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For the viscous and heat-conductive fluids governed by the compressible Navier-Stokes
equations with an external potential force, there exist non-trivial stationary solutions
with zero velocity. By combining the LP — L? estimates for the linearized equations and
an elaborate energy method, the convergence rates are obtained in various norms for the
solution to the stationary profile in the whole space, when the initial perturbation of
the stationary solution and the potential force are small in some Sobolev norms. More
precisely, the optimal convergence rates of the solution and its first order derivatives in
L2-norm are obtained when the Ll-norm of the perturbation is bounded.
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1. Introduction

The motion of compressible viscous and heat-conductive fluids in the whole space
R3 can be described by the initial value problem of the compressible Navier-Stokes
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equations for the density p, velocity u = (u',u? u?) and temperature 6:

pt + V- (pu) =0,
plue + (u-V)u] + VP(p,0) = pAu+ (p+ p')V(V - u) + pF, (1.1)
pcu[0r + (u- V)0 + 0Py (p,0)V - u = kA + U(u).
In the following discussion, initial data satisfy
(p,u,0)(0,2) = (po, 0, 00)(2) = (Poc; 0,000) as |z — 0. (1.2)

Here, t > 0, z = (z1,22,23) € R®. P = P(p,0), p, pt/, k and c, are the pressure,
the first and second viscosity coefficients, the coefficient of heat conduction and the
specific heat at constant volume respectively. In addition, F' is an external force
and ¥ = W(u) is the classical dissipation function:

() = 5 (0 +0u')” + u! (90)° (1.3)
Throughout this paper, the above physical parameters and known functions are

assumed to satisfy the following usual conditions:

A.1. u, k and ¢, are positive constants, while i’ is a constant satisfying p’ + % w>0.
A.2. ps and O, are positive constants, and P = P(p, ) is smooth in a neighborhood
of (poo, b0) satistying P,(peo, Oso) > 0 and Py(poeo, o) > 0.

A.3. There exists a function ® € H°(R3) such that F(z) = —V®(x).

(1.1)-(1.2) in a neighborhood of (pec, 0, 0s) is given by

A=) p 0 -
and satisfies
16 = pclle < C[ @[}, 015, (1.5)
Vol pers < ClIV®| o/ (1.6)

Under these assumptions, the nonlinear stability of the stationary solution to
the problem (1.1)-(1.2) was proved by Matsumura and Nishida!®!¢ as stated in the
following proposition.

Proposition 1.1. Under the assumptions A.1-A.3, there exist constants Cy > 0
and €y > 0 such that if
[P0 — Poos 10, 00 — Ooo) I3 + | @[5 < €0,
then the initial value problem (1.1)-(1.2) has a unique solution (p,u, ) globally in
time and a unique stationary state (p, 0,0 ), which satisfy
p—p € C%0,00; H*(R?)) N C(0, 00; H*(R?)),
u, 0 — 0o € C°(0,00; H*(R?)) N C*(0, 00; H'(R?)),
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and
1(p— Py u, 0 — 0s0)(1)]I3

¢
+/0 IV (p = pyu, 0 = 0s0) (9113 + (| V(1,0 — B0 ) () 13) s
< Coll(po — p, o, o — Oo0) |3 (1.7)

Based on this stability result, the main purpose in this paper is to investigate
the optimal convergence rates in time to the stationary solution. We remark that
the convergence rate is an important topic in the study of the fluid dynamics for the
purpose of the computation®5. Since the background profile is non-trivial due to the
effect of the external force, the analysis on the convergence rates is more delicate
and difficult than the case without external forces. The main idea in this paper is to
combine the LP? — L7 estimates for the linearized equations and an improved energy
method which includes the estimation on the higher power of L2-norm of solutions.
By doing this, the optimal convergence rates for solutions to the nonlinear problem
(1.1)-(1.2) in various norms can be obtained and are stated in the following theorem.

Theorem 1.1. Let ¢y be the constant defined in Proposition 1.1. There exist con-
stants €1 € (0,€9) and C > 0 such that the following holds. For any ¢ < €1, if

[(Po = Poos 0, b0 = Os0)[3 + |@[[5 + V| /s < ¢, (1.8)
and
PO — Poos U0, 90 — 05 € LI(R?’), (19)

then, the solution (p,u,8) in Proposition 1.1 enjoys the estimates

(p—pou, 0 — 0o0)(B)le < CL+1)2078) 2<p<6, t>0, (1.10)
(p— prus 0 — o) ()| L= < C(L+1)7E, >0, (1.11)
IV(p = 51,0 — 0o)(B)l2 < C(L+ )%, t>0, (1.12)

(o, ue, 01) ()] < C(L+8)7%, > 0. (1.13)

Remark 1.1. In Theorem 1.1, (1.8) together with (1.5)-(1.6) implies that
15— poclls + 197l s < Ce. (1.14)

In addition, (1.9) shows that the perturbation of initial data around the constant
state (poo, 0, 0s0) is bounded in L'-norm, which need not be small.

Remark 1.2. The linearized equations of (1.1) around the constant state
(Poos 0, 0s) take the following form?!2:16:

pt+’7vuzoa

U — 1 Au — puoVV - u +yVp + AVEO = 0,
0; — RAO + AV -u =0,
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where p1, p2, v, A and kK are positive constants which will be given precisely in
Section 2. Compared to the decay estimates of the solution to the above linearized
equations by using Fourier analysis'? stated in Lemma 2.1 in the next section,
Theorem 1.1 gives the optimal decay rates for the solution in LP-norm, 2 < p < 6,
and its first order derivatives in L?-norm. However, notice that the convergence
rates of the derivatives of higher order in L?-norm and the solution in L>-norm are
not the same as those for linearized equations. Even though it may not be feasible
for the nonlinear system with external forces to have the same decay for higher
order derivatives as the linearized one because the differentiation can be taken only
on the stationary background profile, what are the optimal convergence rates for
higher order derivatives is not known and is left for future study.

A lot of works have been done on the existence, stability, large time behavior
and convergence rates of solutions to the compressible Navier-Stokes equations for

£15,16,8,11,17,23 o1 ] vefor-

either isentropic or nonisentropic (heat-conductive) case, ¢
18,20 abhout some existence results of the stationary

solutions to the compressible viscous Navier-Stokes equations with general external

ences therein; see also references

forces. In the following, we recall some studies on the convergence rates for the
compressible Navier-Stokes equations in the whole space with or without external
forces which are related to the results in this paper.

When there is no external force, Matsumura and Nishida'* obtained the con-
vergence rate for the compressible viscous and heat-conductive fluid in R3:

1(p — poos 1,8 — o) (B)]l2 < C(L+ )7, ¢ >0,

if the small initial disturbance belongs to H*(R3) N L*(R?). For the same system,
Ponce!? gave the optimal LP convergence rate

IV (p = pocs s 0 — 0:) (1) r < C(L+ )" 507072 ¢ >0,

for 2 <p<ooand!=0,1,2, if the small initial disturbance belongs to H*(R™) N
WL(R™) with the integer s > [n/2] 4+ 3 and the space dimension n = 2 or 3. From
the pointwise estimates through the study of the Green function, the optimal decay
rates for the isentropic viscous fluid in R”, n > 2, were obtained by Hoff-Zumbrun”
and Liu-Wang!'3:

cot5(-3) 2 < p< oo,

) — —

(o = pocs pu)(t)||zr <

Ct—%(l—%H"T_l(%—l)Ln(t), 1<p<2,
for all large t > 0, if the small initial disturbance belongs to H*(R"™)N L!(R") with
the integer s > [n/2] 4+ 3, where L, (t) equals log(1 4+ t) if n = 2 and 1 otherwise.
This result was later generalized by Kobayashi-Shibata!'? and Kagei-Kobayashi® 19
to the viscous and heat-conductive fluid and also to the half space problem but
without the smallness of L'-norm of the initial disturbance.
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When there is an external potential force F = —V®(z), there are also some
results on the convergence rate for solutions to the compressible viscous Navier-
Stokes equations. The difficulty in these analysis comes from the appearance of
non-trivial stationary solutions. For this case, when the initial perturbation is not
assumed in L', the analysis only on the Sobolev space H®(R?) yields a slower
decay?3. Recently, an almost optimal convergence rate in L?(R"), n > 3, was
obtained by Ukai-Yang-Zhao??:

1(p = pou)(®)lls < C(n,8)(1+ 1)~ 5+, £ >0,

if the initial disturbance belongs to H*(R™) N LY(R"), s > [n/2] + 2 with only H*-
norm small, where (p,0) is the stationary solution and ¢ is any small positive con-
stant. But C(n, d) is a constant depending on n and ¢ which satisfies C(n, §) — oo
when ¢ tends to zero. The result in this paper generalizes the above one and im-
proves its method. Finally, for the general (non-potential) external force F' = F(x),
the velocity of the stationary solution may not be zero?°. For this, the following
convergence rate was obtained by Shibata-Tanaka?! for the isentropic viscous fluid:

IV(p— p*su—u*)(t)]|2 < CO)E2F2, (1.15)

for any large t > 0, if the initial disturbance belongs to H?(R?) N L%/°(R?) with
only H3-norm small, where (p*,u*) denotes the stationary solution and § is any
small positive constant.

Remark 1.3. Considers a potential force F' = —V® with ® of the special form

n
= T

where n > 0 is sufficiently small and r is a constant. Clearly, the condition (1.8)
is satisfied if and only if » > 1/2 and then Theorem 1.1 holds on the optimal
convergence rates for L' initial disturbance. On the other hand, it is seen that
the argument of Ref. [21] is valid for this potential with » > 0 and the stationary
solution defined by (1.4), to deduce the convergence rate (1.15) for L5/5 initial
disturbance. Thus, the optimal convergence rate depends on the spatial decay order
of the potential function as well as the summability of the initial disturbance. A
similar result holds for some negative r. This will be reported in a future.

To obtain the optimal convergence rates of the solution and its first order deriva-
tives in L?-norm for the case of the potential force in Theorem 1.1, besides the
LP — L7 estimates on the solutions for the linearized system and the energy esti-
mates for the nonlinear system, a new idea is to consider the estimates not only
on the energy itself but also on its powers, which yields a uniform decay estimate
when the power tends to infinity. That is, we are going to prove an estimate in the
form of

(1+6)T 0|V (0,w,2) (1)} < C(5,p,€),
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for all § > 0,p > 2 where (o, w, 2) is the solution to the reformulated problem (2.8)
defined in the next section whereas € is as in (1.8). Actually, we can only obtain
the constant C(9,p,€) > 0 such that C(d,p,e) — oo as § — 0 for each fixed p,e. In
other words, this estimate cannot give the desired optimal convergence rate if p is
fixed. However, for fixed § > 0, if we can show that

C(9,p, e)% — C(d,¢) as p— o0,
then, we get
IV (0,0, 2)(t)]]2 < C(8,€) (1 + )71,

which is the desired optimal estimate for the first order derivatives with respect to
the space variable. This effective method to obtain the optimal convergence rate can
be also applied to the other cases*. The optimal convergence rate of the solution in
L?-norm can then be obtained by using the integral formula of the solution to the
nonlinear problem which will be given in Section 4.

The rest of the paper is organized as follows. In Section 2, the nonlinear prob-
lem is reformulated, and some basic inequalities and the decay properties of the
linearized equations are given. Based on the LP? — L9 and the energy estimates,
some lemmas for obtaining optimal convergence rates are proved in Section 3. And
then the main result Theorem 1.1 will be proved in the last section.

Notations. Throughout this paper, the norms in the Sobolev Spaces H™(R3) and
WmP(R3) are denoted respectively by || - || and || - |[;mp for m > 0, any p > 1.
In particular, for m = 0, we will simply use || - || and || - ||z». {-,-) denotes the
inner-product in L?(R?). Moreover, C' denotes a general constant which may vary
in different estimates. If the dependence needs to be explicitly pointed out, then
the notation C(a,b,...) is used. Finally,

V=(81,32,83), al:awly i:172;37

and for any integer I > 0, V'f denotes all derivatives up to [-order of the function
f- And for multi-indices o and 3

a= (a1, a2,0a3), B= (01,0, 053),

we use

T3

3
« a1 Qs Qo §
837 = 8’1‘118’1‘228 3 |Oé| = Qg
=1

and C’g = <§> when 3 < a.
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2. Preliminaries
In this section, the initial problem (1.1)-(1.2) will be reformulated as follows. Set
p(t,x)=plt,z) — plx), u(t,z)=u(t,z), 0t x)=00tz)— O,

and

By (1.4), it holds that

Thus (1.1) becomes
pr+ pcV - = F,

!
/ iAu/—N—FN VV'UI+Pp(poo’QOO)vpl"_Pe(poo’QOO)VQI:FQ/7

U —
k Poo Poo Poo Poo (2.2)
DOP o0y YOO
0, — i AH’—}—MV-U':FB(,
CvPoo CvPoo
where
Fl = -V () = V- (), (2.3)
P; ! ~, ! o0 P o0y YOO
FQ':—(u’-V)u—{ o (p +Ip 0" +9 ) Bp(pos, b )}W,
ptp Poo
_ [ Po(p' + 5,0 +0) _ P0(p007900)] Vo'
i P+ P
(P,(p" +p,0 + 0o P,(poo, 0o
_ p(P +/p’ ~+ ) _ P(p ):| vﬁ
i P+ p Poo
r ! !
I i] A+ [m - M] V), (2.4)
P +P P PP o
/ / ~ /
Fj= - v - [CEEB RT3 0) el gy
c(p' +p) CvPoo
K K , 1 1 ] ,
+ - — + -~ — U (u
[CV(PI+P) Cvpoo:| [Cu(p’+p) CvPoo (v)
U (u'). 2.
(W) (2:5)

Denote the scaled parameters and constants by

p pA _ K P,
-1 =B = \/Pipe, A=\/PoPs, F=—,] .
/1’1 pooa H’Q oo ) ’Y 1/) 2173 R c, P1P3poo

Then by defining

olt,x) = pl(t,x), wito) =\ [FE (1), =(t,0) = ];21/;;9'(1%,@,
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where

P 007900 P 007900 900P 007900
Pl — P(p )7 P2 — O(P )’ P3 — 0(/) )
Poo Poo CvPoo

the initial value problem (1.1)-(1.2) is reformulated into

)

ot +vV-w = I,
wy — AW — o VV - w +yVo + AVz = Fy, (2.6)
2z — KAz + AV - w = F3,

with initial data
(o,w, 2)(0,2) = (00, wo, 20)(x) — (0,0,0) as |z| — oco. (2.7)

Here, Fy, Fy, F5 are F{, Fy, F}, respectively in terms of (o, w, z), and

(00, wo, 20) () = (m(x) = pl), [ TEruo(), iﬁ@j (8o () — 0oo>> .

Use A to denote the following matrix-valued differential operator

0 ydiv 0
A= 19V —A —pVdiv AV
0 Adiv —RA

Then the corresponding semigroup generated by the linear operator —A is
E(t)=e¢" t>0.
For simplicity of notations, set
U= (o,w,z) and F(U) = (F1, F3, F3)(U).
Then the reformulated problem (2.6)-(2.7) can be written both as
U+ AU = F(U) in (0,00) x R®, U(0) =Up in R?,

and the integral form

Ut) = B(t)Us + /0 "Bt — ) F(U)(s)ds, 10, (2.8)

To fully use the decay estimates of the semigroup E(t), the following LP — L4
estimates!'? will be applied to the integral formula (2.13).

Lemma 2.1. Letl > 0, m > 0 be integers and 1 < g <2 < p < oo. Then for any
t > 0, we have

m—+l

= [1Uo]l 24

10" E()Us|| 1o < C(m, 1, p,q) (1 + 1) 2G5~

_ ™M
+C(malap7 Q)e ot [t 2 ||00||(2m+l—n1—1)+,p+ ||00|

l,p

+C(m,1,p,q)e” [t’%II(woyzo)H@menz)tp + [1(wo, z0)l1=1)+ p | »
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where ny > 0 and ny > 0 are integers, ¢ > 0 is a positive constant, and (k)T =k if
k >0 and 0 otherwise. In particular, it holds that

IV'E@)Us| < CU)1+ )12 (|Uol|z2 + | Uoll),
and

|0 E®Uo |l < U+ 6 [0l + (14474 ) U] -

For later use and clear reference, some Sobolev inequalities™? are listed as fol-
lows.

Lemma 2.2. Let Q C R3 be any domain with smooth boundary. Then
(i) [ fllco@y < Cllfllwmre(qy, for f € WM™P(Q), (m —1)p <3 <mp.
(i6) [ fllr(0) < Cllf ey, for f € H'(R), 2 < p<6.

Lemma 2.3. Let Q2 C R? be the whole space R3, or half space Ri or the exterior
domain of a bounded region with smooth boundary. Then

(i) [ o) < ClIV L2, for f € HI(Q).
(it) [ flloog) < Cllfllwreey < ClIVE o), for f e H*(Q).

Lemma 2.4. For () defined in Lemma 2.3, we have
(i) | Jo f - g-hdz| <e| V> + SllglRIRI fore >0, f,g € H'(Q), h € L*(9).
(ii) |fo-g-hdx| <ellgl® + %HVfH%HhH2 fore >0, f € H*(Q), g,h € L?(Q).

Finally, the following elementary inequality will also be used.

Lemma 2.5. Ifry > 1 and ro € [0,71], then it holds that

/t(1 =) (14 5)"2ds < O (1, ra) (1 4+ 1), (2.9)
0

where C1(r1,12) is defined by

27’2—}-1

Cy(ri,re) = (2.10)

7'1—]..

Proof. The integral in (2.9) is estimated by

(/2 +/t> (I+t—s)""(1+s) ds=1+1L (2.11)
0 3

For the second part, it is easy to see

t\ " [t 1 t\ "
II<(1+-= 1+t—s)""ds < 1+ = . 2.12
_<+2> /;(+ 9 s_r1_1(+2> (2.12)
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For the first part, when o # 1, it holds that

177"2
t
1+ - -1

—r 1—r To—T
O S

2 1—7”2

1

(L+3)
1—7”2

I=

Define an auxiliary function

1+z)t=" — (14 a)2
1 — T9 '

G(z) =

Direct calculations gives 0 < G(z) < G(z.), where z, satisfies

-1
1+x*—<r1 )
K — T2
1 mo1\=T 1) et
Gla,) = 1— B 1—
() 1—1ro [(rl—m) (rl—r2> ]

rog—r1
r—1) 1 1

= < _—,
r —7To ri—1"r; -1

where we have used the inequality

Thus,

rT2—"r1

— ro—1
(7"1 ].> 2 S].
KT —To

because r1 > 1 and 0 < ry < r1. Thus for the first part, it also holds that

1 t\ "
I<r1_1(1+§> . (2.13)

Hence putting (2.12) and (2.13) into (2.11) yields (2.9). This completes the proof
of the lemma. |

3. Basic estimates

In this section, we shall prove two basic inequalities for the proof of the optimal
convergence rates in Section 4. One inequality is based on the LP — L9 estimates
of solutions to the linearized equations, while the other comes from the use of the
energy method.

Lemma 3.1. Let U = (o,w, 2z) be the solution to the problem (2.6)-(2.7). Under
the assumptions of Theorem 1.1, we have

IVU@)|| < CEy(1+1t)"% —|—Ce/0 (1+t— )" 1| VU(s)|2ds, (3.1)
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where Eg = |Uo||g3nrr is finite by (1.8) and (1.9).

Proof. From (2.8) and Lemma 2.1, we have

IVU )| < CEo(1+1t)~ 1

+C/Ol(1 +t—8) H([FU))] + |FO)s)[1)ds,  (3.2)

where F(U) given in (2.3)-(2.5) has the following equivalence properties:
Fy ~ 8iow’ + cd;w' + 8iﬁwi + ﬁ@iwi,
F] ~ w'd;uw’ + 00;0;07 + 00;0iw' + 00,0 + 20;0 + 002 + 20;2
+p0;0;w! + po; 0w’ + pojo + ad;p + 20;p + po;z,
F3 ~ w'0;z + 00;0;z + cOw' + z0;w' + o¥(w) + ¥(w)
+p0;0;z + poyw' + p¥ (w).

And ¥(w) is given by (1.3). Thus, it follows from the Holder inequality, Proposition
1.1, Lemma 2.2, (2.1) and (1.14) that

IE@)®))zr < CUUOI+I2ADIVUBI1 + ClIV Al Less U @)l 2o
+C(IVo®)ll + 1Vall) [ Vw(®)]*
< Ce|VU@)]l1, (3-3)

and

IE@)O)] < CUU@ lwree + [12llw)IVU@)ll2 + CIVAILIU @) 2
FCllo@®)llwro [Vw ()| Lo [[Vw(t)]1
< CUVU@lz + Vol VU D2 + ClIVAILIIVU @)1
+C[IVa (t)l|2[|V2w(@) 11 Vw(#) |1
< Ce||VU()])2- (3.4)

Putting (3.3) and (3.4) into (3.2) yields (3.1) and hence this completes the proof of
the lemma. O

Lemma 3.2. Let U = (o,w, z) be the solution to the problem (2.6)-(2.7). Under
the assumptions of Theorem 1.1, if € > 0 is sufficiently small, then it holds that

O (192001 + 192w, (01) < CelvU@)? (3.5)

where H(t) is equivalent to |[VU(t)||3, that is, there exists a positive constant Co
such that

1
C—QIIVU(t)Ilg < H(t) < C|VU®)3, t>0. (3.6)
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Proof. For each multi-index o with 1 < |a| < 3, by applying 9% to (2.6), multi-
plying it by 0%0, 0%w, 0%z respectively and then integrating it over R3, we have
from (2.6)1-(2.6)3 that

2 7 L2 ®)? + i IV w(b) |2 + 2|V - 2w(®)|? + R VO 2(1)]?
= (070(), 07 11 (1)) + (07 w(t), 03 Fa(t)) + (07 2(t), 95 Fi(t))
= L(t) + L(t) + I3(D), (3.7)

where I;(t), i = 1,2,3, are the corresponding terms in the above equation which

will be estimated as follows.
Firstly, for I (t), it holds that
t) < C{[(0g0(t), 02 (Qiow") (1)) + [(0g o (t), O3 (c0yw")(t))]
+[(020(t), 02 (0ipw’) (1))| + (0o (t), 95 (pOiw®) (1)) }
< Cl(030(t), 0 0o (t)w' (1))
+OY il CEI@20 (1), aﬂamt)a:—ﬁwi(tm
+C0 X 51210 CAIOZ 0 (1), 070 (1) 02~ P Oyw! (1)) ]
+C 3 1<ja Cal(0ga (1), 868 poy P (1))
+Cz‘ﬁ|§|a‘ CBI(0%a(t), 02 pOS—Po;wi(t))). (3.8)
For the first term on the right hand side of (3.8), Lemma 2.3 and Proposition 1.1
give
(050 (t), 07 dio(t)w' (1))] = 51((970(1))?, D' (1))
< Clloaw' )| = l10go(B)|I* < ClIV*w()] Haa Wl
< Celloza(t)]|.

Furthermore, for the second term, it follows from Lemma 2.4 and Proposition 1.1
that

> 02a(t), 9700 (t)07~ w' (1))l

1BI<]al -1
= {5 0+ S prstara | 020 (0), 0000 (t)0g 5 wi (1))
< 2e|0go (D)) + SIIVao (b3 05w (t)]>
+E <1<t VO Pwt (O[13]107050 (1)1
< CeYicia<s 1020 + Ce 3oy jaj<a lOFw ()]
The other terms on the right hand side of (3.8) can be estimated similarly. Thus,

L(t)<Ce Y [oga@)I* +Ce Y [o7w(t)]®. (3.9)

1<]a|<3 1<|a|<4
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Moreover, I(t) and I3(t) can be estimated similarly by using Lemma 2.4:
L(t) +I3(t) < Ce Y |logo®)|* +Ce Y |05 (w.2)(#)]*. (3.10)
1<[al<3 1<[al<4
Hence (3.7) together with (3.9) and (3.10) yields
d (0% (%
7 Yoo losu®IP+ Y IVagw,2)@)|?

1<]al<3 1<]al<3

<Ce Y oge®)*+Ce Y 109w, 2)®)]* (3.11)

1<]al<3 1<|al<4
Next we shall estimate |[VO2c(¢)||? when 1 < |a| < 2. Since (2.6)2 gives
YVo = —w + pnAw + peV(V - w) — AVz + Fy,
we have that for 1 < |a| < 2,
AIVO2(1)2 = — (0w (1), VIR () + (02 Au(t), VLo (1))
(07 V(V - w) (), VO7a(t)) — MOFVa(t), Vago(t))
+H{OYF5(t), VOZa(t)). (3.12)
On the other hand, it follows from (2.6); that
0w (t), Voo (1)
= (07w (t), VO a(t)) + (97 w(t), VO o (t))
= (07w (t), VO a(t)) — v(07w(t), VIFV - w(t)) + (07 w(t), VOF Fi(t)).  (3.13)
Adding (3.12) and (3.13) gives

YNVoza ) + <8 w(t), VO o(t))
= pi (0 Aw(t), Vaa ®)) +n <5‘IV(V w)(t), Vogo(t))
—NOFw(t), VIV -w(t)) — Mz Vz, Vaga(t))
+(07w(t), VOF Fi(t)) + (VO o(t), 03 Fa(t)),
which implies
L IVaza (0| + 5 (0u(t), Vago(h)
< C(J0gVPw(®)]? + 02V - w(t)||? + 1|07 V(1))
+C0Sw(t), VOSF1(t))| + C|{VOSa(t), 0T Fa(t)). (3.14)
Similar to the estimation on I1(¢), we have
Oz w(t), VO 1 ()| + (VO a(t), 0y Fa(t))]
<Ce Y forelP+ce Y ozt 1)

1<|a|<3 1<|a|<4
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Putting (3.15) into (3.14) gives that for 1 < |a| < 2,

1Y Vel + 5 Y (@), Voo ()

1<|al<2 1<|af<2
<C Y (10sVw@)ll; + 105Vz(0)]1%)
1<]al<2
+Ce Y ogo)P+Ce D (05w, 2)(@)]. (3.16)
1<|e|<3 1< <4

Define

H(t)=Dy > [0°U®)|>+ Y (05w(t),Voga(t)).

1<]al<3 1<]al<2
By choosing D; sufficiently large and ¢ > 0 sufficiently small, (3.11) and (3.16) give

—C”jf’ + Dy (|[V2o(t)|1F + IV (w, 2)(2)]3) < Cel|VU(#)]?,

where Dy is a positive constant independent of €. And this completes the proof of
the lemma. O

4. Optimal convergence rates

The optimal convergence rates will be proved by first improving the estimates given
in Lemmas 3.1 and 3.2 to the estimates on the L2-norms of solutions to higher power
and then letting the power tend to infinity. By the inequality (3.1), we have the
following lemma.

Lemma 4.1. Let U = (o, w, z) be the solution to the problem (2.6)-(2.7). Under
the assumptions of Theorem 1.1, if € > 0 is sufficiently small, then for any integer
n > 1, we have

¢ ¢
[ a9 Iv©Ids < (B + o [+ MU s, (41)
0 0
where k=0,1,--- , N = [5n/2 — 2] and the constant Ey is given in Lemma 3.1.

Proof. Fix any integer n > 1. By taking (3.1) to power 2n and multiplying it by
(1+t)* k=0,1,---, N, the integration over [0,#] gives

t t
/(1+ DEIVU (72 ds < (CEO)Q"/ (1+7)" G Ry
0 0
2n

+(Ce)2"/0 (1+7)* {/OT(1+T—S)—%||VU(S)||QCZS i (42)
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It follows from the Holder inequality that

FACESERAOEY

2n

2n—1

<|[asr-9masy

X /T(l+T—s)’%(l—i—s)kHVU(s)H%”ds, (4.3)
0

where

4 3n/)2n-1 n—1"
Since 7/6 <r; <5/4 and ro € [0,71] forn > 1 and 0 < k < N, Lemma 2.5 gives

2 2
r1=<§——) i and ro = i

/T(l +7—=8) " (14+5)""ds < Ci(r1,r2)(1+7)"2 < C(Q+71)7"2, (4.4)
0

where C1(r1,r2) given by (2.10) is bounded uniformly for n > 1. Hence, (4.2)
together with (4.3) and (4.4) implies

t
/ (1 + 1) VU ()| dr

0
v
52—k — 1

+(Ce)2"/0 (1+s)k||VU(s)||§"/ (1+7—s) 5drds

< (CEp)*"

< (CEp™ + (Ce)*" / (14 )M VU (s)|2"ds

t

< (CEo)™ + (06)2"/0 L+ VUG + VU (s)[i") ds. (4.5)

Here we have used
%_k_1>5_”_(5—”—2>—1:1.

-2 2
Thus if € > 0 is sufficiently small such that (Ce)?” < 1/2 in the final inequality of
(4.5), then (4.5) gives (4.1). The proof of the lemma is complete. m|

Based on the inequality (3.5), the following lemma is about the estimates on
H(t)" weighted with the function (1 4+ ¢)*.

Lemma 4.2. Let U = (o, w, z) be the solution to the problem (2.6)-(2.7) and H (t)
be defined in Lemma 3.2. Under the assumptions of Theorem 1.1, if € > 0 is suffi-
ciently small, then for any integer n > 1, it holds that

L+ H )" + n/O (1+ )" H(s)" H|V2U (s) ]| ds

t
< 2H(0)" + (C5Fo)®™ + 10Csn / (1+ )5 H(s)" |V2U (s)|2ds,  (4.6)
0
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where k =0,1,--- | N = [6n/2—2], Cs is defined in Lemma 3.2 and Cs is indepen-
dent of € and n.

Proof. Multiplying (3.5) by n(1 +t)*H(¢)"~! for k = 0,1,--- , N and integrating
it over [0, t] give

(L+ O H(t)"+ n/o (1+8)"H(s)" || V2U(s)|[1ds
<fam”+Ckn/11+sﬁH@wWVU@MF@
0

+k /t(l + 8)* 1 H(s)"ds. (4.7
0

For the second term on the right hand side of (4.7), by the Young inequality and
(3.6), we have that for any ¢ > 0,

en/o (1+s)*H(s)" Y| VU(s)|ds

1 1

EFHVU(S)HM ds

! k| 1 n
§en/0(1+s) [ - OH(s)" +
< en025/0 (1+8)"H(s)" (VU (s)|” + [IV2U ()] 7)ds

t
+651*”/ (1+ )5 | VU(s)[2"ds,
0
which together with Lemma 4.1 implies that

n | (1t ) H (s [VU(s) s

<t [ (0t ) H(s) VU ) Pds
+encd [ (0t )P H () VU ()] s
Fegion [(GEOF” + e | (1t V20 (s) s

< 6" (CEp)*™ + enCyd /0 t(l + ) H(s)" VU (s)|*ds
renad [ (149 B VU ) s

t
e ey [ s H ) VU ) s (48)
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Choose § = ﬁ in (4.8). We have

en /0'(1 + ) H ()" VU () |2ds

< 2¢(2C)" " HCEy)*"
ten [1 + %we)%(zc;)"-l} / (1+ 5" H ()" | V20 (s)|2ds

< «(CEo)™ +en[1 + (Ce)*"] /0 (1+ ) H (s)" | V2U (s)| 2ds. (4.9)

Thus, if € > 0 is sufficiently small such that Ce < 1 in (4.9), then (Ce)** < 1 for
any n > 1. And (4.9) gives

en/()' (14 s) H(s)" Y||VU (s)|2ds

< (CEy)?™ + 2en /0'(1 + 8)F H(s)" 1| V2U (s)||2ds. (4.10)

Similar to the proof of (4.8), the third term on the right hand side of (4.7) can be
estimated by:

t
k/ (14 s)F"1H(s)"ds
0
t
<kCy [ U+ T HE VUG + VU ))ds
0
t t
< k;Cg(S/ (1+s)k_1H(s)"ds+k0251_”/ (1+ )" Y| VU (s)|[2"ds
0 0

t
+k02/ (14 )" H(s)" V| V2U (s)|2ds, (4.11)
0
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where § > 0 is to be determined later. By Lemma 4.1, (4.11) gives
t
k / (1+s)*"1H(s)"ds
0
t
< k@&/ (1+8)" L H(s)"ds + kCy6' " (C Ep)*"
0
t
ROy (Ce)2n / (1+ )| V2U (s)|2"ds
0
t
+k02/ (1+ )T H(s)" 1| V2U(s)|3ds
0

t
< kCy8 " (CEy)*™ + kCy6 / (14 s)F"1H(s)"ds
0

FhCa(Ce)? (%) R [ s a sy U o) s

w0 [ O VU ) s, (112
By taking § = ﬁ again, (4.12) gives
¢
k/ (1+s)F"1H(s)"ds
Og 2kC,(2C)"H(CEy)*™
+2kCy(Ce)*™(2C3)" /Ot(l + ) H(s)" 1| V2U (5) ] 7ds
+26Cs [ (149 () 05
< (B 4 ne(C [ s Vs s
+2kC, /Ot(1+s)k1H(s)”1||V2U(s)||fds. (4.13)
Therefore, (4.7) together with (4.10) and (4.13) gives
(1+8)" H()" + n/ot(l +5) H(s)" 1| V2U (s)|[7ds
< H(0)" + (CEy)*" + 2kCy /Ot(l +8)" T H (s)" Y| V2U (s)|[7ds
+ne [C + (Ce)? 1] /Ot(1 + )P H(s)" Y| V2U ()| 2ds. (4.14)

By choosing € > 0 sufficiently small such that for any n > 1,

1

e[C+(Cey* 1] < 3
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we have from (4.14) that

(1+0)" Ht)" + n/t(l + )" H(s)"HIV2U (5)|1ds
0

t
< 2H(0)" + (03E0)2"+4k02/ (1+ )" 1H(s)" || V32U ()| ?ds.
0

This implies (4.6) because k < N < 5n/2 and then it completes the proof of the
lemma. O

Proof of Theorem 1.1. First, let € > 0 be sufficiently small such that Lemma
4.2 holds for any n > 2. The proof of the theorem can be given in two steps.

Step 1. For any fixed integer n > 2, Lemma 4.2 implies that the inequality (4.6)
holds for any k =0,1,--- , N. When k =1, (4.6) becomes

t
(1+t)H(t)"+n/ (1+ ) H(s)"!|V2U (s)| 2ds
0
< 2H(0)" (03E0)2"+1002n/ H(s)" V| V2U(s)|2ds.  (4.15)
By (1.7) in Proposition 1.1, it holds that
t n—1 t
/ H(s)" L[ V20 (s) | 2ds < [supms)] / IV2U (s) | 2ds
0 5>0 0
< (020062)n_100€2 < (020062)”. (416)

Thus (4.15) and (4.16) imply

(1+t)H(t)"+ n/o (14 s)H(s)" Y| V2U(s)||3ds

< 2H(0)" + (C3E0)2n + n(].OCQ)(CQC()€2)n. (4.17)

For 1 <k < N, the following estimate can be proved by induction.

(1+ ) H@E)" + n/ot(l + )M H(s)" Y| V2U (s)||3ds

=

< [2H(0)" + (C5E0)™] D _(10C2)" " + n(10C2)* (C2Coe®)". (4.18)

=1
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In fact, suppose that (4.18) holds for 1 < k < N —1. Then it follows from (4.6) that

(1+ ) TH@)™ + n/t(l + )M H ()" Y| V2U (s)||2ds
0

t
< 2H(0)" + (C3Ep)*™ + 1002n/ (1+s)*H(s)" Y| V2U(s)|3ds
0

< [2H(0)" + (C3Eo)*"]

k
+1oc2{[2 (0)" + (C3E0)*"] Y (10C2)~ ! + n(1002)’f(020062)n}

=1
k+1

< [2H(0)" + (C5E0)*"] Y (10C2)" ™" + n(10C2)F 1 (C2Coe®)™. (4.19)

=1

Thus, (4.19) together with (4.17) shows that (4.18) holds for any 1 < k < N. In

particular,
10C)N —1
1+ t)NH(t) [2H( )"+ (CgEO)Q"} % n(lOCg)N(CgCoe2)".
Since
Sn oy [y oy
2 2 2
we have

5n

(142" PH@)" < CF [H(O)" + B2 + €],
which implies

3

(1+41t)"3ta, (4.20)

L
2n

H(t)? < C[H(0)" + EZ" + "]
Notice that H(0), Eo and € are independent of n. Hence,
[H(0)" + Eg" + €] g max{\/m, Ey, e} )
as n tends to infinity. Thus, taking n — oo in (4.20) gives
Ht %SCmax{\/—Eo, } (1+1)°1,
that is,
IVU ()] < cmax{\/m, Eo,e} (1+1)%.

This together with Lemma 2.2 gives (1.11) and (1.12).
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Step 2. To estimate (1.10), the integral formula (2.8) and Lemma 2.1 yield
t
U@ < CE(1+1)"1 + C/O (I+t—s) 2 (|FW)(s)r + [[FU)(s)])ds
t
< CEy(1+1)~% —|—Ce/ (1+t—8) VU (s)|ds
0

t

< CE(1+1)1 +ce/ (I+t—s)" (1 +s) ids
0

<C(+1t)71,

where (1.12) was also used. Thus, for any 2 < p < 6, (1.10) holds by the interpo-
lation. For (1.13), first, the boundedness of ||0,U(¢)|| is directly from (2.6). Then,
again by Lemma 2.1, we have for t > 1,

10:U ()| < CEo(1+)"% +C / (1+t—s) 3| FU)(s)||1ds
+c/0'(1 t1=97 8 [Lt (- )7 2] [P (©)]ds
< CEy(1+1t)"% +ce/t(1+t—s)%(1+s)%ds
0

t
—|—Ce/ (1+t—s) 1 [14— (t—s)_%} (1+s)"1ds
0
<C(1+41t)71.

Thus, (1.13) is proved and this completes the proof of the theorem.
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