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Abstract

In this paper, we introduce a new Glimm functional for general systems of
hyperbolic conservation laws. This new functional is consistent with the classical
Glimm functional for the case when each characteristic field is either genuinely
nonlinear or linearly degenerate, so that it can be viewed as “optimal” in some
sense. With this new functional, the consistency of the Glimm scheme is proved
clearly for general systems. Moreover, the convergence rate of the Glimm scheme
is shown to be the same as the one obtained in Bressan, Marson (Arch Ration
Mech Anal 142(2):155-176, 1998) for systems with each characteristic field being
genuinely nonlinear or linearly degenerate.

1. Introduction

There have been extensive studies on the mathematical theory for the systems
of hyperbolic conservation laws. One of the typical examples of these systems is
the compressible Euler equations for fluid dynamics. As for the Cauchy problem,
the celebrated paper [13] by Glimm in 1965 established the global existence of
weak solutions with small total variation under the assumption that each charac-
teristic field is either genuinely nonlinear or linearly degenerate. Even though the
system of compressible Euler equations for gas dynamics satisfies this assumption,
there are many other physical systems such as those arising from elasticity and
magneto-hydrodynamics whose characteristic fields do not all satisfy this assump-
tion. To extend the Glimm theory to general systems, the key step is to redefine of
the Glimm functional for wave interactions in the same characteristic family. For
this purpose, a cubic functional was introduced by Liu in [21], and was elaborated
by Liu and YANG in [23]. It employs an effective angle between two waves in the
same family. This improvement is successful for establishing existence, but itis less
satisfactory for consistency and convergence rate analysis. Therefore, the purpose
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of this paper is to introduce a new Glimm functional for wave interactions in the
same family for general systems, so that the Glimm theory can now be presented
in an elegant way.
Consider the Cauchy problem for a system of hyperbolic conservation laws
[ut—l—f(u)x:O, t 20, —00 < x < 00, (D)

u(x,0) =upx), —00 < X < 00,

where u € R”, f : 2 — R" is a smooth vector field with 2 C R” being an
open set. Denote A(u) = Df (1) the n x n Jacobian matrix of the flux function
f- One of the features of systems of this type is that in general discontinuities
will form in finite time no matter how smooth the initial data. This leads to the
study of shock waves for which many theories have been developed, refer to [2,5,
8,10-14,16,18,25,26] and references therein. In the framework of solutions with
small total variation, the global existence was established in the fundamental work
of Glimm by introducing the Glimm scheme which uses as building blocks the
solutions to the Riemann problems solved by Lax. The stability of solutions in the
L! norm was obtained much later, refer to [2,6,8,19,23] and the references therein.
We also mention the recent breakthrough by Bianchini and Bressan on constructing
solutions for this class for hyperbolic systems by the method of vanishing viscosity.

For later reference, we now introduce some notations. As usual, the system
(1.1) is called strictly hyperbolic if for every u € £2 the matrix A(u) has n real
distinct eigenvalues denoted by

M) <o) < -+ < Ay(u).

Corresponding to these eigenvalues, there are n linearly independent right eigen-
vectors

ri(u), ro(m), ..., rm(u).

To capture the nonlinearity of these characteristic fields, the following definition is
from [18].

Definition 1.1. For each i € {1, 2, ..., n}, the i-th characteristic field is called
genuinely nonlinear, if

VXi-ri #0, forallu € £2, (1.2)
while the i-th characteristic field is called linearly degenerate, if
VAi-r; =0, forallu € £2. (1.3)

Definition 1.2. A functionu : [0, c0) xR — R is a weak solution of the problem
(1.1), if u is a bounded measurable function and

/ / U + f ()bl dx di + / ()P (x. 00dx =0,  (14)
120 1=0

holds for any smooth function ¢ with compact support in {(x, £)|(x, r) € R?}.
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To solve the Cauchy problem (1.1), Glimm introduces a scheme for constructing
the solution to systems under the following assumption [13]:

Each characteristic field is either genuinely nonlinear or linearly
degenerate.

(A)

There are two ingredients in the Glimm scheme. The first one is the Glimm
functional, which we will discuss in the next section. The other is the approxima-
tion of the initial data by piecewise constant functions and the solution of Riemann
problems locally in space and time. Here, the Riemann problem is the problem
(1.1) when the initial data is given by:

u- if x <0,
up(x) = {u* ifx=0 (1.5)

where u™ are constant vectors.

The Glimm functional is used to guarantee that the total variation of the solution
is bounded by the total variation of the initial data, so that the solutions to the Rie-
mann problems solved locally in space and time can be used as building blocks for
the construction of the approximate solution. In addition, the uniform boundedness
in the total variation of the approximate solutions leads to the convergence to the
global entropy solution as the grid size tends to zero.

Now let us briefly recall the Glimm scheme. Divide the (x, ¢) plane into rect-
angles with grid sizes r and s satisfying the CFL condition, that s, = > sup; |A; (u)|
for all u under consideration and pick a sequence of random numbers {6,,}>°_;.
Then we construct the approximate solution ug (x, t) inductively:

— Att =0,letug,(x,0) =ug(ir), for(i —l)r <x <@+ Dr, iodd
— Suppose ug r(x, t) is defined for t < js, then

ugr(x, js)=ug,((i + 20; — ))r, js—=0), (i—r <x < (i+1r,i+j odd.

Note that ug ,(x, js) is a piecewise constant function with possible jumps at
x =1ir,wherei + j even.

— Now fori + jeven,in js <t < (j+ Ds, (i — r < x < (i + 1)r, define
ug r(x, t) as the solution to the Riemann problem

ur + fu), =0, i—Dr<x<(@G@+Dr js<t,
u(x, js) =ug,(x,js) (i —Dr <x <@+ 1Dr,i+ jeven.

Then the approximate solution can be defined uptot < (j + 1)s.

The Glimm scheme converges with “probability one”. To secure deterministic
convergence, a wave tracing argument was introduced in [20]. It was shown that
the sequence of approximate solutions converges as long as the random sequence
is chosen to be equidistributed defined later in Definition 1.3.

In the deterministic version of the Glimm scheme, with the wave tracing argu-
ment, physical waves are divided into virtual waves which can be either traced back
to the origin, or may be canceled or may be created in a short time interval. The
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wave pattern is greatly simplified if we keep only those waves that can be traced
back. Moreover, it can be further simplified if we replace each of them by the cor-
responding one at the initial time, so that it has the same strength and propagation
speed in a small time interval. If the random sequence is equidistributed, the error
due to this simplification can be controlled by the Glimm functional times a small
factor related to the grid size, and this factor converges to zero in L! norm when
the grid size tends to zero. Here the equidistributed sequence is defined as follows.

Definition 1.3. A sequence {Qi}?io in [0, 1] is called equidistributed if
AN, D = B8 1) — 0, as N — oo,

for any subinterval I of [0, 1]. Here B(N, I') denotes the numberof i, 1 <i < N,
such that §; € I and |I| is the length of I.

The equidistributed sequence leads to a clear description of the structure of the
weak solution through the wave tracing argument. As one step further, to study the
convergence rate of the Glimm scheme as the grid size tends to zero for general
entropy solutions, the following sequence is used, refer to [7].

Lemma 1.1. Let

1
Dyp= sup |h——— > xouh), (1.6)

r€[0,1] n—m m<l<n

then there exists a sequence {0;};>, C [0, 1] such that

1+1 —
Dy £ O

Vn>m2=1. 1.7)

By applying the new Glimm functional to the study of the convergence rate,
we need to use the L' stability of the standard Riemann semigroup generated by
(1.1), denoted by {S;; ¢t = 0}. The first breakthrough on the L stability of the
weak solutions to (1.1) was made in [4] for 2 x 2 systems, and it was completed
in [6,8,23] for systems satisfying the condition (A). The L! stability of entropy
solutions for general hyperbolic conservation laws was later proved in [2] through
the vanishing viscosity argument. In fact, [2] considers the Cauchy problem for the
hyperbolic system with artificial viscosity

U+ Ay = €uyy, u(0,x) =uop(x). (1.8)
Assume that the matrix A(u) is strictly hyperbolic, smoothly depending on u in a
neighborhood of a compact set K C £2 C R”. Then there exist constants ¢, L, L’

and § > 0 such that the following holds. If

T.V.ug < 8, lim wug(x) € K,
X——0Q0



A New Glimm Functional and Convergence Rate of Glimm Scheme 437

where T.V. means the total variation in x variable, then for each € > 0 the Cauchy
problem (1.8) has a unique solution, defined for all 7 = 0, denoted by u¢ =
uc(t, x) = S; (up). In addition,

T.V.Sfu() < CT.V.uy,
157 uo — S;vollzr = Liluo — voll 1.

157 uo — Sguollr < L'(It — s| + Vet — es]).

Moreover, when € — 0+, the solution u€ converges to the trajectory of a semigroup
S; such that

I1S;uo — Ssvoll 1 < Lllug — voll g1 + L[t — sl

This vanishing viscosity limit can be regarded as the unique vanishing viscosity
solution of the hyperbolic Cauchy problem

u; + A(w)uy =0, u(0,x) =ug(x). (1.9)

In the conservative case when A(u) = Df (u), every vanishing viscosity solution
is a weak solution of (1.1) satisfying the entropy condition.

Furthermore, under the condition (A), the vanishing viscosity solution coin-
cides with the unique limit of the Glimm and front-tracking approximation. In this
paper, we will not touch the L' stability or the uniqueness of the weak solutions to
the general hyperbolic conservation laws through the Glimm scheme. Instead, we
will use that for any two nearby initial data, the unique semigroup generated by the
Glimm scheme S; satisfies, refer to [1], that

IS — S;dllg1 < Lllii — ollp1, Vi, o €Dt =0, (1.10)

for some uniform constant L.

Based on the L! stability (1.10), under the condition (A), the convergence rate
is shown to be o(1)+/s|In(s)|, refer to [7]. Here s is the grid size in the Glimm
scheme. And this convergence rate will be shown to be the same for general hyper-
bolic conservation laws by using the new functional introduced in this paper.

For general systems, the solution to the Riemann problem has different struc-
ture so that the Cauchy problem exhibits richer nonlinear phenomena. To estimate
the wave interactions, one uses the same Glimm functional for waves in different
families but a different one for waves in the same family. For this purpose, a cubic
functional was introduced in [21] and was elaborated in [24] in order to take care
of the wave interactions globally. The functional used in [24] is defined by the
product of the strengths of two interacting waves and their effective “interaction”
angle. Based on this improvement, the complete existence theory with the wave
tracing argument for general systems was obtained in [24] under the assumption:

For each characteristic field, the linear degeneracy manifold LD; =
{u : VXii(u)-ri(u) = 0} is either the whole space or it consists of a
finite number of smooth manifolds of codimension one, which are
transversal to the characteristic vector r; (u).

(B)
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Even though the improved Glimm functional used in [24] is effective in the
study of the existence of entropy solutions, it is not satisfactory in proving the con-
sistency and the convergence rate of the Glimm scheme. In fact, the consistency
of the Glimm scheme was proved in [24] by carefully and artificially dividing the
waves into groups according to their wave strength in comparison with the grid
size to some power, and the convergence rate of the Glimm scheme was shown to

be o(l)s% |Ins| in [28], and then 0(1)s% [Ins| in [15] which are slower than the one
given in [7] under the condition (A).

The new Glimm functional for the wave interactions in the same family is
optimal in the following sense. First, it yields a clear and complete proof of the
consistency of the Glimm scheme. Then it leads to the proof of the same order
of convergence rate for the general systems as for those under the condition (A).
Finally, it will be shown that it has the same decay effect as the classical one
introduced by Glimm when the assumption of genuine nonlinearity is imposed.
Therefore, the Glimm scheme for general systems can be analyzed satisfactorily
without any artificial adjustment.

The convergence rate of the Glimm scheme can be stated as follows.

Theorem 1.1. Let {0,,},°_| be a sequence of numbers in [0, 1] satisfying (1.7).
Given any initial condition u with small total variation, let u(-,t) = S:;u be the
unique solution of (1.1), and let u® be the corresponding Glimm approximate solu-
tion with grid size s in the time direction, generated by the sampling sequence

{0m}o_ . Then for every T 2 0,

lim ' (. T) —uC, Tl

1
s—0 s2|Ins|

—0. (1.11)

The limit is uniform with respect to u, as long as T.V .u remains uniformly small.

Finally in the introduction, we mention the corresponding result on the con-
vergence rate for the vanishing viscosity approach. Let the system (1.1) be strictly
hyperbolic and the condition (A) hold. Then, given any initial data u (0, x) = ugp(x)
with small total variation, for every t > 0 the corresponding solutions u, u¢ of
(1.1) and (1.8) were shown to satisfy the following estimate in [9]

Juc(z, ) —u(x. )], = 01)- (1 +1)V/e|lne|T.V.ug(x).  (1.12)

This convergence rate is “optimal” in the sense that even for a scalar conservation
law, the method of Kuznetsov in [17] shows that the convergence rate is O (1) - € 1/2
which is sharp, refer to [27]. The factor | In €| comes from the interaction of waves
in different families in the system which does not exist for scalar equation.

The rest of the paper will be organized as follows. In the next section, the new
functional is introduced together with some preliminaries on the wave interaction
estimates in the wave tracing argument. The non-increasing property of the new
Glimm functional and its application to the consistency of the Glimm scheme will
be proved in Section 3. And the convergence rate of the Glimm scheme, stated in
Theorem 1.1, will be proved in the last section.
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2. Wave tracing and new Glimm functional

The Riemann problem under the general condition (B) is much more com-
plicated than under the condition (A). The Lax entropy condition used under the
condition (A) should be replaced by the following Liu entropy condition under the
condition (B).

Definition 2.1. [22] A discontinuity (u_, u4) is admissible if
o(u—,uy) = ou_,u), (2.1

for any state # on the Hugoniot curve H (u_) between u_ and u, where H(u_) =
{wiow——u)= fu-) — f}
Corresponding to the n characteristic fields of the system, there are n Hugoniot
curves. Any state u on the i-th Hugoniot curve H;(uq) is connected to up by an
i-th shock wave, if the above entropy condition is satisfied. We denote H; (o) (uq)
the state which can be connected to u( by an i-th shock wave with strength «. Note
that the shock wave described here includes the case of contact discontinuity.
Another basic wave pattern used for solving the Riemann problem is called a
rarefaction wave. For each characteristic field, the state R; (o) (ug)(i = 1,2,...,n)
is connected to u( by an i-th rarefaction wave with strength «, if

R; (0)(uo) = uo.

Here the wave strength « is used as a parameter along the rarefaction wave curve.
By the implicit function theorem, the Riemann problem for general systems is
solved by piecing together waves in different families. And with the Liu entropy
condition, each wave in the i-th family, may be the composition of several i-th
admissible shocks and rarefaction waves, refer to [3].
Suppose in the k-wave (uy,u,), the k-th elementary waves (u,}{’_l, uf),
h=1,2,...,n, are defined as

I%Ri () (up) = ri(Ri(a)(ug)), Xi(u) is monotone increasing,

0 1k
Mk=ula Mk = U,

i | Rl @™, ks odd,
¢ Hi (@)@ his even,

(2.2)
(h=1,2,...,m0).

Notice that the strength of a,}(’ can be zero in the following discussion. Then due to
Definition 2.1, these elementary waves satisfy the following monotonicity property:

2 2 1 2 1 2p+2 . 2 1
M@y?y < " = o wP, ifal”t £ 0,
2 1 2p+2 2p+2 2p+3 . 2p+3
or " u" ) = Mm@ P < @ P, ifel”T £0, (23)
2p+1,2p+3€{l,2,...,n}.

We can construct the wave curve W;(s, ug) as the curve consisting of all the
end states that can be connected to u( by admissible shocks, rarefaction waves or
combinations thereof of the i-th family. Here s is a non-degenerate parameter along
the curve. Up to a linear transformation, this parameter can be chosen as the i-th
component of u, that is u’. Then we have the following regularity result.
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Lemma 2.1. [3] Under the assumption (B), the admissible i-th curve W; (s, ug) has
Lipschitz continuous first order derivatives.

To define the approximate solutions, we use the deterministic version of the
Glimm scheme [13,20]. The approximate solution will be well defined provided
that a uniform bound on the total variation is obtained. For this purpose, one has to
investigate the wave interactions. In [21,24], the following Glimm type functional
is defined.

Fo(J) = L(J) + MQo(J),

where the subscript “o” refers to the previous one, in contrast to the new one we
shall define later. In the above definition,

L(J) = Z{|a| : o any wave crossing J},  Q,(J) = Qua(J) + Qs (J),
Qu4(J) = Z{|a| |B| : interacting waves « and § of distinct

characteristic field crossing J},

n . 2.4
Qos(J) =D 0k
i=1

ZS = Z{|a| |8l max{—©&(«a, B), 0} : o and B i-waves crossing J,
o to the left of B}.

Here |«| is the wave strength of a wave o, M is a sufficiently large constant, J is
any space-like curve. An i-wave «; on the left and a j-wave B; on the right are
said to be approaching, if i > j. And ®(«, B), called the effective angle between
waves « and S of the same i-th family, is defined as follows:

O, B) =05 +05 + D 6, 2.5)

Here 0,7 < 0 represents the value of A; at the right state of « minus its wave speed
if o is a shock and is set to be zero if it is a rarefaction wave. Similarly, 6, < 0
denotes the difference between the speed of § and the value of A; at its left end
state. 0, is the value of A; at the right state of the wave y minus that of the left state.
The sum > 6, is over the i-waves y between « and 8. When @ («, B) is positive,
the two waves will not likely meet; when & (o, B) is negative, the two waves may
eventually meet and interact.

In the deterministic version of the Glimm scheme, all the waves in the solution
are partitioned into small subwaves as follows.

Definition 2.2. [24] Letu, € W; (u;) so that u; is connected to u, by i-discontinuities
(uj—1,u;), and i-rarefaction waves (u;, ujt1), jodd, 1 < j<m—1,uy =w

and u,, = u,. A set of vectors {vo, v1, ..., vp} is a partition of (u;, u,) if
(1) vo=us, v, =ur,v,’;_1 < v,i,k: 1,2,...,p,
Qi) {0, u1, ...t} C {00, V1. ... V),

(iii) vk € R;(u;), j odd, ifu’j <y < ”lj+1’
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(iv) vk € Di(uj_1,u;), j odd, ifui._l < v,i < u‘j Here

Dj(up, ur) = {u: (u —upo (ur, ur) — (f ) — f Q) = curi(u)

for some scalar c(u)}.
Then set

(D yk = v — V-1,
(2) Aix = Ai(ve—1) and

[Aile = [Ail(Vk—1, ve) = A (vg) — Ai(vk—1) > 0 if (iii) holds,
(B) ik =o0(uj_1,uj;)and [A;lx = [Ai](vg—1, &) = 01if (iv) holds.

In the following, we always assume that a rarefaction wave is divided into sev-
eral small rarefaction shocks with strength less than the grid sizes of the Glimm
scheme. Then the shock waves and rarefaction waves can be treated similarly after
the wave partition. Due to the regularity of the composite wave curve, that is Lemma
2.1, such a partition is stable under perturbations in the following sense.

Lemma 2.2. [24] Suppose that u, € W;(w)), i, € Wi (i), with ul. — u} = il —
L‘t; = o > 0, and |u; — u;| = B. Then there exist partitions {vo, V1, ..., Vp}
and {vg, V1, ..., Vp} for the i-waves (u;, u,) and (u;, u,) respectively such that
17,’; — 176 = v,i — vf), k=1,2,..., p, and the following holds:

@) D0y vk = el = 0(Des,
(i) [hig — Akl = 0D k= 1.2,.... p,
(iii) Let ©®%(u;, u,) represent the value of \; at the right state u, minus the
wave speed of the right-most i-wave in (u;, u,). Similar definition holds for
O~ (u;, uy). Then

1O (ur, uy) — O G, )| + 10 (ur, up) — OF (g, 1) = 0(L)ap.

Moreover, the index set {1,2, ..., p} can be written as a disjoint union of subsets
I, Il and III such that

(iv) For k € I corresponding to rarefaction waves, both vy and vy are of type (iii)
in Definition 2.2 and

D il — ikl = 0(Dap.

kel

(v) For k € 11 corresponding to discontinuities, both vy and vy are of the type
(iv) in Definition 2.2.

(vi) For k € I11 corresponding to wave of mixed types, vy and vy are of different
type and

D Ik + hilkl = 0(hep.

kelll

Here ©™ (u;, u,) represents the value of A; at the right state u, minus the wave
speed of the rightmost i-wave in (u;, u,). Similar definition holds for ©~ (u;, u,).



442 J1ALE HuA, ZATHONG JIANG & TONG YANG

This lemma describes the C? like dependency of the Riemann problem on the
end states. Then the effect of wave interaction can be estimated by the Glimm
functional and the cancelation as in [24].

Lemma 2.3. [24] Letu;, u,, and u, be three nearby states and (u;_1, u;) (vi—1, v;),
i=1,2,...,n, bei-waves in the Riemann problem (u;, u,,) and (u,, u,) respec-
tively with the partition defined in Definition 2.2. Here, rarefaction waves are
divided into small rarefaction shocks with strength less than the grid size s in t
direction. Then the wave partition of the i-wave (w;—1, w;),i = 1,2,...,n, in
the Riemann problem (uy, u,) is the linear superposition of the above two solutions
modulo the nonlinear effect of the order s, Q(uy, uy,, uy) and §C (u;, uny,, u,), where
8§ = |uy — uy| + |uy — uy,|. In other words,

vi=oi +Bi + O)OC (up, um, ur) + Qolur, um, ur) +5), (2.6)
n(yi) = nle;) +n(Bi) + O (SC(up, um, uy) + Qouy, p, uy) +5), 2.7
with
Ta; ng;
o = Zai’k = ui — ”5—1 Bi = Z'Bivk = vf — vl’:_l, and
k=1 k=1
Vi =w —wi_y,
na;
) = D n(cir), with n(ir) = airhik,
k=1
similar definition for n(B;) and n(y;),

n
: 1
Clur, i, ur) = 3 C(ur, um, up) = Syl = lou] = Il

i=1

for some constants ny, and ng;,i = 1,2---,n. Each o = (u;x—1,uik) and
Bik = (Vi k—1, Vi.k) is a shock or a rarefaction shock. C(uj, up,, u,) measures the
amount of cancelation.

The above wave interaction estimate is crucial in the study of conservation laws
under general assumption (B). Compared with the corresponding estimate under
condition (A), the error is bounded by terms at least of cubic rather than quadratic
order. This looks better when the total variation of the approximate solutions is
small. On the other hand, the decrease of Q, after the wave interaction in the same
family is much less than the decrease in the classical Glimm functional under the
condition (A). This fact causes difficulty in the proof of consistency and wave
tracing argument. For example, one has to divide waves into two groups by check-
ing whether the total strength of the waves involved is greater or not than a pre-
chosen small constant. We include the following estimate from [24] by using the
old Glimm functional for comparison with Theorem 2.2 given later.

Lemma 2.4. [24] Let € be a constant with % < € < 1. The waves in an approximate
solution in a given time zone A = {(x,t) : —00 <x <00, Ms <t < (M + N)s},
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can be partitioned into subwaves of categories I, 11 or 11 with the following
properties:

(i). The subwaves in I are surviving. Given a subwave a(t), Ms <t < (M +
N)s, in I, write « = a(Ms) and denote by |a(t)| its strength at time t, by [o ()]
the variation of its speed and by [«] the variation of the jump of the states across
it over the time interval Ms <t < (M + N)s. Then

D (a1 + la(Ms)[o @]) = O()(De(ANNs) ™ + T.V.NF +5).

ael

(ii). A subwave «(t) in 11 has positive initial strength |« (Ms)| > 0, but is can-
celed in the zone A, |a((M + N)s)| = 0. Moreover, the total strength and variation
of the wave speed satisfy

Z([Ot] +la@®))) = O()(Dy(A) +5), Ms =t < (M + N)s,
aell
Z (] + la(Ms)|[o (@)]) < 0(1)(Dy(A)(Ns) ™€ + T.V.N'"F5¢ +5).
aell
(>iii). A subwave in 111 has zero initial strength |a(Ms)| = 0, and is created in

the zone A, |a((M + N)s)| # 0. Moreover, the total strength and variation of the
wave speed satisfy

> (el + la(@)]) = 0()(Dy(A) +5), Ms <t < (M+ N)s,
aelll
> (] + la((M + N)s)l[o@)]) £ 0(1)(Dy(A)(Ns)™ + T.V.N""s¢ +5).
aelll
Here D,(A) = Fy(Ms)— Fo(M+N)s),and T.V. = Tot.Var{ug(x)}. And F(t)

is the Glimm functional on the space-like curve at time t.

Moreover, the functional defined in (2.4) cannot be reduced to the one defined in
[13] even if each characteristic field is genuinely nonlinear or linearly degenerate
because these two functionals are not of the same order.

To overcome these difficulties, we define a new Glimm functional as follows.

F(J)=L{J)+MQO,()), (2.8)

where

01(]) = 0u(D) + Ous()), Qus(D) =D 01
i=1

_@ ) b O . :
max{ (@ £), 0} : o and B i-waves crossing J,

Qs = 2 (el 1Bl — — b 09)
« to the left of B},

where t.v.(a, B); = Z{|y| : y any i-wave crossing J
and lying between « and B, including « and g}.

Qa4, L(J) and M are defined as before.



444 J1ALE HuA, ZATHONG JIANG & TONG YANG

For this new functional, we shall first prove that F is non-increasing so that the
uniform bound on the total variation of the approximate solution follows.

Theorem 2.1. J| and J, are two space-like curves and Jy is the immediate succes-
sor of J1. When F (J1) is sufficiently small, the following estimate holds:

F(h) — F(J)) £0. (2.10)

The proof of this theorem will be given in the next section.

By the Lipschitz dependency of the wave speed on the left and right states, if
the characteristic field is genuinely nonlinear, one can check that the decay rate
of the new functional is the same as the classical Glimm functional through wave
interactions. Thus, it gives a better way for controlling the error of wave tracing
argument than the old Glimm functional in the general setting. Furthermore, we
have the following clear estimate for the wave tracing argument.

Theorem 2.2. The waves in an approximate solution in a given a time zone
A= {(x,1): -0 < x <0o0,Ms <t < (M+ N)s}, can be partitioned
into subwaves of categories I, 11 or I11 with the following properties:

(1). The subwaves in I are surviving. Given a subwave a(t), Ms <t < (M +
N)s, in I, write ¢« = a(Ms) and denote by |«a(t)| its strength at time t, by [0 ()]
the variation of its speed and by [a] the variation of the jump of the states across
it over the time interval Ms <t < (M + N)s. Then

Z([a] + la(Ms)[[o()]) = O(1)(D(A) +5).

ael

(ii). A subwave o(t) in 11 has positive initial strength |« (Ms)| > 0, but is can-
celed in the zone A, |a((M 4 N)s)| = 0. Moreover, the total strength and variation
of the wave speed satisfy

Z([a] +le(®)]) = O()(D(A) +5), Ms =t < (M + N)s,
aell

> (el + la(Ms)|[o(@)]) < 0(1)(D(A) +5).

aell

(>iii). A subwave in 111 has zero initial strength |a(Ms)| = 0, and is created in
the zone A, | ((M + N)s)| # 0. Moreover, the total strength and variation of the
wave speed satisfy

> (el +la@®h) = 0O()D(A) +5), Ms St < (M + N)s,
aelll

Z (le] + [ (M + N)s)|[o(@)]) = 0(1)(D(A) + ).
aclll

Here D(A) = F(Ms) — F((M + N)s),and T.V. = Tot.Var.{ug(x)}. And F(t)
is the new Glimm functional on the space-like curve at time t.

The proof of Theorem 2.2 will be given in the last section.
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Fig. 1. Case I

3. Wave interaction estimates

In this section we show that the new Glimm functional is decreasing due to the
wave interactions. To do so, we check two typical cases first. All the other cases
can be dealt by a similar argument.

Proof of Theorem 2.1. Case (I)(refer to Fig.1): Suppose that there are three waves:
o, B, € are i-shocks or rarefaction shocks. § interacts with € at time ¢ without any
cancelation:

B+e—>y+ Z k-
ki
From the definition of effective angle, ® (B, €) < 0. Since there is no cancelation,
for simplicity, we assume «, 8, € = 0, that is, the waves are in the same direction.
By the monotonicity property (2.3), we also assume, without loss of generality,
that the generated i-wave y is a single shock and

O(a,€) £0.

From the standard wave interaction estimate, we know the change in the func-
tional L crossing the time ¢ is

AL = L(t+) — L(t—) = O(1)Be(—O (B, €)). 3.1)

We only need to estimate the change of Q,; because the estimation on other
parts are the same as those for the classical Glimm functional.
Before the wave interaction at time 7, the potential wave interaction Qs is

0 (t_)_ae(—@(“’f)) Be(—=O(B,€))  aBf(max{—O(a, B),0})
MR e e t0.(B. € tv. (@ B); :
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After the wave interaction, it becomes

ay (max{-6 (e y).0})

Ons(t+) = t.v.(«a, )/)i

Then

AQps = Qps(t+) — Ops(t—)
__Be(=O(B,€) [ay(maX{—@(% ¥),0)  ae(=O(a, )
- t.v.(B, €); tv.(a, y)i tv.(a, €);
_aﬁonaxP—@(a,ﬂL(H)}
t.v. (o, B)i

=1+4+11.
We may assume O («, ) < 0. Otherwise it is easy to see that

Be(=6(B.€)

<
AQns = t.v.(B, €);

By Lemma 2.3, we have

y=B+e+ O0)Be(—O(B,¢)),
oY)y =o0(B)B+ao(e)e + O(1)Be(—=O(B, €)).
Thus,
t.(a, €); =tv.(a, B); +e,
t.(a,y)i =tv(a, B)i + €+ 0()Be(—O(B, €)),

—O(a,y) = =0 p)+a(B) —o(y),
—O(a,€) = —O(a, f) +o(p) —a(e).

This implies that

11 < ay(—0(a,y)) [1 n O(l)ﬂé(—@(ﬂ,é))} _ ae(=0(a, €))
= t(o,€); t.(a, €); tv.(a, €);
_ap(max{—0O(a, ), 0})
tv.(a, B)i
_ oly(=O(a, y)) — e(=O(a, €))] n 0(1)06[/36(—@(5,6))]
tv.(a, €); tv.(a, €);
_af(max{—0O(a, ), 0})
tv.(a, B)i
_aly(=O0(@, ) +a(B) —a(y) —e(=O(a, f) + o (B) —a(e))]
B tv.(a,€);
_ap(max{—0O(a, ), 0}) +0(1)d[ﬂ€(—@(ﬂ, €))]

tv.(a, B)i tv.(a, €);
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o [B(=O(a, B)) + O(1)Be(—O (B, €))]

t.(a, €);
_ap(max{-0O(a, B),0}) +O(])a[ﬁ6(—@(ﬁ, €))]
tv.(a, B)i tv.(a,€);
< O(l)a[ﬂe(—@(ﬂ,E))]'
t.v.(B, €);

In the last inequality, we have used the fact that f.v.(a, €); = f.v.(a, B); and
t.(a,€); = tv.(B,e€);.

Therefore, when the total variation of the approximate solution is sufficiently
small, we deduce that

[Be(—O (B, €))] a[Be(—O(B, €))]
AQns = = tv.(B, €) +o) tv.(B, €)i
< _l[ﬁE(—@(ﬂ,é))]_ 3.2)
2 t.(B, )

Combined with (3.1), this implies that F is decreasing for suitably chosen constant
M

AF 0.

Case (II)(refer to Fig.2): Assume that «, 8 are i-waves and y is a j-wave
(i > j). Without loss of generality, we assume that they are shocks or rarefaction
shocks. Furthermore, we assume that «, 8 do not interact with each other before
the time ¢, but after the interaction at time ¢

B+y — B+7+ D &
ki, j

B interacts with o. Again we may assume that no cancelation happens and «, f,
y 20.
In this case, the standard wave interaction estimates yield

AL = L(t+) — L(t—) = O(D|BlIyI.

Again we need to estimate the change of Q,,.
Before the wave interaction at time #, the potential wave interaction Q, is

On(t—) =By +ay.

After the wave interaction, the i-wave 8 may be a composite wave. We partition
it into By, ..., B as in Lemma 2.3 with intermediate states u; = ug, uy, ...
un, = u,. The wave interaction potential O, now becomes

’

Ot = ay ¢ 3 P0G 0D
k=1

t.v.(a, By)i kiR
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7 3
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Fig. 2. Case 11

Then the change in Q,, is

AQu=0u(t+)— 0ult-) = —By + O(apy + 3 Leem=O A, 0D

P tv.(e, By

At the first glance, from the Lipschitz continuity of wave speed on the end
states, the third term on the right-hand side can only be bounded by y. But in fact,
with the regularity of composite wave curves, that is Lemma 2.1, we can have a

better estimate. By Lemma 2.2, we partition § into small subwaves fi, ..., Bn
corresponding to B, ..., B;,. Then we can write @ («, B;) in terms of @ (o, By):
k—1

—O(, Br) = —O(, B) + O (ur,uy) + D _[hili + ik — hi (1))
=1
k—1 ~ B
—O (g ity) = D (Al = [hik = AiGiig—1)].

=1
As a,  do not interact with each other, by definition, we have
-0, p) = 0.

Moreover, since we assume that 8 is an i-th simple wave, from the Definition 2.2,
it follows that —® (a, Br) = —O(a, B) < 0. Then by applying the Lemma 2.2 and
observing that |u; — u;| = O(1)y, the effective angle can be estimated as follows:

max{—@ (a, B;), 0} < 0(1)By.

Therefore,

AQu = =By + O0(HaPy = —%5% (3.3)
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Similar to case (I), this implies that F is decreasing for suitably chosen constant
M, that is

AF £0.

When cancelation occurs, we can prove F is non-increasing in a straightfor-
ward way because the amount of cancelation is of first order. So for the general
case, we can regard the problem as the superposition of case (I) and (II). By using
(3.2) and (3.3) repeatedly, we can show that F' is non-increasing after the wave
interaction, under the condition that the total variation of the approximate solution
is sufficiently small. Thus Theorem 2.1 follows.

4. Consistency and convergence rate

With the above wave interaction estimates, we can prove Theorem 2.2 on the
wave tracing argument.

Proof of Theorem 2.2. It is obvious that |@(Ms)|[o ()] at time t can be controlled
by O(1)(Q,(A) 4+ C(A)) if the wave interaction is between waves of different
families or cancelation occurs. We only need to consider the interaction of waves
of the same family and with the same sign.

Consider the interaction of two Riemann problems:

(”lJ/‘m) + (vaur) - (uhur)-

We can assume that (u;, u,,) and (u,,, u,) are connected by several k simple
waves o = (oc,l, R aZ‘) and f = (ﬂ,i, R ﬂ,’:z) respectively. Furthermore, from
the monotonicity property (2.3), we may assume without loss of generality that
after interaction (uy, u,) is resolved by a single k-shock y.

We have the following estimates from the Lemma 2.3:

ni n»
v =D o+ B+ 00, B),
i=1 i=1
ni ny
o)y = D o + D o (BB + 0(1)Qos(a, B,
i=1 i=1
o) So@) S So)Sow) SoB) 0B = Sa(B).

Then we can estimate the variation of the speeds [o (a,’;)] and [o (B ,i)] as follows:

> allo @]+ Bilo(BD)]

i=1 i=1
ni ny
= dhw @) —o(y) + D LB — o)
i=l i=1

=I1+11.
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Hence

1= [U(ak) - [Za(ak)ak F3 0B+ 00) e, ﬂ)”

i=1 i=1

ny 1

Z m Zakw(ak) —o(a))

=1

+ Z B (o () — o (B) + 0(1) Qus (@, ﬂ)}

X el @) — o) + 3L 32, e @) — o (Bl

t.v.(o, B)i
+Zl 1ak0(1)Qos(a B)
tv.(a, B);
D0 22 e Bi(o (@) —o (B | 2L, af O(1) Qus(a, B)
= + £
t.v(a, B)i t.(a, B)i
since the summation Zl =1 oz,ia,{ (o (a,i) — cr(a,{)) =0.
Similarly,
1= XL Y2 ahie @) o (B] | T o 0() Qus(@. B)
tv.(a, B)i tv.(a, B)i '
Therefore, we have
ni
_ i) Qos(a, B) _
I+11= (2 + ;ak) g, = 00 p). @.1)

Then Theorem 2.2 follows.

With the help of Theorem 2.2, we can prove the consistency of Glimm scheme
in a clear fashion, that is we can show that the following term

/ / (s + o) (x, dxdr + / () (x, 0)dx
—00 J0 —00

MN .o
= Z/ (u(x, ks +0) — u(x, ks — 0))¢ (x, ks)dx, 4.2)
=0V >

vanishes as the grid size r tends to zero. Here ¢ (x, t) is the test function with
compact support, ¢(x,t) =0, t > T = MNs.

As in [23] we may start with the simple example of a single shock. Denote by
x = x(k)r the location of the shock at time t = ks. We have

/ (u(x, ks +0) — u(x, ks — 0))p(x, ks)dx

x(k)r

f(X(k)+1)r( _ —u)P(x, ks)dx, if Opr < os.

{ Loy ¥ g —u)p(x ks)dx, if G > o,
x(kyr+os
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If the test function is a constant ¢q then the error becomes, for the interval
I =0,0s5/r),

MN .o
Z/ (u(x, ks +0) — ux, ks — 0))¢ (x, ks)dx
k=07~

= po(uy — u_)(BMN, I)(r — 05) — B(MN, [9)0s)
— dous —u_)T(BUMN, 1)(~ — &) = (MN — B(MN, 1)o)——
s MN
B(MN,I) s) r

=¢o(uy —u_)T (W - G;

3

N

which tends to zero as M N — oo when the random sequence is equidistributed as
in (1.6).

The fact that the test function ¢ (x, ¢) is not constant induces an error of the
order O(1)LNs = O(1)LT/M, if we divide the time zone 0 <t < T = MNs
into M small time zones N(I — 1)s <t < Nls, l =1,2,..., M. Here L is the
Lipschitz constant of ¢ (x, 7). Then this error tends to zero as M — oo.

For a general solution, the speed of the shocks or rarefaction shocks is changing.
The variation of the speed has been discussed in Theorem 2.2, which says that for
a surviving wave o, its strength |«| times the variation of its speed in a time zone
Ay is of the order of D(A;) + s. Thus the error contributed by surviving subwaves
in a given time zone A; is O(1)(D(A;) 4 s)Ns. The total error of this kind over
0<t<Tisthen Ey = O(1)(D(t = O)% + sT). Similarly, the error contributed
by the canceled subwaves in0 < 7 < T is

Er = O(1)(D(t = 0) +sT).

Thus the total error is of the form
T
E=0(Q) [(B(N, I)/N — |INT +sT + D(t = O)M:| ,

which tends to zero as M, N — oo. This means that the approximate solutions
constructed by the deterministic version of the Glimm scheme converge to a weak
solution of the Cauchy problem as the grid size tends to zero.

Finally, we prove Theorem 1.1 on the convergence rate of the Glimm scheme.
In fact, after the preparation in the previous sections, the proof can follow the argu-
ment in [7] for systems satisfying condition (A). For completeness, we outline the
proof as follows by using the new Glimm functional.

Proof of Theorem 1.1. Consider the approximate solution up to time 7 = rts + s,
where s’ € [0, €), s is the grid size in x and . Pick a constant § >> s. Divide
[0, T'] into finitely many intervals J; = [m;s, mjy1s],i = 0,1,.... Let mp = 0.
Construct J; and a subset £ of N inductively as follows.

1. Foreachi € E, we have F(m;s) — F((m; + 1)s) < 8, and m; | is the largest
integer such that F(m;s) — F((m;115)) < 8 and m; 15 —m;s < 8.

2. On the other hand, for eachi € E€, we have F(m;s) — F((m; +1)s) > 8. Then
denote m; 1 = m; + 1.
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Then there exists some finite number p < m such that m,, = m. Since T is fixed
and F(¢) is uniformly bounded,

1 1
#E S O(D3. #E< 0(1). 4.3)

For each interval J;,i € E,i < pu, define an auxiliary piecewise constant
function w(x, t) with the following property:

— Every subwave «/(f) in u corresponds to a wave front in w with the same initial
and final position.
— The wave front in w has constant wave strength and speed.

Applying the wave tracing result Theorem 2.2,

lw(, miy1s) — Sm,-+1s7m,'sw('s mis)||L|
= 0D (mjy1s —mis){(F(mjs) — F(mi415))}
I +1In(m;y —m;)
mip1 —m; ] '

+0()(mjq1s —m;s) [S + 4.4)

From the structure of w, we also obtain
luC, miprs) —w(, mias) o, = 0D (F(mis) — F(mips))(mias —mjs), (4.5)
Thus, by combining (4.4) and (4.5), for each i € E, we have

le (-, migqs) — Sm,urls—m,-su('» mis)”Ll
< O()(mjq1s —mis) {(F(mis) — F(mi115))
1 +1In(m;qq —mi)“

miy1 —m;

+ [s + 4.6)

For each i € E€, by the Lipschitz continuity of approximate solution constructed
by the Glimm scheme, we have
”M(, m,'+1s) - Sm,urlsfm,-su(’v mis)”L] é 0(1)5 (47)

By applying these two estimates, (4.3), the construction of J; and the property of
standard Riemann semigroup, the L distance between u(x, T') and Stu(x, 0) can
be controlled by

lu(, T) = Sru(, 0)|lL,

n—1
<O ST st mig1s) = Sropmpstt o mis)|
i=0
Hu, T) = Sromeu, ms)| L,
n—1

<L NuCmigrs) = Spppys—msuComis) |z, + O(D)s’
i=0
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oMy, [(mms —m;s) {(F(nus) — F(mi+19))

ieE
+ |:s 4 L InGmii _mi)“ +oM > s
Mit1 = M icEe
s 1)
§0(1){8+s+g(2+lln;|)]. (4.8)

Let § = sk In(|/Ins|), k € (0, 1). Then simple a computation yields that when
k= %, the convergence rate is o(l)s% |In s|. This completes the proof. O
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