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Abstract

The Boltzmann equation without Grad’s angular cutoff assumption is believed
to have a regularizing effect on the solutions because of the non-integrable angu-
lar singularity of the cross-section. However, even though this has been justified
satisfactorily for the spatially homogeneous Boltzmann equation, it is still basi-
cally unsolved for the spatially inhomogeneous Boltzmann equation. In this paper,
by sharpening the coercivity and upper bound estimates for the collision operator,
establishing the hypo-ellipticity of the Boltzmann operator based on a generalized
version of the uncertainty principle, and analyzing the commutators between the
collision operator and some weighted pseudo-differential operators, we prove the
regularizing effect in all (time, space and velocity) variables on the solutions when
some mild regularity is imposed on these solutions. For completeness, we also show
that when the initial data has this mild regularity and a Maxwellian type decay in
the velocity variable, there exists a unique local solution with the same regularity,
so that this solution acquires the C∞ regularity for any positive time.
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1. Introduction

Consider the Boltzmann equation,

ft + v · ∇x f = Q( f, f ), (1.1)

where f = f (t, x, v) is the density distribution function of particles with position
x ∈ R

3 and velocity v ∈ R
3 at time t . The right-hand side of (1.1) is given by the

Boltzmann bilinear collision operator

Q(g, f ) =
∫

R3

∫
S2

B (v − v∗, σ )
{
g(v′∗) f (v′)− g(v∗) f (v)

}
dσdv∗,

which is well-defined for suitable functions f and g specified later. Notice that the
collision operator Q(·, ·) acts only on the velocity variable v ∈ R

3. In the following
discussion, we will use the σ−representation, that is, for σ ∈ S

2,

v′ = v + v∗
2

+ |v − v∗|
2

σ, v′∗ = v + v∗
2

− |v − v∗|
2

σ,

which give the relations between the post- and pre-collisional velocities.
It is well known that the Boltzmann equation is a fundamental equation in sta-

tistical physics. For the mathematical theories on this equation, we refer the readers
to [16,17,27,31,46], and the references therein, also, for the physics background.

In addition to the special bilinear structure of the collision operator, the cross-
section B(v − v∗, σ ) varies with different physical assumptions on the particle
interactions, and it plays an important role in the well-posedness theory for the
Boltzmann equation. In fact, except for the hard sphere model, for most of the
other molecular interaction potentials, such as the inverse power laws, the cross
section B(v − v∗, σ ) has a non-integrable angular singularity. For example, if the
interaction potential obeys the inverse power law r−(p−1) for 2 < p < ∞, where r
denotes the distance between two interacting molecules, the cross-section behaves
like

B(|v − v∗|, cos θ) ∼ |v − v∗|γ θ−2−2s, cos θ =
〈
v − v∗
|v − v∗| , σ

〉
, 0 � θ � π

2
,

with

−3 < γ = p − 5

p − 1
< 1, 0 < s = 1

p − 1
< 1.

As usual, the hard and soft potentials correspond to 2 < p < 5 and p > 5,
respectively, and the Maxwellian potential corresponds to p = 5. The fact that the
singularity θ−2−2s is not integrable on the unit sphere leads to the conjecture that
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the nonlinear collision operator should behave like a fractional Laplacian in the
variable v. That is,

Q( f, f ) ∼ −(−�v)s f + lower order terms.

Indeed, consider the Kolmogorov type equation

ft + v · ∇x f = −(−�v)s f .

Straightforward calculation by Fourier transformation shows that the solution is in
the Gevrey class when 0 < s � 1

2 and is ultra-analytic if 1
2 < s < 1 for initial data

only in L2(R3
x × R

3
v) if it admits a unique solution (see [40] for a more general

study). However, for the Boltzmann equation, establishing Gevrey regularity of
solutions is a long lasting open problem which has only been proved, so far, in the
linear and spatially homogeneous setting, see [38].

The mathematical study of inverse power law potentials can be traced back
to work by Pao [42] in the 1970s. In the early 1980s, Arkeryd, in [12], proved
the existence of weak solutions to the spatially homogeneous Boltzmann equation
when 0 < s < 1

2 , while Ukai in [43] applied an abstract Cauchy–Kovalevskaya
theorem to obtain local solutions in the functional space of functions which are ana-
lytic in x and Gevrey in v. However, the smoothing effect of the collision operator
was not studied at that time.

Since then, this problem has attracted increasing interest in the area of kinetic
theory, and much progress has been made on the existence and regularity theories.
More precisely, that the long-range interactions have smoothing effects on the solu-
tions to the Boltzmann equation was first proved by Desvillettes for some simplified
models, compare [21,22]. This is in contrast with the hard sphere model and the
potentials of Grad’s angular cutoff assumption. In fact, for the hard sphere model,
the cross-section has the form (in the σ representation)

B(|v − v∗|, cos θ) = q0|v − v∗|,

where q0 is the surface area of a hard sphere. For singular cross-sections, Grad [31]
introduced the idea to cut off the singularity at θ = 0 so that B(|v − v∗|, cos θ) ∈
L1(S2). This assumption, now called Grad’s angular cutoff assumption, has been
widely accepted and has influenced a few decades of mathematical studies on the
Boltzmann equation. Under this angular cutoff assumption, the solution has the
same regularity, at least in the Sobolev space, as the initial data. In fact, it was
shown in [28], that the solution has the form

f (t, x, v) = a(t, x, v) f (0, x − vt, v)+ b(t, x, v),

when the initial data f (0, x, v) is in some weighted L p
x,v space. Here, a(t, x, v)

and b(t, x, v) are in the Sobolev space H δ
t,x,v for some δ > 0. And the term

f (0, x − vt, v) simply represents the free transport so that it is clear that f (t, x, v)
and f (0, x, v) have the same regularity.
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One of the main features of the Boltzmann equation is the celebrated Boltz-
mann’s H -theorem saying that the H -functional

H(t) =
∫

R3×R3
f log f dx dv,

satisfies

dH(t)

dt
+ D(t) = 0,

where

D(t) = −
∫

R3×R3
Q( f, f ) log f dx dv � 0,

which is called the entropy dissipation rate. Notice that D(t) is non-negative and
vanishes only when f is a Maxwellian. The non-negativity of D indicates that the
Boltzmann equation is a dissipative equation. This fact is a basic ingredient in the
L1 theory of the Boltzmann equation, see for example [27].

By using the entropy dissipation rate D and the “Q+ smoothing property”, the
formal smoothing estimate was derived by Lions [34] (see the complete references
in [4])

∥∥∥√ f (
√

f ∗ 〈v〉−m)

∥∥∥2

Bδ,2∞
�C‖ f ‖1−θ

L1

(
‖ f ‖L1 + D( f )

1
2

)θ
, δ= s

1 + s
, θ= 1

1 + s
,

for any constant m > 3. Notice that the above regularity estimate is on
√

f , not f
itself. Later, some almost optimal estimates together with some extremely useful
results, such as the cancellation lemma, were obtained in the work by Alexandre
et al. [4]. By using these analytic tools, the mathematical theory regarding the reg-
ularizing effect for the spatially homogeneous problems may now be considered as
quite satisfactory, see [8,9,23,24,26,32,38,45], and the references therein.

However, for spatially inhomogeneous equations, there are far fewer results.
The main difficulty comes from the coupling of the transport operator with the
collision operator, and the commutators of the differential (pseudo-differential)
operators with the collision operator. Two inroads have been achieved so far. One
regards the local existence of solutions between two moving Maxwellians in [2],
obtained by constructing upper and lower solutions. The other regards the global
existence of renormalized solutions with defect measures constructed in [10], which
become weak solutions if the defect measures vanish. Some results on similar but
linear kinetic equations were also given in [7] and [15]. In particular, a generalized
uncertainty principle à la Fefferman [29] (see also [35–37]) was introduced in [7]
in order to prove smoothing effects of the linearized and spatially inhomogeneous
Boltzmann equation with non-cutoff cross sections, and to get partial smoothing
effects for the nonlinear Boltzmann equation. In the following analysis, this partial
regularity result, together with its proof, will also be used.

This paper can be viewed as a continuation of our recent work [7]. Under
some mild regularity assumptions on the initial data, we will prove the existence
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of solutions and their C∞ regularity with respect to all (time, space and velocity)
variables.

Even though, on the initial data, it is still not known whether only some natural
bounds, such as total mass, energy and entropy, can lead to the C? regularizing
effect, as far as we know, the results shown in this paper are the first to justify the
C∞ regularizing effect for the nonlinear and spatially inhomogeneous Boltzmann
equation without Grad’s angular cutoff assumption.

In order to state our theorems, let us first introduce the notations and assump-
tions used in this paper.

The non-negative cross-section B(z, σ ) (for a monatomic gas, which is the
case considered herein) depends only on |z| and the scalar product 〈 z

|z| , σ 〉. In most
cases, the collision kernel cannot be expressed explicitly, but to capture the essential
properties, it can be assumed to have the form

B(|v − v∗|, cos θ) = �(|v − v∗|)b(cos θ), cos θ =
〈
v − v∗
|v − v∗| , σ

〉
, 0�θ� π

2
.

Furthermore, to keep the presentation as simple as possible, and in particular to
avoid the difficulty coming from the vanishing of the cross-section at zero relative
velocity, we assume that the kinetic factor � in the cross-section is modified as

�(|v − v∗|) =
(

1 + |v − v∗|2
) γ

2
, γ ∈ R. (1.2)

This point can certainly be removed using our whole calculus, at the expense of
technical and more complicated details.

Moreover, the angular factor is assumed to have the following singular behavior

sin θb(cos θ) ≈ K θ−1−2s, when θ → 0+, (1.3)

where 0 < s < 1 and K is a positive constant. In fact γ = 0 corresponds to the
Maxwellian molecule, γ < 0 corresponds to the modified soft potential, and γ > 0
corresponds to the modified hard potential. The singularity will be called mild for
0 < s < 1

2 and strong for 1
2 � s < 1. The case s = 1

2 is critical in the sense
that different computations are required in many parts of our proofs for mild and
strong singularities, as will be seen below. This is similar to the known fractional
Laplacian studies.

It is now well known from the work [4] that the singular behavior of the col-
lision kernel (1.3) implies a sub-elliptic estimate in the velocity variable v. In the
following analysis, we shall need a somewhat precise weighted sub-elliptic esti-
mate in the velocity variable. We shall show that for γ ∈ R and 0 < s < 1, if
f � 0, �≡ 0, f ∈ L1

2

⋂
L log L(R3

v), there exists a constant C > 0 such that for
any function g ∈ H1(R3

v) we have

C−1‖	s
vWγ /2g‖2

L2(R3
v)

� (−Q( f, g), g)L2(R3
v)

+ C‖ f ‖L1
γ̃
(R3)‖g‖2

L2
γ+/2(R

3
v)
,

where γ̃ = max(γ+, 2 − γ+), γ+ = max{γ, 0}. Here Wl = Wl(v) = (1 +
|v|2)l/2 = 〈v〉l , l ∈ R, is the weight function in the variable v ∈ R

3.
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Similar sub-elliptic estimates, first proved in [4] and then developed in many
other works, such as [41], in a linearized context, have been used crucially at least
for the following two aspects:

i) the proof of the regularizing effect on the solutions to the spatially homoge-
neous Boltzmann equation, see [8,9,26,32,38];

ii) the proof of existence of solutions to the nonlinear and spatially inhomoge-
neous Boltzmann equation [2,10,46].

In this paper, we will apply this tool in order to study the complete smoothing
effect for the spatially inhomogeneous and nonlinear Boltzmann equation.

It is now well understood (see [11] and references therein) that the Landau equa-
tion corresponds to the grazing limit of the Boltzmann equation. However, while
the Landau operator involves conventional partial differential operators, it should
be kept in mind that fractional differential operators appear in the Boltzmann case,
see [1,3]. Therefore, the analysis on the Boltzmann equation appears much more
involved because it requires the unavoidable use of harmonic analysis. In particular,
we shall use a generalized uncertainty principle which was introduced in [7], and
the estimation of commutators used in the work [39] for the study of hypo-elliptic
properties.

Throughout this paper, we shall use the following standard weighted (with
respect to the velocity variable v ∈ R

3 ) Sobolev spaces. For m, l ∈ R, set R
7 =

Rt × R
3
x × R

3
v and

Hm
l (R

7) =
{

f ∈ S ′
(R7); Wl(v) f ∈ Hm(R7)

}
,

which is a Hilbert space. Here Hm is the usual Sobolev space. We shall also use
the functional spaces Hk

l (R
6
x, v) and Hk

l (R
3
v), specifying the variables, the weight

being always taken with respect to v ∈ R
3.

Since the regularity property to be proved here is local in space and time, for
convenience, we define the following local version of weighted Sobolev space. For
−∞ � T1 < T2 � +∞, and any given open domain 
 ⊂ R

3
x , define

Hm
l

(
]T1, T2[×
× R

3
v

)

=
{

f ∈ D ′
(]T1, T2[×
× R

3
v);ϕ(t)ψ(x) f ∈ Hm

l (R
7),

∀ϕ ∈ C∞
0 (]T1, T2[), ψ ∈ C∞

0 (
)
}
.

Our first main result is about the smoothing effect on the solution and can be
stated as follows

Theorem 1.1 (Regularizing effect on solutions). Assume that 0 < s < 1, γ ∈ R,
−∞ � T1 < T2 � +∞ and let 
 ⊂ R

3
x be an open domain. Let f be a non-neg-

ative function belonging to H5
l (]T1, T2[×
 × R

3
v) for all l ∈ N and solving the

Boltzmann equation (1.1) in the domain ]T1, T2[×
 × R
3
v in the classical sense.

Furthermore, if f satisfies the non-vacuum condition

‖ f (t, x, ·)‖L1(R3
v)
> 0,



Non-Cutoff Boltzmann Equation 45

for all (t, x) ∈]T1, T2[×
, then we have

f ∈ H+∞
l

(
]T1, T2[×
× R

3
v

)
,

for any l ∈ N, and hence

f ∈ C∞ (
]T1, T2[×
; S(R3

v)
)
.

With this result in mind, a natural question is whether the Boltzmann equation
has solutions satisfying the assumptions imposed above. Let us recall that solu-
tions constructed in [2,10] do not work for our purpose because of the lack of the
weighted regularity H5

l . For Gevrey class solutions from [43], there is, of course,
nothing to prove.

Thus, our second main result is about the local existence and uniqueness of
solutions for the Cauchy problem of the non-cutoff Boltzmann equation.

We consider the solution in the functional space with Maxwellian type expo-
nential decay in the velocity variable. More precisely, for m ∈ R, set

Em
0 (R

6) =
{
g ∈ D′(R6

x,v); ∃ ρ0 > 0 s.t. eρ0<v>
2
g ∈ Hm(R6

x,v)
}
,

and for T > 0

Em
(
[0, T ] × R

6
x,v

)
=
{

f ∈ C0
(
[0, T ];D′(R6

x,v)
)

; ∃ρ > 0

s.t.eρ〈v〉2
f ∈ C0

(
[0, T ]; Hm(R6

x,v)
)}
.

Theorem 1.2. Assume that 0 < s < 1/2 and γ + 2s < 1. Let f0 � 0 and
f0 ∈ Ek0

0 (R
6) for some 4 � k0 ∈ N. Then, there exists T∗ > 0 such that the Cauchy

problem

{
ft + v · ∇x f = Q( f, f ),
f |t=0 = f0,

(1.4)

admits a non-negative and unique solution in the functional space Ek0 ([0, T∗]×R
6).

Furthermore, if we assume that the initial data f0 is in E5
0 (R

6) and does not
vanish on a compact set K ⊂ R

3
x , that is,

‖ f0(x, ·)‖L1(R3
v)
> 0, ∀x ∈ K ,

then we have the regularizing effect on the above solution, that is, there exist 0 <
T̃0 � T∗ and a neighborhood V0 of K in R

3
x such that

f ∈ C∞ (
]0, T̃0[×V0; S(R3

v)
)
.
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Moreover, if γ � 0, the non-negative solution of the Cauchy problem (1.4)
is unique in the functional space C0([0, T∗]; Hm

p (R
6)) for m > 3/2 + 2s, p >

3/2 + 4s.

Remark 1.3. For the inverse power law potential r−(p−1), the condition 0 < s <
1/2, γ + 2s < 1 corresponds to 3 < p < ∞ which includes both soft and hard
potentials.

At the moment, it is not clear whether we can relax the regularity assump-
tion initially made on the solutions. Note that, for example, the condition that
f ∈ L1 ∩ L∞(R7) is enough to give a meaningful sense to a weak formulation
for the spatially inhomogeneous Boltzmann equation. However, the analysis used
here cannot be applied to this case, and so further study is needed. On the other
hand, the above two theorems give an answer to a long lasting conjecture on the
regularizing effect of non-cutoff cross-sections for the spatially inhomogeneous
Boltzmann equation.

To conclude the introduction, let us review some related works on the regular-
izing effect and the existence of solutions for the Landau equation. The regular-
izing effect from the Landau collision operator has been rather well studied. See
[11,18,25] for the spatially homogeneous case. For the spatially inhomogeneous
problem, a regularizing result was obtained in [20], where the H8 regularity is
assumed on the solutions to start with. Similar results were also recently proved for
the Vlasov–Maxwell–Landau and the Vlasov–Poisson–Landau systems, compare
[19] and the references therein. As for the existence of solutions, see [25] where
unique weak solutions for the spatially homogeneous case have been constructed
with rather general initial data, and see [30] where the classical solutions for the
spatially inhomogeneous case have been constructed in a periodic box with small
initial data.

The rest of the paper will be organized as follows. First of all, in the next section,
we will use pseudo-differential calculus to study the upper bounds on the collision
operator. We shall give a precise coercivity estimate linked to the singularity in
the cross-section, and estimate the commutators between some pseudo-differen-
tial operators and the nonlinear collision operators. In Section 3, the regularizing
effect will be proved under the initial regularity assumption on the solution. The
strategy of the proof is as follows. We first choose some suitable mollifiers such
that the mollified solutions can work as test functions for the weak formulation
of the problem. We then establish a small gain of the regularity in the velocity
variable, by using the coercivity estimate coming from the singularity of the cross
section. On account of the generalized uncertainty principle, a small gain of the
regularity in the space and time variables can be derived. The H+∞ regularity will
follow from an induction argument. Finally, in Section 4, local solutions to the
non-cutoff Boltzmann equation which meet the initialization condition of Theorem
1.1 are constructed, using a family of cutoff Boltzmann equations with time local
uniform bounds independent of cutoff parameter in some weighted Sobolev space.
In particular, the uniform bounds are established with the help of time dependent
Maxwellian type weight functions which were introduced in [43,44]. The conver-
gence of the approximate solutions follows from compactness argument , while the
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uniqueness of the solutions can also be proved by using our sharp upper bounds on
the collision operator.

2. Pseudo-differential calculus

Under the non-cutoff cross section assumption, the Boltzmann collision opera-
tor is a (nonlinear) singular integral operator with respect tov ∈ R

3
v . In the linearized

case, it behaves like a pseudo-differential operator.
In this section, we study the pseudo-differential calculus on the Boltzmann oper-

ator, which is one of the key analytic tools for proving the regularizing effect of the
non-cutoff Boltzmann equation. Even though the regularity proved in this paper is
local in space and time variables, note that the collision operator is non-local in the
space of the v variable. Moreover, since the kinetic factor in the cross-section is
of the form 〈v〉γ , which might be unbounded, we need to consider multiplication by
the weight function Wl(v) of the pseudo-differential operators. Hence, they are not
the standard pseudo-differential operators of order 0 on the usual Sobolev space. In
other words, we shall consider pseudo-differential operators with unbounded coef-
ficients on the weighted Sobolev space Hm

l (R
3
v). The variables (t, x) are considered

as parameters for the collision operators in this section.

2.1. Upper bound estimates

We shall need some functional estimates on the Boltzmann collision operator
in the existence and regularization proofs below. The first one regards boundedness
of the collision operator in some weighted Sobolev spaces, see also [3,5,32].

Theorem 2.1. Let 0 < s < 1 and γ ∈ R. Then for any m, α ∈ R, there exists
C > 0 such that

‖Q( f, g)‖Hm
α (R

3
v)

� C‖ f ‖L1
α++(γ+2s)+ (R

3
v)

‖g‖Hm+2s
(α+γ+2s)+ (R

3
v)

(2.1.1)

for all f ∈ L1
α++(γ+2s)+(R

3
v) and g ∈ Hm+2s

(α+γ+2s)+(R
3
v).

Remark 2.2. (1) The collision operator Q( f, g) behaves differently with respect
to f and g: (2.1.1) shows that, in some sense, it is linear with respect to the
second factor in the velocity variable v because the action of differentiation
of Q( f, g) with respect to v goes only on g when considered in the Sobolev
space. This is clear for the Landau operator which is the grazing limit of the
Boltzmann operator.

(2) The estimate (2.1.1) is in some sense optimal with respect to the order of dif-
ferentiation (exact order of 2s) and also with respect to the order of the weight
in v coming from the cross-section. In [32], the cases of both the modified
hard potential and Maxwellian molecule type cross-sections corresponding to
0 � γ < 1 are discussed. Let us also mention that a similar estimate was given
in [6], but it is not optimal in terms of weight and differentiation. However, its
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proof is more straightforward as it uses only the Fourier transformation of the
collision operator (Bobylev’s type formula [13] and see also the Appendix of
[4]). For our purpose, the full precise estimate (2.1.1) will be needed.

Proof of Theorem 2.1. Firstly, we consider the case when α = 0. To prove (2.1.1)
in this case, it suffices to show that for any m ∈ R∣∣∣(Q( f, g), h)L2(R3

v)

∣∣∣ � C || f ||L1
(γ+2s)+ (R

3
v)

||g||Hm+2s
(γ+2s)+ (R

3
v)

||h||H−m(R3
v)
. (2.1.2)

The proof needs some harmonic analysis tools based on the dyadic decomposition.
It is similar to the proof in [32], where the hard potential case γ � 0 was studied.
Interested readers may refer to the papers [3,4,32] for more details, though we will
keep this paper self-contained.

Recall that

(Q( f, g), h)L2(R3
v)

=
∫

R6

∫
S2

b(cos θ) f (v∗)�(|v − v∗|)g(v)
×{h(v′)− h(v)}dσdv∗dv,

where �(|v − v∗|) = �(|v′ − v′∗|) = 〈v′ − v′∗〉γ . Set

F(v, v∗) = �(|v − v∗|)g(v),
and write

(Q( f, g), h)L2(R3
v)

=
∫

R6

∫
S2

b(cos θ) f (v∗)F(v, v∗){h(v′)− h(v)}dσdv∗dv

=
∫

R3
f (v∗)(U1 − U2)dv∗.

Then we have (formally) by inverse Fourier formula,

U1 ≡
∫

R3

∫
S2

b(cos θ)F(v, v∗)h(v′)dσdv

=
∫

R3

∫
R3

H(ξ, η, v∗)F̂(ξ, v∗)ĥ(η)dξdη,

where (also formally)

H(ξ, η, v∗) =
∫

R3

∫
S2

b(k · σ)eiv·ξ−iv′·ηdσ dv

=
∫

R3
eiv·ξ−i v+v∗2 ·η

[∫
S2

b(k · σ)e−i |v−v∗|
2 σ ·ηdσ

]
dv

=
∫

R3
eiv·ξ−i v+v∗2 ·η

[∫
S2

b(η̃ · σ)e−i |v−v∗|
2 |η|σ ·kdσ

]
dv, (η̃ = η/|η|)

=
∫

R3
eiv·ξ−i v+v∗2 ·η

[∫
S2

b(η̃ · σ)e−i |η| v−v∗2 ·σdσ

]
dv

=
∫

S2
b(η̃ · σ)e−iv∗·η−

[∫
R3

eiv·(ξ−η+)dv

]
dσ

=
∫

S2
b(η̃ · σ)e−iv∗·η−

dσ δ(ξ − η+),
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with

η− = 1

2
(η − |η|σ), η+ = 1

2
(η + |η|σ),

so that

U1 =
∫

R3

[∫
S2

b(η̃ · σ)e−iv∗·η−
dσ

]
F̂(η+, v∗)ĥ(η)dη.

On the other hand,

U2 ≡
∫

R3

∫
S2

b(cos θ)F(v, v∗)h(v)dσdv

=
[∫

S2
b(cos θ)dσ

] ∫
R3

F̂(η, v∗)ĥ(η)dη

=
∫

R3

[∫
S2

b(η̃ · σ)dσ
]

F̂(η, v∗)ĥ(η)dη,

because (formally) we have
∫

S2
b(cos θ)dσ =

∫
S2

b(η̃ · σ)dσ = const.

Therefore, we have obtained the following generalized Bobylev formula

(Q( f, g), h)L2(R3
v)

=
∫

R3
f (v∗)

[∫
R3

∫
S2

b(η̃ · σ)
{

e−iv∗·η−
F̂(η+, v∗)− F̂(η, v∗)

}

×ĥ(η)dηdσ

]
dv∗

=
∫

R3
f (v∗)

[∫
R3

∫
S2

b(η̃ · σ)
{

eiv∗·η+
F̂(η+, v∗)− eiv∗·η F̂(η, v∗)

}

×eiv∗·ηĥ(η)dηdσ
]

dv∗. (2.1.3)

Notice that the above derivation is formal only for non-cutoff cross-sections because
we can not split the gain and loss terms in this case. However, the derivation can
be easily justified as a limit process of cutoff cross-sections when combining the
gain term and loss term together.

We now introduce a dyadic decomposition in R
3
v as follows:

∞∑
k=0

φk(v) = 1, φk(v) = φ(2−kv), k � 1,

with 0 � φ0, φ ∈ C∞
0 (R

3), and

supp φ0 ⊂ {|v| < 2}, supp φ ⊂ {1 < |v| < 3}.
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Take also φ̃0 and φ̃ ∈ C∞
0 such that

φ̃0 = 1 on {|v| � 2}, supp φ̃0 ⊂ {|v| < 3},
φ̃ = 1 on {1/2 � |v| � 3}, supp φ̃ ⊂ {1/3 < |v| < 4}.

We assume that all these functions are radial. It follows from |v′ −v∗| � |v−v∗| �√
2|v′ − v∗|, that

φ̃k(v
′ − v∗)φk(v − v∗) = φk(v − v∗) = φ̃k(v − v∗)φk(v − v∗), k � 0,

and thus we get

(Q( f, g), h)L2(R3
v)

=
∞∑

k=0

∫
R6

∫
S2

b(cos θ) f (v∗)Fk(v, v∗)

×{hk(v
′, v∗)− hk(v, v∗)}dσdv∗dv,

where

Fk(v, v∗) = φk(v − v∗)�(|v − v∗|)g(v), hk(v, v∗) = φ̃k(v − v∗)h(v).
(2.1.4)

Similarly to (2.1.3), we also obtain

(Q( f, g), h)L2(R3
v)

=
∞∑

k=0

∫
R3

f (v∗)
[∫

R3

∫
S2

b(η̃ · σ)
{

eiv∗·η+
F̂k(η

+, v∗)− eiv∗·η F̂k(η, v∗)
}

×eiv∗·ηĥk(η, v∗)dηdσ

]
dv∗

=
∫

R3
f (v∗)

∞∑
k=0

K k(v∗)dv∗.

In the following, we will estimate
∑∞

k=0 |K k(v∗)|, regarding v∗ as a parameter.
By setting


k =
{
σ ∈ S

2 ; η̃ · σ � 1 − 21−2k〈η〉−2
}
,

and

˜̂Fk(η, v∗) = eiv∗·η F̂k(η, v∗), ˜̂hk(η, v∗) = eiv∗·ηĥk(η, v∗),

we split K k(v∗) into

K k(v∗) =
∫

R3

∫
S2∩
k

b(η̃ · σ)
{ ˜̂Fk(η

+, v∗)− ˜̂Fk(η, v∗)
} ˜̂hk(η, v∗)dηdσ

+
∫

R3

∫
S2∩
c

k

b(η̃ · σ)
{ ˜̂Fk(η

+, v∗)− ˜̂Fk(η, v∗)
} ˜̂hk(η, v∗)dηdσ

= K k
1 (v∗)+ K k

2 (v∗).
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Note that ∫
S2∩
k

θ2 b(cos θ)dσ

= 2π
∫

{θ∈[0,π/2]; sin(θ/2)�2−k 〈η〉−1}
sin θ b(cos θ)θ2dθ

� C〈η〉2s−22k(2s−2), if 0 < s < 1, (2.1.5)∫
S2∩
c

k

b(cos θ)dσ

= 2π
∫

{θ∈[0,π/2]; sin(θ/2)�2−k 〈η〉−1}
sin θ b(cos θ)dθ

� C〈η〉2s22ks, for any s > 0. (2.1.6)

It follows from (2.1.6) that

|K k
2 (v∗)| �

∫
R3

∫
S2∩
c

k

b(η̃ · σ)
∣∣∣ ˜̂Fk(η

+, v∗)− ˜̂Fk(η, v∗)
∣∣∣
∣∣∣ ˜̂hk(η, v∗)

∣∣∣ dηdσ

�
(∫

R3

∫
S2∩
c

k

b〈η〉2m+2s
(∣∣∣ ˜̂Fk(η

+, v∗)
∣∣∣2 +

∣∣∣ ˜̂Fk(η, v∗)
∣∣∣2
)

dηdσ

)1/2

×
(∫

R3

∫
S2∩
c

k

b〈η〉−2m−2s
∣∣∣ ˜̂hk(η, v∗)

∣∣∣2 dηdσ

)1/2

� C22ks
∥∥∥〈Dv〉m+2s Fk(v, v∗)}

∥∥∥
L2

∥∥〈Dv〉−mhk(v, v∗)
∥∥

L2 . (2.1.7)

Here, we have used the change of variables η → η+, which is regular because the
Jacobian can be computed, with η̃ = η/|η|, as∣∣∣∣∂(η

+)
∂(η)

∣∣∣∣ =
∣∣∣∣12 I + 1

2
σ ⊗ η̃

∣∣∣∣ = 1

8
(1 + σ · η̃) = 1

4
cos2 θ

2
.

It should be noted that after this change of variable, θ no longer plays the role of
the polar angle, because the “pole” η̃ now moves with σ and hence the measure
dσ is no longer given by sin θdθdφ. However, the situation is rather good because
if we take η̃+ = η+/|η+| as a new pole which is independent of σ , then the new
polar angle ψ defined by cosψ = η̃+ · σ satisfies

ψ = θ

2
, dσ = sinψdψdφ, ψ ∈

[
0,
π

4

]
,

and thus θ almost works as the polar angle. Therefore, since 〈η〉 � 2〈η+〉 � 2〈η〉
we have ∫

R3

∫
S2∩
c

k

b(η̃ · σ)〈η〉2m+2s
∣∣∣ ˜̂Fk(η

+, v∗)
∣∣∣2 dηdσ

� C
∫

R
3
η+

D0(η
+)
∣∣∣ ˜̂Fk(η

+, v∗)
∣∣∣2 dη+
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with

D0(η
+) =

∫
S2∩
c

k

b(η̃ · σ)〈 η(η+, σ ) 〉2m+2sdσ

� C
∫

S2∩
c
k

〈 η(η+, σ ) 〉2m+2sθ−2−2sdσ

� C〈η+〉2m+2s
∫ π/4

2−k 〈η+〉−1
ψ−2−2s sinψdψ � 22ks〈η+〉2m+4s,

which implies (2.1.7). Notice that for p = 0, 1, 2,

∣∣∣∣∣
2k(2s−p)|v − v∗|pφk(v − v∗)�(|v − v∗|)

〈v∗〉(γ+2s)+

∣∣∣∣∣ � C
〈v − v∗〉γ+2s

〈v∗〉(γ+2s)+ φk(v − v∗)

� C〈v〉(γ+2s)+φk(v − v∗). (2.1.8)

Then, recalling (2.1.4) and using (2.1.8) with p = 0 we have

|K k
2 (v∗)| � C〈v∗〉(γ+2s)+

∥∥∥∥ 〈Dv〉m+2s

〈v∗〉(γ+2s)+ {22ks Fk(v, v∗)}
∥∥∥∥

L2
||〈Dv〉−mhk(v, v∗)||L2

� C〈v∗〉(γ+2s)+
(

‖φ̃k(v − v∗)〈Dv〉m+2sg‖2
L2
(γ+2s)+

+ 2−k‖〈Dv〉m+2sg‖2
L2
(γ+2s)+

)1/2

×
(
‖φ̃k(v − v∗)〈Dv〉−mh‖2

L2 + 2−k‖〈Dv〉−mh‖2
L2

)1/2

:= C �k(v∗),

where�k(v∗) stands for the quantity defined by this right-hand side up to a constant
multiple.

On the other hand, in order to estimate K k
1 (v∗), write

{ ˜̂Fk(η
+, v∗)− ˜̂Fk(η, v∗)

} ˜̂hk(η, v∗)

=
{ ˜̂Fk(η

+, v∗)− ˜̂Fk(η, v∗)
}{˜̂hk(η, v∗)− ˜̂hk(η+, v∗)

}

− η− · ∇ ˜̂Fk(η
+, v∗) ˜̂hk(η+, v∗)−

∫ 1

0

{
∇ ˜̂Fk(η

+ + τ(η − η+), v∗)

−∇ ˜̂Fk(η
+, v∗))dτ

}
(η − η+) ˜̂hk(η+, v∗).

Correspondingly, we decompose K k
1 (v∗) into

K k
1 (v∗) = K k,1

1 (v∗)+ K k,2
1 (v∗)+ K k,3

1 (v∗).
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Fig. 1. Symmetry of σ1 and σ2 in Fourier variable

For the variable transformation η −→ η+ = 1
2 (η + |η|σ), we denote its inverse

transformation η+ −→ η by ψσ (η+). Then

K k,2
1 (v∗) = −

∫
R3

∫
S2∩
k

b

(
ψσ (η

+)
|ψσ (η+)| · σ

) ∣∣∣∣∂(ψσ (η
+))

∂(η+)

∣∣∣∣
×η−(σ ) ·

(
∇ ˜̂Fk

)
(η+, v∗) ˜̂hk(η+, v∗)dη+dσ

= 0, with η−(σ ) = ψσ (η
+)− η+,

because σ1, σ2 ∈ S
2 ∩ 
k are symmetric with respect to each other in the sense

that, compare Fig. 1,

η−(σ1) = ψσ1(η
+)− η+ = −(ψσ2(η

+)− η+) = −η−(σ2).

Write K k,1
1 (v∗) into

K k,1
1 (v∗)

= −
∫ 1

0

∫ 1

0

(∫
R3

∫
S2∩
k

b(η̃ · σ)
{(

∇ ˜̂Fk

)
(η+ + τ(η − η+), v∗) · (η − η+)

}

×
{(

∇ ˜̂hk

)
(η+ + s(η − η+), v∗) · (η − η+)

}
dη dσ

)
dτ ds.

Since |η − η+|2 = |η−|2 = |η|2 sin2(θ/2) and the change of variable

η → η+ + τ(η − η+)
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is also regular (see Page 2044 of [7]), (2.1.5) implies

|K k,1
1 (v∗)|
� C

∫ 1

0

∫ 1

0

(∫
R3

∫
S2∩
k

θ2 b(η̃ · σ)〈η〉2
∣∣∣
(
∇ ˜̂Fk

)
(η+ + τ(η − η+), v∗)

∣∣∣

×
∣∣∣
(
∇ ˜̂hk

)
(η+ + s(η − η+), v∗)

∣∣∣ dηdσ

)
dτds

� C
∫ 1

0

∫ 1

0

(∫
R3

∫
S2∩
k

θ2 b(η̃ · σ)〈η〉2+2s+2m

×
∣∣∣
(
∇ ˜̂Fk

)
(η+ + τ(η − η+), v∗)

∣∣∣ dηdσ

)1/2

×
(∫

R3

∫
S2∩
k

θ2 b(η̃ · σ)〈η〉2−2s−2m

×
∣∣∣
(
∇ ˜̂hk

)
(η+ + s(η − η+), v∗)

∣∣∣ dηdσ

)1/2

dτds

� C2k(2s−2)
∥∥∥〈η〉2s+m

(
∇ ˜̂Fk

)∥∥∥
L2(R3)

∥∥∥〈η〉−m
(
∇ ˜̂hk

)∥∥∥
L2(R3)

.

Hence, we have obtained, by using (2.1.8) with p = 1

∣∣∣K k,1
1 (v∗)

∣∣∣
� C〈v∗〉(γ+2s)+

∥∥∥∥ 〈Dv〉m+2s

〈v∗〉(γ+2s)+
{

2k(2s−1)(v − v∗)Fk(v, v∗)
}∥∥∥∥

L2

×
∥∥∥2−k(v − v∗)hk(v, v∗)

∥∥∥
H−m

� C〈v∗〉(γ+2s)+
(∥∥∥φ̃k(v−v∗)〈Dv〉m+2sg

∥∥∥2

L2
(γ+2s)+

+2−k
∥∥∥〈Dv〉m+2sg

∥∥∥2

L2
(γ+2s)+

)1/2

×
(∥∥∥φ̃k(v − v∗)〈Dv〉−mh

∥∥∥2

L2
+ 2−k

∥∥〈Dv〉−mh
∥∥2

L2

)1/2

,

which has the same bound �k(v∗) as in the previous case, up to a constant factor.
Finally, we consider

K k,3
1 (v∗) = −

∫ 1

0

∫ 1

0

(∫
R3

∫
S2∩
k

b(η̃ · σ)

×
{(

∇2 ˜̂Fk

)
(η+ + τ s(η − η+), v∗)τ (η − η+)2

}

×
{˜̂hk(η+, v∗)

}
dηdσ

)
dτds.
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Then, by using (2.1.8) with p = 2, we have

∣∣∣K k,3
1 (v∗)

∣∣∣ � C〈v∗〉(γ+2s)+
∥∥∥∥ 〈Dv〉m+2s

〈v∗〉(γ+2s)+
{

2k(2s−2)(v − v∗)2 Fk(v, v∗)
}∥∥∥∥

L2

×‖hk(v, v∗)‖H−m

� C�k(v∗).

Therefore, it follows from Schwarz’s inequality that∣∣∣(Q( f, g), h)L2(R3
v)

∣∣∣
� C‖ f ‖L1

(γ+2s)+

×
( ∞∑

k=0

{
‖φ̃k(v − v∗)〈Dv〉m+2sg‖2

L2
(γ+2s)+

+ 2−k‖〈Dv〉m+2sg‖2
L2
(γ+2s)+

})1/2

×
( ∞∑

k=0

{
‖φ̃k(v − v∗)〈Dv〉−mh‖2

L2 + 2−k‖〈Dv〉−mh‖2
L2

})1/2

� C‖ f ‖L1
(γ+2s)+

‖g‖Hm+2s
(γ+2s)+

‖h‖H−m ,

which yields (2.1.2). Now the proof of Theorem 2.1 is complete for the case α = 0.
��

To prove (2.1.1) for the case α �= 0, it suffices to show that∣∣∣(Q( f, g), 〈v〉αh
)

L2(R3
v)

∣∣∣
� C || f ||L1

α++(γ+2s)+ (R
3
v)

||g||Hm+2s
(α+γ+2s)+ (R

3
v)

||h||H−m(R3
v)
. (2.1.9)

The argument is similar to the one for α = 0, up to the estimation on hk(v, v∗) in
(2.1.4) which must be replaced by

φ̃k(v − v∗)〈v〉αh(v) = 〈v〉αhk(v, v∗).

We can write

〈v〉αhk(v, v∗) =
(
〈v∗〉α + 2kα

)
ψk(v, v∗)hk(v, v∗), if α > 0, (2.1.10)

〈v〉αhk(v, v∗) =
( 〈v∗〉

2k

)min{(γ+2s)+,−α}
ψk(v, v∗)hk(v, v∗), if α < 0. (2.1.11)

with a suitable ψk(v, v∗) belonging to C∞
b (R

3
v), uniformly with respect to k, v∗.

For p = 0, 1, 2, we have∣∣∣∣∣
2k(α+2s−p)|v − v∗|pφk(v − v∗)�(|v − v∗|)

〈v∗〉(α+γ+2s)+

∣∣∣∣∣
� C

〈v − v∗〉α+γ+2s

〈v∗〉(α+γ+2s)+ φk(v − v∗)

� C〈v〉(α+γ+2s)+φk(v − v∗), (2.1.12)
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which is similar to (2.1.8). We first consider the case α > 0. It follows from (2.1.6)
that∣∣∣K k

2 (v∗)
∣∣∣

�
(
〈v∗〉α+2kα

)∫
R3

∫
S2∩
c

k

b(η̃ · σ)
∣∣∣ ˜̂Fk(η

+, v∗)− ˜̂Fk(η, v∗)
∣∣∣
∣∣∣∣˜ψ̂khk(η, v∗)

∣∣∣∣ dηdσ

�
(
〈v∗〉α+2kα

)(∫
R3

∫
S2∩
c

k

b〈η〉2m+2s
(∣∣∣ ˜̂Fk(η

+, v∗)
∣∣∣2 +

∣∣∣ ˜̂Fk(η, v∗)
∣∣∣2
)

dηdσ

)1/2

×
(∫

R3

∫
S2∩
c

k

b〈η〉−2m−2s
∣∣∣∣˜ψ̂khk(η, v∗)

∣∣∣∣
2

dηdσ

)1/2

� C22ks
(
〈v∗〉α + 2kα

) ∥∥∥〈Dv〉m+2s Fk(v, v∗)
∥∥∥

L2
‖〈Dv〉−mhk(v, v∗)‖L2 .

Then, recalling (2.1.4), and using (2.1.8) and (2.1.12) with p = 0, we have

|K k
2 (v∗)| � C

{
〈v∗〉α+(γ+2s)+

∥∥∥∥ 〈Dv〉m+2s

〈v∗〉(γ+2s)+
{

22ks Fk(v, v∗)
}∥∥∥∥

L2

+ 〈v∗〉(α+γ+2s)+
∥∥∥∥ 〈Dv〉m+2s

〈v∗〉(α+γ+2s)+
{

2k(α+2s)Fk(v, v∗)
}∥∥∥∥

L2

}

×||〈Dv〉−mhk(v, v∗)||L2

� C〈v∗〉α+(γ+2s)+

×
(

‖φ̃k(v − v∗)〈Dv〉m+2sg‖2
L2
(α+γ+2s)+

+ 2−k‖〈Dv〉m+2sg‖2
L2
(α+γ+2s)+

)1/2

×
(
‖φ̃k(v − v∗)〈Dv〉−mh‖2

L2 + 2−k‖〈Dv〉−mh‖2
L2

)1/2

:= C �αk (v∗),

where�αk (v∗) stands for the quantity defined by this right-hand side up to a constant
multiple.

Performing the same computation as above for K k
2 (v∗), it follows from (2.1.5)

that ∣∣∣K k,1
1 (v∗)

∣∣∣+
∣∣∣K k,3

1 (v∗)
∣∣∣ � C�αk (v∗),

so that (2.1.9) holds in this case.
The estimation on the case α < 0 is also similar by using (2.1.11) if one con-

siders the cases γ + 2s � 0, 0 < γ + 2s � −α and γ + 2s � −α separately.
Details are omitted. And this completes the proof of Theorem 2.1.

In the following, we also need estimates on the commutator between the colli-
sion operator Q and the weight Wl . For this purpose, estimations on |Wl − W ′

l | are
needed.
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Lemma 2.3. Let l ∈ N. There exists C > 0 depending only on l such that

∣∣Wl − W ′
l

∣∣ � C sin

(
θ

2

) (
W ′

l + W ′
l,∗
)

� C sin

(
θ

2

)
W ′

l W ′
l,∗, (2.1.13)

and

∣∣Wl − W ′
l

∣∣ � C sin

(
θ

2

)(
W ′

l + W ′
l−1W ′

1,∗ + sinl−1
(
θ

2

)
W ′

l, ∗
)
. (2.1.14)

Proof. It follows from |v − v∗| = |v′ − v′∗| and |v|2 + |v∗|2 = |v′|2 + |v′∗|2 that,
for any λ > 0

|v|2 � |v′|2 + |v′∗|2, Wλ � 2λ
(
W ′
λ + W ′

λ, ∗
)
.

On the other hand

|v − v′|2 = sin2
(
θ

2

)
|v − v∗|2,

where 0 � θ � π/2. The Taylor formula yields
∣∣Wl − W ′

l

∣∣ � C |v − v′| (Wl−1 + W ′
l−1

)

� C sin

(
θ

2

)
|v − v∗|

(
W ′

l−1 +
(

1 + |v − v′ + v′|2
) (l−1)

2

)

� C sin

(
θ

2

)
|v′ − v′∗|

(
W ′

l−1 + |v − v′|l−1
)

� C sin

(
θ

2

)((
W ′

1 + W ′
1, ∗
)

W ′
l−1 + sinl−1

(
θ

2

)
|v′ − v′∗|l

)

� C sin

(
θ

2

)(
W ′

l + W ′
l−1W ′

1,∗ + sinl−1
(
θ

2

)
W ′

l,∗
)
,

which gives (2.1.14). (2.1.13) follows from this by the interpolation inequality. And
this completes the proof of the lemma. ��
Lemma 2.4. Let l ∈ N, m ∈ R.

(1) If 0 < s < 1/2, there exists C > 0 such that
∣∣∣((Wl Q( f, g)− Q( f,Wlg)) , h)L2(R3

v)

∣∣∣
� C‖ f ‖L1

l+γ+ (R3
v)

‖g‖L2
l+γ+ (R3

v)
‖h‖L2(R3

v)
. (2.1.15)

Moreover, if l � 3 (actually, we need only l > 3
2 + 2s), then

∣∣((Wl Q( f, g)− Q( f,Wlg)) , h)L2(R3)

∣∣
� C‖ f ‖L2

l+γ+ (R3
v))

‖g‖L2
l+γ+ (R3)‖h‖L2(R3). (2.1.16)
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(2) If 1/2 < s < 1, then for any ε > 0, there is a constant Cε > 0 such that∣∣∣((Wl Q( f, g)− Q( f,Wlg)) , h)L2(R3
v)

∣∣∣
� Cε‖ f ‖L1

l+2s−1+γ+ (R3
v)

‖g‖H2s−1+ε
l+2s−1+γ+ (R3

v)
‖h‖L2(R3

v)
, (2.1.17)

and ∣∣∣((Wl Q( f, g)− Q( f,Wlg)) , h)L2(R3
v)

∣∣∣
� Cε‖ f ‖L1

l+2s−1+γ+ (R3
v)

‖g‖L2
l+2s−1+γ+ (R3

v)
‖h‖H2s−1+ε

l (R3
v)
. (2.1.18)

(3) When s = 1/2, we have the same estimates as (2) with 2s − 1 replaced by any
small κ > 0.

With Lemma 2.2, we immediately have the following improved upper bound
estimate with respect to the weight.

Corollary 2.5. (1) When 0 < s < 1/2, we have

‖Q( f, g)‖Hm
l (R

3
v)

� C‖ f ‖L1
max{l+γ+, (γ+2s)+}(R

3
v)

‖g‖Hm+2s
l+(2s+γ )+ (R

3
v)
,

provided that m � 0 and 0 � m + 2s.
(2) When 1/2 < s < 1, we have

‖Q( f, g)‖Hm
l (R

3
v)

� C‖ f ‖L1
max{l+2s−1+γ+,(2s+γ )+}(R

3
v)

‖g‖Hm+2s
l+max{2s−1+γ+,(2s+γ )+}(R

3
v)
, (2.1.19)

provided that −1 < m � 0.
(3) When s = 1/2, we have the same form of estimate as (2.1.19) with 2s − 1

replaced by any small κ > 0.

In fact, this corollary is a direct consequence of Theorem 2.1 and Lemma 2.4.

Proof of Lemma 2.4. (1) the case 0 < s < 1/2. By using �(|v′ − v′∗|) �
〈v′〉γ+〈v′∗〉γ+

, we have∣∣∣((Wl Q( f, g)− Q( f,Wlg)) , h)L2(R3
v)

∣∣∣
=
∣∣∣∣
∫∫∫

b� f ′∗g′(W ′
l − W )hdvdv∗dσ

∣∣∣∣
� C

∫∫∫
b|θ ||(Wl+γ+ f )′∗| |(Wl+γ+g)′||h|dv dv∗ dσ

= C
∫∫∫

b |θ ||(Wl+γ+ f )∗||(Wl+γ+g)| |h′|dv dv∗ dσ

� C

(∫∫∫
b|θ | |(Wl+γ+ f )∗| |(Wl+γ+ g)|2dv dv∗ dσ

)1/2

×
(∫∫∫

b |θ | |(Wl+γ+ f )∗||h′|2dv dv∗ dσ

)1/2

= C J1 × J2.
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Clearly, one has

J 2
1 � C‖ f ‖L1

l+γ+ ‖g‖2
L2

l+γ+

∫
S2

b(cos θ) |θ |dσ � C‖ f ‖L1
l+γ+ ‖g‖2

L2
l+γ+

.

Next, by the regular change of variables v → v′, compare [4,10], we have

J 2
2 =

∫∫
D0(v∗, v′)|(Wl+γ+ f )∗||h′|2dv∗ dv′,

where

D0(v, v
′) = 2

∫
S2

θ(v∗, v′, σ )
cos2(θ(v∗, v′, σ )/2)

b(cos θ(v∗, v′, σ ))dσ

� C
∫ π/4

0
ψ−1−2s sinψdψ,

and

cosψ = v′ − v∗
|v′ − v∗| · σ, ψ = θ/2, dσ = sinψdψ dφ.

Thus,

J 2
2 � C‖ f ‖L1

l+γ+ ‖h‖2
L2 ,

and this, together with the estimate on J1, gives (2.1.15).
We now prove (2.1.16) by using (2.1.14) instead of (2.1.13). We have∣∣∣((Wl Q( f, g)− Q( f,Wlg)) , h)L2(R3

v)

∣∣∣
� C

{∫∫∫
b|θ |l |(Wl+γ+ f )′∗||(Wγ+g)′||h|dv dv∗ dσ

+
∫∫∫

b |θ | |(W1+γ+ f )′∗| |(Wl−1+γ+g)′| |h|dv dv∗ dσ

+
∫∫∫

b |θ | |(Wγ+ f )′∗||(Wl+γ+g)′| |h|dv dv∗ dσ

}

= M1 + M2 + M3.

M2,M3 can be estimated similarly to (2.1.15), and we have

M2 � C‖ f ‖L1
1+γ+ ‖g‖L2

l−1+γ+ ‖h‖L2 ,

M3 � C‖ f ‖L1
γ+ ‖g‖L2

l+γ+ ‖h‖L2 .

M1 can be estimated as follows. Firstly, we have

M2
1 = C2

(∫∫∫
b |θ |l |(Wl+γ+ f )∗||(Wγ+g)| |h′|dv dv∗ dσ

)2

� C2
∫∫∫

b |θ | l− 3
2 |(Wγ+g)||(Wl+γ+ f )∗|2dv dv∗ dσ

×
∫∫∫

b|θ | l+ 3
2 |(Wγ+g)||h′|2dv dv∗ dσ

= M1,1 × M1,2.
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Then, if l − 3
2 − 2s − 1 > −1, that is, l > 2s + 3

2 , we have

M1,1 � C‖g‖L1
γ+ ‖ f ‖2

L2
l+γ+

.

On the other hand, for M1,2 we need to apply the singular change of variables
v∗ → v′. The Jacobian of this transform is, with k = (v − v∗)/|v − v∗|,∣∣∣∣∂v∗∂v′

∣∣∣∣ = 8

|I − k ⊗ σ | = 8

|1 − k · σ | = 4

sin2(θ/2)
� 16θ−2, θ ∈ [0, π/2].

(2.1.20)

Notice that this gives rise to an additional singularity in the angle θ around 0.
Actually, the situation is even worse in the following sense. Recall that θ is no
longer a legitimate polar angle. In this case, the best choice of the pole is k′′ =
(v′ − v)/|v′ − v| for which polar angle ψ defined by cosψ = k′′ · σ satisfies
(compare [4, Fig. 1])

ψ = π − θ

2
, dσ = sinψdψ dφ, ψ ∈

[π
4
,
π

2

]
.

This measure does not cancel any of the singularity of b(cos θ), unlike the case in
the usual polar coordinates. Nevertheless, this singular change of variables yields

M1,2 = C
∫∫∫

b |θ |l+ 3
2 |(Wγ+g)| |h′|2dv dv∗ dσ

� C
∫∫

D1(v, v
′)|(Wγ+g)| |h′|2dv dv′,

when l > 3
2 + 2s because

D1(v, v
′) =

∫
S2
θ l+ 3

2 −2b(cos θ)dσ � C
∫ π/2

π/4

(π
2

− ψ
)−2−2s+l+ 3

2 −2
dψ � C.

Therefore,

M1,2 � C‖g‖L1
γ+ ‖h‖2

L2 .

Now the proof of (2.1.16) is completed by embedding the estimate for l > 3
2 ,

‖g‖L1
γ+ � C‖g‖L2

l+γ+ .

(2) the case 1/2 � s < 1. Since we look for an upper bound estimate and ε > 0,
it is sufficient to assume s > 1/2 for our purpose. Write

((Wl Q( f, g)−Q( f,Wlg)) , h)L2(R3
v)

=
∫∫∫

B f ′∗g′(W ′
l −Wl) h dv dv∗ dσ

=
∫∫∫

B f∗g(Wl − W ′
l ) h′ dvdv∗ dσ
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Fig. 2. Symmetry of σ1 and σ2 in velocity variable

=
∫∫∫

B f∗g′(Wl − W ′
l ) h′dv dv∗ dσ

+
∫∫∫

B f∗(g−g′)(Wl −W ′
l ) h′ dv dv∗dσ

= I1 + I2.

The Taylor expansion gives

Wl − W ′
l = ∇Wl(v

′)(v − v′)−
∫ 1

0
(1 − τ)∇2Wl(v

′ + τ(v − v′))dτ(v − v′)2,

so that

I1 =−
∫ 1

0
(1 − τ)

∫∫∫
B f∗

{
∇2Wl(v

′ + τ(v − v′))
}
(v − v′)2g′h′dv dv∗ dσ dτ.

By using the symmetry property shown in Fig. 1 (see also Fig. 2, and §3 in [32]),
the first order term in the Taylor expansion vanishes, that is,∫∫∫

B f∗g′∇Wl(v
′)(v − v′)h′dv dv∗ dσ

=
∫∫

f∗
{∫

S2
b

(
ψσ (v

′)− v∗
|ψσ (v′)− v∗| · σ

)
�(|ψσ (v′)− v∗|)

×
∣∣∣∣∂(ψσ (v

′))
∂(v′)

∣∣∣∣ (ψσ (v′)− v′)dσ
}

· ∇Wl(v
′) g′h′dv′ dv∗ = 0.

Here, we have used the notation that for a transformation v → v′, its inverse trans-
formation is denoted by v′ → ψσ (v

′) = v. And σ1, σ2 are symmetric with respect
to each other, in the sense that ψσ1(v

′)− v′ = −(ψσ2(v
′)− v′).

Furthermore, since∣∣∣
{
∇2Wl(v

′ + τ(v − v′))
}
(v − v′)2

∣∣∣
� Cθ2|v∗ − v′|2{Wl−2(v∗)+ Wl−2(v

′ + τ(v − v′)− v∗)}
� Cθ2{Wl(v∗)+ Wl(v

′)} � Cθ2Wl(v∗)Wl(v
′)
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and �(|v − v∗|) � (
√

2〈v′ − v∗〉)γ+ �
√

2
γ+〈v∗〉γ+〈v′〉γ+

, we get by the regular
change of variables v → v′ and the Schwartz inequality

|I1| � C || f ||L1
l+γ+ (R3

v)
||g||L2

l+γ+ (R3
v)

||h||L2(R3
v)
. (2.1.21)

In order to estimate I2, we shall apply the Littlewood–Paley decomposition
{� j }∞j=0, which is a dyadic decomposition in the Fourier variable (see also [3,14,
47]),

� jg(v) = F−1 (φ j (η)ĝ(η)
)
, g =

∞∑
0

� jg,

and for m ∈ R,

‖� jg‖Hm ≈ 2 jm‖� jg‖L2 , ‖g‖2
Hm ≈

∑
22 j m‖� jg‖2

L2 .

Then we have the following decomposition

I2 =
∞∑
j=0

∫ 1

0

(∫
R6

{∫

 j

B f∗∇v(� jg)(v
′ + τ(v − v′)) · (v − v′)

×(Wl − W ′
l ) h′dσ

}
dv dv∗

)
dτ

+
∞∑
j=0

∫
R6

{∫

c

j

B f∗
{
(� jg)(v)− (� jg)(v

′)
}
(Wl − W ′

l ) h′dσ
}

dv dv∗

=
∞∑
j=0

(
I 1
2, j + I 2

2, j

)
,

where


 j = 
 j (v, v∗) =
{
σ ∈ S

2 ; v − v∗
|v − v∗| · σ � 1 − 21−2 j 〈v − v∗〉−2

}
.

Note that if 1/2 < s < 1, then
∫

 j

b(cos θ) θ2dσ = 2π
∫

{θ∈[0,π/2]; sin(θ/2)�2− j 〈v−v∗〉−1}
sin θ b(cos θ)θ2dθ

� C2 j (2s−2)〈v − v∗〉2s−2, (2.1.22)

and
∫

c

j

b(cos θ) θdσ = 2π
∫

{θ∈[0,π/2]; sin(θ/2)�2− j 〈v−v∗〉−1}
sin θ b(cos θ) θdθ

� C2 j (2s−1)〈v − v∗〉2s−1. (2.1.23)
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To estimate I 1
2, j , we need the change of variables

v → z = v′ + τ(v − v′) = 1 + τ

2
v + 1 − τ

2
(|v − v∗|σ + v∗). (2.1.24)

The Jacobian of this transform is bounded from below uniformly in v∗, σ, τ , because

∣∣∣∣ ∂(z)∂(v)

∣∣∣∣ =
∣∣∣∣det

(
1 + τ

2
I + 1 − τ

2
σ ⊗ k

)∣∣∣∣
(

k = v − v∗
|v − v∗|

)

= (1 + τ)3

23

∣∣∣∣1 + 1 − τ

1 + τ
k · σ

∣∣∣∣ = (1 + τ)3

23

∣∣∣∣ 2τ

1 + τ
+ 2

1 − τ

1 + τ
cos2 θ

2

∣∣∣∣
� (1 + τ)3

23

∣∣∣∣ 2τ

1 + τ
+ 1 − τ

1 + τ

∣∣∣∣ = (1 + τ)3

23 � 1

23 .

Recall, compare [4], that the cross-section B(v−v∗, θ) is assumed to be supported
in 0 � θ � π/4. Furthermore, we have

|z − v∗| =
∣∣∣∣1 + τ

2
(v − v∗)+ 1 − τ

2
|v − v∗|σ

∣∣∣∣

= |v − v∗|
∣∣∣∣∣
(

1 + τ

2

)2

+
(

1 − τ

2

)2

+ 1 − τ 2

2
k · σ

∣∣∣∣∣
1/2

= |v − v∗|
∣∣∣∣τ 2 + (1 − τ 2) cos2 θ

2

∣∣∣∣
1/2

� 1√
2
|v − v∗|, (2.1.25)

which implies 〈v−v∗〉2s�(|v−v∗|) � C〈z〉2s+γ+〈v∗〉2s+γ+ . We have from (2.1.22)
that for any ε > 0

∣∣∣I 1
2, j

∣∣∣ � C
∫ 1

0

∫∫∫

 j

bθ2|(Wl−1+2s+γ+ f )∗|

× ∣∣(Wl−1+2s+γ+(∇v� jg)
)
(z)
∣∣ 〈v − v∗〉2−2s |h′|dσ dv dv∗ dτ

� C

⎡
⎣
∫ 1

0

(∫∫ (∫

 j

bθ2
∣∣(Wl−1+2s+γ+ f )∗

∣∣ ∣∣(Wl−1+2s+γ+(∇v� jg)
)
(z)
∣∣2

×〈v − v∗〉2−2s |dσ
)

dv dv∗

)1/2

dτ

⎤
⎦

×
[∫∫ (∫


 j

bθ2|(Wl−1+2s+γ+ f )∗|〈v − v∗〉2−2s |h′|2dσ

)
dvdv∗

]1/2

� C2−ε j‖ f ‖L1
l+2s−1+γ+ (R

3
v)

‖g‖H2s−1+ε
l+2s−1+γ+ (R

3
v)

‖h‖L2(R3
v)
,
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where we have used

|(v − v′)(Wl − W ′
l )| � Cθ2|v − v∗|2(Wl−1(z)+ W∗l−1)

� Cθ2|v − v∗|2Wl−1(z)W∗l−1,

the regular change of variables v → z defined by (2.1.24) and the regular change of
variables v → v′. The estimate (2.1.23) yields the same bound for I 2

2, j . Therefore,
we obtain

|I2| � C || f ||L1
l+2s−1(R

3
v)

||g||H2s−1+ε
l+2s−1 (R

3
v)

||h||L2(R3
v)
. (2.1.26)

Estimates (2.1.21) and (2.1.26) together give the desired estimate (2.1.17). ��
For the convenience of the readers, we postpone the proof of (2.1.18) to the end

of Section 2.3. This completes the proof of Lemma 2.2 because (3) comes from (2)
for the case s = 1/2 + κ .

2.2. Coercivity estimates

We establish coercivity estimates of the Boltzmann collision operator. We will
show that the angular singularity in the cross-section yields sub-elliptic estimates
which are lower bounds of the collision operator, see [4]. Notice that we need pre-
cise weighted sub-elliptic estimates as given in the following theorem. For more
detailed explanations and notations, interested readers can refer to [3,32].

Theorem 2.6. Assume that γ ∈R, 0<s<1. Let g ∈ L1
max{γ+,2−γ+} ∩ L log L(R3

v),

g � 0, �≡ 0. Then there exists a constant Cg > 0 depending only on B(v − v∗, θ),
‖g‖L1

max{γ+, 2−γ+}
and ‖g‖L log L , and C > 0 depending on B(v − v∗, θ) such that

for any smooth function f ∈ H1
γ /2(R

3
v) ∩ L2

γ+/2(R
3
v), we have

− (Q(g, f ), f )L2(R3
v)

� Cg‖Wγ /2 f ‖2
Hs (R3

v)

−C ||g||L1
max{γ+,2−γ+}(R

3
v)

‖ f ‖2
L2
γ+/2(R

3
v)
. (2.2.1)

Remark 2.7. From the proof of the theorem, the constant Cg is seen to be an increas-
ing function of ‖g̃‖L1 , ‖g̃‖−1

L1
1

and ‖g̃‖−1
L log L where g̃ = 〈v〉−|γ |g. If the function

g depends continuously on a parameter τ ∈ �, then the constant Cg depends on
infτ∈� ‖〈v〉−|γ |gτ‖L1 , supτ∈� ‖gτ‖L log L and supτ∈� ‖g‖L1

max{γ+, 2−γ+}
. In the later

application, we take τ = (t, x).

Proof. Firstly, we have

(Q(g, f ), f ) =
∫

R6

∫
S2
�(|v − v∗|)b(cos θ)g(v∗) f (v){ f (v′)− f (v)}dσ dv∗ dv

= 1

2

∫
R6

∫
S2
�(|v − v∗|)b(cos θ)g(v∗){ f (v′)2 − f (v)2}dσ dv∗ dv

−1

2

∫
R6

∫
S2
�(|v − v∗|)b(cos θ)g(v∗){ f (v′)− f (v)}2dσ dv∗ dv

= R1 − R2.
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For R1, according to the cancellation lemma, Corollary 2 of [4], we have

R1 = 1

2

∫
R6

∫
S2
�(|v − v∗|)b(cos θ)g(v∗){ f (v′)2 − f (v)2}dσ dv∗ dv

= 1

2

∫
R6

∫
S2

{
�

(
|v − v∗|

cos θ2

)
1

cos3 θ
2

−�(|v − v∗|)
}

bg(v∗) f (v)2dvdσ dv∗

= 1

2

∫
R6

∫
S2
�

(
|v − v∗|

cos θ2

){
1

cos3 θ
2

− 1

}
bg(v∗) f (v)2dv dσ dv∗

+1

2

∫
R6

∫
S2

{
�

(
|v − v∗|

cos θ2

)
−�(|v − v∗|)

}
bg(v∗) f (v)2dv dσ dv∗

= R11 + R12.

For the first term R11, from 1 − cos3 θ
2 � 3(1 − cos θ2 ) = 6 sin2 θ

4 , it follows that

R11 � C‖g‖L1
γ+ ‖ f ‖2

L2
γ+/2

,

because � � 1 when γ < 0. For the second term R12, we first note that the mean
value theorem gives

�

(
|v − v∗|

cos θ2

)
−�(|v − v∗|)

= −
(

1

cos θ2
− 1

)
|v − v∗|2

(
1 +

( |v − v∗|
a

)2
) γ

2 −1
2

a3

� C

(
1

cos θ2
− 1

)
�(|v − v∗|),

where
√

2
2 � cos θ2 < a < 1. Similar to R11, we can obtain

R12 � C‖g‖L1
γ+ ‖ f ‖2

L2
γ+/2

.

For the term R2, noting that

�(|v − v∗|) =
(

1 + |v − v∗|2
) γ

2 � 〈v〉γ
〈v∗〉|γ | ,

we have

R2 = 1

2

∫
R6

∫
S2
�(|v − v∗|)b(cos θ)g(v∗)

{
f (v′)− f (v)

}2 dσ dv∗ dv

� C
∫

R6

∫
S2

b(cos θ)
g(v∗)
〈v∗〉|γ | 〈v〉γ

{
f (v′)− f (v)

}2 dσ dv∗ dv

= C
∫

R6

∫
S2

b(cos θ)
g(v∗)
〈v∗〉|γ |

{
〈v〉 γ2 f (v′)− 〈v〉 γ2 f (v)

}2
dσ dv∗ dv
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= C
∫

R6

∫
S2

b(cos θ)
g(v∗)
〈v∗〉|γ |

{
〈v′〉 γ2 f (v′)− 〈v〉 γ2 f (v)

+〈v〉 γ2 f (v′)− 〈v′〉 γ2 f (v′)
}2

dσ dv∗ dv,

and then, by using the fact that (a − b)2 � a2/2 − b2, we have

R2 � C1

∫
R6

∫
S2

b(cos θ)
g(v∗)
〈v∗〉|γ | {〈v′〉 γ2 f (v′)− 〈v〉 γ2 f (v)}2dσ dv∗ dv

−C2

∫
R6

∫
S2

b(cos θ)
g(v∗)
〈v∗〉|γ | {〈v〉

γ
2 f (v′)−〈v′〉 γ2 f (v′)}2dσ dv∗ dv=R21−R22.

For the first term R21, by using Corollary 3 and Proposition 2 of [4], we have

R21 = C1

∫
R6

∫
S2

b(cos θ)
g(v∗)
〈v∗〉|γ |

{
〈v′〉 γ2 f (v′)− 〈v〉 γ2 f (v)

}2
dσdv∗ dv

� C
∫

R3
|F(Wγ /2 f )(ξ)|2

{∫
S2

b(ξ̃ · σ) (F(g̃)(0)− ∣∣F(g̃)(ξ−)
∣∣)
}

dξ

� C̃g‖Wγ /2 f ‖2
Hs − C‖g̃‖L1‖ f ‖2

L2
γ+/2

,

where g̃ = 〈v〉−|γ |g. Here C̃g is an increasing function with respect to ‖g̃‖L1 , ‖g̃‖−1
L1

1

and ‖g̃‖−1
L log L , according to the proof in the last part of [4] (see also Lemma 2.1

of [38]).
For the second term R22, note that for some τ ∈ (0, 1), we have

〈v〉 γ2 − 〈v′〉 γ2
〈v∗〉 |γ |

2

� C
〈v′ + τ(v − v′)〉 γ−2

2

〈v∗〉 |γ |
2

|v − v′|

� C
〈v∗〉 |2−γ |

2 − |γ |
2

〈v′ + τ(v − v′)− v∗〉 2−γ
2

|v′ − v∗| tan(θ/2)

� C〈v∗〉
|2−γ |

2 〈v′ − v∗〉
γ
2 tan(θ/2)

� C

{
〈v∗〉 |2−γ |

2 〈v′〉 γ2 tan(θ/2), if γ � 0,
〈v∗〉 tan(θ/2), otherwise.

Hence, we get

R22 = C2

∫
R6

∫
S2

b(cos θ)g(v∗)
{

〈v〉 γ2 − 〈v′〉 γ2
〈v∗〉 |γ |

2

}2

f (v′)2dσ dv∗ dv

� C2

∫
R6

∫
S2

b(cos θ) tan2(θ/2)〈v∗〉|2−γ+|g(v∗)
{
〈v′〉 γ

+
2 f (v′)

}2

dσ dv∗ dv

� C2||g||L1
|2−γ+|

‖ f ‖2
L2
γ+/2

.

This completes the proof of Theorem 2.6. ��
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In the following analysis, we shall also need the following interpolation inequal-
ity between weighted Sobolev spaces in v, see for instance [26,32].

Lemma 2.8. For any k ∈ R, p ∈ R+, δ > 0,

‖ f ‖2
Hk

p(R
3
v)

� Cδ‖ f ‖Hk−δ
2p (R3

v)
‖ f ‖Hk+δ

0 (R3
v)
.

2.3. Commutator estimates

We are now going to study the commutators of a family of pseudo-differential
operators with the Boltzmann collision operator. This is a key step in the regularity
analysis of weak solutions because it requires mollifiers defined by pseudo-differ-
ential operators. Below, we denote (·, ·)L2(R3

v)
by (·, ·) for simplicity of notation,

without any confusion.

Proposition 2.9. Let λ ∈ R and M(ξ) be a positive symbol of pseudo-differential
operator in Sλ1,0 of the form of M(ξ) = M̃(|ξ |2). Assume that for any c > 0 there
exists a constant C > 0 such that for any s, τ > 0

c−1 � s

τ
� c implies C−1 � M̃(s)

M̃(τ )
� C. (2.3.1)

Furthermore assume that M(ξ) satisfies

|M (α)(ξ)| = |∂αξ M(ξ)| � CαM(ξ)〈ξ 〉−|α|, (2.3.2)

for any α ∈ N
3. Then the followings hold.

(1) If 0 < s < 1/2, for any N > 0 there exists a CN > 0 such that

∣∣∣(M(Dv)Q( f, g)− Q( f,M(Dv)g), h)L2(R3
v)

∣∣∣
� CN ‖ f ‖L1

γ+ (R3
v))

(
‖Mg‖L2

γ+ (R3
v)

+ ‖g‖Hλ−N
γ+ (R3

v))

)
‖h‖L2(R3

v)
. (2.3.3)

(2) If 1/2 < s < 1, for any N > 0 and any ε > 0 there exists a CN ,ε > 0 such
that

∣∣∣(M(Dv)Q( f, g)− Q( f, M(Dv)g), h)L2(R3
v)

∣∣∣
� CN ,ε‖ f ‖L1

(2s+γ−1)+ (R
3
v))

×
(

‖Mg‖H2s−1+ε
(2s+γ−1)+ (R

3
v))

+ ‖g‖Hλ−N
γ+ (R3

v))

)
‖h‖L2(R3

v)
. (2.3.4)

(3) If s = 1/2, we have the same estimate as (2.3.4) with (2s + γ − 1) replaced
by (γ + κ) for any small κ > 0.
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Proof. Firstly, set �∗(v) = �(|v − v∗|) and write

(M(Dv)Q( f, g), h)− (Q( f, M(Dv)g), h)

=
∫

R6

∫
S2

B(|v − v∗|, σ ) f (v∗)g(v)
(
(M h) (v′)− (M h) (v)

)
dσ dv∗ dv

−
∫

R6

∫
S2

B(|v − v∗|, σ ) f (v∗) (M g) (v)
(

h(v′)− h(v)
)

dσ dv∗ dv

=
∫

R6

∫
S2

b(cos θ) f (v∗)
[
(�∗g)(v)(Mh)(v′)−{M(�∗g)} (v)h(v′)

]
dσ dv∗ dv

+
∫

R6

∫
S2

b(cos θ) f (v∗) {M(�∗g)} (v)
(

h(v′)− h(v)
)

dσ dv∗ dv

−
∫

R6

∫
S2

b(cos θ) f (v∗) {�∗ (M g)} (v)
(

h(v′)− h(v)
)

dσ dv∗ dv

=
∫

R6

∫
S2

b(cos θ) f (v∗)
[
(�∗g)(v)(Mh)(v′)−{M(�∗g)} (v)h(v′)

]
dσ dv∗ dv

+
∫

R6

∫
S2

b(cos θ) f (v∗) ([M, �∗] g) (v)
(

h(v′)− h(v)
)

dσ dv∗ dv

= I1 + I2.

The above computation is justified with cutoff approximation, see the remark given
after (2.1.3) and also [32]. The first term I1 can be rewritten by using the Bobylev
formula (see for example [4]) as

I1 =
∫

R6

∫
S2

b

(
ξ

|ξ | · σ
)

f (v∗)
(
M(ξ)− M(ξ+)

)

×F(�∗g)(ξ+)e−iv∗ξ−
dσ dv∗ ĥ(ξ)dξ,

where

ξ± = ξ ± |ξ |σ
2

.

Notice that in the case of a Maxwellian molecule type cross section with γ = 0,
that is �(|v − v∗|) = 1, I2 ≡ 0.

Since M̃ ′(|ξ |2) = 2ξ · ∇M(ξ)/|ξ |2 and |ξ+| � |ξ | � 2|ξ+|, it follows from
(2.3.1) and (2.3.2) that

|M(ξ)− M(ξ+)| � C

∣∣∣∣sin
θ

2

∣∣∣∣
2

M(ξ+), (2.3.5)

and

∫
S2

b

(
ξ

|ξ | · σ
) ∣∣∣∣sin

θ

2

∣∣∣∣
2

dσ � C < +∞.
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Thus,

|I1| � C
∫

R3
〈v∗〉γ+| f (v∗)|

∫
S2

∫
R3

b

(
ξ

|ξ | · σ
)

sin2 θ

2
M(ξ+)

×|F(�∗〈v∗〉−γ+g)(ξ+)| |ĥ(ξ)|dξ dσ dv∗

� C

(∫
R3

|〈v∗〉γ+ f (v∗)|
∫

S2

∫
R3

b

(
ξ

|ξ | · σ
)

sin2 θ

2

×|M(ξ+)F(�∗〈v∗〉−γ+g)(ξ+)|2dξ dσ dv∗
)1/2

×
(∫

R3
|〈v∗〉γ+ f (v∗)|

∫
S2

∫
R3

b

(
ξ

|ξ | · σ
)

sin2 θ

2
|ĥ(ξ)|2dξ dσ dv∗

)1/2

� C‖ f ‖L1
γ+

(
sup
v∗

‖M(Dv)�∗〈v∗〉−γ+g(v)‖L2
γ+

)
‖h‖L2 ,

where we have used Plancherel’s equality, the change of variables ξ → ξ+ for
which dξ ∼ dξ+ uniformly with respect to σ , the estimate �∗〈v∗〉−γ+ � 〈v〉γ+ .
Then by using the expansion formula of the pseudo-differential calculus

[M(Dv),�∗(v)] g =
∑

1�|α|<N1

1

α!�∗(α)M (α)(Dv)g + rN1(v, Dv; v∗)g, (2.3.6)

with N1 > λ, and the condition (2.3.2), we obtain

sup
v∗

∥∥M(Dv)�∗〈v∗〉−γ+g(v)
∥∥

L2
γ+

� C

(
‖Mg‖L2

γ+
+ ||g||

H
λ−N1
γ+

)
. (2.3.7)

Hence,

|I1| � C‖ f ‖L1
γ+

(
‖Mg‖L2

γ+
+ ||g||

H
λ−N1
γ+

)
‖h‖L2 . (2.3.8)

We now turn to the term I2. Firstly, set

F(v, v∗) = [M,�∗]g(v),
and decompose

I2 =
∫

R6

∫
S2

b(cos θ) f (v∗)
{

F(v′, v∗)h(v′)− F(v, v∗)h(v)
}

dσ dv∗ dv

+
∫

R6

∫
S2

b(cos θ) f (v∗)
(
F(v, v∗)− F(v′, v∗)

)
h(v′)dv∗ dv dσ

= J1 + J2.

According to the cancellation lemma [4], we obtain∫
R3

∫
S2

b(cos θ)
{

F(v′, v∗)h(v′)− F(v, v∗)h(v)
}

dσdv

= (S ∗ {F(·, v∗)h}) (v∗),
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where the convolution product is in v ∈ R
3, and in this case,

S = 2π
∫ π/2

0
sin θb(cos θ)

[
1

cos3(θ/2)
− 1

]
dθ

is a constant function. Consequently,

J1 =
∫

R3
f (v∗) (S ∗ {F(·, v∗)h}) (v∗)dv∗ = S

∫
R6

f (v∗)F(v, v∗)h(v)dv dv∗.

By (2.3.6) and (2.3.7), we get

|J1| � C
∫

R3
| f (v∗)|‖F(·, v∗)‖L2‖h‖L2 dv∗

� C‖ f ‖L1
γ+

(
‖Mg‖L2

γ+
+ ||g||

H
λ−N1
γ+

)
‖h‖L2 . (2.3.9)

To estimate the term J2, we need to consider the following two cases.
Case 1: 0 < s < 1/2. Since the mean value theorem yields

F(v, v∗)− F(v′, v∗) = (v − v′) ·
∫ 1

0
∇v(F(v′ + τ(v − v′), v∗)dτ,

by noticing that

|v′ − v| = |v − v∗| sin(θ/2) = |v′ − v∗| tan(θ/2),

we have

|J2| �
∫ 1

0

(∫
R6×S2

b(cos θ)|v′ − v|| f (v∗)||h(v′)|

×|(∇vF)(v′ + τ(v − v′), v∗)|dv dv∗ dσ

)
dτ.

� C

(∫
R6×S2

b(cos θ)|θ |〈v∗〉γ+| f (v∗)||h(v′)|2dv dv∗ dσ

)1/2

×
∫ 1

0

(∫
R6×S2

b(cos θ)|θ |〈v∗〉γ+| f (v∗)|

×
∣∣∣∣ |v − v∗|

〈v∗〉γ+ (∇vF)(v′ + τ(v − v′), v∗)
∣∣∣∣
2

dv dv∗ dσ

)1/2

dτ

= C J21 × J22.

By the change of variables v → v′ for which dv ∼ dv′ uniformly in v∗ ∈ R
3, σ ∈

S
2 (see [4]), we get

J 2
21 � C‖ f ‖L1

γ+
‖h‖2

L2 . (2.3.10)
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To estimate J22, we apply the change of variables (2.1.24) and use (2.1.25).
Setting

ψ∗(v) = 〈v − v∗〉
〈v∗〉γ+ ,

we get

J 2
22 � C

∫ 1

0

[∫
R2n×S2

b(cos θ)|θ |〈v∗〉γ+| f (v∗)|
∣∣ψ∗(z)(∇vF)(z, v∗)

∣∣2 dz dv∗ dσ

]
dτ

� C‖ f ‖L1
γ+

sup
v∗

‖ψ∗(·)(∇vF)(·, v∗)‖2
L2 .

On the other hand, it follows from the expansion formula of pseudo-differential
operators that, with �∗(v) = (1 + |v − v∗|2)γ /2 we have for any N1 ∈ N

(∇vF)(v, v∗)
= ∇v[M, �∗]g(v)
=

∑
1�|α|<N1

1

α!
{
(∇�∗(α))M (α)(Dv)g+�∗(α)M (α)(Dv)∇vg

}
+r̃N1(v, Dv; v∗)g

= FN1(v, Dv; v∗)g(v)+ r̃N1(v, Dv; v∗)g(v), (2.3.11)

where r̃N1 is a pseudo-differential operator with symbol belonging to Sλ−N1
1,0 uni-

formly with respect to v∗ ∈ R
3 (compare [33]). Since

∣∣ψ∗�∗(α)
∣∣ � Cα

〈v − v∗〉
〈v∗〉γ+ 〈v − v∗〉γ−|α| � Cα〈v〉γ+ ,

by (2.3.2), we have for α �= 0 that,

|M (α)(ξ) ξ | � CαM(ξ)〈ξ 〉−|α|+1 � CαM(ξ).

Hence

J 2
22 � C‖ f ‖L1

γ+

(
‖Mg‖2

L2
γ+

+ ||g||2
H
λ−N1
γ+

)
. (2.3.12)

Now, it follows from (2.3.9), (2.3.10), and (2.3.12) that

|I2| � C‖ f ‖L1
γ+

(
‖Mg‖L2

γ+
+ ||g||

H
λ−N1
γ+

)
||h||L2 ., (2.3.13)

holds when 0 < s < 1/2.
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Case 2: 1/2 < s < 1. We now decompose J2 as follows:

J2 =
∫ 1

0

(∫
R6×S2

b(cos θ) f (v∗)h(v′)

×(v − v′) · (∇vF)(v′ + τ(v − v′), v∗)dv dv∗ dσ

)
dτ

=
∫

R6×S2
b(cos θ) f (v∗)h(v′)(v − v′) · (∇vF)(v′, v∗)dv dv∗ dσ

+
∫ 1

0

(∫
R6×S2

b(cos θ) f (v∗)h(v′)

×(v − v′) · {(∇vF)(v′ + τ(v − v′), v∗)− (∇vF)(v′, v∗)
}

dv dv∗ dσ

)
dτ

= J 0
2 + J 1

2 .

The essential feature of this decomposition is that J 0
2 vanishes by symmetry as in

the proof of Lemma 2.4. Indeed, we have

J 0
2 =

∫
R6

f (v∗)h(v′)
{∫

S2
b

(
ψσ (v

′)− v∗
|ψσ (v′)− v∗| · σ

) ∣∣∣∣∂(ψσ (v
′))

∂(v′)

∣∣∣∣ (ψσ (v′)− v′)dσ
}

· (∇vF)(v′, v∗)dv′ dv∗ = 0,

because of the symmetry in σ1 and σ2 in the sense thatψσ1(v
′)−v′ = −(ψσ2(v

′)−
v′), compare Fig. 2.

Now, by the change of variable v → z = v′ + τ(v − v′) defined by (2.1.24),
we consider

J 1
2 (τ ) =

∫
R6×S2

b f (v∗)h(v′)(v − v′) · {(∇vF)(z, v∗)− (∇vF)(v′, v∗)}dv dv∗ dσ.

By recalling the expansion formula (2.3.11) of (∇vF)(v, v∗), we first consider

J 1
2 (τ, α) =

∫
R6×S2

b f (v∗)h(v′)

×(v − v′) ·
{
�∗(α)M (α)∇vg(z)−�∗(α)M (α)∇vg(v′)

}
d vdv∗ dσ

=
∫

R6×S2
b f (v∗)h(v′)

{
�∗(α)(z)−�∗(α)(v′)

}

×(v − v′) · M (α)∇vg(z)dv dv∗ dσ +
∫

R6×S2
b f (v∗)h(v′)�∗(α)(v′)

×(v − v′) · {M (α)∇vg(z)− M (α)∇vg(v′)}dv dv∗ dσ

= J 1,0
2 (τ, α)+ J̃ 1

2 (τ, α).

Notice that the case in which |α| = 1 is the most difficult one, in the sense that
M (α)(Dv)∇v is a pseudo-differential operator of order λ with symbol bounded by
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C M(ξ) due to the assumption (2.3.2). By writing (1) instead of (α) when |α| = 1,
we have

∣∣{�∗(1)(z)−�∗(1)(v′)
} |v − v′|∣∣ � C〈z − v∗〉γ θ2,

which gives

∣∣∣J 1,0
2 (τ, (1))

∣∣∣
�
(∫

R6×S2
bθ2|〈v∗〉γ+ f (v∗)||h(v′)|2dσ dv dv∗

)1/2

×
(∫

R6×S2
bθ2|〈v∗〉γ+ f (v∗)|

∣∣∣∣ 〈z − v∗〉γ
〈v∗〉γ+ M (α) ∇vg(z)

∣∣∣∣
2

dσ dv dv∗

)1/2

� C || f ||L1
γ+

||M g||L2
γ+

||h||L2 . (2.3.14)

In order to evaluate the term J̃ 1
2 (τ, (1)), we take the same Littlewood–Paley

partition of unity {ψ j (ξ)} as in the proof of Lemma 2.4 and write

J̃ 1
2 (τ, (1))

=
∫

R6×S2
b f (v∗)h(v′)�∗(1)(v′)(v−v′) ·

{
M (1)∇vg(z)−M (1)∇vg(v′)

}
dv dv∗ dσ

=
∞∑
j=0

∫
R6×S2

b f (v∗)h(v′)�∗(1)(v′)(v − v′) · (g j (z)− g j (v
′)
)

dv dv∗ dσ

=
∞∑
j=0

J̃ 1
2, j (τ ),

where g j (v) = ψ j (Dv)M (1)(Dv)∇vg(v). For each j we apply the following
decomposition by using 
 j introduced in the proof of Lemma 2.4 to have

J̃ 1
2, j (τ ) =

∫ 1

0

(∫
R6

(∫

 j

b f (v∗)h(v′)�∗(1)(v′)(v − v′)

· (z − v′)∇g j (v
′ + s(z − v′))dσ

)
dv dv∗

)
ds

+
∫

R6

(∫

c

j

b f (v∗)h(v′)�∗(1)(v′)(v−v′) · (g j (z)−g j (v
′)
)

dσ

)
dv dv∗

= J̃ 1,1
2, j (τ )+ J̃ 1,2

2, j (τ ).
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By setting v′
τ,s = v′ + s(z − v′), we have

| J̃ 1,1
2, j (τ )| �

∫ 1

0

(∫
R6

(∫

 j

b(cos θ)|v′ − v|2| f (v∗)||h(v′)|

×|�∗(1)(v′)||∇g j (v
′
τ,s)|dσ

)
dv dv∗

)
ds

� C
∫ 1

0

(∫
R6

(∫

 j

b(cos θ)θ2〈v − v∗〉2−2s〈v∗〉(2s+γ−1)+| f (v∗)|

×|h(v′)|
∣∣∣∣∣
〈v′
τ,s − v∗〉2s+γ−1

〈v∗〉(2s+γ−1)+ ∇g j (v
′
τ,s)

∣∣∣∣∣ dσ
)

dv dv∗

)
ds

� C2−ε j

(∫
R6

(∫

 j

b(cos θ)θ22 j (2−2s)〈v − v∗〉2−2s

×〈v∗〉(2s+γ−1)+| f (v∗)||h(v′)|2dσ

)
dv dv∗

)1/2

×
∫ 1

0

⎛
⎝
(∫

R6

(∫

 j

b(cos θ)θ22 j (2−2s)〈v−v∗〉2−2s〈v∗〉(2s+γ−1)+| f (v∗)|

×
∣∣∣〈v′

τ,s〉(2s+γ−1)+2 j (2s−2+ε)∇g j (v
′
τ,s)

∣∣∣2 dσ

)
dv dv∗

)1/2
⎞
⎠ ds

= C2−ε j J̃ 1,1
2, j,1(τ )× J̃ 1,1

2, j,2(τ ).

By using the same change of variables as for J2,1 in the previous case, it follows
from (2.1.22) that

J̃ 1,1
2, j,1(τ )

2 � C‖ f ‖L1
(2s+γ−1)+

‖h‖2
L2 . (2.3.15)

Similarly, by taking the change of variables v → v′
τ,s , again as in the previous case,

(2.1.22) leads to

J̃ 1,1
2, j,2(τ )

2 � C || f ||L1
(2s+γ−1)+

(
||M g||2

H2s−1+ε
(2s+γ−1)+

+ ||g||2
H
λ−N1+2s−1+ε
(2s+γ−1)+

)
,

(2.3.16)

where we have used∥∥∥2 j (2s−2−ε)∇g j (v)

∥∥∥2

L2
(2s+γ−1)+

� C

(
||M g||2

H2s−1+ε
(2s+γ−1)+

+ ||g||2
H
λ−N1+2s−1+ε
(2s+γ−1)+

)
.

Hence, it follows from (2.3.15) and (2.3.16) that, for N1 > λ+2s −1+ε, we have
∣∣∣ J̃ 1,1

2, j (τ )

∣∣∣ � C2−ε j || f ||L1
(2s+γ−1)+

(
||M g||H2s−1+ε

(2s+γ−1)+
+ ||g||Hλ−N

(2s+γ−1)+

)
|h||L2 .

(2.3.17)
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On the other hand, for J̃ 1,2
2, j (τ ), note that

J̃ 1,2
2, j (τ ) =

∫
R6

(∫

c

j

b f (v∗)h(v′)�∗(1)(v′)(v − v′) · g j (z)dσ

)
dv dv∗,

by the symmetry in 
c
j . We have

| J̃ 1,2
2, j (τ )| � C

∫
R6

(∫

c

j

b(cos θ)θ〈v − v∗〉1−2s〈v∗〉(2s+γ−1)+| f (v∗)|

×|h(v′)|
∣∣∣∣ 〈z − v∗〉2s+γ−1

〈v∗〉(2s+γ−1)+ g j (z)

∣∣∣∣ dσ
)

dv dv∗

� C2−ε j

(∫
R6

(∫

c

j

b(cos θ)θ2 j (1−2s)〈v − v∗〉1−2s〈v∗〉(2s+γ−1)+

×| f (v∗)||h(v′)|2dσ

)
dv dv∗

)1/2

×
(∫

R6

(∫

c

j

b(cos θ)θ2 j (1−2s)〈v − v∗〉1−2s〈v∗〉(2s+γ−1)+| f (v∗)|

×
∣∣∣〈z〉(2s+γ−1)+2 j (2s−1+ε)g j (z)

∣∣∣2 dσ

)
dv dv∗

)1/2

� C2−ε j || f ||L1
(2s+γ−1)+

|h||L2

(
||M g||H2s−1+ε

(2s+γ−1)+
+ ||g||Hλ−N

(2s+γ−1)+

)
,

because of (2.1.23). This together with (2.3.14) and (2.3.17) yield
∣∣∣J 1

2 (τ, (1))
∣∣∣ � C‖ f ‖L1

(2s+γ−1)+

(
‖M g‖H2s−1+ε

(2s+γ−1)+
+ ‖g‖Hλ−N

(2s+γ−1)+

)
|h||L2 .

It is easy to see that all other terms coming from FN1(v, Dv; v∗)g(v) in (2.3.11) have
the same upper bound estimates. All the terms coming from r̃N1(v, Dv; v∗)g(v) can
be estimated by

C‖ f ‖L1
(2s+γ−1)+

||g||Hλ−N
(2s+γ−1)+

|h||L2 .

Therefore, we finally obtain

|J2| = |J 1
2 | � C || f ||L1

(2s+γ−1)+

(
||M g||H2s−1+ε

(2s+γ−1)+
+ ||g||Hλ−N

(2s+γ−1)+

)
|h||L2 .

In summary, when 1/2 < s < 1 we obtain, instead of (2.3.13), that

|I2| � C || f ||L1
(2s+γ−1)+

(
||M g||H2s−1+ε

(2s+γ−1)+
+ ||g||Hλ−N

(2s+γ−1)+

)
|h||L2 . (2.3.18)

By combining (2.3.8), (2.3.13) and (2.3.18), the proof of Proposition 2.9 is
completed. ��
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The rest of this section is devoted to the proof (2.1.18) of Lemma 2.4.

Proof of (2.1.18) of Lemma 2.4. For m = 2s − 1 + ε > 0, we have with 	 =
(1 −�v)

1/2

(Wl Q( f, g)− Q( f, Wlg), h)

= (
(	−m Q( f, g)− Q( f, 	−mg)), Wl	

mh
)

+ ((Wl Q( f, 	−mg)− Q( f, Wl	
−mg)), 	mh

)
+ ((Q( f, 	−m Wl g)−	−m Q( f, Wlg)), 	

mh
)

+ (([	−m,Wl
]

Q( f, g)− Q
(

f,
[
	−m, Wl

]
g
))
,	mh

)
= (1)+ (2)+ (3)+ (4).

It follows from (2.3.4) with M(ξ) = 	−m that

|(1)| � C‖ f ‖L1
(2s+γ−1)+

‖g‖L2
(2s+γ−1)+

‖h‖Hm
l
,

|(3)| � C‖ f ‖L1
(2s+γ−1)+

‖Wlg‖L2
(2s+γ−1)+

‖h‖Hm .

By means of (2.1.17), we have

|(2)| � C‖ f ‖L1
l+2s−1+γ+ ‖g‖L2

l+2s−1+γ+ ‖h‖Hm .

To estimate (4), we first note that

[	−m,Wl ] =
∑
|α|=1

(Wl)(α)
(
	−m)(α) + Wl−1 R(v, Dv),

where R is a pseudo-differential operator which belongs to S−m−2
1,0 . Write

(4) =
∑
|α|=1

({(
	−m)(α) Q( f, g)− Q( f,

(
	−m)(α) g)} , (Wl)(α) 	

mh
)

+
∑
|α|=1

({
(Wl)(α) Q( f,

(
	−m)(α) g)− Q( f, (Wl)(α)

(
	−m)(α) g)} ,	mh

)

+ (R(v, Dv)Q( f, g),Wl−1	
mh
)+ (

Q( f,Wl−1 R(v, Dv)g),	
mh
)

= (a)+ (b)+ (c)+ (d).

It follows from (2.1.1) that

|(c)| � C‖Q( f, g)‖H−2‖h‖Hm
l−1

� C‖ f ‖L1
(γ+2s)+

‖g‖L2
(γ+2s)+

‖h‖Hm
l−1
,

|(d)| � C‖Q( f,Wl−1 Rg)‖L2‖h‖Hm � C‖ f ‖L1
(γ+2s)+

‖g‖L2
l−1+(γ+2s)+

‖h‖Hm .

By exactly the same method as the one for (2.1.17), namely, by replacing Wl by
(Wl)

(α) which is bounded by Wl−|α|, we have

|(b)| � C‖ f ‖L1
l−2+2s+γ+ ‖ (	−m)(α) g‖Hm

l+2s−2+γ+ ‖h‖Hm

� C‖ f ‖L1
l−2+2s+γ+ ‖g‖L2

l+2s−2+γ+ ‖h‖Hm .
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The estimation on (a) is the same as the argument in Proposition 2.9 by replac-
ing M(D) by (	−m)(α), except for the term corresponding to I. Notice that
Dα
ξ (〈ξ 〉−m) := M (α)(ξ) is no longer a function of |ξ |2. Instead of (2.3.5), we

have only

∣∣∣M (α)(ξ)− M (α)(ξ+)
∣∣∣ � C

∣∣∣∣sin
θ

2

∣∣∣∣ 〈ξ+〉−m−1. (2.3.19)

Thus, we need to use the symmetry property as in the proof of Theorem 2.1. The
term corresponding to I is

Iα =
∫

R6

∫
S2

b(
ξ

|ξ | · σ) f (v∗)

×
(

M (α)(ξ)− M (α)(ξ+)
)

F(�∗g)(ξ+)e−iv∗ξ−
dσ dv∗ĥ0(ξ)dξ,

where h0 = (Wl)(α)	
mh. By letting

F(v, v∗) = �(|v − v∗|)
〈v∗〉γ+ g(v), h(v, v∗) = h0(v)

〈v∗〉 ,

we write

Iα =
∫

R3
〈v∗〉1+γ+

f (v∗)
{∫

R3

∫
S2

b(
ξ

|ξ | · σ)
(

M (α)(ξ)− M (α)(ξ+)
)

×eiv∗ξ+
F̂(ξ+, v∗)eiv∗ξ ĥ(ξ, v∗)dσ dξ

}
dv∗

=
∫

R3
〈v∗〉1+γ+

f (v∗)L(v∗)dv∗.

Set

˜̂F(ξ, v∗) = eiv∗ξ F̂(ξ, v∗), ˜̂h(ξ, v∗) = eiv∗ξ ĥ(ξ, v∗),

and write

L(v∗) =
∫

R3

∫
S2

b

(
ξ

|ξ | · σ
)(

M (α)(ξ)− M (α)(ξ+)
) ˜̂F(ξ+, v∗)

×
(̃

ĥ(ξ, v∗)− ˜̂h(ξ+, v∗)
)

dσ dξ + 1

2

∫ 1

0
(1 − τ)

{∫
Rn

∫
S2

b

(
ξ

|ξ | · σ
)

×
(
∇2
ξ M (α)

) (
ξ+ + τ(ξ − ξ+)

)
(ξ−)2˜̂F(ξ+, v∗)̃ĥ(ξ+, v∗)dσ dξ

}
dτ

= L1(v∗)+ L2(v∗).

By the same symmetry property as shown in Fig. 1 in the proof of Theorem 2.1,
we have∫

R3

∫
S2

b

(
ξ

|ξ | · σ
)
(∇ξ M (α))(ξ+) · ξ−(σ )˜̂F(ξ+, v∗)̃ĥ(ξ+, v∗)dσ dξ = 0.
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Then it follows from (2.3.19) that

sup
v∗

|L1(v∗)| � C‖g‖L2
γ+ ‖h0‖L2

1
� C‖g‖L2

γ+ ‖h‖Hm
l
,

and

sup
v∗

|L2(v∗)| � C‖g‖L2
γ+ ‖h0‖L2 � C‖g‖L2

γ+ ‖h‖Hm
l−1
,

whence we obtain

|Iα| � C‖ f ‖L1
1+γ+ ‖g‖L2

γ+ ‖h‖Hm
l
.

In summary, we obtained the desired estimate (2.1.18). ��

3. Regularizing effect

In this section, we will prove the regularizing effect on solutions to the non-
cutoff Boltzmann equation starting from f ∈ H5

l (]T1, T2[ ×
 × R
3
v)). This will

actually be proved by using an induction argument in the subsections which follow.
In the first step, we will show the gain of regularity in the variable v mainly by
using singularity in the cross-section, that is, the coercivity property in (3.1.3). In
the second step, we will apply the hypo-elliptic estimate obtained by a generalized
version of the uncertainty principle to show the gain of regularity in the (x, t)
variables. Then an induction argument will lead to at least one order higher regu-
larity in (x, t) variables. By using the equation and an induction argument again,
at least one order higher regularity can be obtained in the v variable. Therefore,
the solution is shown to be in H6

l (]T1, T2[ ×
× R
3
v) which by induction leads to

H∞
l (]T1, T2[ ×
× R

3
v).

Let f ∈ H5
l (]T1, T2[ ×
× R

3
v)), for all l ∈ N, be a (classical) solution of the

Boltzmann equation (1.1). We now want to prove the full regularity of ϕ(t)ψ(x) f
for any smooth cutoff functions ϕ ∈ C∞

0 (]T1, T2[), ψ ∈ C∞
0 (
).

3.1. Initialization

Here and below, φ denotes a cutoff function satisfying φ ∈ C∞
0 and 0 � φ � 1.

The notation φ1 ⊂⊂ φ2 stands for two cutoff functions such that φ2 = 1 on the
support of φ1.

Take the smooth cutoff functions ϕ, ϕ2, ϕ3 ∈ C∞
0 (]T1, T2[) and ψ, ψ2, ψ3 ∈

C∞
0 (
) such that ϕ ⊂⊂ ϕ2 ⊂⊂ ϕ3 and ψ ⊂⊂ ψ2 ⊂⊂ ψ3. Set f1 = ϕ(t)ψ(x) f ,

f2 = ϕ2(t)ψ2(x) f and f3 = ϕ3(t)ψ3(x) f . For α ∈ N
7, |α| � 5, define

g = ∂α (ϕ(t)ψ(x) f ) = ∂αt,x,v (ϕ(t)ψ(x) f ) ∈ L2
l (R

7).

Firstly, the translation invariance of the collision operator with respect to the vari-
able v implies that (see [26,31,43]), for the translation operation τh in v by h, we
have

τhG( f, g) = Q(τh f, τhg).
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Then the Leibniz formula with respect to the t, x variables yields the following
equation in a weak sense

gt + v · ∂xg = Q( f2, g)+ G, (t, x, v) ∈ R
7, (3.1.1)

where

G =
∑

α1+α2=α,1�|α1|
Cα1
α2

Q
(
∂α1 f2, ∂

α2 f1
)

+∂α (ϕtψ(x) f + v · ψx (x)ϕ(t) f )+ [∂α, v · ∂x ](ϕ(t)ψ(x) f )

≡ (A)+ (B)+ (C). (3.1.2)

To prove the regularity of g = ∂α(ϕ(t)ψ(x) f ), the natural idea would be to
use g as a test function for equation (3.1.1). But at this point, g belongs only to
L2

l (R
7) so that it is only a weak solution to equation (3.1.1). By using the upper

bound estimate on Q, we have Q( f2, g) ∈ L2(R4
t,x ; H−2s(R3

v)). Thus, we need to
choose the test functions at least in the space L2(R4

t,x ; H2s(R3
v)). For this, we will

use a mollification of g with respect to the variables (x, v) as a test function.
For this purpose, let S ∈ C∞

0 (R) satisfy 0 � S � 1 and

S(τ ) = 1, |τ | � 1; S(τ ) = 0, |τ | � 2.

Then

SN (Dx )SN (Dv) = S(2−2N |Dx |2)S(2−2N |Dv|2) : H−∞
l (R6) → H+∞

l (R6),

is a regularization operator such that

‖(SN (Dx )SN (Dv) f )− f ‖L2
l (R

6) → 0, as N → ∞.

Choose another cutoff function ψ ⊂⊂ ψ1 ⊂⊂ ψ2 and set

PN , l = ψ1(x)SN (Dx )Wl SN (Dv).

Then we can take

g̃ = P�N , l(PN ,lg) ∈ C1(R; H+∞(R6))

as a test function for the equation (3.1.1).
It follows by integration by parts on R

7 = R
1
t × R

3
x × R

3
v that([SN (Dv), v] · ∇x SN (Dx )g, ψ1(x)Wl PN ,lg
)

L2(R7)

= (
PN ,l Q( f2, g), PN ,l g

)
L2(R7)

+ (G, g̃)L2(R7) ,

which implies that

− (Q( f2, PN , lg), PN ,lg
)

L2(R7)

= − ([SN (Dv), v] · ∇x SN (Dx )g, ψ1(x)Wl PN ,l g
)

L2(R7)

+ (PN , l Q( f2, g)− Q( f2, PN , l g), PN ,lg
)

L2(R7)
+ (G, g̃)L2(R7) . (3.1.3)

By using (3.1.3), we can deduce the regularity of g from the coercivity property
of the collision operator on the left-hand side and the upper bound estimate on the
right-hand side. The detailed argument will be given in the next subsection.
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3.2. Gain of regularity in v

In this subsection, we will prove a partial smoothing effect of the cross-section
on the weak solution g in the velocity variable v.

Proposition 3.1. Assume that 0 < s < 1, γ ∈ R. Let f ∈ H5
l (]T1, T2[×
 × R

3
v)

be a solution of the equation (1.1) for all l ∈ N. Assume furthermore that

f (t, x, v) � 0 and ‖ f (t, x, ·)‖L1(R3
v)
> 0, (3.2.1)

for all (t, x, v) ∈]T1, T2[ ×
× R
3
v . Then one has,

	s
v f1 ∈ H5

l (R
7), (3.2.2)

for any l ∈ N, where f1 = ϕ(t)ψ(x) f with ϕ ∈ C∞
0 (]T1, T2[), ψ ∈ C∞(
).

Proof. Firstly, the local positive lower bound assumption (3.2.1) implies that

inf
(t,x)∈supp ϕ×supp ψ1

‖ f2(t, x, ·)‖L1(R3
v)

= c0 > 0.

Thus, the coercivity estimate (2.2.1) in Theorem 2.6 gives that for any γ ∈ R, 0 <
s < 1,

− (Q( f2, PN ,l g), PN ,l g
)

L2(R7)

= −
∫

t∈suppϕ

∫
x∈suppψ1

(
Q( f2, PN ,l g), PN ,l g

)
L2(R3

v)
dx dt

�
∫

Rt

∫
R3

x

(
C0‖Wγ /2 PN ,l g(t, x, ·)‖2

Hs (R3
v)

− C‖ f2(t, x, ·)‖L1
max{γ+, 2−γ+}(R

3
v)

‖PN ,l g(t, x, ·)‖2
L2
γ+/2(R

3
v)

)
dx dt

� C0‖	s
vWγ /2 PN ,l g‖2

L2(R7)

−C‖ f2‖L∞(R4
t,x ; L1

max{γ+, 2−γ+}(R
3
v))

‖Wlg‖2
L2
γ+/2(R

7)
, (3.2.3)

where C0 depends on c0, supt,x‖ f2(t, x, ·)‖L1
1(R

3
v)

and supt,x‖ f2(t, x, ·)‖L log L(R3
v)

,
see Remark 2.7.

For the terms in (3.1.3), note first of all that

[SN (Dv), v] · ∇x SN (Dx )

= 2−2N (S′)
N (Dv)Dv · ∇x SN (Dx ) : L2(R6

x,v) → L2(R6
x,v), (3.2.4)

is a uniformly bounded operator so that

∣∣∣([SN (Dv), v] · ∇x SN (Dx )g, ψ1(x)Wl PN ,lg
)

L2(R7)

∣∣∣ � C‖ f1‖2
H5

l (R
7)
.
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Hence, by using (3.1.3), we get, for l > 3/2 + 2,
∥∥	s

vWγ /2 PN ,l g
∥∥2

L2(R7)

� C

{(
1 + ‖ f2‖H2+δ

l+γ+ (R6)

)
‖ f1‖2

H5
l (R

7)

+ ∣∣(G, g̃)L2(R7)

∣∣+
∣∣∣(PN ,l Q( f2, g)− Q( f2, PN ,l g), PN ,l g

)
L2(R7)

∣∣∣
}
.

(3.2.5)

The above constants C > 0 are independent of N .
We complete the proof of Proposition 3.1 by estimating the last two terms in

(3.2.5) through the following three Lemmas. ��
Lemma 3.2. Assume 0 < s < 1, γ ∈ R. Let f ∈ H5

l (]T1, T2[ ×
 × R
3
v), l �

3/2 + 2. Then, for any α ∈ N
7, |α| � 5, we have, for any ε > 0,

∣∣(G, g̃)L2(R7)

∣∣ � Cε‖ f3‖4
H5

l+4+|γ |(R7)
+ ε‖	s

vWγ /2 PN , lg‖2
L2(R7

t,x,v)
. (3.2.6)

Proof. Firstly, we prove that

G ∈ L2
(
R

4
t,x ; H−(2s−1+δ)+

l (R3
v)
)
, (3.2.7)

for any l ∈ N, where (2s − 1 + δ)+ = max{2s − 1 + δ, 0} and δ > 0 satisfying
2s − 1 + δ < s. By using the decomposition in (3.1.2), it is obvious that

(B) = ∂α (ϕtψ(x) f + v · ψx (x)ϕ(t) f ) ∈ L2
l (R

7),

and

‖(B)‖L2
l (R

7) � C‖ f2‖H5
l+1(R

7).

Since [∂α, v · ∂x ] is a differential operator of order |α|, we have

‖(C)‖L2
l (R

7) � C‖ f2‖H5
l (R

7)).

For the term (A), recall that α1 + α2 = α, |α| � 5 and |α2| < 5. In the follow-
ing, we will apply Theorem 2.1 with m = 1 − δ − 2s. We separate the discussion
into two cases.
Case 1. If |α1| = 1, 2, we have∫

Rt

∫
R3

x

‖Q(∂α1 f2, ∂
α2 f1)(t, x, ·)‖2

H1−δ−2s
l (R3

v)
dx dt

� C
∫

Rt

∫
R3

x

‖∂α1 f2(t, x, ·)‖2
L1

l+(2s+γ )+ (R
3
v)

‖∂α2 f1(t, x, ·)‖2
H1−δ

l+(2s+γ )+ (R
3
v)

dx dt

� C‖∂α1 f2‖2
L∞(R4

t,x ; L1
l+(2s+γ )+ (R

3
v))

∫
Rt

∫
R3

x

‖∂α2 f1(t, x, ·)‖2
H1

l+(2s+γ )+ (R
3
v)

dx dt

� C‖ f2‖2
H2+4/2+δ

l+3/2+δ+(2s+γ )+ (R
7)

‖ f1‖2
H5

l+(2s+γ )+ (R
7)
.
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Case 2. If |α1| � 3, then |α2| � 2, it follows that
∫

Rt

∫
R3

x

‖∂α1 f2(t, x, ·)‖2
L1

l+(2s+γ )+ (R
3
v)

‖∂α2 f1(t, x, ·)‖2
H1−δ

l+(2s+γ )+ (R
3
v)

dx dt

� C‖∂α2 f1‖2
L∞(R4

t,x ; H1−δ
l+(2s+γ )+ (R

3
v))

∫
Rt

∫
R3

x

‖∂α1 f2(t, x, ·)‖2
L2

l+3/2+δ+(2s+γ )+ (R
3
v)

dx dt

� C‖ f1‖2
H2+1−δ+4/2+δ/2

l+(2s+γ )+ (R6)
‖ f2‖2

H5
l+3/2+δ+(2s+γ )+ (R

7)
.

By combining these two cases, we have proved (3.2.7).
Now if 2s − 1 < 0, then (3.2.7) implies that

∣∣(G, g̃)L2(R7)

∣∣ � C‖ f3‖3
H5

l+4+γ+ (R7)
.

On the other hand, if 0 � 2s − 1 and γ < 0 (the case γ > 0 is easier), then (3.2.7)
implies that
∣∣(G, g̃)L2(R7)

∣∣ � ‖G‖L2(R4
t,x ;H1−2s−δ

l+|γ |/2 (R3
v)

‖W−|γ |/2 PN , l g‖L2(R4
t,x ; H2s−1+δ(R3

v))

� C‖ f3‖2
H5

l+4+|γ |(R7)
‖W−|γ |/2 PN , l g‖L2(R4

t,x ; H2s−1+δ(R3
v))
,

because 2s − 1 + δ < s. Therefore, the proof of Lemma 3.2 is completed. ��
We now turn to the estimates of commutators between the mollification opera-

tors and the collision operator, which are given in the following two lemmas.

Lemma 3.3. For any γ ∈ R, we have

(1) If 0 < s < 1/2, then for any suitable functions f and g with the following
norms well defined, one has

‖SN (Dv)Q( f, g)− Q( f, SN (Dv)g)‖L2(R3
v)

� C‖ f ‖L1
γ+ (R3

v)
‖g‖L2

γ+ (R3
v)
,

(3.2.8)

for some constant C independent of N .
(2) If 1/2 < s < 1, then for any δ > 0 there exists a constant Cδ > 0 such that

‖SN (Dv)Q( f, g)− Q( f, SN (Dv)g)‖L2(R3
v)

� Cδ‖ f ‖L1
(2s+γ−1)+ (R

3
v)

‖g‖H2s−1+δ
(2s+γ−1)+ (R

3
v)
, (3.2.9)

and

‖SN (Dv)Q( f, g)− Q( f, SN (Dv)g)‖H1−2s−δ(R3)

� Cδ‖ f ‖L1
(2s+γ−1)+ (R

3
v)

‖g‖L2
(2s+γ−1)+ (R

3
v)
. (3.2.10)

(3) When s = 1/2, we have the same form of estimate as (3.2.9) with (2s +γ −1)
replaced by (γ + κ) for any small κ > 0.
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Before giving the proof of this lemma, we notice that when γ = 0 in the Max-
wellian molecule case, the following proof of Lemma 3.3 is similar to Lemma
3.1 in [38] (see also Lemma 5.1 in [6]) by using the Fourier transformation of the
collision operator. However, here we consider the case for γ ∈ R.

Proof of Lemma 3.3. The proof is a slight modification of the proof for Proposi-
tion 2.9. Set

M(|ξ |) = SN (|ξ |) = S(2−2N |ξ |2).

Then SN ∈ S0
1,0 uniformly. Even though it does not satisfy (2.3.2), we have

|∂αSN (|ξ |)| � CαSN+1(|ξ |) < ξ >−|α|

with Cα independent of N ∈ N. Thus, (2.3.3) implies (3.2.8) and (2.3.4) implies
(3.2.9) respectively.

For (3.2.10), note that with m = 2s − 1 + δ we have

(SN Q( f, g)− Q( f, SN g), h) = (
(	−m Q( f, g)− Q( f,	−mg)),	m SN h

)
+ ((SN Q( f,	−mg)− Q( f,	−m SN g)),	mh

)
+ ((Q( f, SN	

−mg)−	−m Q( f, SN g)),	mh
)

= (I1)+ (I2)+ (I3).

By applying (2.3.4) with M(ξ) = 〈ξ 〉−m to (I1) and (I3), we obtain

|(I1)| + |(I3)| � C‖ f ‖L1
(2s+γ−1)+

‖g‖L2
(2s+γ−1)+

‖h‖Hm ,

because SN ∈ S0
1,0 uniformly. The same bound on (I2) follows from (3.2.9).

Notice that the case of s = 1/2 follows from the case of s = 1/2 + κ for any
positive κ because the main concern here is the upper bound. And this completes
the proof of the lemma. ��

The following lemma is on the commutator of the collision operator with a
mollifier in the x variable.

Lemma 3.4. Let 0 < s < 1 and γ,m ∈ R. For any suitable functions f and h with
the following norms well defined, one has

‖SN (Dx )Q( f, h)− Q( f, SN (Dx ) h)‖L2(R4
t,x ,Hm−2s (R3

v))

� C2−N ‖∇x f ‖L∞(R4
t,x ,L

1
(2s+γ )+ (R

3
v))

‖h‖L2(R4
t,x ,H

m
(2s+γ )+ (R

3
v))
. (3.2.11)

for a constant C independent of N .
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Proof. Let us introduce K̃N (z) = 23N Ŝ(2N z)2N z. Note that K̃N ∈ L1(R3) uni-
formly with respect to N . Then for any smooth function h̃, one has(
(SN (Dx )Q( f, h)− Q( f, SN (Dx )h)) , h̃

)
L2(R7)

=
∫ 1

0

{∫
Rt

∫
R3

x ×R3
y

K̃N (x − y)

×
(
Q
(
∇x f (t, y+τ(x−y), · ), 2−N h(t, y, · )

)
, h̃(t, x, · )

)
L2(R3

v)
dt dx dy

}
dτ.

By applying Theorem 2.1 with m − 2s, the right-hand side of this equality can be
estimated from above by

C

{
sup
t,x

||∇x f (t, x, ·)||L1
(2s+γ )+ (R

3
v)

}∫
Rt

∫
R3

x

(
|K̃N | ∗ ||2−N h(t, ·)||Hm

(2s+γ )+ (R
3
v)

)
(x)

×||h̃(t, x, ·)||H2s−m (R3
v)

dx dt

�C2−N ‖∇x f ‖L∞(R4
t,x ;L1

(2s+γ )+ (R
3
v))

‖h‖L2(R4
t,x ; Hm

(2s+γ )+ (R
3
v))

||h̃||L2(R4
t,x ;H2s−m (R3

v))
,

which completes the proof of the lemma. ��
We now apply (3.2.11) with h = SN (Dv)g and m = 1, we get

‖SN (Dx )Q( f, SN (Dv)g)− Q( f, SN (Dx )SN (Dv)g)‖L2(R4
t,x , H1−2s (R3

v))

� C‖∇x f ‖L∞(R4
t,x ,L

1
(2s+γ )+ (R

3
v))

‖g‖L2(R4
t,x ,L

2
(2s+γ )+ (R

3
v))
. (3.2.12)

Here, we have used the fact that a mollification operator SN (Dv) in the v variable
has the property that

‖2−N SN (Dv)g(t, x, ·)‖H1
(2s+γ )+ (R

3
v)

� C‖g(t, x, ·)‖L2
(2s+γ )+ (R

3
v)
,

where C is a constant independent on N .
Now we are ready to complete the proof of Proposition 3.1.

Completion of proof of Proposition 3.1. We now study the commutator terms in
(3.2.5). For this purpose, note that
(
PN ,l Q( f2, g)− Q( f2, PN ,l g), PN ,l g

)
L2(R7)

= (
SN (Dv) Q( f2, g)− Q( f2, SN (Dv) g), S�N (Dx )ψ1(x)Wl PN ,l g

)
L2(R7)

+(SN (Dx )Q( f2, SN (Dv)g)−Q( f2, SN(Dx )SN (Dv)g),ψ1(x)Wl PN ,lg
)

L2(R7)

+ (ψ1(x)Wl Q( f2, SN (Dx )SN (Dv) g)− Q( f2, PN ,l g), PN ,l g
)

L2(R7)
.

= (1)+ (2)+ (3). (3.2.13)

Note that 	s
v[ψ1(x), SN (Dx )]SN (Dv) is an L2 uniformly bounded operator with

respect to the parameter N for 0 � s � 1, and that [Wl , SN (Dv)] is also a uni-
formly bounded operator from L2 to L2

l−1 with respect to the parameter N . The
discussion on (3.2.13) can be divided into the following two cases.
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Case 1. 0 < s < 1/2. In this case, for l > max{4, (γ + 2s)+} Lemma 3.3 implies
that,

|(1)| � C‖ f2‖L∞(R4
t,x , L1

γ++2s
(R3

v))
‖g‖L2(R7)‖g‖L2

2l (R
7) � C‖ f3‖3

H5
2l (R

7)
.

And Lemma 3.4 implies that

|(2)| � C‖∇x f2‖L∞(R4
t,x ,L

1
γ++2s

(R3
v))

‖g‖L2(R4
t,x ,L

2
γ+ (R3

v))
‖g‖L2

2l (R
7)

� C‖ f3‖3
H5

2l (R
7)
.

As for the term (3), we use Lemma 2.4 to have

|(3)| � C‖ f2‖L∞(R4
t,x ,L

1
l+γ++2s

(R3
v))

‖g‖L2
l+γ++2s

(R7)‖PN , l g‖L2(R7)

� C‖ f3‖3
H5

2l (R
7)
.

Case 2. 1/2 � s < 1. By using (3.2.10), we have

|(1)| � C‖ f2‖L∞(R4
t,x ,L

1
l+γ++2s−1

(R3
v))

‖g‖L2
l+γ++2s−1

(R7)

×‖Wγ /2 PN , l g‖L2(R4
t,x ,H2s−1+δ(R3

v))

� ε‖	s
vWγ /2 PN ,l g‖2

L2(R7)
+ Cε‖ f3‖4

H5
l+4+γ+ (R7)

.

We can use (3.2.12) to show that

|(2)| � C‖∇x f2‖L∞(R4
t,x ,L

1
γ++2s

(R3
v))

‖g‖L2(R4
t,x ,L

2
γ++2s

(R3
v))

×‖Wl PN ,l g‖L2(R4
t,x ,H2s−1(R3

v))

� ε‖	s
vWγ /2 PN ,lg‖2

L2(R7
t,x,v)

+ Cε‖ f3‖
4
θ
+2

H5
kl (R

7)
.

Then, (2.1.17) implies that

|(3)| � C‖ f2‖L∞(R4
t,x ,L

1
2s+l−1+γ+ (R

3
v))

×‖ψ1(x)SN (Dx )SN (Dv) g‖L2(R4
t,x ,H

2s−1+δ
2s+l−1+γ+ (R

3
v))

‖PN ,l g‖L2(R7)

� ε‖	s
vWγ /2 PN , lg‖2

L2(R7
t,x,v)

+ Cε‖ f3‖
4
θ
+2

H5
kl (R

7)
.

In summary, we have obtained the following estimate for the second term on the
right-hand side of (3.2.5).∣∣∣(PN ,l Q( f2, g)− Q( f2, PN ,lg), PN ,lg

)
L2(R7)

∣∣∣
� ε‖	s

vWγ /2 PN , l g‖2
L2(R7

t,x,v)
+ Cε‖ f3‖2 k′

H5
kl (R

7)
.

Finally, it holds that

‖	s
vWγ /2 PN ,l g‖2

L2(R7)
� C‖ f3‖2 k′

H5
kl (R

7)
, (3.2.14)

where the constants C , k, and k′ are independent of N . Therefore, Proposition 3.1
is proved by taking the limit N → ∞. ��
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3.3. Gain of regularity in (t, x)

First of all, let us consider a transport equation in the form of

ft + v · ∇x f = g ∈ D′(R2n+1), (3.3.1)

where (t, x, v) ∈ R
1+n+n = R

2n+1. In [7], by using a generalized uncertainty
principle, we proved the following hypo-elliptic estimate.

Lemma 3.5. Assume that g ∈ H−s′
(R2n+1), for some 0 � s′ < 1. Let f ∈

L2(R2n+1) be a weak solution of the transport equation (3.3.1) such that 	s
v f ∈

L2(R2n+1) for some 0 < s � 1. Then it follows that

	
s(1−s′)/(s+1)
x f ∈ L2

− ss′
s+1

(R2n+1), 	
s(1−s′)/(s+1)
t f ∈ L2

− s
s+1
(R2n+1),

where 	• = (1 + |D•|2)1/2.

As mentioned earlier, this hypo-elliptic estimate, together with Proposition 3.1,
is used to obtain the partial regularity in the variable (t, x). With this partial reg-
ularity in (t, x), by applying a Leibniz type formula for fractional derivatives, we
will show some improved regularity in all variables, v and (t, x). Then the hypo-
elliptic estimate can be used again to get higher regularity in the variable (t, x).
This procedure can be continued to obtain at least one order higher regularity in
(t, x) variable.

For the details, we first recall a Leibniz type formula for fractional derivatives
with respect to variable (t, x).

Lemma 3.6. Let 0 < λ < 1. Then there exists a positive constant Cλ �= 0 such
that for any f ∈ S(Rn), one has

|Dy|λ f (y) = F−1
(
|ξ |λ f̂ (ξ)

)
= Cλ

∫
Rn

f (y)− f (y + h)

|h|n+λ dh. (3.3.2)

Indeed, note that
∫

Rn

f (y)− f (y + h)

|h|n+λ dh =
∫

Rn
f̂ (ξ)eiy·ξ

∫
Rn

1 − eih·ξ

|h|n+λ dh dξ,

while

∫
Rn

1 − e−i h·ξ

|h|n+λ dh = |ξ |λ
∫

Rn

1 − e−i u· ξ|ξ |
|u|n+λ du,

so that (3.3.2) follows from

∫
Rn

1 − e−i u· ξ|ξ |
|u|n+λ du �= 0,

which is a positive constant depending only on λ and the dimension n, but inde-
pendent from ξ .
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Using this Lemma, we have the following Leibniz type formula,

|Dy|λ ( f (y)g(y)) = Cλ

∫
Rn

f (y)g(y)− f (y + h)g(y + h)

|h|n+λ dh

= g(y)|Dy|λ f (y)+ f (y)|Dy|λg(y)
+Cλ

∫
Rn

( f (y)− f (y + h)) (g(y + h)− g(y))

|h|n+λ dh.

(3.3.3)

We now turn to the analysis of the fractional derivative with respect to (t, x) of
the nonlinear collision operator. Denote the difference with respect to (t, x) by

fh(t, x, v) = f (t, x, v)− f ((t, x)+ h, v), h ∈ R
4
t,x .

It follows that for the collision operator (where n = 1 + 3),

|Dt,x |λQ ( f, g) = Q
(|Dt,x |λ f, g

)

+Q
(

f, |Dt,x |λg
)+ Cλ

∫
R4

|h|−4−λQ ( fh, gh) dh. (3.3.4)

This kind of decomposition will be used extensively below in order to obtain
partial regularity with respect to the (t, x) variable.

First of all, we have the following proposition on the gain of regularity in the
variable (t, x) through the uncertainty principle.

Proposition 3.7. Under the hypothesis of Theorem 1.1, one has

	
s0
t,x f1 ∈ H5

l (R
7), (3.3.5)

for any l ∈ N and 0 < s0 = s(1−s)
(s+1) .

Proof. In fact, for any l ∈ N, it follows from Proposition 3.1 that

	s
vWlg ∈ L2(R7).

Then the upper bound estimation given by Corollary 2.5 with m = −s implies that

Wl Q( f2, g) ∈ L2
(
R

4
t,x ; H−s(R3

v)
)
.

On the other hand, Proposition 3.2 and (3.2.7) gives

Wl G ∈ L2(R4
t,x ; H−(2s−1+δ)(R3

v)).

By using (3.1.1), it follows that

∂t (Wlg)+ v · ∂x (Wlg) = Wl Q( f2, g)+ Wl G ∈ H−s(R7). (3.3.6)

Finally, by using Lemma 3.5 with s′ = s, we can conclude (3.3.5) and this com-
pletes the proof of the proposition. ��
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Therefore, under the hypothesis f ∈ H5
l (]T1, T2[×
 × R

3
v) for all l ∈ N, it

follows that for any l ∈ N we have

	s
v(ϕ(t)ψ(x) f ) ∈ H5

l (R
7), 	

s0
t,x (ϕ(t)ψ(x) f ) ∈ H5

l (R
7). (3.3.7)

We now improve this partial regularity in the (t, x) variable.

Proposition 3.8. Let 0 < λ < 1. Suppose that f ∈ H5
l (]T1, T2[ ×
 × R

3
v) is a

solution of the equation (1.1) for all l ∈ N. Furthermore, assume that for any cutoff
functions ϕ,ψ ,

	s
v(ϕ(t)ψ(x) f ) ∈ H5

l (R
7), 	λt,x (ϕ(t)ψ(x) f ) ∈ H5

l (R
7). (3.3.8)

Then, one has

	s
v	

λ
t,x (ϕ(t)ψ(x) f ) ∈ H5

l (R
7), (3.3.9)

for any l ∈ N and any cutoff functions ϕ,ψ .

Proof. Set

gN ,l = PN ,lg = ψ1(x)SN (Dx )Wl SN (Dv)∂
α(ϕ(t)ψ(x) f ),

where α ∈ N
7, |α| � 5 and l ∈ N. Then (3.3.8) yields

‖	s
vgN ,l‖L2(R7) � C‖	s

v∂
α(ϕ(t)ψ(x) f )‖L2

l (R
7),

and

‖	λt,xgN ,l‖L2(R7) � C‖	λt,x∂α(ϕ(t)ψ(x) f )‖L2
l (R

7),

where the constant C is independent of N .
It follows that gN ,l satisfies the equation

∂t (gN ,l)+ v · ∂x (gN ,l) = Q( f2, gN ,l)+ G N ,l , (3.3.10)

where G N ,l is given by

G N ,l = ψ1(x)Wl [SN (Dv), v] · ∇x SN (Dx )g

+ (PN ,l Q ( f2, g)− Q
(

f2, PN ,lg
))

+ ((v · ∇x )ψ1(x))Wl SN (Dx )SN (Dv)g + PN ,l G,

with G defined in (3.1.2).
We now choose |Dt,x |λψ2

2 (x)|Dt,x |λgN ,l as a test function for equation (3.3.10).
It follows that
(
v · (∂xψ2) |Dt,x |λgN ,l , ψ2(x)|Dt,x |λgN ,l

)
L2(R7)

= (
ψ2(x)|Dt,x |λ

{
Q( f2, gN ,l)+ G N ,l

}
, ψ2(x)|Dt,x |λgN ,l

)
L2(R7)

. (3.3.11)

It is sufficient to prove that, for any l ∈ N,

	s
v	

λ
t,x PN ,l g ∈ L2(R7),
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and is uniformly bounded with respect to N . In the rest of the proof, we use C to
denote a constant independent of N .

We first consider the linear terms in (3.3.11). On the left-hand side of (3.3.11),
the hypothesis (3.3.8) implies that∥∥v · (∂xψ2) |Dt,x |λgN ,l

∥∥
L2(R7)

� C‖ |	t,x |λ∂α(ϕ(t)ψ(x) f )‖L2
l+1(R

7).

For the linear terms in G N ,l , by using (3.2.4), one has∥∥ψ2(x)|Dt,x |λ {ψ1(x)Wl [SN (Dv), v] · ∇x SN (Dx )g}∥∥L2(R7)

� C‖|	t,x |λ∂α(ϕ(t)ψ(x) f )‖L2
l (R

7),

and ∥∥ψ2(x)|Dt,x |λ (v · (∇x ψ1)(x))Wl SN (Dx )SN (Dv)g
∥∥

L2(R7)

� C‖|	t,x |λ∂α(ϕ(t)ψ(x) f )‖L2
l+1(R

7).

Similarly, concerning the linear terms (B) and (C) in G, we have∥∥ψ2(x)|Dt,x |λPN ,l ((B)+ (C))
∥∥

L2(R7)
� C‖|	t,x |λ∂α(ϕ(t)ψ(x) f )‖L2

l+1(R
7).

For the nonlinear terms in (3.3.11), we shall use the formula (3.3.4). First of
all, the coercivity estimate (2.2.1) gives, as in (3.2.3), that

− (Q( f2, ψ1(x)|Dt,x |λgN ,l), ψ1(x)|Dt,x |λgN ,l
)

L2(R7)

� C0‖	s
vWγ /2ψ1(x)|Dt,x |λgN ,l‖2

L2(R7)

−C‖ f2‖L∞(R4
t,x ;L1

max{γ+, 2−γ+}(R
3
v))

‖ψ1(x)|Dt,x |λgN ,l‖2
L2
γ+/2(R

7)
. (3.3.12)

On the other hand, the upper estimate of Theorem 2.1 with m = −s and
α = −γ /2 > 0 (the case γ > 0 is easier) gives,∣∣∣(Q(|Dt,x |λ f2, ψ1(x)gN ,l), ψ1(x)|Dt,x |λgN ,l

)
L2(R7)

∣∣∣
� C‖|Dt,x |λ f2‖L∞(R4

t,x ,L
1
|γ |/2+γ++2s

(R3
v))

‖ψ1(x)	
s
vgN ,l‖L2

|γ |/2+γ++2s
(R7)

×‖ψ1(x)|Dt,x |λ	s
vWγ /2gN ,l‖L2(R7)

� ε‖ψ1(x)|Dt,x |λ	s
vWγ /2gN ,l‖2

L2(R7)

+Cε‖|Dt,x |λ f2‖2
L∞(R4

t,x , L2
|γ |/2+γ++2s+4

(R3
v))

‖	s
vg‖2

L2
|γ |/2+γ++2s+l

(R7)
.

For the cross term coming from the decomposition (3.3.4), by again using estimate
(2.1.1) with m = −s and α = |γ |/2, we get∫

R4
|h|−4−λ

∣∣∣∣
(

Q(( f2)h, (gN ,l)h), ψ
2
1 (x)|Dx |λgN ,l

)
L2(R7)

dh

∣∣∣∣
� |Cλ|‖ψ1(x)|Dx |λ	s

vWγ /2gN ,,l‖L2(R7)

×
∫

R4
|h|−4−λ‖( f2)h‖L∞(R4

t,x , L1
|γ |/2+γ++2s

(R3
v))

‖	s
v(gN ,l)h‖L2

|γ |/2+γ++2s
(R7)dh.
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Furthermore,

∫
R4

|h|−4−λ‖( f2)h‖L∞(R4
t,x , L1

|γ |/2+γ++2s
(R3

v))
‖	s

v(gN ,l)h‖L2
|γ |/2+γ++2s

(R7)dh

�
∫

|h|<1
|h|−4−λ‖( f2)h‖L∞(R4

t,x , L1
|γ |/2+γ++2s

(R3
v))

‖	s
v(gN ,l)h‖L2

|γ |/2+γ++2s
(R7)dh

+4C̃λ‖ f2‖L∞(R4
t,x ,L

1
|γ |/2+γ++2s

(R3
v))

‖	s
vgN ,l‖L2

|γ |/2+γ++2s
(R7)

� 2
∫

|h|<1
|h|−4−λ+1‖∇t,x f2‖L∞(R4

t,x , L1
|γ |/2+γ++2s

(R3
v))

‖	s
vgN ,l‖L2

|γ |/2+γ++2s
(R7)dh

+4C̃λ‖ f2‖L∞(R4
t,x , L1

|γ |/2+γ++2s
(R3

v))
‖	s

vgN ,l‖L2
|γ |/2+γ++2s

(R7).

Thus

∫
R4

|h|−4−λ
∣∣∣∣
(

Q(( f2)h, (gN ,l)h), ψ
2
1 (x)|Dx |λWγ /2gN ,l

)
L2(R7)

dh

∣∣∣∣
� ε‖ψ1(x)|Dx |λ	s

vgN ,l‖2
L2(R7)

+Cε‖	1
t,x f2‖2

L∞(R4
t,x ;L2

|γ |/2+γ++2s+4
(R3

v))
‖	s

vgN ,l‖2
L2

|γ |/2+γ++2s
(R7)

.

Hence, the formula (3.3.4) yields

∣∣∣(|Dt,x |λQ( f2,ψ1(x)gN ,l)−Q(|Dt,x |λ f2,ψ1(x)gN ,l),ψ1(x)|Dt,x |λgN ,l
)

L2(R7)

∣∣∣
� ε‖ψ1(x)|Dt,x |λ	s

vWγ /2gN ,l‖2
L2(R7)

+Cε‖	1
t,x f2‖2

L∞(R4
t,x , L2

|γ |/2+γ++2s+4
(R3

v))
‖	s

vg‖2
L2

|γ |/2+γ++2s+l
(R7)

.

In conclusion, we get from the coercivity property (3.3.12) that

‖	s
vWγ /2ψ1(x)|Dt,x |λgN ,l‖2

L2(R7)

� C‖	1
t,x f2‖2

L∞(R4
t,x , L2

|γ |/2+γ++2s+4
(R3

v))

×
(

‖ |Dt,x |λg‖2
L2

l+|γ |/2+γ++2s
(R7)

+ ‖	s
vg‖2

L2
l+|γ |/2+γ++2s

(R7)

)

+
∣∣∣∣
(
|Dt,x |λ

(
PN ,l Q ( f2, g)− Q

(
f2, PN ,l g

))
, ψ2

2 (x)|Dt,x |λgN ,l

)
L2(R7)

∣∣∣∣
+
∣∣∣∣
(
|Dt,x |λPN ,l (A), ψ

2
2 (x)|Dt,x |λ gN ,l

)
L2(R7)

∣∣∣∣
= (I)+ (II)+ (III). (3.3.13)

For the term (II), since [|Dt,x |λ, ψ1(x)] is a bounded operator, we can replace PN ,l

by P̃N ,l = Wl SN (Dx )SN (Dv). Again, the formula (3.3.4) yields
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(
|Dt,x |λ

(
P̃N ,l Q ( f2, g)− Q

(
f2, P̃N ,lg

))
, ψ2

2 (x)|Dt,x |λgN ,l

)
L2(R7)

=
((

P̃N ,l Q
(|Dt,x |λ f2, g

)−Q
(
|Dt,x |λ f2, P̃N ,lg

))
, ψ2

2 (x)|Dt,x |λgN ,l

)
L2(R7)

+
((

P̃N ,l Q
(

f2, |Dt,x |λg
)−Q

(
f2, P̃N ,l |Dx |λg

))
, ψ2

2 (x)|Dt,x |λgN ,l

)
L2(R7)

+Cλ

∫
R4

|h|−4−λ ((P̃N ,l Q (( f2)h, gh)

−Q
(
( f2)h, P̃N ,lgh

))
, ψ2

2 (x)|Dt,x |λgN ,l

)
L2(R7)

dh.

As for (3.2.14), in the case when 1/2 � s < 1 (the other case when 0 < s < 1/2
is similar and easier to handle), by applying Lemmas 2.4, 3.3 and 3.4, we have∣∣∣∣
((

P̃N ,l Q
(|Dt,x |λ f2, g

)− Q
(
|Dt,x |λ f2, P̃N ,lg

))
, ψ2

2 (x)|Dt,x |λgN ,l

)
L2(R7)

∣∣∣∣
� C‖	1+λ

t,x f2‖L∞(R4
t,x ,L

1
(γ+2s−1)+ (R

3
v))

‖g‖L2(R4
t,x ,H

2s−1+δ
(γ+2s−1)+ (R

3
v))

‖ |Dt,x |λg‖L2
2l (R

7).

By using (3.2.10) of Lemma 3.3, we can get, for 2s − 1 + δ < s,∣∣∣∣
((

P̃N ,l Q
(

f2, |Dt,x |λg
)− Q

(
f2, P̃N ,l |Dt,x |λg

))
, ψ2

2 (x)|Dt,x |λgN ,l

)
L2(R7)

∣∣∣∣
� C‖	t,x f2‖L∞(R4

t,x ,L
1
(γ+2s−1)+ (R

3
v))

‖|Dt,x |λg‖L2(R4
t,x ,L

2
l+(γ+2s−1)+ (R

3
v))

×‖ |Dt,x |λψ1gN ,l‖L2(R4
t,x ,H

2s−1+δ
l+(γ+2s−1)+ (R

3
v))

� ε‖	s
vWγ /2ψ1(x)|Dt,x |λgN ,l‖2

L2(R7)

+Cε‖	1
t,x f2‖2k′

L∞(R4
t,x ,L

2
l+3/2+δ+(γ+2s−1)+ (R

3
v))

‖|Dt,x |λg‖2k′
L2(R4

t,x ,L
2
kl (R

3
v))
,

and∣∣∣∣
∫

|h|−4−λ ((P̃N ,l Q
(

f2,h,gh
)− Q

(
f2,h,P̃N ,lgh

))
,ψ2

2 (x)|Dx |λgN ,l

)
L2(R7)

dh

∣∣∣∣
�C‖	t,x	x f2‖L∞(R4

t,x ;L1
l+(γ+2s−1)+ (R

3
v))

‖g‖L2(R4
t,x ,H

2s−1+δ
l+(γ+2s−1)+(R

3
v))

‖|Dt,x |λg‖L2
l (R

7)

� C‖ f2‖H2+4/2+δ
l+3/2+δ+(γ+2s−1)+ (R

7)
‖	s

vg‖L2
l+(γ+2s−1)+ (R

7)‖ |Dt,x |λg‖L2
l (R

7).

Thus, we have

(II) � ε‖	s
vWγ /2ψ1(x)|Dt,x |λgN ,l‖2

L2(R7)

+Cε‖ f2‖2k′
H2

l+γ++2s+4
(R3

v))

(
‖|Dt,x |λg‖2k′

L2
kl+γ++2s

(R7)
+ ‖	s

vg‖2
L2

l+γ++2s
(R7)

)
.

We now consider the last term (III) of (3.3.13). Recall that (A) stands for the
nonlinear terms from G given in (3.1.2). Precisely

(A) =
∑

α1+α2=αα1 �=0

Cα1
α2

Q
(
∂α1 f2, ∂

α2 f1
)
.
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By using (2.1.1) (we also consider only the case 1/2 � s < 1) and formula (3.3.4),
we have

∣∣∣∣
(
|Dt,x |λ

(
Q
(
∂α1 f2, ∂

α2 f1
))
, PN ,lψ

2
2 (x)|Dt,x |λ gN ,l

)
L2(R7)

∣∣∣∣
� C‖	−m

v Wγ /2ψ1(x)|Dt,x |λgN ,l‖L2(R7)

×
{∥∥Q

(|Dt,x |λ∂α1 f2, ∂
α2 f1

)∥∥
L2(R4

t,x ;Hm
l+|γ |/2(R3

v))

+ ∥∥Q
(
∂α1 f2, |Dt,x |λ∂α2 f1

)∥∥
L2(R4

t,x ;Hm
l+|γ |/2(R3

v))

+
∥∥∥∥
∫

h−4−λQ
(
∂α1( f2)h, ∂

α2( f1)h
)

dh

∥∥∥∥
L2(R4

t,x ;Hm
l+|γ |/2(R3

v))

}
.

We divide the discussion into two cases.
Case 1. |α1| = 1, 2. Take m = −s. We have

∥∥Q
(|Dt,x |λ∂α1 f2, ∂

α2 f1
)∥∥

L2(R4
t,x ;H−s

l+|γ |/2(R3
v))

+ ∥∥Q
(
∂α1 f2, |Dt,x |λ∂α2 f1

)∥∥
L2(R4

t,x ;H−s
l+|γ |/2(R3

v))

� C‖	λt,x∂α1 f2‖L∞(R4
t,x ;L1

l+γ++2s
(R3

v))
‖	s

v	
λ
x∂
α2 f1‖L2

l+γ++2s
(R7)

� C‖ f2‖Hλ+2+4/2+δ
l+3/2+δ+γ++2s

(R7)
‖	s

v f1‖H4+λ
l+γ++2s

(R7)
,

and

∥∥∥∥
∫

R4
h−4−λQ

(
∂α1( f2)h, ∂

α2( f1)h
)

dh

∥∥∥∥
L2(R4

t,x ;H−s
l+|γ |/2(R3

v))

� C
∫

|h|−4−λ‖ ∂α1( f2)h‖L∞(R4
t,x ;L1

l+γ++2s
(R3

v))
‖	s

v∂
α2( f1)h‖L2

l+γ++2s
(R7)dh

� C‖ ∂α1 f2‖L∞(R4
t,x ;L1

l+γ++2s
(R3

v))
‖	s

v∂
α2∇t,x f1)‖L2

l+γ++2s
(R7)

� C‖ f2‖H2+4/2+δ
l+3/2+δ+γ++2s

(R7)
‖	s

v f1‖H5
l+γ++2s

(R7).

Case 2. |α1| � 3. By the same argument as above, one has

∥∥Q
(|Dt,x |λ∂α1 f2, ∂

α2 f1
)∥∥

L2(R4
t,x ;H−s

l+|γ |/2(R3
v))

+ ∥∥Q
(
∂α1 f2, |Dt,x |λ∂α2 f1

)∥∥
L2(R4

t,x ;H−s
l+|γ |/2(R3

v))

� C‖	λt,x∂α1 f2‖L2(R4
t,x ;L1

l+γ++2s
(R3

v))
‖	s

v	
λ
t,x∂

α2 f1‖L∞(R4
t,x ;L2

l+γ++2s
(R3

v))

� C‖	λt,x f2‖H5
l+3/2+δ+γ++2s

(R7)‖	s
v f1‖H2+4/2+λ+δ

l+γ++2s
(R7)

.
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When |α1| = 3, 4, we have
∥∥∥∥
∫

R4
h−4−λQ

(
∂α1( f2)h, ∂

α2( f1)h
)

dh

∥∥∥∥
L2(R4

t,x ;H−s
l+|γ |/2(R3

v))

� C
∫

|h|−4−λ‖ ∂α1( f2)h‖L2(R4
t,x ;L1

l+γ++2s
(R3

v))

×‖	s
v∂
α2( f1)h‖L∞(R4

t,x ;L2
l+γ++2s

(R3
v))

dh

� C‖∇t,x∂
α1 f2‖L2(R4

t,x ;L1
l+γ++2s

(R3
v))

‖	s
v∂
α2 f1)‖L∞(R4

t,x ;L2
l+γ++2s

(R3
v))

� C‖ f2‖H5
l+3/2+δ+γ++2s

(R7)‖ f1‖H2+4/2+s+δ
l+γ++2s

(R7)
,

while when |α1| = |α| = 5, we have
∥∥∥∥
∫

R4
h−4−λQ

(
∂α( f2)h, ( f1)h

)
dh

∥∥∥∥
L2(R4

t,x ;H−s
l+|γ |/2(R3

v))

� C
∫

|h|−4−λ‖ ∂α( f2)h‖L2(R4
t,x ;L1

l+γ++2s
(R3

v))

×‖	s
v( f1)h‖L∞(R4

t,x ;L2
l+γ++2s

(R3
v))

dh

� C‖ ∂α f2‖L2(R4
t,x ;L1

l+γ++2s
(R3

v))
‖	s

v∇t,x f1)‖L∞(R4
t,x ;L2

l+γ++2s
(R3

v))

� C‖ f2‖H5
l+3/2+δ+γ++2s

(R7)‖ f1‖H1+4/2+s+δ
l+γ++2s

(R7)
,

Thus, by the Cauchy–Schwarz inequality, we obtain

(III) � ε‖	s
vWγ /2ψ1(x)|Dt,x |λgN ,l‖2

L2(R7)

+Cε

(
‖	λt,x f3‖4

H5
2l+γ++7

(R7)
+ ‖	s f3‖4

H5
2l+γ++7

(R7)

)
.

Finally, we get from (3.3.13) that

‖	s
vWγ /2ψ1(x)|Dt,x |λgN ,l‖2

L2(R7)

� C

(
‖	λt,x f3‖k′4

H5
kl+γ++7

(R7)
+ ‖	s

v f3‖4
H5

2l+γ++7
(R7)

)
.

Therefore, we complete the proof for Proposition 3.8. ��
We are now ready to prove the following regularity result on the solution with

respect to the (t, x) variable.

Proposition 3.9. Under the hypothesis of Theorem 1.1, one has

	1+ε
t,x (ϕ(t)ψ(x) f ) ∈ H5

l (R
7), (3.3.14)

for any l ∈ N and some ε > 0.



94 R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu & T. Yang

Proof. Fix s0 = s(1−s)
(s+1) . Then (3.3.7) and Proposition 3.8 with λ = s0 imply

	s
v	

s0
t,xg ∈ H5

l (R
7).

It follows that,

(	
s0
t,xg)t + v · ∂x (	

s0
t,xg) = 	

s0
t,x Q( f2, g)+	

s0
t,x G ∈ H−s

l (R7).

By applying Lemma 3.5 with s′ = s, we can deduce that

	
s0+s0
t,x (ϕ(t)ψ(x) f ) ∈ H5

l (R
7),

for any l ∈ N. If 2s0 < 1, by using Proposition 3.8 with λ = 2s0 and Lemma 3.5
with s′ = s, we have

	s
v(ϕ(t)ψ(x) f ), 	2s0

t,x (ϕ(t)ψ(x) f ) ∈ H5
l (R

7) ⇒ 	
3s0
t,x (ϕ(t)ψ(x) f ) ∈ H5

l (R
7).

Choose k0 ∈ N such that

k0s0 < 1, (k0 + 1)s0 = 1 + ε > 1.

Finally, (3.3.14) follows from (3.3.5) and Proposition 3.8 with λ = k0s0 by induc-
tion. And this completes the proof of the proposition. ��

3.4. Proof of Theorem 1.1

In this subsection, we give the proof of Theorem 1.1 with the above preparations.
The proof is also based on an induction argument.

From Propositions 3.1 and 3.9, it follows that for any l ∈ N,

	s
v (ϕ(t)ψ(x) f ), ∇t,x (ϕ(t)ψ(x) f ) ∈ H5

l (R
7).

These facts will be used to get the high order regularity with respect to the
variable v.

Proposition 3.10. Let 0 < λ < 1. Suppose that, for any ϕ ∈ C∞
0 (]T1, T2[),

ψ ∈ C∞
0 (
) and all l ∈ N,

	λv(ϕ(t)ψ(x) f ), ∇x (ϕ(t)ψ(x) f ) ∈ H5
l (R

7). (3.4.1)

Then, for any cutoff function and any l ∈ N,

	λ+s
v (ϕ(t)ψ(x) f ) ∈ H5

l (R
7).

Proof. Recall that g = ∂α(ϕ(t)ψ(x) f ) with |α| � 5 and

gN ,l = PN ,lg = ψ1(x)SN (Dx )Wl SN (Dv)g.

Choose 	2 λ
v gN ,l as a test function for equation (3.3.10). Then, one has

([
	λv, v

] · ∂xgN ,l ,	
λ
vgN ,l

)
L2(R7)

= (
	λv
{

Q( f2, gN ,l)+ G N ,l
}
,	λvgN ,l

)
L2(R7)

.



Non-Cutoff Boltzmann Equation 95

Since
[
	λv, v

] · ∂x = λ	λ−2
v ∂v · ∂x ,

and 	λ−2
v ∂v are bounded operators in L2, for any 0 < λ < 1, we have, by using

the hypothesis (3.4.1) that
∣∣∣([	λ

v , v
] · ∂xgN ,l ,	

λ
v gN ,l

)
L2(R7)

∣∣∣ � C‖	λv g‖L2
l (R

7)‖∇x g‖L2
l (R

7),

and when 1/2 � s < 1,
∣∣∣(	λvG N ,l ,	

λ
vgN ,l

)
L2(R7)

∣∣∣
� C‖ f2‖H5

7 (R
7)‖	λvg‖L2

l+γ++2s
(R7)‖	λ+2s−1+δ

v gN ,l‖L2(R7)

� ε‖	s
vWγ /2	

λ
vgN ,l‖2

L2(R7)
+ Cε‖ f2‖2

H5
7 (R

7)
‖	λv g‖2k

L2
k′l (R

7)
.

By setting M = 	λv in Proposition 2.9, we have
∣∣∣∣
(
	λvQ( f̃ , gN ,l)− Q( f̃ ,	λvgN ,l),	

λ
vgN ,l

)
L2(R7)

∣∣∣∣
� C‖ f2‖L∞(R4

t,x ;L1
γ+ (R3

v))

×
(

‖	λvgN ,l‖2
L2(R4

t,x ;L2
γ+(R3

v))
+ ‖gN ,l‖2

L2(R7)

)
‖	λvgN ,l‖2

L2(R7)

� C‖ f3‖H5
7 (R

7)‖	λv g‖2
L2

l+1(R
7)
,

when 0 < s < 1/2. Moreover when 1/2 � s < 1, we have
∣∣∣(	λvQ( f2, gN ,l)− Q( f2,	

λ
vgN ,l),	

λ
vgN ,l

)
L2(R7)

∣∣∣
� C‖ f2‖L∞(R4

t,x ;L1
(2s+γ−1)+ (R

3
v))

×
(

‖	λvgN ,l‖2
L2(R4

t,x ;L2
(2s+γ−1)+ (R

3
v))

+ ‖gN ,l‖2
L2(R7)

)
‖	λ+2s−1+δ

v gN ,l‖2
L2(R7)

� ε‖	s
vWγ /2	

λ
vgN ,l‖2

L2(R7)
+ Cε‖ f3‖2

H5
7 (R

7)
‖	λv g‖2k

L2
k′l (R

7)
.

Now the coercivity estimate (2.2.1) gives,

− (Q( f2, 	
λ
vgN ,l),	

λ
vgN ,l

)
L2(R7)

� C0‖	s
vWγ /2	

λ
vgN ,l‖2

L2(R7)

−C‖ f2‖L∞(R4
t,x ;L1

max{γ+,2−γ+}(R
3
v))

‖	λvgN ,l‖2
L2
γ+/2(R

7)
.

Thus, Proposition 3.10 is proved by the following estimate

∥∥	s
vWγ /2	

λ
vgN ,l

∥∥2
L2(R7)

� C

(
‖ f3‖2

H5
7 (R

7)
+ ‖	λv g‖2k

L2
k′l (R

7)

)
, (3.4.2)

where C is independent on N . ��
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We can now conclude the following regularity result with respect to the vari-
able v.

Proposition 3.11. Under the hypothesis of Theorem 1.1, one has

	1+ε
v (ϕ(t)ψ(x) f ) ∈ H5

l (R
7), (3.4.3)

for any l ∈ N and some ε > 0.

Again, this result follows by induction. Indeed, notice that there exists k0 ∈ N such
that

k0s < 1, (k0 + 1)s = 1 + ε > 1.

Then we get (3.4.3) from (3.2.2), Proposition 3.10 with λ = k0s and (3.4.2), by
induction.

High order regularity by iterations From Proposition 3.9 (more precisely
(3.3.14)) and Proposition 3.11, we can now deduce that, for any l ∈ N, and any
cutoff functions ϕ(t) and ψ(x),

ϕ(t)ψ(x) f ∈ H6
l (R

7).

The proof of Theorem 1.1 is then completed by induction.
Indeed, if f is a solution of the Boltzmann equation satisfying the assumptions

of Theorem 1.1, then, when m � 5, we have

f ∈Hm
l (]T1, T2[×
× R

3
v),∀l ∈N �⇒ f ∈ Hm+1

l (]T1, T2[×
× R
3
v),∀l ∈ N.

Thus, the full regularity of Theorem 1.1 is obtained by induction from m = 5.

4. Existence and uniqueness of local solutions

The local existence of solutions to the spatially inhomogeneous Boltzmann
equation without angular cutoff has not been well studied to date. The strategy of
proving the existence in this section is to approximate the non-cutoff cross-section
by a family of cutoff cross-sections and to approximate the Boltzmann equation by
a sequence of iterative linear equations. Then by proving the existence of solutions
to these approximate linear equations and by obtaining a uniform estimate on these
solutions with respect to the cutoff parameter in some suitable weighted Sobolev
space, the compactness will lead to the convergence of the approximate solutions
to the desired solution for the original problem. One of the techniques used here is
to introduce a transformation defined by the time dependent Maxwellian developed
previously in [44]. The purpose of this transformation is to get an extra gain of one
order higher weight in the velocity variable at the expense of the loss of the decay
in the time dependent Maxwellian. Moreover, the uniqueness of the solution is also
proved in some function space.
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4.1. Modified Cauchy Problem

By taking κ, ρ > 0, we set, for 0 � t � T0 = ρ/(2κ),

μκ(t) = μ(t, v) = e−(ρ−κt)(1+|v|2),

and

f = μκ(t)g, �t (g, g) = μκ(t)
−1 Q(μκ(t)g, μκ(t)g).

Then the Cauchy problem (1.4) is reduced to{
gt + v · ∇xg + κ(1 + |v|2)g = �t (g, g),
g|t=0 = g0.

(4.1.1)

Our existence theorem can be stated as follows

Theorem 4.1. Assume that 0 < s < 1/2, γ + 2s < 1 and κ, ρ > 0. Let g0 ∈
Hk

l (R
6), g0 � 0 for some l � 3 and k � 4. Then there exists T∗ ∈]0, T0] such that

the Cauchy problem (4.1.1) admits a unique non-negative solution

g ∈ C0
(
[0, T∗]; Hk

l (R
6)
)⋂

L2
(
]0, T∗[; Hk

l+1(R
6)
)
.

We shall prove Theorem 4.1 by cutoff approximations. For simplicity of nota-
tion, we will denote μκ(t) by μ(t) without any confusion.

Recall that the cross-section is of the form of B(|v − v∗|, cos θ) = �(|v −
v∗|)b(cos θ) which satisfies (1.2) and (1.3). For 0 < ε << 1, we approximate (cut
off) the cross-section by

bε(cos θ) =
{

b(cos θ), if |θ | � 2ε,
b(cos ε), if |θ | � 2ε.

Denote by �t
ε(g, g) the collision operator corresponding to the above cutoff cross-

section Bε = �(v − v∗)bε(cos θ).
By using the collisional energy conservation,

|v′∗|2 + |v′|2 = |v∗|2 + |v|2,
we have μ∗(t) = μ−1(t) μ′∗(t) μ′(t). Then for some suitable functions U, V , it
holds that

�t
ε(U, V )(v)

= μ−1(t, v)
∫∫

R3
v∗×S2

σ

Bε(v − v∗, σ )
(
μ′∗(t)U ′∗μ′(t)V ′−μ∗(t)U∗μ(t)V

)
dv∗ dσ

=
∫∫

R3
v∗×S2

σ

Bε(v − v∗, σ )μ∗(t)
(
U ′∗V ′ − U∗V

)
dv∗ dσ

= Tε(U, V, μ(t))

= Qε(μ(t)U, V )+
∫∫

R3
v∗×S2

σ

Bε(v − v∗, σ )(μ∗(t)− μ′∗(t))U ′∗V ′dv∗ dσ.

(4.1.2)
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Then we have the following formula coming from the Leibniz formula in the x var-
iable and the translation invariance property in the v variable. For any α, β ∈ N

3,

∂αx ∂
β
v �

t
ε(U, V )

=
∑

α1+α2=α;β1+β2+β3=β
Cα1,α2,β1,β2,β3Tε(∂α1

x ∂
β1
v U, ∂α2

x ∂
β2
v V, ∂β3

v μ(t))

= Qε(μ(t)U, ∂
α
x ∂

β
v V )

+
∫∫

R3
v∗×S2

σ

Bε(v − v∗, σ )(μ∗(t)− μ′∗(t))U ′∗(∂αx ∂βv V )′dv∗dσ

+
∑

|α2|+|β2|�|α+β|−1

Cα1,α2,β1,β2,β3Tε
(
∂α1

x ∂
β1
v U, ∂α2

x ∂
β2
v V, ∂β3

v μ(t)
)

= A1 + A2 + A3. (4.1.3)

Firstly, we give the following upper weighted estimate on the nonlinear collision
operator with cutoff.

Lemma 4.2. Let γ ∈ R. Then for any ε > 0, k � 4, l � 0, there exists C > 0
depending on ε, k, l such that for any U, V belonging to Hk

l (R
6)

‖�t
ε(U, V )‖Hk

l (R
6) � C‖U‖Hk

l+γ+ (R6)‖V ‖Hk
l+γ+ (R6), 0 � t � T0 = ρ

2κ
.

(4.1.4)

Proof. To prove (4.1.4), put

g1 = ∂α1
x ∂

β1
v U, h2 = ∂α2

x ∂
β2
v V, μ3(t) = ∂β3

v μ(t),

Tε(g1, h2, μ3(t)) = T +
ε − T −

ε .

Throughout this section, the estimates

μ(t, v), |μ3(t)| = |∂β3
v μ(t, v)| � Cρ,ke−ρ〈v〉2/4, t ∈ [0, T0], v ∈ R

3,

will often be used.
Firstly, we compute T +

ε as follows.

|WlT +
ε | � C

∫∫
〈|v − v∗|〉γ |μ3(t, v∗)| Wl

(Wl)′∗(Wl)′
|(Wlg1)

′∗||(Wlh2)
′|dv∗ dσ

� C

[∫∫ ∣∣∣∣μ3(t, v∗)
Wl

(Wl)′∗(Wl)′

∣∣∣∣
2

dv∗ dσ

]1/2

×
[∫∫

〈v′ − v′∗〉2γ |(Wlg1)
′∗(Wlh2)

′|2dv∗ dσ

]1/2

� Cε

[∫∫
|(Wl+γ+g1)

′∗(Wl+γ+h2)
′|2dv∗ dσ

]1/2

,
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where we have used |v − v∗| = |v′ − v′∗| and Wl
(Wl )

′∗(Wl )
′ � 1. Since the change of

variables

(v, v∗, σ ) → (v′, v′∗, σ ′), σ ′ = (v − v∗)/|v − v∗|, (4.1.5)

has a unit Jacobian, we get

‖WlT +
ε ‖2

L2(R6)
� C

∫∫∫∫
|(Wl+γ+g1)

′∗(Wl+γ+h2)
′|2dv∗ dσ dv dx

= C
∫∫∫∫

|(Wl+γ+g1)
′∗(Wl+γ+h2)

′|2dv′∗ dσ ′ dv′ dx

� C
∫

‖(Wl+γ+g1)‖2
L2(R3

v)
‖(Wl+γ+h2)‖2

L2(R3
v)

dx .

If |α1 + β1| � k/2, then we have

‖WlT +
ε ‖L2(R6) � C‖(Wl+γ+g1)‖L∞(R3

x ;L2(R3
v))

‖(Wl+γ+h2)‖L2(R6
x,v)

� C‖U‖Hk
l+γ+ (R6)‖V ‖Hk

l+γ+ (R6),

because of the Sobolev embedding theorem and the fact k/2 + 3/2 < k when
k � 4. When |α2 +β2| � k/2, the proof is similar. This completes the proof of the
lemma. ��

4.2. Cutoff approximations

We now study the following Cauchy problem for the cutoff Boltzmann equation
{

gt + v · ∇xg + κ〈v〉2g = �t
ε(g, g),

g|t=0 = g0,
(4.2.1)

for which we shall obtain uniform estimates in weighted Sobolev spaces.
We first prove the existence of weak solutions to this cutoff Boltzmann equation.

Theorem 4.3. Assume that γ � 1. Let k � 4, l � 0, ε > 0 and D0 > 0. Then,
there exists Tε ∈]0, T0] such that for any non-negative initial data g0 satisfying

g0 ∈ Hk
l (R

6), ‖g0‖Hk
l (R

6) � D0,

the Cauchy problem (4.2.1) admits a unique non-negative solution gε having the
property

gε ∈ C0(]0, Tε[; Hk
l (R

6)), ‖gε‖L∞(]0,Tε[;Hk
l (R

6)) � 2D0.

Moreover, this solution enjoys a moment gain in the sense that

gε ∈ L2
(
]0, Tε[; Hk

l+1(R
6)
)
. (4.2.2)

Remark 4.4. (1) Notice that we do not assume g0 ∈ Hk
l+1(R

6) and the gain of
the moment will be essentially used below in the proof of uniform estimates
to compensate for the singularity in the cross-section.
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(2) The regularity of gε with respect to the t variable follows directly from the
equation (4.2.1).

(3) Fix γ, k, l as in the theorem. Then Tε is a function of ε and D0. In the following,
when we need to emphasize this dependency, we shall write

T = Tε(D0).

(4) If γ � 0, we may take κ = 0. In this case, we do not have the moment gain
(4.2.2), which is not needed anyway.

Proof of Theorem 4.3. We prove the existence of non-negative solutions by suc-
cessive approximation that preserves non-negativity, which is defined by using the
usual splitting of the collision operator (4.1.2) into the gain (+) and loss (−) terms,

�t,+
ε (g, h) =

∫∫
R3
v∗×S2

σ

Bε(v − v∗, σ )μ∗(t)g′∗h′dv∗ dσ,

�t,−
ε (g, h) = hLε(g),

Lε(g) =
∫∫

R3
v∗×S2

σ

Bε(v − v∗, σ )μ(t, v∗)g∗dv∗ dσ.

Evidently, Lemma 4.2 applies to �t,±
ε , and in view of (1.2), the linear operator Lε

satisfies

|∂αx ∂βv Lε(g)(t, x, v)| � C〈v〉γ−|β|‖∂αx g‖L2(R3
v)
, t ∈ [0, T0], (4.2.3)

for a constant C > 0 depending on ε, because |μ(t, v∗)∂βv 〈v− v∗〉γ | � C〈v〉γ−|β|.
We now define a sequence of approximate solutions {gn}n∈N by

⎧⎪⎪⎨
⎪⎪⎩

g0 = g0 ;
∂tg

n+1 + v · ∇xg
n+1 + κ〈|v|〉2gn+1

= �t,+
ε (gn, gn)− �t,−

ε (gn, gn+1),

gn+1|t=0 = g0.

(4.2.4)

Actually, in view of (4.2.3) we consider the mild form

gn+1(t, x, v) = e−κ〈|v|〉2t−V n(t,0)g0(x − tv, v)

+
∫ t

0
e−κ〈|v|〉2(t−s)−V n(t,s)�s,+

ε (gn, gn)(s, x − (t − s)v, v)ds,

(4.2.5)

where

V n(t, s) =
∫ t

s
Lε(g

n)(s, x − (t − s)v, v)ds.

First, we note from Lemma 4.2 that for any T ∈ ]0, T0], T0 = ρ/(2κ), g0 � 0,
and

gn ∈ L∞ (
]0, T [; Hk

l (R
6)
)
, gn � 0,
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the mild form (4.2.5) determines gn+1 in the function class

gn+1 ∈ L∞ (
]0, T [; Hk

l−γ+(R6)
)
, gn+1 � 0, (4.2.6)

and solves (4.2.4). Thus gn+1 exists and is non-negative, but appears to have a loss
of weight in the velocity variable. We shall now show that the term κ〈v〉2gn+1 in
(4.2.4) not only recovers this weight loss but also creates a higher moment. More
precisely, we have the following lemma. Introduce the space and norm by

X = L∞ (
]0, T [; Hk

l (R
6)
)

∩ L2
(
]0, T [; Hk

l+1(R
6)
)
,

|||g|||2 = ‖g‖2
L∞(]0,T [;Hk

l (R
6))

+ κ‖g‖2
L2(]0,T [;Hk

l+1(R
6))
.

This norm depends on k, l, T, κ , but we omit this dependence in the notation for
simplicity. ��
Lemma 4.5. Assume that γ � 1 and let k � 4, l � 0, ε > 0. Then, there exist
positive numbers C1,C2 such that if ρ > 0, κ > 0 and if

g0 ∈ Hk
l (R

6), gn ∈ L∞(]0, T [; Hk
l (R

6)), (4.2.7)

with some T � T0, the function gn+1 given by (4.2.5) enjoys the properties

gn+1 ∈ X,

|||gn+1|||2 � eC1 Kn T
(

‖g0‖2
Hk

l (R
6)

+ C2
κ

||gn||4
L4(]0,T [; Hk

l (R
6))

)
,

(4.2.8)

where Kn is a positive constant depending on ‖gn‖L∞(]0,T [; Hk
l (R

6)) and κ .

Proof. Put

hn = hn
α = ∂αgn .

Differentiation of equation (4.2.4) yields

∂t h
n+1 + v · ∇x hn+1 + κ〈v〉2hn+1 = G+

1 − G−
1 + G2 + G3,

G+
1 = ∂α�t,+

ε (gn, gn), G−
1 = ∂α�t,−

ε (gn, gn+1),

G2 = −[∂α, v · ∇x ]gn+1,

G3 = −κ
∑

|β̃|=1,2

Cβ̃ ∂
β̃
v 〈v〉2∂α−(0,β̃)gn+1.

Let χ j ∈ C∞
0 (R

3), j ∈ N, be the cutoff function

χ j (v) =
{

1, |v| � j,
0, |v| � j + 1.
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We remark that (4.2.6) does not necessarily imply Wl+1hn+1(t) ∈ L2(R6), but
χ j Wl+1hn+1(t) ∈ L2(R6) for all j ∈ N. Hence, we can use χ2

j W 2
l S2

N (Dx )hn+1 as
a test function to get

1

2

d

dt
‖SN (Dx )χ j Wlh

n+1‖2 + κ‖SN (Dx )χ j Wl+1hn+1‖2

=
(

G+
1 − G−

1 + G2 + G3, SN (Dx )
2χ2

j W 2
l hn+1

)
. (4.2.9)

Here, and in what follows, the norm ‖ ‖ and inner product ( , ) are those of L2(R6
x,v)

unless otherwise stated. We shall evaluate the inner products on the right-hand side.
Observe that Lemma 4.2 gives, for t ∈ [0, T ],

∣∣∣(G+
1 , S2

Nχ
2
j W 2

l hn+1)

∣∣∣ =
∣∣∣
(

SNχ j Wl−1G+
1 , SNχ j Wl+1hn+1

)∣∣∣
� C‖Wl−1G+

1 ‖ ‖SNχ j Wl+1hn+1‖
� C‖�t,+

ε (gn, gn)‖Hk
l−1(R

6) ‖SNχ j Wl+1hn+1‖
� C‖gn‖2

Hk
l (R

6)
‖ ‖SNχ j Wl+1hn+1‖

� C

κ
‖gn‖4

Hk
l (R

6)
+ κ

4
‖SNχ j Wl+1hn+1‖2.

On the other hand, Lemma 4.2 is not enough to evaluate G−
1 because G−

1 contains
gn+1 which is not known, at this point, to have moments required by Lemma 4.2.
However, this obstacle is only superficial. Observe that

G−
1 =

∑
(α1,β1)+α2=α

Cα1,β1,α2

(
∂α2gn+1

) (
∂β1
v L(∂α1

x gn)
)
.

Define,

Hj,l(g) =
∑

|α|�k

‖χ j Wl∂
αg‖2,

and write Hn
j,l = Hn

j,l(t) = Hj,l(gn(t)). By recalling (4.2.3), we get

∣∣∣
(

G−
1 , S2

Nχ
2
j W 2

l hn+1
)∣∣∣ �

∑
(α1,β1)+α2=α

Cα1,β1,α2‖χ j 〈v〉γ−|β1|Wl−1∂
α2gn+1‖

×‖∂α1
x gn‖‖SNχ j Wl+1hn+1‖

� C‖gn‖Hk
l (R

6)‖(Hn+1
j,l )1/2‖SNχ j Wl+1hn+1‖

� C ′

κ
‖gn‖2

Hk
l (R

6)
Hn+1

j,l + κ

4
‖SNχ j Wl+1hn+1‖2.

Here C,C ′ are positive constants independent of κ .
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The estimate on the remaining two inner products are more straightforward and
can be given as follows.∣∣∣(G2 + G3, S2

Nχ
2
j W 2

l hn+1)

∣∣∣ � C‖χ j Wl−1(G2 + G3)‖ ‖SNχ j Wl+1hn+1‖

� C(κ + 1)
(

Hn+1
j,l

)1/2 ‖SNχ j Wl+1hn+1‖

� C ′′ (κ + 1)2

κ
Hn+1

j,l + κ

4
‖SNχ j Wl+1hn+1‖2.

The constants C,C ′′ are independent of ε and κ .
Putting together all the estimates obtained above in (4.2.9) yields

1

2

d

dt
‖SNχ j Wlh

n+1‖2 + κ

4
‖SNχ j Wl+1hn+1‖2

� C ′′′
{
κ + 1

κ

(
1 + ‖gn‖2

Hk
l (R

6)

)}
Hn+1

j,l + C

κ
‖gn‖4

Hk
l (R

6)
.

Summing up estimates for hn+1 = hn+1
α over |α| � k then yields,

d

dt
Hj,l(SN gn+1)+ κHj,l+1(SN gn+1) � C1 Kn Hj,l(g

n+1)+ C2

κ
‖gn‖4

Hk
l (R

6)
,

where

Kn = κ + 1

κ

(
‖gn‖2

L∞(]0,T [;Hk
l (R

6))
+ 1

)
,

and C1 > 0 is a constant independent of ε, κ while C2 is independent of κ but
depends on ε. By integrating the above estimate over [0, t] and taking the limit
N → ∞, we get

Hn+1
j,l (t)+ κ

∫ t

0
Hn+1

j,l+1(τ )dτ

� Hn+1
j,l (0)+ C1 Kn

∫ t

0
Hn+1

j,l (τ )dτ + C2

κ

∫ t

0
‖gn(τ )‖4

Hk
l (R

6)
dτ, t ∈ [0, T ],

which gives a Gronwall type inequality

Hn+1
j,l (t)+ κ

∫ t

0
eC1 Kn(t−τ)Hn+1

j,l+1(τ )dτ

� eC1 Knt Hn+1
j,l (0)+ C2

κ

∫ t

0
eC1 Kn(t−τ)‖gn(τ )‖4

Hk
l (R

6)
dτ, (4.2.10)

for all t ∈ [0, T ] and j ∈ N. Since

Hn+1
j,l (0) � ‖g0‖2

Hk
l
,

and 1 � eC1 Kn(t−τ) � eC1 Knt , (4.2.10) gives, for t ∈ [0, T ],

Hn+1
j,l (t)+ κ

∫ t

0
Hn+1

j,l+1(τ )dτ � eC1 Knt
{
‖g0‖2

Hk
l

+ C2

κ

∫ t

0
‖gn(τ )‖4

Hk
l (R

6)
dτ

}
.
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Since the right-hand side is independent of j , {χ j∂
αgn+1} j∈N, |α| � k is weakly*

compact in L∞(]0, T [; L2
l (R

6)) and weakly compact in L2(]0, T [; L2
l+1(R

6)).
Take a convergent subsequence. Apparently, its limit is hn+1(t). This is true for all
|α| � k so that we can now conclude that

gn+1 ∈ X = L∞ (
]0, T [; Hk

l (R
6)
)

∩ L2
(
]0, T [; Hk

l+1(R
6)
)
,

and by Fatou’s theorem,

|||gn+1|||2 � lim inf
j→∞ ‖Hn+1

j,l ‖L∞(]0,T [) + κ lim inf
j→∞ ‖Hn+1

j,l+1‖L1(]0,T [)

� eC1 Kn T
(

‖g0‖2
Hk

l
+ C2

κ
‖gn‖4

L4(]0,T [;Hk
l (R

6)

)
.

Now the proof of Lemma 4.5 is completed. ��
We are now ready to prove the convergence of {gn}n∈N. Fix κ > 0, let D0, g0

be as in Theorem 4.3 and introduce an induction hypothesis

‖gn‖L∞(]0,T [; Hk
l (R

6)) � 2D0. (4.2.11)

for some T ∈ ]0, T0]. Notice that the factor 2 can be any number > 1.
(4.2.11) is true for n = 0 due to (4.2.7). Suppose that this is true for some

n > 0. We shall determine T independent of n. A possible choice is given by

eC1 K0T = 2,
24C2

κ
T D2

0 = 1 where K0 = κ + 2D0 + 1

κ
, (4.2.12)

or

T = min

{
log 2

C1 K0
,

κ

24C2 D2
0

}
.

In fact, (4.2.8) and (4.2.11) yield that gn+1 ∈ X and

|||gn+1|||2 � eC1 K0T
(

‖g0‖2
Hk

l (R
6)

+ C2

κ
T ||gn||4

L∞(]0,T [; Hk
l (R

6))

)

� eC1 K0T
(

D2
0 + C2

κ
T 24 D4

0

)
� 4D2

0 .

That is, the induction hypothesis (4.2.11) is fulfilled for n + 1, and hence holds for
all n.

For the convergence, set wn = gn(t)− gn−1(t), for which (4.2.4) leads to

⎧⎨
⎩
∂tw

n+1 + v · ∇xw
n+1 + κ〈|v|〉2wn+1 = �t,+

ε (wn, gn)+ �t,+
ε (gn−1, wn)

−�t,−
ε (wn, gn+1)− �t,−

ε (gn−1, wn+1),

wn+1|t=0 = 0.



Non-Cutoff Boltzmann Equation 105

By the same computation as used for (4.2.9), but more directly since we can now
use test functions as SN (Dx )

2W 2
l ∂

α wn+1, we get

|||wn+1|||2 � 1

2
C2eC1 K0T 1

κ
T
{
‖gn+1‖2

L∞(]0,T [; Hk
l (R

6))
+ ‖gn‖2

L∞(]0,T [; Hk
l (R

6))

+‖gn−1‖2
L∞(]0,T [; Hk

l (R
6))

}
‖wn‖2

L∞(]0,T [; Hk
l (R

6))
,

with the same constants C1,C2 and K0 as above. Then, (4.2.11) and (4.2.12) give

|||gn+1 − gn|||2 � 24C2 D2
0κ

−1T ‖gn − gn−1‖2
L∞(]0,T [; Hk

l (R
6))
.

Finally, choose T smaller,if necessary, so that

24C2 D2
0κ

−1T � 1

4
.

Then, we have proved that for any n � 1,

|||gn+1 − gn||| � 1

2
|||gn − gn−1|||. (4.2.13)

Consequently, {gn} is a convergence sequence in X , and the limit

gε ∈ X,

is therefore a non-negative solution of the Cauchy problem (4.2.1). The estimate
(4.2.13) also implies the uniqueness of solutions.

By means of the mild form (4.2.5), it can be proved also that for each n,

gn ∈ C0
(
[0, T ]; Hk

l (R
6)
)

and hence so is the limit gε. The non-negativity of gε follows because gn � 0. Now
the proof of Theorem 4.3 is completed.

4.3. Uniform estimate

We now prove the existence of solutions for the Cauchy problem (4.1.1) by the
convergence of the approximation sequence {gε} as ε → 0. The first step is to prove
the uniform boundedness of this approximation sequence. Below, the constant C
represents various constants independent of ε > 0.

Theorem 4.6. Assume that 0 < s < 1/2, γ + 2s < 1. Let g0 ∈ Hk
l (R

6), g0 � 0
for some k � 4, l � 3. Then there exists T∗ ∈]0, T0] depending only on ‖g0‖Hk

l

and independent of ε satisfying the following property: If for some 0 < T � T0,

gε ∈ C0
(
]0, T ]; Hk

l (R
6)
)

∩ L2
(
]0, T [; Hk

l+1(R
6)
)
, (4.3.1)

is a non-negative solution of the Cauchy problem (4.2.1) and if T∗∗ = min{T, T∗},
then it holds that

‖gε‖L∞(]0,T∗∗[;Hk
l (R

6)) � 2‖g0‖Hk
l (R

6). (4.3.2)
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Remark 4.7. The case T∗ � T gives a uniform estimate of local solutions on
the fixed time interval [0, T∗] while the case T < T∗ gives an a priori estimate
on the existence time interval [0, T ] of local solutions. The latter is used for the
continuation argument of local solutions, in Section 4.4.

In the following, ρ > 0, κ > 0 are fixed. Furthermore, recall T0 = ρ/(2κ). We
start with a solution gε subject to (4.3.1) for some T ∈ ]0, T0]. For α ∈ N

6, |α| � k,
the differentiation of the equation (4.2.1) implies

∂t (∂
αgε)+ v · ∇x (∂

αgε)+ κ〈v〉2(∂αgε)

= ∂α�t
ε(g

ε, gε)− [∂α, v · ∇x ]gε − κ[∂α, 〈v〉2]gε. (4.3.3)

Since ∂αgε only belongs to L2
l , now as in Section 3, we take,

P�N , l PN ,l(∂
αgε)

as a test function in (4.3.3), where l � 3 and PN , l = SN (Dx )SN (Dv)Wl (we do
not need the cutoff functions ϕ,ψ here). Then we have

1

2

d

dt
‖PN , l(∂

αgε)(t)‖2
L2(R6)

+ κ‖W1 PN ,l(∂
αgε)(t)‖2

L2(R6)

+κ
(
[SN (Dv), 〈v〉2]Wl (∂

αgε), SN (Dx )PN ,l(∂
αgε)

)
L2(R6)

= (
A1 + A2 + A3 + A4 + A5, P�N ,l PN ,l(∂

αgε)
)

L2(R6)
, (4.3.4)

where A1, A2, A3 are defined in (4.1.3) with U = V = g and

A4 = −[∂α, v · ∇x ]gε, A5 = −κ
∑

|β̃|=1,2

Cβ̃ ∂
β̃
v 〈v〉2∂α−(0,β̃)gε.

We have firstly,
∣∣∣(A4, P�N , l PN , l(∂

αgε)
)

L2(R6)

∣∣∣ � C‖gε(t)‖2
Hk

l (R
6)
, (4.3.5)

and∣∣∣(A5, P�N , l PN , l(∂
αgε)

)
L2(R6)

∣∣∣ � Cκ‖gε(t)‖2
Hk

l (R
6)

+ κ

4
‖gε(t)‖2

Hk
l+1(R

6)
.

(4.3.6)

We also have∣∣∣∣κ
(
[SN (Dv), 〈v〉2]Wl (∂

αgε), SN (Dx )PN , l(∂
αgε)

)
L2(R6)

∣∣∣∣
� Cκ‖gε(t)‖2

Hk
l (R

6)
+ κ

4
‖gε(t)‖2

Hk
l+1(R

6)
. (4.3.7)

We now study the term A1 by using the non-negativity of gε and the coercivity of
collision operators.
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Proposition 4.8. Assume that 0 < s < 1/2, γ ∈ R. There exists C > 0 indepen-
dent of ε such that for any α ∈ N

6, |α| � k, k � 4, l � 3,

(
A1, P�N , l PN , l(∂

αgε)
)

L2(R6)
� C‖gε(t)‖2

Hk
l (R

6)
‖gε(t)‖Hk

l+γ+ (R6), (4.3.8)

for any 0 � t � T � T0.

Proof. By setting h = ∂αgε, we have,

(
A1, P�N , l PN , l h

)
L2(R6)

= (
PN , l Qε(μgε, h), (PN , l h)

)
L2(R6)

= (
Qε

(
μ(t)gε, (PN , l h)

)
, (PN ,l h)

)
L2(R6)

+ (PN , l Qε

(
μ(t)gε, h

)− Qε

(
μ(t)gε, (PN , l h)

)
, (PN ,l h)

)
L2(R6)

= B1 + B2.

Since μ(t) gε(t, x, v) � 0, we have, in the same way as Theorem 2.6 with the
cancellation lemma,

B1 = −1

2

∫∫∫∫
R3

x ×R3
v×R3

v∗×S2
σ

Bε (μ(t) g
ε)∗

(
(PN , l h)

′ − (PN , l h)
)2 dv∗ dσ dv dx

+1

2

∫∫∫∫
R3

x ×R3
v×R3

v∗×S2
σ

Bε (μ(t) g
ε)∗

{(
(PN , l h)

′)2 − (
PN , l h

)2} dv∗ dσ dv dx

� 1

2

∫∫∫∫
R3

x ×R3
v×R3

v∗×S2
σ

Bε (μ(t) g
ε)∗

{(
(PN , l h)

′)2 − (
PN , l h

)2} dv∗ dσ dv dx

� C
∫∫∫

R3
x ×R3

v∗×R3
v

(μ(t) gε)∗ 〈v − v∗〉γ+
(PN , l h)

2dv dv∗ dx

� C‖μWγ+gε(t)‖L∞(R3
x ;L1(R3

v))
‖Wl h(t)‖L2(R6

x, v)
‖Wl+γ+h(t)‖L2(R6

x, v)

� C‖gε(t)‖H3/2+δ(R6
x, v)

‖gε(t)‖Hk
l (R

6
x, v)

‖gε(t)‖Hk
l+γ+ (R6

x, v)
, t ∈ [0, T ],

where Bε = Bε(v − v∗, σ ) and we used the fact that bε(cos θ) � b(cos θ).
By putting SN = SN (Dx ) S̃N = SN (Dv), we decompose

B2 =
(

SN S̃N
{
Wl Qε

(
μ(t)gε, h

)− Qε

(
μ(t)gε, (Wlh)

)}
, (PN , l h)

)
L2(R6)

+
(
SN

{
S̃N Qε

(
μ(t)gε, (Wlh)

)−Qε

(
μ(t)gε, S̃N (Wlh)

)}
, (PN , l h)

)
L2(R6)

+
(
SN Qε

(
μ(t)gε, (S̃N Wlh)

)
−Qε

(
μ(t)gε, SN (S̃N Wl h)

)
, (PN , l h)

)
L2(R6)

= B21 + B22 + B23.
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By Lemma 2.4, we get

|B21| =
∣∣∣∣
({

Wl Qε

(
μ(t)gε, h

)− Qε

(
μ(t)gε, (Wlh)

)}
, (S̃N SN PN , l h)

)
L2(R6)

∣∣∣∣
� C‖μ(t)gε(t)‖L∞(R3

x ;L1
l+γ+ (R3

v))

∫
R3

x

‖Wl+γ+h‖L2(R3
v)

‖PN , l h‖L2(R3
v)

dx

� C‖gε(t)‖L∞(R3
x ;L2(R3

v))
‖gε(t)‖Hk

l (R
6)‖gε(t)‖Hk

l+γ+ (R6),

� C‖gε(t)‖2
Hk

l (R
6)

‖gε(t)‖Hk
l+γ+ (R6), t ∈ [0, T ].

It follows from Lemma 3.3 that

|B22| �
(∫

R3
x

‖S̃N Qε(μ(t)g
ε, (Wl h))− Qε(μ(t)g

ε, S̃N (Wlh))‖2
L2(R3

v)
dx

)1/2

×‖PN , l h‖L2(R6)

� C‖μ(t)gε(t)‖L∞(R3
x ;L1

γ+ (R3
v))

‖Wl+γ+h‖L2(R6
v)

‖gε(t)‖Hk
l (R

6)

� C‖gε(t)‖2
Hk

l (R
6)

‖gε(t)‖Hk
l+γ+ (R6), t ∈ [0, T ].

Lemma 3.4 with m = 2s yields

|B23| � C‖SN Q(μ(t)gε, (S̃N Wl h) )− Q(μ(t)gε, SN (S̃N Wlh) )‖L2(R3
x , L2(R3

v))

×‖PN , l h‖L2(R6)

� C‖μ(t)∇xg
ε‖L∞(R3

x ,L
1
(2s+γ )+ (R

3
v))

‖(2−N S̃N (Wl h)‖L2(R3
x ,H

2s
(2s+γ )+ (R

3
v))

×‖PN , l h‖L2(R6)

� C‖gε(t)‖2
Hk

l (R
6)

‖gε(t)‖Hk
l+γ+ (R6), t ∈ [0, T ].

Combining the above estimates proves Proposition 4.8. ��

For the term A2 and A3, we prove the following proposition.

Proposition 4.9. Assume that 0 < s < 1/2, γ + 2s < 1. Then, for any δ > 0,
there exists C > 0 independent of ε > 0 such that for any α ∈ N

6, |α| � k,
k � 4, l � 3,

(
A2 + A3, P�N , l PN ,l(∂

αgε)
)

L2(R6)
� C‖gε(t)‖2

Hk
l (R

6)
‖gε(t)‖Hk

l+(γ+2s+δ)+ (R
6),

(4.3.9)

for t ∈ [0, T ].
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Proof. By putting h = ∂αgε and h̃ = W −2
l P�N , l PN , l(∂

αgε), we get

∣∣∣∣
(

A2, W 2
l h̃
)

L2(R6)

∣∣∣∣
=
∣∣∣∣∣
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

Bε(μ∗(t)− μ′∗(t))(gε)′∗h′(W 2
l h̃)dv∗ dσ dv dx

∣∣∣∣∣
�
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

B|μ∗(t)− μ′∗(t)| |(gε)′∗| |(Wlh)
′(Wlh̃)|dv∗ dσ dv dx

+
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

B|(μ∗(t)− μ′∗(t))| |(gε)′∗|
∣∣Wl − W ′

l

∣∣
×|h′(Wlh̃)|dv∗ dσ dv dx

= I1 + I2.

To estimate I1, we notice that for λ ∈ [0, 1], t ∈ [0, T0],

|μ(t, v∗)− μ(t, v′∗)| � C |v∗ − v′∗|λ � Cθλ|v − v∗|λ � Cθλ|v′ − v′∗|λ,

which is elementary for λ = 0, 1 and is obtained for general λ ∈ (0, 1) by interpo-
lation. Since γ +2s < 1 is assumed in the proposition, there is λ ∈ (0, 1) such that
λ > 2s, γ + λ � 1. By the manipulation on the primed and non-primed variables
(see (4.1.5)) we have

I1 � C
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

〈v′ − v′∗〉(γ+λ)+θ−2−2s+λ

×|(gε)′∗| |(Wlh)
′| |(Wlh̃)|dv∗ dσ dv dx

� C
∫∫∫

R3
x ×R3

v∗×S2
σ

θ−2−2s+λ|(W(γ+λ)+gε)∗|

×
{∫

R3
v

|(Wl+(γ+λ)+h)(Wlh̃)
′|dv

}
dv∗ dσ dx

� C‖gε(t)‖L∞(R3
x ;L1

(γ+λ)+ (R
3
v))

‖gε(t)‖Hk
l (R

6)‖gε(t)‖Hk
l+(γ+λ)+ (R

6)

� C‖gε(t)‖2
Hk

l (R
6)

‖gε(t)‖Hk
l+(γ+λ)+ (R

6),

for l > (γ + λ)+ + 3/2. In the third inequality we have again used the fact that the
Jacobian of changing of variable v → v′ is bounded.

Using (2.1.13) gives

I2 � C
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

〈v′ − v′∗〉γ θ−1−2s(μ∗(t)+ μ′∗(t))

×|(gε)′∗
(
W ′

l W ′
l,∗
)

h′(Wl h̃)|dv∗ dσ dv dx = C(J1 + J2).
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By the Cauchy–Schwarz inequality and the Sobolev inclusion, we have

J1 � C
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

θ−1−2sμ∗(t)|(Wl+γ+gε)′∗(Wl+γ+h)′(Wl h̃)|dv∗ dσ dv dx

� C
∫

R3
x

(∫∫∫
R3
v×R3

v∗×S2
σ

θ−1−2sμ∗(t)2|(Wlh̃)|2dv dv∗ dσ

)1/2

×
(∫∫∫

R3
v×R3

v∗×S2
σ

θ−1−2s |(Wl+γ+gε)′∗(Wl+γ+h)′|2dv dv∗ dσ

)1/2

dx

� C‖μ‖L2(R3
v)

∫
R3

x

‖Wlh̃(x)‖L2(R3
v)

‖Wl+γ+gε(x)‖L2(R3
v)

‖Wl+γ+h(x)‖L2(R3
v)

dx

� C‖gε‖L∞(R3
x ;L2(R3

v)
‖Wl+γ+h‖L2(R6)‖Wlh̃‖L2(R6)

� C‖gε‖2
Hk

l+γ+ (R6)
‖gε‖Hk

l (R
6).

On the other hand, again by the manipulation on the primed and non-primed vari-
ables,

J2 � C
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

θ−1−2s |(μ(t)Wl+γ+gε)′∗(Wl+γ+h)′(Wl h̃)|dv∗ dσ dv dx

� C
∫∫∫∫

R3
x ×R3

v∗×S2
σ

θ−1−2s |(μ(t)Wl+γ+gε)∗|
{∫

R3
v

|Wl+γ+h||(Wl h̃)
′|dv
}

dv∗ dσ dx

� C‖μ(t)Wl+γ+gε‖L∞(R3
x ;L1(R3

v))
‖Wl+γ+h‖L2(R6)‖Wl h̃‖L2(R6)

� C‖gε‖2
Hk

l (R
6)

‖gε‖Hk
l+γ+ (R6)

,

where we have used Wl+γ+μ1/2(t) � C .
We consider now the term A3. For any α ∈ N

6, |α| � k, k � 4, l � 3, denote

h1 = ∂α1gε, h2 = ∂α2gε,

where

α1 + α2 � α, α2 < α.

We shall compute
(
Tε(h1, h2, μ̃),W 2

l h̃
)

L2(R6)

=
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

Bε(μ̃∗(t)− μ̃′∗(t))(h1)
′∗h′

2(W
2
l h̃)dv∗ dσ dv dx

+
∫∫∫∫

R3
x ×R3

v×R3
v∗×S2

σ

Bε (μ̃h1)
′∗
(
Wl − W ′

l

)
h′

2(Wl h̃)dv∗ dσ dv dx

+
(

Qε(μ̃h1, (Wl h2)),Wl h̃
)

L2(R6)
.
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For the last term, by Theorem 2.1 with m = 2s < 1, there exists C > 0 independent
of ε such that for |α2| � |α| − 1 and δ > 0,

‖Qε(μ̃h1, (Wl h2))‖2
L2(R6)

� C
∫

R3
‖μ̃h1(t, x, ·)‖2

L1
(γ+2s)+ (R

3
v)

‖(Wlh2)(t, x, ·)‖2
H2s
(γ+2s)+ (R

3
v)

dx

�

⎧⎨
⎩

C‖μ̃h1(t)‖2
L∞(R3

x ,L
2
3/2+(γ+2s)++δ(R

3
v))

‖(Wlh2)(t)‖2
L2(R3

x ;H2s
(γ+2s)+ (R

3
v))
, |α1|�2,

C‖μ̃h1(t)‖2
L2(R3

x ;L2
3/2+(γ+2s)++δ(R

3
v))

‖(Wlh2)(t)‖2
L∞(R3

x ,H
2s
(γ+2s)+ (R

3
v))
, |α1|>2,

�

⎧⎨
⎩

C‖h1(t)‖2
H3/2+δ(R3

x ;L2(R3
v))

‖(Wl h2)(t)‖2
L2(R3

x ;H2s
(γ+2s)+ (R

3
v))
, |α1| � 2,

C‖h1(t)‖2
L2(R3

x ;L2(R3
v))

‖(Wl h2)(t)‖2
H3/2+δ(R3

x ;H2s
(γ+2s)+ (R

3
v))
, |α1| > 2,

� C‖gε(t)‖2
Hk

l (R
6)

‖gε(t)‖2
Hk

l+(γ+2s)+ (R
6)
, k �4>3 + 2s, l>(γ + 2s)+ + 3/2.

The estimation on the first term is similar to (A2,W 2
l h̃)L2(R6) by taking into account

the same manipulation concerning α2. The estimation for the second term is also
similar to the part J2 of I2 as above. Hence, we have obtained

∣∣∣∣
(

A3, W 2
l h̃
)

L2(R6)

∣∣∣∣ � C‖gε(t)‖2
Hk

l (R
6)

‖gε(t)‖Hk
l+γ+2s (R

6).

This completes the proof of Proposition 4.9. ��
If (4.3.5), (4.3.6), (4.3.7), (4.3.8) and (4.3.9) are combined, then it follows from

(4.3.4) that

1

2

d

dt
‖PN , l(∂

αgε)(t)‖2
L2(R6)

+ κ‖W1 PN , l(∂
αgε)(t)‖2

L2(R6)
− κ

2
‖gε(t)‖2

Hk
l+1(R

6)

� C

(
‖gε(t)‖2

Hk
l (R

6)
+ C2‖gε(t)‖2

Hk
l (R

6)
‖gε(t)‖Hk

l+(γ+2s+δ)+ (R
6)

)
.

Take the sum over |α| � k, integrate from 0 to t ∈ [0, T ] and make N → ∞.
Then there exists C1,C2 > 0 independent of ε > 0 such that , for any δ > 0 and
t ∈ [0, T ],

‖gε(t)‖2
Hk

l (R
6)

+ κ

∫ t

0
‖gε(τ )‖2

Hk
l+1(R

6)
dτ

� ‖gε(0)‖2
Hk

l (R
6)

+ C1

∫ t

0
‖gε(τ )‖2

Hk
l (R

6)
dτ

+C2

∫ t

0
‖gε(τ )‖2

Hk
l (R

6)
‖gε(τ )‖Hk

l+(γ+2s+δ)+ (R
6)dτ. (4.3.10)

Remark 4.10. We give here some technical reasons regarding the choice of the
time dependent distribution μ(t) as moment control in the equation (4.1.1). If we
take κ = 0 in the definition of Maxwellian distributionμ(t), the above computation
gives also (4.3.10) without the second term on the left-hand side because κ = 0.
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But the upper bound estimate, by using Theorem 2.1, always gives the last term in
(4.3.10) with the factor ‖gε(t)‖Hk

l+(γ+2s)++δ(R
6). If γ + 2s < 0, there is no loss of

moment, we can get (4.3.11) with κ = 0. If 0 � γ + 2s < 1, we choose δ such
that γ + 2s + δ � 1 so the second term on the left-hand side absorbs the last term
in (4.3.10) because

‖gε(t)‖Hk
l+(γ+2s+δ)+ (R

6) � ‖gε(t)‖Hk
l+1(R

6).

In conclusion, the choice of μ(t) is mainly for the hard potential.

Completion of proof of Theorem 4.6. Set X (t) = ‖gε(t)‖2
Hk

l (R
6)

and F(t) =∫ t
0 X (τ )(1 + X (τ ))dτ . Since γ + 2s < 1, by (4.3.10) there exists a C > 0 inde-

pendent of ε > 0 such that

X (t)+ κ

2

∫ t

0
‖gε(τ )‖2

Hk
l+1(R

6)
dτ � X (0)+ C F(t). (4.3.11)

Noticing that F ′(t) � (X (0)+ C F(t)) (1 + X (0)+ C F(t)), we have

‖gε(t)‖2
Hk

l (R
6))

�
‖g0‖2

Hk
l (R

6)
eCt

1 − (
eCt − 1

) ‖g0‖2
Hk

l (R
6)

,

as long as the denominator remains positive. We choose T∗ > 0 small enough such
that

eCT∗

1 − (
eCT∗ − 1

) ‖g0‖2
Hk

l (R
6)

= 4.

Then

T∗ = 1

C
log

⎛
⎝1 + 3

1 + 4‖g0‖2
Hk

l (R
6)

⎞
⎠ ,

is independent of ε > 0, but depends on ‖g0‖Hk
l (R

6) and the constant C which
depends on ρ, κ, k and l. Now we have (4.3.2) for T∗∗ = min(T, T∗).

From (4.3.2) and (4.3.11), we get also, for κ > 0,

κ‖gε‖2
L2(]0,T∗∗[; Hk

l+1(R
6))

� 2‖g0‖2
Hk

l (R
6)

(
1 + 2CT∗

(
1 + 2‖g0‖2

Hk
l (R

6)

))
.

(4.3.12)

We have proved Theorem 4.6. ��
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4.4. Convergence and uniqueness

The second step is to prove that, for any 0 < ε < 1, we can extend the approx-
imation solution gε, obtained by Theorem 4.2.1, to a fixed interval ]0, T∗[ with
T∗ > 0 determined in Theorem 4.6 which is independent on ε > 0. This sequence
is then convergent.

Theorem 4.11. Assume that 0 < s < 1/2, γ + 2s < 1, g0 � 0, g0 ∈ Hk
l (R

6) for
some k � 4, l � 3. Let T∗ > 0 be given in Theorem 4.6. Then the Cauchy problem
(4.2.1) admits a unique non-negative solution up to T∗ satisfying

gε ∈ L∞ (
]0, T∗[; Hk

l (R
6)
)

∩ L2
(
]0, T∗[; Hk

l+1(R
6)
)
.

Proof. We recall the notation T = Tε(D0) from Remark 4.4. Then Theorem 4.3
asserts that the Cauchy problem (4.2.1) with initial data g0 admits a unique non-
negative solution

gε1 ∈C0
(
[0, 2T1,ε]; Hk

l (R
6)
)

∩ L2
(
]0, 2T1,ε[; Hk

l+1(R
6)
)
, T1,ε = 1

2
Tε(‖g0‖Hk

l (R
6)
).

If T1,ε � T∗, then the proof is completed. If T1,ε < T∗, then Theorem 4.6 implies

‖gε1(T1,ε)‖Hk
l (R

6) � 2 ‖g0‖Hk
l (R

6).

We now consider the Cauchy problem (4.2.1) with initial data gε(T1,ε). Again
Theorem 4.3 asserts that there exists

T2,ε = 1

2
Tε(2‖g0‖Hk

l (R
6)),

such that the Cauchy problem (4.2.1) admits a unique non-negative solution

gε2 ∈ C0
(
[T1,ε, T1,ε + 2T2,ε]; Hk

l (R
6)
)

∩ L2
(
]T1,ε, T1,ε + 2T2,ε[; Hk

l+1(R
6)
)
.

By uniqueness of solution, we obtain a non-negative solution of the Cauchy problem
(4.2.1),

gε ∈ C0
(
[0, T1,ε + 2T2,ε]; Hk

l (R
6)
)

∩ L2
(
]0, T1,ε + 2T2,ε[; Hk

l+1(R
6)
)
.

If T1,ε + 2T2,ε � T∗, we finish the proof. If T1,ε + 2T2,ε < T∗, we again consider
the Cauchy problem (4.2.1) with initial date gε(T1,ε + T2,ε). Since Theorem 4.6
gives again

‖gε(T1,ε + T2,ε)‖Hk
l (R

6) � 2 ‖g0‖Hk
l (R

6),

the interval of the existence of the solution is the same, that is, 2T2,ε, so that we
can extend the solution to

gε ∈ L∞ (
]0, T1,ε + 3T2,ε[; Hk

l (R
6)
)

∩ L2
(
]0, T1,ε + 3T2,ε[; Hk

l+1(R
6)
)
.
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By iteration, there exists m ∈ N such that

T1,ε + mT2,ε < T∗, T1,ε + (m + 1)T2,ε � T∗,

and we extend the solution up to

gε∈C0
(
[0, T1,ε+(m+1)T2,ε]; Hk

l (R
6)
)
∩L2

(
]0, T1,ε+(m+1)T2,ε[; Hk

l+1(R
6)
)
.

We have proved Theorem 4.11. ��
Theorem 4.11 asserts the existence of an approximation solution sequence

{
gε
}
ε>0 ⊂ C0

(
[0, T∗]; Hk

l (R
6)
)

∩ L2
(
]0, T∗; Hk

l+1(R
6)
)
,

and

‖gε‖L∞(]0,T∗[;Hk
l (R

6)) � 2 ‖g0‖Hk
l (R

6).

This implies that it is a weakly* compact set of L∞(]0, T∗[; Hk
l (R

6)). Let

g ∈ L∞ (
]0, T∗[; Hk

l (R
6)
)
,

be a limit of a subsequence of {gε}ε>0.
On the other hand, by using the equation (4.2.1) and Theorem 2.1, we obtain

‖∂tg
ε‖L∞(]0,T∗[;Hk−1

l−1 (R
6))

� C
(
‖gε‖L∞(]0,T∗[;Hk

l (R
6)) + ‖gε‖2

L∞(]0,T∗[;Hk
l (R

6))

)

� 2C
(

1 + 2‖g0‖Hk
l (R

6)

)
‖g0‖Hk

l (R
6).

Thus, {gε}ε>0 is a compact subset in

C1−δ (]0, T∗[; Hk−1−δ
l−1 (
× R

3
v)
)
,

for any compact bounded open set
 ⊂ R
3
x and for any δ > 0. For the variable v, we

have the weight Wl−1 with l − 1 > 3/2. We can then take the limit in the equation
(4.2.1) and also in the mild form (4.2.5). It is then the case that g is a solution of the
Cauchy problem (4.1.1). The limit g belongs to L2(]0, T∗[; Hk

l+1(R
6)) deduced

from (4.3.12). Now if g0 � 0, Theorem 4.3 implies that gε � 0, so that the limit g
is also non-negative on ]0, T∗[. We have completed the proof for the local existence
of solutions stated in Theorem 4.1.

It remains to prove the uniqueness of solutions in Theorem 4.1. We state it more
precisely as follows.

Proposition 4.12. Assume that 0 < s < 1/2, γ + 2s < 1, 0 < T � T0,m > 3
and g0 � 0, g0 ∈ Hm

3 (R
6). Suppose that the Cauchy problem (4.1.1) admits two

(non-negative) solutions

g1, g2 ∈ C0
(
[0, T ]; Hm

4 (R
6)
)
.

Then g1 ≡ g2.



Non-Cutoff Boltzmann Equation 115

Set f = g1 − g2, by using (4.1.1), we have{
ft + v · ∇x f + κ(1 + |v|2) f = �t (g1, f )+ �t ( f, g2),

f |t=0 = 0.

We can now take W3 f as a test function to get

1

2

d

dt
‖W3 f (t)‖2

L2(R6)
+ κ‖W4 f (t)‖2

L2(R6)

= (
W3�

t (g1, f )+ W3�
t ( f, g2),W3 f

)
L2(R6)

. (4.4.1)

Recall that

�t (g, h) = Q(μ(t)g, h)+
∫

R3
v∗×S2

B
(
μ(t)∗ − μ(t)′∗

)
g′∗h′dv∗dσ.

We estimate the last two terms of (4.4.1) in the following lemma.

Lemma 4.13. Assume that g1 � 0. Then for any ε > 0, there exist constants
Cε > 0 and K (ε, ‖g2‖L∞(]0, T [;Hm

4 (R
6))) > 0 such that

(
W3�

t (g1, f ),W3 f
)

L2(R6)

� ε‖W4 f (t)‖2
L2(R6)

+ Cε‖g1‖2
L∞(]0, T [;Hm

4 (R
6))

‖W3 f (t)‖2
L2(R6)

, (4.4.2)∣∣∣(W3�
t ( f, g2),W3 f

)
L2(R6)

∣∣∣
� ε‖W4 f (t)‖2

L2(R6)
+ K (ε, ‖g2‖L∞(]0, T [;Hm

3 (R
6)))‖W3 f (t)‖2

L2(R6)
. (4.4.3)

Notice that by using the above lemma with ε = κ/4 and (4.4.1), we get

d

dt
‖W3 f (t)‖2

L2(R6)

�
(

C‖g1‖2
L∞(]0, T [;Hm

4 (R
6))

+ K (ε, ‖g2‖L∞(]0, T [;Hm
4 (R

6)))
)

‖W3 f (t)‖2
L2(R6)

.

Then ‖W3 f (0)‖L2(R6) = 0 implies ‖W3 f (t)‖L2(R6) = 0 for all 0 � t � T which
gives Proposition 4.12.

Proof of Lemma 4.13. As for (4.4.2), we have(
W3�

t (g1, f ),W3 f
)

L2(R6)

= (W3 Q(μ(t)g1, f ),W3 f )L2(R6)

+
∫∫∫∫

B(μ(t)∗ − μ(t)′∗)g′
1∗ f ′W 2

3 f dv∗ dσ dv dx

= (Q(μ(t)g1, W3 f ),W3 f )L2(R6)

+ (W3 Q(μ(t)g1, f )− Q(μ(t)g1, W3 f ),W3 f )L2(R6)

+
∫∫∫∫

B(μ(t)∗ − μ(t)′∗)g′
1∗ (W3 f )′ W3 f dv∗ dσ dv dx

+
∫∫∫∫

B(μ(t)∗ − μ(t)′∗)g′
1∗
(
W3 − W ′

3

)
f ′W3 f dv∗ dσ dv dx

= D1 + D2 + D3 + D4.
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The term D1 is similar to B1 in the proof of Proposition 4.8. By using μ(t)g1 � 0,
we have

D1 � C‖g1(t)‖H3/2+δ(R6
x, v)

‖ f (t)‖L2
3(R

6
x, v)

‖ f (t)‖L2
3+γ+ (R6

x, v)
,

for some small δ > 0. The term D2 is similar to B2 and we can obtain

|D2| � C‖g1(t)‖H3/2+δ(R6
x,v)

‖ f (t)‖L2
3(R

6
x,v)

‖ f (t)‖L2
3+γ+ (R6

x,v)
.

The terms D3, D4 are similar to I1, I2 in the proof of Proposition 4.9. Namely

|D3| + |D4| � C‖g1(t)‖H6/2+δ
3+(γ+2s+δ)+ (R

6
x, v)

‖ f (t)‖L2
3(R

6
x, v)

‖ f (t)‖L2
3+(γ+2s+δ)+ (R

6
x, v)
.

Thus, for any 0 < t � T and m > 3, we have
(
W3�

t (g1, f ),W3 f
)

L2(R6)

� C‖g1‖L∞(]0,T [;Hm
4 (R

6
x, v))

‖W3 f (t)‖L2(R6
x, v)

‖W4 f (t)‖L2(R6
x, v)
,

which implies (4.4.2). The left-hand side of (4.4.3) can be written as
(
W3 �

t ( f, g2),W3 f
)

L2(R6)

= (W3 Q(μ(t) f, g2),W3 f )L2(R6)

+
∫∫∫∫

B (μ(t)∗ − μ(t)′∗) f ′∗g′
2W 2

3 f dv∗ dσ dv dx

= (W3 Q(μ(t) f, g2),W3 f )L2(R6)

+
∫∫∫∫

B (μ(t)∗ − μ(t)′∗) f ′∗ (W3g2)
′ W3 f dv∗ dσ dv dx

+
∫∫∫∫

B (μ(t)∗ − μ(t)′∗) f ′∗
(
W3 − W ′

3

)
g′

2W3 f dv∗ dσ dv dx

= E1 + E2 + E3.

Using Corollary 2.5 with m = 0, l = 3 gives

|E1| �
∫

R3
x

‖W3 Q(μ(t) f, g2)‖L2(R3
v)

‖W3 f ‖L2(R3
v)

dx

� C
∫

R3
x

‖μ(t) f ‖L1
3+(γ+2s)+ (R

3
v)

‖g2‖H2s
3+(γ+2s)+ (R

3
v)

‖W3 f ‖L2(R3
v)

dx

� C‖g2‖L∞(]0,T [×R3
x ; H2s

3+(γ+2s+δ)+ (R
3
v))

‖ f (t)‖L2(R6)‖W3 f (t)‖L2(R6)

� C‖g2‖L∞(]0,T [; H3/2+2s+δ
3+(γ+2s+δ)+ (R

3
v))

‖W3 f (t)‖2
L2(R6)

.

The term E2 is similar to D3, and we have

|E2| � C‖ f (t)‖L2(R3
x ; L1

(γ+2s+δ)+ (R
3
v))

‖g2‖L∞(]0,T [×R3
x ; L2

3+γ+ (R3
v))

‖W3 f (t)‖L2(R6)

� C‖ f (t)‖L2
3/2+δ+(γ+2s+δ)+ (R

6))‖g2‖L∞(]0,T [; H3/2+δ
3+γ+ (R6))

‖W3 f (t)‖L2(R6)

� C‖g2‖L∞(]0,T [; H3/2+δ
4 (R6))

‖W3 f (t)‖2
L2(R6))

.
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For the term E3, we can use (2.1.14) with l = 3. Then

|E3| �
∫∫∫∫

b(cos θ) 〈v − v∗〉γ |μ(t)∗ − μ(t)′∗| | f ′∗|
× ∣∣W3 − W ′

3

∣∣ |g′
2| |W3 f |dv∗ dσ dv dx

� C
∫∫∫∫

sin

(
θ

2

)
b(cos θ)|(W1+γ+ f )′∗| |(W3+γ+g2)

′| |W3 f | dv∗ dσ dv dx

+C
∫∫∫∫

sin3
(
θ

2

)
b(cos θ)μ′∗(t)|(W3+γ+ f )′∗| |(Wγ+g2)

′| |W3 f | dv∗ dσ dv dx

+C
∫∫∫∫

sin3
(
θ

2

)
b(cos θ) μ∗(t)|(W3+γ+ f )′∗| |(Wγ+g2)

′| |W3 f | dv∗ dσ dv dx

= E3,1 + E3,2 + E3,3.

Since 0 < 2s < 1 is assumed, for any ε > 0 there exists Cε > 0 such that

|E3,1| � C
∫

R3
x

‖ f (t, x, ·)‖L1
1+γ+ (R3

v)
‖g2(t, x, ·)‖L2

4(R
3
v)

‖ f (t, x, ·)‖L2
3(R

3
v)

dx

� C‖ f (t)‖L2(R3
x ; L1

1+γ+ (R3
v))

‖g2‖L∞(]0,T [×R3
x ; L2

4(R
3
v))

‖ f (t)‖L2
3(R

6
x,v)

� C‖ f (t)‖L2
3/2+δ+1+γ+ (R6

x,v)
‖g2‖L∞(]0,T [; H3/2+δ

4 (R6
x,v))

‖ f (t)‖L2
3(R

6
x,v)

�
(
ε‖W4 f (t)‖2

L2(R6
x,v)

+ Cε‖W3 f (t)‖2
L2(R6

x,v)

)
‖g2‖L∞(]0,T [; H3/2+δ

4 (R6
x,v))

.

Similarly

|E3,2|�C
∫

R3
x

‖μ(t) f (t, x, ·)‖L1
1+γ+ (R3

v)
‖g2(t, x, ·)‖L2

γ+ (R3
v)

‖ f (t, x, ·)‖L2
3(R

3
v)

dx

�C‖g2‖L∞(]0,T [; H3/2+δ
4 (R6

x,v))
‖ f (t)‖L2(R6

x,v)
‖W3 f (t)‖L2(R6

x,v)
.

Since 3/2 + (3 + γ+) > 4, we cannot estimate E3,3 in the same way as for E3,2.
Instead, we have

|E3,3| � C‖Wγ+g2‖L∞(]0,T [×R6
x,v)

×
∫∫∫∫

θ3b(cos θ) μ∗(t)|(W3+γ+ f )′∗| | |W3 f | dv∗ dσ dv dx

� C‖g2‖L∞(]0,T [; H3+δ
3 (R6

x,v))

∫
R3

x

(∫∫∫
θ1b(cos θ) μ∗(t)|W3 f |2 | dv∗ dσ dv

) 1
2

×
(∫∫∫

θ5b(cos θ) μ∗(t)|(W3+γ+ f )′∗|2 | dv∗ dσ dv

) 1
2

dx .

We now take the singular change of variables v′∗ → v. The Jacobian is computed in
(2.1.20) which is of the order of θ−2. Then this singular change of variables yields

∫∫∫
θ5b(cos θ)μ∗(t)|(W3+γ+ f )′∗|2 | dv∗ dσ dv

� C
∫∫

D1(v∗, v′∗)μ∗(t)|(W3+γ+ f )′∗|2 | dv∗ dv′∗,
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with D1(v∗, v′∗) = ∫
S2 θ

5−2b(cos θ)dσ � C
∫ π/2
π/4 (

π
2 − ψ)−2−2s+5−2dψ � C .

Hence ∫∫∫
θ5b(cos θ)μ∗(t)|(W3+γ+ f )′∗|2 | dv∗ dσ dv

� C‖μ(t)‖L1(R3
v)

‖W3+γ+ f (t, x, ·)‖2
L2(R3

v)
.

Therefore,

|E3,3| � C‖g2‖L∞(]0,T [; H3+δ
4 (R6

x,v))
‖W3 f ‖L2(R6

x,v)
‖W3+γ+ f ‖L2(R6

x,v)
.

By combining the estimates on E1, E2, E3, we have proved (4.4.3). Now the proof
of Lemma 4.13 is complete. ��

4.5. Proof of Theorem 1.2

Assume that f0 ∈ Ek0
0 (R

5). Then there exists ρ0 > 0 such that eρ0〈v〉2
f0 ∈

Hk0(R6). Choose 0 < ρ < ρ0 and κ > 0 small enough. By setting g0 = e ρ〈v〉2
f0,

then g0 ∈ Hk0
l (R

6) for all l ∈ N. Theorem 4.1 asserts that the Cauchy problem
(4.1.1) with the initial datum g0 admits a non-negative local solution

g ∈ C0
(
[0, T∗]; Hk0

l (R
6)
)⋂

L2
(
]0, T∗[; Hk0

l+1(R
6)
)
, ∀l ∈ N,

with T∗ ∈]0, T0] (T0 = ρ
2κ ). Then

f (t, x, v) = e−(ρ−κt)〈v〉2
g(t, x, v) ∈ C0

(
[0, T∗]; Hk0

l (R
6)
)

⋂
L2
(
]0, T∗[; Hk0

l (R
6)
)
, ∀l ∈ N,

is a non-negative solution of the Cauchy problem (1.4). Since for 0 � t � T∗ � T0,

e
ρ
2 〈v〉2

f ∈ C0
(
[0, T∗]; Hk0(R6)

)
, (4.5.1)

we can conclude f ∈ Ek0([0, T∗]× R
6
x,v), which leads to the local existence stated

in Theorem 1.2.
Suppose now for some f0 ∈ E4

0 (R
5), the Cauchy problem (1.4) admits two

solutions f1 ∈ E4([0, T1] × R
6
x,v) and f2 ∈ E4([0, T2] × R

6
x,v). This implies that

there exist ρ0, ρ1, ρ2 > 0 such that

eρ0〈v〉2
f0 ∈ H4(R6),

and

eρ1〈v〉2
f1 ∈ C0

(
[0, T1]; H4(R6)

)
, eρ2〈v〉2

f2 ∈ C0
(
[0, T2]; H4(R6)

)
.

Take 0 < ρ < min{ρ0, ρ1, ρ2} and κ > 0 sufficiently small such that ρ
2κ > T∗∗ =

min{T1, T2}. Then we have

g0 = eρ〈v〉2
f0 ∈ H4

l (R
6),
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for any l ∈ N, and

g1 = e(ρ−κt)〈v〉2
f1 ∈ C0

(
[0, T∗∗]; H4

l (R
6)
)
,

g2 = e(ρ−κt)〈v〉2
f2 ∈ C0

(
[0, T∗∗]; H4

l (R
6)
)
,

are two solutions of the Cauchy problem (4.1.1) with the common initial datum g0.
Then Proposition 4.12 gives g1 = g2, so that f1 = f2 for t ∈ [0, T∗∗]. Now the
uniqueness of solutions stated in Theorem 1.2 is obvious since T1 = T2 = T∗∗.

On the other hand, in view of (4.5.1), ‖ f (t, x, · )‖L1 is continuous for (t, x) ∈
[0, T∗] × R

3
x . Therefore, if for a compact K ⊂ R

3, we have

inf
x∈K

‖ f0(x, ·)‖L1 = c0 > 0,

then there exist 0 < T̃0 � T∗ and a closed neighborhood of K denoted by V0 in R
3
x

such that

inf
(t,x)∈[0,T̃0]×V0

‖ f (t, x, · )‖L1 � c0

2
.

Now Theorem 1.1 implies that

f ∈
⋂
l∈N

H+∞
l

(
]0, T̃0[×V0 × R

3
v

)
⊂ C∞ (

]0, T̃0[×V0;S(R3
v)
)
.

It remains to prove the uniqueness of solutions of Theorem 1.2 in the soft
potential case γ � 0. In this case, uniqueness of solution can be proved in a larger
functional space. We state it as follows.

Proposition 4.14. Assume that 0 < s < 1/2, γ � 0, 0 < T � +∞ and m >

2s + 3/2, l > 2s + 3/2. Let f0 � 0, f0 ∈ Hm
l+2s(R

6). Suppose that the Cauchy
problem (1.4) admits two non-negative solutions

f1, f2 ∈ L∞(]0, T [; Hm
l+2s(R

6)).

Then f1 ≡ f2.

Proof. The proof is similar to the one for Proposition 4.12. Set F = f1 − f2, by
using (1.4), we have

{
Ft + v · ∇x F = Q( f1, F)+ Q(F, f2),

F |t=0 = 0.

We can now take Wl F as a test function to have

1

2

d

dt
‖F(t)‖2

L2
l (R

6)
= (Wl Q( f1, F)+ Wl Q(F, f2),Wl F)L2(R6) .

Since f1 � 0 andγ � 0, similar to the analysis on B1 in the proof of Proposition 4.8,
we have

(Q( f1, Wl F),Wl F)L2(R6) � C‖ f1(t)‖L∞(R3
x ; L1(R3

v))
‖F(t)‖2

L2
l (R

6
x, v)
.
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Using (2.1.16) with γ+ = 0 gives
∣∣(Wl Q( f1, F)− Q( f1,Wl F),Wl F)L2(R6)

∣∣
� C‖ f1(t)‖L∞(R3

x ; L2
l (R

3
v))

‖F(t)‖2
L2

l (R
6
x,v)
,

and
∣∣(Wl Q(F, f2)− Q(F, Wl f2),Wl F)L2(R6)

∣∣
� C‖F(t)‖L2

l (R
6
x, v)

‖ f2(t)‖L∞(R3
x ; L2

l (R
3
v))

‖F(t)‖L2
l (R

6
x, v)
.

Finally, for l > 3/2 + 2s, we have
∣∣(Q(F, Wl f2),Wl F)L2(R6)

∣∣
� C‖Q(F, Wl f2)‖L2(R6)‖F(t)‖L2

l (R
6)

� ‖F(t)‖L2
l (R

6)

(∫
R3

x

‖F(t, x, · )‖2
L1

2s (R
3
v)

‖ f2(t, x, · )‖2
H2s

l+2s (R
3
v)

)1/2

� C‖F(t)‖2
L2

l (R
6)

‖ f2(t)‖L∞(R3
x ; H2s

l+2s (R
3
v))
.

Thus, we have, for any 0 < t < T and δ > 0 small enough,

d

dt
‖F(t)‖2

L2
l (R

6)

� C
(
‖ f1‖L∞(]0,T [;H3/2+δ

l (R6
x,v))

+ ‖ f2‖L∞(]0,T [;H3/2+δ+2s
l+2s (R6

x,v))

)
‖F(t)‖2

L2
l (R

6)
.

Therefore, ‖F(0)‖L2
l (R

6) = 0 implies ‖F(t)‖L2
l (R

6) = 0 for all t ∈ [0, T [. ��

Acknowledgments. The authors would like to express their sincere thanks to the referee
for his valuable comments. The research of the second author was supported by Grant-
in-Aid for Scientific Research No.18540213, Japan Society of the Promotion of Science.
The last author’s research was supported by the General Research Fund of Hong Kong,
CityU#102606. Finally, the authors would like to thank the financial support of City Uni-
versity of Hong Kong, Kyoto University and Wuhan University during each of their stays,
mainly starting from 2006. This support has enabled us to develop the final conclusion
through our previous papers.

References

1. Alexandre, R.: Around 3D Boltzmann operator without cutoff. A New formulation.
Math. Modelling Numer. Anal. 343, 575–590 (2000)

2. Alexandre, R.: Some solutions of the Boltzmann equation without angular cutoff.
J. Stat. Phy. 104, 327–358 (2001)

3. Alexandre, R.: Integral estimates for linear singular operator linked with Boltzmann
operator. Part I. Small singularities 0 < ν < 1. Indiana Univ. Math. J. 55, 1975–2021
(2006)

4. Alexandre, R., Desvillettes, L., Villani, C., Wennberg, B.: Entropy dissipation
and long-range interactions. Arch. Ration. Mech. Anal. 152, 327–355 (2000)



Non-Cutoff Boltzmann Equation 121

5. Alexandre, R., He, L.: Integral estimates for a linear singular operator linked with
Boltzmann operator. Part II. High singularities 1 � ν < 2. Kinet. Relat. Models 1,
491–514 (2008)

6. Alexandre, R., Morimoto, Y., Ukai, S., Xu, C.-J., Yang, T.: Uncertainty principle
and regularity for Boltzmann type equations. C. R. Acad. Sci. Paris, Ser. I 345, 673–677
(2007)

7. Alexandre, R., Morimoto, Y., Ukai, S., Xu, C.-J., Yang, T.: Uncertainty principle
and kinetic equations. J. Funct. Anal. 255, 2013–2066 (2008)

8. Alexandre, R., ElSafadi, M.: Littlewood Paley decomposition and regularity issues
in Boltzmann equation homogeneous equations. I. Non cutoff and Maxwell cases. Math.
Models Methods Appl. Sci. 15, 907–920 (2005)

9. Alexandre, R., ElSafadi, M.: Littlewood Paley decomposition and regularity issues
in Boltzmann homogeneous equations. II. Non cutoff and non Maxwell cases. DCDS,
special issue (to appear)

10. Alexandre, R., Villani, C.: On the Boltzmann equation for long-range interaction.
Commun. Pure Appl. Math. 55, 30–70 (2002)

11. Alexandre, R., Villani, C.: The Landau approximation in plasma physics. Ann. IHP.
Analyse Non Lin. 21, 61–95 (2004)

12. Arkeryd, L.: Intermolecular forces of infinite range and the Boltzmann equation. Arch.
Ration. Mech. Anal. 77, 11–21 (1981)

13. Bobylev, A.: The theory of nonlinear, spatially uniform Boltzmann equation for
Maxwell molecules. Sov. Sci. Rev. C. Math. Phys. 7, 111–233 (1988)

14. Bony, J.-M.: Calcul symbolique et propagation des singularités pour les équations aux
dérivées partielles non linéaires. Annales de l’École Normale Supérieure 14, 209–246
(1981)

15. Bouchut, F.: Hypoelliptic regularity in kinetic equations. J. Math. Pure Appl. 81,
1135–1159 (2002)

16. Cercignani, C.: The Boltzmann equation and its applications. Applied Mathematical
Sciences, Vol. 67. Springer, Berlin, 1988

17. Cercignani, C., Illner, R., Pulvirenti, M.: The Mathematical theory of Dilute gases.
Applied Mathematical Sciences, Vol. 106. Springer, New York, 1994

18. Chen, H., Li, W.-X., Xu, C.-J.: Propagation of Gevrey regularity for solutions of Landau
equations. Kinet. Relat. Models 1, 355–368 (2008)

19. Chen, Y.: Smoothness of classical solutions to the Vlasov–Poisson–Landau System.
Kinet. Relat. Models 1(3), 369–386 (2008)

20. Chen, Y., Desvillettes, L., He, L.: Smoothing effects for classical solutions of the
full Landau equation. Arch. Ration. Mech. Anal. 193, 21–55 (2009)

21. Desvillettes, L.: About the regularization properties of the non cut-off Kac equation.
Commun. Math. Phys. 168, 417–440 (1995)

22. Desvillettes, L.: Regularization properties of the 2-dimensional non radially symmet-
ric non cutoff spatially homogeneous Boltzmann equation for Maxwellian molecules.
Trans. Theory Stat. Phys. 26–3, 341–357 (1997)

23. Desvillettes, L.: About the use of the Fourier transform for the Boltzmann equation.
In: Summer School on “Methods and Models of Kinetic Theory” (M& MKT 2002).
Riv. Mat. Univ. Parma (7)(2), 1–99 (2003)

24. Desvillettes, L., Furioli, G., Terraneo, E.: Propagation of Gevrey regularity for
solutions of Boltzmann equation for Maxwellian molecules. Trans. Am. Math. Soc. (to
appear)

25. Desvillettes, L., Villani, C.: On the spatially homogeneous Landau equation for
hard potentials. Part I. Existence, uniqueness and smoothness. Commun. Partial Differ.
Equ. 25-1-2, 179–259 (2000)

26. Desvillettes, L., Wennberg, B.: Smoothness of the solution of the spatially homoge-
neous Boltzmann equation without cutoff. Commun. Partial Differ. Equ. 29-1-2, 133–
155 (2004)



122 R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu & T. Yang

27. DiPerna, R.J., Lions, P.L.: On the Cauchy problem for Boltzmann equations: global
existence and weak stability. Ann. Math. 130, 321–366 (1989)

28. Duan, R.J., Li, M.-R., Yang, T.: Propagation of singularities in the solutions to the
Boltzmann equation near equilibrium. Math. Models Methods Appl. Sci. 18, 1093–1114
(2008)

29. Fefferman, C.: The uncertainty principle. Bull. Am. Math. Soc. 9, 129–206 (1983)
30. Guo, Y.: The Landau equation in a periodic box. Commun. Math. Phys. 231, 391–434

(2002)
31. Grad, H.: Asymptotic Theory of the Boltzmann Equation II. Rarefied Gas Dynamics,

Vol. 1 (Eds. Laurmann J.A.). Academic Press, New York, 26–59, 1963
32. Huo, Z.H., Morimoto, Y., Ukai, S.,Yang, T.: Regularity of solutions for spatially

homogeneous Boltzmann equation without Angular cutoff. Kinet. Relat. Models 1,
453–489 (2008)

33. Kumano-go, H.: Pseudo-Differential Operators. MIT Press, Cambridge, 1982
34. Lions, P.L.: Regularity and compactness for Boltzmann collision operator without angu-

lar cut-off. C. R. Acad. Sci. Paris Series I 326, 37–41 (1998)
35. Morimoto, Y.: The uncertainty principle and hypoelliptic operators. Publ. RIMS Kyoto

Univ. 23, 955–964 (1987)
36. Morimoto, Y.: Estimates for degenerate Schrödinger operators and hypoellipticity for

infinitely degenerate elliptic operators. J. Math. Kyoto Univ. 32, 333–372 (1992)
37. Morimoto, Y., Morioka, T.: The positivity of Schrödinger operators and the hypo-

ellipticity of second order degenerate elliptic operators. Bull. Sc. Math. 121, 507–547
(1997)

38. Morimoto, Y., Ukai, S., Xu, C.-J., Yang, T.: Regularity of solutions to the spatially
homogeneous Boltzmann equation without angular cutoff. Discret. Contin. Dyn. Syst.
Ser. A 24, 187–212 (2009)

39. Morimoto, Y., Xu, C.-J.: Hypoelliticity for a class of kinetic equations. J. Math. Kyoto
Univ. 47, 129–152 (2007)

40. Morimoto, Y., Xu, C.-J.: Ultra-analytic effect of Cauchy problem for a class of kinetic
equations. J. Differ. Equ. 247, 596–670 (2009)

41. Mouhot, C., Strain, R.M.: Spectral gap and coercivity estimates for linearized
Boltzmann collision operators without angular cutoff. J. Math. Pures Appl. (9) 87(5),
515–535 (2007)

42. Pao, Y.P.: Boltzmann collision operator with inverse power intermolecular potential, I,
II. Commun. Pure Appl. Math. 27, 407–428, 559–581 (1974)

43. Ukai, S.: Local solutions in Gevrey classes to the nonlinear Boltzmann equation without
cutoff. Japan J. Appl. Math. 1-1, 141–156 (1984)

44. Ukai, S.: Solutions of the Boltzmann equation. Pattern and Waves—Qualitave Analy-
sis of Nonlinear Differential Equations, Studies of Mathematics and Its Applications,
Vol. 18. (Eds. Mimura M. and Nishida T.). Kinokuniya-North-Holland, Tokyo, 37–96,
1986

45. Villani, C.: On a new class of weak solutions to the spatially homogeneous Boltzmann
and Landau equations. Arch. Ration. Mech. Anal. 143, 273–307 (1998)

46. Villani, C.: A review of mathematical topics in collisional kinetic theory. Handbook of
Mathematical Fluid Dynamics, Vol. 1 (Eds. Friedlander S. and Serre D.). North-Holland,
Amsterdam, 71–305, 2002

47. Xu, C.-J.: Nonlinear microlocal analysis. General theory of partial differential equa-
tions and microlocal analysis. Trieste, 1995, pp. 155–182. Pitman Res. Notes Math. Ser.,
Vol. 349. Longman, Harlow, 1996



Non-Cutoff Boltzmann Equation 123

IRENAV Research Institute, French Naval Academy,
29290 Brest-Lanvéoc, France.

e-mail: radjesvarane.alexandre@ecole-navale.fr

and

Graduate School of Human and Environmental Studies, Kyoto University,
Kyoto 606-8501, Japan.

e-mail: morimoto@math.h.kyoto-u.ac.jp

and

17-26 Iwasaki-cho, Hodogaya-ku, Yokohama 240-0015, Japan.
e-mail: ukai@kurims.kyoto-u.ac.jp

and

Université de Rouen, UMR 6085-CNRS Mathématiques,
76801 Saint-Etienne du Rouvray, France.

and

School of Mathematics, Wuhan University,
430072 Wuhan, China.

e-mail: Chao-Jiang.Xu@univ-rouen.fr

and

Department of Mathematics, City University of Hong Kong,
Hong Kong, People’s Republic of China.

e-mail: matyang@cityu.edu.hk

(Received July 10, 2009 / Accepted December 16, 2009)
Published online January 28, 2010 – © Springer-Verlag (2010)


	Regularizing Effect and Local Existence for the Non-Cutoff Boltzmann Equation
	Abstract
	1 Introduction
	2 Pseudo-differential calculus
	2.1 Upper bound estimates 
	2.2 Coercivity estimates
	2.3 Commutator estimates

	3 Regularizing effect
	3.1 Initialization
	3.2 Gain of regularity in v 
	3.3 Gain of regularity in (t, x)
	3.4 Proof of Theorem 1.1

	4 Existence and uniqueness of local solutions
	4.1 Modified Cauchy Problem
	4.2 Cutoff approximations
	4.3 Uniform estimate
	4.4 Convergence and uniqueness
	4.5 Proof of Theorem 1.2

	Acknowledgments.
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


