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Abstract: Although the decay in time estimates of the semi-group generated by the
linearized Boltzmann operator without forcing have been well established, there is no
corresponding result for the case with general external force. This paper is mainly concer-
ned with the optimal decay estimates on the solution operator in some weighted Sobolev
spaces for the linearized Boltzmann equation with a time dependent external force. No
time decay assumption is made on the force. The proof is based on both the energy
method through the macro-micro decomposition and the L”-L? estimates from the
spectral analysis. The decay estimates thus obtained are applied to the study on the
global existence of the Cauchy problem to the nonlinear Boltzmann equation with time
dependent external force and source. Precisely, for space dimension n > 3, the glo-
bal existence and decay rates of solutions to the Cauchy problem are obtained under
the condition that the force and source decay in time with some rates. This time decay
restriction can be removed for space dimension n > 5. Moreover, the existence and
asymptotic stability of the time periodic solution are given for space dimension n > 5
when the force and source are time periodic with the same period.
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1. Introduction

The Boltzmann equation for the hard-sphere gas in n-dimensional space under the
influence of an external force and a source takes the form

Wf+&-Vaf +F-Vef =0(f, f)+5. (1.1)

Here, the unknown function f = f(¢, x, &) with (¢, x,&) € R x R” x R" is a non-
negative function standing for the number density of gas particles which have position
x = (x1,...,x,) € R" and velocity & = (&1, ...,&,) € R" attime ¢ € R. Here, the
external force field F = F (¢, x) and the source term S = S(, x, &) are assumed to be
some given time dependent functions. Q is the usual bilinear collision operator defined
by

1
09 =5 / (F'a+ Flg' — for — Fog)|E — &) - wldodE,,
R x §n—1

f=rax8, ff=[ftx8) fi=[ftx &), fi=[f({txE),
E=t—[(E—&) oo, EL=E6+[E—&) olo, we S,

and likewise for g. Although the physical space is three dimensional, in this paper, we
consider the general space dimension n > 3 to show how the space dimension plays in
the decay estimates.

Throughout this paper, we consider the perturbative solution near an absolute
Maxwellian. Without loss of generality, define the perturbation u = u(t, x, &) by

f=M+M7%y,

where the absolute Maxwellian

M= ! ex —ﬁ
AU

is normalized to have zero bulk velocity and unit density and temperature. Then the
equation for the perturbation u is:

a,u+§.vxu+F.vgu—%s.Fu=Lu+r(u)+§, (1.2)

where
Lu=M"'/2 (Q(M, M'2u) + oM, M)), (1.3)
T, u) = M~120 (Ml/zu,Ml/zu), (1.4)
S=M""2s+M?¢ . F. (1.5)

There are extensive literatures on the existence theory for the Cauchy problem of the
Boltzmann equation without external force. The well-known result is the global existence
of the renormalized solution with large data proved by DiPerna-Lions [6] where the
uniqueness problem remains open. On the other hand, the existence is established in the
framework of small perturbation of an absolute Maxwellian [12—-14,17,19,21,23,24,29],
or an infinite vacuum [2,9, 15, 16] where uniqueness can be justified. In particular, so far
there are two basic methods to deal with solutions near an absolute Maxwellian. One is
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based on the spectral analysis of the linearized Boltzmann equation and the bootstrap
argument for the nonlinear equation initiated by Grad and developed by Ukai, cf. [19,23—
25], where the optimal convergence rate to the Maxwellian can be also obtained. Another
one is based on the direct energy method for the nonlinear problem through the macro-
micro decomposition which was initiated by Liu-Yu and developed by Liu-Yang-Yu [17]
and Guo [13] independently in two different ways. The former decomposition is around
a local Maxwellian while the latter is around an absolute Maxwellian. Here we use the
latter decomposition because we are concerned with the decay structure of the linearized
equation around the absolute Maxwellian.

One of the features of the convergence to the equilibrium for the Boltzmann equation
is the coupling of the conservative operator for the free transportation and the degenerate
dissipative operator on the velocity variables through the celebrated H-theorem. This
property can be found in many kinetic equations and it is now called “hypocoercivity”
[32]. For the problems in a torus or in a bounded domain, this property is well investigated
where an exponential or almost exponential convergence rate in time to the equilibrium
for both space and velocity variables can be obtained, cf. [33] and references therein.
However, for problems in the whole space, this property is not yet well understood
especially under the influence of some enternal force. And this is one of the motivations
of this paper to study the convergence to the equilibrium under the influence of the
external force in a general form.

To do this, the main part of the paper is concentrated on the decay in time properties
of the solution operator for the linearized Boltzmann equation corresponding to (1.2),
that is,

1
8;u+§~qu+F-V§u—§§-Fu=Lu.

The decay estimates are obtained in some Sobolev space weighted in velocity variables.
Our main result is stated in Theorem 2.2 in Sect. 2, where the obtained decay is optimal in
the sense that it is equal to the one for the linearized Boltzmann equation without external
force. The proof is a combination of the two methods mentioned above for perturbative
solutions. In fact, the energy estimate is first carried out for the linearized Boltzmann
equation with an error term determined by the space derivative of the macroscopic
component in the perturbation. It is then combined with the L”-L9 estimates from the
spectral analysis to yield the optimal decay in time estimates for the above linear solution
operator.

The optimal decay estimates on the solution operator to the linearized equation will
then be applied to the study on the existence of solutions to the Cauchy problem for
the original nonlinear equation. In particular, we will use it to prove the existence and
stability of the time periodic solution for some given time periodic force and source.
This problem is related to the generation and propagation of sound waves so that it has
its physical importance besides its mathematical interest. In fact, for the time periodic
solution, the existence and stability have been studied for the Navier-Stokes equaions, cf.
[1,10,30,31] and references therein. Recently, some results on this problem are obtained
for the nonlinear Boltzmann equation [26-28] in various function spaces when there is a
time periodic external source but no external force, for the space dimensionn > 3. Thus,
it is natural to study the problem under the influence of a time periodic external force.
We will show that there exists a time periodic solution if the force is small and time
periodic when the space dimension n > 5. The physical case when the space dimension
n = 3 is still not known and will be pursued by the authors in the future.
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A lot of work has been done on the convergence rate estimation of the solutions for the
Boltzmann equation to the time asymptotic states. For example, the almost exponential
decay in time of the solution for the Cauchy problem was given by Desvillettes-Villani
[5] for general cutoff potential cases in either torus or smooth bounded domain under the
assumption of the existence of smooth global solutions, and also by Strain-Guo [22] for
the cutoff soft potentials in the torus for small pertubation of the absolute Maxwellian.
Notice that the convergence rate of the perturbative solution for the cutoff hard potentials
is exponential in a torus, [23]. For problems in the whole space, the convergence rate
should be algebraic and it depends on the space dimension because the low frequency
in the Fourier variable dominates the decay estimate, see [24,25]. For the Boltzmann
equation with a time independent potential force, the optimal convergence rate of the
solution to a local Maxwellian was obtained in [8], where the proof is motivated by the
study of the corresponding problems for the Navier-Stokes equations, cf. [7,18,20].

The rest of this paper is arranged as follows. In Sect. 2, we will first present a
decomposition of the linearized Boltzmann equation. Then, some basic estimates on
the communicators of the linearized collision operator L and the differential operator
will be derived. Based on these estimates, the optimal decay in time estimates on the
linear solution operator are proved in Theorems 2.1 and 2.2. In Sect. 3, we will apply
the estimates obtained in Sect. 2 to prove the global existence and convergence rate
of the solution to the Cauchy problem for the nonlinear Boltzmann equation. In addition,
the existence and asymptotic stability of the time periodic solution are also given. These
existence and stability results are summarized in Theorems 3.1, 3.2 and 3.3.

Notation. Throughout this paper, C denotes a general constant. If the dependence needs
to be specified, then the notations C;, i = 1,2, --- are used. In addition, ¢ > 0 also
denotes a positive constant which may vary from line to line and § > 0 stands for a small
constant. (-, -) is the inner product in the space L2(R§ X Rg) with the norm denoted by

Il - I. Sometimes, | - || also denotes the norm of the space Lz(Rﬁ) without any ambiguity.
[l L, with 1 < p < oo denotes the norm in the Lebesgue space L” (R} x Rg). The

norm in the space Z; = L§ (LY) is defined by

2 2
lullz, =(/ ( |u(x,§)|qu)qd§) , u=u(x,§) €Z,.
Rt \JRn

For the multiple indices «, 8, y with & = (a1, a2, ..., a), B = (B1, B2, ..., Bn), and
¥ = (Y1, V2, - . ., ¥n), weadopt the usual notations 858;’ = Bfll 8522 e ijag" 8;;2 e ag:,
and in particular 8)‘2"5 = afag when « = B+ . The length of & is |a| = >/ ;.

2. Decay Estimates on the Linearized Equation

2.1. Preliminaries.

(i) Linearized equation. In this section, we are concerned with the initial value problem
for the linearized Boltzmann equation corresponding to (1.1). More generally, for
some initial time s € R, it is in the form

du+& -Vyu+E - Veu=Lu+&-Eou, t >s,xeR" £ eR", (2.1)
u(tsx’g)h:S = MO(X»‘E), X € Rﬂ’ 5 € Rn' (22)
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Here ugp(x, &) is given, denoting the same initial data for different initial time,
and E; = E;(t,x),i = 1, 2, are given vector-valued functions for generalization.
Formally the solution to the initial value problem (2.1)—(2.2) is written as

Ul(t, s)ug, —00o<s <1t <00,

where U (¢, s) is called the solution operator for the linear Eq. (2.1). We shall obtain
some basic decay in time estimates on U (¢, s) in some Sobolev space weighted with
velocity functions

HY (Rg X RY; (1+ |g|)kdxdg) L 0=2k>1,
which enable us to solve the nonlinear problem by the Duhamel formula and the
contraction mapping theorem.

(ii) Known properties of the linearized collision operator. For the linearized collision
operator L given by (1.3), one has

(Lu)(€) = —v()u) + (Ku)(§),
v(§) = / [(§ — &) - oMy dwdéy,
R x §n-1

K@ = [ [ MR O] - 8- 0lM: dods,
R xsn-1

- / K& Eu(E)dEs.
Rn

Moreover, the following well-known properties hold; see [3,4,11].
(a) There exists vg > 0 such that

vo(1+ &) < v(E) < vy ' (1 +[£]);

(b) K is aself-adjoint compact operator on L2(R’§) with a real symmetric integral
kernel K (&, &) which enjoys the estimate

/R K& &) +|&DPde, <CcA+1gD)P!, p=0;  (23)
(c) the nullspace of the operator L is the space of collision invariants
N = KerL = span {Ml/z; EM2i=1,2,..  n: |§'|2M1/2};

(d) L is an unbounded, self-adjoint and non-positive operator on LZ(Rg) with the
domain

D(L) = {u e L’ (RY) ‘ V(W € Lz(Rg)} .

(iii) Macro-micro decomposition. Define P as a velocity projection operator from L2 (]Rg)

to V. Then any function u(z, x, &) for any fixed (¢, x) can be uniquely decomposed
as the sum of the macroscopic component Pu and microscopic component {I —P}u:

u(t,x,&) =Pu+{I—Plu.
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With this notion, the linearized collision operator L satisfies

—/ uLu dg > co/ v(E){I — Plu)?dE, Yu e D(L),
n Rn

for some constant ¢y > 0. Here for simplicity, throughout this section, one sets
uy =Pu, ur ={I—Plu.

Equation (2.1) is also decomposed as follows. The microscopic equation for u; is
obtained by applying the microscopic projection I — P to (2.1):

s — Luy = —{1 =P} (€ - Vou) — (1= P} (Ey - Veu — & - Equ)
or,

Oiup — Lup = —§ - Vyup — Ey - Veur +& - Ecup
—&-Vour — E1 - Veur + & - Eaug
+P(E~VXM+E1 -Vgu—g-Ezu). (2.4)

In order to write the macroscopic equation, as in [13], one first expands u; = Pu as
n
Uy = [a(r, X)+ D bi(t, )& +c(t, x)|§|2] M2,
i=1
Putting this expansion into the following equation:

dur +& - Vyur+ Ey - Veuy — & - Eouy
= —{0us+& - Vius + Ey - Veuz — & - Eyup — Lup} := 9, (2.5)

and then collecting the coefficients with respect to the basis

M2 (gM'2) (lgPM2) (agMY2) (lgPaM!?)

1<i<n 1<i<n I<i<j<n I<i<n
one has
1/2 . —

M2 da+Ey-b =N, (2.6)
M2 8,b; +dja — (aE; — 2cEy;) = N, (2.7)
|&1PM'/2  d,c +0ibi — Eib = Ny, (2.8)
EEMY2: ibj+0;b; — (Eibj + Ejbi) = R, (2.9)
EPEM2 e — Eic = 0, (2.10)

where for simplicity, &; = d,, 9; = 9, and Ro, Ry, Ry, Ry, NE with 1 <i#j=n
are the corresponding coefficients of i with respect to the above basis, and E is defined
by
E=tp+E
= ) 1 2.

Finally we list a basic fact for any function u = u(¢, x, &).
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Proposition 2.1. Let m be a non-negative integer and k be any number. Then for any B
and y, one has ;" Py = Po" 9L u with estimates

= |97 9al + [orals] + o ofc] < C [|o" o5 Pu

)

1 k
= [vharaf o pu

where C > 1 is some constant independent of u.

2.2. Estimates on commutators. In this subsection we study the functional properties
of commutators related to L:

(L& [L.3g]. [[L.0g] 8] [[L.9g].0;] 1<ij<n
Let £ denote this kind of commutator.

Lemma 2.1. £ is a bounded linear operator from Lz(Rg) to itself, i.e., there is some
constant C such that

[ Lull < Cllull, (2.11)
foranyu =u(§) € Lz(Rg).
Proof. This lemma is proved by the following steps.
Step 1. The explicit expressions of v and K are available:
V() = Cn/R 1§ — ExIM(&x)d &,
K (&, &) = Ki(§,8) + Ka(§, &)

2 2

Ki(E, &) = —CylE — Edlexp (_w)
Cn LOEP — 1622 5 — &1
KZ(S’E*)ZWCXP(? E—&lP 8 )

where for simplicity C,, may be some different positive constants depending
only on the space dimension n. The proof for the case n = 3 is given in [11].
The general case n > 3 can be obtained similarly.

Step 2. In this step, some preparations are made for the next step. First, from (2.13), one
can easily verify that v(£) is a smooth function of £ with bounded derivatives
of any order.

Next, for the integral kernels K1 and K>, set

K1(5,8) = K11(1§ — 5D K12(8, §4),
K>(§, &) = K21(I§ — &« DK (£, &),

where

Ki(I§ — &) = —Cul — &l
Cn - *2
Kai(§ = &) = s exp(—'S i )

8
2 2
Ki2(€,&) =exp(Vy), Vi = _W’
1§17 = &7

K2 (5,54 =exp(V2), Vo= _8W.
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Finally, for the simplicity of notions, we define velocity differential operators
0i,i=1,2,...,nby 0; = —{0g + 0, }
Notice that 9;4# = 0 for any radial function 7 = h(|§ — &|), and moreover,

- ~+ .

iVi=Vy, Vii= 5i 2&*,

a (éz _Si*) 2 2

Vo=V, Vi = (g2 — &, [P,
i V2 2i 2i 2|§_§_*|2(|$| |§>k| )

Vi = 0;0; Vi = Viij, Viij = =8,
(& —&ix)(Ej — &jx)
& — &4l ’

AjVoi = 0j0;Va = Vaij, Vaij =
where §;; is Kronecker’s symbol. Then one has

3 K11 = 9;K2 =0,

3 Ki2 = KioVii, ;K2 = KnVai,
3j(KiaVii) = KioViiVij + K12 Viij,
3j(KnVai) = KnVaiVaj + K2o Vaij .

Step 3. This step is concerned with the computation of commutators. Set Vo; = & —&;;
direct calculations yield

(L, &Ju = /R K (&, &) Voiu(Es)déy,
[L, 3 | u = 9 vu +/R (K1 Vii + Ko Voi)u(,)dEy,
[[L,31.¢] = /R (K1Vii + Ko Vo) Aju (&) dE,s,
[[L, 3,1, 35]-] = —aésjvu +/ [Ki(V1iiVij + Viij)
Rn
+Ko(Vai Vaj + Vaij) lu(€i)dé,.
Step 4. Write K (&, &) as any one of the following integral kernels:

KVoi, KiVii+KoVo, (K1Vii+KaVoi)Voj,
K1 (V1iVij + Viij) + Ka(Vo; Vaj + Vo).
Direct observations show that Kj can absorb any finite numbers of velocity

functions Vp;, V1; and Vy;;, while K> can absorb any finite number of velocity
functions Vy;, V2; and V»;;. This means that if one defines

_ L
o, £) = —" LEP =l 15— &P
@@fp—gtgﬁjap(ﬁg Pl e )

then

|Ke(€, E0)| < K1 (5, ) + Ka (8, &) = K (£, &)
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Since K (&, &) satisfies the estimate (2.3) for 8 = 0 similar to K, it follows that

/ |Kc(§,60)1dE < C, / |Kc(§,6:)1déx < C,
R" R"

which implies that

H /R Kt Eu(Ede| < Clull

Thus (2.11) is proved. This completes the proof of the lemma. 0O
In general, for any positive integer N, define the iterative commutator £ by
£ = ["[[val]axz]' 7XN]5

where foreach k € {1, 2, ..., N}, Xy denotes the velocity multiplier &;, or the velocity
differential operator d¢, . Write £ as the sum of two parts L7 and Ly;:

L= ﬁ[ +£11,
Ly=1[-[[-v&), X1, Xo]---, Xn1,
L =1[-1[K,X],Xz]---, Xpn].

Then £ has the same property as in Lemma 2.1.

Corollary 2.1. The following properties hold:

(i) Ly is a bounded linear operator on Lz(]R’g).

(ii) Ly is a compact operator on Lz(Rg) with the integral kernel K (&, &), which
satisfies that for any k > 0, there is some constant C depending on k such that

IWELrrull < ClvE—tul], (2.12)

foranyu = u(§).
(iii) L is a bounded linear operator on LZ(R’;).

Proof. 1t is obvious that (iii) directly follows from (i) and (ii). Thus it suffices to prove
(i) and (ii). For the first part £y, in fact it is a velocity multiplier generated by v (), given
by

N
— )N+l X nXx O .
£, =10 (kl;[1 k) v(§) all Xp are dg,

0 otherwise.

Thus (i) holds from the proof of Lemma 2.1. For the second part L/, it can be written
as

(Lruw)é) = /R" K (&, Eu(E)déEy,
K.(&,8) = K15, 60VI+ K (&, 60V,

where V| is the linear combination of products of velocity multipliers Vy;, V1; and Vy;;,
and similarly V; is the linear combination of products of velocity multipliers Vy;, Vi
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and V»;;. Hence, similar to the compact operator K, £;; is also a compact operator on
LZ(IRE') with the integral kernel K, satisfying (2.3). Finally we claim that (2.3) implies
(2.12). In fact, for any k > 0 and any u = u(§),

1/2

12
Lou)E) < [ /R n |Kc(s,e*>|v—2k<s*>ds*} [ /R n |Kc<s,s*>|v2k(s*)u2<s*)ds*]

1,2
< Cvm D) [ / |Kc(e,s*>|v2"<é*>u2(s*>ds*] :
Rn
which gives
LA @@mrede < ¢ [ e [ ke o ©dde,

<c /R AR 6

That is (2.12). This completes the proof of this lemma. 0O
Finally, Corollary 2.1 directly gives

Corollary 2.2. Let y, k be |y| > 1 and k > 0. Then there is some constant C such that
L, ol <C D7 0] ull,

o<ly’I=lyl-1
k k—1
IVi[K, 8§]ull < CIPp"ull,

Joranyu = u(§).

2.3. Energy estimates. From now on, we use the following notation of the index sets
for differentiations: Let ¢ be any positive integer,
Ao(B) ={0 < |Bl = ¢},
A1) ={1 = |Bl = ¢},
AaB) =(0=IBl <1,
AB.y) ={lyl=i, 0<|Bl+lyI <4}, i=1,2,....¢,
A3(B.y) =yl = 1, 0 < |Bl+]y] < &} = U_; A5(B, »),
AMB Y ={lyl=j. 0<Bl+lyl<e—1}, j=1.2.....£—1,
AaBy) =yl = 1, 0 < |Bl+Iy| < €1} = UZ AL(B. 7).
(i) Assumptions and energy inequality. Throughout this subsection, the following
assumptions are made:

(Al) The integer £ > 2;
(A2) For the functions E1 and E3, there is § > 0 such that

Do A+ D Bt 0 | + D [+ 1xD3 O Eir 0] oo <5,
Ao(B) VYY) '

wherei =1, 2.
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Under the above assumptions, our final goal of this subsection is to show that if
& > 0 is small enough, then the energy inequality holds:

d
THO+cDW) < CIVaur|?, (2.13)

where ¢ > 0 is some positive constant, C is some constant, H (¢) is a nonlinear
energy functional and D(¢) is the corresponding dissipation rate. For the moment,
we would not like to expose the precise forms of H(¢) and D(t), see Theorem 2.1,
but only point out some important characteristics for them:

e H(t) contains the microscopic component u, and its derivatives with respect to
t, x,and & up to order of £ > 2, and also only the derivatives of the macroscopic
component x| with respect to ¢ and x;

e In H(t), for the time derivatives, the differential order of time is at most one,
where there is not any weight function, but for others, the velocity function v is
added.

e D(t) contains those terms corresponding to H(¢) but the power of velocity
weight function is higher 1/2.

e There is some constant C such that H(t) < CD(¢) for any ¢ > 0.

(ii) Energy estimates on the microscopic part. Now we turn to the proof of the energy in-
equality in the form of (2.13). First consider the estimates on some energy functional
Hi(¢) which is a linear combination of the following terms:

et 3 bl 3 Jaafal . 3 [otae] . 3

AL(B) Ar(B) AL(By) AjBy)

2
00f 0w

For brevity, define the time dependent linear operator B(¢) and D(¢) by
B(t)=§ -Vi+E; -V —L,
D(@)=&-Vy+E| Vg —§&-Ej.
Using the above notations, (2.1) and (2.4) can be rewritten as
hu+B)u =& - Eou, (2.14)
and
oruy + B(up =& - Equpr + [P, D(2)]u, (2.15)
where [P, D(7)] is the commutator given by
[P,D(1)] = PD(t) — D(r)P.

In what follows, a series of lemmas are given. The first one is concerned with the

szc, g—estimate on the microscopic component u,. For this purpose, from the properties

of the linearized Boltzmann operator L, the smallness assumption we imposed on the

ur
x|

external forces E1, E3, and by using the Hardy inequality < C||Vxu1|, we have

by applying the standard energy method to (2.15) that

Lemma 2.2. If§ > 0 is small enough, then one has

d 2
Tl e v 2z < €V
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The next lemma is on the Liﬂg-estimate on Bfu for B € A1(B).

Lemma 2.3. If § > 0 is small enough, then one has

d 5 ) 2 5 2
=3 oful*+e 3 [v'20fua|" < cs 3 [ofui |+ cs > |ofolu
) Ar(B) AL(B) A3(B.y)
(2.16)
Proof Directly applying 82 with 8 € A2(B) to (2.14) gives
3 (8Pu) + B(t)(0Pu) = 0P (¢ - Equ) + [B(1), 8P 1u. (2.17)
Further multiplying (2.25) by 8,’? u and then integrating over R x Rg, one has
1d p 12 V28 I -
S loful? +co Hv 8xu2H 521:1,-, (2.18)
1=

where we have used the identity
(I —P}oPu = 0P (1 — Pu = 8Pu,,

and [;,i = 1, 2, denote the corresponding terms after taking the inner product with 8)‘? u
for ones on the right-hand side of (2.17).

Next we estimate /1 and /5. To this end, from the smallness assumption we imposed
on E; and E», the Hardy inequality and the Cauchy-Schwarz inequality, we can deduce

that
1248 |I? 1P
IlgCézHU/afuz ves > ol
M) N7
and
’ 2 , ’ 2
n=cs > |ofm| +cs X ool |

AL(B) A3(By")

Thus taking summation over § € A1(fB) for (2.18) and then collecting all estimates,
(2.16) follows if § > 0 is small enough. This completes the proof of the lemma. O

For the Li’g-estimate on o, 8}/14()/ € A2(pB)), we have the following result

Lemma 2.4. If § > 0 is small enough, then one has

d 2 2
LS Jadtalve 3 o007
A2(B) A2(B)
<cs D0 naluil*+ D 10,0ful?
A1(B) A2(B)
1248, | PRI E sar |2
+C$ ZH" axm” + > [0folun| + D afaxas’”H . (219

A1(B) A3(B.y) A4(B.y)
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Proof. First it is easy to see that for 8 € A(B),
3 (30%u) + B(1)(3,0Pu) = & - 8,0° (Eau) + [B(r), 8,08 u,

which gives

? < Z I;. (2.20)

1 d
13:08ul® + co Hul/za,afuz

2dt

For 11, one has
2

2
+C5 Hul/za,af(Ezu)

2

L<s Hul/zatafu

<cs > H,,l/za,af’uzuz+ca > |oef |

Az (B) 5 A2 () 5

+cs > [P0l s 3 ol
A1 (B) A (B)

For I», noticing that

B(). 80l u=— > Cpdf P E Vet ol u

0<Ip'I<Ipl~1
- > Cpd P E Ve,
0=|p'I=IBI

, 2
8,00 u1H vcs >
KB

2
00folu).

one also has
L<8|adfur*+cs >

A2(B)
+C8 >

2
ofolu| +co Y
A3(B.y)

A4(B.y)
Thus taking summation over 8 € A,(B) for (2.20) and then collecting all estimates,
(2.19) follows if § > 0 is small enough. This completes the proof of the lemma. O

, 2
8}? u1H

As to the Li’s-estimate on Bf 8§/u2 for (8, y) € Ag(ﬂ, y), we can conclude that

Lemma 2.5. [f§ > 0 is small enough, then one has

d 2 1 2
rED I LOCH Y
AS(BY) A5(B.y)
2 2
<C > fofui] +c > [afur]
A1(B) Ao(B)
2 2
HoTIEDY afagm” #5Cm > ofolu| . a2p
AN By AL (By)
wherei = 1,2, ..., ¢, and C; i1, C; i+1 are some constants with additional conventions:
(2.22)

Ci0=Cges1 =0.
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Proof. First apply 357/ with |y|=i=1,2,...,¢t0(2.15) to get

3 (3 u2) + B(1)df uz = Ez - 8] (§ua) + 3. [P, D(1)Ju + [B(2), ] Juz
=& Exdlur+ey,  E2d] 'ur—ey V3]

+ag [P, D(®)Ju — [L, 8] Juz, (2.23)

where ¢, denotes a constant vector, and for simplicity we used the notations

—1 / ! ., ’
ey Exdl uy= Dyl & E2d] Tup= D Cpdl V& E20] ua,
ly'I=1 o<ly’I=lyl—1
and
—1 4 —/ "/ 4
ey Vidl Tup= >yl &Vl Tua= D Cpol TV E-V.0l ua
ly'|I=1 0<ly’|=lyl-1

Further apply 85 with (8, y) € Ag(ﬂ, y) to (2.23) to obtain

3 (0 9 uz) + B() (3 9} u2)

_ R ’ _p ’ —1
= > CpE- PR 0 ua+ D Cpey 3P EP ) g

0=I8'|<I] 0=I8'|<I]
— > Cpd P E Vel 0l ur — ey - V200l o
0<I8'I<IBl-1
+0£0] [P, D(0)]u — [L, 9} 10/ us. (2.24)

Multiplying (2.24) by 8f 8;’ u> and integrating it over R” x Rg’, one has

6
1d 2 2
S afagm” + o Hul/z{I—P}afagmH <> (2.25)
i=1

We estimate each term I; as follows. For I1, I and I3, one has

3

2 P 2
noss|vefalw| ves S [v120f o |
AS(BY)

2 ;o 2
n=slofolu| +scia > |of ol w| +ocan Y
NN Ao(B)

2
Iy =8 [ofofua| +8Cim >

A?—l(ﬂ/,)//)

2
4
otaf

;o 2
of o us|

bl

where §;1 is the Kroneker symbol and we have set (2.22). In fact, if i = ¢, Ag(ﬂ, y)
means = Oand |y | = ¢, 1i.e. one has taken only the velocity derivative Bg with |y | = ¢,
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which implies I3 = 0 for this special case. For 14, Is and I¢, similarly it holds that

o 2 L2 .2
ls = 2 [ofoluw| +cum Y Hu”%f o wo| + o > ofua|
ALY Ao(B)
CO ﬁ y 2 /S/ 2 ﬁ/ 2
Is < |90fu> +C > b | +C D [0 ua
A(B) A1(B))
and

C
lo = = (L. 0/ 10wz, 8 0] us) < 2

2
afaguzn >
Ao(B)

2 2
ofofuz |+ |IL. 81100 uo

, 2
3)’? u2H +C,',,'_1 z
AT B

C
<%
6

’

;o 2
o o} m’

where Corollary 2.2 was used. Finally it is noticed that
1/2 par. | 172087, | 12paBar, |2
Hv {I—P}oL 8S u2H > H v/ oy 8& M2H — Hv Pot 85 uy H

2
> o120k u| - >
o)

3)‘?/142

I

Putting all the above estimates into (2.25) and then taking summation over (8,y) €
A5(B, y) leads to (2.21), provided that § > 0 is small enough. This completes the proof
of the lemma. O

Finally for the Liag-estimate on a,afaguz (B,y) € Ai(ﬂ, y), j = 1,2,...
£ — 1), we have

Lemma 2.6. If § > 0 is small enough, then one has

d 2 2
0= 00f0) |+ e > [v1720,0207 o]
AYBY) Ay(B.y)
¢ Y fadfu | +c X [o0fu]’
A2(B) A2(B)
i D) Hatafaguzﬂzwcj,m > Hatafag’uzﬂz
A By A B

w8 > Jofur]?+cs > ’

) (2.26)
Ao(B) A3(B.y)

000 u|

where j = 1,2,...,0—1,and C; j_1, C; i1 are some constants with additional conven-
tions:

Ci0=Cy1,0=0.
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Proof. Notice that (2.24) also holds for (8, y) € Ai(,B, y)with j = 1,2,...,0 —
1. Then further applying 9; to it, multiplying the resulting identity by o, Bf 8;’ up, and
integrating the final result over R” x R”, we have

7
1d 2 2
EEHatafagqu + o HUI/Q{I—P}atafaguZH <> (2.27)
i=1
First for 11, I, and I3, one has
n= > c,g/<§-af—ﬁ’Ezataf’aguﬁg.ataf—ﬁ’Ezaf’aguz, a,afagm)
0<IBI<If] ) .
<o v 20000l +cs > |00l o) u)|
ALB Y
P 2
s 3 ool el
AJ(BY)
L= > Clg/ey.<af*ﬁ/E28[8£,85_1u2+8,8)/?*5/E28)‘?/3g_1u2, a,afa§u2>
EE . .
<o lo0falu| +sci 0 > [aef ol o
ALY
) L2
w681 > a0l w| +5c;, Z afaguzn
Ar(B) ) ANy
+5Cs51 > [0fun|
Ao
and
L=— > cﬁ,<a;f*ﬂ’E1-vgata,ff’aguﬁa,af*ﬂfl-vgaf'aguz,a,afagM)
0sif'=IpI-1 ) .
<s|aafolw| +ocim D> ool ol w| ves > el |
INARTRT) ISR
Furthermore, it holds that
J—— .<vxatafa;”u2, 8t8£8gu2>
o 2 ;o 2 , 2
=2 afolu| v i D |adl ol w| v X ool

ANy A28
Is = — <a,afag [P, D(1)]u, a,afagu2>

2 , 2
bofoluw| +c X [aofu| +c X
A (B A2 (B)

2

3

co
6

IA

0,0 o]

Io = — <[L, 81190 us. a,afagm)
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< @ 087w +c 0,08 us|” + ;) 0,08 07 us |
=% 10y Og U2 Z 10y U2 J.j—1 Z 10x Og U2| -

A2 (B)) Ai’l(ﬁ/,yf)

Finally,

— _ By By
L= <81E1-V§8x 0 uz. 8,309} u2>

2
aofoluw| +cs >
AN

IA

2
5 0,08 o] o |

Inserting all the above estimates into (2.27) and then taking summation over (8, y) €

AA{ (B, v) leads to (2.26), provided that § > 0 is small enough. This completes the proof
of the lemma. 0O

Putting all the above estimates together, we can obtain the following elementary
energy estimates, which follow directly from a proper linear combination of all the
energy inequalities obtained in Lemma 2.2-Lemma 2.6.

Corollary 2.3. Under Assumptions (Al)—(A2), if 6 > 0 is small enough, then there is
an energy functional Hy(t) and a corresponding dissipation rate D1(t) such that

d
ZHIO+eDi0) =C [ D ofmlP+ X 1aofml® ). 228)
A (B) A2 (B)

where Hi(t) and D1(t) is defined by

Hi(@) ~ luzl*+ D 10ful®+ > fa,0ful?
A1(B) A2(B)

+ > lefolual®+ D 18,000} usll®,
A3(B,y) A4(B.y)

Di(t) ~ ' Pual*+ D7 I 2olualP+ D7 v 20,00 ua
A1 (B) A2(B)

+ > WPl uaP+ D v 20,000 sl
A3(B.y) A4(B.y)

(iii) Estimates on the macroscopic part. It should be pointed out that D{(¢) is a lack of
the macroscopic dissipation rate. Then it is not true that there is a constant C such
that Hy(t) < CD(¢) for any t > 0. However, except for the first order derivatives
of the macroscopic component, the higher order derivatives can be bounded by part
of the microscopic dissipation rate D1 (¢). Thus a proper further linear combination
makes the dissipation rate include the derivatives of the macroscopic component
of at least first order.

The following estimate is based on the macroscopic equations (2.6)—(2.10) satis-
fied by a, b, c.

Lemma 2.7. Under Assumptions (Al) and (A2), if § > 0 is small enough, then it holds
that
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> lofw |+ 3 Jadfu]?
AR A2(B)

<Cdi > (0fa. Vi alo)+ CIVan P +C > ol (229

CA aEe AP
where for any B, ||8)€3§ﬁ||2 is defined by
192K = 102 %Roll> + 108K 1117 + 102 Ra1 II” + 197 Rz 1> + 10 %51,
with ||35§R1 12 = Zlfifn ||35§Hil |2, and similarly for other terms.

Proof. First consider estimates on the pure space derivatives of a, b, c. We start with b,
which will satisfy a standard elliptic equation. In fact, for any fixed j € {1, 2, ..., n}
and |B| > 0, by (2.8) and (2.9), direct calculations yield

Afby = —0;;00b; — D" 0,00 (Eiby) + > 0i0f (Eibj + Ejb;) +20;0F (Ejbj)
i#] i#]

= > o000, + > 9,000, + 9,009,
=y i)

Thus after multiplying by Bf b and taking some integrations by part, it holds that

IV 02b; 117 +118;08b;7

1 1 -
< 5 I9:080;17 + 5 (198(E @ )1 + 19090211 + 0912 )
1 /
< IVl P+ 8 DT VLA I+ C (001 + 1990221,

0<|p'I=IBI
which implies
1vafbl? < cs 3 IVl blP+ € (092117 + 100 %0221%)
0=|p'|=IBl-1

Furthermore, since § > 0 can be small enough, by iteration, one has that for any | 8| > 0,

Ivafsir=c > (18912 + 108 90l). (230)
0=<|p'I=IBl
which, after taking summation over 0 < |8] < € — 1, gives
Snafsir=c Y (1 + ||8f?mzz||2). 231)
A1 (B) A2 (B)

For the pure space derivatives of c, it follows from (2.10) that for |§]| > 0,
108 Veel® < 108 (Ee) > + 19293117

<Cs8® D aF Veel® + 08 9%]%,
0=|p'I=IBI

which, with § > 0 small enough, implies
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18vecl><c > 18 a2, (2.32)
0=<|p'|=IBI

Then, similar to obtaining (2.31), taking summation for (2.32) over 0 < |B] < ¢ — 1
gives

D Idfel? < X 1afans)®. (2.33)
A1(B) A2(B)

For the pure space derivatives of a, one has from (2.7) that for any |8| > 0,

d
1Vsdfal? = = (9fa. Vs - 0fb) — (0 bra. Vi - 9£)

n
+Z<3i 808a, 0B (aE; — 2cEi) + afatﬁ)
i=1

sE(@fa,vx-afb)+§||afata|| + S IVe0lbI? + S Vidfal
/ / 1
+C8* (||vxafa||2+||vxaf c||2)+5||afm1||2. (2.34)

0<I'|<I8]
Notice that (2.6) together with (2.30) gives that for any |8| > 0,
1923all® < 192(Eq - b1 + 1829t
=cs 3 (1089l + 108 9l + 192 235)
0<I'|<If]
Putting (2.30), (2.32) and (2.35) into (2.34) and taking summation over 1 < |8| < ¢ —1,
one has
d
> vidfalr<c > E(e)fa, V. - 38b) + C8*||V,al?
1<|pl=t-1 1<|Bl<t—1
+C Z 989>, (2.36)
A2(B)

Next we estimate || d; Bf up]| with B € Az(B). It directly follows from (2.35) that
> lafal* < 7l (2.37)
A2(B) A2(B)
In addition, (2.8) gives that for any | 8| > 0,

18farcl® < € {1V bI + 0] (£ - b1 + 1f9%1 112}

=c > (0l + 10 oal?),
0<IB'|=IBI
which implies that

D laafel® <c > afan)’. (2.38)
Az(B) A2(B)
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Similarly (2.7) together with (2.33) and (2.36) gives
> aofeir <c X (1fal? + 19fel?) + ¢ D nafan?
A2(B) 1<IBl<t A2(B)

d ) )
<C > 0fa Ve ofb)+ClIVealP+ C 3 AR
1=Ifl=t=1 A2(B)

Finally, collecting all estimates (2.31), (2.33), (2.36), (2.37), (2.38) and (2.39) yields
(2.29). This completes the proof of the lemma. O

(iv) Combination of estimates on the macro-micro components. As in [13], from the
representation (2.5) of i, we can prove the following lemma.

Lemma 2.8. It holds that

S naknir<c > Jofun)P+C S |0baua|’ (2.39)
) Ko B A

Thus the further linear combination of (2.28), (2.29) and (2.39) gives the following
result.

Corollary 2.4. Under Assumptions (Al)—(A2), if § > 0 is small enough, then there is an
energy functional Hy(t) and a corresponding dissipation rate D> (t) such that for any
t>0,

d
A0 +eDa(1) < ClIViur ||, (2.40)
and
H>(t) < CDs (1),

where

Hy(t) ~ lluzl>+ D N0full>+ D a0 ul?

Ar1(B) A2 (B)
+ > lofolual®+ D 18,000} uall®,
A3(B,y) A4(B,v)
Dy(t) ~ [ Pun*+ D7 I 2olusl®+ D7 w120, ua|?
A1 (B) A2(B)
+ >0 PPl ualP+ D Iva,0L 0  ual?,
A3(By) A4(By)
+ > 0fu P+ D 19,08u 7
A1(B) A2(B)

(v) Further energy estimates on the microscopic part with velocity weight functions.
For later use, we shall make further energy estimates on the microscopic component
weighted by velocity functions v(£). We remark that it is necessary to introduce this
velocity weight function to eliminate the time derivatives so that one can make use
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of the decay in time estimates for the linearized equation to deal with the nonlinear
problems in terms of the contraction mapping theorem.

For generality, we shall make the weighted energy estimates on w = w(t, x, &),
which is the solution to the following nonhomogeneous linear equation:

w+vw+& - Viw+ E - Vew = +§ - Ehw, 241
where ¢ = ¢ (¢, x, &) is a given function.

Lemma 2.9. Under Assumptions (Al)—(A2), if § > 0 is small enough, then for any k,
the solution w to Eq. (2.41) enjoys the following estimates:

d
SVl e Zw)? < et ), (2.42)
d
- > kafwlP e D 2ol
A1(B) A1(B)
<C DIVl Cs D v 2lak w)?, (2.43)
A1(B) As(B.y)
1B1=1

and

d
2 CppF e wiP e Y W0l w)?

A3(B,y) A3(B.y)
<C > IWRlolelP+c D] v elw, (2.44)
A3(B.y) Ao(B)

where Cg ,, with (B, y) € A3(B, y) are some positive constants, and positive constants
¢ and C may depend on k. Furthermore, it holds that

d
- D CallV o cwlP e D V2% w)?

0<|a| <t 0<|e| <t

<C D> IV el (2.45)

O<le|<t
where Cy are also some positive constants.

Proof. For simplicity of presentation, denote the time dependent linear operator A(f)
by

A(t)=v+& -V +E((t,x) - Ve.
Then (2.41) is rewritten as

w+A)w =¢+£& - Erw.
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Since for each multi-index B and y, one has

0 (v*0f o) w) + A1) (W 0P 0 w)
= v 9ol ¢ +vhe - 9L0) (Eaw) + e, - v¥0P 0! ! (Eyw) — e, - v¥V,000) M
— > W w— > cpaf P E Vel o) w
0=ly’|=ly|-1 0=|p'|=IBl—-1
+E; - ngkafagw,
and (2.42)—(2.44) can be proved by mimicking the arguments used in the proof of
Lemma 2.5.

Finally (2.45) follows from the linear combination of (2.42)—(2.44). This completes
the proof of the lemma. 0O

By applying the above result to the solutions of Egs. (2.21) and (2.22), one has

Corollary 2.5. Under Assumptions (Al)—(A2), if § > 0 is small enough, then for any k,
it holds that

d 2 2
—”vkuz +chk+1/2u2H
dt
2 k—1/2)*—1 2 k—1/2)"—1 2
< C || Vyui] +c(Hu< -1/2"- qu + Hv( -~1/*- VXLQH ) (2.46)
d
o D alulP+e D ol u)?
A1(B) A1(B)
<C D NfuP+C D wE )P cs ST v 2ol ol ua)?,
A1(B) A1(B) A3(B.y)
(2.47)
and
d
dt > CpyfofolulP+c D V0P 0  uy|?
A3(B,y) A3(B,y)
<C > furP+C D W obuyP e C DT vk 9B g2,
A1 (B) Ao(B) A3(By)
(2.48)

where ()" means that (m)* = m if m > 0 and 0 otherwise. Furthermore, for any k,
there is an energy functional H3 i (t) and a corresponding dissipation rate D3 y(t) such
that for any t > 0,

d 2 k—1/2)"—1 2
THO + D30 < C Y 0fu]?+C Y T 0w
AL(B) Ao(B)
+C > DT |7, (2.49)
A3(B.y)
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and
H3 k(1) < CD3 (1), (2.50)
where
Hy (1) ~ [Voun )+ D7 wkalul>+ D 1vkaf ol us)?, (2.51)
A1 (B) A3(By)
D3 (t) ~ [V 2ug 2+ D W 2oluP 4 DT w2080 w17 (2.52)
A1 (B) A3(B,y)

Proof. Notice that (2.14) and (2.15) can be rewritten as
ou+A(t)u = Ku+é& - Eru, (2.53)
and
orup + A(Huy = Kuo + [P, D(t)]u + & - Equs. (2.54)

Thus one can apply the estimate (2.43) to Eq. (2.53) with ¢ = Ku to obtain (2.47), where
(2.12) was used. Similarly by applying the estimates (2.42) and (2.44) to Eq. (2.54) with

¢ =Kur+[P,D)lu = Kur + PD(t)u — D(t)uy,
one can obtain (2.46) and (2.48). Here we have used the following identities:
0fol Kuy = Kol ur — (K. 90100 us,
and
PD(t)u = PD(t)u; + PD(r)v!~*=1/2" {v(k_1/2)+_1u2} .

Finally (2.49) follows from the linear combination of (2.46)—(2.48). It is obvious that
(2.50) holds from the equivalent forms (2.51) and (2.52) of H3 ;(f) and D3 i (¢). This
completes the proof of the corollary. O

So far, based on the energy estimates on the linearized Eq. (2.1) only, we can obtain
a standard energy inequality only with the first order derivatives of the macroscopic
component u; as an error term. In fact, by a proper linear combination of (2.40) and
(2.49) with k = 1 yields

Theorem 2.1. Under Assumptions (Al)—(A2), if § > 0 is small enough, then there is

an energy functional H(t) and a corresponding dissipation rate D(t) such that for any
t >0,

d
SHO+cDW) < ClIVur|I?, (2.55)

and

H(t) < CD(), (2.56)
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where

H(t) ~ [lvug)*+ D" walull®+ > 18,08u)?

A1(B) Az (B)
+ > wafolull+ D 19,020 uall?,
A3(B.y) A4(B.y)
D) ~ W PualP+ D v PolualP+ D v 20,08 us )
Ar(B) A2 (B)
+ > WP ualP+ D v 28,000  ua)?
A3(B.y) A4(B.y)
+ > 0l P+ D0 1900w
Av1(B) A2 (B)

It is noticed that in H(¢), the power of the velocity weight function for the time
derivatives is one less than that for others. Thus one can eliminate those terms involving
the time derivatives by the equation. In fact, at first by u» = u — uy, it holds that

> Nedlofual® < D Nadfolul*+ D 8080 ui|,
A4a(B,y) A4(B,y) A4(B,y)

where it further follows that

> aafolumlP < D N0,08ur> < D 119, ul).
A4(B.y) A2 (B) A2 (B)

Then by Eq. (2.1), one has
oiu = —& - Vyu — Ey - Veu —vur + Kux +& - Esu,

which implies that

> ldfull* < Cllvua|* + D lvalul?,

A2 (B) A(B)
D 10dLofull® < Clvua >+ D valul®+ D7 11vaf o) uall®.
A4(B.y) A(B) A3(B.y)

Thus we have proved the following proposition.

Proposition 2.2. Under the assumptions of Theorem 2.1, H (t) has the equivalent form:

H(t) ~ [lugl®+ D volul>+ > valofusl?
A(B) A3(B.y)

~ D 1PwlP+ DD e euall®.

1=<|B|=¢t 0<|a|=<t
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2.4. Optimal decay rates. (i) Estimates based on the spectral analysis. Set
B=-¢£-V,+L.

Then from [27], one has

Proposition 2.3. The linear operator B generates a semigroup '

decay in time estimates

which enjoys the

Ve el < A+ (lgliz, + IVigll), (2.57)

for any integer m > 0 and any function g = g(x, &), where q € [1, 2] and the decay

rate is measured by
n{l 1 m
=—|-—-=)+—=. 2.58
Og,m ) (q 2) ) ( )

Note that in terms of the linear operator B, (2.1) can be rewritten as
ou=Bu — E1-Veu+§& - Eou.

Then the solution to the initial value problem (2.1) and (2.2), with s = 0 for brevity, can
be written in the mild form

t
u(t) = e®ug +/ BU_Ey - Veu+& - Eaul (s)ds. (2.59)
0

Based on the above mild form and Proposition 2.3, one has the following lemma.
Lemma 2.10. Assume that there is a constant § > 0 such that

L+ [xDE;i (2, X)L + |||x|Ei(t7-x)”Ltoo(Liq/(z*Q)) <3,

wherei = 1,2 and 1 < q < 2. Then it holds that
[Vxu(®)|l < Cho(l +1)~%!
+C3/[(1 +t—5) P ([ Viur ()| + [[vVruz ()l + Ve Veua (s)I)ds,

’ (2.60)

where L is given by
ro = lluollz, + [Vxuoll- (2.61)
Proof. For simplicity, set
G=—E-Veu+§ - Eu.

Then applying (2.57) to (2.59) yields

t
IVeu@Il < Cro(l +1)~%! +C5/ (L+1 =571 (|G$)lz, + IVxG($)]) ds.
0
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Furthermore, one has

Veu
IG®)z, = |IXIEll, 20r0-0 | —— | +CvIllxIE2ll, 20/0-0) |
x | x| L2 x x| L2 12
’ g
<C$é (HV;VXM(S)”Lg(L%) + ||UVXM(S)||L§(L)2())
< CS (IVaur ()|l + vVieua ()|l + | Ve Vi (9)) -
Similarly it holds that
ViGN < [ lIxIVxEill e + I Etllpee Vi Veull 2
X |x| L% X X
+Cv [[x|ViEzllpee ||| + CVIE2llLoe I Vaull 2
2 .x| L% Lg

< CS (IVxur ()| + v Vxu2(s)1| + | Ve Vaua (s)]l) -
Thus (2.60) is proved. This completes the proof of the lemma. O

(ii) Optimal decay rates. Combining Theorem 2.1 and Lemma 2.10 gives the optimal
decay rates.

Lemma 2.11. Assume
2n
n+2

n>3, 1<¢g<

(2.62)

Under the assumptions of Theorem 2.1 and Lemma 2.10, if § > 0 is small enough, then

it holds that
VH® = Ct+07% [VHO) + luollz, |, (2.63)
and
lu@l = €A +07700 [VHO) + oz, (264
Proof. Define
M) = s {(1 +5)20u1 H(s)}. (2.65)

Notice that M (¢) is non-decreasing and

[Veur ()| + lvVeua ()| + Ve Viua(s)|| < Cy/H(s) < C(1+5)" %1/ M (1)
(2.66)

for any 0 < s < t. Then (2.60) with (2.66) implies that for any ¢ > 0,
(Viur (@] < IVeu @)l

t
< Cog(1 +1)~%! +c5/ (141 — )1 (1 +5)"%0ds /M (1)
0
< C(1+1) %! (,\0 +3,/M(z)), (2.67)
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since 04,1 > 1 from (2.58) and (2.62).
On the other hand, by the Gronwall inequality, (2.55) together with (2.56) gives

t
H@t)<e "HO)+C / e Vaui (5)ds,
0
for some constant ¢ > 0. Then, further using (2.67) yields

t
H(t) <e “H@O0)+C / e U™ (1 +5)7 291 ds (A(Z) + 52M(t))
0
< C(1 +1)" 20 (H(O) +22+ 82M(t)).
Hence for any ¢ > 0,

sup {(1 +s)2‘7q’1H(s)} <cC (H(O) +22 +82M(t)),

0<s<t

i.e.,
M@ <C (H(O) +32+ 82M(t)).
Then if § > 0 is small enough, one has
M) < C (H(O) + ,\3). (2.68)

Recalling the definitions (2.61) and (2.65) of Ao and M (¢), (2.68) gives (2.63).
Finally it follows from (2.57) and (2.63) that

Ol = O+ Nl 002+ [ (041 =9 401601, 0p2ds
< C+ 0 unlg g+ €5 [ 1t =5y s
< CU+0 7 gl 2
w5 [ @er—sounesymds (VHO) + luolz, )
< (4070 (VHO) + ol 7,02

Thus (2.64) is proved. This completes the proof of the lemma. O

(iii) Decay estimates on the solution operator U (t, s). For any number k, define a norm
[[-1]o.x and a seminorm [[-]]; x over the Sobolev space H (R% x Rg) by

Mullox = D V0% cul, (2.69)
0<|a|<t

dle = D 0PPul+ D ([0 (T —Phul, (2.70)
1=|B|=¢t 0<|a|=<t

where u = u(x, £). Notice that

(leello.x ~ [lue]]y ke + Nluell- 2.71)
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Theorem 2.2. Suppose that

(i) the integers n > 3, £ > 2 and the number 1 < q < 2n .

(ii) there a constant § > 0 such that "
> I+ xDafE 0+ D A+ 1xDa Eir o) <5,
0<|Bl=<t To0=gIpl=e-1 ‘

and

< <
x| E; (2, x) ”L?" (qu/(Z—q)) <4,

wherei =1, 2.

Then for any k > 1, there exist constants §y > 0 and Cy > 0 such that for any
8 < 8, the linear solution operator U(t, s), —0o0 < § <t < 00, corresponding to the
linear Eq. (2.1) satisfies the decay in time estimates

(LU, $)uollmk < Co(l +1 =)~ %" ([[uollmk + luolz,), m=0,1, (2.72)
for any uy = ug(x, &), where the constant Cq depends only on n, £, q, k and .

Proof. 1t suffices to consider the case when s = 0. We now prove (2.87) by induction
for k > 1. When k = 1, (2.72) follows from Proposition 2.2, Lemma 2.11 and (2.71).

Now suppose that (2.72) holds for some £ > 1. We claim that it also holds for k + €
with any 0 < € < 3/2. First consider the case of m = 0. Notice that u = U(¢, O)ug
satisfies

Ou+vu+§&-Vyu+E;-Veu=Ku+§ - Eu.

Then recalling Eq. (2.41) and then applying the estimate (2.45) with ¢ = Ku, one has

d
_ Z Ca||vk+€a)(;(,€:u”2 +c Z ”l)k+€+1/28g’éu”2
0=<|a|=t 0<|a|<t
<C > M Kul?, (2.73)

0<ler|<t

where by Lemma 2.9 and the inductive assumption, it holds that

_ — 2
D020 Kull? < Clullg, < CA+0720 ([luollo + lluollz,)” -
0<|o|<t

(2.74)

Thus by the Gronwall inequality, (2.73) and (2.74) imply (2.72) with m = 0 for k + €.
Next consider the case of m = 1. Notice that the following equivalent property also
holds:

Ml ~ > Hvkaqu+Hvk{I—P}uH+ D Hvkafag{I—P}uH.
A A B)

Thus from Corollary 2.5, similarly (2.72) with m = 1 holds for k + €. The details of the
proof are omitted for brevity. Hence (2.72) with m = 0 or 1 holds for any k > 1. This
completes the proof of the theorem. O
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Remark 2.1. In the above theorem, the external force needs not to have time decay.
Rather, it may be time independent, time periodic, or even bounded in time, though it
should be small. In the case when the force is a small perturbation of some stationary
potential force, i.e. in the form

Ft,x) = =Vy¢p(x) + E(t, x),

where ¢ (x) — 0 as |x| — 00, we can have the same optimal decay estimates as (2.72)
for the linearized equation derived by setting

fF=M+M"%y,
where
M=50M, j(x)=e W,

In this case, the linear equation is
1
u+&-Viu+F - Veu — 55 - Fu = p(x)Lu. (2.75)

If the same assumptions of Theorem 2.2 hold for F (¢, x) and ¢ (x) itself is also small
in some Sobolev space, then the energy estimate similar to (2.13) still holds. For the
estimates on the macroscopic component u1, we consider Eq. (2.75) which can be
rewritten as

1
8,u—Bu:—F~V§u+§$-Fu+(,5—l)Lu,

where the right-hand side can be regarded as a source term. Thus the decay estimate
(2.72) is valid for the solution operator corresponding to (2.75) and can be used for the
nonlinear problem considered in Sect. 3.

3. Applications to the Nonlinear Equation

3.1. Basic estimates. First from the definition (2.69) of the norm [[-]]o «, Corollary 2.2
and 3 of Ku = Kof ol'u — (K. 8L 10f u. we have

Lemma 3.1. Let k be any number. For any u = u(x, &), it holds that
[[Kullox < Cllullo,k—1)*
where C is some constant.
Lemma 3.2. For any u = u(x, &) and v = v(x, &), it holds that
IT @, v)llz, < C vullllvll + llullvel),

where C is some constant.

The proof of the above lemma can be found in [28]. Finally we give a lemma on the
estimates on the nonlinear term I' in the norm [[-]]o -
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Lemma 3.3. Letk > Oand ko < 1. Supposethat{ > [n/2]+2. Thenforanyu = u(x, &)
and v = v(x, &), it holds that

[T (e, v)]ok—ko < C([eello,k+1—ko [[v]o.x + [Ludlo k[[v]0,k+1—k)- (3.1
where C is some constant.

Proof. Write
F(u’ U) = %{Fl(u’ 'U) + Fl(va M) - FZ(“a v) - F2(U, M)} 5

with

172

Fi(u,v) = /Rn o (6 — &) - oM “u(Ev(E)dEdw,

1/2

o(u,v) = /Rn o (€ = &) - oM u(§)v(€x)dédw.

It is obvious that (3.1) holds if it does foreach I';, j =1, 2.
First consider I'1. As in [14], after taking a change of variable z = & — &,, '} can be
rewritten as

Ty, v)() = / |z - M2 (& — 2)u(E)v(7)dzdo, (3.2)

R7 x §n—1

where
g=t—z, /=6-2z1,

withz = (z-w)w, z1 = z—z). Applying 8;"5 = 8,’?8? withO < || < fLando = B+y
to (3.2) yields

B
T e = S cﬂ,ag/Rn .
Bi+p2=p X
_ B oy vy
- Z Cﬁlcylcml :
Bi+p2=p
Yity21+yn=y

x /R 2 w]d]' M€ — 2001 9] w) () (0297 v) (2)dzdw.
xS

|z - oM (& — 2)(3P1u) (€") (012 v) ()dzdw

Notice that for any yq,
M2 — o)) = eM' e — 2.

Then

anwoei=c Y |

o<

|z - 0M* (€ —2) |07 L u(EN)] 1075 v(2)|dzd .

ny sn—1

(3.3)
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Without loss of generality, suppose || < |¢|/2 in (3.3). Then by integrating (3.3) over
R? with respect to the space variable and using the Sobolev inequality, one has

187 D1 )El2 <€ D Tay§), (3.4)

ot <ler|/2

where
o, (§) = /R Nz @IMHE = I Vdu @) 1075 v(@) | pdzdo.
s §n— -
Noting that for any £ > 0,

VEEWR(E) = vRE — v E - z1) > CVE @), (3.5)

where the constant C > 0, then for each o, one has

Ty (8) < C /

o oM — )V u @)l gy IV 0% 0 (@)l 2 dzdw
nxsnf B ’ P

12
<C [/ 2P M2 (& —z)dzda)]
R x §n—1
5 1/2
x| / I [ 2GR P TGO dzdw]
nx §Sn—
5 1/2
sz(é)[ /]R . AT g 150 0@ 2| dzdw} :
nx n— .

Taking further integration over Rg‘ with respect to the velocity variable gives

k—k 2
Ikhor,, 12, < c/
§ R x §n—1

< C/ [v272k0(§/) + p22k0 (Z/)]
R x §n—1

* VYD u @15 IV 8% v (@) 72 d8 dZ do,

v2—2ko (g) ” Ukvx a;lylsu(g/) ”31)} ||vkag,2§1)(z/) ||i)2(d§dzda)

where we have used the inequality (3.5) since 2 —2ko > 0 and taken change of variables
(£,2) = (£',7), whose Jacobian is unity. Hence

” ko Ty,

2
L =C ([[u]]é,k+1,ko[[v]]3,k + [[u]]é,k[[v]]%,kﬂ,ko). (3.6)
&

Thus combining (3.4) and (3.6) implies that (3.1) holds for I'y.
Finally it is more straightforward to carry out the estimates on I'2(u, v) in a similar
way. The details are omitted. This completes the proof of the lemma. 0O
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3.2. Global existence for the Cauchy problem. In this subsection, we consider the
global existence and decay rates of the solution to the Cauchy problem for the non-
linear Boltzmann equation:

8,u+.§~qu+F~V5u—%§~Fu=Lu+F(u)+§, (3.7
u(t, x, §)li=o0 = uo(x, ), (3.8)

where u = u(t, x, €), (f,x,&) € R* x R" x R", and Sis given by (1.5).
The main result is stated as follows.

Theorem 3.1. Suppose that

(BI) The integersn > 3, £ > [n/2] + 2.
(B2) The functions F = F(t,x), S = S(t, x, &) and uo = up(x, &) satisfy

Fecy (R HT®D), i=0,1, 5eCf (Rl HU®RY x BD),
uo € H (R} x RY).

(B3) There are constants § > 0, k > 1 and k > 1 such that F and uq are bounded in
the sense that

Z |’(1+|x|)BfF(t,x)||Lto§

0=|gl=¢
+ > A+ D3 F@ )] o +IxIF @02y <8, (3.9)
0<|pl<t—1 ’
[[uollok+1/2 + lluollz, <6, (3.10)

and moreover, F and S decay in time in the sense that
IFOllgenpy <81 +0)7", (3.11)
M 250104172+ [M7125(0)|

<8(1+1)~*. (3.12)
Zy

Then there are constants 81 > 0 and C1 > 0 such that for any § < &, the Cauchy
problem (3.7)—(3.8) corresponding to (1.1) has a unique global classical solution

weCy(REHTT® < RY), i =0.1, (3.13)
which satisfies
o0
sup(1 + PO [[u ()]G, + /O [[()11G 41 2ds < CT, (3.14)
1=

where C| can be also taken as C1 = C8 for another constant C| independent of
8, and Ky is given by

1 1 . 1
5 <ko<k—x5 ifo10>K—7,
[2 2 (3.15)

. 1
Ko = 01,0 if o10 <k — 3.

Furthermore, it holds that
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D Hvk—la,a)‘;{gu(nu < C8(1+1)~*, (3.16)
0<|r|<t—1

for some constant C.
In order to prove the above theorem, we introduce a function set S(Cy) by
S = fu=ut.x.6) [uech (R H @L< RD) Mllullley = €1}
where C; > 0 is some constant to be determined later, and the norm ||| - |||«,«, is defined
by
2 2 2 * 2
1y = SupC1+ ML+ [ IR 115
>0 0

Clearly, S(C1) is a complete metric space with the metric induced by the norm ||| |||, -
Under some conditions, the solution to (3.7)—(3.8) will be obtained by applying the
contraction mapping theorem to find a fixed point in S(C) for some nonlinear mapping
W, where ¥ is defined by

t
W (u) = U(t,O)ug +/ U, s){T(u(s), u(s)) + §(s)}ds. (3.17)
0

Thus one has to estimate the time integral in (3.17) in terms of the norm ||| - ||, k(-
For this, in what follows, given a function ¢ = ¢ (¢, x, &), we will first consider the
estimate on the general time integral

t
(To) (1, x, &) = /O Ut $)b(s, x, £)ds.

This time integral can be written as two parts again by Duhamel’s formula. In fact, define
the solution operator U (¢, s) for any 0 < s < ¢ in the sense that for any vg = vo(x, &),
v=uv(t, x, &) = Up(t, s)vg denotes the solution to the following initial value problem:

1
8,v+vv+$~va+Fngv—ES-Fv:O,
v(t, x, §)|i=s = vo(x, §).

Note that L = —v + K. Then again by Duhamel’s formula, the solution operator U (¢, s)
can be rewritten as

Ut,s) =U(t,s)+Us(t,s), 0<s =<t,
where
t
Us(t,s) =/ U, 71)KU (7, s)dr.
)

Thus we further define

t
(Tjp)(t,x, &) =/0 Ujt,s)p(s,x,8)ds, j=1,2.
Then

To =Ti¢p + Taro.

The following estimates follow.
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Lemma 3.4. Suppose (3.9). If § > 0 is small enough, then one has
t
(1+ 0> [T1(OIG4 + /0 1+ > [[T1 ()11 441 ;2

t
<C /0 (1+5)>[[p ()15 41245, (3.18)

for any m > 0 and any k, and
13
L+ 0™ Tip ()|, + /0 (1+5)*"|Tig ()13, ds

t
<cC /0 1+ (PWIR go1/2 + 191, ) ds. (3.19)

foranym > 0 and any k > 1/2.

Proof. For simplicity, write w = T;¢, which by the definitions of Ty and U(t, s),
satisfies the following Cauchy problem with zero initial data:

1
Btw+vw+§~wa+F-ng—Efg‘-Fw:q&, (3.20)
w(t, x,§)|r=0 = 0. (3.21)

By (2.45), one has the energy inequality

d
ZJoxlw@O1+ cJo s plw®)] < Clig O 412 (3.22)

for any k, where to the end, the nonlinear functional Jy x[-] is defined by
Jo x[w(@)] ~ [[w@)]o.k- (3.23)

After integration, (3.22) implies

t

t
Joxlw(®)] + /0 Joge1 plw(s)lds < C /0 MR, pds.  (24)

On the other hand, multiplying (3.22) by (1 +#)?" with m > 0 and further integrating
it gives

t
(1 +f)2mJo,k[w(t)]+C/0 (1+5)> Jo k1/2[w(s)1ds
4 t
=< 2m/ (1+s)’”’1Jo,k[w(s)]ds+C/ (1+S)2m[[¢(S)]]%’k_1/2ds
0 0
! t
=3 /0 (1+9)" Josr1 2lw(s)lds +C /0 Jos/2[w(s)1ds

t
+C /0 (1+)> ¢ ()G 41 2. (3.25)

Then (3.25) together with (3.23) and (3.24) yields (3.18).
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Next consider the estimate (3.19) in the norm || - || z,. It can be based on the explicit
form for the solution w from (3.20)-(3.21):

t
w(t, x, £) :/ e VOEIE  Vew — £/2- Fw + ¢} (s, x — (t — )&, £)ds,
0

which implies

t

0.l <€ [ e (199,06, )l
0
+v[[Vew(s, S)HLZ(R;) +1¢ (s, S)HU(R;!)) ds.

Further taking the norm || - || L2(RY) gives

t
lwt)llz, < C/ e UG (s)ds, (3.26)
0
where for simplicity, we used the notion
G(s) = IVeVew ()l + [[vView )| + ¢ ()]l z, - (3.27)
From (3.26), we claim that for any m > 0,

t 1
L+ [w®)], +/ (1+5)*"[w(s)[13,ds < c/ (1+5)*G(s)*ds. (3.28)
0 0

In fact, on one hand, by the Holder inequality, it is easy to see from (3.26) that

t t
lwlz, < c/ e—2“0<’—f>(1+s)—2'"ds/ (1+9)*G(s)?ds
0 0
t
< C(1+t)_2m/ (149" G(s)?ds. (3.29)
0

On the other hand, again by (3.26), one has

t t s 2
/(l+s)2m||w(s)||2zlds§/ (1+5)>" [/ e_"O(S_T)G(r)dt:| ds. (3.30)
0 0 0

By the Schwarz inequality, it holds that

s 2
|:/ e_”O(S_r)G(r)dr]
0

N N
5/ e_”"(s_r)(1+r)_2mdr/ e N6 + 1) G(1)?dT
0 0
S
§C(1+s)_2’”/ e 06T (1 4 1) G (v)2d,
0



224 R. Duan, S. Ukai, T. Yang, H. Zhao

which together with (3.30) gives

t t N
/(1+s)2m||w(s)||2zlds < c/ / e 06T (1 + 1) G (1) dtds
0 0 Jo
t t
= c/ dr(l+r)2’"G(r)2/ PGl
0 T

t
< c/ (1+7)""G(r)%dr. (3.31)
0

Thus (3.28) follows from (3.29) and (3.31). Furthermore, notice from (3.27) and k > 1/2
that

G =cC (||V5wa(s)||2 + [V Vew(s)|* + ||¢<s>||221)

= C (IO g2+ 1613, ).
which by (3.18), implies
t t
/O (1+5)*"G(s)%ds < C/O (1+5)™" ([[w(t)]]%,k+1/2+ ||¢(s)llzzl)ds
t
=C /0 92 (L O1F o1/ + 1013, ) ds. (332)

With the notion w = T ¢, combining (3.28) and (3.32) leads to (3.19). This completes
the proof of the lemma. O

Lemma 3.5. Suppose (3.9). If § > 0 is small enough, then one has

t
A+ 0™ O+ [ (T2 s

t
<C /0 W+ (PO o1/ + 1912, ) ds. (3.33)

forany 1/2 <m < o19andany k > 1.

Proof. First fix some m and k with 1/2 < m < o019 and k > 1. Set z = Ty¢ for
simplicity. By the definitions of T; and U; (¢, s), i = 1, 2, note that

t !
z(t) = Tap (1) :/ Us(t, s)p(s)ds :/ U(t,s)KT1¢p(s)ds.
0 0
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Then by Theorem 2.2 and Lemma 3.4, it holds that
2

t
[lz]lg < C ‘/o (L+1—=95)""0 ([[KT1p(s)]lox + IKT19(5)l|z,) ds

2
<C

t
/0 I+t =) " O([T1¢) o k-1 + IT1g ()l z,)ds

t
< c/ (141 —5)72900(1 +5)"2"ds
Ot ,
x /0 1+ 92" (P19 OB 0172 + IT16(5)17,) ds

t
<C+n" /0 A+ (@I 410+ 9O, ) ds. (334

On the other hand, z = z(¢, x, &) is the solution to the following initial value problem
with zero initial data:

0z+vz+&-Vez+ F-Vez — %S-Fz= Kz+ KT¢,
2(t, x, 8)li=0 = 0.
This means that
z=T1(Kz+ KT¢).
Use (3.18) with m = 0 to deduce

t t
/0 (21§ 441 /0ds < C /O [[Kz+KTi$ll5 ;. pds

t t
<c /O 121 s pdls +C /0 [T (T s o,

where further, it holds from (3.34) that
13 13
/0 ([T s adls < /0 [[2()T12 s

t N
<C /0 (1+5)72"ds sup / A+ (PO 12 + 16D, ) dr

0=s=r.Jo
=C /0 QP (@I 112 + 61, ) d.
and again from (3.18) with m = 0 that
/Ot[[T1¢>(s)]]%,k3/2ds < /Ot[[T1¢(S)]]%,k+1/2ds < C/Ot[[¢(s)]]<2),k1/zds-
Then,
/O[[[Z(S)]](z),kﬂ/zds < C/Ol(l +5)2m ([[q/)(s)]]g,k_]/2 + ||¢(s)||2zl) ds. (3.35)

Thus (3.33) follows from (3.34) and (3.35). This completes the proof of the lemma. 0O
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Corollary 3.1. Suppose (3.9). If § > 0 is small enough, then one has

13
1+ DM [THN1R, + /0 TG o120l
t
<C [0 (1801512 + 19013, ) ds

forany 1/2 <m < o1,0andanyk > 1.

Now we are in a position to prove the global existence of the solution to the Cauchy
problem for the nonlinear Boltzmann equation.

Proof of Theorem 3.1. First we prove that there is a proper constant C; > 0 such that
W is a contraction mapping from S(C1) to itself, and thus it has a fixed point in S(C)
which is a unique solution to the Cauchy problem (3.7)—(3.8). For this purpose, we start
with a claim that there is a constant C such that for any u, v € S(Cy),

1 @)y < C8+CHIuIIZ o0 (3.36)
I (@) = W)k = Clllu+ kol et = VI k,io- (3.37)

In fact, recall the definition (3.17) of W, and then it is straightforward to compute
U, 0)u0|||k Ko = sup(l + t)ZKO[[U(I 0)uo] ]0 k +/ [[U (s, 0)“0]]0 k+1/2ds

< Csup(1 +1)*072710[[u]]§ , + C /0 (1+5)7270ds[[u0]15 441 2

t>0

< Clluoll§ 4412 < €8, (3.38)

where we used (3.10), and the inequalities ko < o1, and 2019 > 1 since n > 3.
Furthermore, noticing from (3.15) and n > 3 that 1/2 < k¢ < o1, one can apply
Corollary 3.1 with m = k¢ to obtain

2

t
‘H/ U(t,s)I'(u(s), u(s))ds
0

k

=< C/Ooo(l +5)20 ([[F(u(S), w5 4172+ IIT (u(s), u(S))Ilzzl) ds

=C /0 “a + )2 O[] g1 [l (TG s

=€ /ooo““(s)“akﬂ/zds sup(1-+5 ()1

< Cllfulllf - i .

where Lemma 3.3 was used. Since (3.11) and (3.12) together with (1.5) imply

(IS ok—1/2 + ISz, < C8(1 +5)7*,
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similarly applying Corollary 3.1 with m = k( yields

t _ 2 00 _ _
‘H / U(t,5)S(s)ds||| <C / (1+5)%0 ([[S<s>]]é,k,1/2+||S<s)||2zl)ds
0 k 0

o0
< C8? / (1 + )20 g5
0

< C§?, (3.40)

where by (3.15), kg < x — 1/2 was used. Thus by (3.17), combining (3.38), (3.39) and
(3.40) proves (3.36). For (3.37), notice that since I" is bilinear,

F'u,u)—T(w,v) =T Ww+v,u—v).

Then it holds that
t
V(u)— v = / U@, s)I'(u+v,u—v)(s)ds,
0

which similar to the proof of (3.39), implies (3.37).

Now suppose u, v € S(Cy). Then based on (3.36) and (3.37), it is easy to see that
W (1), ¥(v) € C? (R;; HZ(R;)),
with estimates

1% ()| |k.y < C8+CCF,
W () — W)ty < 2CCrlllt = v]|]kxp-

If § < &1 with 6; > 0 small enough, then there is a constant C; > 0 depending only on
81 and C such that

Cs+CC} <Cy, 2CCy < 1.
Thus ¥ (u), ¥ (v) € S(Cy) and
1) = ¥l = mlllu —vlllky, w=2CCr <Ll

Therefore W is a contraction mapping over S(C1). Thus there is a unique fixed point u
in S(C1) as a mild solution to the Cauchy problem (3.7)—(3.8). Then (3.13) withi = 0
and (3.14) are proved. In addition, it is obvious that Cj can be also taken as C; = C ; )
for another constant C} independent of §.

Finally the time-differentiability (3.13) with i = 1 of the solution u and the estimate
(3.16) directly follow from the equation. This completes the proof of the theorem.
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3.3. Existence of time periodic solution. In this subsection, we are concerned with the
existence of the time periodic solution to the nonlinear Boltzmann equation

1 ~
8tu+§ovxu+F-V§u—55-Fu=Lu+F(u)+S, (3.41)

where u = u(t, x, &), (t,x,&) e R x R"” x R", and S is given by (1.5).

Roughly speaking, our goal is to show that if the time dependent external force
F and source S are time periodic with period T, then Eq. (3.41) should have a time
periodic solution with the same period under some additional assumptions. When the
space dimension n > 5, this can be achieved by making use of the decay in time property
of the linearized equation which is established in Sect. 2.

Precisely, the main result is stated as follows.

Theorem 3.2. Suppose that

(CI) the integersn > 5, £ > [n/2] +2;
(C2) the functions F = F(t,x) and S = S(t, x, &) are time periodic with period T,
satisfying

Fec! (R,; H‘*"(Rg)) ,i=0,1, Sec? (R,; H'R" x Rg));

(C3) there are constants § > 0 and k > 1 such that F and S are bounded in the sense
that

D la+pal Fa. 0|,
0<|pl<t :

2 DB F@ 0| + IIKIF @0z <8, (3:42)
0<|Bl<e—1 .

sup [nF(r)nHm;c M 2SO To 12 + [ M50

] <. (3.43)
teR Zy

Then there are constants §, > 0 and Co > 0 such that for any § < &, Eq. (3.41)
corresponding to (1.1) has a unique time periodic solution

M* € C}; (Rt, He_i(RZ X Rg )7 l=05 17

with the same period T, which satisfies

T
sup [ (0112, + /O ([ ()1 gyt < C2, (3.44)

0<t<T

where precisely, Cy can be chosen as Cy = C58 with C), independent of 8. Fur-
thermore, it holds that

sup [l lloksrz+ sup > [ )] = cs, 349)

0<t<T 0=t=T g =¢—1

for some constant C.
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In order to prove Theorem 3.2, we shall use the arguments developed in [26] to deal
with the existence of the periodic solution. Define

P(u) = /t U, ) {T(u(s), u(s)) + §(s)}ds.

—00

Suppose that @ has a unique fixed point u(z). Then if S(t) is time periodic with period
T, sois u(t) as in [26]. Furthermore, u(t) is a desired time periodic solution provided
that it is differentiable with respect to time ¢. Thus it suffices to find the fixed point of @
in a proper complete metric space. We choose it as S(C») defined by

S(C) = [u =u(t,x,§)

u is time periodic with period T,
we C) (R HURE X RY) , Nlullles < C |

where C> > 0 is some constant to be determined later, and

T
llZ,, = sup (w1, + /0 (15112 1015

0<t<T

As before, we first consider some general estimates on a linear operator T, given by

t
T*¢(I)=/ U, s)¢(s)ds,

forany ¢ = ¢(t, x, £).

Lemma 3.6. Suppose that ¢ is time periodic with period T and

T
do= [ (10O, + 16013, ) dr < oo

Under the assumptions of Theorem 3.2, if 6 > 0 is small enough, then T.¢ is well-
defined, time periodic with the same period T, and the following estimate holds

T
o ([T (D15 1012 + /0 [[Ts ()11 41d1 < Co. (3.46)
<t<T

Proof. For simplicity, set w = T,¢. By Theorem 2.2, it holds that

t oo
W@k =€ [ A+r=97 60 =C 3 L0, 34D

—00 j=0

where
G(s) = [Tl + 16l 2. (3.48)
t—jT
() = / D At )96 (s)ds. (3.49)
(—(j+DT
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Since ¢ is time periodic with period T and so is G (s), one has from (3.49) that

t—jT t—jT
;) < / (1+1 —s)—z"l»Ods/ G*(s)ds
t

—(j+D)T t=(j+D)T
T T

:/ (1+(j+1)T—r)—2“1~0dr/ G*(r)dr
0 0

< CA+T)0G72 .1y

which implies
o o0
DL <C Y (1+T) M Gll20,1) < CIG 20,7 (3.50)
j=0 j=0

where 01,0 = n/4 > 1 was used because n > 5. Then it follows from (3.47), (3.48) and
(3.50) that

T
[w®x < CIGI2. 1) < C /0 ([[«p(z)n%,k + ||¢(s)||221) dt < C¢p. (3.51)

Next, the periodicity of w directly follows from
t+T
wit+T) = / Ui+T,s)p(s)ds
—00

!
:/ Uit+T,s+T)p(s+T)ds

—00

t
= / Ul(t,s)p(s)ds,

—00
where we have used that for any —oco < s <t < 00,
ds+T)=¢(s), Ue+T,s+T)=U(t,s).
Finally consider the estimate (3.46). Notice that w satisfies the initial value problem
3,+vw+$-wa+F~V§w—%$-Fw =Kw+¢,
w(t, x,&)|i=0 = 0.
Recalling Eq. (2.41) and the corresponding estimate (2.45), one has

T T
w1 412+ € /O w1 41t < C /0 [[Kw(t) + ¢ (D)1 xdt

T
<c / K w1 cdt + Co,
0

where further by Lemma 3.1 and (3.51), it holds that

T T
/0 (LK w(t)]R dt < /0 (w12 ,_ydt < CT sup w1, < Coo.

0<t<T

Thus (3.46) holds. This completes the proof of the lemma. O
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Proof of Theorem 3.2. Similar to the proof of Theorem 3.1, we first prove that there is a
constant C such that for any u, v € S(C7) with some constant C5 to be determined later,

@@l < C8+ClllulllZ,. (3.52)
1@ ) — D) [1kx < Clllw+ 0]l = V][5 (3.53)

Notice that (3.43) implies
(LSO + 15Dz, <8,

for any + € R. Thus based on Lemma 3.6, (3.52) and (3.53) are proved similarly as
before and the details are omitted for brevity. O

Hence the contraction mapping theorem can be applied over the complete metric space
S(C>) for a proper constant C» > 0, provided that § < §, with §o > 0 small enough.
Then there is a unique fixed point u* in S(C>) for the nonlinear mapping ®. Notice that

it is obvious that C; can be also chosen as C58 for some constant C’ independent of §.
Finally by u* = ®(u*), it follows from (3.46) and (3.52) that

sup [[u*(O1lox+1/2 < C8 + C(Ch8)* < C8,

0<t<T

since § < §> with 8, small enough. Further by the equation, the estimate (3.44) holds.
Thus this complete the proof of the theorem.

3.4. Asymptotic stability of time periodic solution. In order to study the stability of the
time periodic solution u*, we shall consider the Cauchy problem

1 ~
8,u+€~qu+F-V§u—5&‘-Fu=Lu+F(u)+S, (3.54)
u(t7x9é)|t=l() = uO(x,é), (355)

for some 79 € R, where u = u(t, x, &), (¢, x, £) € (ty, 00) x R" x R". It it noticed that
the initial time fy can be chosen arbitrarily. By putting

v=u—u",
the initial value problem (3.54) and (3.55) can be rewritten as
v+& - -Vyv+ F-Vev — %i} -Fv=Lv+T(v,v)+2TW*, v), (3.56)
v(t, x, §)li= = vo(x, §), (3.57)
where
vo(x, §) = uo(x, &) — u*(to, x, §).

Then we have the following result.
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Theorem 3.3. Let all assumptions in Theorem 3.2 hold and u* be the corresponding
time periodic solution obtained. Moreover, suppose that ug € H* (R} x R’g ) and there
are constants § > 0 and k > 2 such that

[[vollo.x + llvollz, <.

Then there are constants §3 > 0 and C3 > 0 such that for any § < 83, the Cauchy
problem (3.56)—(3.57) has a unique global solution

v e Cp (I, 000 H ™/ (RY x RY)), i =0,1, (3.58)
with bounds

sup(1+t—to)z"‘[[v(t)]]ak+/ 1+ ()]G 441045 < C3, (3.59)
(0]

>ty
where k1 is some constant with
01,0/2 < k1 <o10—1/2, (3.60)

and C3 can be also chosen as Cy = C48 with C independent of 8. Furthermore it holds
that

[lv®)]ox < CS(L+1 — 1), (3.61)
for some constant C.

To prove the above theorem, as before we first consider the decay in time estimates on
the linear solution operator U (¢, 1p), —00 < o <t < oo corresponding to the nonlinear
equation (3.56). Here U (t, tp) is defined in the sense that for any wo = wo(x, &), then
w = U(t, th)wo denotes the solution to the following initial value problem:

1
dw+& - Viw+ F-Vew — 55 - Fw =Lw + 2T (1™, w), (3.62)

w(t, X, 8)i= = wo(x, §). (3.63)

Lemma 3.7. Let all assumptions in Theorem 3.2 hold and u* be the corresponding time
periodic solution obtained. Moreover, let k > 2. Then there exist constants 84 > 0 and
Cy such that for any § < 84, the linear solution operator U (¢, ty), —00 < tyg <t < 00
satisfies the following decay estimates:

[[U(t, to)wollox < Ca(l+1 —10) "7 ([[wollox + llwollz,) » (3.64)
for any wy = wo(x, &), where the constant C4 depends only on n, £, k and §4.

Proof. Without loss of generality, it suffices to prove this lemma for 7y = 0. By (2.45)
and (3.45), for Eq. (3.62) one has

d
Efo,k[wm] +cJoks12[w@®)] < CIUKw(@) + 2T (™ (1), wt)ok—1/2
< ClwONG 4372 + CLU* O g1 j2[w (O 4412

< ClwONG 4y + C8>Jo k12w (D],
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where the nonlinear functional Jo x[-] is given by (3.23). Thus if 6 > 0 is small enough,
then

d
T Joklw@] + o plw®)] < ClwOG ;- (3.65)
On the other hand, by the Duhamel’s principle, w can be written as the mild form

w(t) = U(t, O)wo +/t U(t, ){2T (u™(s), w(s))}ds,
which from Theorem 2.2, (3.45) and kOZ 2, implies
[[w(®)]lox-1 < C ([lwollox—1 + lwollz,) (1 +1)7710
+Cs /Ot(l +1— )"0 [[w(s)]kds. (3.66)

Since o1 9 > 1 from n > 5, then similar to the proof of Lemma 2.11, combining (3.65)
and (3.60) yields (3.64) with 7y = 0. This completes the proof of the lemma. O

Furthermore, define the linear mapping T by
t
To(t) = / Ul(t,s)p(s)ds, (3.67)
0

for any ¢ = ¢ (¢, x, £). Then similar to Corollary 3.1, we have the following estimates.

Lemma 3.8. Under the assumptions of Lemma 3.7, if further § > 0 is small enough,
then one has

~ t ~
(1+ 0" [[Tp(ONG . + /0 (1+)> [Tp ()G 41128

t
< /O W+ (L1 12 + 91, ) ds. (3.68)

forany0 <m < o10—1/2.

Proof. For simplicity, set z(t) = T¢ (t). Fix some 0 < m < 01,0 — 1/2. Then similar to
the proof of (3.65) in Lemma 3.7, one has

d
T oulzO1+ o g plz 0] < CllzOG 412+ CUSONG 41 /p-  (3.69)

Further applying Lemma 3.7 to (3.67) gives

t
[lz®ox-1/2 < C/o A+1 =577 (g Nok—1/2 + lp ()l z,) ds.  (3.70)

Since 01,0~1 and 0 < m < o190 — 1/2, then similar to the proof of (3.28), it follows
from (3.70) that

t
A+ D™ [O1B 4y o + /0 U+ 0P[O 41 2

t
<c /O W+ 97 (O 4oy o + 191, ) ds. (3.71)

Finally similar to the proof of (3.25), combining (3.69) and (3.71) gives (3.68). This
completes the proof of the lemma. O
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Now we are in a position to prove the asymptotical stability of the time periodic
solution.

Proof of Theorem 3.3. The proof is almost the same as that for Theorem 3.1. In fact,
Without loss of generality, it suffices to prove Theorem 3.3 for #yp = 0. The corresponding
integral equation to solve is v(¢) = Y (v)(¢) for any ¢ > 0, where the nonlinear mapping
Y is given by

t
Y () () = l~](t,0)v0+/ U(t, )T (v(s), v(s))ds.
0

By the contraction mapping theorem, the solution v will be obtained as a fixed point of
Y on the complete metric space

Sy = [v =00, x, v € Cf (R HURE X RD)., Mok = Ca}

where « is given by (3.60) and the norm [|| - |||x,«, is defined by

ol = sup(1+ 02 ()1 4 + / (14 92 [0 441 s,

t>0

In fact, based on Lemma 3.7 and Lemma 3.8 with m = «, as before it is easy to show
that there is a constant C such that for any u, v € S(C3) with some constant C3 to be
determined later,

@)k < C8+CllulllF -
@) = Y kiey < Clllue+ vl ke e = 0l ke »

where k1 < 01,0 — 1/2 was used. Thus if § < §3 with §3 > 0 small enough and C3 is
chosen properly, the unique fixed point v in S(C3) as a solution is found. Hence (3.58)
with i = 0 and (3.59) are proved. In addition, it is easy to see that the constant C3 can be
chosen as C é(S for another constant Cé, and (3.58), and i = 1 follows from the equation.

Finally we consider the improved decay rate (3.61). From the mild form v = Y (v)
of the solution v, it follows that

t
(v 1ox—1/2 < CE(L+1)"710 + C/o A+t =) [[w)Jo.k+1/2[[v()]0.k—1/2ds

t 1/2
<CS(1+1)"70+C [/ (1+1—s5)"2010(] +s)_4"1ds]
0

t 1/2
x { /0 a +s>2”1[[v<s)]]%,k+1/2ds] sup(1+ ) [[v(5) o

< CS(1+1)~ 10,

since 4«1 > 201,0 > 1. Furthermore, in terms of Eq. (3.56) satisfied by v, then similar
to the proof of (3.69), one has

d

T Joxlv()] + VO gs1/2 < CHVOIG 412 + CIT @), v NG 412
< CE(1+1) 7270 + Clv Oy pllvOTF 1 2

< C8 1+ 720 + CS (]} /20



Boltzmann Equation with Force and Source 235
which implies

d
J7JoxvO1+ o g plv®] = C8(1+1)72710,

since § < 43 with §3 > 0 small enough. Thus by the Gronwall’s inequality, it holds that
[[U(l)]]%,k < Cloxlv(®)] < CSZ(] +[)*2‘71,0‘

Hence (3.61) is proved. This completes the proof of the theorem.
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