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Abstract: We prove the global existence and uniqueness of classical solutions around an
equilibrium to the Boltzmann equation without angular cutoff in some Sobolev spaces.
In addition, the solutions thus obtained are shown to be non-negative and C* in all
variables for any positive time. In this paper, we study the Maxwellian molecule type
collision operator with mild singularity. One of the key observations is the introduc-
tion of a new important norm related to the singular behavior of the cross section in
the collision operator. This norm captures the essential properties of the singularity and
yields precisely the dissipation of the linearized collision operator through the celebrated
H-theorem.
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1. Introduction

We consider the Cauchy problem for the inhomogeneous Boltzmann equation

fitv-Vif =0 ), fli=o = fo. (1.1)

where f = f(¢, x, v) is the density distribution function of particles, having position
x € R’ and velocity v € R? at time 7. Here, the right hand side of (1.1) is given by
the Boltzmann bilinear collision operator, which is given in the classical o —representa-
tion by

Q(g,f)=/ / B —v.0) {g,f — g f}dodv,,
R3 JS2

where f] = f(@t,x,v)), f/ = f(t,x,V), fx = f(t,x,v0), f = f(t,x,v), and for
oeS?,

;o Ve U — vy , U+ Uy [V — vy
—+ —0, v, = o

2 2 T2 2
which gives the relation between the post and pre collisional velocities. Recall that
we have conservation of momentum and kinetic energy, that is, v + v, = v’ + v}, and
]2 + |ve]? = V]2 + |v;|2. The kernel B is the cross-section which can be computed in
different physical settings.

In particular, the non-negative cross section B(z, o) depends only on |z| and the
scalar product (é, o). In most cases, the kernel B cannot be expressed explicitly, but
to capture its main properties, one may assume that it takes the form

— Uy

B(Jv — vy, cos0) = O (Jv — vi|)b(cosb), cos9=<|v B
vV — Uy

a>, 05955.
2

An important example is the inverse power law potential p~" with r > 1, p being the
distance between two particles, in which the cross section has a kinetic factor given by

Qv —viD) -y, y=1- =



The Boltzmann Equation Without Angular Cutoff 515

and a factor related to the collision angle containing a singularity,
b(cosO) ~ KO 2> when 6 — 0+,

for some constants K > 0and 0 < s = % < 1.

Thecaseswith1 < r <4, r =4andr > 4 correspond to so-called soft, Maxwellian
molecule and hard potentials respectively. In the following discussion, this type of cross
sections, with the parameters y and s given above, will be kept in mind.

As a fundamental equation in kinetic theory and a keystone in statistical physics, the
Boltzmann equation has attracted, and is still attracting, a lot of research investigations
since its derivation in 1872.

A large number of mathematical works have been performed under Grad’s cutoff
assumption, avoiding the non-integrable angular singularity of the cross-sections, see
for example [22,23,34,39,40,46,48,49,67,68] to cite only a few, further references
being given in the review [70,73].

However, except for the hard sphere model, for most of the other molecule interaction
potentials, such as the inverse power laws recalled above, the cross section B(v — vy, 0)
is a non-integrable function in angular variable and the collision operator Q(f, f) is a
nonlinear singular integral operator velocity variable.

By no means to be complete, let us now review some previous works related to the
Boltzmann equation in the context of such singular (or non-cutoff) cross-sections. For
other references and comments, readers are referred to [5,73].

The mathematical study for the Boltzmann equation, without assuming Grad’s cutoff
assumption, can be traced back at least to the work by Pao in the 1970s [64] which is about
the spectrum of the linearized operator. In the 1980s, the existence of weak solutions
to the spatially homogeneous case was proved by Arkeryd in [17] for the mild singular
case, that is, when 0 < s < % and by using an abstract Cauchy-Kovalevskaya theorem,
Ukai in [69] proved the local existence of solutions to both the spatially homogeneous
and inhomogeneous equations, in the space of functions which are analytic in x and
Gevrey in v.

For a long time, the mathematical study of singular cross-sections was limited to
these results and a few others, most of them related to the spatially homogeneous case
concerning only the existence. An important step was initiated by the works of Desvil-
lettes and his collaborators in the 1990s, showing partial regularization results for some
simplified kinetic models, cf. [26-29,31,33,72].

After the well known result of DiPerna and Lions [34] for the cutoff case, Lions was
able to show the gain of regularity of solutions in the Landau case [50], which is a model
arising as a grazing limit of the Boltzmann equation. It was then expected that this kind
of singular cross sections should lead to smoothing effect on solutions, that is, the solu-
tions have higher regularity than the initial data. For example, it should be similar to the
case when one replaces the collision operator in the Boltzmann equation by a fractional
Laplacian in the velocity variable, that is, a fractional Kolmogorov-type equation [61].

Certainly, the results of Lions [51] and Desvillettes [27-29] have influenced the
research in this direction. It is therefore not surprising that a systematic approach, using
the entropy dissipation and/or the smoothing property of the gain part of the collision
operator, was initiated and has been developed to an almost optimal stage through the
efforts of many researchers, such as Alexandre, Bouchut, Desvillettes, Golse, Lions,
Villani and Wennberg. The underlying tools have proved to be very useful for the study
on the mathematical theory regarding the regularizing effect for the spatially homo-
geneous problems for which the theory can now be considered as quite satisfactory,
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cf. [6-16,24,29,30,32,47,59,60,71], and the references therein, see also for a much
more detailed discussion [5].

Compared to the spatially homogeneous problems, the original spatially inhomoge-
neous Boltzmann equation is of course physically more interesting and mathematically
more challenging. For the existence of weak solutions, we mention two results regarding
the Cauchy problem. One is about the local existence between two moving Maxwellians
proved in [3] by constructing the upper and lower solutions, another is the global exis-
tence of renormalized solutions with defect measures shown in [16] where the solutions
become weak solutions if the defect measures vanish. On the other hand, the local exis-
tence of classical solutions was proved in [12] in some weighted Sobolev spaces.

However, in view of the above available results, the mathematical theory for non-
cutoff cross-sections is so far not satisfactory. This is in sharp contrast to the cutoff case,
for which the theories have been well developed, see [19-21,34,36,46,52,53,67,68,70]
and the references therein.

For the study of the regularizing effect, one of the main difficulties comes from the
coupling of the transport operator with the collision operator, which is similar to the
Landau equation studied in [25]. To overcome this difficulty, a generalized uncertainty
principle a la Fefferman [38] (see also [56—58]) was introduced in [8,9] for the study of
smoothing effects of the linearized and spatially inhomogeneous Boltzmann equation
with non-cutoff cross-sections.

In order to complete the full regularization process, recently, in [12], by using suitable
pseudo-differential operators and harmonic analysis, we have developed sharp coercivity
and upper bounds of the collision operators in Sobolev space, together with the estima-
tion on the commutators with these pseudo-differential operators. More precisely, in
[10-12], for classical solutions, we established the hypo-ellipticity of the Boltzmann
operator, using a generalized version of the uncertainty principle.

The present work is a continuation of our collaborative program since 2006 [9—12].
Comparing to the cutoff case, we aim to settle a mathematical framework similar to
the studies first proved by Ukai, see [67,68], and fitted into an energy method by Liu
and collaborators [52,53] and Guo [46] which has led to a clean theory for the Cauchy
problem in the cutoff case, for solutions close to a global equilibrium.

In this paper, we will establish the global existence of non-negative solutions in some
Sobolev space for the Boltzmann equation near a global equilibrium and prove the full
regularity in all variables for any positive time.

As mentioned in the abstract, one of the main ingredients in the proof is the introduc-
tion of a new non-isotropic norm which captures the main feature of the singularity in
the cross-section. This new norm is in fact the counterpart of the coercive norm which
was introduced by Guo [45] as an essential step for Landau equation.

It is not known if there is any equivalence of this norm to some Sobolev norm, in
contrast to the case of the Landau equation. However, since it is designed to be equiva-
lent to, and to have much simpler expression than, the Dirichlet form of the linearized
collision operator, this norm not only works extremely well for the description of the
dissipative effect of the linearized collision operator through the H-theorem, but also
well fits for the upper bound estimation on the nonlinear collision operator. Here, we
would like to mention the work by Mouhot and Strain [62,63] about the gain of moment
in a linearized context due to the singularity in the cross-section. Such a gain of moment
which is well described by the new non-isotropic norm is in fact crucial for the proof of
the global existence.
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We now come back to the problem considered in this paper. To make the presentation
as simple as possible, and to concentrate on the singularity of the grazing effect, we
shall study the Maxwellian molecule type cross-sections with mild singularity, that is,
the case when

B(|v — vy|, cos0) = b(cosh), cosf = VT U L o), 05952,
[V — vy 2
and
b(cos®) ~ KO, 6 — 0, (1.2)

with0 < s < % The general case will be left to our future work.

In order to prove the global existence, we need to use the complete dissipative effect
of the collision operator. Similar to the angular cutoff case, such dissipative effect can
be fully represented by the dissipation of the linearized collision operator on the micro-
scopic component of the solution through the H-theorem.

Thus, as usual, we consider the Boltzmann equation around a normalized Maxwellian
distribution

[v[?

e 2.

[STIo%)

n() = 2m)~

Since w is the global equilibrium state satisfying O (i, n) = 0, by setting f = u+.,/ug,
we have

Qu+/ng, n+/mg) =0, Jug)+0(/ng, W+ 0W/ig, Jing).

Denote

T(g, h)=pu '? Qi g, Jich).

Then the linearized Boltzmann operator takes the form

Le=Lig+Lrg=-T(/w, g —T(g, V).

And the original problem (1.1) is now reduced to the Cauchy problem for the perturba-
tion g,

[gt+v-vxg+ﬁgzr(g’ 8, t>0; (1.3)

glr=0 = go-

This problem will be considered in the following weighted Sobolev spaces. For
k, £ e, set

HERS,) = [f e SRS, WS e @S,
where R;U = Ri X Rf} and W8 (v) = ()¢ = (1 +|v|?)*/? is the weight with respect to

the velocity variable v € R3.
The main theorem can be stated as follows.



518 R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu, T. Yang

Theorem 1.1. Assume that the cross-section satisfies (1.2) with 0 < s < 1/2. Let
g0 € H;(Rf’)for some k > 3,¢ > 3 and

fo(x,v) = u+/iwgolx,v) > 0.

Then there exists &g > 0, such that if ”gO”H[l‘(Rﬁ) < &, the Cauchy problem (1.3)

admits a unique global solution
g € L=([0, +oo[; HF(R®)).
Moreover, f(t,x,v) = u+ ﬁ g(t,x,v) > 0and
g € C(]0, +oo[ xR%).

Actually, for the uniqueness, we can prove the following stronger result, which might
be of independent interest. Note that here we do not need to assume that f is a small
perturbation of .

Theorem 1.2. Under the same condition on the cross-section, for 0 < T < 400
and 1 > 2s +7/2, let fo > 0, fo € LR HY(R3)). Suppose that fi, f» €
L*°(0, T[xRi; Hffz (R%)) are two solutions to the Cauchy problem (1.1). If one solu-
tion is non-negative, then f1 = fo.

Throughout this paper, we assume that the cross-section satisfies the condition (1.2)
with 0 < s < 1/2 except otherwise stated.

The rest of the paper will be organized as follows. In the next section, we will intro-
duce a new non-isotropic norm and prove some essential coercivity and upper bound
estimates on the collision operators with respect to this new norm. In order to study the
gain of regularity of the solution, we need to apply some pseudo-differential operators
on the Boltzmann equation. For this purpose, in Sect. 3, we study the commutators of
the collision operators with the pseudo-differential operators. In Sect. 4, we will apply
the energy method for the Boltzmann equation and obtain the local existence theorem.
In Sect. 5, we will study the uniqueness and the non-negativity of the solutions. This
new method for proving non-negativity can be applied to the case with angular cutoff.
For more detailed discussion on the non-negativity problem, refer to [15]. In Sect. 6,
the full regularity is proved along the approach of [12]. Finally, the global existence of
the solution will be given in the last section. For this, the macro-micro decomposition
introduced by Guo [45] will be used for the estimation on the macroscopic component.

Note. After finishing this paper, we were informed by R. Strain of his recent paper in
collaboration with P. Gressmann [41], showing also the existence of global solutions to
the Cauchy problem by using a different approach. Notice that their solution is in differ-
ent function space which does not lead to full regularity because of the weak regularity
in the velocity variable.

Note added in September, 2010. Several new results have been announced along the
same line of development since the submission of the current paper. For the reader’s ref-
erences we mention [13-15,42,41-44]. The main difference of the results is the range of
admissible values of y: y > —1 —2s in the first 3 papers and y > max(—3, —3/2 —2s)
in the latter 4 papers.
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2. Non-isotropic Norms

In this section, we study the bilinear collision operator given by

0(g. f) = / / b(cos) {gLf — guf) dodv, |
R3 JS?

through harmonic analysis. Since the collision operator acts only with respect to the
velocity variable v € R3, (t, x) is regarded as a parameter in this section.

2.1. Coercivity and upper bound estimates. Let g > 0, g #£0, g € L; () L log L(R%).
It was shown in [6] that there exists a constant ¢, > 0 depending only on the values of

||g||L% and ||g|lz 10g  such that for any smooth function f € H* (]Rg), we have

el F gy = (=0 ) Hiagy +Clelp@p flgs. QLD

Besides this, we still need some functional estimates on the Boltzmann collision
operators. The first one, given below, is about the boundedness of the collision operator
in weighted Sobolev spaces, see [1,2,4,5,12,47].

Theorem 2.1. Assume that the cross-section satisfies (1.2) with 0 < s < 1. Then for
anym € R and any o € R, there exists C > 0 such that

10C), Dllpees) < CIFly, | @lglams @ (2.12)

forall f e L', , (R} and g € H™2S  (R3).

(a+2s)*

We now turn to the linearized operator. First of all, by using the conservation of
energy

at+2s

W12+ V2 = Jual? + ]2,

we have u(vy) = 1~ (v) w(vl) w(v'). Thus,
I 9w = u 12 / / b(cos) (Vi FIVI's' ~ Vi fud/i 8 ) dusdo
= //b(cos@)\/,u_* (fig' — fxg) dvsdo. (2.1.3)

It is well-known that £ (acting with respect to the velocity variable) is an unbounded
symmetric operator on LZ(R%). Moreover, its Dirichlet form satisfies

(Le, 2@y =~ (CWI, @)+ T8, Vi), 8) 123

/ / / b(eosd) ()2 — (1028 + g2 = gl ) (1) V2 gdvado
= [ pteoser (52’ = @' g + )12 = 260'2) 2 g dvedado
/ / / bleosd) (0 2gs — )2l + g(w0)? = ¢/ (1)) (0! gudvidodv
///b(cos9> (12, = 0 g+ 8/ W12 = g0 12) ()2 gldvsdordy

=3 /// bieosd) (' 2g = ) 2¢) + (02 - (M/)I/zg;))zdv*dadv
2.14)
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The third line in the above equation is obtained by using the change of variables (v, vy) —
(v, v},). The fourth line follows from the change of variables (v, v«) — (v, v) and then
the fifth line follows from the fourth one by using the change of variables (v, vy.) —
(v, v},). And the second to last line is just the summation of the previous four lines. Note
that the Jacobians of the above coordinate transformations are equal to 1.

Moreover, it follows from the above formula that (Lg, g) L2R3) = 0 if and only if

Pg = g, where
Pg = (a+b : v+c|v|2) N
with a, ¢ € R, b € R>. Here, P is the L?-orthogonal projection onto the null space

N =Span [ i, o1/, vl v i PV )

The following result on the gain of moment of order s in the linearized framework is
essential in the sequent analysis.

Theorem 2.2 (Theorem 1.1 of [63]). Assume that the cross-section satisfies (1.2) with
0 < s < 1. Then there exists a constant C > 0 such that

(L8, 2@y = CIA=P)gll} 2 gs) -

For the bilinear operator I'( -, -), we need the following two formulas. For suitable
functions f, g, the first formula coming from (2.1.3) is

F(f. W) = O(Ji f. §) + / / beosd) (it =ik, ) flgldvido.  (2.1.5)

On the other hand, applying the change of variables (v, v,) — (v, v}) in (2.1.3)
gives

(. 0 Wiy = [ [ [ beoso) iz (118 = feg)
= /// b(cos0)\/i), (fig — flg')h'.
By adding these two lines, the second formula is
TG 0 my =5 [[[ veoso) (118 = 0) (Vi = Vi) @16)

The following lemma shows that £ controls L.

Lemma 2.3. Under the condition (1.2) on the cross-section with 0 < s < 1, we have

1
(Lig, 8)L2(R3) = 3 (Lg, g)ﬁ(]}gg)- (2.1.7)
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Proof. From (2.1.3) and similar changes of variables, we have
F (\/_ g) g) LZ(R3

///b(cose) (W2 — () ) dv.dody
/ / / bieos) ()", w)‘/zg*) dvydody

2
=3 / / / b(cos9>[ (M;)l/zg/— m*)”zg)

# (02, = 0'2g.) | dvadaan,

(L1g, g)LZ(Rg)

Therefore, (2.1.7) follows from (A + B)?> < 2(A%+ B?) and (2.1.4). O

2.2. Definition and properties of the non-isotropic norm. The non-isotropic norm asso-
ciated with the cross-section b(cos 0) is defined by

gl = [[[ bieosorm. (¢ =) + [[ [ beosorgd (vie = vi )"

where the integration is over R} x Rﬁ* x S2. Thus, it is a norm with respect to the

2.2.1)

velocity variable v € R3 only. As we will see later, the reason that this norm is called
non-isotropic is because it combines both derivative and weight of order s due to the
singularity of cross-section b(cos 6).

The following lemma gives an upper bound of this non-isotropic norm by some
weighted Sobolev norm.

Lemma 2.4. Assume that the cross-section satisfies (1.2) with O < s < 1. Then there
exists C > 0 such that

lllglli* < Cligllzs (222)
forany g € HSS(R?}).

Proof. Applying (2.1.2) with o = —s and m = —s gives

< CII Mg ellmg liglay < CILIZ I8l (2.2.3)

'(Q(f 8 g)

L2(R3)

On the other hand,

(e o, g)LZ(R%) = /// beoso) (12~ f2¢) 8
= / / / b(ecosO) f7 (s' — g) g+ / g / / bleost) (2= f2).
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For the first term in the last equation, using b(a — b) = %(a2 —b?)— %(a —b)? yields

(Q(fZ, ) g 2®Y ///b(cosé’)f* )
—%///b(cosQ)f* (¢ —¢)’ +/g2//b(cos9) ff’—ff).

By the change of variables (v}, v') — (vy, v), the first term above is also % [[[bg?(f2—
£2'). Thus, it follows that

(Q(f 8), ng(]R3 =——///bf* g —3g)° / / i —f* ;

and then

[[ o2 = o =2|(0(. 01, )|+

By using (2.2.3) and the cancellation lemma from [6], we get

///bff (s —)° = CIlAIR gl

+ClIgl 7211172 < CUANZ: 18], - (2.2.4)

bg” (£2 = £2)|-

Thus, choosing f = /i gives

18I11% < CAUVR 172118113 + 11811721V 1) < Cligll;-
This completes the proof of the lemma. O

In the context of usual weighted Sobolev spaces, this last result is likely to be optimal.
Next we will show that this non-isotropic norm is controlled by the linearized operator.
First of all, we shall need the following preliminary computation.

Lemma 2.5. For any ¢ € C;, we have

/b(COS 0)l¢ (vs) — p(W))ldo < Colv — v,* < C(v)* (v,)7,
o
where Cy depends on ||plic) = ¢l + 1| v @l

Proof. 1t follows from Taylor’s formula that
/ / N 9
[ (vs) — P (v, )] < Cgplve — v, | < Cgsin (5) v — vl
and ¢ (v«) — ¢ (v})| < Cy. Then for any 8§ € (0, 7/2),

sin(6/2) T2
/b(cosé)lqb(v*) ¢ (v))|do <C¢[|v— *I/ s — 4o +/(s mdel

E C¢ {|U _ v*|8—2S+1 +8—2S} .
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If [v— v ! < 7, by choosing § = [v — v 71, we get
/ b(cos 0)|¢ (v:) — p(W)ldo < Cylv — v < C(v) (v)>.
o
If |[v — v < %, we have

/ b(cos0)|¢(vs) — p(v)ldo < Coplv — vy| < Cd’; < C(v)™ (va)*.

And this completes the proof of the lemma. 0O

Up to the kernel of £, the following lemma gives the equivalence between the non-
isotropic norm and the Dirichlet form of L.

Lemma 2.6. For g € N'*, we have
(Lg, @2 ~ gl (2.2.5)

Here A ~ B means that there exists two generic constants C1,Cy > 0 such that
CiA < B < (A.

Proof. We first deal with the lower bound estimate starting with the terms linked to £,.
Since

—(L28, O 2wy = (T8 VI 8) o3y »
we get from (2.1.5) that
= (L2g. D2y = (Q(VRg: VID)- 8) 12y
+/// b(cos 6) (m - \/;T;) gVilg.  (22.6)

Using (2.1.2) with o = 0, m = 0, the first term on the right hand side of (2.2.6) can
be estimated by

(QWig. ViD. 8) 2| = 10(E VD282

< ClIvagll VAl gz lgll < Cligliz.
For the second term on the right hand side of (2.2.6), we have
/ / / b(cos0) (Vite — Vil ) g/’ g dvdv,do
= / / / bieosd) (Vi =itk ) )" (W) = ') g
+///b<cose> (Vi = Vi) g g,
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Thus,
’///b(cow) (Vi —vi?) g;//?g‘
5 12
< (///b(cos@) («/ﬂ— Vi ) Iglz(u/)l/4)
« ( / / / b(eosd) ()" — ')’ |g;|2<u’>”“)

172
+ (/// b(cos 0) ‘J;T*— NDA Iglz(u’)l/4(u)l/4)

(///b(eose)‘m N

1/2

172

1/2
|g;|2(u’>1/4<u>1/“)

+I

Using Lemma 2.5 with ¢ = u!/* gives

/b(cos@) ‘( )1/4 () ldo < Clv—v* <C <v>F<uv, >>.

since (1) ()12 = (VA )V = (A )14, we get

h+lh<C / / / beosO)] ()% — ()2 |g Py Pdvdv,do
< € [ [ breoso [ = g ] (e 4 )4 1P 2
< ¢ [ [ breost fu ™ = G a4y g
+C///b(c0s9) ‘(M*)l/“ -~ (u;)”“( W) gl

<C / / D2 )V 0) 2 g+ (00 () 0) 2 1 g12) dvd,

< CUIgl72gs) * 18117 2g3))-

For I, by using the change of variables (v, vi) = (v, v) and then (v, v,) = (v, v4),

one has
2
J[[ pteosor (67 = ') 1

2
= [ peosen (e = et)” g oun

= C// 22 0 0)>1812) dvdvs = Clgl s -
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For 14, using the change of variables (v, v,) — (v, v},) implies that

///b(cos@))@—@
=///b(cos9)‘\/E—\//T;

<c / / (0% (0 12.P) dvdvs < Cllgl g

gL 2 () * o

g2 () A ()

In summary, we obtain
|(£2g. )] = Cligl,- (227)

For the term involving £, using (2.1.6) yields

(L1g: 2wy = — (Wi 8) 8) 2wy

///b(cos9> W) — ()2 )

2
B 5/// bieosd) (1)) (g' = ) + ()2 = (')

1 | ,
> Z///b(cosé)u;(g/ _ g)z _ 5///b(cos9)g2 ((M;)I/Z _ (M*)l/z) ’

where we used the inequality (a + b)*> > % — b?. Then

1
(Lig. rwy = 5 (/// b(cos 0)1, (g’ — g)°
+ / / / b(cos 0)g* (w;)”2 — (m)l/z)z)
3 2
-2 / / / bleost)g® (4" — (ua)' 7).

We now apply (2.2.4) and the change of variables (v, v,) — (v, v) to get

2
J[[ peosorg® (6 = ')’ < Cligliin' 1, < Cllgi.

Therefore,

1
(Lig, &)1z = Z1lIglI? = Cliglz,-
Thus, we have from (2.2.7),
(Lg, )2 = (L18,8) 2 +(L28, 8) 12

1
> gl = CligliZ,-

By Theorem 2.2, we have from the assumption g € A/ that
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1gl1? < 4(Lg. g)p2+Cllgl7, < C(Lg. 8)r2

which gives the lower bound estimation.
For the upper bound estimate, we have

1 2
(L1 9@y = 5 / / / bieost) ((uh)' g = (un)g)

: 2
B E /// b(cos6) (('u;)l/z(gl -8+ g((ﬂ*)l/z - (M*)l/z))

///b(cose)u;(g’ _g)2+///b(cos9)g2 ((u;)”2 - (u>,<)1/2)2

< ligll*.
By (2.1.7), we have

IA

(Le, &2y < 2lllgll.
The proof of Lemma 2.6 is then completed. O

The next result shows that the non-isotropic norm controls the Sobolev norm of both
derivative and weight of order s.

Lemma 2.7. There exists C > 0 such that
llghi? = € (Ilglls +11g112) (228)
Proof. Write
llgll? =/ / b(cos O) s (g(v) — g())° dodv,dv
RO JS2
+/ / b(cos6)g? (,ul/z(v) - ul/z(v’))zdodv*dv =A+B.
RS Js2
According to the calculation of Propositions 1 and 2 in [6], we have
A=@mn” / / b(i : o) {212+ 201861
r3Js2 \I&]
—2Re lEFENEE) | dods
1 s £ . o
W/R 2] [/gzb(|$_| - o) (A(0) - 1A >|>do]ds

G A 1|€|23|§(E)|2d$ > C12_2S/|§ (1+|§|2)S|§(§)|2d§

[>1

v

> C1272 18l 3s 3y — C1llgl o)

where we have used Lemma 3 in [6] that

/S b (% ~ o) (A0) — RE Do = CLED,  ViEl =1 (229)
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Similarly,
B=(Qn)" 3// ( ) 2(0)IM1/2(-§)|2+g2(0)|M1/2(§ )|
R Js2 \[£]

—2Re g2 (EINIAEN) 12 (6) ) dode
= ! i . ) /1-/\2 + ’1'/\2 2
B 2(2n)3 /]Rg /gzb(m 0)8 (0)‘u € —n (s)‘ dodg

(27,)@ /]R /S (|§| o) 2(0) - Re (7)) wI12(6) 12 )do de
= B; + B».

For By, one has

= [ Lo( o) 2o |imen - iref a
o Jor " el

= Cylgl? 7 £ Ve -1l
_c1||g||Lz(Rg>/]Rg M(ZE)/SZb(E' 0) W2 1] dods

> Callg )

Cs :cl/ ﬁ(zg)/ b(i : 0) ’,ﬁz(s—)— 1’2d0d$ > 0.
R} sz \§]

For the second term on the right hand side, by using

W2(E) 02 (E) > CRE),

for some positive constant C, we have
= [ (o) (20 - Ree) i a0
r3 Js2 \I§]
s [ [o(E o) (20 - ree) reedod.
r3 Jsz \I§]
= c/ / b(— . 0)/ g2() (1 —cos(E™ - v)) dvii(26)dodé.
r3 Js2 \I§] R3

We now use Bobylev’s technique [18] to have

3 v _
do= [ o2 . v )do,
/SZ (|s| )‘”@ o /s (|v| 0)‘”@ Vo
so that

By > / (/M/S2 (M )1—cos(g ))ﬁ(2€)dad§)dv
foro (Lo o) (o-n(5)) o) o

>C / g WWPdv = C272 gl To sy — CliglTz ).
lv|>1 v

where
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where we have used (2.2.9) and the change of variables in ¢ by exchanging £/|&| and
v/|vl.

Finally, by choosing a suitably small constant 0 < A < 1,

I1glI> = A+ Bi+ By = LA+ By +AB)
= CUUIg N5 g3y + 1811723

and this concludes the proof of the lemma. O

2.3. Upper bound estimates. To apply the energy method, we need some upper bound
estimate on the collision operator in terms of the non-isotropic norm which will be given
in the following proposition. For this, we first prove

Lemma 2.8. There exists C > 0 such that

/// b(cos0) f(g' — )* < CIIf1IL2 gl (2.3.1)

Proof. Different from Lemma 2.4, we apply the Bobylev formula [18] to have

///b(cos 0w (g’ — g)*dvidodv
(zn)g [fv (|5| ) AOREP +13ENP)

~2Re (EDFENZE)) dédo

0 +v12
(271)3 // (ISI ) 1(0)|g(€) — g(EM)I

+2Re (R0) - 1(67) §ENFE)) dedo,

/// b(cosb) f2(g' — g)*dv.dodv
20 A sty 2
(271)3 // (IEI ) f20)[g) — gE™)

+2Re (£20) - 267)) §EM8()) dédo,

and

Since n(0) = 1, }\2(0) ||f||L2, we obtain

/ / / b(cos0) f2(g' — g)*dvdodv
- ||f||§z / / / b(cos 0)1us(g' — &) *dvadody
(2JT)3 0% ([0 (5 o) Re (30 = e ) 2enF) dedo

*W // b (E '”) Re (720 = 7267)) 26M%(®)) dédo.
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For the last term, we note that

[ (o) P Psoao= [ o) ([ -t fae)ao

Now consider
/ b (i -0) )1 — e_iv'g_‘do.
SN

If |v]|€] = =, we choose § = Iélllvl < /2 to have |1 — e V€7 | < |v||£]| sin @ for any
0<0< 8.And1f1 >0 > 8§, wehave |1 — e "¢ | < 2. Hence,

/2 1
/ ‘1 emivE ’do < C|v||g|/ - sin9d6+C// b
2 |é§| 2s s 91+23

< Clllgls™>* + C'87> < Clo|® 5.
On the other hand, if |v||&] < =, we have directly

%- o /2
/Szb(g.g))l_ewf ‘do < C/o 91+2 ———|v| || sin 8d 6

< Clv|lg] < Clv/™|&|>.

Thus, we have

// (|s| )]}3(0)_}‘2

By using the regular change of variables & — &%, and by noticing that

st =t — g e m e s, cost = S o
os% 2 2 &Y
‘3(§+) _ 100829/2,
36 |~ 4
we have

// (|s| ) Fo-7

= ! —_— 2 7200) — £2 +
_// cos?6/2 (2(|g+| o) = )‘f 0) = f2 (™,
< CUIZ: I8N

Hence,

// (|s| )Re (720 - 726) 2EM3@©)dsdo

Similarly, we have

// (ISl )Re ((0) — A(§7) 8(ENHE(E)dEdo

Therefore, we have proved (2.3.1) by using (2.2.8). O

tdo

< CIfIIZ2 8%

< CIVE 721811
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In view of a future application of the energy method, the scalar product of the collision
operator with a test function is given by

Proposition 2.9. There exists C > 0 such that

(O CF @, M| = € (111122 el + Ngllzz 11N 1AL

Proof. Note that

_ o, -1)2 1/2 1/2
T(f, &), D2ws) = (M Q" f, w'=g), h)L2<R3>

2///b(0089)ul/2 fﬂ:g/_f*g) h
= 5///1)(0059) (f;g/ — f*g) (Ml/zh _ Ml/z/h,)

1 (///b(cos@) (flg' — f*g)z)l/z
(/// b(eost) ((u)'h = (ul)' ) )1/2

- A1/2 < B2,
-2

| A

For B, we have

B =2 [[ [ beosoyu w7 w2 [ [ [ bcosomid ()2 - )" = 21miiP,

where we have used the change of variables (v, vi) — (v', v}) for the first term and
(v, vx) = (vy, v) for the second term. Similarly,

A< 2/// b(cos0) f. (g’ —g)2+2///b(0089)8*2(f/ —- N2

Then (2.3.1) implies that

A= C (LI, Mgl + 11813 A1)

which completes the proof of the proposition. O

3. Commutator Estimates

3.1. Non-isotropic norm in Rx ,- We now define the norm associated with the collision
operator on the space of (x, v). Form € N, ¢ € R, set

By RY,) = 18 € S'®Y,): Mgl ) = Z/ 1IWE 8% g, I2dx < +o0

la|<m x

where ||| - ||| is the non-isotropic norm defined in (2.2.1).
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First of all, one has

Lemma 3.1. Forany £ > 0, y, € N3,
1IW* a7 8] Pgllgoqgs) + IIPOW DY 9] Il ggrey < CeplldR gll72gey  (3-11)
Colllg oo, — C2ll8lZ2ms) = (L8 Dr2we,) = Calllglgpgey  (3:12)
and
2 2 2 2
||g| |L12+S(R6) + ||g| |L2(R§C;Hls(R%)) = C| | |g| | |B?(R6) = C| |g| |L2(R£§H1’Y+S(R%))' (313)
Proof. By definition of the orthogonal projection operator P, we have

3
Pg=ag(t,x)u' >+ by j(t. x)vip? + et 0) 0 2,
j=1

with
1
ag(t, x) = / g(t, x, V)2 (W)dv, c(t, x) = / g(t, x, v)—* = ! ()dv,
R3 v V6
and
bg,.,'(t,x):/g(t,x,v) v Pydv, j=1,2,3.
v

Thus (3.1.1) can be obtained by integration by parts. To get (3.1.2), we use (2.2.2) and
(2.2.5) to obtain

\

2 2
181130 ge) = € (L8, )12,y = ColllA~P)glIln o,

v

01611 Poorms. — CollIPell2
5 1810 o) ol 8130 (ws)

Co 2 2
> 7|||g|||Bg(R6) - C2||g||L2(R6)'
Finally, (3.1.3) follows directly from (2.2.2) and (2.2.8). O

3.2. Weighted estimates on commutators. We will use the following notation, for
3
y € N°,

T(F, G, ny) = Q(uy F, G)
+//b(cos9) ((uy)s = (uy)y ) FiG'dvido,  (3.2.1)

where 1, = p, (v)/(v) = 30¥ (/i) is a Maxwellian type function of variable v.
In this notation, (2.1.5) is equivalent to

L(f.e) =T(f. g, V1)
And the Leibniz formula gives
3%PT(f, 9) = > Col it g TV f, 0202 g, upy). (3.22)
ar+ar=a, B1+pr+f3=p

First of all, let us recall the following lemma from [12].
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Lemma 3.2. Let £ > 0,0 < s < 1/2. There exists C > 0 such that

‘((W@ O(f. )= O(f. W' 9). h)

L2(R3)
Using this result, we shall show that

Proposition 3.3. For any £ > 0,

14 14
(WTE. Gy =T WG ) h) o
< CIIFN NG 2 1l 2.
Proof. From (3.2.1), it follows that

¢ _ ¢
(WT(F. G, wy) = T(F, WG, ), h)LZ(Rg)

_(wt _ ¢
= (W' 0wy F. G) = 0, F. WG, h)ngRg)

+/// b(cos ) (1tys — 1) FLG' (W’Z _ W’f) h

= B + Bp.

Lemma 3.2 implies that

By < Cllpy FllplIGl 211kl 2 = CHF 211G 2Rl 22
4 12 12

For B», since we have assumed that 0 < s < 1/2, we get

12
wt— w2
B < (///b(cose>|F;|2|G’|2'.—')
sin 6
) 1/2
X (///b(cos 0) sin 6 (uy* - u;,*) |h|2) .

Equation (2.2.4) implies that

2
///b(cos@) (,uy* - M;,*) Ih? < CIIMyH%];HhH%g,

while, using

IWE— W% < sin6 ((Wf)Z + (W’f)z) <sin2g (WHEW'H2,

we get

=< C”f“L}Z(Rg) ”g”Lﬁ(R% ||h||L2(R3)-

(3.2.3)

/4 €02
///b(cos9)|F/| |G’ |2|W — W ///b(cose)sme(W F)2(W*G)*?

< CIIFIINIGII,

which leads to completion of the proof of the proposition. O
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Similarly, we have also

Proposition 3.4. There exists a constant C > 0 such that

‘(T(F, G. 11y). h)

@y =€ (IIFlng HIGHT+ G2 |||F|I|) Al (3.2.4)

Proof. By the Cauchy-Schwarz inequality, we have
(T(F, G, uy), h)mw :///b(cos@)(uy*)l/z (F/G' = F.G) h
5///19(0059) (F.G' - F.G) ((uy*) Ph— )l/zh)
1 5 1/2
3 (///(cos@) (F.G' — F.G) )
172
(///b(cos@ (a2 = ) )

X Bl/2

IA

NI*—‘

By using the estimation of the term A in the proof of Proposition 2.9, it follows that

A= (IIFIB, G +1IGIE, FIIP)
and

B=<cC (||uy||§§ AL+ [1R117 |||uy|||2) < CllIhll.

We are now ready to prove the following estimate with differentiation and weight.

Proposition 3.5. For any ¢ > 3, and N > 3, we have, for all € N®, || < N,

'(W‘ 00T ) ), ClIF 11z s,y Ny oy 1Al 5gcs):

Z(Rﬁ )’

Remark 3.6. In fact, this proposition holds even when ¢ > % +2s,and N > % + 2s.
Here, we consider the case when £ > 3, N > 3 with 0 < s < 1/2 for the simplicity of
the notations.

Proof. Using the Leibniz formula (3.2.2) gives

(whol 1t 2. ) = > Cl (T . WhoPg, g, 1)

L2(RS ) L2(RS )

b (W@T(aﬂl £ 0P8, g — T@P £, WhoPrg, up,), h)deRiu)'
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Then from (3.2.3), we get

‘(WET(Bﬂ‘f, 0P2g. pp) — TOP £, WoPrg, g, h)

L2A(RS )

1/2
B2 B2 512
< C(/R; 17 F 1172 ) 19 ngIL%(R%)dx) IRl 2 e ,)

—c 1971 £ll o 3 2y 19728 2 ) Wl 2e ) iF 1B1] < 1
= 18P e 19728 o2y Wl 2 Rs ). 3 1B 2 2.

Since |B1| < 1 implies |B1] +3/2 <3 < N and |B81| > 2 implies |B2| + 3/2 < |B], it
follows that

(WET@P . 0%, ug) = T@P 1. W'0Pg, g, h)

L2(RS )
< CI g oy I8 o1 g 1 g - (3.2.5)

On the other hand, if |8;]| < 1 so that | 81| + % +s5 <3 < N, we get from (3.2.4)

¢
'(T(aﬁlf’ WEog, gy, h)deRg m‘

B 2 Lap 2 £ap 2
= C(/R3_ 197 f 72 ms) (lIIW a7 gl|l*+[IW* 2g||Hs<Rg)) dx

1/2
£apB2 512 B 2 B 2
+/Rg IW0Pg112, e, (11107 £11 +110 1f||Hs(R3))dx) 1711130 sy

< C (HB'B] f”LOO(]Ri, L%(R%)) + ||aﬁ| f||%oo(]R)3“ H?(R%))) |||g|||B\Z/32\(R6)|||h|||88(]R6)
< CILF e o 81 g g 1 ey

Hence, for |81] < 1, we have

(T 1. WhoPg, g, h) < CILF g ey N gt g 1 ey

L2(RS ) ‘

We now consider the case when |81] > 2. First of all, assume 2 < |81] < |B8] — 1 so that
1821 = 1Bl — |B1] — |B3] < |B| — 2. Then, we get

‘(T(aﬂ' £ Whorg g, h)

Lz(Rg,v)
£
= C (IF 11 e 1W 07 gl e 1y )
HIW 0P gl oo s, 12 107 f1l 23, Hg(Rg») 1411159z
0 A 3/2+€ 2
< CULF s oy 1WEAS T AS0P2 8117 oo 1111 0 s
= ClLA =15 ey 118111 gisi-24372150¢ e 11| g9 s

< CIL 0 gy 181 5 gy 11 5y
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We turn next to the case when 8; = 8, for which we have

(70" f W Vi), b) . =(r@" £ We). h)

L2(RS,,) L2RS,)

Since we want to avoid using the non-isotropic norm of f on the right hand side, we
cannot not use the estimate (2.2.3) to complete the proof. So we proceed in a different
way: Use firstly (2.1.5) to get

(r@s. w'e). n) ORI f. W'e), h)

L2(RS ,) - ( L2(RS )

+//// b(cos 6) (J;T — i ) @P £). (W' g)hdvidodvdsx.

On one hand, (2.1.2) with m = 0, « = —s, implies that

‘(Qwﬁaﬂf, W'e). h)

L2(RS )
< Cllall 2@ VA fll 2w, 11 @y | W8Il Lo @)
< IS lLaaer ey W 1| gar2vasse e 11211 30 s

On the other hand, we can write
////b(cos 0) (m — L ) @F £).(W' g) hdvydodvdx
_ ////b(cose) (m - /,T;) @8 1)L (W' g) (h — ') dv.dodvdx
+////b(cos 0) (J;T i ) @P £).(W' )i dv.dodvdx

=D+ D>.

By the Cauchy-Schwarz inequality, one has

12
i1 = ([ [ pteoson” pipiowter? (60 = i)’ av.doavay

12
x (/ ///b(cose) (Mi/4+ (M;)1/4>2 - h’)zdv*dadvdx) .

Lemma 2.5 yields

/ / / / b(eos )| YL PIW ) P () - (u@”‘*)zdv*dodvdx

<C / / 1P £ PI(WE ) () (v4) > dvsddvdix
R} JRS

<C /R 0P FU T2y IV 8112 gy dx < CUO S 1172 ) IW 81 o 3, 122

X

5 3/2 2 2 2
< CIA I sy 1WA 812 sy < CIAI 1 e 1181 B,
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while from Lemma 2.8, we get

/ / / / b(cos 6) (Mi/“ + (u;)‘/4)2 (h — I')?dvedodvdx

< 4//// b(cos )l *(h — W) 2dvidodvdx < CIIAN o o)
0

Therefore, we obtain
D11 = ClF N ot ey 18 20 11 50 e -

For the term D;, we have

[ ] seoso (v = Vi) @ .o s
= ‘////b(cose) (\//Z - m)(aﬂf)*(wzg)hdv*dadvdx

sc [ [ 1@ W] bl )P dvidua
Ry /RS,

<c /IR 198l I W 2y Il 2 ey

¢
= C”aﬁf”LZ(Ri; L§/2+2§+E(R%)) W g”LOO(R_%; LZ(R3)) ”h”Lf(R(’),
so that
D2l < Cllll ey Mgl pcas) 11 gy
Therefore, it follows that
‘(r(aﬂ £ Whe, h)

< Cl Sl o812 1Al g ey (3.2.6)

L2(RS )

Finally, for the case |81] > 2, since 3/2 +2s < 3 < N, we have also

‘(T(aﬁ' £ WP, gy, ) < CIL Ny oy 1215 ey |11 5 -

L2(RS.,)
The proof of the proposition is then completed. O

By using the argument in the proof of the above proposition, the next proposition
follows from the Sobolev imbedding theorems.

Proposition 3.7. For any £ > 3, we have, for all B € N6, 1B <2,

< Clif s, NIgllgs) MAlllgome). (327)

L ap
'(W ax,vr(f’ 8)7 h)LZ(R,?,U)‘

Finally, the linear operators can be also estimated as follows.
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Proposition 3.8. For ¢ > 3, we have for any p € N°,

‘(WZ 88 Lo(f), h)

@] = Cilellf 1 o gy A1 BYwe)- (3.2.8)

If |B| = 1, we have

‘(mwf 0 9) = W'l Li(g), h)

L2(R%)
= Cipte (118l yigas, + I8l ge) ) Whlllggesys  (329)

and for |B| =0,

(Lawt =W i) 1)

L2(RS) = Cllgll2ws) NIl grs)y-  (3:2.10)

Remark 3.9. On the right hand side of (3.2.7), the term |||g||| B} (R6) comes from the
Sobolev imbedding

L®R3; HY¥RD)) o H P (R > BY(RO),

where € is any small positive number. Thus the order of differentiation is equal to 3.
Note that this is due to the nonlinearity in the operator I'(-, -). For the linear operators,
the estimates given in (3.2.8-3.2.10) do not involve this term.

Proof. For the proof of (3.2.8), by using the Leibniz formula (3.2.2), we have

— (whakucath). n) = (whal,rs. Vi n)

LZ(RQVU)
=S ch (T(a/f‘lf WP /i, 1up,) h)
B2.B3 ’ > M3 )s LZ(R?U)

+2Ch g, (W‘T @OF f, 0P i, ugy) = T@P F, WP i, gy, h)
=E1+Ej.

LZ(RE,U)

LZ(RE,u)

Then (3.2.5) implies

2l = [ gy (WOT@ 1 0P gy) =TGP WP gy )|

< CI\f’I\H}m(Rf,)H«/ﬁIIHém(Rg)IIIhIIIBg(Rs) < CIIfIIle(Rﬁ)\Hh\HBg(Ra),
and (3.2.4) implies also,

|E| = ‘ZCQ’;& (T(aﬁlf, WP /i, g, ), h)

= CUS N o1 sy 1A B s -

Lz(Rﬁ,v)‘

where for the case when 1 = B, we have used (3.2.6).
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For (3.2.9), since —L1(g) = I'(4/it, g), by using again the Leibniz formula (3.2.2),
we have

B (W( oy L1(0) — L1 W ol y o), h)LZ(Rﬁ)

= (WO Wi &) =PI, Wik ) h) o

_ B1 ¢
= > (T(aﬁlﬁ, wtoP2g, g, h)Lz(RQ )
B2l <IBI—1
Bi ¥4 ¢
+Zcﬂ2vﬁ3 (W T(aﬂl\//j, aﬁzg’ Mﬂ} ) _T(aﬁlﬁ’ w aﬂzg’ M/% )’ h)Lz(Rg.v)

=F+F.

Then (3.2.5) implies

- Bi LBt B2 _ Bi 1Y)
|F2| - ‘ZCﬂZqﬂiﬂ (W T(a \/ﬁa a g7 Mﬂ:; ) T(a ﬂ’ W a g’ Mﬂ} )’ h)LZ(RE,,v)
< Cllx/ﬁlngﬁ\(R%IIgIIHLlﬁ\(R%lllhlllgg(Rgm) = CllgllHljﬁ|(R6)Illh|||38(R§_v),

which also gives (3.2.10).
On the other hand, for Fi, (3.2.4) implies that, when |8>| < |B| — 1,

‘(T(aﬁlﬁ’ Wolz, ps ) h)L2(R6. )

=< C(/R3 ||8/31\/ﬁ”i%(R13) (|||W€8/32g|||2+ ||W€8}32g||2 S(R%)) dx

1/2
+/Rg W 0728112 s, (11107 11 + ||aﬁ'\/ﬁ||25(m))dx) 1711150 e
< CINE N yiiss g M1 e s 1A g )
< CllIgl -1 oy 11l 3y s

Then the proof of the proposition is completed. O

4. Local Existence

4.1. Energy estimates for a linear equation. We now consider the following Cauchy
problem for a linear Boltzmann equation with a given function f,

dg+v - Vag+Lig=T(f, ) —L2f.  gli=0= 20, (4.1.1)
which is equivalent to the problem:

9G+v - V,G=Q(F,G), Gli= = Go,

with F = p+/wfand G = u+,/1ug.
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We shall now study the energy estimates on (4.1.1) in the function space Hév . For
N >3,¢>3and B € N° |B| < N, taking

p(t.x,v) = (=D (92, W29 g) (1.3, v),

as a test function on R? x R}, we get

1d
-= B o2 . /3
5 a1V &l + (W[ v] - Ve Whalg) o

£ ;‘3 Z
+(W 9f Li(g), W ”g)Lz(M)

- (Wﬁaﬁ T(f, g), Wil ) (W‘fa’3 La(f), W9 fvg)

L2(R®) L2(RS)’

where we have used the fact that

(v -V (Wlaf’” ) Wlaﬂ”g)LZ(Ro) =0

Applying now Propositions 3.5 and 3.8, we get forany 3 <k < N and |8| <k,

d
2 198 o2 wiah wtab
2 di llo g”L%(R") + (El ( ax,vg) dy Ug)Lz(Rﬁ)

< C {1 gt ey 1181t o + 181t gy * 1 sy 118 ey

+ (1817t oy *+ 118111y ) Mg st ey |-

By taking summation over || < k, Lemma 2.3 together with (3.1.2) and the Cauchy-
Schwarz inequality imply that

||g||Hk(R6) |||g|||3k(R6) = Crell 1l s 1181 g s,
+Crt (ugu?,f(Rﬁ) L Wy sy + Mg (M)) . 3<k<N.(412
For k = 1, 2, Proposition 3.7 is used to get
Co
2 2 2
S 18 ey + 5 185t oy = Crellf g ey Mg s e
+Cr. e (ugu,,k @0, 1 15 o) + |||g|||Bk | Rﬁ)) (4.1.3)
while for k = 0,
d 2 CO 2 2
S8l ey + 5 1Ellgo sy = Coellf 1l ey N80 e,
+Co (18173 50+ 113 gy ) - (4.14)

where Cy is the constant in (3.1.2), which is independent on k, £ and N.
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Take N > 3, when k > 2, by taking a linear combination of (4.1.2) and (4.1.3), we
have

d 5 Co . c?
E ”g”Hlk—l(Ra) +F”g”Hl{<(R6) 22C |||g|||3k Rf’)

Co

< 2 (I lp e |||g|||BN(R6) 181 gy * 1 v )
2 2

_”g”Hk—l(R6) + —|||g|||8k—1(R6)

C 2
< 2 (1 oy 181w gy + 1812 gy * 1 Wy )

2
+Cr—1,¢ (llfllHN(Rs) |||g|||BN(R6) ”g”HN(Rs) ”f”HN(Rﬁ) + ”lg'”Bgz(Rﬁ))'

By induction and by using (4.1.4), we have the following estimate

d 2 ~ 2
T 22kt Ngle |+ Co llgliGy e,
0<k<N

< Cne (16 13 oy 118115y gy + 18 oy + 1S Wy )+ (4LS)

for some positive constants E'vo < Cyp, ck¢and C ~.¢. Notice that
2 - 2
I8y ey~ D 8l e s (4.1.6)
0<k<N
We are now ready to prove the following theorem.

Theorem4.1. Let N > 3, > 3. Assume that g0 € H)RS) and f €
L>((0, T1; HYRY). If g € L®([0, T1; HY (R®) N L*([0, T1; BY (R%) is a solu-
tion of Cauchy problem (4.1.1), then there exists €y > 0 such that if

”f”Loo([()yT]; HY (R%)) =< €0,

we have
2 2 CcT 2 2
181 o 1 1oy + 181720, 77 8 ey = €T g0 sy + 0T, (1.7)

for a constant C > 0 depending only on N, {.

Proof. Choosing €y = 2—5— we have, from (4.1.5),

d 2 2
T 2 et I8l |+ HIgl )
0<k<N

< 20N (I8N, oy + €0) = CC 2kt I8l o) *+ €0)-
0<k<N
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and

d Co
-C 2 -C 2 2
D et I8l | + ¢ gl ey < Cede

—Ct
dt Nt 2

Thus we get (4.1.7) for some constant C > 0 and this completes the proof of the theorem.
O

4.2. Existence for the linear equation. With the energy estimate given in the above
subsection, we can now prove the following local existence theorem by using the
Hahn-Banach theorem.

Theorem 4.2. Let £ > 3, N > 3 and go € HZN (R®). There exists eg > 0 such that if

1 f oo o, 1% sy < €0,
then the Cauchy problem (4.1.1) admits a unique solution
g € L¥(0, Tl HY R*) N L*(0, T1; B} R®).
Proof. We consider the following Cauchy problem :
Pg=dig+v - Vag+Lig—T(f, &) =H, g(0)=go. (4.2.1)
Forh € C*®([0, T]; S(RS ) with A(T) = 0, we define

(s- PR.eh) 2o, riaN @y = P& M2 rin) @s)) -

so that 73;'\}’ ¢ 1s the adjoint of the linear operator P in the Hilbert space L2([0, TT;
HY (R%)).
Set

W = {w =Pl hi he CP(0, TT; S(RS,)) with h(T) = 0} ,

which is a dense subspace of L2([0, TT; HeN (R%)). And we also have
P]’C,’g(h) =—0h+ @ - VoO)*h+ LT h+T*(f, h).

Then

1d 5
(s PR eh) gy sy = =5 WO oy + @ Vi 1) v )

Same as Theorem 4.1, for || f| | oo 10,77 HY (RS)) < €, we have

T
/ 0| (h, P, ) s, | ar

t

T
> ||h(t)||é[,\,(R6)+/t Cezc“*’)lIIh(s)Illfgév(Rﬁ)dS-
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Thus, forall0 <t < T,
2 2 *
”h(t)”HlN(Rﬁ) *+ ClIAN L, 7y, BY®S) = c (h, PN%}’)L%[LTJ; HY (R%))
= C| |,P1>§7, @(h)lle([t, T];H(N(RG)) | |h||L2([t, T];HKN(]RG))'

Hence, we get

Wall 20, 70: HY ®o) + Al oo o, 7y; HY (RS))
=< CTHP;tI,z(h)HLZ([O’ T); HZN(RG))' (422)

Since
WAl 2 qe, ey = CWAT L2 7 BY s
we also have
1l 2o,y BY ey =< CNIPN, eMll2qo, 71, 1 @S))- 4.2.3)
Next, we define a functional G on W as follows
Gw) = (H, )20, 71, g o)) + (805 10N v gs)-
Then, if H € L*([0, T1; HY (R®)), (3.1.3) gives

1G(w)| < ”H”LZ([Q Tl He]\ix(RG)) ”h”LZ([Q Tl HZI‘J{S(R())) + ”gOHHZN(RG) ||h(0)||Hl{V(R6)
= C||H||L2([(), Tl Hﬁx(Ré))llh“Lz([O,T]; B?’(Rﬁ)) + ”gOHHKN(RG)||h(0)||H{N(]R6)

=< C”P;\(/,((h)”LZ([Q T1; HY (RS)) = C“w”LZ([Q T1; HY (R%)) *

where we have used (4.2.2) and (4.2.3).
Thus, G is a continuous linear functional on (W; e L2q0. 71 HY (RG)))' Now, there

exists g € Lz([O, T); HZN (R6)) such that for any w € W,
g(w) = (g’ w)LZ([O, Tl H(,N(RG)) s

by the Hahn-Banach Theorem. For any &7 € C*°([0, T']; S(RSU)) with h(T) = 0, we
have

(g1 ,PX/, Y h) L2([0, T; H/zN (RSY) = (H, h)Lz([O, T];HZN (R%)) + (go, h(o))HZN (R%) >

and by the definition of the operator Py, ,, we have also

p’ﬁ) :(H,ﬁ) +(,EO) ,
( & L2([0, T1; L?(R®)) L2([0, T1; L% (R%)) g0 h(0) L2(R%)

where

h=AYW?*ANh e C*®([0, T]; S(R®) with A(T) =0,
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where A = (1 — Ax,v)%~ Since AN W2AN isan isomorphism on {h theC™®(0,T1;
S(R®)) with h(T) = 0}, we have shown that if H € L*([0, T1;H} (R®)), then g €

L2([0, T];HZN (R®)) is a solution of the Cauchy problem (4.2.1).
It remains to take

H=—L(f) =T, V),

to get

(H, W) 20,73 1 @y | = CI 2o, 71 1 @op Wl 20,71 BY @ey)-

Then G is also continuous on W. And this completes the proof of Theorem 4.2. O

4.3. Convergence of approximate solutions. In this subsection, we prove the local exis-
tence theorem.

Theorem 4.3. Let N > 3, £ > 3. There exist €1, T > 0 such that if go € H} (R®) and
”gOHH[N(Rf’) < €1,
then the Cauchy problem (1.3) admits a solution
g € L™([0, T1; HY ®R®) N L*([0,T]; By (R®)).

Remark 4.4. By the equation in (1.3), we have, for 0 < s < 1/2, By using the equation
(1.3), we have, for 0 < s < 1/2,

&g, v-Vig € L2([0, TT: H' ' (RY).
Moreover, if we go back to Eq. (1.1), we have that
f=u+uge HN(0.T] x @ x RY)),
for any £ € N and any bounded domain Q C Ri, and thus the Sobolev embedding
implies that f is a classical solution of Eq. (1.1) if N > 7/2 + 1. We will use this

properties for the smoothing effect of Theorem 1.1.

For the proof of Theorem 4.3, we consider the sequence of approximate solutions
defined by the following Cauchy problem, n € N,

oS v Vi f"™ = 00" ML M im0 = o
where f" = u+p'/?g" and f° = fo. Note that it is also equivalent to

n+l

dg™ v Vg™ L1g™ — (" ") = —L2g", " i=0 = g0
4.3.1)
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Proposition 4.5. Let N > 3, > 3. There exist €, T > 0 such that if go € H} (R%)
and

1200l 3 oy = €1
the Cauchy problem (4.3.1) admits a sequence of solutions
{¢".n € Ny C L=([0, TT; HY R*) N L*(0, T]; By (R%)).
Moreover, for alln € N,
18" | Loo g0, 71; ¥ moyy + 18" 210,77 BY (msy) =< €0 (4.3.2)
where € is the constant in Theorem 4.1.
Proof. Equation (4.3.2) will be proved by induction on n. Firstly, consider the equation
ahg' +v - Vig' +L1g' —T(g0,8") =—L2g0,  g'li=0 = 0.
When €] < €, the existence of g! is given by Theorem 4.2 satisfying
g' e L((0, T); HY (R®) N L*([0, T1; BY (R%).
From Theorem 4.1, we can deduce
18" oo 0,73 1 ey + 18 120,71 BY ey < €€ Tllgoll v sy

Thus (4.3.2) holds when € is chosen to be small compared to €.
For n > 1, under the assumption that

||gn||Lo<>([0’T]; HY (RS)) + ||gn||L2([07T];BéV(]Ro)) = €,
Theorem 4.2 yields the existence of
g™ e L([0, T1; HY(R®) N L*([0, T]; B} (R)).

From Theorem 4.1, we can deduce

+12
"

12 CcCT 2 2
”g L°([0,T]: HZN(R())) + ||gn+ ” < Ce (”gOHH[N(R(’) + EOT)

L2([0,T]; BY (RS)) —

and this gives

n+l n+1
g ||L°°([0,T]; HY (R)) +1lg ||L2([0,T]; BY (R)) = €0,

when 7' > 0 is sufficiently small,
Thus we prove (4.3.2) for all n € N, and this completes the proof of the proposition.
0
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It remains to prove the convergence. Set w” = g"*! — ¢” and deduce from (4.3.1)

that

Jw'+v - Vew'+ Liw" —T(g" w") =T "', ¢") — Low" !, w" ;=0 = 0.

Similar to the computation for (4.1.4), we obtain

Co
ny2 ny2 n ny2
I3 ey + 10" [ gy < Coclg™ g3y 110" 1o s,
n—1 n n
+ Coellw" ™12 ey (18" 53 sy + DI 0z

If € is sufficiently small, this yields,

nn2 nip2 n—1
"3 g + Crlllw” o ey < Callw"™ 2.
which, in turn, gives, if T is sufficiently small,

~1
™l oo o, 71;22r8y) = MW" ™ oo o, 7 L2 (R

for some A € (0, 1). Thus we conclude that the sequence {g"} is a Cauchy sequence in
L>([0, T1; L2(R®)). Let g be the limit function.

By interpolation with the uniform estimates (4.3.2), we see that the sequence is
strongly convergent in

L®([0, T1; HY°(R®) n L*([0, T1; BY °(R®)

for any § > 0. Furthermore, by using Eq. (4.3.1) and Proposition 4.5, we see that {9, g"}
is uniformly bounded in L*°([0, T]; Hej\i _11), so that it is a compact set in the function
space

Cc'70, Il HY TP (@ x RY))

for any bounded domain Q C Ri. Now we can take the limit in Eq. (4.3.1) and thus
g is a solution of Cauchy problem (1.3).

Finally, by a standard weak compactness argument, we can extract a subsequence of
approximate solutions such that

g — g€ L®(0,T]; HY(R) weakly*,
¢" — g € LX([0,T]; BY (R®) weakly,
which shows that
g € L0, T1; HY R®) N L([0, TT; BY (R%)).

Now the proof of Theorem 4.3 is complete.

5. Qualitative Study on the Solutions

In this section, we will prove two main qualitative properties of the solutions to the
problem considered in this paper, that is, the uniqueness and non-negativity.
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5.1. Uniqueness. The uniqueness of solutions can be proved in a larger function space
as stated in Theorem 1.2. To obtain this theorem, we now first prove two preliminary
results in the following lemmas.

Set (v, x) = (v, x)2 = 1+|v|* +|x|? and

R N S e
. x) L+ x

@.l

Lemma 5.1. For [ > 4, we have

0 W/+W/7 W 0
|W(pl—W/1|§CSin — ¢+Sin173 v /l*
T 2 (v}, x) 2) Vel

= C(OWiWy 5, +02W), ), (5.1.1)

/

where W' , = x , and also forl > 1,

eLE T ], x)

/ (O W+ W, W/W,
Wy — W, | <Csin| = — < —, (5.1.2)
’ & 2] oW, x) eV, x)
Proof. Fork > 0,a > 0, set
k
Fr(\) =
k) A+a

Then for A € [1, oo[, we have %Fk()\) >0ifk > 1and %Fk(k) > (0if k > 2. Since

d%Fk()‘) is positive and increasing on [1, oo[ if k > 2, it follows from the mean value
theorem that for A, A’ > 1,

/ d / /
FiG) = FGI < - PG+ = ADIa = 3]
Setting A = (v)2, A’ = (v')2, we have
, d
|Fi((0)%) — Fr((v)D)] < d—AFk<2<<v>2+ v —v'1%) (2lv] +v =) v =0
< 2kFi_12Q2((0)2 + [v — V' [P)|v — V],

because [A — A'| < 2[v — V'|[v] + [v — v'[> < [v> +2]v — v'|* and VAL F (1) <
k Fy_1,2(A). Therefore, we obtain, choosing a = lx|2,

-1 / "l
v vV—Uv vV—v
R e N Ut )

W2+lv—v>+a O*+v—1]2+a

[Woi — Wyl < Cl(

lv— '[!

<C v_v/ vl—3F v2 +C
=q | ()™ F1((v)7) Yo+ v—vP+a

=I1+I1. (5.1.3)
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Note that (v)% < 2(v,)? + 2|v — vy|?. Since F} is increasing, we have

(V)2 + v — v

1<C o= w3
()2 + [0 — V]2 + |x|2

9) Wi+ Wi_3W3 4

< (Cysin| —
= (2 @ (vy, X)

On the other hand
[v — vy sin/ (%)

L+ (1 —sin? (§)) [v]2 + 5 sin? (§) [vel? + |x |2

0\ Wi +W,
< ( sin/ 2 (—) 2T s

11 <(C

2 go(v*a-x) .

Since v and v’ are symmetric, we get the first conclusion. The second one is a direct
consequence of the first inequality of (5.1.3). O

Lemma 5.2. Let] e N. If 0 < s < 1/2, there exists C > 0 such that

‘((Ww,l O(f. &) = Q. Wei 8). h) 2 g
< CF Nl oo 1) i | Wt 1l 2 o) 11 2 e (5.1.4)

Moreover, ifl > 5 then

(Woa QUF 9) = O Woi )+ h) o)
=< C”W(p,lf”LZ(R())||g||Loc(R§;L[2(R§)))||h”L2(R6)' (5.1.5)

Proof. 1t follows from (5.1.2) that

(Woa OCF )= O Woi 80) 2 1) o)

////b f;g/(Wé:,l — Wy1) hdvdv.dodx
= C////b|9| (W)l | (We18)'| |h| dvdv,dodx
- C////” 011 (WLE)el [(Wyi9)| B dvdv,doda

1/2
=C (////b 161 [(Wr sl [(Wo g)lzdvdv*dgdx)

12
x (////b|9| [(Wr )« |h/|2dvdv*dgdx)

=CJ; x Jp.

Clearly, one has

J12 =< C”f”LOQ(Rf,;Ll] (R3)) ”Ww‘lg“iz(Re) /Sz b(cos0) |0|do

2
= C“f“LOO(R)S(;Ll] (Rﬁ))”W%lg”Lz(Rﬁ)'
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Next, by the regular change of variables v — v’, cf. [6,16], we have

3 = [[ [ Potwwc 1w i Pav.aviax.

where
Q(U*,U/,U)
Do(v,v') =2 b(cos B (vy, V', 0))d
0(v, v) /Sz o @(0s. v/ 0)/2) (oS0 @s, Vs 0))do
/4
< C/ v siny dy,
0
and
cosy =~ 5y =6/2, do=sinydyde.
[V — vyl
Thus,

3 < Cllf oo s ) riy 11172 ey

and this together with the estimate on Jj give (5.1.4).
We now prove (5.1.5) by using (5.1.1) instead of (5.1.2). For this purpose, when
[ > 5, we write

(Wi OCF. ©) = OF Wou )+ h) s,

=€ [////b|9| |(Wyp 3 /)%l |(Wig)'| |h| dvdvidodx
+ / / / / b0 [(Wei )] 18] 1Rl dvdv*dgdx]

=./\/11 +./\/l2.

The estimation on M can be obtained following the proof of (5.1.4) except for the x
variable. Indeed,

12
M, = c/ (///b|9| (W3 )l 1(W g)|2dvdv*do)
12
x (///b|9| |(Wy3 £l |h/|2dvdv*do) dx

= C”g”LOO(Rﬁ;L,z(Rg))/ Wo,3 il w3 lhll 2 w3y dx

12 172
=< C“g“LOO(R;;LIZ(Rﬁ)) (/ ||W<p,5 f”%z(Rg)dx) (/ ||h||L2(]R§,)dx)

= C”W(pj f||L2(]R6)||g||L00(R)3r;L12(Rg))||h||L2(]R6)‘
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M can be estimated as follows. Firstly, we have

2
= Cz////b|9|1727%|g”(W<o,1f)*|2dvdu*dadx
x / / / / b161723 g||h' Pdvdv.dodx

= M1 X Mas.
Then, if/ —2 — 3 — 25 — 1 > —1, thatis, [ > 25 + 3 +2, we have
Mai < Cligl @zt @i | Wet 172 ge)-

On the other hand, for M » we need to apply the singular change of variables v, — v’.
The Jacobian of this transform is

8 8 LA 16072, 6 €[0,7/2]
= = = s , T .
I —k®oc| |l—k-o| sin?(6/2) ~

0V
ov’

Notice that this gives rise to an additional singularity in the angle 6 around 0. Actually,
the situation is even worse in the following sense. Recall that 6 is no longer a legitimate
polar angle. In this case, the best choice of the pole is k” = (v/ — v)/|v’ — v| for which
polar angle v defined by cos ¥ = k” - o satisfies (cf. [6, Fig. 1])

T —0

>
This measure does not cancel any of the singularity of b(cos ), unlike the case in the
usual polar coordinates. Nevertheless, this singular change of variables yields

Mo, = c//// b(cos ) 164242 |g| |'|? dvdv.dodx

< c/// Di(v, v)lgl |W Pdvdv'dx,

when!/ —2 > % + 2s because

Y=

do =sinydydy, ¢ e [%, g].

/2

Di(v,v)) = /sz 0!=2*32p(cos B)do < C/ (% )22y <
T

/4
Therefore,
Mo < Cliglpo @y @ip 1172 ge):

. . . . . 3

Now the proof of (5.1.1) is completed by using the imbedding estimate for / > 3,
lgl1@ < Cllgll iz

And this completes the proof of the lemma. 0O

We are now ready to conclude the proof of the uniqueness theorem.
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Proof of Theorem 1.2. Set F = f1 — f>. Then we have

Fr+v-ViF = Q(f1, F)+ Q(F, f2),
[ AR (5.1.6)

Let S(t) € Cg°(R) satisfy 0 < S < 1 and
S(ty=1, 7| =1; S(x)=0, [7]|=2.

Set Sy (Dy) = SQ272N|D,|?) and multiply W,,; Sy (Dx)> W, F to (5.1.6). Integrating
and letting N — oo, we have

1d
EE”W@IF(I)”iz(Rs) = (Wei Q(f1, F) + Wy1 Q(F. f2), Wy i F) 2 gs)

—( - Vi@ DYWiF, Wy 1 F) 2ge).

because (v - VSN (Dx)Wy  F, Sy (DX)WW 1F)2wsy = 0. The second term on the
right hand side is estimated by ||W,  F 12
—(Q(f1, g), g) it follows that

(Q(f1, Wy F), Wga,lF)Lz(Rs) = ClAO N o s; L1 @3y | We, lF(f)”Lz(Re D

12(R6)" Since f; > 0, from the coercivity of

By Lemma 5.2, we have

(Woa ©Cf1e F) = Q(f1s Wot F)). Wot F) e,
< ClLfill ;1) wip | Wt FIIZ 2

and

(Woa OCF, f2) = QF, Wy 12)) s WyiF) o,
< Cllf2ll g 2 arin | Wt F Il 2 g -

Finally, for [ > 7/2 + 2s, we have

‘(Q(F, Wo.if2), W(p,lF)Lz(Rﬁ)‘ < CIIOF, Woi /)l 2wyl Wo. i F ()|l 12 (ws)
1/2
F(t,x,-) 5 <>2
< ClIWy i F(Dll 2 ( /R . ”T"L' @yl 2%, Dl g
< W F Ol 2o | 2Ol oo 125, @3-

because (x) 2 < Wy, and (x)? /¢ is a bounded operator on H>® uniformly with respect
to x. Thus, we have, forany 0 < ¢t < T,

= || Wot F)13 e,

2
ko) IWod FO1} 5

Therefore, ||Wy 1 F(0)|2rsy = O which implies ||Wy 1 F(2)|2rsy = O for all 1 €
[0, T[. And this gives f; = f», and thus completes the proof of Theorem 1.2. 0O

< C (1l o, i 2d ey * 12 im0 7R 2,
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Remark 5.3. For the function space considered in Theorem 1.1, the uniqueness of
solutions is a direct consequence of Theorem 1.2 if there exists a non-negative solu-
tion. It is because go € Héc and g € L*(]0, T[xHé‘) with k, £ > 3 imply fo =
w+ . /1ngo € L“(Ri; H,ff) and f = p+ . /ug € L*(]0, T[X]Ri; H,%f) for any m,
respectively, and k > 3/2 + 2s.

5.2. Non-negativity. In this subsection, we will prove the non-negativity of the solution
obtained in Theorem 1.1.

Theorem 5.4. Let N > 3, > 3. There exists €1 > 0 such that if gy € HZN (R6) with
p+p'%gy > 0and ||g0||H,_£V([R6) <e€1,and g € L*°([0, T1; HZN(R6)) is a solution of
the Cauchy problem (1.3), then we have i + u'/?g > 0 on [0, T] x RS.

Proof. By applying Remark 5.3 on the uniqueness to the Cauchy problem (1.3), it is

enough to prove the non-negativity of the approximate solutions given by Proposition 4.5,
that is,

1/2

ff"=wu+p’"g">0, neNl. (5.2.1)

Again, this will be proved by induction. It is clearly true for n = 0 by taking g° = g,
and so we now assume that it is true for some n and will prove that (5.2.1) is true for
n+1.

From (4.3.1), f™! = u+pu'/?g"*! is the solution of the following Cauchy problem:

df™ v Vet = 0(fm f1h,
S =0 = fo=p+u'?g0 = 0.

Take the convex function

(5.2.2)

ﬂ(s) — l(s ) — N (S )
2 2
W ith N - min{S, 0}7 al’ld nOtiCG that

dﬂ(S)_S_
ds

Setting ¢ (x, v) = (1 + [x|> + [v|?)~2 and noticing that

Bs(s) =

Bs(f" N (x, v) = min{ ", 0}p (x, v) € L=([0, T]; L'(RY; L2(R})),
we have by (5.2.2),

d
o / B(f"pdxdv = / Qf", ™Y Bo(f"™ N dxdv
t JRro R6

- / v Yy (B )dxdy — / @' v - Ved) BUdxdv,
R6 R6

where the first term on the right hand side is well defined by Theorem 2.1, because
f" belongs to L*°([0, T] x Ri; Lés N H22; (R%)). Since the second term vanishes and
v - Vy ¢| < C¢, we obtain

d
- / B(f"pdxdv < / Of", " HB (" pdxdv + C / B(f"Hpdxdv.
t Jro R6 RS



552 R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu, T. Yang

For the first term on the right hand side, we have
/ O(f"™, f™h B (f"gdxdv
R6

=/ / b(COSO) (f;l,fn+1, _fllfn+l)ﬂs(fn+l)¢
RS, JRY, <52

= / / bieoso) £ (£ = 7"1) B (s
RS, JR3 xSZ

/ BN 1 / , bleosd) (£ = 12)
=I+II.

From (4.3.2), we have, forany n € N,

||fn||L°°([0,T]xR_§.; LI(R3)) =1+ ||«/ﬁ g””LOO([o,T]xRi; LI(R3))

IA

L+ Cllg" I oo, 71xR3: L2®3)) < 1+ Ceo,

so that the cancellation lemma from [6] implies that

/ b(cos0) (f* / (¢, x, v)dv
R3, xS2

<C||f" llZoo0,71xR3; L1 (R3)) = C s

while B (s)s = 28(s) implies that

11| < C/ B Hpdxdv.
R6

On the other hand, by the convexity of 8, that is,

Bs(a)(b —a) < B(b) — B(a),

and the assumption that f7" > 0, we get

1= / / b(cos G)f:/ (f"H/ — f"“) Bs(f" e
Rg’,’v Rg* xS2
<[], seosors (B - i) o
RS, JR3, xS?
5/ / b(cos6) (ff/ﬁ(f"w)—ffﬂ(fnﬂ))(f)
RS , JR3 xS2

/R ) /IR ) Szb(COSG)ﬂ(f”“)(f* )¢

/ / et 1B (6 )+ C / B pdxdv
RS, JR3, x

=1 +12.
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Applying Taylor’s formula to the first term gives

1
I =/ df/ / b(cos 0) frB(f™H) (V' =v) - Vo (v+T( —))).

0 RS , JR3 xS2

Since
’ . 0 . 0
[V — v] = |v — vy| sin 5 < (v) (v4)sin 5) (5.2.3)
by setting v; =v+1(v  —v), 0 <7 <1, 0 <6 <m/2, we have
. (0 V2
[v] < [vel + [0 = v| < |vg| +sin (5) (Iv] + vi]) < |ve| + TIUI + vyl

Then
(L+1x12 + ]2 < C+ [x ] + e (0 + [us ),
which implies

<U*)5

(v)

Voo (x, vo)| < (1+ [x” + v [))7/% < Co(x, v)
So we obtain
|11| = C||fn||LOO([0) T]XRE; Lé(R%)) /R6 ﬂ(f"”)q&dxdv.

Again from (4.3.2), we have, for any n € N,
”fn”Loo([O,T]xRi; L(I,(R%)) =< ||M1/2“Lé(R3) + ”MI/Zgn ||L°°([0,T]><R}; Lé(Rﬁ)) < C(l + EO).
Finally, we have obtained, for0 <t < T,

d

T /R BU™ D¢ dxdv < C/RG BU™Dgdxdv, B Dli=o =0.

Therefore, for 0 < ¢ < T, and by continuity,

/ B (1) dx dv =0,
]R6

which implies that f"+1 (t,x,v) > 0for (¢t,x,v) € [0, T] x sz,v. Therefore, the proof
of Theorem 5.4 is completed. O

Remark 5.5. Note that the above analysis can be extended to the strong singularity case.
Indeed, by writing

I = / / b(cos0) frB(f™) (V' =) - Voo (v)
RS, JR3 xS2

1
+1/ dr/ / b(cos0) frB(f™) (1/—1))2 Vig (v+T(v — )
2 Jo RS, JR3, xS2

= I + 112,
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since we have

(v*>6

V2o (x, vo)| < (1+ [x* + v:|) 72 < Co(x, v) ,
(v)2

it follows from (5.2.3) that
|[12| = C||fn||L<>0([O’ T1xR3; Lé(R%)) /]Ré ﬂ(f””)qbdxdv.

On the other hand, setting k = |5:5§Z\ and writing

vV —v = %Iv — V| (0 — (0 - K)k) +%((0 ‘K) — D(v —vy),
we have

111=% / / b(cos8) [ BUF™) (cos — 1) (v — vy) - Vo (),
Rgv Rﬁ*ng

where we have used the symmetry that sz b(o -Kk) (0 — (0 - k)Kk) do = 0. Therefore,
we have

|111| = C||fn||L00([07 T]XR;E;Lé(]R%)) /]R6 ﬁ(f"“)q&dxdv,

and the same estimation holds also in the strong singularity case.

6. Full Regularity

‘We now prove the smoothing effect of the Cauchy problem for the non-cutoff Boltzmann
equation. More precisely, the main result of this section is given by

Theorem 6.1. Assume that 0 < s < 1/2. There exists €; > 0 such that if gy € H33 (R%)
with u + u'?go > 0, ||80||H33(R6) <e€,and g € L*>([0, T]; H;(R6)) is the solution
of Cauchy problem (1.3), then we have g € C*°(]0, T[xR9).

Let us recall that Hé‘ (RZ,X,), H lf‘ (RE, »)and H é‘ (R%) denote some weighted Sobolev
spaces with the weight defined in the variable v. Since the regularity result to be proved
is local in space and time, for convenience, we define the corresponding local version

of weighted Sobolev spaces. For 0 < 73 < T» < 400, and any given open domain
QC Ri, define

HI'(Ty, To[xQ x R3) = {f e D'(T1, To[x2 x R3);
POV f € HI'R)), Yo e CETL T, ¥ e CF |

The proof of Theorem 6.1 will be divided into several steps.
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6.1. Formulation of the problem. First of all, we recall the main result in [12] given
below.

Theorem 6.2. Assume that 0 < s <1, 0 < T) < T, < 400, Q C Ri is an open
domain. Let f be a non-negative solution of the Boltzmann equation (1.1) satisfying

f e Hg (T, Tr[x 2 x Rg)for all £ € N. Moreover, assume that f satisfies the non-
vacuum condition

1)) > O, 6.1.1)
forall (t,x) €]T1, T>[x2. Then we have
feHP®AT, TIxQ x RY) € C*°(Ty, T[xQ x RY),
forany £ € N.

To apply this result, let us firstly note that, by Theorem 4.3 and Theorem 5.4, under
the assumption of Theorem 6.1, the unique solution of the Cauchy problem (1.3) satisfies

”g”LOO([Q T, H3 (R%)) = €o, m+ ﬁg > 0.

Therefore, f = u+ ,/;wg > 0 is a solution of the Boltzmann equation (1.1). On the
other hand, we can choose €y > 0 small enough such that

IV gl Lo, r1xR3: L1 ®3)) = ClgllL=(o, 71: H2(RS) = Ceo < 1,

where C is the Sobolev constant of the imbedding H 2(Rf‘) C LOO(R)%). Thus, for any
(t,x) €10, T[xR3,

/ f(t,x,v)dv = 1+/ S gt x, v)dv
R3 R}

11— ||\/ﬁg||L°°([0,T]XR)3(;Ll(Rg)) > 0, (612)

v

so that f = u + /1 g satisfies condition (6.1.1).
By using Eq. (1.1) and Remark 4.4, we have also, forany £ e N, 0<T1 <Th <T
and bounded open domain 2 C Ri,

f=n+ug e )T, TalxQ x R)).
Note that we can not apply directly Theorem 6.2 because we now only know that f
has regularity just in H;? (T, To[x2 x R%). To overcome this, we prove the following
theorem.

Theorem 6.3. Under the assumptions of Theorem 6.1, we have, forany 0 <T) <T» <T
and bounded open domain Q2 C Ri,

f=n+ g e H (T, TolxQ x R)),

holds for all £ € N.
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The proof of this theorem is similar but easier than that of Theorem 6.2 which was
proved in [12]. In fact, since we have

g" - &

by mollifying the initial data and using the uniqueness of the solution, we do not need
at all to mollify the solution as in [12]. It follows that to obtain the above regularization
result, we only need to prove the a priori estimate on the smooth solution, which can be
deduced from [12].

To make the paper self-contained, we give a proof here. Let us recall that here we
consider the Maxwellian molecule type cross-sections with the mild singularity.

Here and below, ¢ denotes a cutoff function satisfying ¢ € Cg° and 0 < ¢ < 1.
Notation ¢; CC ¢» stands for two cutoff functions such that ¢, = 1 on the support

of ¢1.
Take the smooth cutoff functions ¢, @2, 93 € C5°(1T1, T2[) and ¥, V2, Y3 € C3°(2)

such that ¢ CC ¢ CC @3 and ¥ CC Yo CC ¥3. Set f1 = ()Y (x)f, fo =
(DY (x) f and f3 = @3(1)Y3(x) f. Fora € N°, || < 3, define

g =032, (eMY(x)f) € LTy, To[; LF(R®)).
Then the Leibniz formula yields the following equation:
g +v-dg=0(fh 9+G, (t,x,v) eR’, (6.1.3)

where

G= D CHo(™ . i)

ajtan=a, 1<|a||

+3% (@ () f +v - Y ()e@) f) +[3%, v - 3 ](@() Y (x) f)
=A+B+C. (6.1.4)

Then we can take W2¢ g as a test function for Eq. (6.1.3). It follows by integration by
parts on R’ = R} x R x R3 that

o:(We o). Wt ) +(G,W” ) ,
0(f2, 8 8) . ®) g L@®Y

which is sufficient for obtaining the required initial regularity.

6.2. Gain of regularity in velocity variable. The nextstep is to show the gain of regularity
in the velocity variable by using the coercivity of the collision operator.

Proposition 6.4. Under the assumption of Theorem 6.1, forany 0 < T) < T» < T and
bounded open domain Q C Ri, one has

AS fi € LA(R,; H} (R%)),

forany £ € N, where Ay = (1 — AU)%, fi =0 x) f withe € CAT, TaD), ¥ €
C®(Q).
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Proof. Firstly, the local positive lower bound (6.1.2) implies that

inf I 2, x, )l g1 w3y = co > 0.
(#,x)€Supp ¢xSupp ¥/ (&)

Thus, the coercivity estimate (2.1.1) gives

—(otr Whe) W)

LR

== Q(fr. Whg), W g) dxdt
~/t€Supp(p /xeSupp ¥y ( L2(R})

> C W[ tv [ 2S
_/R/R( oIW gt )

= CILatt 3, My W 8%, s, ) dxd
= Col Ay W* g2y — CTI 2l o 11 in W 8o, 125
Since
120 oo w1y = CI2N oo, 7y, mif2ee ey

and

e 2 2
” w g”LOO([O’T]; L2(RO)) = C”fl ||LOC([0,T]; HE(RG))’

for ! > 3/2, we have

K 4 2 2
||A§)W g||L2(R7) =< C||f2||Loo([O’T]; HE(RG)) +

G, w2 )
( & L2(R7)

H(Won o -0tk We We) | 62)

L2(R7)

By applying Lemma 3.2, the third term on the right hand side of (6.2.1) can be
estimated as follows:

‘((WZQ(fZ» 9= 0 W), W)

L2(R7)
< CT”f2”L°°([O,T]; HZ{SZ"'E(R(;))”g”LOO([()’T]; L%(R(’))”g”L%(RU

2 2
= cT ||f2||L°°([O,T]; H{i{;*‘(Rﬁ)) ”fl ”Loo([O,T]; HZ(R6))

For the second term in (6.2.1), we shall prove the following claim:
For 0 < s < 1/2, one has

G. w )
'( § L2(R7)

< € (Il poeqo,7y; w3y
2 syt
In fact, recalling the expression (6.1.4), it is easy to get

2 2 2
” B”L%(R7) + ”C”L%(R7) S CT||f3 ”Lm([O,T]; H;H(RG))'
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For the term A, firstly recall that o1 + @2 = «, || < 3 and |a2| < 2. In the following,
we will apply Theorem 2.1 with m = —s. We separate the discussion on A into two
cases.

Case 1. If |ay| = 1, we have
L 10 fa % e, x, My g
t X
o 112 o) A2
L N L R T e S T A,

2 2
< Cllaallele(R?’x;Ll (R3>)/R /R3 192 f1 (¢, x, Mis | @aydxdt
1 X

0+2s

2 2
= CTIR N e 0,1 113, rep I e o,y 13,5, 0

Case 2. If |a1| > 2, then || < 1, it follows that
oy 112 o) A2

< Cl9* f1]? , 3% fo(t, x, )12 dxdt
= ” fl ”LOC(]R?,X; Hlizs(Rz)) R, JR2 “ f2( s A )||L12+3/2+5+25(R%))
X

2 2
<
<CT|n ||L°°([O,T]; H(}:;S/2+E(R6)) ||f2||Loo([0‘T]; Hg+3(R6))'

By combining these two cases, we have

G. w2t )
‘( & L2(R7)

2
= CT (||f2||L°°([0,T]; H£3+1(R6))
2 14
ooy 3 oy 1S 8l2ey ) -

Therefore, we obtain

4
2
||Af)We g”L2(R7) <C (1 + ||f3||L00([(),T]; HE(R6))) .

The proof of the proposition is then completed. O

6.3. Gain of regularity in space variable. With the gain of regularity in the variable v
given in the above subsection, we now want to prove the gain of regularity in the variable
x. Here, the hypo-elliptic nature of the equation will be used.

For this purpose, we introduce a more general framework. First of all, let us consider
a transport equation in the form of

fi+v-Vif =g e DR, (6.3.1)
where (¢, x,v) € R7.

In [9], by using a generalized uncertainty principle, we proved the following hypo-
elliptic estimate.
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Lemma 6.5. Assume that g € H_S/(]R7), for some 0 < 5" < 1. Let f € L2R") be
a weak solution of the transport equation (6.3.1), such that A} f € L%(R7) for some
0 < s < 1. Then it follows that

s

A;(l—s’)/(&‘+l)f c L2 . (R7), A;‘(]_S/)/(S"'l)f c LE%(R7),
- s+

s+1
where Ay = (1 — A.)l/z.

Of course g is typically linked with the Boltzmann collision operator. Through the
above uncertainty principle, we have the following result on the gain of regularity in
the variable x

Proposition 6.6. Under the hypothesis of Theorem 6.1, one has
AY fi € L*Re; H} (R), (63.2)

s(1—ys)
s+D) -

forany £ e Nand 0 < so =

Proof. For any ¢ € N, it follows from Proposition 6.4 that ASW'g € L*(R’), while
using the upper bound estimation given by Theorem 2.1 with m = —s, we get

W O(fa, g) € LA (R} ; HS(RY)).

1,x°

On the other hand, (6.2.2) gives

W G e LA R} ; HS(R3)).

1,x7°
By using Eq. (6.1.3), it follows that
H(Wig) +v - c(Wig) = WiQ(f>, g)+ WG e H*(R).

Finally, by using Lemma 6.5 with s = s, we can conclude (6.3.2) and this completes
the proof of the proposition. O

Therefore, under the hypothesis f € L*([0, T]; HE (R6)) for all £ € N, it follows
that for any £ € N we have

AS (e (x) f) € L*(Ry; HY(R®)),
A (@Y (x) f) € L*(Ry; H (RY)).

We now improve this partial regularity in the variable x. Since fractional derivatives
will be involved, it is not surprising that a Leibniz type formula for fractional deriva-
tives in the variable x is needed. We shall use the following one, taken from [12]. Let
0 < X < 1. Then there exists a positive constant C; 7 0 such that

D" O (f, &) = Q(ID:I"f, g) + Q (f. IDxI"g)
G, /R RO i g, 63.4)

(6.3.3)

with

fut,x,v) = f(t,x,v) — f(t,x +h,v), heR.
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With this preparation, we need a preliminary step, given by

Proposition 6.7. Let 0 < A < 1 and f € L*°([0, T]; HE(R(’)) be a solution of (1.1).
Assume that, for all £ € N, we have

ASfi € HH(RY), AYfi e H}R).
Then, one has for any € € N,

K A
IASAY fill 2w, w3 sy < CIS2ll oo, 71 13,6
Y A
x (1A% fill g ey + 1A Al @) -

Proof. Set g = 0%, fiand e € N°, |a| < 3. We choose W* | Dy |* ¥/3(x) |Dy|* W' g as
a test function for Eq. (6.1.3). Then

((v - Y2 () [Dx|* Whg, ¥a(x) [Dy* W* g)L2(]R7)

= (1) 1D WS ). V2l 1D W)

(Va0 1D WG 2 1D W)

One has

Aqa
L2(R7) < CHA Az, @y

‘((v - 9200) Dl W g, 92x) [ DL W' g)

and the same estimation for the linear term of G in (6.1.4),

‘(wz(xwxﬂ WE(B+C), o) D" W' g)

N
@y = CIAL Sz, wr)-

For the nonlinear terms of G in (6.1.4), we shall use the Leibniz formula (6.3.4). First
of all, the coercivity estimate (2.1.1) gives, as in (6.2.1),

— (22, 2D WE ), 2D W' g)
> Coll Ay Y2(0) [ Dx " W* gl172g0,

—CT I f2ll s ; 11 rip V2D W g1 o 0.7 12 R0

L2(R7)

On the other hand, the upper bound estimate of Theorem 2.1 with m = —s gives,

’(Q(lefz, Y1OWEg), Y1 (x)| Dy W g)mm

< ClIDxI* fallpoems ,, 1y, iy V2D AW gl 2 @y W20 1 D AL WE gl 2
< Cllf2l poo o7y 13224 oy 12O A WE gl 2 oy 1920 [ D A WE gl 2

; H3 /242s5+€

< SR ID* A WE gl 7oy + Coll Pl o 1y, 3oy 1838172 oy
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For the cross term coming from the decomposition (6.3.4), by using again Theorem 2.1
with m = —s, we get

/ 7@ W), vAW)IDL W' g)
R3
< ICIY2 (1D AW gl 2

x /]R BTNl o s, s, iy 1AV @l 3 gy

L2(R7)

2 2 2

Hence, we have

‘('DX'AQU‘Z’ Y2 ()W g) — QDI fo. Y2 ()W’ @), Yo ()| Dy | W* g)mm
< 812 (OID* A W gl g, + Coll oI 1A gl

= 2 X v 8 L%(R7) S§11J2 L°([0,T7; H}3(R6)) v8 L%+2S(R7)'

In conclusion, we get

2 (I D AW 172 g,

2 A2 K 2
< CIA o ry, miasy (1 1Ds"81% o) + 183812 50))

# (1D (W0 (e 9= 0 (£ W'e)) WACDIWYS)
Ve 724 2 s 4
(1D W A D, W)
=I1+1I+1II

For the term II, again, formula (6.3.4) yields,
a (e ¢ 2 P,
(1D (W =0 (h Ws)). vi@IDIWg)

= (W (D £2. g) = 0 (IDu* 2. W'g)), vAWIDI W g)

L2(R7)

’ ((W[ 0 (£ 1Dusl's) - 0 (.fz, we |Dx|xg)) Y3 Dy WE g)LZ(]R7)
+C /uz@ |h| 73 ((Wz o ((fn, gn) —Q ((fz)h, wt gh)) 2D W g)

L2(R7)

Since 0 < s < 1/2, Lemma 3.2 implies

‘((WZQGDXML ¢) =0 (1Dl 12 Wie)). vAWID W g)

L2(R7)
< ClIDxI* foll oot ianllgliaws, . 2epll 1D el 2

A
= C|If2||L°°([(),T], H;_g;z)‘::(Ré)) ||g||L%(R3) ” |Dx| g”L%(R7)7
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and

‘((WKQ(fz, D:lg) = 0 (f2. WEIDLI™g)) . 3D W' g)

L2(R7)
A A
=< C||f2||Loo(]R;*.x , LY(R3)) I Dx| g”LZ(]R;‘.x , LA(R3)) | 1Dx| g”L%(R7)

2

A
< C||f2||L00([07T]; Hel.g//zz::(R())) ” |DX| g”L%(R%

For the cross term,

—3-2 ¢ _ ¢ 2 A
‘/RS 1= (W0 (ome e — @ ((fns Whan)) s 3G IDL MW g)Lz(R7)dh‘
2
< C||f2”L°°([(),T]; H[l:;//;::(R()))||g||L%(R3)” |Dy| g”L%(R7)'
Thus, we have
A2
o< C||f2||Loo([()’T]; H£3+2(R6))|||Dx| g”L%(R3)'

We now consider the last term /717. Recall that A stands for the nonlinear terms
from G,

A= D CHQ(O fr. 02f).

aj+ar=a o1#0

We have

‘(um (Q (@ /o 92 f1)). WUBIDS W'e)
< CIIAS Y1 ()| Dy W gll 27y X { |Q (1D0x1*0% fo. 8 A1) 2 o1 iy
+1Q (0 2, 1D 0™ i) | 2@t s )

+

/ W30 (09 (e 0% (fi)n) dh

LR i HfYyy o (RY) ]

We divide the discussion into two cases.

Case 1. o] = 1 (then |oz| < 2). Applying (2.1.2) with m = —s. We have

0 (DePa% fo 8% A)] o oy

A
< CILAL™ foll oy @il ®p | A3 fill o, 12, @6)

< C|| A* 143/2 AS 2412 s
= ” fo ”HZ:3//2::+2S (R7) || vfl ”H@:Zy/ +€ (R7)

A
[Q (0% fo. 1D"0™ Fi) | 2t sy
< CIO fall proqrs n), rip | AVATI fill 2 )

< As
= C||f2||LOC([0‘T]; H;:;/;:“S(Rﬁ)) [ vfl ||H2+2‘Y(R7),
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and

H / hTTRQ (0 (fdne 0°2(fon) dh

LR} H S (RY)
=< C/Ihl 7 8al(f2)h||Loo(Rtle}+2 ®ll Ay 0% (fl)h||L2 (Rv)dh

< CIO™ fall ooy s, Rip I AV Vi fill 2 oy

< A? .
Cll2l o go. 7). 431:;//22::+2:(R6))” vf1||H£3+2J_(R7)

Case 2. |a1| > 2. By the same argument as above, one has

A
| (IDxI"8* fa, 8a2f1)||L2(R?,X;H[S(R3))
A
+ || Q (aal f2’ |Dx| 8a2f1) ||L2(R?V»H[_S(R3))
s A
= C||f2||Loo( 0,77; [1:3//22:':+2J (RS)) (”Avf] ||H;’+2S(R7) + ”Axf] ||H(?+2s(R7)) .

When |o1| = 2, we have

H/}Rs h=374Q (3% (). 8°2(fi)n) dh

L2R} HP(R3))

<€ [P0 ol 2@ L
<AL Ll L2y Lo @3 13, @) D
= ClI V0™ fall oo, (123 L]

L @ A fill 2wy (oo ma: 12, R
< Cllfal oz,

(R6)) Il A{,fl ||H[3+2S(R7)’

£+3 / 2+e+2s

while when |a| = || = 3, we have

” /R . 3720 (3% (f2)n, (fi)n) dh

L2R{ i H (RY))
< C/ |h| 7372 3a(f2)h||L2(R4 LY, (RS))” A}Yj(fl)h”Lm(R;{X 12, (R3) ndh
= C” 806](2”142(1[{4 &ZS(R* )” A Vi fl ||L°°(1R th(RS))

< CIAR wqoryn

€+3/2+e+23 (R ))

Thus, by the Cauchy-Schwarz inequality, we obtain
I < 8 A3 Y1) D W g7,
+Csllfall} s gy (1N A2 g +IAL A2 )
L>([0,T]; Hp\5(R)) v Hp, (R7) X Hp, (R7)
Finally, we get
1A Y1 () D W gl g,
2 s 2 A 2
< Coll Pl oy, 13 oy (1811 o)+ ING Al )

and the proof of the proposition is completed. O
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We are now ready to show the gain of at least order 1 regularity in the variable x.
Proposition 6.8. Under the hypothesis of Theorem 6.1, one has
A (e () f) € H (R, (6.3.5)
forany £ € N and some ¢ > 0.

Proof. By fixing so = %, then (6.3.3) and Proposition 6.7 with A = sg imply

A ADg € H} (RY).
It follows that
(ALQ) +v - 9 (AYg) = AV Q(f2, 8)+AYG € H*(R)).
By applying Lemma 6.5 with s’ = s, we can deduce that

AP ()Y (x) ) € HP (RT),

for any £ € N. If 259 < 1, by using again Proposition 6.7 with A = 2sp and Lemma 6.5
with s’ = s, we have

AS (Y () ), APy (x)f) € HIRT) = AX(p(n)y(x)f) € HF (RY).
Choose kg € N such that
koso < 1, ko+Dso=1+¢e > 1.

Finally, (6.3.5) follows from Proposition 6.7 with A = kgsg by induction. And this
completes the proof of the proposition. O

6.4. Higher order regularity. The proof of Theorem 6.3 will now be concluded with the
above preparation.
From Proposition 6.4, Proposition 6.8 and Eq. (1.1), it follows that for any £ € N,

A (@Y ) ), Vi oY () f) € HY (RY).

This fact will be used to show higher order regularity in the variable v by using the
following

Proposition 6.9. Let 0 <\ < 1. Assume that, for any cutoff functions ¢ € C3°(1T1, Tz[),
Y e CiP(RQ) andall £ € N,

A (@Y ) ), Vi (py () f) € H (R)).
Then, for any cutoff function and any £ € N,

A (o) (x) f) € HY(R).
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For the proof, we choose wt A%k wt g as a test function for (6.1.3), and then pro-
ceed as in the proof of Proposition 6.7. The only difference is in the estimation on the
commutator with the convection:

(18 o] W' i)

A
LR < CllAj g”L%(RU IV g”L%(ﬂV)’

since
[A%, 0] - 8 =2A%20, - By,

and A%729, are bounded operators in L2. This is the reason why we need in the first
step the gain of the regularity of order 1 in the variable x.

To complete the proof of the full regularization result, firstly, exactly as Proposi-
tion 6.3.5, we can get

A (e (x) f) € HY (R,

for any £ € N and some ¢ > 0.
Therefore, we obtain that there exists € > 0 such that for any ¢ € N and any cutoff
functions ¢(¢) and ¥ (x),

(O (x) f € HR).

Notice that the estimate in Proposition 6.7 can be modified as follows. In fact, we can
obtain

S AL
||A:;Axfl “LZ(R,; Hé(RG)) = C”f2”HZ‘:§(R7)

A
x (183 f1ll g, ey + IS fill g, @) -

s

By using this, the proof of
feHIAN, IxQ xRY), Ve e N = f e H (T, TA[xQ x RY), Ve €N,

is direct and this completes the proof of Theorem 6.3 by the bootstrapping argument.

7. Global Existence

We shall establish a global energy estimate for the Cauchy problem (1.3). For ease of
exposition, and unless necessary, generic constants will be dropped out from the esti-
mates in this section. Finally, all in all, we shall follow and adapt the method initiated by
Guo [46] on the estimation on the macroscopic components. Here we point out that his
method works also for the non-cutoff case but only when the estimations of the nonlinear
and related terms are carried out in terms of the non-isotorpic norms (2.2.1). We also
note that his method has been generalized to various directions. Among them, a few are
the external force case [35,37], the Vlassov-Maxwell-Boltzmann equation [65], the soft
potential case [66,74] and the Landau equation [45,74]. Independently of Guo’s method
[46] which is based on the macro-micro decomposition near a global Maxwellian, the
energy method based on the macro-micro decomposition around a local Maxwellian has
also been developed with application to the classical fluid dynamical equations [52-54].
Further references are found in these papers.
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Introduce the macro-micro decomposition near the absolute Maxwellian ju:

g=Pg+(I-Pg=g +g, Pg=g = (a+b : v+c|v|2) w2,
In this section, the following result on the energy estimate will be proved.

Theorem 7.1. For N, { > 3, let T > 0 and suppose that g is a classical solution to the
Cauchy problem (1.3) on [0, T]. There exist constants Mo, M1 > 0 such that if

max £(t) < My,
0<r<T

then g enjoys the estimate
E) +/Ot D(r)dt < M £(0),
foranyt € [0, T], where
€ = 18115, oy ~ 1@, b, Ol gy + 182155 s,
is the instant energy functional, and
D = [[Vx(@, b, Ol gy *+ 1221y s,

the total dissipation rate.

The proof of this theorem is divided into two parts, that is, the estimation on the
macroscopic component and the microscopic component respectively.

7.1. Macroscopic energy estimate. By the macro-micro decomposition, the equation in
(1.3) is reduced to

or {a+b~v+c|v|2}ul/2+v~vx {a+b-v+|v|2c}ul/2

=—(0;+v-Vo)g+Lg+I' (g, 9.

Using
v-Vyb-v= Zv,-vjaibj = vaaibi + Zv,-vj(aibj + 3jb,‘),
i,j i i>]
we deduce
O viloPu!2 Vie = =drc +le+ he,
(i) U?Ml/z : ;¢ + 0;b; = —0sri +1; + h;,
(iii) U,‘vj/,Ll/z D 0ibj+0jb; = =0+ 1+ hij, i £ ], (7.1.1)
(iv) vip 20 by + 8ja = —dyrpi + Ipi + i,
V) ul/z : 0ra = —0irg +1y+ hy,
where

r=(g0n =@ Vig+Lo e, h=T(g8). 02w
stand for r¢, - - - , h,, while

e e span{vi|v|2ul/2, v?,ul/z, vivj,ul/z, viul/z, ul/z}.
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Lemma 7.2. Let 0% = 0%

Y, o e N3, |a| <m,m > 3. Then,
||3a(a, b, C)2||L2(R§) < IVx(a, b, C)||Hmfl(Rg,) l(a, b, C)||Hm71(Rg)~

Proof. Let k = |«|. Then, one has for k = 0 that

@, by 2l 2y < 1@ b, Ol ol @, by )l s
= ”Vx(av bs C)”LZ(RE) ”(a’ ba C)”HZ(RE),

since

1/3 2/3
labllp2r3y < llalizs®3) bl 3®s) < ||an||L2(R§)”b”L/w(Rf.)“b”L/z(Rf.)
= IVxall 23 161 52 w3)-

Also for k = 1, we have

||8(Cl, b, C)2||L2(R§,) < ”(aa b’ c)a(a, b’ C)“LZ(Ri)
= (@, b, o)l oo w3 I Vx (@, b, Ol L2 w3y
= l(a, b, )l gm-1®3)IVx(a, b, O)llL2®3)»

and for2 < k < m,

10% (@, b, &)’ ll2sy < D, 105 (@, b, )™ (@, b, )l 2y

1<k
k'<5

< D105 @ b, o)l oo 10575 (@, b, 0 23
< 1@, b, )l g1 &) V(@ b, ©) | -1 3y -

And this completes the proof of the lemma. 0O

Lemma 7.3 (Estimate of r, [, h). Let 9% = 0%, 0; = 0y, la| < N —1, N > 3. Then,
one has

10:0%r Il 23y + 19%0 Iz < g2l v 2, L2RY)) = Al (7.1.2)

||3ah||L2(R§() < [IVx(a, b, C)”HN*?(R;“;) (@, b, C)||HN71(R§)

@, b )l sy g2l a1 v, 12y + 1820501 s, 2y = A2 (713)
Proof. Equation (7.1.2) follows from
10:0%r Il 2wy < 11(0i0% 82, €) 23l 23y < 119:0“ 820l L2(Rs )
and

18%1 ||L)2C < [(Vx2d%g2, Ue)LZ(Rg) +(3% g2, E*e)Lz(R%)IILz(Rg) = |I3§‘g2IIH1(R3,Lz(R3».
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We prove (7.1.3) as follows:
h = /// b(cos Q)Mi/Z(g;g/ ~ gu)edvduvdo

= /// b(cos0)ggs ((/Ll/z);e/ — /Li/ze) dvdvido

= / / / bcosO) (') (' ?g)x (¢ () — ¢ (v)) dvdv.do

2 2
=0(g,0)= ) (g, g) = > Y,

i,j=1 i,j=1

where g = ¢ (v) is some polynomial of v. Firstly, we have

oUh = Z 0P, Vi),

nj.nk€la.b,c}
where ¥ (v) € N. Clearly, [P (¥, Yi)l < 00, so that by virtue of Lemma 7.2,
19DV 2 sy < 10%(a, b, ) 2@sy < IVe(a, b, )l gv—2g3) (@, b, )l gv-1 w3)-
On the other hand,
1D (g, )l 23
1/2 1/2
=gl ms pi@aplle " Fllle@s: Liws)y = Igllzme ) l2ws )
which yields for |o| < N — 1,
19D ) 23y < 10 (@, b, )l 23 1082l 2
< l(a, b, C)||HN—1(]R§)||82||HN—1(R§,L2(R3))’
10% @V 2@y < 1021l 2 ms ) 10% (@, b, Ol 23
< g2l gv-1 @3, 2@y (@, b, )l gv-1(r3),
18P | 2y < 10% 8272 ms ) < N82ll w1 ma, 2y
Now the proof of (7.1.3) is completed. O

Lemma 7.4 (Macro-energy estimate). Let || < N — 1.
V8% (@, b, )72 )
d
== {(a“r, V20%(a, —b, ) 23, + (3D, anaa)Lz(Rz)}
18201 %w 3 23 + P1€1 (7.1.4)
where
D1 = [[Va(@, b, )l gv-1 g3 + 18200 v @ 2 @)
is a dissipation rate and
&1 = 1@ b, w1 gy + 182001 2y = 1810 n-1 s 23

is an instant energy functional.
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Proof. (a) Estimate of V,0%a. Let A|, A, be as in Lemma 7.3. From (7.1.1) (iv),
1V.0%all? 2 s, = (Vxd%a, Vid“a) 12 g3)
= (0%(—0;b — dr +1+h), Vy 8“a)Lz(R3
Ry + Cy(AT + A3) + 1[I Vxd%all7,
Ry = —(8%9;b + 3%9,r, V,03“ a) 2R3y

(RY)

IA

R

d
_E(aa(b +r), anaa)LZ(Ri) + (ana(b +r), 8,3aa)Lz(R§()

d
—E(E)“ (b + r), anaa)Lz(R;)

+Cy ([ Vx3°bII7 AD +nl18:0%all3

®)*
(b) Estimate of V,9%b. From (7.1.1) (iii) and (ii),

(R3)’

A 0%b; +370%b; = D 9;0%(3;bi+3;b;)+3;0% (20ibi — »_ d;b;)
J#i J#i
= 0;0%(=0;r +1 +h),

[|Vy 80‘b|| 23y + |0 8“b|| ) —(A,3%b; +8i23°‘b,~, a“b)Lz(Rg)
L2(R3) L 3

R ~
= Ry + R3+ Ry,
where
d
= (3[30‘}’, 3,' 30‘19)1‘2(&)3() = E(aar, 8,' aab)LZ(R%) + (8[80[}’, 8t8ab)L2(R§)
d o o 2 a2
= Z(a r, 0;0 b)LZ(R}Z) + CnAl + 77||8ta b”ﬁ(}Ri)*

Ry = —(3°1,0;0°b) j2m3) < CyAT + n||a»a“b||§2(R3),

Ry = —(0%h, ;0% b)agsy =C A2 + 1| 0; 8"‘b||L2(]Rz
(¢) Estimate of V,0%c. From (7.1.1) (i),

V0%l gy = (Vad®c, V20"0) sy = (0% (=i +1+h), Vxd*e) o)

< Rs +Cy(AT + AD) + 1| Vxd“cl T2 g3

where

d
R5 = —(80[8;7', anaC)LZ(R:;) = ——(aar, anaC)LZ(R:%) + (anar, ataaC)L2(R§)

IA

——<a F Ve 0) gy + CrAT + 11910l 2 s -

(d) Estimate of 9,0%(a, b, ¢).
10:0%(a. b, O)ll 23y = 0“0, Pgll2ws )
= [0°P(—v- Vag — Lg+T(g. ) lr2ws )
= [0°P(v - Vag)ll2s )
< IVed*(a, b, o)l 2ws) + 1IVx0“ g2l 2 g ). (7-1.5)
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Combining all the above estimates and taking n > 0 sufficiently small, we deduce
I1V:0% (@, b, )72 g,
d
<= {01, V.07 (@, =b, ) 2y + 07b, V200) 12
AT+ A3+ Ve g2l T2 s -
Finally, choosing |o| < N — 1, and using Lemma 7.3, we obtain
AT+ AS 4l Ved® 2l e ) < DiE1+ g2l (2ga):

which completes the proof of Lemma 7.4. O

7.2. Microscopic energy estimate. Inthis subsection, We shall use Lemma 2.6 and Prop-
osition 3.5 to estimate the microscopic component.

Step 1. Leta € N?, || < N, and apply 3% = 3¢ to (1.3) to have,
0 (0%g) +v - Vy(098) + L(3%g) = 9°T'(g, &),
and take the Lz(Rg’U) inner product with 9“g. By Lemma 2.6, we have

ld .
7710782 gs )+ D1 =V, (7.2.1)

where D is a dissipation rate
Dy = [ 19%allPdx = |110%g2ll1 %
R? BY(RS)’

and J is given by

2

J =0T (g, 8), 9D 2ms) = Y (0°T(gi, &), 9" 82) 12 (we)
i j=1

— i Jan .

ij=1
First, consider J'D. We have, with v, € A,

17D < 18T (g1, g0l 2 10% 82l 2

IA

(19T (g1, g0)llioe) ) 2 19”8202,
> 1 mmOlNT W, Yl 2 ws),

n;j.nk€la,b,c}

IA

19T (g1, gDl 2 (m3)
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1T 017 g,
2
=/ (/ / b(°059>ul/2{<1/fj>;w,é—<wj>*wk}dv*da) dv

2
=/u(//b(cosé))u*{(pj);p2— (Pj)*Pk}dU*dG) dv<oo, (722)

where p; € {1, v, |v|2}. Consequently, by virtue of Lemma 7.2,
17OV < 0% @, b, &)* 23 10% 821l L2 ro)
< [IVx(a, b, C)||HN—2(R§;)||(CL b, C)||HN—1(]R{_§) ||82||HN(R§,L2(R3))
2 2
< @, b, Ol v zgy (19@. b ) aa, + 1182 1y s ) -
On the other hand, using Proposition 3.5 gives
17921 < llgll ey 1821113 sy 1821 oy
2
< II(@. b, )l ) N2y oy
17@0] < ligal g oy 3y ey 1211 33 e
= ||82||H6V(R6)||(a, b, C)||HN(R)3C) |||g2|||B(1)V(]R6)’
179] < ligall sy 112111y sy 1221y sy
2
< lg2ll g oy 118211y -
Taking the summation of (7.2.1) for |¢| < N, N > 3, we have

Lemma 7.5. Let N > 3. Then,

d 1/2
18 2y * g2l Iy o) < D2Ey". (7.2.3)

where
D = [IVe(@, b, w1 gy, + 122l on e
HY= (R?) B (R®)

2 2
52—”8”21\/ 3 123y~ 1@, b, O3 n sy + 11821155 3 72R3
HNR],L (Rv)) HN(R3) HNR],L (Rv))

Step 2. Let 3% = 8%, 1 < |a| < N, N > 3, and apply W%3“ to (1.3). We have
A W%) +v - Ve (W9%) + LW 3%g) = S1 + 5o, (7.2.4)
where
Si=WoT(g. g, Sh=I[L WI@%).
Take the L?(RS ) inner product with W*9%g to deduce

1d
57 W gl 2@ + D2 = G,
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where D5 is a dissipation rate

Dy = / 11T = PYW* g Pdx
]R3

v

1
3198 Bo gz, = 1Va, b, ) llw-1z) + 82w e 12 ey

Here we have used for 1 < |¢| < N,

/R IPWEaglIPdx < 110°gl172 s
< 1Vx (@, b, lgyw-1 g3y + 11821 5w s 123
On the other hand, G is defined by
G=G+Gy Gi= (S, W ms, i=12
The estimation on G| and G, will be given in the following lemmas.
Lemma 7.6. Let N > 3, > 3. Then, for £ and D defined in Theorem 7.1, we have
G, < &V2D.

Proof. First, write

Gl = z (Vvﬁac“r(gi7 g])’ Wiaag)LZ(R% — Z Ggl]).
i,j=1,2 i

Proceeding as in (7.2.2),
GV < IW0°T (g1 81)ll2re) 10% 8l 2R
= 1 (W57 @1, gDl ) Iy 1078l
~ 18%{(@, by Y 2@ IWT W, ol 2 1981l L2 ge)s
IWHT W, Y0723

2
- / (W” / / b(cosemi”{(wj);w,;—(w,->*wk}dv*da) dv

2
= /MW“ (//b(cos@),u*{(pj);p,’{ — (pj)*pk}dv*da) dv < o0o. (7.2.5)
Since 1 < || < N,
11
1G] < 1Ve @, b, )l -1y 1@, b, ) [l gv-1 s
xX(I1Vx(@a, b, o)l gn-1we) + 182/l g~ w3, 12RS)))-
On the other hand, we have

g1y ey = 2 /R}|||Wfa£‘,vg1<x, DIPdx < i@, b, ) lgn gs)-
IBI<N “ 7
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This fact and Proposition 3.5 yield
1G21 < Hgill oy €205y sy 117 0%8l1 s me)
< I, b, )l g sy 821115y ey 1% 8o e
1GPV1 < Hlgall oy 11gillgy sy 11V 0%8ll s me)
< llg2ll gy oy 1@, b, Nl vy 119l gz
IGP21 < lgall oy €215y oy 11V 0%l 3w
< lg2ll iy ey 18211 3y oy 1119% 8 1| o sy

Noticing that for 1 < |a| < N,

|||a“g|||§go(R6)s/ |||W‘a°‘g1<x,->|||2dx+/ IIW % ga(x, )lI*dx
4 R,Sr R3

< 1Vx(@. b, )lgn-1ga, + 21113 gy
we now conclude the proof of the lemma. O

We shall evaluate G,. In view of Proposition 3.8,

|G>| <

lyqa YN
(1cr whiag. whas) |,

+| (W 202 ,Wea“)
( 2(07¢) 4 L2(R6) L2(RS)

+ ‘(Lz(We ), Wea“g)

< 1107811 2o, 113 211 50 o
< (IVx(@, b, )l -1z + 1922l 2 o) 1107811 0 o)

< V(@ b, Ol Fn-1 g3, + Colld“ 821172 o, + nIIIB“gIIIég(Rﬁ), (n > 0).
Thus, we have established
Lemma 7.7. Let 1 < |@| < N, N > 3. Then,
d a2 o 2
1078172 e, + 11102110 g
< €D +110% g2l 72 o) + V(@ b, O 11 g3 - (7.2.6)
Step 3. We need also to estimate W¢g,. Apply W¢(I —P) to the equation in (1.3) to have

d(Wga) +v-Vi(Whg) + L(Wig)
=W (g, g) + Wiv -V, Plg +[L, Wgn.

And then take the inner product with W¢g, to get

d 4 2
E”W g2||L2(R6) +D3 =< H7
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where

D3=/ 11— PYW gal|Pdx
R3

= gl ey — Cllg2lze,
while
H = H + H, + H;,
Hy = (W'T(g.8). W g2) 12 (s),
Hy = (W'v -V, Plg, Wig2) 12w,
Hs = (£, W2, W g2) 12 (ws).-

Hi= > (W'T(gi. ). W) age = D H'.
i,j=2 i,j=2

Proceeding as in (7.2.5),
1H{'"| < IWHT (g1, gl z2ro) 821 2 Ro)
= (W T 81, g0l Iz ls2lizs)
~ |(a, b, C)2||L2(R;) W2 (v, Uiollz w3821l L2®e)
IW2T W YOIz s,

2
- / (W” / / b(cosemi/z{(w,-);w—(x/f,->*1/fk}dv*da) dv

2
=/MW“ (//b(cos9)u*{(pj);p;2—(pj)*pk}dv*da) dv < o0.

Then we have, by using Lemma 7.2,
11
IH{'V| < Vi@, b, )l 2y (@ by )l ey ll 821l 2 re-
On the other hand, we have
2 _ 14 2 2
|||g1|||Bg(R6) —/R3 HIWZg1(x, HIlI7dx < lI(@, b, Ol 72 g3
This fact and Proposition 3.5 yield
IH1 < Mlgill v g 18201y @e) 1TWEg21l150rs
1 = HY (R®) BY (R®) BY(R®)
=< 11@ b, )l v 1182 lllgy o).

21
H2P) < 1182l gy oy 11111y ey 1721110 e
< g2l oy l1 @, b, Ol g ey 11211l o)-

22
IHP21 < g2l gy oy 112115y oy 111W 8211150z

2
<
< 182l sy 21 s e
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And H, is evaluated as follows:

|Hp| < [(W*[v- Vs, Plg, £2)12rs)| < 1Vxgll 2o 1821l 2 ro)

2 2
S ”Vx(a, b, C)“LZ(RS) + ”g2”H1(R)3C;L2(R3))'

Finally, in view of Proposition 3.8,

H;| < (c W g, W )
|H3| < [{[£1 182, W"g2 L26)
+ (Weﬁz(gz), Wégz) + (ﬁz(ngz), Wegz)
L2(R%) L2(R%)
< g2l 2 12l o s,
Since it holds by interpolation inequality that
||g2||L%(]R6) = 7)||82||L%H(R6) + Cn”gZ”LZ(]RG)
= nlllg2lllgors) + Cnllg2ll2rs), (1.2.7)

for any small enough > 0, we have established

Lemma 7.8.

d 2 2
E ”gZHL%(RG) + |||g2|||82(R6)

< 2D+ lgall32 sy + Vi (@, b, Ol (7.2.8)

R"

Step 4. Let

=0l =0"7, 3“=09%, 9 =0,
Bl=la|+|y| <N,y #0, N > 3,

and apply W 92 (I — P) to (7.2.4) to have

d (WP g +v- V(WP gy) + LW P gr)
= W'PT (g, &) +[v- Vi, Wollg
—WEPIP, v-Vig+[L, WP1g + WEOP (B, +v - Vy)gi.

And then take the LQ(R?C’U) inner product with W%38 g, to get

1d

B 2

Here D4 is a dissipation rate given by

Dy = /R (@ —PYW 3P gy || |Pdx

v

1
5110782111550 sy = C110” 821172 gy
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where we used, with ¥ € A and 1/7 = (—1)|V|81’,/(W51//) where § = o + y and
3F =297,

NIPWE 3P a1 = [110%(, WED g2) 2y V111
= 110, 9 82) 121172 W12 < 119821172 e -
On the other hand, K is given by

K = (W''T (g, g). W 0P g2) 12 go)
+([v - Vi, WP g2, W07 g2) 12 o)
—(W PP, v Vig, W' g2) 12 ge)
+([L, W 3P1ga, Wzaﬁgz)Lz(]Re)
+HWP (0 +v - Vg1, W9  g2) 12 s
=K1+ K+ K3+ K4+ Ks.
Lemma 7.9. Let N > 3. Then |K,| < EV/*D.

Proof. First, write

K| = Z (WZBﬁF(g,', gj) Wzaﬂgz)Lz(Re) = Z Kl(']).
i,j=2 i,j=2

In view of Lemma 7.2,

11
K= | W T g1, g1, WP g2) 1age

< B2]0%(a, b, &)l 2wy 1 W97 g2l 12 sy
< IVx(a, b, )l yn-1l1(@, b, Ol -1 1W P g2l 2 g,

where
B3 ~ W OY T (0 ¥ 2
= / (W‘Z / / b(cos0)(3' 1)/
< O LOP Y — GV« @)Y} dvado)’ dv

2
:/MW” (//b(cose)u*q* {@piar _(Clj)*Qk}dU*dU) dv < oo.

Here, g, q;, gk are polynomials of v.
On the other hand, we have

g1 ey = 2 /R3|||W‘f8ﬁg1(x, IIPdx < [1(a, b, ) v s -
[BI<N =
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This point and Proposition 3.5 yield
12 ¢
K121 < 1181y ey g2y oy 111WE97 211150 )

2
<

21
KV = 1182l g oy 111115y grey 11 0% 2111 )

< 118l o 11 @, b Ol gy Mgy
K21 = g2l ey 82111y oy 111WE9° 211150 )
< g2l sy 12211 gy -
Now the proof of the lemma is completed. O
K>, K3, K4, K5 are estimated as follows. We have, for |8| = || + |y| < N,y # 0,
Kol = |([v - Vi, W 0P1g2, WEDP g2) 2oy

< W oY el 2 me) WP g2 12 o)
Laa+l qy—1 2 Lap 2
< W8y L gr |12, e + nlIW P 221125 o6 -
L2(RS) L?(RO)

Note that

K3 = |(WEPIP, v - Vg, W P g2) 2e), WP g2) 2pe)l
< 1@ {W> [P, v Vig} . 9%g2) 2o

< (I9:8° @, b, )l 2y + 190" 2l 2w ) ) 18782 2

2
< IVx(@. b, )51 s + &2l v s 12®3))-
HN=L(R?) HN (R}, L*(R3))
In view of Proposition 3.8,

Kal = (L, W8P 1o, W07 g2) 12 ey

=

(121, whof 1o W' o 52)

L2(R%)

+| (W0l Lae0), Wi9Pg2) |+

(LWl 820, WhoPgs)

2 (R6) LZ(RG)

< (||gz||H2m(R6) + |||gz|||BLﬂ‘71(R6)) W 0% g2 159 )

Hence

2 2 N 2
Kl = C, (||gz||H[ﬂ(R6) + |||gz|||B[,gl(R6)) 401118 gal g
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Finally, recalling (7.1.5),

|Ks| = ‘(W‘aﬁ(az +v-Vi)gr, WP g2) e

= 107 (WP @, + v Vo] 0%g2) 2z

< %@ + V) (@, b, Oll 2@ 10% 220l 2 ey, (el <N =1,y = 1)
< (||vxa“(a, b, Ol 23y + ||an“gz||Lz(Rg_u>) 19%82ll L2 ,)

< V(@ b Ol v + 11820 5w s 12w

Now using (7.2.7) we conclude the
Lemma 7.10. Let || = |l +y| < N, |la| < N —1,|y| = 1, N > 3. Then,

d
L a8 o112 B 2
19782117 gy + 1110 82111350

172 2
<& D+ ||g2||HZ“3‘(R6)

2 2 2
+|||g2|||8\la|+\y|—l + ”Vx(a’ b’ C)”HN—](RBSC) + ”gZHHN(R:}.,LZ(R%))' (729)

(RS)

7.3. A Priori estimate. We take the linear combination

Z cV(7.1.4), + Z C?(1.23), + Z Cc®(71.2.6),

e <N -1 el <N 1<la|<N
4 3
+C®(7.2.8) + > CO (1290,

|Bl=la+y|<N,|la|<N—1,|y|=1

With a suitable choice of the coefficients Cél), Cé2), Cs), cW, Cg;,, we get

d -~ ~

—E&+D <H, 7.3.1

dt TP ( )
where

E=— 3 ¢ [(8”‘r, V40%(a, —b, ) 2 g3, + (3D, anaa)Lz(R;):I
la|<N-1
2 2 3 2
+ 2 CN e 2@yt 2. CEONOTEI g,
le] <N I<|a|=N
+CDlgal 75 e, + COLIWEAL 17 ey
' [Bl=la+y | <N, |a|<N—1,|y[>1

D= 3 COIV@ b gy + >, CONIL 2150 e,
la| N1 jal=N !

(3) a 2 “4) 2
+ 20 Yl g, + CPllgalllgo g,

I<la|=N
(3) B 2
+ > CENIE 8211130 g
|Bl=la+y |<N,|le|<N—1,|y|>1
H =Di&* + D) +DEV.
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Clearly, it holds that

gV~ €& D~D,

and

H < DE.

Now (7.3.1) gives

t
EV W) +|1=C sup &) / D(t)dt < CE(0),
0

O<t<t

which leads to the closure of a priori estimate and then completes the proof of Theo-
rem 7.1.

Now, the proof of Theorem 1.1 can be completed by the usual continuation argument

based on Theorem 4.3 and Theorem 7.1.
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