Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

APPLIED

NUMERICAL
MATHEMATICS

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Applied Numerical Mathematics 59 (2009) 1568-1583

. - - . A
Contents lists available at ScienceDirect s

MATHEMATICS

Applied Numerical Mathematics IMACS

www.elsevier.com/locate/apnum

An analysis of the finite-difference method for one-dimensional
Klein-Gordon equation on unbounded domain™

Houde Han*, Zhiwen Zhang

Department of Mathematical Sciences, Tsinghua University, Beijing 100084, PR China

ARTICLE INFO ABSTRACT
Article history: The numerical solution of the one-dimensional Klein-Gordon equation on an unbounded
Received 4 September 2007 domain is analyzed in this paper. Two artificial boundary conditions are obtained

Received in revised form 21 October 2008
Accepted 24 October 2008
Available online 6 November 2008
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and convergence of the scheme are analyzed by the energy method. A fast algorithm is
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1. Introduction

The Klein-Gordon equation arises in relativistic quantum mechanics and field theory, which is of great importance for
the high energy physicists [15], and is used to model many different phenomena, including the propagation of dislocations
in crystals and the behavior of elementary particles. The one-dimensional Klein-Gordon equation is given by the following
partial differential equation:

2
hz%—ﬁzczﬁ +mzc4u=f(x,t), vxeR!, t>0, (1.1)
where u = u(x,t) represents the wave density at position x and time t, h is the Planck constant, c and m are particle
velocity and particle mass, respectively.

There are a lot of studies on the numerical solution of initial and initial-boundary problems of the linear or nonlinear
Klein-Gordon equation. For example, Khalifa and Elgamal [22] developed a numerical scheme based on a finite element
method for the nonlinear Klein-Gordon equation with Dirichlet boundary condition on a bounded domain, which shows
the overflow solution as expected. Duncan [6] analyzed three finite difference approximations of the initial nonlinear Klein-
Gordon equation, showed they are directly related to symplectic mappings and tested the schemes on the traveling wave
and periodic breather problems over long time intervals. However, when we wish to solve the Klein-Gordon numerically
on an unbounded domain, these methods will face essential difficulties. Since the unboundedness of the physical domain in
our problem, the standard finite element method or finite difference method can’t be used directly.
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The artificial boundary condition (ABC) method is a powerful approach to reduce the problems on the unbounded domain
to a bounded computational domain. In the well-known paper of Engquist and Majda [12], absorbing boundary conditions
using Padé approximation of a pseudo-differential operator on a line-type boundary for the wave equation are derived.
Higdon [20,21] developed radiation boundary conditions for the numerical modeling of dispersive waves. By specifying
the wavenumber and frequency parameters, the boundary conditions based on compositions of simple first-order differen-
tial operators was got. His formulas can be applied without modification to higher-dimensional problem. Low-order local
ABCs may have low accuracy, whereas high-order local ABCs are usually hard to implement because they typically in-
volve high-order derivatives [13]. The local ABCs may generate some nonphysical reflection at the artificial boundary and
the well-posedness of the resulting truncated initial-boundary problem is still open in general. Nonlocal artificial bound-
ary conditions have the potential of being more accurate than the local ones. Han and Zheng [19] obtained three kinds
of exact nonreflecting boundary conditions for exterior problems of wave equations in two and three-dimensional space
by an approach based on Duhamel’s principle. X. Antoine and C. Besse [2] obtained a nonreflecting boundary conditions
for the one-dimensional Schrédinger equation. X. Antoine, C. Besse and V. Mouysset [3] also generalized their approach to
simulate the two-dimensional Schrédinger equation using nonreflecting boundary conditions. Han and Huang [16], Han, Yin
and Huang [18] derived the exact nonreflecting boundary conditions for two- and three-dimensional Schrédinger equations.
Han and Yin [17] also derived the exact nonreflecting boundary conditions for two- and three-dimensional Klein-Gordon
equations. Generally speaking, the exact boundary conditions require more computational cost. In order to overcome this
disadvantage, a fast algorithm is given in our paper.

The organization of this article is the following: In Section 2 we introduce two artificial boundaries and find the artificial
boundary conditions, then reduce the original problem to an equivalent problem on the bounded computational domain. In
Section 3, a finite-difference scheme for the reduced problem is given and its stability and convergence are analyzed. A fast
algorithm is obtained in Section 4 to reduce the computational cost. In Section 5, a discrete artificial boundary condition
(DABC) is derived by the Z-transform approach. Some numerical results will be given in Section 6 to demonstrate the
accuracy and efficiency of the proposed methods.

2. The artificial boundary condition

In this section, we study the numerical approximation of a dispersive wave solution u(x, t), to the equation with a source
term on an unbounded domain. More precisely, we consider the following linear Klein-Gordon equation on R! x [0, T]:

Pu 5 0%u

T W+bzu=f(x,r), vxeR!, tel0,T], (2.1)
Ulimo = @o(x), VxeR!, (2.2)
Utle—o = ¢1(x), VxeR'. (2.3)

Here a, b are two real constants. Assume @g(x), ¢1(x) and f(x,t) satisfying: Supp{eo(x)} C [x;, xr], Supp{e1(x)} C [x, x;] and
Supp{f(x,t)} C [x;, x:] x [0, T]. For simplicity of the deduction, we take x;, = —1 and x, = 1.
In order to reduce the problem (2.1)-(2.3) to a bounded computational domain, we introduce two artificial boundaries,

Er:{(xvt)|x:150<t< )

T
S={x6|x=-1, 0<t<T},

which divide R! x [0, T] into three parts,

Di={(x.1)]—co<x<—1, 0<t<TY,
Di={(x0|-1<x<1, 0<t<T},
Dr={(x.t)| 1<x<+o00, 0<ET]

The bounded domain D; is our computational domain. Consider the restriction of u(x,t) on the unbounded domain D,.
u(x,t) satisfies,

Pu 0%

— —a*— +b%u=0, VY&t eD, 24
Yo o2 T (x,t) € Dy (2.4)
ulg, =u(l,t) =g (), (2.5)
ul=0=0, x>1, (2.6)

utle—=0=0, x>1. (2.7)
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Since u(1,t) is unknown, the problem (2.4)-(2.7) is incomplete, which cannot be solved independently. If u|y, =u(1,t) =
g1(t) is given, the problem above has a unique solution. Let

+00
Ux,s)=L(ux,t)) = / e Stu(x,t)dt, Res>0,
0
denotes the Laplace transform of the unknown solution u(x, t). By (2.4)-(2.7) it satisfies,

s2U(x,s) — a®Uxx(x,s) + b?U(x,5) =0, 1<x< 400, (2.8)
+00
U(1,5)=G(s) = £(g1(1)) = / e Stgi(t)dt, (2.9)
0
|U(x,5)| <400, x— +o0. (2.10)
Eq. (2.8) is a second-order linear ODE with constant coefficient, its general solution is given by
UG s) =c1<s>exp( AL 1)) +c2<s>exp< L 1))

The condition (2.10) implies ¢y (s) =0, and we obtain

v/s2 +b?
U(x,s) =ci1(s) exp( ki — (- l)) (2.11)
here the roots with positive real parts are taken. The partial derivative with respect to x yields,
U (x, 24 p2 \/s2 +b?
@) _ VS exp( VS ok 1)) (2.12)
X
Combining (2.11) and (2.12) on the artificial boundary X, we arrive at
au(1,s) s2 4+ b2 1 2 2
=— ua,s)=—————=(sUq(, bcu(1,s)). 213
ax a (1.5 av/s2 1 b2 (s°UQ.5) +b°U(1,5) (213)

By the table of Laplace transform (see page 1108 of [14]), we obtain

1
(o) = ot

2
£ 1(s*U(,s) +b*U(1,9)) = yu@H

ot2
Then, by the convolution theorem of Laplace transforms, from (2.13) we obtain:

2
auélx D :__/]O(bt_b )[szu(l r)]dr

+b%u(1,t).

t
2
_1auq, t)——/jo(bt—b )Bu( Dy _%/]O(bt_bf)u(l,r)dt

a
19u(1,t) b% [,
a ugt : a /[Jo(bt—br)+Jo(bt—bf>]“(1 T)dr.

0

We get the artificial boundary condition of the problem (2.1)-(2.3) on X;. Similarly we can get the artificial boundary
condition on X}, with t € [0, T]. Hence, we can reduce the initial boundary value problem on the computational domain D;.

3u 28 u

2., _
sz g +b%u=f(x,t), VY(xt)e[-1,1]x[0,T], (214)
Ul=0 =@o(X), Utle=0=¢1(x), Vxe[-1,1], (2.15)
t
a”;’ 0 +aa”glx’ 2 =_b2/[]g(bt—br)+]o(bt—br)]u(l,r)dr, (216)
0
t
a“(;t“) _aau(a_;’t) _ —bZ/[](’)’(bt—br)—i— Jo(bt —b)]u(~1, 7)dr. (217)

0
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Let J(x) =Jo(x) +J;(x), where J(x) is a special function. By some basic recursion formulas of Bessel functions (see page 242
of [1]), we have

10 =Jo ) +J50 =Jo(0) — (1(0)" = = Jo(®) +J2()).

1
2
The artificial boundary conditions (2.16), (2.17) will have two simple forms:

u(l,t u(l,t
Lo oudo _
at 0x

t
/J(bt—bt)u(],r)d‘r, (2.18)
0

u(—1,t) aau(—1,t) B
ot ax

t
—bZ/J(bt—br)u(—l,r)dt. (2.19)
0

Moreover, let F(x) denotes the primitive of J(x):
X 00 2k+1 o0 j 2k+3
-k /x (—Dkx X
F = d = _— — I AR .
(X) /J(S) ’ ,25 klk!(2k +2) (2> " 2 ki(k +2)!(2k 4 3) (2)
0 = =

Integrating by parts in Egs. (2.18) and (2.19), we obtain anther two equivalent forms of boundary conditions. The new forms
will bring some convenience for the proof of stability and convergence.

t
1 1 1
ou@,y | 9ud. o :—be(bt—br)Mdr. (2.20)
ot 0x 0T
0
t
du(—1,6  du(—1,t u(—1
uc1o  ouct ):—b/F(bt—bt)Mdr. (2.21)
ot ox ot

0
Next, we discuss the uniqueness and stability estimate of the reduced problem (2.14)-(2.17). Multiply Eq. (2.1) by %—‘t‘ and
integrate with respect to x € [—1, 1] for fixed t € (0, T], using the boundary condition (2.16), (2.17), we get

1

2 2
‘ {1 /[(L(X’ t)) +a2(73”;§’ U) + b2 (x, t)] dx}+a278u§t’ DBua.o)+a LD pu1,0)

dt |2 at at
-1
1
=/f(x, p & 4 (2.22)
ot
-1
Here
2
B(v(t)) = %d‘;f) + % /[jg(bt—br) + Jo(bt —bD)Jv(7)dT.

0

We introduce two auxiliary functions W (x, t) and W® (x, t), which satisfy the following problems, respectively:

w —awy + WD =0, v t)eD,
W®Pg =u(,0, 0<t<T,
WDo=0, 1<x<+o0,
Wt(l)|t=0=0, 1<x<+00

and

W — W@ +Pw® =0, VY(x.t)eD,
W® g =u(-1,1, 0<t<T,
W(2)|t=0:O, —oc0o<x<—1,

WPl20=0, —co<x<-1.
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Through a similar analysis, we obtain,

L0 d [T WO\ WO o] .
o= gy [[(F500) e (M) et e, (2.23)
1
and
-1
L 0U(-1.0) d|1 aw<2)(x,t))2 2<aw<2>(x,t) @ 2
@ — B(u(—1,1)) = dt{ /[(7(% tar( ——5 ) +b (WP (x, 1) |dxy. (2.24)

We introduce E(t) and F(t) as following,

1 2
]E(t)_—/|:<au§; D) +a2<%> +b2u2(x,t)] dx

-1

+00
e} 2 1 2
+%f[<%) +a2<w> +b2(W(1)(x,t))2}dx
1
1 -1 BWQ)(X t) 2 BW(Z)(X £) 2 5
+5f[<T) +GZ<T> +b* (W@ x.0) }dxv (2.25)
-
0= [ (o)’ (226)

-1

Combining (2.22)—(2.26) and using Cauchy-Schwarz inequality, we obtain,

d
GEO<SEO+F@O, 0<t<T.

(2.27)
Using the Gronwall inequality from inequality (2.27) and noticing that,
1
1 2 2/ N2 9 2
E©) =3 [(01(®)" +a* (@] ()" +b*(po(x)) "] dx
-1
we get the stability estimate for the solution of the reduced problem (2.14)-(2.17):
T/ D)2 aux, )\
/ +a? +b*u?(x, t) | dx
at ox
1
1 t 1
< [l10)* + @0 )” + (o) Jax+ [ [ (7o) dndr. (228)
-1 0 -1

Then, we obtain the following stability estimate of the reduced problem (2.14)-(2.17).

Theorem 2.1. The reduced problem (2.14)-(2.17) has at most one solution u(x, t) on the bounded computational domain D;, and
u(x, t) continuously depends on the initial value {¢o(x), ¢1 ()}, and f(x,t).

From Theorem 2.1, we know that the reduced problem (2.14)-(2.17) is equivalent to the original problem (2.1)-(2.3).

Namely, the solution of the reduced problem (2.14)-(2.17) is the restriction of the solution of original problem (2.1)-(2.3) on
the bounded domain D;, vice versa.

3. Analysis of the difference scheme

In this section, we consider the finite difference approximation of the reduced problem (2.14)-(2.17) on the bounded
domain D;. We divide the domain D; by a set of lines parallel to the x- and t-axes to form a grid. We write h = 1/I and
7 =T/N for the line spacings, where I and N are two positive integers. The crossing points 2, are called the grid points,

2F ={&i,to) | x;=—1+ih, i=0,1,...,2I; t;=nt, n=0,1,...,T/t}.
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Suppose U= {ul | 0<i<2I,n>0} is a grid function on £2/. For the simplicity, assume the constants a =b = 1. Introduce
the following notations [24]:

- 1 -
e ;(u;? —ui™),

1 1 _
82”1 _ﬁ(u?+1 _ul—l)’ 8? n:E(u:‘H_l —U? 1)’
1 1
= -2 ), Rl = -2 ),

We denote the value of the solution u(x, t) at the grid point (x;, t;) by U}‘ and fl." = f(xj, ty). Using the Taylor expansion, it
follows from (2.14), (2.15), (2.21), (2.20) that:

SUT- S+ UT =R 1Si<2 -1 > -
U? = ¢o(ih), 0<i<2I, (3.2)
Ul = U0+ TiGi) +S], 0<i<2l, G3)
n mt
8 UL 2 UGy =— D 80U / F(nt —s)ds+ Py, n>2, G4
m=1 (m—-1)t
n mt
5 Un+1/2 _ 5xU1/2 — Z 5?(_16" f F(nt —s)ds+Qg, n>2. (3.5)
m=1 (m-1)t

If the solution u(x, t) is smooth enough, there exists a constant C, such that

IRY| <c(h®+72), |s}|<ct? |Py|<Ch+7), |Qf|<Ch+1).

Omitting the truncation errors in (3.1)-(3.5), we construct a finite difference scheme of the reduced problem (2.14)-(2.17):

Sul —s2ul +ul = f, 1<i<2—1, n>1, (3.6)
ud = go(ih), 0<i<2l, (3.7)
ul =ud +Tr(ih), 0<i<2l, (3.8)

n mt
‘Sf”g;rl/z +8xuiyy 1 =~ Z sPu) / F(nt —s)ds, n>2, (3.9)
m=1 m-1t
n mt

Stu’(}“/z - qu'{/z =— Z SSug‘ / F(nt —s)ds, n>2. (3.10)

m=1 m-1t

This is an explicit scheme with global boundary conditions. In the following, we consider the stability and convergence of
the scheme. Multiplying (3.6) by 2i18?u;.1 and summing up for i from 1 to 21 — 1, we obtain

21-1 21-1
> 2hsdul (s2uf — s7uf +uf') = > 2hslul fI'. (3.11)

After some calculation, we get

21-1 21-1

3 2nstulstul = g S { (e — (sl (312)
i=1 i=1
Using the summation by parts formula and the boundary condition (3.9)-(3.10), we have
21-1 p 2=l 21-1
- Z 2hs0ufsuf Z 5X”1+1/25X”1+1/2 Z 5X”?+1/25xu?;11/2 + 25xu'11/25?118 - 25xu3171/25?u31
i i=0
p 2=l 21-1

_ n+1 n
== Z SxUiy120xUit 1/ — Z 5X”1+1/25"u1+1/2
i=0
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n mt
+ 250 {8tun+1/2 + Z (Stou’(? / F(nt —s) ds}
m=1 (m=1)t
mt
+26; u2,{8tu"+1/2 + Z sdul / F(nt — s)ds}
(m—-1)t
=h +L +1s.
Notice that,
n mt
I, = 250 {5 un+1/2 + Z 8tou37 / F(nt —s) ds}
m=1 (m=1)t

n mt

:zﬁﬁ{ﬁu&+§:$m$ / Fmr—syk}+2ﬁ n{seup™? — s0un)
m=1 (m=1)t

= lé‘ + lg.

Similarly,

=15 +15

(3.13)

Using the linear interpolation to construct a continuous function (1, t), which satisfies ii;(1,t) = 8?u87, t e [mt — T, m7).

According to the stability estimate of the continuous case in Section 2, we obtain

mt

n
= za?ug{a?ug + ) sfuf / F(nt —s) ds} >0
m=1

(m—-1)t

It is easy to check,
1 = 20fug a7 — afug) = 5 (™)’ — Y.
By the same technique, we obtain that I3 is also nonnegative, and
15 = 20u3 {2 — ofuly | = 2 { (s )2 — (s 2Y?).

The third term in the left of Eq. (3.11) is easy,
21-1 p 2=l p 2=l

> 2hsufu} = Z ultul ™t — Z ul~tul
i=1

We introduce an auxiliary quantity E,

21 201 20-1
- s
E= 5h((S w2y > (512 ¢ h(8 ul ) 4p D Sl oSl +h Y ufult!
i=1 i=0 i=1
s 1/2 = 1/2 1/2 = 1/2 h 2
n+ n+ TH- n+
= Eh( +h Z + h(8 U +h Z 8X“n+1/2 2 Z (5X“z+1/2 ‘SX”?+1/2)
i=0
211 1/2 hr2 211 .
n+ n+
+h Z (u; e Z (8eui™ )
i=1 i=1
201 20-1
n+1/2 n+1/2 n+1/2 2 n+]/2
2h(8u )2+ (1 s——hz + h( hz
he? 2171 , 2 1/2 211 ]/2
n+ i
e Z (‘St”z+1/2 Seuiqp)" +h Z (5xuz+1/2 +h Z
i=0 i=0
20-1 21-1

ahz (%) 4 h Z axu?jf/j +hZ (ult/2y?

(3.14)

(3.15)

(3.16)
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where
T (s , T2
= a=min| -,1—-s5“— — ) >0.
he(0,1) 2 4
The right hand of Eq. (3.11) is bounded by:
211 211

S 2nstul fr=h > fr (sl + sl )

21-1

<(1_£_ )hﬂzl 8un 1/2 (8 n+1/2)2}+LZ(fn)2 (3.17)
S22 ‘ i 1 12/4 ' ’

i=1
2 . . = . . .
Assume s% + I <1, according to the definition of E;, we obtain the inequality

21-1

En (1—5——)}12 W12 (3.18)

Combining the expressions (3.12)-(3.18), we get

B, < Epq +3<EH+F:H_1>+ Tl

1—5s2 2/4
~ 1+r/2~ T
E n—1

1—1’/2 (1—1:/2)(1—52—1'2/4)

e

When 7 < % we have

Fs (145 )E ! Tk
nstt ”‘1+2(1—r/2)(1—52—r2/4) '

By discrete Gronwall inequality (see page 11 of [23]), we arrive at

n—1 37 T et 37 n—1-k
E°n<1 T >+22(1 T/2)(1 —s2 — 12/4) Ty ( 2 )
%nf T T k
¢ {E°+ 20— 1/2)(1— 52 —72/4) £ Z”f | } 19

From (3.16) and (3.19), we obtain the stability theory of the scheme (3.6)-(3.10).

Theorem 3.1 (stability of the scheme). Suppose {u}'} is the solution of difference scheme (3.6)-(3.10), s = t/h € (0,1) and
o=min(3,1—s? — %2) > 0. Let

21-1 21-1
1/2 12 12
En_ahE: T N D i s +h§j s
i=0

denotes the energy norm at nth time. We have the following estimate,

n
~ 3 ~ T 2
En<E,<ei"|E k
mEES 0+2(1—r/2)(1—52—r2/4)§”f ”
Where, || f¥1> = Y37 h(F2.
Since the difference scheme (3.6)-(3.10) is a system of linear algebraic equation at each time level, it is easy to obtain,

Lemma 3.1. The difference scheme (3.6)—(3.10) has a unique solution.

Next, we turn to analyze the convergence of the difference scheme. Let ej = U] — u} denotes the error on the grid point
(xi, tp). Subtracting (3.1)-(3.5) from (3.6)-(3.10), we can obtain the error equation:
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s2et —s2et el =11, 1<i<2I—1, n>1, (3.20)
e?=0, 0<i<2I, (3.21)
el =s!, 0<i<2lI, (3.22)
mt
sieh P+ el = Z s0em / F(nt —s)ds +p},, n>2, (3.23)
m=1 m-1t
n mt
&eﬁ“” — 8xel =~ Z el / F(nt —s)ds+qj, n>2. (3.24)
m=1 m-1)t

Where there exists a constant c, such that

I <c(h*+72), |s!|<ct? |4 <cth+1), |gb] <ch+1). (3.25)

Using the same technique in the proof of Theorem 3.1, we can obtain the following convergence theory.

Theorem 3.2 (convergence of the scheme). Let £, denotes the energy norm of the error at nth time level, s =t /h € (0,1),and @ = s/2.

21-1 21-1
En = ozhz ult12)? Y +h Y ( 8xu?j]1/22 +hZ u1/2)?
i=0

we have the estimate,
211

k=n ny\2 n\2 - ny2
300 & T g @5 h@)
£ < nt & 0 21 i )
ns e {0+1—T/22{ oh + oh +§ o

k=1

It follows from (3.21), (3.22) and (3.25) that,

211 21-1
&= 2h(8te1/2 +hZ 8te1/2 + h(Btel/2 +h28xel+]/28xe,+]/2+h2e
i=1 i=0 i=1
=0(21ht?) = 0(7?),
and
k=n 2 ny2 21-1 ny2
@) (p5) h(ri)
~0().
I; ah + ah + ; o M

Hence, the energy norm of the absolute error &, have one order convergence.
4. The fast algorithm

The artificial boundary conditions need to compute the convolution terms, which are very expensive for numerical
computation. We recall the boundary condition (2.18) and take a=b =1,

ou(l,t) au(l t)
0x ot

/J(t —tu(l, t)dr.

Where the special function J(t — 7) can be defined by the series:

Jt—1)= {jo(t —D+hE-1)} == + Z i 1)('(111;'221+3 (t —7)2+2
1
=5+ >t -1t (4.1)
1=0
The coefficients {cy} decay in a rate of O((I'2')~2), so we just choose the ﬁrst 5 — 1 (K is a positive even number) terms

n (4.1) to approximate the special function J(t — 7). Then we obtain a approx1mate boundary condition of the original
boundary condition (2.18):
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tok/2—1 t
ou(l,t) ou(l,t) / 2421 1 /
=— t—71 u(l,t)dt — = | u(1,t)dr
T > at-0*ud ndr— - [ ud,7)
o+ =0 0
K/2—1 ¢t 20+1) 1 t
—=_ Z /{a, Z Cé(l+1)(—1)]tjfz(l+1)_]}u(l,‘L’)dl’— E/u(l,r)dt
=0 j=0 5
K t
= Zpl(r)/rlum, T)dr, (4.2)
1=0 o
here {P;(t), 1=0,1,2,...,K} are given polynomials of time t. The advantage of this algorithm is that we just need to deal
with a series of integrations {fot r’u(l, t)dtr, 1=0,1,2,...,K}, instead of the convolution term. Since
th th—1 tn
/r’u(l,r)dr = / t’u(l,t)dr + [ tlu(l, t)dr, 1=0,1,2,...,K.
0 0 th—1

In practical computation, at the nth time level we just need to save the previous integration value, and do one step
integral calculus. Our numerical example shows that this algorithm is very efficiency.

5. Discrete artificial boundary conditions

In this section we discuss how to get the discrete artificial BCs (DABC) for the Klein-Gordon equation. This approach was
introduced by A. Arnold in [4] for Schrédinger equation, and M. Ehrhardt in [8] for parabolic equation. After that Arnold and
Ehrhardt used this approach to find the discrete artificial BCs for other equations in [5,11,25]. [5] deals with a generalized
Schrédinger equation appearing in acoustics. [25] deals with a parabolic equation. [11] deals with a Schrédinger-Poisson
system. A Princeton group also adapted this approach to systems of wave equations for materials with cracks [7].

Instead of discretizing the analytic ABC like (3.9) and (3.10), we construct DABCs of the fully discretized whole-space
problem. Reconsider the original initial value problem (2.1), (2.2), for simplicity assuming a =b =1 again. We mimic the
derivation of the analytic ABC in Section 2 on a discrete level. First choose two integers I and N, and choose T as a fixed
computational time. Let h denotes spatial mesh, T denotes time mesh, respectively.

h=1/I, T=T/N.
With the uniform grid points {(xj,t;) | Xi = —1 +ih,i € Z,t, = nt,n € N} and the approximations uj ~ u(x;,t,) and

f{t ~ f(xi, tn), the discretized Klein-Gordon equation on the unbounded domain (—oc, +-00) x [0, T] reads:

M —2u! +ul ) (Ul - 2ul +ul )+ TPl =72, i=0,£1,£2,..., n=1,2,..., (5.1)

i i

O—go(xi), ul =ud+T1(x), i=0,%1,£2,..., (5.2)

(5

Assume @g(x), ¢1(x), and f(x,t) have the same compact support as in Section 2, we get

with

u?=0, ul=0, i=212I14+1,21+2,...,i=0-1,-2,...,
fr=0, i=21214+1,21+2,...,i=0,-1,-2,..., n=0,1,....

We try to find the boundary condition on E§1+1 and Z‘ﬁl,

23!+1 ={(x2141.t) In=0,1,...},
M= {een ) In=0.1,...}.

First consider the restriction of the problem (5.1), (5.2) for i >> 21, which satisfies the following difference equation.
M —2u! +ul ) (Ul —2ul +ul )+ TPl =0, i=21+1,21+2,..., n=1,2,..., (5.3)

wW=po(x), ul=ud+tor(x), i=21+1,21+2,.... (5.4)

Since {uf}, |[n=2,3,...} are unknown on the boundary th1+1' the problem (5.3), (5.4) is incomplete, which cannot be solved
independently. Assume {u}; [n=2,3,...} are given, then the difference equation above has a unique solution. This problem
is defined on the half-infinite domain. To solve it, we use the Z-transform method (see page 1127 of [14]):
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Let
o0
Z{ul} =Ui(2) = Zu']z‘”, z€C, |z| > Ry,
n=0

where R, denotes the convergence radius of this Laurent series. Z{u?} is called the Z-transform of the sequence {u?} for
each fixed index i. According to the initial condition and default ui_1 =0, we have

2l =20, 2l = LU,

The difference equation (5.3) becomes
1
zUi(2) — 2U;(2) + EUi(z) —a(Ui1(2) = 2Ui(2) + Ui1(2)) + T2Ui(2) =0, i=21+1,21+2,....
Then {U} |i=2I,21+1,2] +2,...,} satisfy the following problem

—aUis1 4+ B@Ui(2) —aUi_1 =0, i=21+12[+2,..., (5.5)

Ui(z) - 0, i— +oo, (5.6)
where B(z) =z + % +c, c=1%+ 2(%)2 — 2. Eq. (5.5) is a homogeneous 2nd order difference equation with constant
coefficients, of which the solution has the form:

Ui = (1@) Uu(2), i=2121+1,2142,.... (5.7)
Then A(z) satisfies

ar%(2) — B@OAMz) + o =0. (5.8)
By Eq. (5.8) and the assumptions (5.6), (5.7), we get:

B2 —B2(z) —4a?  z+1/z+c— 22 H+r1z+12+13/2+1/22
2a - 2a
z4+1/z4+c—2z/1+411/24+12/22 +13/3 +1/24
- 20
_z+1/z4+c—25(2)
- 2a ’

where r; =r3 =2c, r; =2+ c? — 42 are three constants. First, we try to find the Laurent expansion of S(z). Observe that
S'(2) satisfies,

M2) =

(5.9)

—r1/2% = 2ry)23 —3r3/72* — 4)2°

S'(2) = ,
@ 25(2)
hence
r rn r3 1 r 2rp  3r3 4
2501+ 2+ =2 +2+= )= (-2 2222 - 2 )s@). 5.10
()(+z+22+z3+z4) ( P2~ B & z5>() (5.10)
Next, we assume that S(z) =1 + Z@lanz‘” and S'(2) = —Z@]nanz‘”‘], using the formula (5.10) we can obtain a

recursion relation of a, for n > 5,

tn = {3 = 2mr1an—1 + (6 = 2mr2a—2 + (9 = 2Mr3ap—3 + (12 — 2n)ay-a},
with
0 — 1 0 — ry air 4e — r3  daxri s — 1 n airy  axr 5as3rq
1T BT T BT T MT 2T 4 8
According to (5.9), we obtain the Laurent series of A(z) = ;r;’(‘j AnZ ™
c—a 1—a an+1
A0 = s A= s = — , n > 2.
0 200 20 " 20 -

From Fig. 1 we can see that the absolute value of A, decline very quickly. The method of computing the Laurent coefficients
through an ODE was first given in Section 2 of Chapter 1 in [10]. Now, we get the inverse transform of A(z)

Z '@} = (an).
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Fig. 1. The decay tendency of the coefficient {A,}, here h =0.01, t = 0.005.

According to the formula (5.7) and the convolution theorem for Z-transforms, we get

n

no_ k —
u21+]_ZAn_ku2,, n=2,3,....
k=0

This is the DABC on the boundary Z‘Q, 41> We are trying to find. Similarly, we can get the DABC on the boundary zh 1 as
following

n
u | = Z)Ln,ku’(‘), n=2,3,....
k=0

In practical, we can make some tables for the coefficients {A,|n > 0} before starting the numerical computations.

Using our DABCs, the numerical solution on the computational domain D; exactly equals the restriction of the dis-
crete whole-space solution on the computational domain. Therefore, this scheme prevents any numerical reflections at the
boundary.

Remark 5.1. According to our calculation, these coefficients {A,} are exact, the numerical error of the DABC method is just
equal to the discretization error of (5.1), (5.2) on the unbounded domain R! x [0, T]. Hence the DABC method has the second
order convergence.

Remark 5.2. One can also compute explicit solution to inhomogeneous 2nd order difference equation with constant coeffi-
cients, see [9]. So with only very minor changes, we can also deal with the Klein-Gordon equation with initial data that is
not supported within the computational domain.

6. Numerical tests

To show the effectiveness of different boundary conditions, ABC, DABC and the fast algorithm (FAST) are given in this
paper. We present some numerical examples in this section. In Example 1, we consider the Klein-Gordon equation without
source term, the exact solution is given, and the numerical solutions are compared with the exact solution. The second
example is the Klein-Gordon equation with source term, simultaneously we compare the computational time of the different
schemes for Example 2. We also test the relation between the numerical accuracy of the fast algorithm and the optimal
strategy of choosing K, especially, we test the long time performance of the fast algorithm (FAST).

Example 1. We consider the Klein-Gordon equation without source term:

%u  9%u

F_ﬁ-Fu:O, vxeR!, t>0,
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Table 1

Computational errors and convergence rate of the difference schemes for Example 1 (t =0.5 s).

Mesh size ABC FAST DABC

1/20 1.8342E—-1 - - 1.8389E—1 - -- 2.4531E-1 ---
1/40 4.8302E—2 1.8986 4.8426E—2 1.8987 6.6407E—2 1.8470
1/80 1.3002E—2 1.8573 1.3035E—2 1.8574 1.8219E—2 1.8224
1/160 2.9430E—3 2.2090 2.9505E—3 2.2091 4.3234E—3 2.1069
Table 2

Computational errors and convergence rate of the difference schemes for Example 1 (t =1.0 s).

Mesh size ABC FAST DABC

1/20 8.8304E—2 --- 8.8387E—2 --- 6.8669E—2 - - -
1/40 2.1502E—2 2.0533 2.1550E—2 2.0506 1.4306E—2 2.3999
1/80 5.4552E—3 1.9707 5.4717E—3 1.9692 3.9813E—3 1.7966
1/160 1.3212E—3 2.0644 1.3257E—3 2.0635 1.3178E—3 1.5104
Table 3

Computational errors and convergence rate of the difference schemes for Example 2 (t = 1.0 s).

Mesh size ABC FAST DABC

1/20 8.2727E-2 --- 8.3344E-2 - .- 6.9831E—2 ---
1/40 2.0447E—2 2.0229 2.0659E—2 2.0171 1.5699E—2 2.2240
1/80 5.2655E—3 1.9516 5.3282E—3 1.9386 4.4639E—3 1.7584
1/160 1.2735E—3 2.0672 1.2890E—3 2.0667 1.3693E—3 1.6975

o = sin(5wx), |x| <1,
t=0=10, x| > 1,

Ut|li—0 =0, Vxe R!
which has the exact solution:

LWE - (x=§)?) d

0=
Hen 2 — (x—§)?

X+t
{¢o<x+t)+¢o(x—r>}—§fcz»o(s) 3

x—t

N =

where ¢g(x) = u|;—¢. The solution represents two waves propagating to the left and right respectively with amplitudes
gradually decreasing. To evaluate the quality of numerical solution, we define an error function as
lunum (-, £) — Uexa (-, ) || 2

ltexa (-, Ol 2

E(t) =

The relative error and convergence rates of Example 1 are shown in Table 1 (t =0.5 s) and Table 2 (t =1.0 s). It can be
observed that the errors decay with a nearly-optimal convergence rate of 4 when the mesh is refined by a factor 2. When
the computation time t = 2, all the original wave will propagate out the computational domain.

Example 2. Secondly, we consider the same Klein-Gordon equation with source term, which will physically effect the wave
propagations.

u  d%u , ;
2 9l 4+ u=10cos(5t)sin(3wrx), VxeR', t>0,
Uli—p = sin(5x), |x| <1,

0, |x] > 1,

Utli=0 =0, Vxe R

In this example, the “exact solution” is given on a very fine mesh (h = ﬁ, T = %). The relative error and convergence

rates of Example 2 are shown in Table 3 (t = 1.0 s) and Table 4 (t = 1.5 s). It can be observed that the errors decay with a
nearly-optimal convergence rate of 4 when the mesh is refined by a factor 2.

Fig. 2 shows the wave amplitudes of difference schemes at fixed times, left one is for Example 1 (t = 1.0 s) and right
one is for Example 2 (t = 1.5 s). Compared with the left one, we can find that the external force can generate new wave,
when the original wave propagate out the computational domain.
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Table 4
Computational errors and convergence rate of the difference schemes for Example 2 (t =1.5 s).
Mesh size ABC FAST DABC
1/20 14313E-1 - -- 1.4944E—1 - -- 2.2887E—1 ---
1/40 3.5462E—2 2.0181 3.7102E-2 2.0140 6.2109E—2 1.8425
1/80 9.2490E-3 1.9170 9.6787E—3 1.9166 1.6798E—2 1.8486
1/160 2.1870E—3 2.1145 2.2838E—3 2.1189 4.1326E—3 2.0323
Table 5
Computational time of different scheme for Example 2 (t =1.0 s).
h (mesh size) ABC DABC FAST
1/10 0.18536 0.00055 0.00357
1/20 0.81051 0.00099 0.00420
1/40 3.34773 0.00311 0.00533
1/80 13.6388 0.00638 0.00853
1/160 55.5626 0.02028 0.01427
1/320 229.469 0.07662 0.03335
Table 6
The relation between computational accuracy and K, for fixed mesh size h = 1/320.
Terminal time K Time cost (seconds) Error
=1l K=2 0.109000 4.26576e—009
=% K=4 0.297000 1.15538e—009
T=3 K=6 0.453000 2.036991e—010
T=4 K=38 0.610000 2.384202e—011
=53 K=38 0.766000 1.027745e—009
T=6 K=10 0.953000 1.200938e—010
=7 K=10 1.125000 3.230213e—009
T=38 K=12 1.328000 4.558574e—010
T=9 K=12 1.469000 8.079006e—009
T=10 K=14 1.688000 1.235935e—009
T=12 K =16 2.328000 2.918184e—009
T=16 K =20 2.687000 1.304432e—009
T=20 K =26 3.796000 2.365757e—009
0.8 . T . . . , y

0.6,

u(x,1.5)
o

0848 06 04 02 0

X

02 04 06 08 1

Fig. 2. Wave amplitudes of different schemes at fixed times, left is for Example 1 (t = 1.0 s), right is for Example 2 (t =1.5 s).

Table 5 shows computational time of difference scheme for Example 2 (t = 1.0 s). The ABC method is very expensive for
numerical computation, when the mesh is very fine. The FAST algorithm improves the efficiency dramatically, and the DABC
method is very fast too.

Table 6 shows the relation between computational accuracy of the fast algorithm and the optimal strategy of choosing K,
here the Error function is defined by

Error(T) = “unum('v T) — uexa(-, T) ||L2'

In Eq. (4.2) of Section 4, we truncate the power series expansion of the special function J(t — t) to obtain a fast algorithm.
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Fig. 4. The decay rate of the error in L, norm in choosing different K for Example 2 with the fixed time t = 5. From left to right, K =0, 2, 4,6, 8, 10,
h=1/160.

Numerical tests indicate that the numerical accuracy of the fast algorithm highly depends on the computational time t
and the choosing of truncation term number K. When the computational time is not very long compared with the spatial
domain [—1, 1], only using few terms (with K small) can get a very high accuracy. For long time computation, in order to
get the same accuracy, we must increase the term number K accordingly.

Fig. 3 shows the relation between computational accuracy and the different number K. For the fixed time t =5, we
can see that when K > 4, the numerical solution is almost the same with the exact solution. Fig. 4 shows the convergence
rate between the numerical solution and the exact solution for different K. Fig. 5 shows the long time propagation of the
Klein-Gordon equation.

7. Conclusion

In this paper, we analyze the finite difference method for the one-dimensional Klein—-Gordon equation on the unbounded
domain. Two artificial boundary conditions are obtained to reduce the original problem to an initial boundary value problem
on a bounded computational domain, which is discretized by an explicit difference scheme. The stability and convergence
of the scheme are analyzed by the energy method. A fast algorithm is obtained to reduce the computational cost and a
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Fig. 5. Long time (t = 20 s) computation of Example 2.

discrete artificial boundary condition (DABC) is derived by the Z-transform approach. Finally, we illustrate the efficiency
of the proposed method by several numerical examples. The artificial boundary condition for the multi-dimensional and
nonlinear Klein-Gordon equation will be considered as our further work.
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