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THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE
WHOLE SPACE: I, GLOBAL EXISTENCE FOR HARD POTENTIAL

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

AssTrACT. As a continuation of our series works on the Boltzmann egnatithout angu-
lar cutdf assumption, in this part, the global existence of solutmthe Cauchy problem
in the whole space is proved in some suitable weighted Selspiaces for hard potential
when the solution is a small perturbation of a global eqtitlitn.

1. INTRODUCTION

This paper is among the series works on the Boltzmann equatib non-angular cut®
cross-section and it follows the papel [7] (herein refeasdPart I), extending our initial
work [5,[6] on the same problem for Maxwellian molecule. ddas

(1.1) fi+v-Vyf =Q(f, f), flo= fo.

Recall that the right hand side ¢f(1.1) is the Boltzmanmiiir collision operator, which
is given in the classicat—representation by

Q(g,f>=ffB(v—v*,a){g;f’—g*f}dadv*,
R3 SZ

wheref! = f(t,x, V), ' = f(t,x, V), f. = f(t,x,v.), f = f(t, x,v), and foro € S,

V+V, V=V V+V, V=V

Vet » V3 2
As in our previous papers, we assume that the cross-seatiens the form
(1.2) B(V - V., cosh) = ®(|v - v.|)b(cosh), cosh = |V_ V*| o, 0<6< g

in which it contains a kinetic factor given by
OV = Vl) = Oy (V- V.) = V- VP,
and a factor related to the collision angle with singularity
b(cost) ~ K& 2725 when 6§ — 0+,

for some constariX > 0 and a parameter@ s < 1. Notice that this includes the potential
of inverse power law as a special example.

And the setting of the problem is for perturbation of an efuiim state, without loss
of generality, that can be normalized as

() = @) te ¥
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In order to avoid the unnecessary repetition, readers dan te Part |, comments and
references. Here, we just refer the references [9, 10, 1,118,79] for the general back-
ground of the Boltzmann equation and the recent progredssomathematical theories for
the case without angular cufp[1,[2,[3,[4] 5| 6, 7,18, 14, 15, 16]. Hence, we now directly
go to the Cauchy problem for the perturbation denoted by,u*%(f — 1)

(13) gt+V'ng+£g=r(g, g)v t>O,

gli=o = o-
In the following discussion, we will show that this equatan be solved in some weighted
Sobolev spaces defined by: for ¢ € R, set

HERS,) = {f e S'(RS)); Wef e HYRE,) .

whereRS, = R x RS andW,(v) = (v)' = (1 + [v})"/2 is the weight with respect to the
velocity variablev € R®.

Note that in Part I, we introduced a new norm for the desaipdf the dissipation and
coercivity of the linearized collisional operator. Someerties of this norm together with
some estimations on the upper bounds for the nonlineasailoperator were also given
there. And we studied the Cauchy problem for the soft paiécdise, that is, the case when
v + 2s < 0 (recall that this terminology is an extension of the ¢litase, which loosely
speaking corresponds to the case when0).

Along this direction, this paper is for the hard potentiadeahat is, wher + 2s > 0.
Note that in particular this includes the case of the Maxiaelmolecule. But this latter
case was already considered[in[[5, 6].

The main result of this paper can be stated as follows.

Theorem 1.1. Assume that the cross-section satisfleg) with 0 < s< 1andy + 2s > 0.
Letg € H';(RG) for some k> 6, ¢ > 3/2 + 2s+ y. There existey > 0, such that
if ||g()||H}<(RS) < &, then the Cauchy problefd.3) admits a global solution

g e L=([0, +oo[ ; HX(RE)).

Remark 1.2. The uniqueness of the solution obtained in Thedrein 1.1 wifpdoved in
[8] in the general setting, together with the non-negativityf of u + y%g. Recently, a
similar global existence result for the inverse power lanwsvpaoved in[14,[15] by using
different method in the setting of torus. The method used helien{ges by using the
newly introduced non-isotropic norm which essentiallytcags the coercivity property of
the linearized operator. Note that this method can be apptiethe Landau equation that
leads to the same global existence result obtaing@i2h Therefore, itis expected that this
method can also be used for other kinetic equations.

The rest of the paper will be organized as follows. In Secflpmwe recall some ba-
sic lower and upper bound estimates on both the linearizddhanlinear operators from
Parts I. With these estimates and some others valid for r@ehpal, the local and global
existences will be proved in Sections 3 and 4, respectively.
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2. FUNCTIONAL ESTIMATES OF COLLISION OPERATORS

First of all, let us recall the non-isotropic norm introddda Part | associated witlf.
Corresponding to the cross-secti®d(jv — v.|)b(cosb), it is defined by

g, = [[[ @v-vpbtcoss. (@ - o
+ [[[ otv-v.ppeosng(yir - va 2.

where the integration is ov@3 xR3 x S §.. Without any ambiguity, sometimes we simply
uselll - lll for [II - [[la, -

This norm was shown to be useful for the study on the soft piale\nd here, we will
show that it works well for the study on the hard potentialtHe later discussion, we need
the following propositions proved in the previous two pamtthis series.

Proposition 2.1. (Prop. 2.1]7]) Assume that the cross-section satisfleg)with 0 < s <
landy > -3. Then for ge N*
g, < (£9. 9) .oy < 2(£29: 9)

2
<
e S < lligil

L2(R3)
whereN is the null space of. defined in Part I.

Proposition 2.2. (Prop. 2.2[[7]) Assume that the cross-section satisfleg)with 0 < s <
landy > -3. Then

2 2 2 2
< < .
||g||HS%(R§) + ||9||L;%(Re) < llgllly, < |IgI|H;%(R3)

Proposition 2.3. (Theorem 1.2[[7]) Assume thad < s< 1,y +2s> 0. Then

|(T(f. @), Wiz < {IIfllz, Ilgllo, + ligilz, Il HiRlla, -

Note that the above estimate on the nonlinear collisionatpeiis not enough for the
proof of global existence because of the Weighljpwz. For this, we need to combine this
with the following proposition. For the proof of the follomg proposition, we first recall
an upper bound estimate for a modified kerbg(z) = (1 + |2?)”/2, cf. Theorem 2.1 in[4].
That is, forany < s< 1,y € R and anym, « € R, we have
(2.1) ”Q(I)y(f, Nhrry < ||f|||_i++(y+25)+(R§)||g||HWzS

3y .
(a+y+29)* (&)

Proposition2.4. LetO<s< 1,y +2s> 0. Then

(T (. ). B)| < bl {11l

3/2+2s+y+e

Igllyrmss + 1 flllo, gl

Proof. As in Part I, we apply the decomposition on the kinetic fagtdihe cross-section:
Let 0 < ¢(2) < 1 be a smooth radial function with 1 farclose to 0, and O for large value
of z. Set

D,(2) = 0,(94(2 + D,(9(1 - ¢(2)) = P(2) + Pe(2).

We denote by[c(;, ), Tz(:, ) the collision operators with the kinetic factors in thesgo
section given byb. and®z respectively. Note that

(T(f.9). h) = (Te(f.9), h) + (T(f.9). h).
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Note that

(Te(f, 9, ) gy = (VAT ), )

; f f f (v - v.l)b(coss)( vEE — Vi )f.ghdv.dordy.

Since®; < ®,, as shown in the Proposition 3.5 &f [5], we ube{2.1) with= 0,a =
—S—1vy/2to have

\(Qaﬁ L0 )

< ||h|||_;y/2(R3)|| Vi f”'—%m(Rg)”g”Hﬁf,/z(R?)
< ”f||L2(R3)”g”Hifwz(R:“)”h“L;y/Z(]R:‘)'

On the other hand, we can write
f f f De(v - Vul)o(coss)( Vit — Vi )f/ g’'hdwdordy
- f f f O(v - V.))b(cost)( Vi - Vit )T/ g'(h = )dv.dodv

+ f f f D(lv - V.|)b(cost)( Vi — Vit )f, g'hvdv.dordy
= D]_ + Dg.

By the Cauchy-Schwarz inequality, one has
) 1/2
D4 < ( f f f D(v - V|)o(cosd)| /121G’ [P( ()4 = (ul)"*) dv*d(rdv)

X ( f f f D(lv - V.|)b(coss)(u + (ﬂ;)l/“)z(h - h’)zdv*d(rdv)l/z .
As Lemma 2.6 in[[I7], fory + 2s > 0, we have
[ @ctov - vhecos g (e - iy dv.doray
< f V= VL2 PigPdv,dv

< f £ 21g1%V)%S* (V)% dv,ddv
2 2
s ”f“ng/z(R;%)”g”L; (]R3) 1)

v/2

and

f f f Dch(coss)(u/ + (,1;)1/4)2(h — )2dv.dodv
<4 f f f dgb(cost)u’?(h - h)?dv,dodv < |||h|||(2D7.

Therefore, we obtain

D1l S Il oylialhiz eolinllo,-
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For the termD,, we have by using the symmetry in the integral to have

‘ f f f ebl(cost)( VE: — Vil )T g'h’dv*dad%

- ' f f f ebi(cost)( Vi, - iz )f*ghdvkd(rd%

< [, 1F1igl > dvddy

V.V

Sl @lidle elhle, e

< “f||L§/2+ZS+HE(R3)||g||L§W/2(R3)”h”L;y/z(]I@)-
Hence
D2l 5 11flliz,. . ollglz. eolihle, o)

Therefore, it follows that
(T, . h)

Next, similar to the arguments used in Part Il, we have

(rect. o0 )] < [[ [ boe®(1:9' - t. o) doraveiv)* i,

=AY2](I0llo, -

s ” f ||L§/2+Zs+y+

& gz .

Since

D¢ < D,

we have|lhllle, < llihllle,, and

A <IN NGl + NG 20 -
Then, fory > -2s> -2, we have-y/2 < 1 and

(Tt @) 1) | < {0, Iilee + Fheliglies}

And this completes the proof of the proposition. O

In the following, we also need the following estimate on tbenenutator of the weight
function W, and the nonlinear collisional operatb(-, -) that follows from Proposition
2.17in [1].

Proposition 2.5. Assume thad < s < 1andy + 2s> 0. Then, for any > 0O, one has

|(WeT (£, ) = T(F, Weg), D) 2o

<
<{iflle gl +liglie Nflle Nilhillo,

3. LOCAL EXISTENCE

First of all, the Leibniz formula gives

6‘*1"(1‘, g) = Z Cﬁlyﬁ2!ﬁ37-(aﬁlf, 6ﬁzg, HpB3 ) s
Pr+Ba+B3=p

with
T(F. G i) = Qs Fy ©) + [ [ @0v = vebloose)((us). — (), JFGdv.der,
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whereug, = pg,(V) \/y(—V = 8%( ) is a Maxwellian type function of the variablgn the
sense that it is a product of a polynomial and a Gaussian. feginio the previous parts in
this series, one can check tha(F, G, ug, ) enjoys the same properties B, G) stated
above. Therefore, we will apply those estimates obtainetifie, G) to 7 (F, G, ug, ).

Define the norm associated with the collision operator invilréables &, v) by setting
formeN, ¢ e R,

BP(RZ,) = {g € S' B 0l5mee) = fR W g%, Il dx < +oo}.

|Bl<m

First of all, recall
Lemma3.1. (Lemma 4.1]7]) For any¢ > 0, a,8 € N°,
W50 Pllgggee) + IPOWed5 Ollggsy < Cralldzgilzqeeys
Collgif3oze) ~ CallgliEzzey < (£ 9) s pey < NOMGgges),
where G and G are some positive constants, and
||g||ﬁ|2+s+%(Re) + 1012305 69 S 19058y < 191E2qese e
HereP is the projection to the null spac¥.
We are now ready to prove the following estimate.
Proposition 3.2. Lety +2s> 0,N > 6,£ > 3/2+ 2s+v. Then, for any3 € N® || < N,
|(Wedhur (1, ). h)

< {||f||Hy(R6) 9l gyesy + 1 Fllgyes) “g“H}\‘(RS)} 1Ml (ze)-

L2(RS)
Proof. By using the Leibniz formula, we have
(WedT(F. 9). D) ;0 = D1 Copp{(TOF, W, 07g, ps,), )

Br+PBa+B3=p
+ (W T, 979, ug,) = T (0 F, Wr 979, g, ), h)}.
If |31] < N — 3, we get from Propositidn 2.3 that
(701, Wedg, ps,), h)

L2(RS)

1/2
< ( fR (1P FIEs | )NV, + 16 G, I, 2l W(Rs))dx) IIhllgo(ee)

3
1/2
S (109 I gz, ooy IWe POy + 107 1o g ay VOO, ) Tl

<l f”H;‘LZS(Rs)|||g|||$}“(R5)”h”Bg(RS)-

On the other hand, if31| > N - 3, then|82] < 2 < N — 4. In this case, Propositidn 2.4
implies,

(7@ 1, W, 92, g, ), h)

L2(RS)

S Pty (1 Fllnr ooy W P20l o, oy + IWe P2l 1P L)

+2S+y+e
<
~ (” f||HC,3\‘/2+ZS+y+E

sy [IWe (9629|ng§>§?1>+3/2+5(]1@) + ] f||8531\ (W aﬁzg||H3+E(R5))||h||Bg(R5)

< (¥ ey Qg+ 11l ey lsgesy -
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Finally, Propositiof 2]5 yields
|We (@1, 20, ) = T (@41, We 20, gy, D)
< (IIfIIHp'(Re) lIgllgy + [IFllgy ”gHH;‘(Re))”h“Bg(RS)'
The combination of the above estimates completes the pfdb&groposition. O
For the linear operataf,, Proposition 4.5 of [[7] and the commutator estimate give
Proposition 3.3. We have for ang € N°,
(Wil Lo(F), )

1/10°
ey S Ceiall Fllgoi ey Nl Pll2e) -

By using the interpolation inequalities
IIQIIHpW2 < EIIQIIH[NWM + Cellgllyy

for any small constard, the following proposition follows from the same argumeieg
in Proposition 4.8 of [7].

Proposition 3.4. Lety +2s> 0,8 € N5,|5/ > 0,£ > 0. Then
|(L2(We 50) = We o L2(@), )

L2(RS)
< (I9llypeey + l1gllgo1es,) Nllgages)
and for anye > 0 there exists a constant.C 0 such that

(LW, ) - We L1(9), h)

L2(z5) < ”g”L?W/Z(RS) ||h||Bg(]R6)

<{ellgllz, , @) + Celldlizs) | INlsges)
< {€llgllgoes) + Cellgll 2y} INllgg(es) -

We are now ready to show the local existence of solutions imesaveighted Sobolev
spaces. Consider the following Cauchy problem for a lineaitZzBhann equation with a
given functionf,

(3.1) og+V - Vug+ L1g=I(f, g) - Lof, 0Olt=0 = o,
which is equivalent to the problem:
G +Vv - VG = Q(F, G), Glt=0 = Go,

with F = pu+ ufandG=pu+ ug.
We shall now study the energy estimates[on](3.1) in the funcs'paceH}“(RG) for a
smooth functiory. ForN > 6,¢ > 3/2+ 2s+y andp € N°, || < N, taking
@t V) = (~1)"95 War a9t X, V),

as a test function oR3 x R3, we get

%dﬂtua’f Ol ey + (W[, v] - Vs0, Wed'g)

= (WI(f, 9), W,g)

e+ (W L1(9). W)

- (5B£2(f), szégg)

L2(RS)

L2(RS)
where we have used the fact that

(v . VX(W[aB g), Wg&ﬁg)

L2(RS)’

@S = 0.
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Applying now Propositior@lms ahdB.4, we getNbp 6, ¢ > 3/2+2s+yand|f| < N,

2 5 900 Olzqes) + (L2(We 0500). We ), o
{||f|||-| N(RS) IIQIIBN(RS) + ||f||z;;“(R6) IIQIIHp(Rs)IIQIIB;u(Re)
101 + 11y + 0lsgresilapesy -

By induction ong from || = 1 to N, the Cauchy-Schwarz inequality implies that

||g||H — ||g||BN(R6) < {1l ey 1 ey + 101 oy 1 e
Oy + 11 e, + 10050 ) -
On the other hand, takir@: 0, we have
5 dtugan(RS) +(L(We9) Weg) oo
< {||f||H§(R6) ||9||§;?(R5) + ||f||z;f(R6) ||g||L§(R6)||g||B§’(R5)
102 ey + 112 ey + € 191Z00e0)

which together with the coercivity estimate implies that

3 dtugan(Re) ||g||Bo(R6) < {1z 0130 e
+ ||f||B3(RS) ”g”LZ(R6) + ”g”L%(RS) + ”f”Lf(R‘S)} .

In summary, we have shown that there exists a congtant 0 such that folN > 6, ¢ >
3/2+ 25+,

||g||HN(RG) + 100110130 zs) S {1y sy 115 o)
+ ”g” N(R6) ”f“BN(R6) + ”g”HN(RS) + ”f”HN(RS)}

With the above dferential inequality, the same argument for the soft poaafplies
and it leads to the following theorem.

Theorem35. LetO < s<1,y+2s>0,N > 6,£ > 3/2+2s+y. Assume thatge H}(R®)
and f e L=([0, T]; HY(R®)) N L*([0, T]; BY(R%). If g € L=([0, T]; H}(R®) N LA([0, TI;
BY(R®)) is a solution of the Cauchy problefn(B.1), then there exists 0 such that if

1112 +|If]2

sk HNEe) T I gy siEs) = &
we have

191 o 13 ey + 19020 7y mvcesy < CE T (190lnges, + €0 T):
for a constant C> 0 depending only on N .

And this yields the local existence of solution by the cocticn mapping theorem
through the standard argument. Therefore, we omit theldétaithe brevity of the paper.
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4. GLoBAL EXISTENCE

In this section, we derive a global energy estimate for tHat®m in the weighted
function spaces. In the soft potential case consideredrinl Rae could obtain two types
of global energy estimates, one for oylerivatives without requiring any weight in the
variablev and one for botlx andv derivatives with weight itv whose order varies with the
order ofv derivative. On the other hand, in the hard potential cagegttergy estimate can
be closed only when bothandv derivatives are taken into account together with weight
in v. This is due to the upper bound estimate on the nonlineasimiloperator given in
Section 2 where some weighted norms are used. However,deeafrweight can be fixed
in contrast to the case of soft potential.

Set

- 2 2 2 2 2
SN,[ - ”g”HP(RG) ~ ”gl”H}\I(RG) + ”gZHH;\I(Re) ~ ||ﬂ”HN(R3) + ”gZHH;\I(Re)a
D = IV3Gn-aqaey + 120Gy ~ IVx AN -1 ) + 182l sy

whereA = (a,b,c)withPg=0:1 =(a+v-b+ |v|20),u%, andg; = g — Pg.
Letg = g(t, X, v) be a smooth solution to the Cauchy problém](1.3). The mait gb
this section is to establish

Proposition 4.1. (Energy Estimate) Assumé) < s< land2s+y > 0, and let N> 6,
¢>3/2+2s+vy. Then,

d

gione T Dne s Er 2D

holds as long as the solution g exists.

With this proposition, the standard continuity argumerd #re local existence assure
the global existence of solution when the intial dggasatisfies thaby (0) is suficiently
small. And the above energy estimate will be obtained bygigia coercivity, upper bound
and commutator estimates through the macro-micro decatigrostroduced in[[13] as
follows.

4.1. Macroscopic energy estimate. As in [13], the macroscopic componefit= (a, b, ¢)
satisfies

Vi V22 ViC = —0ifc+lc+he,
Vizﬂl/z . oiCc+ 0iby = =0 +1i + hy,
(4.2) ViVj/ull/2 . 6ibj + 6,—bi = —6tri,- + |ij + hij, (= j,
Vi oibi + i@ = —0irpi + lpi + hpi,
/11/2 . ata = _atra + |a + ha,
where
r= (gZ, e)Le’ | = _(V - VxG2 + Lo, e)L\Z/’ h= (F(g’ g)’ e)LZ(]Re)’
stand forrg, - - - , hg, while

e e sparfvi\V2ut? V22 vivipt? vipt?, pt?y.

Same as Lemma 7.2 inl[5], we have the following propertyn
Lemma4.2. Letd” = 0%, @ = a1 +az € N3 Jo| < N,N > 3. Then,
10" A)Y@**AYlz < 1V x Al | A1
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The following lemma is similar to Lemma 7.3 inl[5] with some dification regarding

to the hard potential assumption. Here, we include its pfmathe completeness.

Lemmad4.3. Letd® = 8%, 0 = 0x, lal < N—-1,N > 3. Then, one has

(4.3) 1:0°T lliz + 1101 Iz < NGl esyzqesy = Avs

(4.4) 16°Nllz < IV A2 kAlly-s + KA1l g sy

+ ||92||H§W2(Re)||92||Bg(R5) = Ao.

Proof. By the Cauchy-Schwarz inequality,
10i0°T lI2rz) = (0% VD2, €) Loy llowy) < 1107 VxGallzgey < IG2llins, L2y
and
10°1 Iz < (V0" 92, VO Loy)llzez) + 11072, L7€) 2wy ll2wy
< 10" VxGallLz(gey + 10 GallLz(gey < IG2llin s, L2(r))-

Then [4.3) follows becausd), (R°) ¢ B{(R®) holds by virtue of Proposition 2.2. We
shall prove[(4.4) as follows. By Propositibn 2.3,

i< > IC@vg.aea.ezl s Y. 18zl aegilliel

a1ta=a a1 +ar=a
s D (ORA+ 100Gl )0A + 1105gl).
a1ta=a
Hence
2
95l e < 11105 AR 1052 A Nl + H,
where

H =110 ANGE Gl Iz + 1105 Gallz 107 Al Iz
+H0% Gz, MGl ez

The first term on the right hand of the above inequality canvaduated by using Lemma
[4.2. As forH, when|ay| = 0, 1, by using Proposition 2.2, we have

H < [105% AllnzlGlly aey + ||6§192||H;y/2(R5)”ﬂHHQ‘ + ”agngHH;wz(R%”gZHB’O\‘(RG)
< 1Ay G2 llayeey + 192l o) I92laee)-
Similarly, when 2< |a;] < N, we have
H < 105 AN 1052 Galheqe ey + 105 Gallug, ey (1A Iy + G2l pcesy)
S IAllay 192l gy ee) + 192014y (ze) /1921l r)-
Thus, the proof of the lemma is completed. O

The following lemma about the energy estimate on the maogiscomponent which
is also similar to the corresponding onelin [5] for the Maxiael molecule.

Lemma4.4. For|a| < N -1, we have
d
(4.5) ||Vx6”?l||fz(R§) S —d—t{(a”r, Vxd"(a, =b, €)) 2z + (9b, an"a)LZ(Ri)}

+ 192l e, 2y + ENIDN:
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where

Ene = IMns) + 19205 gsizeny  One = I9sARuag + D, 105Gellapes)

l|<N
Proof. (a) Estimate oV 9%a. Let A;, A; be those defined in Lemrha#.3. Frdm (4.2) (iv),
”anaa” = (anaa, anaa)LZ(Ri)
= (0"(=0tb = o + 1+ ), Vx3"@) 2z3
< Ry + C, (A2 + Ad) + 7]|Vdal|

2
L2(B)

2
L2(R3)"
Here,
Rl = —(8a6tb + (9‘16tr, anaa)Lz(Rg)
d

= —a(aa(b + r), anaa)LZ(Rg) + (ana(b + r), 6t(90‘a)|_2(R§)

d
< =300+ 1), V3" @)z + Cy(IVx0"bllfzeg) + AD + 1l 8l )
(b) Estimate orVxd*b. From [4.2) (iii) and (ii),

A+ 020%0 = )" 9,03y + Biby) + i (20ibs - > diby)

j# j#i
= 3;0° (=0 +1 + h),
VXD, g3y + 110°DI 3y = —(Axd"bi + G701, 97) 2(p) = Re + Re + R,

where

d
R2 = (6t8”r, 8i6“b)|_2(R§) = d—t(ﬁal’, 8i6“b)|_2(R§) + (656“I’, (9t(9”b)|_z(R§)

d
< d—t(a“r, 810"0) 2z + CHAT + n||6t6"b||ﬁ2(R§),

Rs = —(9"1,3i0"D) 2(s3) < CyAL + 110" Il s,
Ry = —(0°N, i00) 23y < C,AS + n||aia“b||fz(R§).

(c) Estimate orV4d*c. From [4.2) (i),

9,00l gy = (Vx0"C. Vud ) zgegy = (0 (=047 +1+ h). V,d 0 oey
< Rs + Cy(AL + AD) + 11V Clig, g,

where
d
R5 = —(6aatr, anaC)Lz(Ri) = —a(aar, anaC)LZ(Rg) + (anar, 5taaC)|_2(R§)

< —dﬂt (07, V%0 Q) g3y + CrAL + n||ata“c||f2(R§).
(d) Estimate ord;0*A. We directly have
10:0° All 2(r3) = 110 0:PYll 2(zs,)
=116"P( = V- Vi@~ L9+ I(9. 9) )l z(es,)
= 10"P(V - VxQ)ll2re,) < IVx* All2@wg) + IVx0" Pl 2(rs,)-
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Combining all the above estimates and taking O suficiently small, we deduce
(03 d (03 (07 (03 (04
”an \ﬂ”ﬁZ(]Ri) S _a:{(a 'r$ an (aﬂ _b’ C))LZ(RQ) + (a 'b’ an a)LZ(Ri)}

+ AL+ A+ V0 Gl s -

Finally, by choosinge| < N — 1 and using Lemmia4.3, we obtain
AL+ AG+ V30" Gl oges ) S 192l a2y
which completes the proof of the lemma. O

+ En.1Dnos

4.2. Microscopic energy. The energy estimate on the microscopic component will be
given in two parts, that is, one without weight and another with weight as follows.

Microscopic energy estimate without weight. In this subsection, we shall prove the fol-
lowing estimate with onlyk-derivatives of the solution.

Lemma4.5. Let N> 3. Then,

d
(46) d_tEN’O + DN,O < E]N/,;y/ZDN’O'

Notice that this is not a closed estimate because of the pres#Ey s.,,2 on the right
hand side. Since + y/2 > 0, this is exactly why we can not prove global existence with
only differentiation inx variable.

For the proof, letr € N3, [a| < N, and applys® = 62 to (1.3) to have,
0i(0"9) + V- Vx(8"9) + L(9"9) = 9°T(g. 9).

Then take the.?(RS,) inner product of the above equation witg. By Propositiof 211,
we have

d
(4.7) Gz e,y + 1107 GallZg e < Jo

where

2
Jo = (0°T(9, 9), 0"9)Lo(re) = Z(a“r(gi, i), 0°92)L2(rs)

ij=1
2
= ) a0,

i,j=1
Remember that we are dealing with the case when 8 < 1,y + 2s > 0. Firstly,
considerJV. Fory; e N,

989 [ RO 00. g
R
According to Theorem 1.2 of [7], we have,

W3 900, ")yl < (Wil il + ez, 110G

< lo“galll,
and hence

13D] < 116 A2y 10 Gallgogrey < IV Ay | ANl g1 ) 10° Gall ey

12
< EyoDno-
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On the other hand,
2~ [ @A 075, Bz
In view of Theorem 1.2 of[[7], we obtain
I(C(¥.0%°92), 0392) 1 2(s3)| S {Illﬁklh_Z y/2|||6‘x’zgg||| + ||5(xY292|||_2 el

+min(Ikllelldiallz o iz, |I5”292|IL2)}|II5 Q2lll

< (I16%2galll + 1952 gzl osgell
< 1952 glll 135G Il

Here and hereafter, we will use freely that

llglle < lglliz_ < lliglll-

sty /2

The first inequality above holds since we asswgrey/2 > 0 and the second one follows
from Theorem 1.2 of [[7]. By using Propositibn .3,

1942 < f 105 A 165 galll [105Q2llldx < EY5Dno.
A similar argument applies to
JEU - L JOEANTG 2, x), 9392 Loy X

In fact, Theorem 1.2 of[7] gives,

’(F(aalgz,‘ﬁk) g2 zes)| < (10592l Ml + iz, 185Gl

+min(103 Gallz Iz, » 195 Gallz |Il,0kI|L2))|II(9 Qlll
S (105 Glliz + |||5”192|||)||I5 Q|ll

Sty/2

< 1105 Galll 1105 Gelll-
Therefore, similar ta*?), we have
139 < Ey/eDno.
For the estimation 0d??), from Theorem 1.2 of[7] again, we have

I(T(0%' 92,05°02), 95 G2)L2r3)| < {||aa192”Ls+ /lela‘fgzlll + (1105 Qlll 105> G2l 2, 22
+min (|63 Goll.2 |I3‘§292|IL;W2, |I(9‘§192I|L2 |I(9“292|IL2)} ll185%92lll
< (Ila‘ilgzlngmIllﬁizgzlll + (105 lll |I(9‘§292|IL2 ) [l16%Q2lll.
Firstly, suppose that;] < N — 2. Then
192 = (0052 02 05°G2). B52) oo
S 1105 Qallip e, z)f 0522l lIA%glldX+ I 1165 galll 1Ly fR3II5‘§292IIL2 [l10%Qzllldx

1/2
S EN S+y/2D
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Similary, whena;| > N — 2, we havda,| < 1 so that

f3|||5§f192||| 10%allldX+ 1 105 Qlll Iy f3||3§”92IIL2 ll19%9llldx
R R

(22) (0%}
|3 < [10% gZ“L‘;“(Lg SHy/2

7/2)

S El{l{iﬂ//ZDN’o'
Taking the summation of{4.7) overl < N, N > 3 gives[4.6).

Microscopic energy estimate with weight. In order to close the estimaie (4.6), we need
the estimates af-v derivatives of the solution with weight. Firstly, Iég = 6‘;66, |+ ] <
N,N > 6, and applyWd;(l - P) to (I.3). We have

O(Wed302) + V- Vx(Wed500) + L1(Wed5g2) = M,
where, withg e N, |g| = 1,

N
M = W,d5T'(g, 9) + Wedg[P,v- Vi]g - Z 0% (Wed3_¢ 92) — [Wedg, L1]92 — Wed5 L2G2
i=1
= My + Mo+ Mz + My + Ms.
Take theL 2(RS,) inner product of this equation with;d3g, to deduce
d
(4.8) d—tnwfagganZ(Rs) +D <M,
whereD is the dissipation rate given by

D= f 1101~ PYWid50IPlx > I 502l ~ Claly ey
R

Here, we have used
IIPW35Glll < 1167 Qall 2.
And M is defined by

5 5
M = Z(M],Wgaggz)LZ(Re) = Z Mj.

j=1 j=1
Firstly, note that from Propjositions 2.3and 2.5, W(]a have
(4.9) (WL (3, . 9,9). Wizes)| S (IWsy 205, FllLages) W, gl
+ [IWs+y/205,0llL2(gs3) |||W€aﬁ1f|”)|”h”|-
Write
M; = Z (WedsI(gi, 9)), Weds02) L2(re) = Z My;.
i,ji=12 i,ji=12
We have

Mi11 = (WedsT (91, 91), Weds92)12(zo)
- [ @@ AW w100, Wit
R

Recall that by Leibnitz formula, the filerentiation orT” involves the nonlinear operatdrs
and7". Since these two operators share the same upper bound amtutator properties,
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for brevity, we only consider the nonlinear operdfoBy using [4.9), sincé is a function
with an exponential decay factor, we obtain gy + |32| < |8,
(WL (9,1, Op,¥), WeOg Qo)) < IIIWedg Glll-

Therefore,

Mua~ [ (@)@ )W Fgelldx

R
S IVsAllun-1@3) | Al e3) 192l g re)-
Now consider
Mi12 = (WedsT' (91, 92), Wed502) Lo(rs)

- [ @ W1, 07g). Widh
R

By @.9).
|(WeL(0p, ¥}, 052 92), Wed5 G2) (e
S (IIWs+y/zaﬁlw j||L2(]R3)|||Wfag§gZ|“ + IIWs+y/z<3§jgzll|_2(R3) WO,y jIII)IIIWﬁZgzIII
< |I|Wﬂ9§§92I|I W05 Galll,
where we have used
IIWyy/zﬁgjgzllLZ(m < |||Wfag§gz|||.
Thus,

Ma12 < 1Al e |Gl -
Next, notice that
M121 = (WedsT (G2, 91), Weds 92) L2(rs)
~ [ @AW g, Wil
As above,[(49) yields
|(WeT' (01 92, O, ), Wed5 92)1L2(r3)|
< (IIWs+y/25;”1192IIL2(R3)|||Wz<3ﬁzlﬁj||| + [(Wsry20p,¢jllL2(r3) ||IWeagigzlll)IIIWfﬁggzlll
< (IIWs+y/25”1192|||_2(R3) + |||W€5§1192|||)|||W€5§92|||
< [IIWedig Glll IWed5 G2l
where we have us€fWs,, 20/l 2z < [IIW,glll. Consequently,
Ma21 < Al ) IGlly sy
It remains to evaluate
M12z = (W93 (G2, 92), Wedg G2) L2(es)-
For this, we can apply Propositibn B.2 to have
M122 < l1G2lyes)lIG2ll sy
In conclusion, we have proved
M1 < 7D,
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By using integration by parts and taking into account #aty/2 > 0, we get
My < |(Wgag[P,V . Vx]g, Wfaggg)LZ(Reﬂ
< 109V Al 2@y + 107V xGallL2ze))I0” G2llL2(rey
S SollV A w1y + Cool1B2llFines 1 2(e3y
wheredp > 0 is a small constant.
Similarly, For 1< |8] < N,
a+1 @ a+1 2 2
Ms < [IWed3" 1 Golli2(es) [IWedsQallzesy < C5||3ﬁf192||8?(R5) + ‘5”92”83‘(11{6)’

wheres > 0 is another small constant.

The main ingredients of the estimation &fy are the commutator estimatesand ||
which are defined in the proof of Proposition 4.8[ih [7]. Ndtattthey are valid in general
for y > —3 so that the estimates there can be used here. That is,

1= 1(IWe, £116, WeQ)oe)l < IWeQIEe (e
Y.
1] = [(W[0p, L1]9, WedpQ) 23
S D (W (B2, 0,9, Dppt™?), WedpQ) 2ges)|
Pr+B2+B3=B, B2#0

(D) W, dllle, )Ml
Pr+B2=p, B2#0

With this, later we also need the following interpolatioeduality
||W€3/5’h|||_§/2 < (-35||(9ﬁ|’1|||_§w/Z + 5||W£3/5’h|||_zw2 < Cslllaghllle, + ollIWedghlllo, -
For the termMy, using Proposition 314
Ma < [([Wedg, L1]92, Wed592) L2(zs)

< (Ilgzlle + Z 65, 92||39(R3))I|92I|B|[m+v3|
l’I=lal.|8=|BI-1
Finally, in view of Proposition 313, we have

Ms = |(Wed3 L2G2, Wed5G2) 2(ms)| < (05 L2G2, Wardg 92) L 2(rs)|
< C||g2||H|a\+w|(R6)||/,tl/103W2€aggz||L2(Rﬁ) < ||92|||2.|\a|+w\(Re)-
Now interpolation inequality

||92||H\;|+v3\ + 1192l Hier+s1(re) < 5||92||8|;\+w1 +GCs Z |I5Z:92||3g~
|’ |=let+1,|8'|=|81-1
Plugging all these estimates fo_(4.8) and fix the small constavith respect to the
codficient in front of the dissipation rate, we have f6ir= 0,

d v 2 v
GGl ey + W Gl
<192l s oy + ENe DN

FOlV Ay + ), 105Gl
o/ |=le+1.81=18]-1

By induction on|g| and|a| + ||, we have

d
(4.20)  Zne+ Die S I02lFnges gy * 0V xANs(e) + Ex DN
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Taking a suitable linear combination of the estimates] (4(%)8), and [(4.10), we then
conclude Proposition4.1. And this completes the energgnagt on the solution so that
the global existence follows in the standard way for smatfypbation.
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