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Abstract: In this paper, we establish the existence theory for general system of hyper-
bolic conservation laws and obtain the uniform L; boundness for the solutions. The
existence theory generalizes the classical Glimm theory for systems, for which each
characteristic field is either genuinely nonlinear or linearly degenerate in the sense of
Lax. We construct the solutions by the Glimm scheme through the wave tracing meth-
od. One of the key elements is a new way of measuring the potential interaction of the
waves of the same characteristic family involving the angle between waves. A new anal-
ysis is introduced to verify the consistency of the wave tracing procedure. The entropy
functional is used to study the L boundedness.

1. Introduction

Consider the Cauchy problem for a general system of hyperbolic conservation laws

ur + fwyx =0, (1.1)
u(x, 0) = uo(x), (1.2)
here u = u(x,t) = (u'(x, 1), ..., u"(x,t)) and f (u) are n-vectors.

The system is assumed to be strictly hyperbolic, that is, the eigenvalues of the n x n
matrix f’(u) are real and distinct:

flyri () = A (wyri (w),
Li(u) f'(u) = % W)l (u),
Liw) -rj(u) =06;;, i,j=12,...,n,
M) <ro(m) < -+ < Ay(u).

(1.3)
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By a linear transformation, if necessary, we may assume that the i™ component u’
of the vector u is strictly increasing in the direction of r;. This can be done at least for
a small neighborhood of a given state. In the following we will use u’ to measure the
wave strength of an i-wave.

It is well-known that, because of the dependence of the characteristics ; («) on the
dependent variables u, waves may compress and smooth solutions in general do not exist
globally in time. One therefore considers the weak solution:

Definition 1.1. A bounded measurable function u(x, t) is a weak solution of (1.1), (1.2)
if and only if

f / [t + b £ (0)]Cx, Ddx di + f S Ouor)dx =0 (1.4)
0 —00 —00

for any smooth function ¢ (x, t) of compact support in {(x, Hlx,t) € Rz}.

As a consequence of the weak formulation, a discontinuity (#_, #) in the weak
solution with speed s satisfies the Rankine-Hugoniot (jump) condition

sy —u-) = fluy) = flu-), (1.5)

where u_ and u are the left and right states of the discontinuity respectively.
This prompts the introduction of the Hugoniot curves H (u() passing through a given
state uq as follows:

H(uo) = {u : o (uo —u) = f(uo) — f(u)}, (1.6)

for some scalar o = o (ug, u).

The Rankine-Hugoniot condition says that u4 € H(u_) and that s = o (u—, u4). It
follows easily from the strict-hyperbolicity of the system that in a small neighborhood
of a given state u(, the set H (u() consists of n smooth curves H;(ug),i =1,2,...,n,
through ug, such that o; (1o, ©) tends to A; (o) as u moves along H; (ug) toward ug. Here
we use the notation o; (1g, 1) to denote the scalar o (ug, u) in H;(ug). A discontinuity
(u—,uy), uy € Hi(u_), is called an i-discontinuity.

In general, weak solutions to the initial value problem (1.1) and (1.2) are not unique.
A certain admissibility condition, the entropy condition, needs to be imposed on the
weak solution to rule out non-physical discontinuities as follows.

Definition 1.2 (Liu, [20]). A discontinuity (u_, uy) is admissible if
o(u_,uy) <o(u_,u), (L.7)
for any state u on the Hugoniot curve H(u_) between u_ and u .

If a characteristic field of the system (1.1) is genuinely nonlinear, [14], in the sense
that

Vai(u) -ri(w) #0. (g.nl.), (1.8)
then the entropy condition is reduced to Lax’s entropy condition

Ai(ug) <oi(u_,ug) < Aj(u-). (1.9)
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If a characteristic field of the system (1.1) is linearly degenerate, i.e.
Vii(uw)-ri(u)=0. (l.dg.), (1.10)
then the entropy condition is reduced to the one for linear waves
Ai(ug) =o0i(u_,uy) = ri(u-). (1.11)

When each characteristic field is either genuinely nonlinear or linearly degenerate,
there is the classical existence theory of James Glimm, [12]. An important physical ex-
ample of such a system is the Euler equations in gas dynamics. Other physical systems,
such as those in elasticity and magneto-hydrodynamics, for instance, are not necessarily
genuinely nonlinear or linearly degenerate.

The goal of the present paper is to study, particularly to establish the existence tho-
ery, for such a general system. Thus for a given characteristic field ; (1), we allow the
linearly degenerate manifold LG; = {u : VA;(u) - rj(u) = 0} to be neither the empty
space, as in the case of genuine nonlinearity, nor the whole space, as in the case of linear
degeneracy.

Theorem 1.1. Suppose that system (1.1) is strictly hyperbolic with flux function f(u) €
C3, and that for each characteristic field A; (u) the linear degeneracy manifold LD; ei-
ther is the whole space or consists of a finite number of smooth manifolds of codimension
one, each transversal to the characteristic vector r;(u). Then for the initial data (1.2)
with sufficiently small total variation T.V ., there exists a global weak admissible solu-
tion u(x, t) to the Cauchy problem (1.1) and (1.2) satisfying total variation u(-,t) =
oT.V..

Remark 1.1. In this paper, we only prove the existence of the weak solution to (1.1) and
(1.2). The admissibility of the weak solution has been established in [19]. It is shown,
cf. Theorem 15.1 in [19], that there exist subsets A and Ay of {(x,7) : —00 < x <
oo, t > 0} with the following properties. Aj consists of countable Lipschitz con-
tinuous curves and A; consists of countable points. Each curve I' in A represents a
curve of jump discontinuity in the weak solution satisfying the entropy condition (1.7)
except for countable points. Each point in A, represents a point of interaction in the
weak solution. And outside A; U A, the weak solution is continuous. In fact, for each
shock wave in the weak solution, there exists a corresponding approximate shock wave
in the approximate solution when the mesh sizes are sufficiently small. Consequently,
the admissibility of the shock waves in the weak solution follows from the admissibility
of the shock waves in the approximate solutions as the consequence of the design of the
scheme.

The Glimm theory for systems with genuinely nonlinear or linearly degenerate fields
is based on the study of the interactions of elementary waves in the solutions of the
Riemann problems solved by Peter Lax, [14]. The random choice method, the Glimm
scheme, is introduced to construct the general solutions using the Riemann solutions as
building blocks. A nonlinear functional, the Glimm functional F[u], is constructed to
bound the total variation of the approximate solutions. The functional yields a global
measure of the total wave interactions, [13], and allows for the consistency study of the
wave tracing method, [19].

For systems, which are not necessarily genuinely nonlinear or linearly degener-
ate, there are richer phenomena for nonlinear wave interactions, [19]. We adopt the
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Glimm quadratic functional for the interaction of waves in different families. How-
ever, for the interaction between waves of the same family, the quadratic functional
in general does not exist, and a cubic functional is needed. A cubic functional was
introduced in [19], which, however, fails to take into account some aspects of wave
interactions. Here we revise the cubic functional in [19] so that it depends global-
ly on the wave patterns in the solution. It is defined by the product of the strengths
of two waves times the angle between them, when that angle is negative. This is so
that such a pair of waves of the same family will interact in general at a later time.
This new cubic functional is an effective measure of the wave interactions in that the
functional decreases only due to the interaction of the waves next to each other and
that the decrease is exactly of the same order of the waves produced by the interac-
tion.

With the present existence theory and the qualitative theory of regularity and large-
time behavior of solutions in [19], there is the open problem of the L stability of the
solutions with respect to the initial data. We study the stability problem here, but only
for the stability of the constant solutions. For the stability analysis we make use of the
classical entropy functional, which is shown to yield the estimate to control the bifur-
cation of the Hugoniot curve from the rarefaction wave curve in the general setting. To
construct a generalized entropy functional, as for the case when each characteristic field
is either genuinely nonlinear or linearly degenerate, to control the estimates of the same
cubic order as mentioned above would be the main task to study the stability of the weak
solution to this general system.

In the next section we sketch the construction of the solution to the Riemann problem
and some basic estimates on the Hugoniot curves. These estimates allow us to study the
local wave interactions in Sect. 3. In Sect. 4 we study the nonlinear functional and there-
by establish the convergence of the approximate solutions. The wave tracing mechanism
of [17, 19] is refined here. Previous consistency analysis, [17], requires the boundedness
of the quadratic functional. For a non-genuinely nonlinear system, a quadratic functional
for interactions of waves of the same characteristic family does not exist in general. Our
consistency analysis for the wave tracing method here uses only the estimates resulting
from the cubic functionals. The cubic estimates are weaker and there is a new, interesting
consistency analysis here.

In the last section of this paper, we study the L stability of constant state solutions to
the system (1.1). There has been much progress on the well-posedness, in L topology,
problem when each characteristic field in the system is either genuinely nonlinear or
linearly degenerate. There are two approaches. One starts with [4] on the comparison
of infinitesimally close solutions, see [5] and [6]; the other approach [22] is based on
the construction of the robust functional, see also [7, 23]. For the more general system
(1.1), there is the recent result for the case of one reflection point in [1]. To our knowl-
edge, there is no general well-posedness theory without assuming genuine nonlinearity
or linear degeneracy on characteristic fields, beyond that of [1].

The purpose of Sect. 6 is to study the L; stability of the constant state solutions of
the general systems. We adopt the general approach of [22] and construct a new time-
decreasing nonlinear functional H () = H[u(-, t)], which is equivalent to ||u||z, of a
weak solution u (x, t). It also depends explicitly on the wave pattern of this solution. The
functional H[u(-, t)] consists of three parts: the first part is the product of the Glimm’s
functional and a linear functional L(¢); the second part is a quadratic functional Q4(¢);
and the third part is the convex entropy functional. Here L (¢) represents the L-norm of
u(x,t). Qq(t) registers the effect of nonlinear coupling of waves in different families
on |lu(x, t)||L,) by making use of the strict hyperbolicity of the system, and E(t)
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captures the nonlinearity of the characteristic fields. The existence of such a functional
immediately yields the following theorem.

Theorem 1.2. Suppose that the total variation of the initial data is sufficiently small and
is in Ly, then the L1 norm of the weak admissible solution to the Cauchy problem (1.1)
and (1.2) constructed by the Glimm scheme is bounded by a constant times the L norm
of the initial data.

2. Riemann Problem
The solution to the Riemann problem

u;, x<00,
ur, x>0,

W (r, 0) = { @.1)

for the general system (1.1) was solved in [16, 19]. We enclose the following lemmas
on the properties on wave curves in [19] for the self-containedness of the paper.

The i-rarefaction wave curve from a state u(, denoted by R; (uq), is the integral curve
of the right eigenvector r; passing through ug,i = 1,2, ... , n. In general the Hugoniot
curve H;(up) and the rarefaction wave curve R;(ug) have second order contact at the
initial state uq, [14]. In general no higher-order contact is expected when the charac-
teristic field is genuinely nonlinear. However, as we will see in the following lemmas,
the situation is more interesting for non-genuinely nonlinear characteristic fields. The
following lemmas are needed for the construction of the wave curve W; (1) through the
state ug. As mentioned before, the strength of the i-wave is measured by the difference
of the parameter u’ between the right and left states.

Lemma 2.1. For any u € H;(ug) in a small neighborhood of ug, we have
(i) Xi(u) > o (uo, u) (or Ai(u) < o(uo, u)) if and only if

d d
WU(MO» u) >0, (or WU(MO, u) < 0);

(ii) H; (uo) is tangent to R;(u) at u on H;(ug) if o (ug, u) = A (u).
Proof. Let

n
U—uy= Zajrj(u),

j=1

du n

o= Zﬂjrj(u).
j=l

Then for weak waves the second order contact between H; (1¢) and R; (u¢) implies

a;Bi >0 foru # ug,
o1 is bounded for j #1i.

lu—uo|?

(2.2)

By differentiating
o (ug, u)(uo —u) = f(uo) — f(u),
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with respect to u’, we have

d .
Thus (i) follows from (2.2) and (2.3);. Since o (uq, u) is close to A;, by strict hyperbolicity
and (2.3);, we have (il)). O

The following lemma gives an estimate on the interaction of two shock waves in the
same direction and shows that the interaction of two admissible shock waves yields an
admissible shock plus a cubic order error term.

Lemma 2.2. Suppose that (ug, u1) and (uy, u) with u’z > ul1 > uf) are two admissible
i-shocks with strengths oy and o and speeds oy and o respectively, cf. Definition 1.2.
Let uy € H;(ug) be the state with u% = u’* then

(i) (uo, uy) is admissible;

(ii) luz — ux| = 0(Dejaz (01 — 02);

(iii) ca = o101 + 0202 +0(1) a1 (01 — 02), where a and o are the strength and speed
of the admissible shock (ug, uy) respectively. The same estimate holds for the case when
up > uj > uh.

Proof. Set
oa = oja1 + orao,

where ¢ = &1 + «. Then by using the Hugoniot conditions for (uq, u1), (11, u2) and
(ug, uy), we have

& @) —up) = [f7 u2) = £ o)
= 6(%% - ué) - [az(uﬁ - u{) + oy (u{ - ué)]
= (G — o)W} —ul) + @G — )] —u)). 2.4)
Choose i and i1 on the straight line through u| with tangent r; (1) such that

D | ~io
Uy = Uy, Uy = Uuy.

Then we have
liig — uol = 0(Daf,  lii2 — uz| = 0(D)a3,
(uh — ul) (] — i}) = (@ — ul) W) — u). 2.5)

Combining (2.4) and (2.5) yields
&) —ul) = [f/ ua) — £/ (o)l
= (6 — o) (@) =Gy — uy W] —u)) + @ — ul) @ — ul)]
= 0(1)(6 — o2)aa () + a2)
= 0(1)(01 — &)ay (@) + a2).

By (2.5) again, we have

o (uz —ug) — [f(u2) — f(uo)] = 0(Dajaz(o1 — 02). (2.6)
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By comparing the jump condition of the i™ components for (¢, u2) and (ug, us), we
have
o — & =0(Dajar(ar +a2) (o1 — 02),

and (iii) follows. From (2.4), (2.6) and the Hugoniot condition for (u¢, u,), we have
0 (ux —uz) = fux) — fuz) + 0(Hajaz (o — 02). (2.7)

Notice that & is close to A;. By considering u, — u> in the r; direction, j # i, strict
hyperbolicity implies (ii).

Finally we prove that the discontinuity (i, ) is admissible. If o1 = o7, then clear-
ly u, = up and (ug, up) is admissible. If o7 > o7, then the admissibility is proved by
contradiction as follows. Since

o) <o <oy,

we assume, without loss of generality, that 0 — 02 > o1 — o. Under the condition that
(10, up) is admissible, and assummg that (uq, u,) is not admissible, then there exists a
state i with u| < i < uf, = u}, such that o (ug, u) = o. Thus u € H;(u,). By (ii), for

the state u € H; (u2) w1th it = i', we have
o (uz, ) — 0 (uy, u) = 0(Dajaz(or — 02). (2.8)
Since (11, uy) is admissible, we have
o2 > o (uz, u). (2.9)
Combining (2.8) and (2.9) yields
oy —o > 0(Dajar(o; — 02). (2.10)

Since all the wave strengths are small, (2.10) contradicts the assumption that o — o >
%(01 — 02). Hence (uq, u,) is admissible and this completes the proof. O

For the interaction of a rarefaction wave and a shock of the same family, we have the
following lemma. To obtain the precise interaction estimates, we introduce a new infinite
step approach by replacing the rarefaction wave by small rarefaction shocks. By doing
this, we can apply Lemma 2.2 and show that the limit exists. Without any ambiguity, for
any discontinuity wave y = (u_, uy), we denote its speed by o (y) = o (u_, u4) from
Nnow on.

Lemma 2.3. Suppose that (ul, ul) is an i-rarefaction wave, (u1, u,) is an admissible
i-discontinuity, and u; < u| < u,. Then there exists uy € R;(u;) with u; < u, < uf,

and ity € H;(uy) with i u*_ = u, such that

(i) |us—uy| = 0(1)ap f:,j (i () —o (uy, uy))dul, where the integral is along the R; (u)
curve, and oy = u, — uj.

(ii) o (uy, ) B = Aar + o(a)ay + 0()an f:ﬁ:l (Ai(u) — o (uy, uy))dut, where oy =
uy —ul, B = a1 + az, and X is the average speed of the centered rarefaction wave

(u*a ul):

i

~ A 1 Uy .
A= AUy, uy) = - - / Ai(w)du'.
uy —ul, Ju,

(iii) (U4, iy) is admissible.
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Proof. If o(uy,u,) = A;j(uy), then the lemma holds trivially because the linear super-
position of the two Riemann solutions yields the solution to the Riemann data (i, u, ).
When o (uy, u,) < Ai(uy), for any state u € R;(u;) between u; and u1, let u € H;(u)
with &’ = u'. Set §(u) = A;(u) — o (u, it). Then we have 6(u;) > 0.

Suppose that (u, i) is admissible and 6 (x) > 0. We claim that for w € R;(u;) with
ul —w! positive and sufficiently small, then 6 (w) < 6 (u) and (w, w) is also admissible.
In fact, by Lemmas 2.1 and 2.2, we know that when € = ut —wtis sufficiently small,

(@ 4 €)o(w, W) = ao (u, it) + €x; () + 0(Dead(u) + 0(1)e>, 2.11)

where @ = ii' — u' > 0. By using A;(w) < A;(u) and the entropy condition A;(u) >
o(u,u),(2.11) implies 6(w) < 6(u).

That (w, w) is admissible can be proved by contradiction. Suppose that (w, w) is not
admissible, then there exists @ € H; (@) such that o (@, W) = o(w, ). If &' < u',
then we let w = W and € = u’ — ¥'. Otherwise, we choose & € H; (ii) with ® = 4.
When e is sufficiently small, we have

o (i, it) = o (b, W) +0(D)|u’ — @' |0 u)e. (2.12)
Since (u, &) is admissible, the entropy condition yields
o(u,n) <o(u,i). (2.13)
Combining (2.11), (2.12) and (2.13) yields
0O w)ea = €[0(u) + €],

which is a contradiction to the assumption that 8(u) > 0, given that € and the wave
strength are weak.

Now we are ready to prove (i) and (ii). We first divide the rarefaction wave o into
small rarefaction waves with each strength less than €, € a given small positive number.
And then we replace each small rarefaction wave by a small rarefaction shock. Denote
all these rarefaction shocks from left to right by a1 x = uy -1 —u1 4, k=1,2,... ,m,
with speed

1
o(ak) = E(M(ul,k—l) + Ai(u1k)), k=1,2,...,m.

Obviously, u1 x € Rij(u1), u1,0 = u1 and u; ,, = us. Now we consider the sequence of
interactions between S = (41 x—1, i1 k—1) and & . By using the fact that the Hugoniot
curve and the rarefaction curve have second order contact, an application of Lemma 2.2
yields the following estimate for the interaction of By and o x:

ok, u1,)Pk+1 = oW k—1, U1 k—1)Bx + 110 (@1k)
+0(1)Brart k8 (u1,k-1) + 0(De?, (2.14)
ik — dg—1] = O(1)Bre k0 (w1 x—1) + O(1)e’.
By summing up (2.14) with respect to k from k = 1 to m, we have

m m
oB =0 + Y aixo(@ir) +0(1) Y fran k0(uii—1) +0(Dee,
k=1 k=1



Weak Solutions of General Systems of Hyperbolic Conservation Laws 297

m

| — ii] = 0(1) Y Bren 0 (u1.5-1) + 0(Daie, (2.15)
k=1

where 8 = Bryr1 = (U, Uy).
Now we estimate the term ) ;| Bra1 k0 (i1 k—1).
‘We denote
& = Bt kO (u 1—1), 1 <l<k,

Ek = & = Bra1 ,0(uy k—1).

For 5}(, noticing that each |x1 x| < €, we have the following estimate:

& = 5151 + ok [Br—10@1,1-1) — O(u1,1-2)) + (B — Bi—1)0(u1,1-1)]
= 5}{_1 +oay i Br—1(Ai(ur—1) — Ai(ur,-2))
— a1k [Bi—1(a(B) —o(Bi—1) +a11—1(c(Br) — Ai(u1,-1))]
< &7 0 1& +0(1)e, (2.16)
Hence we have 1
& <& +0Mark Y & +0(1)e.
i=1

Using the fact that ZZLI a1,k < ap is small, we have

D& =01 & +0(De.
=1 =1

Therefore, by letting € tending to zero, (2.15) and (2.17) imply (i) and (ii). O

We next construct the i-wave curve from astate u;,i = 1, 2, ... , n, with the property
that any state u € W; (u;) can be connected to u; on the left by i-waves. That is, we will
construct a curve W; (u;) through u; such that it passes through a single state u on each
hyperplane with fixed u’ in a small neighborhood of u;. For definiteness, we consider
the case u} < u'. The case when uf > u' can be discussed similarly. First we find a
unique state u; with the following properties:

(u) <ul <u';

(i1) (uq, u1) is an admissible discontinuity such that u’l — u; is maximum.

If u’l = u', then we are done withu = u;. If not, by Lemma 2.2, there is no admissible

discontinuity with left state u and the u’ component of the right state lies in (u’i, u'l.
Therefore, according to Lemma 2.1, we have VA; - r;(u1) > 0, and VA; - r;(u) > 0 for
states u € R;(u1) near u; with the jth component larger than u’l Thus, there exists a
unique state up € R;(u1) with the following properties:

(i) u1 and u, are connected by i-rarefaction wave and u’] < u’2 <ul.
(ii) u5 is the maximum in the sense that there isno state u,, € R; (u1) with the property that
there exists admissible discontinuity (us, us) with u} < ul, < uf, and uf, < u’, <u'.

If u’2 = u',then u = u, and we are done. If not, the above procedure can be continued
until we finally reach the state u on the curve W;(u;) with the given u'. Thus (u;, u)



298 T.-P. Liu, T. Yang

forms an elementary i-wave described above when u € W;(u;). The wave curves are
Lipschtz continuous, but have the following basic stability property:

Lemma 2.4, Wave curves W;(ug) and W;(ig) through different initial states have the
following C 2_Jike property: Given a state u on W; (i), there exists a state i on W;(iig)
such that

u—iu=uyg—ug+ O)|ug — upllu — uop].

Proof. We first remark that for a genuinely nonlinear field, the wave curve W; consists
of Hugoniot and rarefaction curves. For linearly degenerate field the wave curve is the
rarefaction curve, which is the same as the Hugoniot curve, [12]. In either case, the depen-
dence of a wave curve on its initial state is C 2, [12], and the lemma follows immediately
by mean value theorem. However, this may not be the case when the i characterisitic
field in not genuinely nonlinear or linearly degenerate, as in the case we are interested
in. For the general case, an i-wave in the Riemann solution may contain both shock
and rarefaction waves of the same i™ characteristic family, called a composite i-wave.
From the above description, the i-wave curve consists of a finite number of Hugoniot,
rarefaction, and a new type of “mixed” curves. A mixed curve M;(ug) is a collection
of states u,, which is related to a fixed rarefaction curve R;(ug) with the following
properties: (i) u, € H;(u) for a state u on R; (ug); (i) o (u, uy) = A;(u); (iii) (u, uy)
satisfies the entropy condition (E); (iv) at the initial state 1o where the mixed curve and
the rarefaction wave meet the characteristic is linearly degenerate VA; - r;(ug) = 0;
and (v) the wave curve contains R; (#¢) and M; (ug), which meet at u(. These properties
are used to construct a wave pattern which contains the rarefaction wave followed by a
one-sided contact discontinuity (u, u,). As the one-sided contact discontinuity (u, u,)
grows in strength, the rarefaction waves weaken as its end state ¥ moves away from u
along R; (ug).

We first show that the aforementioned two curves M; (ug) and R; (uq) are of second
order tangency at ug. Differentiate the jump condition o (uy — u) = f(us) — f(u) with
respect to the arc length of R; (u0):

o' (us —u) = (f'(us) — o)y — (f () —o)u'.

Note that u’ = r(u). Evaluating the above at u = u, = ug, using (iv) above, which
implies that 0’ = 0, and that o = A; there, we have

(f/_)\i)M; =(f/—)»,-)r,~ =0.

Thus u/, is parallel to r; (u) at u, = u = ug. Setu,” = cr;(u). Next, we differentiate the
jump condition twice to yield

0" (s —u) + 20", —u) = fuusu — f"wu'v’

+(f (us) — o)y — (f () — o).
And we evaluate this, again at u = u, = uo,
(@ =D f"riri + (f' = dus = (f" = x)ri'.
We now differentiate f'r; = A;r; along r; () at u = ug and use (iv) above, A;" = 0,
friri = i = fOri'

Since r;’ = u”, the last two identities yield
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(f = dius" = E(f = diu”

atu = u, = ug. Recall thatu,’ = cr; and ¢ # 1 in general. Thus we need to renormalize
the differentiation along M; (1) to be with respect to the arc length as follows:

. |
Ue = —Us .
We have ,
B 1/1
iy = cuy + — =) uy,
C C

and so from the previous identity we have, at u = u, = uy,
(f = Aiise = (f = xpu”.

Thus ii, = u” except for a multiple of r;. On the other hand, both 1, and u’ are unit
vectors and so i, and u” are perpendicular to it, = u’ = r;. We therefore conclude that
iy =u"

at u = u, = ug. Thus M;(ug) and R; (ug) are of second order contact at ug.

On the other hand, a wave curve is in general only Lipschitz when two mixed curves
meet. This corresponds to the vanishing of the rarefaction wave between two discon-
tinuities to form a single discontinuity. We now concentrate on proving our lemma for
this key case. Thus we assume that two wave curves are very close and one of them is a
single Hugoniot curve H;(ug) corresponding to an admissible shock 8 = (ug, u1) with
one-sided contact discontinuity o (8) = A(u1), A = X;. The other nearby wave curve
correspond to a shock o = (u3, u3) followed by a rarefaction wave § = (u3, us). Let us
and ug be states on H; (#3) and H; (u3), respectively, and denote by ,3_ = (uy, ug), see the
picture below. We assume that the states u1, u4, us and ug are on the same hyperplane
transversal to the i™ curves, as do the states ug and us. Thus we have

up € H(wo); usz € Hua); ue € H(uz);
us € H(us); u4 € R(uz),
o(B) = A(u1), o(x)=Ar(us).
We want to show that
€3 < €1+ O0O(er(a +9),
where €3 = |u; — uy4l|, €1 = |u1 — uz|. We have

€3 < |u1 —ugl + |lue — us| + |us — uql.

ui
B | 5
lug
uo e
1) us
61| o
Uus
us us3 |
|
' ; |
-It-___-—-—‘@——'_——_—_‘~~>.l
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For simplicity in notation we denote by f”(u) = VA-r(u) the change of A = A; along
the characteristic direction r = r;. This measures the degree of genuine nonlinearity at
the state u. The Hugoniot and rarefaction curves are close to each other if f” is small:

lus — ug] = O(D)| f" (u3)]8>.

From the second-order contact of Hugoniot and rarefaction curves and our analysis of
Hugoniot curves before,

lur —uel = €1 + 0(Der (o + 6),

lug — us| = 0(1)dalo (@) — o (8) = 0(1)da|A(u3) — o (8)] = O(1)| £ (u3)|8%.

Thus we have
€3 < €1 +0(Der(a +8) + 0(D)| " u3)8 (@ + 8). (2.17)

With this clearly our estimate €3 < €1 4+ 0(1)ej (o + &) follows if we can show that
Claim.

| f"(u3)18 = 0(1)(e1 + €3).

To prove the Claim we have from above that

|f" @318 = 0()|A(ua) — A(u3)]
< 0(D) (A (ua) — Alun)| + A1) — A(u3)])
=0(De3 +0(D[o (B) — o ()]
< 0(1)(e3 + o (B) — o (B)| + o (B) — o (@)])
= 0(D[(e3 +€1) + o (B) — o (@)]].

To finish the proof of the Claim we note from simple scalar consideration that

82

o +3|f’/(u3)| < | f" (3)18.

o (B) — o ()| = 0(1)

This completes the proof of the lemma. O

Theorem 2.1 (Liu [16]). Under the same hypotheses as in Theorem 1.1, the Riemann
problem (1.1) and (2.1) has a unique solution in the class of elementary waves satis-
fying the entropy condition, cf. Definition 1.2, provided that the states are in a small
neighborhood of a given state.

Proof. The i-waves, i = 1,2, ... ,n, are the building blocks for the solution of the
Riemann problem. The i-waves take values along the wave curves W;. Since the wave
curves W; have tangent r; at the initial state, it follows from the independency of the
vectorsri, i = 1,2, ..., n, and the inverse function theorem that the Riemann problem
can be solved uniquely in the class of elementary waves. 0O
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3. Wave Interaction

In this section the relation of the waves before the interaction and the scattering data for
the completed interaction is studied for the interaction of two sets of solutions of the
Riemann problem.

For an i-wave « to the left of an i-wave 8, we define ® («, §) to represent the effective
angle between them:

O B) =0 +05 + 0y 3.1

Here 0 represents the value of A; at the right state of & minus its wave speed. It is
negative if « is a shock and is set zero if it is a i-rarefaction wave. Similarly the term 6,
denotes the difference between the speed of B and the value of A; atits left end state. 6, is
the value of A; at the right state of the wave y minus that at the left state. It is positive if y
is a rarefaction wave and is negative if it is a shock. The sum } _ 0, is over the i-waves y
between o and 8. Subject to wave interactions of distinct families, —® («, ) represents
the angle between « and 8 when waves of other characteristic families between them
propagate away. When ® («, B) is positive, the two waves will not be likely to meet and
should not be included in the potential wave interaction functional. When ®(«, B) is
negative, the two waves may eventually meet and interact. In this case |«||8]|® (¢, B)]
reflects accurately the potential interactions of waves of the same characteristic family.

To obtain the estimate for the interaction of two Riemann solutions, we need the
following lemmas from [19]. Let (u;, u,) be an i-discontinuity, set

Di(up, up) = {u 2 (u —up)o(ug, uy) — (f ) — f(ur))

c(u)ri(u) for some scalar c(u)}.

The following lemma is similar to Lemma 2.2, its proof is therefore omitted.

Lemma 3.1. For u; and u, close, D;(u;, u,) is a smooth curve through u; and u, in a
small neighborhood of u,. Moreover, if a state u satisfies

(u —upo — (f@) — f(u)) = cri(u) + K,

for some scalar ¢ and some vector K, then there exists a vector u on D;(uj, u,) such
that
lu —ul =0(D)|K].

To express the stability of a wave pattern in the next lemma, we need the following
definition on partition of waves.

Definition 3.1. Letu, € W;(u;) sothatu; is related to u, by i-discontinuities (u;_1, u;),
and i-rarefaction waves (uj,ujy1), jodd, 1 < j <m—1,uo =u; and u, = u,. A

set of vectors {vg, v1, ..., vp} is a partition of (u;, u,) if
(l) Vo =u, vy =Un, V_ SV k=1,2,...,p,
(ii) {ug, u1, ..., um} C{vo, v1,...,vp},

i
oD .
(iv) vk € Di(uj—1,u;), j odd, ifu’jf1 <y < u’]

(iii) v € Ri(uj), j odd, if u’; < v <u

We set
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(V) Yk = vk — Vk—1,
(vi) hik = Ai(vk—1) and

[Ailk = [Ail(e—1, vi) = Ai (V) — A (k1) > 0
if (iii) holds, and
(vii) Mix =0 wj_1,uj) and [Ailx = [Ail(vk=1, vi) = 0 if (iv) holds.

A partition {w;} is finer than another partition {v} if {vr} is a subset of {wy}. The
important factor of interaction between waves of the same family is the angle between
these waves, that is, the difference of the wave speeds. In the following discussion, we
will partition rarefaction waves into small rarefaction shocks, hence both rarefaction
wave and shock are treated similarly.

Lemma 3.2. Suppose that u, € W;(u;), u, € W;(u;), with u’r — ué = 125 — IZ; =a >0,
and |lu; — u;| = B. Then there exist partitions {vg, vi, ... ,vp} and {vg, V1, ..., Vp}
for the i-waves (u;, u,) and (u;, u,) respectively such that ﬂ,i - 66 = v,’; — vf), k =
1,2,..., p, and the following holds:
(i) Xof—i [k = 3kl = 0(Dap,
(ii) |Aig — Akl =0DB, k=1,2,...,p,
(iii) Let T (u;, u,) represent the value of \; at the right state u, minus the wave speed of
the right-mosti-wavein (uj, u,). A similar definition holds for ®~ (uj, u,). |®~ (u;, u,)—
O~ (g, )| + 0% (uy, uy) — O (g, it,)| = 0(1)ap.
Moreover, {1,2, ..., p}can be written as a disjoint union of subsets I, Il and IIl such

that
(iv) for k € I corresponding to rarefaction waves, both vy and vy are of type (iii) of
Definition 3.1 and

D il = [hile] = 0(Dap,

kel
(v) for k € I corresponding to discontinuities, both vy and vy are of the type (iv) of
Definition 3.1,
(vi) for k € I11 corresponding to mixed types, vi and vy are of different types and

DIl + ikl = 0(DeB.

kelll

Here ©% (uy, u,) represents the value of A; at the right state u, minus the wave speed of
the righmost i-wave in (u;, u,). Similar definition holds for ®~ (u;, u;).

Proof. The proofis based on a continuity argument and the partition of the waves (u;, u;)
and (u7, u, ). For definiteness, we consider the partitions of an i th discontinuity (u;_1, u )
in (u;, u,) and its corresponding discontinuity (#;_1, #;) in (u;, u,). For B sufficiently
small, (uj_1,u;) and (u;_1, u;) are isolated in the sense that there exist wy and wy,
k = 1,2,3,4, which form part of the partitions for (u;, u,) and (i;, u,) respectively,
{wp —wj, k=1,2,3,4) = (W} —wj, k=1,2,3,4} = {@’,_| —uj,u | —uj, i, —
u} ul] - uf}, and (uj_y,u;) and (itj_1, u;) are the only discontinuities in (w1, w4) and
(w1, wyg) respectively. We will prove the lemma by induction. We first assume that it
holds for the partitions for (u;, wi) and (u;, w1). Now we show it also holds for the

partitions for (u;, w4) and (iz;, w4). Thus by the induction hypothesis, we have

lwy —wi]| = 0(D)B. (3.2)
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For definiteness, we consider the case when o (w2, wg) = A;(w2) and o (w1, w3) =
)L,'_(u")l) = X; (w3). Choose two states wy € H;(w1) and w, € H;(w1) with w!, = w} =
wy. Using the argument in the proof of Lemma 2.3, we have
(W — wi)o (Wi, w,) = (W) — wh)o (wa, wa) + (wh — wii(wi, wo)
+0(D) w) — willw — wilGi(w2) — 4 (w1)),  (3.3)
(0 — w})o (1, ) = (W — W))o (B3, 1) + (0 — W) A (3, Wa)
+0(D)|w) — whllwy — wil (i (Da) = A (@D3)).  (3.4)
By continuity, we have
o i, wy) = AiCwn) = o (b1, ) = A () + 0BG —wil, o
o (Wi, ws) — Ai(wa) = 0 (D1, By) — i (Ba) + O()Blw), — w].

Summing up (3.3) and (3.4) and using (3.5), we have from direct calculations,

(Wl — wh) (hi (wa) — Ai (w)) 4+ (W — w}) (A (Wa) — A (W3)) = O(1)|w) — wi|?B.

For small 8, we may assume that |wi — w’i| < 0(1)|wg — wél. Thus
2i(w2) = Ai (W) + A (0a) — A (03) = O()|w§ — w}|B, (3.6)
which implies (iv). As a consequence of (3.3), (3.4) and (3.6), we have
o (wi, wy) = o (w2, wa) + 01wy — wi|B,
o (1, Wy) = o (w1, w3) + 0(1)|w) — wi|B, 3.7)
|wi — w4l + |0x — s = O(1)|wh — wi|B.
(iii) follows from (3.6) and (3.7) by the continuity argument:
o(j1,uj) = hi(uj) = o (j1, i) = hi(i;) + 0(D]wy —wi|B.  (3.8)

For (1) and (ii), we only need to show that for w on D; (wz, w4) and w on D; (w1 , W3),
with w' — wl =w' — wl and w taking values between w2 — wl and w3 — wl, then

w—w; =w—w + 0w —w’ll,B. (3.9)

Other cases can be discussed similarly. To verify (3.9), we consider the state @ on
D;(wq, w3) and w on D; (w1, w3), with ' = w' and w3 € H;(w1). By continuity, we
have

W —wy = —w; + 01w — wi|B. (3.10)
Thus it remains to estimate [w — w|. By Lemma 3.1 this is can be done by estimating
(W — wa)o (w2, wa) — (f(W) — f(w2)).
By (3.6), (3.7) and continuity, we have

(W — wn)o (w3, wa) — (f (@) — f(wn))
= cri(w) + 0(D)|w' — willwy — wilB, (3.11)

where c is a scalar. Hence (3.9) follows from (3.11) and Lemma 3.1.
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A similar argument applies to other cases for sufficiently small 8. If 8 is not small
enough, we divide it into the sum of small increments and apply the above procedure
repeatedly to each increment. This completes the proof of the lemma. O

For any two functions, # and v, we set

(M v) _ u—-v, u=v, (I/[ U) _ O, u=>wv,
=10, u<v, T T lv—u, wu<nvo.
If o; is a composite of i-subwaves o; x = (W x—1, i k), k = 1,2,..., m from left to

right, then we set

nie) =Y nl@ip),

k=1

where n(o; k) = a; o (o ) if o i 1s a shock; and

uj )
n(ox) = / Ai(u)du',
u

ik—1

if o; & is a rarefaction wave and A; («) takes value along R; (u; x—1).

The Glimm scheme through the wave tracing method is based on the study of the
wave interaction between two Riemann solutions. By using Lemmas 2.2, 2.3 and 3.2,
the interaction estimate can be summarized as follows.

Theorem 3.1 (Liu [16]). Let u;, u,,, and u, be three nearby states and the elementary
i-waves in the solutions of the Riemann problems (u;, u,,) and (u,,, u,) be (u;—1, u;) and
(vi—1,v), i = 1,2, ..., n, respectively. Then the solution (w;—1, w;), i = 1,2,... ,n,
of the Riemann problem (uy, u,) is the linear superposition of the above two solutions
modulo the nonlinear effect of the order Q (u;, uy,, u,)= Q(W), the degree of interaction
for the wave pattern W consisting of the solutions of the Riemann problems (u;, u,)
on the left and (uy,, u,) on the right, and §C (u;, uy,, uy) = 8C(W), the product of the
variation § = |u,, — uj| + |u, — uy,| and the cancellation. In other words,

vi=0oi + Bi + OM)C(up, um, ur) + Qup, m, ur)), (3.12)
n(yi) = nlew) +n(Bi) + O EC(ur, um, ur) + Qui, Um, ur)), (3.13)
Ny, ng;

o = Zai,k, and B; = Zﬂi,k,
k=1 k=1

o =ui—ui—1, Pi=vi—vi_1, YVi=w—wi_1,

n
: 1
Clur, tm, ur) = Y C (s, tm, ur) = Sllvil = leil = 1Bill,

i=1

for some constants ny; and ng;, i =1,2,... ,n. Each o = (U1, ui ) and Bi x =
(Vi k—1, Vi k) Is either a shock or a rarefaction wave. C (uj, U, u,) measures the amount
of cancellation. The measure of wave interaction is

Oy, um, uy) = Qs(up, U, uy) + Onpuy, U, uy), (3.14)
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where Qj measures the coupling of different characteristic families:

Onur, wm, ur) =y leillBjl,

i>j
and
n Mo 1B
Qs (upy t, ur) = Qb ), Qg i, uy) =YY QL@ Bi),
i=1 k=1 I=1

measures the interaction potential of the same characteristic family and is defined as
follows:
(i) Both «; x and B; are shocks. Set

O (i k, Bia) = lei k|1Bis| max{0, —O (e, Bi.n)};

(ii) One of «; . and B; 1 is a shock and the other is a rarefaction wave. For definiteness,
we let o; i be a shock and B; | be a rarefaction wave and set

O (i ks Bit) = leti k| /i : (hi (V) — i (Vi—1) + Ai (i) — o (@ x))—dV',
Vii—1

where A;(v) takes value along R; (vi —1).
(iii) Both «;  and B;; are rarefaction waves. Set

) Uik UL o
Q4 (aik, Bi) = / / (i () — Aj(uiz1) + Ai(ui) — A (w))—du'dv',
Ui k—1 JVi1—-1

where A; (1) and \; (v) take values along the curves R;(u;—1) and R;(vi—1) respectively.
In(3.12) and (3.13) O(1) is a bounded function which depends only on the flux f(u).

Proof. The proof is done in steps. We first consider the data with Qg (u;, up,, u,) = 0.
Thus we assume that there exists k, 1 < k < n, such that there is no wave faster (or
slower) than k-waves to the right (or left): oy = --- = =0, Bgy+1 =--- = B, =0.
We have

Onu, umuy) = ll|Bl, =Y lail, 1Bl=)_IAil-

If @ (or B) is zero then w; = v; (or w; = u;) and the solution of the Riemann problem
(u7, u,) is the same as that of (u,,, u,) (or (u;, u,,)) and the theorem holds trivially with
Oy, um, ur) = 0. We need to show that the deviation from the linear superposition is
O(MapB = 0)Qy(uy, uy, u,). This follows from the C2-like property of Lemma 2.4.

We next consider the interaction of waves of the same family. Let |a;| = |8;| = 0
for all j # i and both |¢;| and |§;| are not zero. Then we have the following cases.

Case 1. (uf — uf_l)(vf — vl’f_l) > (. For definiteness, we assume ui — uf_l > 0, vf —
vf_ | > 0. The proof is based on a limiting process and Lemma 3.2 on the stability of the
wave pattern. First we divide each rarefaction wave into small rarefaction shocks, each
with strength less than €, where € is chosen to be a small positive number. We consider
the interaction of ¢; and B; as follows: We consider the interaction of the first right wave
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of «; and the first left wave of B;, and it gives an i-wave and a cubic error term. By
Lemma 3.2, we can shift the error term to the left of the wave patterns of the i-waves
and consider the interaction of the produced shock wave and the nearest i-wave with the
largest interaction angle. The total error thus caused is the sum of the cubic error in the
interaction which is therefore summable.

The above procedure can be continued and we claim that the interaction potential Qg
of the wave patterns of the remaining i-waves will approach zero as the number of the
interaction times j tends to infinity. Furthermore, the estimates (3.12) and (3.13) hold.
Therefore the final result is the solution to the Riemann problem (u;, u,) with small
perturbation Q. To prove this claim, we construct the following functionals:

FIo=3 1+ kv,
. ; - (3.16)
Gl =Y )+ ko,

yj

where {y/} is the family of i-waves after the j interaction. We will show that both F/
and G/ are decreasing functions of j when k{ is appropriately chosen, and lim =00 0y’
=0.

Let & and &, be the two waves interacting at the j™ step. And let £ be any remaining
wave in the i-wave pattern before interaction. By Lemma 2.2 and Lemma 2.3, we have

CE=g 45+ 0DEE O E) — o)), 317
n(€) = n@&) +n&) +0(&E (o (&) — o)), '
where & is the i-wave after interaction. Since Qy’ hasaterm£&, (o (£§/)—o (£,)), whichis
notin Q;’]H . By using Lemma 3.2, there exists a constant 0(1) K such that Fitl < FJ
and G/*! < GJ. o

It remains to show that lim;_, Qs’ = 0. According to our assumption and the
construction of {y/} in (3.16), we know that the strength of the shock wave increases
after interaction at each step. Since in each step we choose the interaction of the two
i-waves with largest interaction angle, under the assumption that each rarefaction shock
is of order € except those at the edge of the centered rarefaction waves, it takes at most

two more steps so that the decrease of Qy” is of the order of €20y’ after the j™ step,
ie.
0" - 0 = —o(mer gy,

for some positive constant 0(1). Furthermore, since Qé’j is decreasing in j, it will
approach zero as j tends to infinity. By letting € tend to zero, we have the estimate
(3.12) and (3.13).

Case 2. (uf - uﬁ_l)(vf - vf_l) < 0. For this case, we also divide the rarefaction wave
into small rarefaction shocks with each strength less than €.

The main difference between this case and Case 1 is that new i™ rarefaction waves
may be created after wave interaction. From the construction of the wave curves W;,
W; is tangent at each point to either an H; or R; curve. By a continuity argument, the
strength of the new created i ™ rarefaction waves can be controlled by the cancellation of
the i-wave. The strength of the new created j-wave, j # i, and the change of the product
of the wave strength and its speed can be controlled by the product of the cancellation
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of the i-wave and the total strength of the waves. Notice that the term 6C (u;, u,, u,)
appears on the right hand sides of (3.12) and (3.13). Thus by the continuity argument
both (3.12) and (3.13) hold.

The general interaction is reduced to a series of interactions of the above two types
plus interaction with waves of strength of the order Q (u;, u,, u,), cf. [12, 19,23]. O

4. Glimm-Type Functional

Nonlinear interaction of weak waves can be controlled globally and solutions of general
initial-value problems can be constructed using as building blocks the elementary waves
studied in the last section. This has been done in the fundamental paper of Glimm, [12],
for the system (1.1) under the assumption that each characteristic field is either genuinely
nonlinear or linearly degenerate, and that the initial data have small total variation 7V:

u(x,0) =ug(x), TV = variation_ ooy <00 Ug(x). “4.1)

The Glimm scheme is a finite difference scheme involving a random sequence a;, i =
0,1,..., 0 <a; < 1l.Letr = Ax, s = At be the mesh sizes satisfying the (C-F-L)
condition

ool 1<i<n, 4.2)
S

for all states u under consideration. The approximate solutions u(x, t) = u,(x, t) depend
on the random sequence {ay} and is defined inductively in time as follows:

u(x,0) =uog((h +ag)r), hr <x <@+ Dr, 4.3)

u(x,ks) =u((h+aj))r —0,ks —0), hr <x < (h + Dr,

k=0 41,42 ... . “4)

Thus the approximate solution is a step function for each layer r = ks, k =1,2,....
Between the layers it consists of elementary waves by solving the Riemann problems at
grid points x = hr, h = 0, £1, ... . Due to the C-F-L condition (4.2) these elementary
waves do not interact within the layer. Thus the approximate solution is an exact solu-
tion except at the interfaces t = ks, k = 1, 2, ... . The numerical error depends on the
random sequence. In fact, as shown by Glimm [12] for the case when each characteristic
field is either genuinely nonlinear or linearly degenerate, we have the following theorem.

Theorem 4.1. Suppose that the initial data uy(x) is of small total variation TV. Then
the approximate solutions u(x, t) are of small total variation O(1)TV in x for all time
t. Moreover, for almost all random sequences {ay}7°.,, the approximate solutions tend to
an exact solution for a sequence of the mesh sizes r, s tending to zero with r /s fixed and
r, s satisfying the C-F-L condition. The exact solution u(x, t) is of bounded variation in
x for any time t > 0:

variation _ oo <y <00 U(x, 1) = O(HTV,

and is continuous in Li(x)-norm:

o0
/ lu(x,t1) —u(x, )ldx = O(D)|n — 2], 11,12 = 0.

—00
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Proof. The proof is done in three steps:

The first step is to prove the uniform boundedness of the total variation of the ap-
proximate solutions. The main idea is to generalize the Glimm functional to approximate
solutions for the general system. The functional F (J) is defined on spacelike curves J.
It consists of a linear part L(J), measuring the total variation, a quadratic part Q(J)
and a cubic part Q;(J), measuring the potential wave interaction. The curve J incor-
porates the scheme and consists of line segments connecting points ((2 = ax)r, ks) and
(hr, (k = 1/2)s). The elementary waves issued from the grid points (hr, ks) will cross
the line segments. These functionals are defined as follows:

L(J) = > {la| : « any wave crossing J},

0, (J) =Y {le||B] : « and B interacting waves of distinct
characteristic families crossing J},
0s() =iy 05 45)
0! = {lo||fl max{—O (e, B), 0} : o and B i — waves crossing J, ’
o to the left of B},
o) = on(J)+ Os(J),
F(J)y=LWUJ)+MQWJ).

Here M is a sufficiently large constant to be chosen later. In the above definition of
0n(J), an i-wave to the left of a j-wave is interacting if i > j.

The main estimate is that, for any curves Jj and J», J; lies toward larger time than
Ji,

F(Jh) < F(J1), (4.6)

provided that the total variation 7V of the initial data is small and that M is chosen
sufficiently large. It suffices to prove (4.6) when J; is an immediate successor of Jp,
meaning that J; and J; differ only at one grid point, say Jj goes through (hr, (k—1/2)s);
while J, goes through (hr, (k 4+ 1/2)s) and they sandwich a diamond A = Ay, ; with
vertices ((h — 1 + ap)r, ks), ((h + ap)r, ks), (hr, (k — 1/2)s) and (hr, (k + 1/2)s).
The waves entering A are part of the solutions of the Riemann problems issued from
(hr, (k — 1)s) and either from ((h — 1)r, (k — 1)s) or (h + 1)r, (k — 1)s), depending on
whetheray_1 < 1/2 oray_; > 1/2. The wave leaving A is the solution of the Riemann
problem issued from (hr, ks). Thus the situation is the same as that dealt with in the last
section. We denote by (u;, u,,), (4, u,) the Riemann problems corresponding to the
waves entering A and (uy, u,) that leaving A. The amount of interaction within A is

Q(A) = Onup, um, ur) + Qs (ur, up, uyr), 4.7)
and, for later use, the amount of interaction in a region A is denoted by
Q(A) =) {Q(Ai)): (ir, js) € A). (4.8)

The same notations apply to
C(A) = Cug, um, ur), D(A) = C(A) + Q(A).

For the first curve Jy between ¢ = 0 and ¢t = s, the functional is dominated by the total
variation 7'V of the initial data:

F(Jy) =0TV,
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which is assumed to be small. To prove (4.6) by induction we assume
F(J) = F(Jy)=0MTV.

The waves crossing J; and J, are the same outside A and, around A, waves crossing J;
are the solution of the Riemann problems (u;, u,,) and (u,,, u,); while those crossing
J are the solution of the Riemann problem (i, u,). These waves are related according
to Theorem 3.1, whence we have

L(J2) = L(J1) =2C(A) + O(1)(Q(A) + TVC(A)).

There are two considerations for the difference of the wave interaction functionals Q (J;)
and Q(J>): Due to the changes of wave strengths and speeds after interaction, there is
a change in the nonlinear functional of the order O(1)D(A) times the total strength,
which is O(1)TV, of waves crossing the common part of J; and J>. On the other hand,
and this is the key point, waves entering A are interacting with the measure of inter-
action Q(A); while those leaving A are the solution of a Riemann problem and are
therefore non-interacting. For the quadratic wave interaction measure Qj, the above two
considerations yield

O0n(J2) = On(J1) = O(DTV - D(A) — On(A).

The cubic measure Q; requires some computations, which differs in a basic way from
the genuinely nonlinear case of Glimm [9], where the measure Qg can be chosen to be
quadratic. We consider Q’S‘ when the two k-waves before interaction are shocks, denoted
by oy and By, with speeds o1 and o, respectively. The k-wave after interaction is denot-
ed yx with speed o. Since the case of cancellation can be discussed easily, we assume
that o and By, are in the same direction. We now study the interaction potential of these
waves with a k-wave &, which is located to the right of the diamond A. Assume that
these waves are interacting in the sense that the angle ® between them is negative. The
other case when some of them are interacting and the others are not can be discussed
similarly. Then the potential interaction measure between §; and the k-waves entering
Alis

lek || Bkl (o1 — 02) + (lak| (o1 — 02) + (lek| + 1B DIO (Bk> 3x) DSk |-
From Theorem 3.1, this equals

lag !l Brl (o1 — 02) + (lyklo — (lakl + 1Bk o2
+ (lak] + B DIO Bk, k) DIdk| + O (1) D(A)|8k|.

The interaction measure between §; and the k-waves y; leaving A is
[ (Vie, SISk = |vkl(o — 02 + |O Bk, 81) D8k |-

Since |yx| = |ak| + |Bk] + O (1) D(A) the difference of interaction measures after and
before the interaction is:

—lakllBellor — o2 + O (1) D(A)[6k].
With the above analysis, we have

Q) = QU1 =—-0(A)+ 0TV - D(A). (4.9)
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We conclude from the above estimates that, for TV sufficiently small and M chosen
suitably large,

F() - F(J1) = <0(1) - %) Q(A) + OMMTV —2)C(A) = =D(4A),
(4.10)

whence we have (4.6). For later uses we have, by summing up these estimates over a
region A bounded by two curves J_ and J,

D(A) < F(J_) — F(J3). @.11)

The second step, the convergence of the approximate solutions follows easily from
the boundedness of the total variation of the approximate solutions already shown in the
first step. In fact, it follows easily from Helly’s theorem that there exists a sequence of
mesh sizes tending to zero such that the approximate solutions tends to a limit function
u(x, t). This is done first for rational times and then we use the fact that the approximate
solutions are continuous in ¢ in the L{(x) topology:

o
/ lu(x, ) —ulx, t1)|dx = O] — 1. (4.12)
—00
This is a consequence of the finite speed of propagation of the scheme and that the
solution changes due to the wave interactions, which are bounded, (4.11). Thus

lu(x, 12) —u(x, t))| = O(Mvariationy{u(y, 1) : |x —y| < Ll — nl}.

Equation (4.12) follows from integrating this in x and the change of the order of inte-
grations.

The final step is to show that the limit function u (x, 7) is a weak solution of the initial
value problem (1.1), (1.2). This can be done as in [12]. O

As in [17], we are going to make the Glimm scheme deterministic, i.e., to show that
the scheme is consistent if and only if the random sequence is equidistributed.

To illustrate that the scheme is consistent only if the random sequence is equidistrib-
uted, we consider the example of the propagation of a single shock with positive speed
o:

u_, x<o,
uy, x>0.

up(x) = {

The shock is located at x = os att = s — 0. According to (4.4), at t = s it is located at

0, ifair>os,
x = .
r, ifar <os.

Given a fixed time T = Ks the location of the shock in the approximate solution is
s
x =A(K, Dr, I = 0,0-).
r

Here, for a given subinterval I of (0, 1) and positive integer N, A(N, I) denotes the
number of k, 1 < k < N, such thata; € I. When the meshes r, s, r/s fixed, are refined
we have K — oo and the shock location becomes exact at x = o T if

AK,I)

AK,Dr — oT; or,
K|I|

— 1, as K — oo.
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Here |I| = os/r is the length of the interval /. In other words, the shock location is
exact in the limit if the random sequence is equidistributed:

Definition 4.1. A sequence {ax};2 | in (0, 1) is equidistributed if
BN, I) = ‘% — |1|( 50, asN — oo,

for any subinterval I of (0, 1). Here A(N, I) denotes the number of k, 1 < k < N,
such that ar € 1, and |1| is the length of I.

To show that equidistributedness is sufficient, we need the wave tracing method to
be discussed in the next section. We will therefore put off the consistency analysis in
deterministic version till then.

5. Wave Tracing Method

The local nonlinear superposition of waves has been expressed in Theorem 3.1. We now
describe a bookkeeping scheme of subdividing the elementary waves in the approximate
solution to obtain global nonlinear superposition. This is the idea of wave tracing, [17].
Here, however, we introduce a new analysis of consistency, in the L topology, of the
method. New analysis is needed because we have only the cubic measure of Q;, rather
than the quadratic measure, which exists for the genuinely nonlinear fields.

We illustrate the basic notion of the partitioning of waves by considering first the
scalar equation. Take the example of two shocks (u1, u2), (42, u3), u; > upy > us, of
speed o1, 03, respectively, combining into a single shock (u1, u3) of speed o3. We divide
(u1, u3z) into the superposition of the original two shocks. The result of the interaction
is then viewed as that both of the original shocks keep their identities but only with a
change of their speed. This is compared with the linear superposition of two shocks with
their original speeds kept. The time change of the error in L (x) after the interaction is
the product of the wave jump and the change in the wave speed:

leil|lor — o3| + |az||or — o3| = |ei|[o(a1)] + |az|[o(@2)],
a1 =up —uq, o) = U3 —uj.

Consequently the time change of the error is ), |a|[o ()], where [o ()] denotes the
variation of speed o (o) at that time.

Consider next the cancellation of a wave (u 1, u>) and another stronger wave (u», u3),
uy > uy > u3. After the interaction, (11, uy) is cancelled, so does a portion of (12, u3).
We divide the wave (12, u3) into subwaves (12, 1) and (11, u3). The nonlinear interac-
tion is then viewed as the wave (1, u2) and the subwave (u2, u1) cancelling each other;
while the subwave (11, u3) surviving. Notice here that all the waves may be composite
waves. Denote by C = |u| — u3| the amount of wave cancellation. In terms of the time
change of the L1 (x) norm again, the error is bounded by the amount of wave cancellation
o)C =0 |ur — uz|.

We may perform this partition of waves in an approximate solution as follows: Fix
a small time #; = N At and consider the approximate solution u(x, ) = u,(x,?) in
the time zone 0 < t < #1. Waves interact and cancel in the time zone in a way that
is not easily foreseen because of the nonlinearity and the randomness of the scheme.
The wave partition is a posteriori bookkeeping scheme. Given a shock at time t = 0
we partition it into subshocks sufficiently fine that each subshock is either cancelled
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completely or surviving as a shock or a rarefaction wave with strength unchanged in the
zone. The situation is the same for a rarefaction wave: In addition to the cancellation,
a rarefaction wave could become part of a shock wave, or it could be split when the
random number a; times r = Ax equals At times one of the characteristic speeds of the
rarefaction wave. Nevertheless we may keep refining a partition of a wave so that each
subwave is either completely cancelled or propagating intact as a single wave, either
shock or rarefaction wave, in the zone. Furthermore, since we divide each rarefaction
wave into small rarefaction shocks with each strength less than €, from now on we treat
both rarefaction wave and shock in the same way.

Notice that how fine a given wave needs to be partitioned and which subwaves survive
depends on the random sequence as well as the time zone. This is expected as the waves
behave nonlinearly.

Next we turn to the system. In addition to wave combining and cancelling, wave
interaction may alter the wave states and produce new waves. Thus we have three cate-
gories of waves, surviving ones, cancelled ones, and those produced by interactions. We
have the following theorem on wave partition.

Theorem 5.1. Let § be a constant with 0 < § < 1. The waves in an approximate so-
lution in a given a time zone A = {(x,1) : —00 < x < 00,(l — 1)Ns <t < [Ns},
can be partitioned into subwaves of categories I, I I or I I I with the following properties:

(i) The subwaves in I are surviving. Given a subwave a(t), (I — 1)Ns <t < [Ns,
in I, write « = a((I — 1)Ns) and denote by |«(t)| its strength at time t, by [0 ()] the
variation of its speed and by [«] the variation of the jump of the states across it over the
time interval (I — 1)Ns <t < INs. Then

Z([a] + la((l = DNs$)|[o(@)]) = O()(D(A)(Ns)™® + T.V.N"Hs 4 ¢).

ael

(ii) A subwave «(t) in I1 has positive initial strength | ((I — 1)Ns)| > 0, but is
cancelled in the zone Aj, |¢(INs)| = 0. Moreover, the total strength and variation of
the wave speed satisfy

Z ([e] + | (I = DNs)|[o(@)]) < O(D(D(ANNs)™° + T.V.N'Ts? +¢).
aell

(iii) A subwave in 111 has zero initial strength |a((I — 1)Ns)| = 0, and is created
in the zone Ay, |a(INs)| > 0. Moreover, the total variation satisfies

Z ([a]l + la@®)]) = O)(D(A) +€), (—1)Ns <t <INs.
aelll

Remark 5.1. The theorem differs from the similar ones in previous works in that the error
estimate is made for the interaction of relatively strong and weak waves separately. This
accounts for the errors O (1)(D(A;)(Ns)~? for strong waves and 7. V.N1H3¢8 for weak
waves in (i) and (i) above. This analytical refinement is necessary because of the third
order estimate Qj, and not quadratic estimate, that is available for general non-genuinely
nonlinear systems.

Proof. For the case when each characteristic field is either genuinely nonlinear or linear-
ly degenerate, the summation of the wave strength time the variation of its wave speed in
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each time zone A; is of the order of D(A;) + €, where Q; is quadratic. This is no longer
true for the general system because Q; is cubic and waves may split due to cancellation.
To overcome this difficulty we consider the wave interaction in more detail to use the
cubic wave interaction potential to control the variation of the wave speed.

Now we choose a positive constant § < 1 and consider a wave « () in A;. Itis obvious
that | (( — 1)Ns)|[o ()] at time ¢ can be controlled by D(A;)(¢) if wave interaction
is between waves of different families or cancellation. Thus we only need to consider
the interaction of «(¢) with waves of the same family and direction, denoted by «; with
speed o;. For simplicity of presentation, we can assume that all the waves are from a
scalar conservation law and that «(¢) is on the left of «; for all i. If we denote the wave
after interaction by o with wave speed &, then we have

a()(o@(t) =) =Y (G —0) < Y ai(o — o),

where o (a(f)) > 6 and ¢ > o; for all i. Hence if ) ; |oyj| > (Ns)?, then

3 e @)lleO@@), ) = Y lailla®llo @)]1() = (Ns)Pla(0)]lo @)] (),

where [0 («)](#) represents the variation of the speed o («) at time ¢. Otherwise, we have

(1)l (@)1(1) < 0(D)|a(1)[(Ns)°.

Since waves propagate at finite speeds, the number of times of wave interactions with
a(t) in A; is of order N. Therefore by summing all the above terms over «(¢) and the
time steps in A ,, we have

Yl = DNs)l[o (@] < 0()(Qs(AN(Ns)™ + T.V.N(Ns)*).

Thus Theorem 5.1 is true for the waves of a scalar conservation law. As for the system in
general, we just add to the above estimate the term Q}, for interaction between waves in
different families, cancellation C and the error 0(1)e due to dividing rarefaction waves
into rarefaction shocks. The rest of the proof is similar to the case when each character-
istic field is either genuinely nonlinear or linearly degenerate, [23]. This completes the
proof of the theorem. O

As an application of the theorem, we prove the “consistency” part of Theorem 4.1 as
follows.

Proof. Theorem 4.1. Consistency. As we have seen for the propagation of a single shock
that the limit function u.(x, t) can not be a weak solution of (1.1) and (1.2) for any
choice of the random sequence, which is not equidistributed. The error is accumulated
att =ks,k=0,1,...:

e¢]

/ / (s + F)ds)(x, Ndx di + / ) (x, 0)dx
—00 J0

—00

MN .o
= Zf (u(x, ks +0) —u(x, ks —0))op(x, ks)dx. 5.1
k=07~
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Here ¢ (x, t) is the test function with compact support, ¢(x,¢) =0, t > T = MNs.
(The choice of the form M Ns is for later convenience when we let M, N — o0 as
s — 0.) We will show that this error term will approach zero as the mesh sizes tend to
zero due to the equidistributedness of the random sequence.

For illustration, we now calculate out the measure of consistency (5.1) for the simple
example of one shock studied in the paragraph immediately before Definition 4.1. By
our study of shock location then, we know that the limiting function in this case is a weak
solution if the random sequence is equidistributed. Denote by x = x (k)r the location of
the shock at time # = ks. We have

/OO (ux, ks +0) —u(x, ks —0)¢p(x, ks)dx

—00

_ ifxx((,{ﬁ)rr+gs(u+ —u )¢ (x, ks)dx, ifagr > os,

;Eck(fr):;zr(u_ —uyp)p(x,ks)dx, ifarr <os.

If we simplify the situation by assuming that the test function is a constant ¢q then the
(5.1) becomes, for the interval I = (0, os/7),

S TS ux, ks +0) — u(x, ks — 0)¢ (x, ks)dx
= ¢o(uy —u_)(AMMN, I)(r —o5) — AIMMN, I)o's
= go(uy —u)T(AMN, (£ — o) — (MN — A(MMN, 1))0) 3%
_ (A(MN,I) _G£> r
MN

rj)s’

which tends to zero as M N — oo when the random sequence is equidistributed, Defini-
tion 4.1. To deal with the non-constancy of the test function ¢ (x, ¢), we divide the time
zone0) <t < T = MNSintosmall timezones N(I—1)s <t < Nls, [ =1,2,... , M.
The test function is close to a constant in each time zone. The closeness is of the order
O()LNs = O()LT/M, L the Lipschitz constant of ¢(x, t), and tends to zero as
M — oo. In each time zone the random sequence becomes increasingly equidistrib-
uted as N becomes large. Thus the above analysis applies and we have established the
consistency for the propagation of a singe shock as M, N — oo.

For a general solution, we first partition each wave according to Theorem 5.1. Since
a subwave o has varying speed, the analysis given above for a single shock does not
apply directly. Nevertheless, the scheme (4.4) can determine the location of « up to the
variation of its speed in the time zone. The variation of the speed has been discussed
in Theorem 5.1, which shows that for a surviving wave «, its strength |o| times the
variation of its speed in a time zone A; is of the order of D(A})(Ns)™0 + N5 up
to the error caused by dividing the rarefaction waves into rarefaction shocks. Thus the
new error contributed by surviving subwaves to the measure of consistency in a given
time zone A; is O(1)(Q(A;)(Ns) ™% + T.V.N1+33% 4 €)Ns. The total new error of this
kindover 0 <t < T isthen E; = O(1)(Q(r = 0)(Ns)' 8 + T.V.N"T 4 €T).

Now if we choose M = N2 and % < 8 < 1, then

25—1

T 1-6 445 21
E, = 0(1) Q(tzO)(M> +TV.T 557 +€T),

which tends to zero as M — oo and € — 0.
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The error contributed by the cancelled subwaves in0 < < T is
r 1-5 145 6
E,=0() C(IZO)M—FQ(IEO)(NS) +T.V.N""°s°T + €T ),

and is dealt with similarly. Thus the total error is of the form
E=E+E
T
= 0(1) [(A(N, I)/N — |IDT + €T +C(t > O)M

T 1-6
MM
+Q(t20)(ﬁ> +T.V.T3 }

which tends to zero as M, N — oo and € — 0.

Notice that in the above we have made use of the boundedness of the total cancella-
tions and interactions in {(x, ¢) : x € R, t > 0}, (4.11), and also that the wave partition
is done independently for each time zone A;,l = 1,2,..., M. An one-time partition
for the entire region {(x,?) : x € R, t > 0} would be too crude and does not yield the
vanishing factor 7/ M to a positive power in the above error estimate.

This completes the proof of the Theorem 4.1. O

Another application of the wave tracing is that it is useful for the study of the evolution
of the L1(x)-norm of a weak solution, Sect. 6. The approximate solutions, and thereby
the exact solution, can be approximated locally in time with a wave pattern u(x, f) of
linear superposition of nonlinear waves constructed as follows, [23]: First, since the so-
lution is of bounded variation, within any degree of accuracy, e.g. 7.V .€, in the L{-norm
and wave strength, we may ignore the waves near x = 400, say |x| > E, and consider
only a finite number of subwaves in a given time zone A, = {(x, t) —0 < X <
o0, (p—1)Ns <t < pNs} We number the surviving i-waves by oel, az, ak As-
sociated with each i-wave «; we assign an approximate i-wave cx with the same states
as ak((p —1)Ns) attime t = (p — 1) Ns and propagating along the straight line joining
the end positions of the wave (xx (el ((p—1)Ns)), (p—1)Ns) and (x(crk (pN's)), pNs)
of oz,i. The resulting speed is denoted by A*(&,i). The non-surviving waves also propa-
gate along lines with end states unchanged in the wave pattern i (x, t). Their speeds are
defined arbitrarily so long as they are finite and no waves of the same family in & interact
in the time zone A . Each surviving rarefaction wave is assumed to be partitioned into
subwaves of strength less than €, and viewed as a rarefaction shock. This introduces
another error of the order €. We can summarize this in the following theorem.

Theorem 5.2. There exists a wave pattern u(x, t) consisting of linear superposition of
a finite number of nonlinear waves K = {a} and a large constant E such that:

(i) There exists a one-to-one correspondence oo — & between the surviving waves |
in |x| < E of Theorem 5.1 and a subset L of K such that:

D la—al=00)D(A)) +e,

Z lee||A(@) — A*(@)] = O()(D(A,)(Ns) > + T.V.Ns? et e).

o
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Here the function e measures the equidistributedness of the random sequence {a;}, where
(p—1)N<i<pNforl <p<M:

Ap(N, )

-
N 1]

e = sup
I,p

’

for any sub-interval I of (0, 1). As in Definition 4.1, A, (N, I) denotes the number of k,
(p —1)N <k < pN such that a € I.

(ii) Y gex—r lal = O(1)D(A)p).
Moreover,

(iii) u(x, (p — HO)Ms) —u(x, (p — 1)Ms) =0 for |x| < E.

(iv) le\>K lu(x, (p — DMs) — u(x, (p — DMs)|dx + D {le| : @ € u(x,(p —
)Ms), |x| > E} < T.V.e.

(v)

/oo luy (x, 1) —ii(x, D]dx = O)(D(A)(Ns) TP+ T.V.N s+ L (e+€)Ns),

—00

(p—1)Ns<t<pNs, p=1,2,..., M. (5.2)

6. Ly 1 Stability of Constant States

In this section, we are going to study the uniform boundedness of the L norm for weak
solutions to the general hyperbolic system (1.1), that is, the L stability of constant state
solutions. Without loss of generality, we take the constant state to be zero.

As for the system studied in [22, 23] in which each characteristic field is either
genuinely nonlinear or linearly degenerate, there are two natural ways, i.e., by using rar-
efaction wave curves and Hugoniot curves, to measure the distance between two states
in the phase plane. In the following, we are going to use rarefaction wave curves to mea-
sure the distance. The advantage of this measurement is that we only need to control the
error caused by the bifurcation of the Hugoniot curve from the rarefaction wave curve
besides the nonlinear coupling of waves in different families. But the disadvantage is
that the relation between this kind of bifurcation needs to be considered in two weak
solutions. When one solution is a constant state, this kind of error can be controlled by
the time derivative of the integral of any convex entropy when the characteristic fields in
the system are either genuinely nonlinear or linear degenerate, cf. [21]. In this section,
we are going to show that this is also true in the general case.

Consider a general scalar conservation law

u; + )y =0. 6.1)

By choosing the particular convex entropy n(u) = % with entropy flux ¢(u) =
[“sf'(s)ds, we have the following entropy estimate.

Lemma 6.1. Let u(x, t) be a weak solution to the scalar conservation law (6.1) consist-
ing of countable many admissible shocks, denoted by {«;}. Then we have

%/uz(x, dx = —2;A(ai),
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where the integral is over R. Here, for any admissible shock o = (u™, u™"), A(a) de-
notes the area bounded by the curve y = f(u) and the straight line segment connecting
the end points (u™, f(u™)) and (u™, f(u™)) in the u — y plane.

Proof. If the solution is smooth, then it is obvious that :ll_z f u?(x, t)dx = 0. Without
loss of generality, we consider the contribution of a single shock to this derivative. Let
a; = (u™, u™") be an admissible shock located at x = x(z). We have

; /u2< Ndx = S5O@ 2 = 1) — g + gt
7 > x,t)dx = 2x u u q(u q(u
+ other terms not related to (™, u™),

where ¢’ = uf’ is the corresponding entropy flux. The term on the right hand side of
the above equality can be calculated as follows:

1
Efc(o(u*2 —u?) —q) +q™)

1 u
=) - F@N@™ +u™) = fau™ + faHut + /+ f@)dt

1 wt
= E(bﬁ —u)(fWh) + fw)) — /7 f@)dt
= —A@).

Summing the terms for all shocks gives the proof of this lemma. 0O

Now we are going to show that this entropy estimate is closely related to the error
caused by the bifurcation of the Hugoniot curve from the rarefaction wave curve in the
general system.

Consider the general system of conservation laws (1.1). For illustration, we con-
sider the wave of the first family and waves of the other families can be dealt with
similarly. As before, we assume that u! is a non-singular parameter along the 1-wave
curve. For simplicity, we choose the right eigenvector corresponding to A1 as r(u) =
(1,82, 83,...,8n).

For any state u = (u1 ,u
u—, we write

20 u along the rarefaction wave curve Ry (u ) through

1

u 1
u:bf—i—/ rl(s)ds=( ul>’ (6.2)
u—! g)

2 ..., uMe

for asmooth (n—1)-vector function g (u'). Similarly, forany stateu = (u!, u
1
Hi(u™), we write u = (h(uul))’ for a smooth function % (u!).

Let o = (u~, u™) be an admissible 1-shock to the system, and, without loss of gen-
erality, we assume that u ! < ! Then we have s(u™ —u™) = f(u™) — f(u™)
for some scalar s = o (u—, u™). For any u = (ul,uz, ..., u™) € Hi(u™), we denote
s!(u') = o (u™, u). Then by the entropy condition for the system, we have

sl(ul) >s for u' <u' <utl (6.3)
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If we consider the scalar conservation law
1 1,1 Iy _
u, + fu ,h(m)) =0, (6.4)

then both the Rankine-Hugoniot condition and the Oleinik entropy condition [24] hold
for the discontinuity (x !, u™1). That is, &' = (u™!, u™') is an admissible shock of
(6.4). In the following lemma, we will compare the values max,,—.i,1 <, +.1 |g(u1) —

h(ul)| and A(a!) defined for o' as an admissible shock to the scalar conservation law
(6.4) and show that they are in fact of the same order.

Lemma 6.2. Based on the above notations, we have

max 1|g(ul) —h@")] =0()A). (6.5)

u—l<ul <ut

Proof. First we have the following expression for A(a!):

Ll+‘]
A = / (1) = fLa @) = s —uth)de
+.1

=/fl (s —s" ()W = t)dt,

(6.6)

where s” () satisfies
STt —ul) = L, k@) — flad, ).

By the entropy condition for the scalar conservation law (6.4), we have

s"(t) <s for u; <t< uT.

Similarly, we have

u+,l

A(a1)=/ 1 ') — )t —u—Ndz. 6.7)

For any state u = !, u?, ..., u") € R(u™), we now denote the (n — 1)-vector

function along the Hugoniot curve through i by A (u'). Then, we let

d= max +1|hﬂ(ul)_8(ul)|~

u—t<il <yt ! gl <yl <yt

We are going to prove that d = 0(1) A(a!), which immediately implies the lemma.
Let € R(u™) withu™! < it! < u™! and du be a small variation along R(u™).
We consider the Hugoniot curves through u# and &t = & + du. By Lemma 2.2, we have

lhathy — ha@™h) = c@t! —u'Y (i @) — o1)du’
=c(@™ —u Y @) —s"@")) + dydu’,
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where ¢ is a 0(1) constant, o1 = o (i, ") with #t € H;(i) and a™' = ut!. For
simplicity, we denote A (u!) = A (@). Therefore, we have

utl

dch (u+’1—ul)(kl(ul)—sr(ul))dul—i—cd/ du'

w (6.8)
=cf Wbl =000 = s"@)dt + clu™' —u™'d,

where A1(¢) is taken value along Ry (u™).

Now we let B(a!) = fu”jll ! — (A (1) — 57 (r))dt, where A1 () is evaluated
along R{(u#™). Then by (6.6) we have

u+,l

A(al)—B(al):/ 1 @t =) — A1 (1))dt.

u

To study the right-hand side of the above equality, we introduce a notation, D(u!) =

1
fu",_l (s — A1(¢))dt, where 1(¢) again is evaluated along R{(z~). From the choice of
r1(u), we have

ul

D(ul) = (s — sl(ul))(u1 — u_’l) —i—sl(ul)(u1 — u_’l) — /7 1 A (t)dt

=6 —s'@)e —u™H+ et h@) - et h@h)

u+,l

- / VSN0

=6 —sl@)e —u=H + Lt h@h) — Lt gwh)
=(¢—s@)u —umH+0M)hw') — g
=6 —sH)u —u=H +0)d.

Now we can estimate A(a!) — B(a!) as follows,

u+.1

Al — B@) = f ™' —ndD®@)

u—
+,1 ut!

u
+/ D(t)dt
u—! u=!
+.1

u ut!
=/ (s—sl(t))(t—u*'l)dt+0(1)/ | ddt

u—! u—
=—A") +0(D)u™! —u~1d.

=@w™!' —1)D@)

Thus

1
A" = B(;X ) +0(u™ —u—d. 6.9)
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By combining (6.8) and (6.9), we get
d=cB(e") +0()u™" —u""d = 2cA@@") + 0 |ut! —u~d.

Therefore, when |u™ — u™| is sufficiently small, we have d = 0(1)A(e!) which
completes the proof of the lemma. 0O

We are now ready to define the time-decreasing nonlinear functional H[u(x,t)].
Given a solution u(x, t) of the system (1.1), we define the pointwise distance along the
rarefaction wave curves: solve the Riemann problem (u(x, t), 0) by waves:

uy = u(x,t), u; € Ri(ui—1), i=0,1,...,n, u, =0.
We set
g, )= i —ui—)',  higi(x, ) = piGut_y, ub), (6.10)

where ;L(ui;], uf) is the average speed of waves in the Riemann problem with states
(uf_l, uf) to the scalar conservation law defined along R; (u;—1), i.e.,

wl+ flu) =0, ue Ri(ui1).

This way of assigning the distance is convenient in that u’ is a conservative quantity and
so it satisfies simpl_e wave inperaction estimates. For an i-wave o' in the solution u(x,t),
we denote by x(a') = x(a'(¢)) its location at time ¢, and qj".—L(oe’) for g (x(a")£, 1),
1 < j < n.For j =i we also use the abbreviated notations ¢*(a) = qii(ot’). The
linear part L[u] of the nonlinear functional H [u] is equivalent to the L (x)-norm of the
solution:

L[M(, t)] = Z?:] Li[u(" t)]s
Lilu(-.0)1 = [ |gi(x, t)|dx.

Without any ambiguity, we will use u to denote the approximate solutions in the
Glimm scheme and also the corresponding weak solution when the mesh sizes tend
to zero. We will use the notations J to denote the waves in the solution u at a given
time. Moreover, o’ denotes an i-wave in J. The other two components of the nonlin-
ear functional H[u], the quadratic Q4(¢) and the convex entropy E(¢), are defined as
follows:

Qu(t) = Qulu, )] = ic; Qala'),

6.11)

. ; o o 6.12
0ul@) = &l 1( X,y [ lajx, 0ldx + X,y oo Iy 0ldx), 1P
E(t) = Elu(-,1)] =ZE,'(I) =/ |q,~(x,t)|2dx. (6.13)

i=1

For any given time 7T = M Ns in the Glimm scheme through the wave tracing method,
we define the main nonlinear functional H (¢) as follows:

H(t) = H[u(-. )] = (1 + K1 F(p — DNs))L(r) + K2(Qa (1) + E(1)),
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fort € ((p — 1)Ns, pNs), p = 1,..., M. Notice here that the Glimm functional
F = F(u) is valued at the end time t = (p — 1)Ns. The jump of the functionals L(z),
Qq(t) and E(¢) at each time stept = pNs, p = 1,2, ..., M due to wave interaction

can be controlled by O0(1)[F(pNs) — F((p — 1)Ns)]L(pNs), and the L; error due to
the replacement of the simplified wave pattern approaches zero as shown in Theorem
5.2.

Now we are going to estimate %H(r) inside each region (p — 1) Ns <t < pNs. By
the property of the rarefaction wave curves, we immediately have the following lemma.

Lemma 6.3. Lerii € , &, & € R, €& > 0,k € {1, ..., n}. Define the states and the
wave speeds

u=R&)@), u =RrENW),
w=pr(,u), ' =peQu,u), p'=mw,u),

where u(uy1, up) denotes the average speed of the waves in the Riemann problem with
the states uy and uj to the scalar conservation law defined along the rarefaction wave
curve Ry (u), i.e. the scalar conservation law

uk + fFuy =0, u e Ri(a).
Then we have
E+&)W"=1) -0 —=2) =0.
Lemma 6.4. If the values &, &;, E}, j=1,2,...,n, satisfy

Ry(En) 0+ o Ri(ENW) = Ru(&)) 0+ 0 Ri(E]) o Ri(E) (),
then
& —& — &1+ ) _1&; — £}l = O()IEI DI
JF#L J#L
And if the values &, &;, Ej’., j=1,2,...,n, satisfy

Ry(&n) 0 -+ 0 Ri(51)(u) = Ru(§,) 0 -+ o Ri(§)) o Hi (§) (),

where H;(§)(u) is an admissible i-shock, then

& —& —El+ Y g —&l=0M) [d+IElY_IE]I],
J#i j#i
where d = |H;(§)(u) — R; (§)(u)].
By Lemma 6.2, if we let ol = (u™,u") be an admissible i-shock in u with jump
[¢'] = (uT —u™)!, then
g @) =g @) =1+ ) lgf @) — g7 @)
J#
=o' Y |aj @)+ A@)
J#
=o' Y |gf @)] + A@), (6.14)
JF#L
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where A(a') denotes the area corresponding to the shock wave (u ™", u™"), still denoted
by o', to the scalar conservation law

w4 flu) =0, ueHu).

Notice here that even though the distance is measured along rarefaction curves, (6.10),
and not along the Hugoniot curves, the above estimates still hold with A(a') the area
defined by the shock, because the difference is of higher order. If ol = (u=,u™)is an
i-rarefaction wave in u with strength [e'] = (u™ — u™)’, then

g @) —g @) =1+ ) lgF @) — g5 @) =01 |g7 (@)
J# J#
=oWMle'1Y_ lgf @] 6.15)
J#
Now we are ready to estimate the derivative of the nonlinear functional H (¢) and prove

the main theorem in this section. According to the construction of the simplified wave
patterns of the approximate solutions, the open time interval I, = ((p — 1)Ns, pNs)

is the union of two disjoint sets [, = [ ;‘ ul I‘f , where [ l‘f are the countable interaction
times. H (¢) is differentiable for t € I ;; and is merely continuous for r € | g. For the
change of H(¢) whent € IS, p =1, ..., M, we have the following lemma.

Lemma 6.5. Suppose that the total variation T.V. of the initial data of the solution is
sufficiently small, and that ug(x) € L{(R). Then, fort € I¢,

%H(t)5C(Q(Ap)+C(Ap)+T.V.(e+e))+n(t), p=12,...,N, (6.16)

for some choices of the constants K| and K;. Here 1(t) represents that the error comes
from the replacement of the simplified wave pattern, and satisfies

4+ 261

f n(t)dt:O(l)<eT+€T+C(t20)—+Q(tzO) (—) +T.V.T3s3> — 0,
0 M M

as s — 0 as shown in Theorem 5.2. The function e measures the equidistributedness of
the random sequence and ¢ is the strength of each approximate rarefaction shock, cf.
Theorem 5.1.

Proof. Without any ambiguity, we can assume that all the waves propagate at the exact,
rather than approximate, speeds in A ,,. This is true up to the error of the order of

pNs

e(Ap) = (Q(A,,)+C(Ap)+T.V.(e+e))Ns+/ n(t)dt,
(p—1)Ns

cf. [23]. We first estimate %L(r). This will be used in the estimation of Q,(z).
A straightforward calculation gives

d . N NP i
L= ; %m )(lg; @) = g7 @)D

=Y > (lg] @)I0] @) —5@)) = lgj @) @) = £@))), (©6.17)

Jj=laieJ
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where we have used )L/i (@) = A; (q;—L (a')), cf. (6.10), and the obvious identity

Y o lgy @)@y =" lgf @), j=12...,n

ale] ale]

Based on Lemmas 6.3 and 6.4, each term in (6.17) can be estimated as in [23] for the
cases i = j and i # j separately. For brevity, we omit the details. This gives

d o ‘
L0 =0) 37 (AE) + ' Y lg] (@)l +e(Ap)

aiel J#
=0(1) Y (Al) + 1o/ ) lg; (@)l +e(Ap)), (6.18)
aiel J#i

where A(a’) = 0if o is not an admissible shock. '
Now we estimate % Qq(a') of (6.12) for each i-wave o',

d . od [re) i d
T Qa@) =3 lef|— lg; (x, Oldx + 3 1o

= —o° j<i *(

8]

s lgj(x, t)ldx.

o0

According to the discussion of (‘II—IL(t), both ffé‘:) lgj(x,0)|dx, j > i, and fx(ozi)
lgj(x,t)|dx, j < i have the same error terms as %L(t) plus an extra term coming

from the difference between the wave speeds x (a’) and Af(ai). By the strict hyperbo-
licity of the system (1.3), we know that there exists a positive constant C, such that

27 (@) —x(@) > Cy forj > i M) —x(@) < =Cy, forj <i.

This and the assumption that the total variation of the solutions is sufficiently small yield

d . . .
- 0a() = =C2 Y 113 lgf @)+ OMT.V. 37 A@) +0(De(A,)

alel J#i alel
=-C Y o) g7 @)+ O0MT.V. > A@@) +0(De(Ap).  (6.19)
wiel i alel

Finally we estimate %E () as follows:

d " . . .
TEO =23 k@) g; @) = lgf @)
j=laieJ
=YY k@) (g; @) = lgF @) — ¢  (wlx@)—, 1)
j=laic]
+ ¢ (u(x(@)+. 1), (6.20)

where ¢’ (it) denotes the entropy flux corresponding to the convex entropy (u')? of the
scalar conservation law

ub + fiw) =0,
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with f(u) = f!(u) and u € R; (it). The terms in (6.20) with i # j can be discussed as
in the case for %L(r) by using Lemmas 6.3 and 6.4. We only need to consider the case
when i = j.

Leto! = (u, u™) be an admissible i-shock. We also use ! to denote the admissible
shock (1%, u™7) to the scalar conservation law

up + fiw) =0,

where fi(u) = fi(u) and u € H;(u™). By using Lemma 6.3 and, according to the
calculation in Lemma 6.1, we have

(@) (g, @) = g @)?) — ¢’ u(x(@)—, 1) + ¢ (u(x(@)+, 1))
u+.1

= @™ —u™D(fuh) - flw) -2 f | fwar

.
+oT.V. | |1 lg @) + A
i#i

M+']

=@ —umY(fwh) - flw)) -2 / f(t)dt

u—

+O0MT.V. | 1’1 lg7 (@)l + A@)
J#
= O(T.V. = 2)A@) +0()T.V.]e| D |qu(a")|. 6.21)
J#
If o' is a rarefaction shock with strength not greater than €, then the above discussion
yields

i@ (g7 @) = 1g; @) = ¢ ux (@)=, 1) + ¢ ux@)+, 1)
=0TV Y lg; (@)l (6.22)
J#
Under the assumption that the total variation 7.V. is sufficiently small, we have, by
putting back the error e(A ),

d ‘ . .
—E@) < =G5 ZJA(a’)+()(1)T.V. |a’|§|qf(a’)|+e(z\,,) . (6.23)
ale el

where C3 is a positive constant.
The lemma follows by combining (6.18), (6.19) and (6.23), making use of the small-
ness of 7.V. again. O

For the jump of the functional H(¢) crossing the times t = pNs, p = 1,... , M,
we have the following lemma, showing that the difference vanishes as the mesh size s
tends to zero.
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Lemma 6.6. Under the hypotheses of Lemma 6.5, we have, for each 1 < p < M,
H(pNs+) — H(pNs—) < Ce(Ap). (6.24)

Proof. According to the definition of the simplified wave pattern and Theorem 5.2, up
to the error of order T.V .¢, the difference between the wave patterns at time t = pNs—+
and pNs— is the appearance of the waves which are either cancelled or newly created
in A p. Since the wave propagates at finite speed, the error thus caused is of the order of
D(Ap)Ns. This completes the proof of the lemma. O

Now we can state and prove the main theorem in this section.

Theorem 6.1. Suppose that the total variation T.V. of the initial data of the solution
is sufficiently small, and that ug(x) € L1(R). Then, for the exact weak solution u(x, t)
of (1.1) constructed by Glimm’s scheme, there exists a constant G independent of time
such that

luCe, DL, < Gllu(x, s)lIL,,
foranys,t,0 <s <t < oo.

Proof. Without loss of generality, we will show that |lu(x, T)| ., < Gllu(x,0)| ., for
any time 7. By integrating (6.16) in Lemma 6.5, we have

H(pMs—)— H((p —1)Ms+) < Ce(Ap), p=12,..., M. (6.25)
We sum up (6.24) and (6.25) with respect to p from 1 to M to yield

M T
H(T) < HO0)+C Y (Q(Ap) + CA NS + CT.V.e+ T +C [ (i,
p=1 0

where fOT n(t)dt — 0ass — 0. For any fixed T = MNs and M = N2, we have M,
N — oo as the mesh size s tends to zero. By the definition of e and €, we have ¢ — 0
and € — 0. We know that

Z(Q(Ap) +CAp)) =(Q@+O{0=1 =T} =A(T) <o0. (6.26)
P
Thus, for any fixed T,

M
D (Q(Ap) +C(Ay) +T.V.(e+€)Ns <C (A(T)% +T.V.(e+ 6)T> -0
p=l1

ass — 0.

Notice that for any fixed M and N, the functional H (¢) is equivalent to the L{-norm
of the simplified wave pattern of u(x, t). For the approximate solution u,(x, t) in the
Glimm scheme, we can also define the corresponding functional H(t) = H[u,(-, t)]
which is equivalent to the L (x)-norm of u,(x, t). By Theorem 5.1, we also have the
following estimate for H (¢):

T

H(T) <HO +C <A(T)% +T.V.(e+eT + f r;(t)dt) .
0
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According to Theorem 4.1, there exist subsequences of the approximate solutions
{ur(x, t)} which converge to the exact solution locally in the L;-norm. Consequent-
ly, there exists a constant G independent of T and s such that

luCx, DllL, < Gllulx, 0z,

This completes the proof of the theorem. 0O

Acknowledgement. The authors wish to thank Fabio Ancona for interesting discussions on the Glimm-
type functional. After our paper was written, there is now a different approach to the theory for hyperbolic
conservation laws through the zero dissipation limit by Bianchini and Bressan, [3]. While this new ap-
proach yields a definitive well-posedness theory, our approach is natural for other studies, such as the
regularity and large-time behaviour of the solutions, cf. [19].
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