, such
that each u,, is a front-tracking &, -approximate solution of (1.1) with

Juv(0) — il s <&y, lim g, =0, (2.24)
V—>00

T (uy(1)) <8 forall t = 0. (2.25)
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For every i, v 2 1 and t 2 0, by (2.20) and (2.22) it now follows that
lup@ —uy(®]|y1 £ C1- @ (up (), uy(®)
< Cy - @ (1 0), uy(0)) + C1Cat - max{e,, &} (2.26)
< 2C7 [up(0) — uy (0) |1 4+ C1Cat - max{ey,, &}

Since the right-hand side of (2.26) approaches zero as u, v — 00, the sequence is
a Cauchy sequence and converges to a unique limit. The semigroup property

Ss(Siit) = Syyit

is an immediate consequence of uniqueness. Finally, let i, v € & be given. For
each v 2 1, let u,, v, be front-tracking &,-approximate solutions of (1.1) with

Juv @) =ity < ev. 00 (0) =] <&, lim e, =0. (2.27)
Again using (2.20) and (2.22) we deduce that
|uv(@) = o)1 S Cr- @ (un (), vu (1))
< €1+ [2 (0,0, v,(0) + Care ] (2.28)
< 2C7 |un(0) — vy (O) |1 + C1Cate,.
Let v — oo; by (2.27) it follows that
Jut) = v(@) |1 £ 2CT - llit — vl (2.29)
This establishes the Lipschitz continuity of the semigroup, completing the proof.

For the uniqueness of the semigroup S and a characterization of its trajectories
we refer to [6].

3. The Basic Estimate

To prove Theorem 1, we need to examine how the functional @ evolves in time.
In connection with (2.13), at each x define the intermediate states wo(x) = u(x),
w1(x), ... ,wp(x) = v(x) by setting

wi(x) = Si(qi(x) o Si—1(gi—1(x)) o -+ 0 81(q1(x))(u(x)). 3.1

Moreover, call
Ai(x) = A (wi—1(x), wjx)) (3.2)
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the speed of the i-shock connecting w;_1(x) with w; (x). A direct computation now
yields

d
—@(u(r), v(t))

dt
= a; ; {|¢1i(xa—)|Wi(xa—) - |qi(xa+)|Wi(xa+)} - X 53
= 30 3 {lar e (e =) = oW (™ — )
ae 7 i=1

with obvious notations. We regard the quantity |q,~ (x) \Ai (x) as the flux of the i-th
component of |[v — u| at x. For x,—1 < x < x4, we clearly have

g AT WD = g 0 [ Wi ) = g e W

Moreover, the assumption that u(¢), v(r) € L! and are piecewise constant implies
that ¢; (¢, x) = 0 for x outside a bounded interval. This allowed us to add and
subtract the above terms in (3.3), without changing the overall sum.
In connection with (3.3), for each jump pointo € Z andeveryi =1,...,n,
define
Eui = g WG —50) — |ar[WEm (5 k). G

Our main goal is to establish the bounds

ZEa,i SO0 logl, ae NP, (3.5)
i=1
n
Y Eai £O0) -eloal, ae€RUS. (3.6)

i=1

Here and throughout the following, by the Landau symbol ¢7'(1) we denote a quan-
tity whose absolute value satisfies a uniform bound, depending only on the system
(1.1). In particular, this bound does not depend on ¢ or on the functions u, v. It is
also independent of the choice of the constants «1, «2 in (2.16).

From (3.5), (3.6), recalling (2.7), (2.9) and the uniform bounds at (2.12) on the
total strength of waves, we obtain the key estimate

j—tq§(u(t), v(t)) <O(1)-e. (3.7
If the constant k> in (2.16) is chosen large enough, by the Glimm interaction esti-
mates [15, 23] all weight functions W; (x) decrease at each time T where two fronts
of u or two fronts of v interact. Integrating (3.7) over any interval [0, ¢] we therefore
obtain

@ (u(r), v()) £ @(u(0), v(0)) + (1) - kiet, (3.8)
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proving the theorem. All the remaining work is thus aimed at establishing (3.5),
(3.6).

If @ € )27, calling o, the strength of this jump as in (2.9), fori = 1,...,n
we have the easy estimates

4" =g =) on,

Wit — Wi =0, (3.9)

1
+ -
kf‘ —)»?‘ = (1) - oq4.
Therefore, with

Eqi = (Igf" 1 = g7 )W 8T — %a) 410
+1gf T IWEt — WIS —%0) + g T IWE (8T — a8,

the estimate (3.5) is clear.

Proving (3.6) will require more work. The case where the jump at x,, occurs in
a family with coinciding shock and rarefaction curves is somewhat easier, and will
be covered in Section 4. The general case will then be studied in Section 5.

4. The Case of Coinciding Shock and Rarefaction Curves.

The goal of this section is to establish (3.6) in the case where the jump at x4
occurs in a family with coinciding shock and rarefaction curves. We recall that o,
denotes the size of this jump, occurring in the k,-th characteristic family. In the
following, since all computations refer to a fixed jump « € .22 U.%, we drop the
superscript ¢ and simply write W, = W*, dr, = 4y, - ete. The definition of the
weights at (2.16), (2.17) implies that

Kilog| if i < ke,
Wi=w_, Wr-w = (4.1)
“ * —K1|og] if @ > kg.

By strict hyperbolicity, we can assume that in the (suitably small) neighborhood 2
of the origin where u and v take values, we have

(@) —2i(@)Zc>0 forall i <j, w0 €. 4.2)

For o € .72 U .Y, thanks to the assumption of coinciding shock and rarefaction
curves, we have the estimates

’61,; —q;; io"" + Z |qi+ —q; |= o)- Z ’q;’|0a|
i+ky JFke

=W Y |gi+|loal.

JFka

4.3)
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In the first term, the plus or minus sign is taken in the case where the jump occurs
in u or in v, respectively. Indeed, to derive (4.3), we can regard the waves qijE as

generated by the interaction of the waves qu with a single k,-wave of strength |oy|.
More precisely, if the jump occurs in v, we consider the interactions:

Gy qy) © (0,...,0,04,0,...,0) > (q{,....qD),
@G- q) ©(0,...,0, =04,0,...,0) > (g1 +---.q;)

If the jump occurs in u, we consider the interactions:
©,...,0, =04,0,....0) & (g +....q;) +— (qF.....q},
©,...,0,00,0,...,0) © (g ,....q))) = @, .-sqy)-

In all cases, the difference between the total amount of i-waves before and after
interaction is bounded by an interaction potential, which contains only products of
waves of distinct families. We now estimate the left-hand side of (3.6), separating
the terms related to the ky-th family from all the others. For i & kg, writing E,, ;
in the form (3.10) and using (4.1), (4.2), we deduce

Eqi £ O)- W™ Y g7 |loal — cxilg] [lowl + (1) - |g] [lowl W, (4.4)
JFka
Here W™#* denotes an upper bound for all weight functions W;. As remarked at

(2.19), one can assume that W™** < 2. Concerning the k,-th component, we claim
that

Eak, = Wi {16105, = %) = lag 10, — 5}
(4.5)
=o)- {eloal + Yy |qj_||aa|}.

JFka

To prove (4.5), assume that the jump occurs in v, the other case being entirely
similar. As in (3.1), consider the intermediate states

a)a = M(X(x_), ey (,z)l_ = Sl(ql_)(wl_—l)’ e wn_ — v(xa_)’
4.6)
a)(')" = M(X(x"‘), e a)t+ = S’(qt-l—)(a)l—t])’ e w; — U(xa+).
Moreover, define the quantities
aka = q,; + 0w, 4.7
1
s ifo M, (Sk, (B00) (o)) b, (4.8)

1
%, = /O Ao (Sk, 0G0 (@p, 1)) dO. 4.9)
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By assumption, either the k,-th family is linearly degenerate, or else its rarefaction
curves are straight lines. In both cases, the shock speed defined according to (3.2)
satisfies

1
Mo = /O M (St O ) (wp 1)) dB. 4.10)
From (4.8)~(4.10) follows the identity
ar. O, — 45) = Gk, ok — A5)- (4.11)

Indeed, introducing the scalar flux function
o
0@) = [ (5, @], ) ds
0

and calling ¢; = a, gk, = b, we have

iy = 80 5@

- _s@ 3 k)
b—a

ko 7 ) ke b ’

and (4.11) follows easily. In addition, we have the bounds

e = 4,1 = ) -+ (1) - oy, — |

— o (8 + 3 a7 ) (4.12)
ke
95!, = G| = D) D Ny [0l “13)
j#ka

4, =l = O W) (10, — oyl + lag, — 4, — oul)
=0 Y g7 |loal. 1
j#ka

‘We now write
Eak < Wiy {11 G, = 20 = 10710, = 20 + 107 = G|k, = 27,

+ait = g lla = |+l 11, = T
4.15)
and observe that, by (4.12),

g, = allia =25, =+ (e + Y g [)lowl. @.16)
JFka
Moreover, (4.13) and (4.14) imply that

|48 — G| — 25, gl N =T = O - > g [lowl. @17)
ik
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To estimate the term
E} = 1Giy | Ok — 25 — g | O, — 25 (4.18)

we distinguish four cases.

Case 1. > gk, have the same sign. In this case (4.11) implies E} = 0.

Case 2. The k,-field is linearly degenerate. In this case A; = Aza = Xk(,; hence
E;=0.

Case 3. The k,-field is genuinely nonlinear and qk_a < 0 < gi,; hence o, > 0.
In this case, a basic property of front tracking approximations requires o, < &.
Therefore, from the estimates

T+ lai | = 0w iy =21 =) &, |ap —AL =) -,

we deduce Ef = 7(1) - e|og|.

Case 4. The kq-field is genuinely nonlinear and g, < 0 < q,; ;hence o, < 0. 1In
this case, we have 'Xka < kza < k,;; therefore E} < 0.

The discussion of these four cases completes the proof of (4.5).

By (4.4), (4.5), we can now choose the constant k1 in (2.16) so large and the
total variation of u, v so small that

Eoky+ Y Eia SOWM) - Y g [low] — cx1
iFky JFka

) Z ’q;x_“UaI + (1) - €|og| 4.19)
itk
S O(1) - glogl.
This establishes (3.6).

5. The Genuinely Nonlinear Case

We now prove (3.6) in the genuinely nonlinear case, dropping the assumption
that shock and rarefaction curves coincide. To fix the ideas, let € 7 (v), the other
case being similar. As usual, let o, be the size of the jump at x,, occurring in the
kq-th characteristic family. According to (2.16), (2.18), the weights Wio‘i satisfy

K1lo, if i <kgy,
Wi+_Wl'_={ 1| ot| o (51)

—k1log| i 0 > kg,

N - kilog|  if min{g, ¢;} >0,
W —w, = (5.2)
o o . + —_
—kilog| if max{g, , g, } <O0.
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We first seek an estimate relating the quantities ql-+, q; »0a, Which will replace
(4.3). Toward this goal, by an easy modification of Theorem 3.3 in [17] we obtain

Lemma 1. Given any state u* € 2, if the values o;, o}, o' satisfy
Su(on) o -+ o Si(o1) (™)
= Sy(0;)0 -+ 0S81(0]) 0 8u(a,) 0 -+ o8i(a])(u),
then
n
Z loi —o/ —o]'| = (1) - (Z |o’a”| |a | + |O' )+ Z |O'/O']£/|>
i=1 JjFk
If the values o, o are related by
Ry, (o) (™) = Sp(o,) 0 -+ o Si(op) "),
then
o = of, |+ D lofl = o) - (o7, o110, | + o) + Y lofol).
ik J¥ka

In the case where the jump o, in v is a shock, using the first part of Lemma 1
we obtain

8 —ag —ou| + Y lai" — a7 |

iFky
=cm- (lgg (g, | +loa) + Y lg ioul. 53
J¥ka
=cm- (g5t +loa) + 3 laf ol 64
JFka

On the other hand, in case of a rarefaction, recalling that o, € ]0, €] and using both
parts of Lemma 1 we recover the estimates

ab —a, —oul+ D la —q; |

itk
=M (e+lag (g | +lol) + 3 la; |)loel, 5.5)
J¥ka
=M (e +1g8 (a8 1+ loal) + 3 gt )loal— 56)
JFka

The following simple lemma will be repeatedly used in the sequel.
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Lemma2.letw € 2,0,0’ € R, k € {1...,n}. Define the states and wave speeds

® = Sk(0)(®), A= (o, w),
o' = Sp(o")(w), V= Mo, o),
" = Sp(o + o) (@), A= (@, o).
Then
(0 + 0 = 2) o — 1) = 1) - oo’ |(lo] + o). (5.7)

Proof. The function
U(,0)) = (c+c )V —crh—0'M=(@+"QN" =N)—c(r—=1)

is smooth and satisfies

, 3w
W(0,0) =¥ (0,06')=0, ———(0,0)=0. (5.8)

do do’

Therefore,

) o po’ 92y ,, lol rlo’|
W(o,0') = ~(r,5) drds = /(1) - (Ir] + Is1) drds,
0 Jo do do 0 0

proving the lemma.

We can now begin the proof of the basic estimate (3.6), considering first the
case of a rarefaction front: « € .72. Since the total variation is small, by (5.5), (5.6)
we can assume that

oe €10,¢l, 0 < g —qp <204 < 2. (5.9
Three cases must be studied, depending on the signs of g, , q,j;.

Case l. 0 < qk_d < q,j; . We first seek an estimate similar to (4.4), valid for i & k.
Again writing E,, ; in the form (3.10) but using (5.5) in place of (4.3), we obtain

Eqi < m).(ﬁ g |(lgg |+ lowl) + > !q;})|aa| —cktlg; [loal, i # ke
JjFka
(5.10)
Next, for i = ky, we seek an estimate replacing (4.5). Consider the intermediate
states a)ijE as in (4.6). We then define the states

Oky = Sk, +0a) (@, 1), wp, = S, (02) (o), (5.11)

and the shock speeds

M= Mg (g @), Ry = A (o _y. B, (5.12)
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We recall that, according to (3.2),
A, =M (o s o). (5.13)

One can easily check that, if shock and rarefaction curves coincide, then 5ka = a);:a
and the above definitions would reduce to (4.8)—(4.10). An application of Lemma
2withd =w 4,0 =q;_,0' = 0g yields

(g, +0a) Gk, —25,) =g, O, =250 = O (D) -|ag [1oal(lg, | +10w). (5.14)
Moreover,

Mo =kl =) - (lo_y — o i1 + g, — a, — 0al)

o

=) (e + lag (g | +1ol) + 3 lai 1)lowl,  (5.15)

idky
IAg, — Xl Se+O0) - lop, — oy
Se+O)- ) g7 |- (5.16)
idky
The assumption of genuine nonlinearity implies that
M=k, > Clag | (5.17)

for some constant ¢’ > 0. In this case Wkt = Wk_a + k1l|oy|. Using (5.14)—(5.17)
and recalling that the quantities oy, qg: 4y, are all positive, we now compute

Ear, = (We +6100)qi (M = 5a) = Wi ap (A, — %a)
< k104 (qg, + 0a) (i, — 15,
+r100 (g, +0a) (IAE = Ke, | + % — 23, |)
+r100|q) = qp, — oul|M, — e
+ W {ad O — ta) — g G, — )

< —C//qq];aa(q]; + (Ia)

+O () - k10a gy, + ) (2 +ap, G, + o) + Y la7 )
i+ky

+ W Al(gg, +0a) Gy — 25 — 4 g, — 25|
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gy, —ar, = oul M, —

o

+0uli, — | + (a5, +ow) 1, = T}

< —ckiqy oalp +0a)+ O (1) (£+q,; (g0 +ou)+ > la7 |)oa. (5.18)
i%key
With the constant k1 chosen large enough, (5.10) and (5.18) together imply (3.6).

Case 2. 4, < q,j; < 0. The estimates are almost the same as in Case 1, using (5.6)
instead of (5.5). For i & kg, writing E,; in the form (3.10) we obtain

Eai £ €+ (e +1g7 (g8 | +1oal) + 3 a7 |0l = cxrlg lloal. i ke
JFka
(5.19)

To estimate Ey k,, consider the intermediate states a)ijt as in (4.6) and define
Ok, = Sk, (q,j; - Ga)(wZ;_l), wg, = Ska(—aa)(w,:;), (5.20)
and the shock speeds
k- + * T + ~
)”ka = A.ka(a)ka, wka)’ Ak, = )\'kd(a)ka—l’ Wi, )- (5.21)
We recall that, according to (3.2),
A, = )Lk_a(wk_ail, a)];). (5.22)
An application of Lemma 2 with ® = a),:;_l, o= q,:;, o' = —oy yields
(@ = 00) O =25 — @i Ot =250 = O (D) |gi |loal (g | +1owl). (5.23)
Moreover, by (5.4) we have
Mg, = Mol = O W) - (o _y —of 1+ lai — i, — oul)
=0 - (e+lgt (g 1+ loal) + Y gt 1) lowl,  (5.24)
4y, 14, [ q; als

ik

A, —dl Se+O0) - o —of]

Se+0M) Y gl (5.25)
i=kg,

The assumption of genuine nonlinearity implies that

T =M, > g (5.26)
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for some constant ¢’ > 0. In this case Wk_(y = W,:; + k1|og|. Using (5.23)—(5.26)
and recalling that 9, < q,:l < 0 < o4, We now compute

Eqk, = Wit lal 1008 — %) — (W + k100 lgp, | O, — )

A

—10(1a5, | + 0a) Ok, — 27,

+K10a(|q,j;| + O'a)(l)\.]_(: — Nk |+ 1ha — AL
+ K106 |q;, — qr, — oallry, — el
+WHlgh 105 —da) = lag |0y, — %)}

< —cilgg loa (g | + 00) + O (1) - k106 (195 | + 0a)

(e + 1t (19751 + 00) + D la )

i+ky
+ Wi la 10 = 22 = (a1 + 00) Gk, = 37,
+lait, — ag, = oallig, = Fal+oulii, = fol + (1951 + 00) g, =7, 1}
< —ciilgg low (g | + ow)

+ (e + It (191 +0u) + Y g} 1) (5.27)
iFky

with the constant x| chosen large enough, (5.19) and (5.27) together imply (3.6).

Case 3. 4, < 0< q . For the terms E, ; withi = kg, the estimates (5.10) remain
valid. Usmg (2.19) and (5.9), for the term E, x, we easily obtain the estimate

Eoky = Wlgi I — %) — Wl |0, — %a)

< 2(lggt | + lag, (AL, = ol + 12y, — al) (5.28)
=M -ou(e+ Y la1).
iFky

With the constant 1 chosen large enough, (5.10) and (5.28) together imply (3.6).

The final part of our analysis is be concerned with a shock front: « € .#”; hence
oy <0, q,:; < 4y, - As before, three cases are considered, depending on the signs

of g, and q,;:.
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Case 1. 0 < q,j; < ¢y, - Fori F ky, using (5.4) we now obtain

Eai W - (1g 101+ oal) + Y [a]])loul = cxrl[loal, i + ke
JFka
(5.29)

Next, we seek an estimate on E x,, . For this purpose, consider again the intermediate
states a)ijE as in (4.6). Moreover, define the states wy,, w;; and the shock speeds

)L,ta, Xk‘, as in (5.20), (5.21). By (5.4) and Lemma 2, the estimates (5.23)—(5.25)
still hold. The assumption of genuine nonlinearity now implies that

M, =, > Cag (5.30)

for some constant ¢’ > 0. In this case, Wk; = W,:; — Kk1]og|. Using (5.30) together
with (5.23)—(5.25) and recalling that o, < 0 < q,:; < q,; , We compute

Eory = Whaqit O — %) — (W —xiloal)gg, O, — %)

< ki(gf + lowl)lowl G, — 25,) + k1lowl|gf — i — ou|lry, — %a

o

+r1gi loal(Ig, = Ryl + o — A1)

+ Wi {ad, O, = 3a) — g, Oy, — %o}
< —c'i(qg, + 1oal)loalg;

+ ) - wlowl (a7 (a5, + lowl) + Y 19771 lowl
i+ky

+ (1) - kiloalaf, (2 + i lowl (a7, +lowl) + Y l;1)
ik,
< —c'ki(qg, + 1oal)loalg;
+ M (e + (g7 +loal)ag, + Y la; 1) loal. (5.31)
iky
with the constant 1 chosen large enough, (5.29) and (5.31) together imply (3.6).

Case 2. qk < gy, < 0. The estimates are almost the same as in Case 1, using (5.3)
instead of (5 4). For i =+ ky, we obtain

Eai 0 (1a, (19,1 + 0al) + D [a;|)lowl = cxt g [lowl, i = k-
ko
! (5.32)
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To estlmate Eq k,, consider the intermediate states a)jE as in (4.6) and define wy,,
a)k ,Ak ,Ak asin(5.11),(5.12). By (5.3) andLemma2 the estimates (5.14)—(5.16)
again hold. The assumption of genuine nonlinearity now implies that

Moy — 2, > Clag | (5.33)

for some constant ¢’ > 0. In this case Wkt =W, —Ki |og|. Using (5.33) together
with (5.14)—(5.16) and recalling that 4, < q,j; < 0and 0, < 0, we now compute

Eor, = (W —ctloal)lgi | — %a) — Wi lg |0, — Xa)
< —ki1loal(lgg | + loal) (e, — A7)
— + oy . *
+rc1loal(lge | + loaD (14 — Ty | + %0 — A7, 1)
+K1|aa||qkt — 4, — TallAf, — ol
W llgE 104, — %) — lgg |Gy, — %)}
< —crilgg llowl (g | + loal)

+ (1) -K1|O‘a|(|611;| + |Ua|)<€ + |q;;|(|q;;| + |Ua|) + Z |6I,~_|)
ikg

T Wi {|qk (g, = 4e) = (g, + 00) Gy = 27,

1035 — i, —0ul 117, — Fal + 0al 137, — el + (lag, | + lowl) 355, 3,

Dt

< —ciilgg_llowl(lgg | + owl)

+ W8 +lai, (197, | +10al) + Y 1471 l0l. (5.34)
iFky

With the constant k1 chosen large enough, (5.32) and (5.34) together imply (3.6).

Case 3. q,; <0 < 4y, To fix the ideas, assume that |q,;| |q B the other
case being entirely similar. Since the total variation is small, the above assumption
implies

|ow| > %q,;, 4, +0a < %aa < 0. (5.35)

Fori &+ ka, by (5.3) the estimate (5.32) still holds. Defining a) as in (4.6) and @y, ,
wk ,Ak ,)Lka asin (5.11), (5.12), the estimates (5.14)—(5.16) also remain valid. In
the present case, the assumption of genuine nonlinearity implies that

M Z R M — A 2 g+ oul (5.36)
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for some constant ¢’ > 0. Recalling that qk <0 < ¢y, < loa|and using (2.19),
(5.15), (5.16) together with (5.35), (5.36), we now compute

Eoty = W lgE IO — da) — Wi la |0, — Xa)
S Wlgd 1O, = AE) — Wi lge |, — M)
+ W lg 1104, = T | + 1A, — fal) + Wi lag 1|2, — %o
/
< —=ag llowl + O (1) - (e +ai g+ lowl) + ) |q,-‘|)|oa|. (5.37)

c
3 iFky

Since the amplitude of the solution is small, (5.32) and (5.37) together imply (3.6).
This completes the proof of the estimate (3.6) in all cases where q,:(z, 4, F 0. The

remaining cases where q,z; = 0org, = 0can be easily recovered as limits of the
previous ones.
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