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Abstract

Let k be an algebraically closed field. Let A be a noetherian commutative ring annihilated
by an integer invertible in k and let ¢ be a prime number different from the characteristic
of k. We prove that if X is a separated algebraic space of finite type over k endowed with an
action of a k-algebraic group G, the equivariant étale cohomology algebra H* ([X/G], A), where
[X/G] is the quotient stack of X by G, is finitely generated over A. Moreover, for coefficients
K ¢ D} ([X/G],F,) endowed with a commutative multiplicative structure, we establish a
structure theorem for H* ([X/G], K), involving fixed points of elementary abelian ¢-subgroups
of G, which is similar to Quillen’s theorem [36] Theorem 6.2] in the case K = F,. One key
ingredient in our proof of the structure theorem is an analysis of specialization of points of
the quotient stack. We also discuss variants and generalizations for certain Artin stacks.

Introduction

In [36], Quillen developed a theory for mod ¢ equivariant cohomology algebras H (X, Fy), where ¢
is a prime number, G is a compact Lie group, and X is a topological space endowed with an action
of G. Recall that, for r € N, an elementary abelian £-group of rank r is defined to be a group
isomorphic to the direct product of r cyclic groups of order ¢ [36, Section 4]. Quillen showed that
HE(X,A) is a finitely generated A-algebra for any noetherian commutative ring A [36], Corollary
2.2] and established structure theorems ([36, Theorem 6.2], [37, Theorem 8.10]) relating the ring
structure of HE (X, F,) to the elementary abelian f-subgroups A of G and the components of the
fixed points set X. We refer the reader to [24, Section 1] for a summary of Quillen’s theory.

In this article, we establish an algebraic analogue. Let k be an algebraically closed field of
characteristic # ¢ and let A be noetherian commutative ring annihilated by an integer invertible in
k. Let G be an algebraic group over k (not necessarily affine) and let X be a separated algebraic
space of finite type over k endowed with an action of G. We consider the étale cohomology ring
H*([X/G],A) of the quotient stack [X/G]. One of our main results is that this ring is a finitely
generated A-algebra (Theorem and the ring homomorphism

H*([X/G],Fp) — @H*(BA,FZ)
A

given by restriction maps is a uniform F-isomorphism (Theorem , i.e. has kernel and cokernel
killed by a power of F: a + a’ (see Definition for a review of this notion introduced by
Quillen [36], Section 3]). Here A is the category of pairs (4, C), where A is an elementary abelian
¢-subgroup of G and C' is a connected component of X4. The morphisms (A4,C) — (A’,C") of A
are given by elements g € G such that Cg D C’ and g~ ' Ag C A’. We also establish a generalization
(Theorem [6.17) for H*([X/G], K), where K € D} ([X/G],Fy) is a constructible complex of sheaves
on [X/G] endowed with a commutative ring structure.

A key ingredient in Quillen’s original proofs is the continuity property [36], Proposition 5.6]. In
the algebraic setting, this property is replaced by an analysis of the specialization of points of the
quotient stack [X/G]. In order to make sense of this, we introduce the notions of geometric points
and of f-elementary points of Artin stacks. Our structure theorems for equivariant cohomology
algebras are consequences of the following general structure theorem (Theorem [8.3)): if X = [X/G]



or X is a Deligne-Mumford stack of finite presentation and finite inertia over k, and if K €
D} (X,F,) is endowed with a commutative ring structure, then the ring homomorphism

H*(X,K)— lim H*(S,2"K)
x:SL—)X

given by restriction maps is a uniform F-isomorphism. Here the limit is taken over the category
of l-elementary points of X.

In [26] we established an algebraic analogue [26, Theorem 8.1] of a localization theorem of
Quillen [36, Theorem 4.2], which he had deduced from his structure theorems for equivariant
cohomology algebras. This was one of the motivations for us to investigate algebraic analogues of
these theorems. We refer the reader to [25] for a report on the present article and on some results
of [26].

In Part [l we review background material on quotient and classifying stacks (Section , and
collect results on the cohomology of Artin stacks (Section that are used at different places in this
article. The ring structures of the cohomology algebras we are considering reflect ring structures
on objects of derived categories. We discuss this in Section

The reader familiar with the general nonsense recalled in Part [[] could skip it and move directly
to Part[[T, which contains the main results of the paper. In Section[d], we prove the above-mentioned
finiteness theorem (Theorem for equivariant cohomology algebras. One key step of the proof
amounts to replacing an abelian variety by its ¢-divisible group, which was communicated to us
by Deligne. In Section [B] we present a crucial result on the finiteness of orbit types, which is an
analogue of [36, Lemma 6.3] and was communicated to us by Serre.

In Section [6] we state the above-mentioned structure theorems (Theorems for equiv-
ariant cohomology algebras. In Section[7 we introduce and discuss the notions of geometric points
and of (-elementary points of Artin stacks. Using them we state in Section [§] the main result of
this paper, the structure theorem (Theorem for cohomology algebras of certain Artin stacks,
and show that it implies the structure theorems of the equivariant case. In Section [9 we establish
some Kiinneth formulas needed in the proof of Theorem which is given in Section Finally,
in Section we prove an analogue of Quillen’s stratification theorem [37, Theorems 10.2, 12.1]
for the reduced spectrum of mod /¢ étale equivariant cohomology algebras.

The results of this paper have applications to the structure of varieties of supports. We hope
to return to this in a future article.
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Conventions

We fix a universe U, which we will occasionally enlarge. We say “small” instead of “U-small” when
there is no ambiguity. We say that a category is essentially small (resp. essentially finite) if it is
equivalent to a small (resp. finite) category. Schemes are assumed to be small. Presheaves take
values in the category of U-sets. For any category C, we denote by C the category of presheaves



on C, which is a U-topos if C is essentially small. If f: C — D is a fibered category, we denote by
C(U) (or sometimes Cry) the fiber category of f over an object U of D.

By a stack over a U-site C' we mean a stack in groupoids over C' [44] 02ZI] whose fiber categories
are essentially smallEl By a stack, we mean a stack over the big fppf site of Spec(Z). Unlike [31], we
do not assume algebraic spaces and Artin stacks to be quasi-separated. We say that a morphism
f: X = Y of stacks is representable (this property is called “representable by an algebraic space”
in [44, 02ZW])) if for every scheme U and every morphism y: U — Y, the 2-fiber product U x, y § X
is representable by an algebraic space. By an Artin stack (resp. Deligne-Mumford stack), we mean
an “algebraic stack” (resp. Deligne-Mumford stack) over Spec(Z) in the sense of [44], 0260] (resp.
[44, 03YO)), namely a stack X such that the diagonal Ay: X — X x X is representable and such
that there exists an algebraic space X and a smooth (resp. étale) surjective morphism X — X.

By an algebraic group over a field k, we mean a group scheme over k of finite type. Unless
otherwise stated, groups act on the right.
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Part 1
Preliminaries

1 Groupoids and quotient stacks

Classically, if G is a compact Lie group, a classifying space BG for G is the base of a contractible
(right) G-torsor PG. Such a classifying space exists and is essentially unique (up to homotopy
equivalence). If X is a G-space (i.e. a topological space endowed with a continuous (right) action
of G), one can twist X by PG and get a space PG A® X, defined as the quotient of PG x X by

IThe fiber categories of prestacks over C are also assumed to be essentially small.



the diagonal action of G, ((p,z),g) — (pg,zg). This space PG A® X is a fiber bundle over BG of
fiber X, and PG x X is a G-torsor over PG A® X. If A is a ring, the equivariant cohomology of X
with value in A is defined by

H(X,A) = H*(PG A X,A) ~ H*(BG, Rr.A)

where 7: PG A® X — BG is the projection. The functorial properties of this cohomology, intro-
duced by Borel, are discussed by Quillen in [36] Section 1].

A well-known similar formalism exists in algebraic geometry, with classifying spaces replaced
by classifying stacks. We review this formalism in this section.

Construction 1.1. Let C be a category in which finite limits are representable. We define the

category
Eq(C)

of equivariant objects in C' as follows. The objects of Eq(C) are pairs (X, G) consisting of a group
object G of C' and an object X of C endowed with an action of G, namely a morphism X x G — X
satisfying the usual axioms for composition and identity. A morphism (X,G) — (Y, H) in Eq(C) is
a pair (f,u) consisting of a homomorphism u: G — H and a u-equivariant morphism f: X — Y.
Here the u-equivariance of f is the commutativity of the following diagram in C":

XxG——X

A/

Y xH——Y.
While Eq(C) is a category, groupoids in C form a (2,1)-categ0ryE|
Grpd(C).

We regard groupoids X, in C' as internal categories, consisting of two objects Xy and X; of C,
called respectively the object of objects and the object of morphisms, together with four morphisms
in C,

€:X0—)X1, S,t:X1—>X0, m: X1 Xsx,Xo,tx X1—>X1,

called respectively identity, source, target, and composition. A 1-morphism of groupoids fe: Xe —
Y, is an internal functor between the underlying internal categories, namely a pair of morphisms
fo: Xo = Yo, f1: X1 — Y1, compatible with e, s, t, m. For 1-morphisms of groupoids f,, ge: Xe —
Y,, a 2-morphism f, — g, is an internal natural isomorphism, namely, a morphism r: Xy — Y7 of
C such that syr = fo, tyr = go, and my (g1,7sx) = my (rtx, f1). The last identity can be stated
informally as for any (u: a — b) € Xy, g1(u)r(a) = r(b) f1(u).

We define a functor

(1.1.1) Eq(C) — Grpd(C).
as follows. To an object (X, G) of Eq(C), we assign a groupoid in C
(X, G).

with (X,G)o = X, (X,G); = X X G, e(x) = (x,1), s(x,9) = xg, t(z,g9) = x, and composition
given by (z,g)(xg,h) = (x,gh). The inverse-assigning morphism is (x,g) + (zg,9~!). Here we
follow the conventions of [31] 3.4.3] (see also [44, 0444] where groups act on the left). A morphism
(f,u): (X,G) = (Y,H) in Eq(C) gives a morphism of groupoids (f,u)e: (X,G)e — (Y, H)s,
(fau)o =/ (fau)l =fxu:(z,9)— (f(x),u(g))

The functor (T.1.1) is faithful, but not fully faithful. The maximal 2-subcategory Grpd®?(C)
of Grpd(C) spanned by the objects in the image of (1.1.1]) can be described as follows.

Proposition 1.2. Let (X,G), (Y, H), and (Z,I) be objects of Eq(C).

2A (2,1)-category is a 2-category whose 2-morphisms are invertible.



(a) For any morphism of groupoids ¢ = (¢o,01): (X,G)e — (Y, H)e, there exist a unique pair
of morphisms f: X =Y, u: X x G — H such that ¢1(z,g) = (f(z),u(z,g)), and the pair
(f,u) satisfies the following relations:

(i) f is u-equivariant, i.e. f(xg) = f(z)u(x,g),

(i) u(x, g)u(zg,g') = u(z,99").
Conversely, any pair (f,w) satisfying (i), (it) defines a morphism of groupoids pe. Moreover,
if (a,u): (X,G)e = (Y,H)e and (b,v): (Y,H)s — (Z,I)s are morphisms of groupoids, the
composition is given by (ba,w), where w: X X G — I is given by w(z, g) = v(a(x),u(z,g)).

(b) Let o; = (fi,ui): (X,G)e — (Y,H)e (i = 1,2) be 1-morphisms of groupoids. Then a 2-
morphism from 1 to @2 is a morphism r: X — H satisfying the relations

(i) fi(x) = f()r(),
(i) v(@)ur (2, 9) = ua(z, g)r(zg).
Composition of 2-morphisms is given by multiplication in H.

We will sometimes call a morphism u: X x G — H satisfying (a) (ii) a crossed homomorphism.

Proof. In (a), the uniqueness of (f,u) are clear, while the existence (resp. (i), resp. (ii)) expresses
the compatibility of ¢ with the target (resp. source, resp. composition) morphism. The other
statements are straightforward. O

Definition 1.3. We say that a pseudofunctor F': C — D between 2-categories is faithful (resp.
fully faithful) if for every pair of objects X and Y in C, the functor Home(X,Y) — Homp (FX, FY)
induced by F' is fully faithful (resp. an equivalence of categories). We say that F' is essentially
surjective if for every object Y of D, there exists an object X of C and an equivalence FF. X ~Y
in D.

Construction 1.4. Let E be a U-topos (we will be mostly interested in the case where F is the
topos of fppf sheaves on some algebraic space), endowed with its canonical topology. A groupoid
X, in E defines a category [X,.]’ fibered in groupoids over E whose fiber at U is Xo(U). This is
an E-prestack, and, as in [31] 3.4.3], we denote the associated E-stack [44, 02ZP] by [X.]. If =
denotes the canonical composite morphism

m: Xo = [Xe]) — [Xa],
the groupoid can be recovered from 7: there is a natural isomorphism
(141) X1 = X() X[X.] XO

identifying the projections pi,p2: Xo X[x,] Xo — Xo with s and ¢, and identifying the second
projection id x m x id: Xo x[x,] Xo X[x,] Xo = Xo X[x,] Xo with m. Here X¢ x|x,) Xo denotes the
sheaf carrying U to the set of isomorphism classes of triples (z,y, «), z,y € Xo(U), a: w(x) ~ 7(y).
More generally, there is a natural isomorphism of simplicial objects

(1.4.2) Ner(X,) = coskg(m)

between the nerve of the groupoid X, and the 0-th coskeleton of .

We denote by Stack(E) (resp. PreStack(E)) the (2,1)-category of E-stacks (E-prestacks). The
pseudofunctor Grpd(E) — PreStack(FE) sending X, to [X,] is fully faithful and the pseudofunctor
PreStack(FE) — Stack(FE) sending an E-prestack to its associated E-stack is faithful. Therefore,
the composite pseudofunctor

(1.4.3) Grpd(E) — Stack(E)

sending X, to its associated E-stack [X,] is faithful. In other words, if X,, Y, are groupoids in E,
and ¢;: X¢ = Y, (i = 1,2) is a morphism of groupoids, then the natural map

Hom(p1, p2) — Hom([p1], [¢2])

is bijective. However, in general, not every morphism f: [X,] — [Ys] is of the form [¢] for a
morphism of groupoids ¢: X, — Y, (see Remark below). On the other hand, (1.4.3) is
essentially surjective.




Notation 1.5. In the case of the groupoid (X, G)e associated with a G-object X of E, the stack
[(X, Q)] is denoted by

(1.5.1) [X/G]

and called the quotient stack of X by G. For X = e the final object of E (with the trivial action
of G), it is called the classifying stack of G and denoted by

(1.5.2) BG = [e/G).

Recall ([31, 2.4.2], [44, 04WM]) that the projection X — [X/G] makes X into a universal G-
torsor over [X/G], i.e. for U in E, the groupoid [X/G](U) is canonically equivalent to the category
of pairs (P,a), where P is a right Gy-torsor and a is a G-equivariant morphism from P to X;
morphisms from (P,a) to (Q,b) are G-equivariant morphisms ¢: P — @ such that a = be.

The action of G on X is recovered from 7: the isomorphism takes the form

(153) X x G =X X[X/G] X,

identifying the projections p1, pa with (z, g) — zg, (z,9) — x.

For X = e, BG(U) is the groupoid of G-torsors on U for U in E, which justifies the terminology
“classifying stack”. For general X, the projection [X/G] — BG induces X — e by the base change
B{1} — BG, so that one can think of [X/G] — BG as a “fibration” with fiber X. In other words,
[X/G] plays the role of the object PG A X recalled at the beginning of Section

In order to describe morphisms from [X/G] to [Y/H] associated to morphisms of groupoids
from (X, G)e to (Y, H)s, we need to introduce the following notation. Let (X, G) be an object of
Eq(F), and let u: X x G — H be a crossed homomorphism (Proposition . We denote by

(1.5.4) X A" H

the quotient of X x H by G acting by (x,h)g = (xg,u(z,g)"th). This is an H-object of E, the
action of H on it being deduced from its action by right translations on X x H. For any H-object
Y of E, the map

(1.5.5) Hom, (X,Y) — Homp (X A" H,Y)
sending a u-equivariant morphism f (Proposition (a) (i) to the morphism f*: (x,h) — f(x)h
is bijective.

When u: X x G — H is defined by u(z,g) = ug(g) for a group homomorphism ug: G — H,

X A% H coincides with the usual contracted product [20, Définition I11.1.3.1], i.e. the quotient of
X x H by the diagonal action of G, (z,h)g == (zg,uo(g)~1h).

The following proposition, whose verification is straightforward, describes the restriction of
(T43) to Grpd™I(E).
Proposition 1.6. Let (X,G) and (Y, H) be objects of Eq(E).
(a) Let (f,u): (X,G)e — (Y, H)q be a morphism of groupoids (Proposition|[1.9), and let
[f/u]: [X/G] — [Y/H]
be the associated morphism of stacks. For (P,a) € [X/G)(U), [f/u](P,a) is the pair consisting
of the H-torsor P N¢¥ H (where v is the composition of a x idg: P x G — X x G and u)
and the H -equivariant morphism a¥: P NGV H —'Y defined by a via (1.5.5).

(b) Let g1, 2,1 be as in Proposition[I.9 (b). Then the 2-morphism [r]: [f1/u1] = [f2/us] induced
by r is given by the Y -morphism P NGt H — P N9 2 H sending (p, h) to (p,r(a(p))~"h).

For a crossed homomorphism u: X x G — H, the unit section of H defines a u-equivariant
morphism

(1.6.1) X - X NOvH,

The morphism of E-stacks

(1.6.2) [(X/G] — [(X A%* H)/H]
induced by sends T — X to TAG" H — X \C* H.



Remark 1.7. The restriction of to Grpd®4(E) is not fully faithful in general. In other
words, for objects (X, Q), (Y, H) of Eq(E), a morphism of stacks [X/G] — [Y/H] does not neces-
sarily come from a morphism of groupoids (X, G)e — (Y, H).. In fact, in the case G = {1} and
Y is a nontrivial H-torsor over X, any quasi-inverse of the equivalence [Y/H] — X does not come
from a morphism of groupoids. See Proposition[L.19|for a useful criterion. See also [47], Proposition
5.1] for a calculus of fractions for the composite functor Eq(E) — Stack(E) of and (L.4.3).

Definition 1.8. We say that a morphism X — Y in a 2-category C is faithful (resp. a monomor-
phism) if for every object U of C, the functor Hom(U, X) — Hom(U,Y) is faithful (resp. fully
faithful).

In a 2-category, we need to distinguish between 2-limits [I8, Definition 1.4.26] and strict 2-
limits (called “2-limits” in [4, Definition 7.4.1]). Strict 2-products are 2-products. If a diagram
X =Y + X’ in C admits a 2-fiber product X xy X’ and a strict 2-fiber product Z, the canonical
morphism Z — X xy X' is a monomorphism.

In a (2,1)-category C admitting 2-fiber products, a morphism X — Y is faithful (resp. a
monomorphism) if and only if its diagonal morphism X — X xy X is a monomorphism (resp. an
equivalence).

A morphism of E-prestacks X — ) is faithful (resp. a monomorphism, resp. an equivalence) if
and only if X(U) — Y(U) is a faithful functor (resp. a fully faithful functor, resp. an equivalence
of categories) for every U in E. If X’ is an E-prestack and X is its associated E-stack, then the
canonical morphism X’ — X’ is a monomorphism.

Let (f,u): (X,G) — (Y, H) be a morphism of Eq(F). If u is a monomorphism, then [f/u]: [X/G] —
[Y/H] is faithful.

Remark 1.9. The category Eq(C) admits finite limits, whose formation commutes with the
projection functors (X, G) — X and (X,G) — G from Eq(C) to C and to the category of group
objects of C, respectively. The 2-category Grpd(C) admits finite strict 2-limits, whose formation
commutes with the projection 2-functors X, — Xy and X, — X; from Grpd(C) to C. The functor
Eq(C) — Grpd(C) sending (X, G) to (X, G), carries finite limits to finite strict 2-limits.

The 2-category Grpd(C) admits finite 2-limits as well. The 2-fiber product of a diagram
X. ER Y, < Y! in Grpd(C) is the groupoid W, of triples (x,y,«), where 2 € Xy, y € Yy, and
(a: f(z) = g(y)) € Yi. More formally, Wy = Xo Xy, sy Y1 Xty v, Yy and Wi is the limit of the
diagram

X, =Y & Vixy, V1 5V 8 xy, VB Y Y

A morphism X, — Y, in Grpd(C) is faithful (resp. a monomorphism) if and only if the morphism
X1 — (Xo X X0) Xy, xYp,(sy,ty) Y1 I8 @ monomorphism (resp. isomorphism).

The category Stack(E) admits small 2-limits. The pseudofunctor Grpd(E) — Stack(E) (1.4.3)
preserves finite 2-limits and thus preserves faithful morphisms and monomorphisms.

Remark 1.10. A commutative square in Eq(F),

(f'")

(1.10.1) (X',G")—— (Y, H)
(nu)l i(qw)
(x,0) -2 (v
induces a 2-commutative square of E-stacks
(1.10.2) [X'/G'| ——[Y'/H']

.

[X/G) ——[Y/H].

It is not true in general that if (1.10.1]) is cartesian, (1.10.2)) is 2-cartesian, as (|1.5.3)) already shows.

However, we have the following result, which is a partial generalization of [47, Proposition 5.4].



Proposition 1.11. Consider a cartesian square (1.10.1) in Eq(E). If the morphism

(1.11.1) H xG—H

in E given by (h,g) — v(h)v(g) is an epimorphism, then (1.10.2)) is 2-cartesian.

Proof. Let
[N [X//G/] — X = [X/G] X[Y/H] [Y//Hl]

be the induced morphism of E-stacks. By Remark[I.9)and the remark following Definition[T.8] o is a
monomorphism. We need to show that for any object V' of E, the functor ay : [X'/G'ly — Xy ises-
sentially surjective. By definition, Xy is the category of triples ((T',t), (T",t'), s), where (T,t: T —
X) is an object of [X/G]y, (T',t': T' — Y’) is an object of [Y'/H']y, and s: [f/u]lv(T,t) —
[q/v]v (T, ') is an isomorphism. In other words (Proposition [1.6| (b)), s: T AGY H — T’ A’ H
is an isomorphism of H-torsors over V', compatible with the morphisms to Y (induced by ¢t and
ft). The functor ay sends an object (P, w) of [X'/G']y to ([p/u]y (P,w), [f' /¥ ]v(P,w),o), where
o: [fp/yulv(P,w) = [qf' /vy']v(P,w) is the obvious isomorphism. Let a = ((T\t), (T",t'), s) be
an object of Xy . It remains to show that there exist a cover (V; — V);c; and, for every i € I,
an object (P;,w;) of [X'/G']y, such that a(P;, w;) ~ ay,. Take a cover (V; = V);ecs such that for
every i, Ty, and TY, are both trivial and choose trivializations of them. Then sy, is represented
by the left multiplication by some h; € H(V;). By the assumption on (L.I1.I)), we may assume
hi = v(R})v(g:), h; € H'(V;), gi € G(V;). In this case, the square

(1.11.2) Hy, —2 Hy,

—1
Aw(gi)l J(/\u(h;)
1

Hy, —— Hy,

commutes, where A\ is the left multiplication by h. Thus (1.11.2) gives an isomorphism ay, ~ b;,
where b; = ((Gv,, tA;'), (Hy,,t'Anr),1). Taking the product of (Gv,,tA;") and (Hy,, ' Any) over
(Hv,, (tA;")7 = ('Anr)?) gives us an element (P;, w;) of [X/Gly; whose image under a is b;. [

Corollary 1.12. Suppose u: G — Q is an epimorphism of groups of E, with kernel K. Then the
natural morphism
BK :—> e XBQ BG

s an equivalence.
In other words, we can view Bu: BG — BQ as a fibration of fiber BK.

Definition 1.13. We say that a groupoid X, in E is an equivalence relation if (sx,tx): X1 —
Xo x X is a monomorphism. In this case, the associated E-stack [X,] is represented by the
quotient sheaf in E. We say that the action of G on X is free if the associated groupoid (X, G)
is an equivalence relation. In this case, [X/G] is represented by the sheaf X/G.

Proposition 1.14. Let (X, G) be an object in Eq(E), and let K be a normal subgroup of G acting
freely on X. Then the morphism f: [X/G] — [(X/K)/(G/K)] is an equivalence.

Proof. Indeed, for every U in E, [(X/K)/(G/K)]u is the category of pairs (T, a), where T is a
G/K-torsor and o: T — X/K is a G-equivariant map, and the functor fy admits a quasi-inverse
carrying (T, «v) to its base change by the projection X — X/K. O

The following induction formula will be useful later in the calculation of equivariant cohomology
groups (cf. [36], (1.7)]).

Corollary 1.15. Let (X, G) be an object of Eq(E) and let u: X x G — H be a crossed homomor-
phism. Assume that the action of G on X X H, as defined in Notation is free (Definition @)
Then f: [X/G] — [X AS* H/H] (1.6.2) is an equivalence.



Proof. The morphism f can be decomposed as
[X/G] % [X x H/G x H] 2 [X AS* H/H],

where [ is an equivalence by Proposition and « is induced by the morphism X — X x H
given by the unit section of H and the crossed homomorphism X x G — G x H sending (z, g)
to (g,u(z,g)). Since « is a 2-section of the morphism [X x H/G x H| — [X/G], which is an
equivalence by Proposition [1.14] « is also an equivalence. O

Corollary 1.16. Let u: H — G be a monomorphism of group objects in E. Then
(a) The morphism of stacks BH — [(H\G)/G] is an equivalence.
(b) The natural morphism H\G — e xpg BH is an isomorphism.

In other words, (a) says that, for any homogeneous space X of group G, if H is the stabilizer
of a section z of X, then the morphism BH — [X/G] given by x: e — X is an equivalence, while
(b) can be thought as saying that BH — BG is a fibration of fiber H\G.

Proof. Assertion (a) follows from Corollary Assertion (b) follows from Proposition [L.11]
applied to the cartesian square

(H\G’ {1}) - (ev {1})

l |

(H\G,G) (e,G)

(cf. the paragraph following (1.5.3))) and from (a). O

Construction 1.17. We will apply the above formalism to a relative situation, which we now
describe. Let X’ be an E-stack. We denote by Stack,y the (2,1)-category of E-stacks over X. An
object of Stack,y is a pair (), y), where ) is an E-stack and y: Y — X is a morphism of E-stacks.
A morphism in Stack,y from (Y,y) to (Z,z) is a pair (f,«), where f: Y — Z is a morphism of
E-stacks and «: y — zf is a 2-morphism:

(1.17.1) y—1l.z

W)

X.

A 2-morphism (f,a) — (g, 8) in Stack,y is a 2-morphism 7: f — g in the (2,1)-category Stack(FE)
such that 8 = (2% 7)o a.

A morphism y: Y — X of E-stacks is faithful (Definition if and only if for any object U of
E and any morphism z: U — X, the 2-fiber product U X x 4 Y is isomorphic to a sheaf. Consider
the 2-subcategory S of Stack,y spanned by objects (),y) with y faithful. For any morphism
(f,a): (V,y) = (Z,2) in S, f is necessarily faithful. A 2-morphism 7: (f,a) — (g,0) in S, if it
exists, is uniquely determined by (f,«) and (g, 3). In other words, if we denote by Stack%i(th the

category obtained from S by identifying isomorphic morphisms, then the 2-functor S — Stackf/a;i(th

is a 2-equivalence.
faith

For any morphism ¢: X — ) of E-stacks, base change by ¢ induces a functor Stack /)" —

faith

Stack,y". If S is an object of E, Stack%th is equivalent to /5. More generally, if U, is a groupoid

in F, Stack?a[i(}]f} is equivalent to the category of descent data relative to U,. In particular, if (X, G)
is an object of Eq(F), Stack?a[i)?}G] is equivalent to the category of G-objects of E, equivariant over

X. For example, Stackﬁagg is equivalent to the topos Bg of Grothendieck.

Proposition 1.18.
faith

(a) The category Stacky" is a U-topos.



(b) Let X be a stack. For any stack Y over X, associating to any stack Z faithful over X the
groupoid Homy (Z,Y) defines a stack ) over Stackfa‘th. The 2-functor

(1.18.1) Stack/x — Stack(Stauckfa“m)7 Y=Y

s a 2-equivalence.

Proof. (a) We apply Giraud’s criterion [50, IV Théoréme 1.2]. If 7 is a small generating family

of E, then [];.,Ob(X(U)) is an essentially small generating family of Stack%‘}h. Let us now

show that every sheaf F on Stackfa’th for the canonical topology is representable. Consider, for
every object U of E, the category of pairs (x,s) consisting of x € X(U) and s € I'(z, F), where
the last occurrence of x is to be understood as the object x: U — X in Stack?‘ﬁ‘}(th. A morphism
(z,8) = (y,t) is a morphism «: x — y in X(U) such that o*t = s. This defines an E-stack X”’.
The faithful morphism X’ — X of E-stacks defined by the first projection (x,s) — x represents

F. The other conditions in Giraud’s criterion are trivially satisfied. Thus Stack%(‘th is a U-topos.

(b) We construct a 2-quasi-inverse to as follows. Let C be a stack over Stack?a)i(th. For
every object U of E, consider the category of pairs (x,s) consisting of € X(U) and s € C(x).
A morphism (x,s) — (y,t) is a pair (o, 3) consisting of a morphism a: ¢ — y in X(U) and a
morphism 8: a*t — s in C(z). This defines an E-stack ). The first projection (z,s) — z defines
a morphism ) — X of E-stacks. The construction C — () — X) defines a pseudofunctor

(1.18.2) Stack(Stackfalth) — Stack x,

which is a 2-quasi-inverse to ((1.18.1)). O

The composition of ([1.4.3)) and ([1.18.2)) is a faithful and essentially surjective (Definition
pseudofunctor

(1.18.3) Grpd(Stackfa“h) — Stack /.

We denote the image of a groupmd X, in Stackfdlth under (1.18.3)) by [Xe/X], and the image of a

morphism f, of groupmds under 1.18.3)) by [fe /X ]. For (X G) in Eq(Stau(:kf“th)7 we denote the
image of (X G under by X/G/X] For (f,u): (X,G)e — (Y, H)s, we denote the image

under by f/u/X]

We now apply the above formalism to the big fppf topoi of algebraic spaces. Recall that a stack
is a stack over the big fppf site of SpecZ. The following result will be useful in Sections [7] and [§

Proposition 1.19. Let X be a stack, and let Xo, Yo be objects in Grpd(Stackf/a}(th). Assume that
Xo is a strictly local scheme and the morphisms Y1 = Yy are representable and smooth. Then the

functor induced by (|1.18.3)):
F: HomGrpd(Stackf/a;h)(XuYo) - Homstack/x([xo/X], [Ye/X])

is an equivalence of categories.

Proof. It remains to show that F' is essentially surjective. Let ¢: [Xo/X] — [Yo/X] be a morphism
in Stack,y. For the 2-cartesian square

X, Yo
| |
Xo — [Xo/X] —=[Yo/X].

Since X{, is representable and smooth over Xy, it admits a section by [22, Corollaire 17.16.3 (ii),
Proposition 18.8.1], which induces a 2-commutative square

fo

Xo———=Y)

-

[Xo/X] —2> [YVa/X].

10



Let f1 = fo x¢ fo: X1 — Yi. Then fo: X, — Y, is a morphism of groupoids in Stack?afvth and

¢~ [fo/X]. O

Remark 1.20. Let X be a stack. We denote by Stack;e;; the full subcategory of Stackf/a;i}h con-
sisting of representable morphisms X — X. A morphism in this category from X - X to Y —» X
is an isomorphism class of pairs (f,«) (1.17.1)). The morphisms f: X — Y are necessarily repre-
sentable. Assume that X’ is an Artin stack. For any object X — X of Stack;efé, X is necessarily
an Artin stack. For any object X, in Grpd(Stack;‘}’), if sx and tx are flat and locally of finite
presentation, then [X,/X] is an Artin stack. In particular, for any object (X, ) in Eq(Stack;'i\‘?)
with G flat of and locally of finite presentation over X, [X/G/X] is an Artin stack.

2 Miscellany on the étale cohomology of Artin stacks
Notation 2.1. Let X' be an Artin stack. We denote by AlgSp, the full subcategory of Stack;(}’
(Remark consisting of morphisms U — X with U an algebraic space. We let Spjr)ré denote
the full subcategory of AlgSp,, spanned by smooth morphisms U — X. The covering families of
the smooth pretopology on Sp’y are those (U; — U);er such that [[,.; U; — U is smooth and
surjective. The covering families for the étale pretopology on Sp’y are those (U; — U);er such that
[;c; Ui — U is étale and surjective. Since every smooth cover in Spb/'“/é has an étale refinement by
[22, Corollaire 17.16.3 (ii)], the smooth pretopology and the étale pretopology generate the same
topology on Sp7% (cf. [3I, Définition 12.1]). We let Xy, denote the associated topos, and call it
the smooth topos of X.

Notation 2.2. The category of sheaves in Xy, is equivalent to the category of systems (Fy,6s),
where u: U — X runs through objects of Sp’y, ¢: u — v runs through morphisms of Sp’'y, 7., is
an étale sheaf on U, and 0,: ¢*F, — F,, satisfying a cocycle condition [31, 12.2] and such that
04 is an isomorphism for ¢ étale. Following [31), Définition 12.3], we say that a sheaf F on X is
cartesian if 84 is an isomorphism for all ¢, or, equivalently, for all ¢ smooth (cf. [34) Lemma 3.8]).
We denote by Sheart(X) the full subcategory of Sh(Xy,) consisting of cartesian sheaves.

Let A be a commutative ring. Following [31, Définition 18.1.4], we say, if A is noetherian,
that a sheaf F of A-modules on X is constructible if F is cartesian and if F,, is constructible for
some smooth atlas u: U — X, or equivalently, for every smooth atlas u: U — X. We denote
by Modcart (X, A) (resp. Mod.(X, A)) the full subcategory of Mod(Xsm,A) consisting of cartesian
(resp. constructible) sheaves.

We denote by Deart (X, A) (resp. D.(X, A)) the full subcategory of D(Xgm, A) consisting of com-
plexes with cartesian (resp. constructible) cohomology sheaves. We have D (X, A) C Decari (X, A).
We will work exclusively with Deart (X, A) rather than D(Xyn, A). We have functors

®/I( : Dcart(X; A) ><Dcart(-)(a A) — Dcart(Xv A)a RHom: Dcart(Xv A)Op XDcart(Xv A) — Dcart(Xa A)

defined on unbounded derived categories.

If X is a Deligne-Mumford stack, we denote by X or simply X its étale topos. The inclusion
of the étale site in the smooth site induces a morphism of topoi (e, €*): Xsm — Xet. Note that e,
is exact and €* induces an equivalence from Xo; to Sheart(Xsm). For any commutative ring A, €*
induces D(X,A) =5 Dear (X, A).

Notation 2.3. Let f: X — ) be a morphism of Artin stacks and let A be a commutative ring.
Although the smooth topos is not functorial, we have a pair of adjoint functors

f* : Shcart (y) — Shcart(X)a f* : Shcart(X) — Shcart (y)
and a pair of adjoint functors [32]
f* : Dcart(y; A) — Dcart(Xv A)v Rf* : Dcart(Xv A) — Dcart(yv A)a

where f* is t-exact and R f, is left t-exact for the canonical ¢-structures. Note that Rf, is defined
on the whole category Dgc,.¢, not just on D:;rt. For M,N € Dcu(Y,A), we have a natural
isomorphism

fH(M @k N) = f*M®% f*N.
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If f is a surjective morphism, then the functors f* are conservative and the functor f*: Sheat () —
Sheart (X) is faithful.

A 2-morphism «: f — g of morphisms of Artin stacks X — ) induces natural isomorphisms
a*: g* — f* and Ray: Rf. — Rg.. The following squares commute

Ro, «
1Dy, —= RfS™ g*Rfx ———g" Ryg.
ST T
Rg.g* LRQ*JC* f*Rf. *>1Dcm_t(x7/\)~

Recall that a morphism of Artin stacks f: X — Y is universally submersive [44, 06U6] if for
every morphism of Artin stacks )’ — ), the base change )’ xy X — )’ is submersive (on the
underlying topological spaces).

Proposition 2.4. Let f: X — Y be a morphism of Artin stacks. Assume that f is universally
submersive (resp. faithfully flat and locally of finite presentation). Then f is of descent (resp.
effective descent) for cartesian sheaves.

Here effective descent means f* induces an equivalence Shea,t()) — DD(f) to the category of
descent data, whose objects are cartesian sheaves F on X endowed with an isomorphism pj F —
psF satisfying the cocycle condition, where py,p2: X xy X — X are the two projections.

Proof. By general properties of descent [19, Proposition 6.25, Théoréme 10.4] and the case of
schemes [50), VIII Proposition 9.1] (resp. [50, VIII Théoréme 9.4]), it suffices to show that smooth
atlases are of effective descent for cartesian sheaves. In other words we may assume f is smooth
and X is an algebraic space. In this case, we construct a quasi-inverse F' of She,+(Y) — DD(f)
as follows. Let A be a descent datum for f. For every object u: U — Y of Sps/g“,, A induces
a descent datum A, for étale sheaves for the base change f,: X xy U — U of f by u, and we
take (F'A), to be the corresponding étale sheaf on U. For a morphism ¢: u — v in Sp7y), we take
¢*(FA), = (FA), to be the isomorphism induced by the isomorphism of descent data ¢*A4, — A,
for étale sheaves for f,. O

Corollary 2.5. Let S be an algebraic space, let G be a flat group algebraic S-space locally of finite
presentation, and let X be an algebraic space over S, endowed with an action of G. Denote by
a: G xg X — X the action and by p: G xg X — X the projection, and let f: X — [X/G] be
the canonical morphism. Then f* induces an equivalence of categories from Modeart ([X/G]) to
the category of pairs (F,a), where F € Sh(X) and a: «*F — p*F is a map satisfying the usual
cocycle condition.

Such pairs are called G-equivariant sheaves on X. The cocycle condition implies that i*a: F —
F is the identity, where ¢: X — G xg X is the morphism induced by the unit section of G.

Proof. This follows from Proposition 2.4 and the fact that f is faithfully flat of finite presentation.
O

Corollary 2.6. Let S and G be as in Corollary [2.5, Assume that G has connected geometric
fibers. Let f: S — BG be a morphism corresponding to a G-torsor T on S. Then the functor

7 Sheart (BG) — Sh(S),
s an equivalence.

Proof. By Proposition since f is faithfully flat locally of finite presentation, f* induces an
equivalence of categories from She,,(BG) to the category of pairs (F,a), where F is a sheaf on
S and a: p*F — p*F is a descent datum with respect to f. As S X pg,s S is the sheaf H on §
of G-automorphisms of T', and p; = ps is the projection p: H — S, a corresponds to an action of
H on F. This action is trivial. Indeed, this can be checked over geometric points s — .S, so we
may assume that S is the spectrum of an algebraically closed field. In this case, H ~ G. As p*F
is constant and G is connected, and as the restriction of a to the unit section is the identity, a is
the identity. O
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Remark 2.7. Corollary implies that f* and f. are quasi-inverse to each other and the natural
transformations idsy,,,, (Bq) — f«f", f*f« — idgn(s) are natural isomorphisms. Since f is a
2-section of the projection 7: BG — S, we get natural isomorphisms

T T fof = f" 7= fuf"'n" ~ f..
In particular, we have natural isomorphisms f,7, ~ id and 7* f* ~ id.

Lemma 2.8. Let X be an Artin stack, let A be a commutative ring, and let I C Z be an interval.
For M € D (X, N), the following conditions are equivalent:
(a) For every N € Modeart (X, ), HI(M @5 N) =0 for allqe Z — 1.
(b) For every finitely presented A-module N, HY(M ®% N) =0 for allq € Z — I.
(c) For every geometric point i: x — X, i*M as an element of D(x,\) is of tor-amplitude
contained in I.

If the conditions of the lemma are satisfied, we say M is of cartesian tor-amplitude contained
in I. If M € Deart (X, A) has cartesian tor-amplitude contained in [a,400) and N € D=2, (X, A),
then M ®@% N is in D24 (X, A).

cart

Proof. Obviously (a) implies (b) and (b) implies (c). Since the family of functors i*: Deayt (X, A) —
D(x, A) is conservative, where ¢ runs through all geometric points of X, (¢) implies (a). O

Proposition 2.9 (Projection formula). Let f: X — Y be a morphism of Artin stacks and let A
be a commutative ring. Let L € Dea(X,A), and let K € Doyt (Y, A) such that H1K is constant
for all q. Assume one of the following:
(a) A is noetherian reqular and K € D}, L € D*.
(b) A is noetherian and K € D2(A) has finite cartesian tor-amplitude.
(¢) Rfs: Deart(X,A) = Deart (Y, A) has finite cohomological amplitude, A is noetherian, K € D,
and either K, L € D™ or L has finite cartesian tor-amplitude.
(d) f is quasi-compact quasi-separated, A is annihilated by an integer invertible on ), K € DT,
L € D%, and either A is noetherian regular or K has finite cartesian tor-amplitude.
(e) f is quasi-compact quasi-separated, A is annihilated by an integer invertible on ), and
Rfy: Deart (X, A) = Deart (Y, A) has finite cohomological amplitude.
Then the map
K ®K Rf.L — Rf.(f*K ®% L)

induced by the composite map
fH(K®%Rf.L) > f*K®% f*Rf.L — f*K@§ L
is an isomorphism.

Proof. In case (a), we may assume that K is a (constant) A-module and we are then in case (b).
In case (b), we may assume that A is local and it then suffices to take a finite resolution of K by
finite projective A-modules. In the first case of (c), we may assume K is a constant A-module.
It then suffices to take a resolution of K by finite free A-modules. In the second case of (c), we
reduce to the first case of (c¢) using Corollary below of the first case of (c). In the first case
of (d), we may assume K € DY and we are in the second case of (d). In the second case of (d),
we may assume that K is a flat A-module, thus a filtered colimit of finite free A-modules. Since
R4 f, commutes with filtered colimits, we are reduced to the trivial case where K is a finite free
A-module. In case (e), since Rf, preserves small coproducts, we may assume that L € D~ and K
is represented by a complex in C~(A) of flat A-modules. We may further assume that L € D® and
K is a flat A-module. We are thus reduced to the second case of (d). O

Corollary 2.10. Let f: X — Y be a morphism of Artin stacks and let A be a noetherian com-
mutative ring. Assume that the functor Rf.: Deart(X, A) = Deart (Y, A) has finite cohomological
amplitude. Then, for every L € D_, (X, ) of cartesian tor-amplitude contained in [a, +00), Rf.L
has cartesian tor-amplitude contained in [a,+00).

Proof. This follows immediately from the first case of Proposition (c) and Lemma O
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The following statement on generic constructibility and generic base change generalizes [34]
Theorem 9.10].

Proposition 2.11. Let Z be an Artin stack and let f: X — Y be a morphism of Artin stacks of
finite type over Z. Let A be a noetherian commutative ring annihilated by an integer invertible
on Z, and let L € DT (X, A). Then for every integer i there exists a dense open substack Z° of Z
such that

(a) The restriction of R'f.L to Z° xz Y C Y is constructible.

(b) Rif.L is compatible with arbitrary base change of Artin stacks Z' — Z° C Z.

Proof. Recall first that for any 2-commutative diagram of Artin stacks of the form

R’ q
X' X - s X

110

' _h Y _5 . Yy

the following diagram commutes:

bgn

(2.11.1) (gh)*Rf.L Rf"(g'W)*L

| w

h*b
g Rf.L — W Rflg" L —"> Rf/h*g*L

where byp, by, by, are base change maps.

If Z is a scheme, then, as in [34, Theorem 9.10], cohomological descent and the case of schemes
[11, Th. finitude 1.9] imply that there exists a dense open subscheme Z° of Z such that (a) holds
and that R’f.L is compatible with arbitrary base change of schemes Z' — Z° C Z. This implies
(b). In fact, for any base change of Artin stacks g: 2’ — Z° C Z, take a smooth atlas p: Z/ — Z’
where Z’ is a scheme. Then b, is an isomorphism and bg, is an isomorphism by assumption. It
follows that p*b, and hence b, are isomorphisms.

In the general case, let p: Z — Z be a smooth atlas. By the preceding case, there exists a
dense open subscheme Z° C Z such that after forming the 2-commutative diagram with 2-cartesian
squares

X, ey, oz

X———)Y——Z

the restriction of Rifz*p}L to Z° Xz Yz is constructible and that Rifz*pj([/ commutes with
arbitrary base change of Artin stacks W — Z° C Z. We claim that Z° = p(Z°) satisfies (a) and
(b). To see this, let p°: Z° — Z° be the restriction of p. By definition p° is surjective. Then (a)
follows from the fact that

pS (R fLIZ° x2Y) = R f2.p5% LI Z° x 7 Yz

is constructible. For any base change of Artin stacks Z’ — Z°, form the following 2-cartesian

square:

Z/$ZO

p’l lp“
zr 9 zo

By (2.11.1)), by (p""b,) can be identified with by, (h*bye). Since p° and p’ are smooth, bye and b, are
isomorphisms. By the construction of p°, by, is an isomorphism. It follows that p’ *bg and hence b,
are isomorphisms. O
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Remark 2.12. For Z = BG, where G is an algebraic group over a field k, f: X — ) a quasi-
compact and quasi-separated morphism of Artin stacks over Z, and A is a commutative ring
annihilated by an integer invertible in &, the above proof combined with the remark following [IT,
Th. finitude 1.9] shows that Rf.: DL (X, A) — D, (Y, A) commutes with arbitrary base change
of Artin stacks 2’ — Z.

3 Multiplicative structures in derived categories

Definition 3.1. For us, a ®-category is a symmetric monoidal category [33, Section VIL.7], that is,
a category T endowed with a bifunctor ®: 7 x7T — 7T, a unit object 1 and functorial isomorphisms
arun: L (M@®N) = (L@ M)® N,
cun: M @N — N® M,
upy: M1 —-M, wvy:1QM — M,

satisfying the axioms of loc. cit.. We define a pseudo-ring in T to be an object K of 7 endowed
with a morphism m: K ® K — K such that the following associativity diagram commutes:

Ko(KoK) ¥ koK

S

KoK oK™ koK ™ S K.

A pseudo-ring (K, m) is called commutative if the following diagram commutes

K®K

A5

K@KLK.

A homomorphism of pseudo-rings (K, m) — (K’,m’) is a morphism f: K — K’ of T such that
the following diagram commutes:
KoK —">K

f®fl if
KoK "> K.

We define a left (K, m)-pseudomodule to be an object M of T endowed with a morphism n: K ®
M — M such that the following diagram commutes

Ko (KoM koM

n
AK KM

(K@ K)o M™ Y K @ M "~ M.

A homomorphism of left (K, m)-pseudomodules (M,n) — (M’,n’) is a morphism h: M — M’ of T
such that the following diagram commutes

KeM-2—>M

idK@h\L ih

KoM s M.
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Definition 3.2. Let f: (K,m) — (K’,m') be a homomorphism of pseudo-rings. We define a
splitting of f to be a morphism n: K’ ® K — K, making K into a (K', m')-pseudomodule and
such that the following diagram commutes

i id s
Kok 2%k ok Y g oK

NG T

K K'.

Definition 3.3. We define a ring in 7 to be a pseudo-ring (K, m) in 7 endowed with a morphism
e: 1 — K such that the following diagrams commute:

Kol %% koK 10K 2% KoK

NS

(Thus a ring in our sense is a “monoid” in the terminology of [33, Section VII.3].) The unit 1
endowed with u3: 1®1 — 1 and idy: 1 — 1 is a commutative ring in 7. A ring homomorphism
(K,m,e) — (K',m',€e’) is a homomorphism of pseudo-rings f: (K, m) — (K’,m’) such that the
following diagram commutes:

1—° > K

RN

K’

A left (K, m,e)-module is a left (K, m)-pseudomodule (M,n) such that the following diagram

commutes

1oM -2 koM

R

M.

A homomorphism of left (K, m,e)-modules (M,n) — (M’,n’) is a homomorphism between the
underlying left (K, m)-pseudomodules.

Construction 3.4. Let 7 = (7,®,a,¢,u,v) and 7' = (T',®,d’,c,u',v") be ®-categories, and
let w: T — T’ be a functor. A left-lax ®-structure on w is a natural transformation of functors
T x T — T’ consisting of morphisms of 7’

oun: w(M®@N) — w(M)®@w(N),
such that the following diagrams commute:

oL M@N w(L)®omN
— >

w(L® (M ® N)) w(l)®w(M ® N) w(L) ® (w(M) ®w(N))

’
w(aLMN)l/ iaw(L)w(l\l)w(N)

(W(L) @ w(M)) ® w(N)

OL®M,N oLM®w(N)
_—

w(L®M)® N) w(L ® M) ®w(N)
w(M @ N) —% (M) @ w(N)

<>l i e
w(N @ M) —22 ,(N) @ w(M).

A right-lax ®-structure on w is a left-lax ®-structure on w°: T°P — T'°P_ It is given by functorial
morphisms
tMN: w(M) ®w(N) — w(M@N),
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such that the above diagrams with arrows o inverted and replaced by ¢t commute. A ®-structure
on w is a left-lax ®-structure o such that op;y is an isomorphism for all M and N. In this case
tuN = OX/[IN defines a right-lax ®-structure. If ¢ is a right-lax ®-structure on w and (K, m) is a
pseudo-ring in 7, we endow w(K) with the pseudo-ring structure

W(K) © w(K) 25 (K o K) 2 oK),

If, moreover, (M, n) is a left (K, m)-pseudomodule, we endow w(M ) with the left w(K)-pseudomodule
structure

W(K) ® w(M) E2y (K @ M) 2 w(M).

If (K,m) is commutative, then w(K) is commutative. This construction sends homomorphisms
of pseudo-rings to homomorphisms of pseudo-rings and homomorphisms of left pseudomodules to
homomorphisms of left pseudomodules.

If (w,t), (W, t') are functors endowed with right-lax ®-structures, we say that a natural trans-
formation a:: w — w’ preserves the right-lax ®-structures if the following diagram commutes

w(M) @ w(N) 22X 5 (M @ N)

iaZW@N
tl

W'(M)® W (N) =o' (M ® N).

OCIVI®QN\L

In this case, for any pseudo-ring K in 7, ak: w(K) — w'(K) is a homomorphism of pseudo-rings.

Construction 3.5. Now suppose that w: T — 7" admits a right adjoint 7: 7' — 7. For any left-
lax ®-structure o on w, endow 7 with the right-lax ®-structure ¢ such that ty;n: 7(M) @ 7(N) —
7(M ® N) is adjoint to the composition

Or(M)T(N)
e

w(T(M) ® 7(N)) w(T(M)) @ w(r(N)) 222, A1 @ N,
where ap: w(T(M)) = M, ay: w(T(N)) — N are adjunction morphisms. It is straightforward
to check that this construction defines a bijection from the set of left-lax ®-structures on w to the
set of right-lax ®-structures on 7.

In the above construction, if o is a ®-structure on w, then the adjunction morphisms «: wr —
idy» and B: idy — Tw preserve the resulting right-lax ®-structures.

Construction 3.6. This formalism has a unital variant. A left-lax unital ®-structure on a functor
w: T = T is a left-lax ®-structure endowed with a morphism p: w(1) — 1’ in 77 such that the
following diagrams commute

w(M 1) —2M2 (M) @ w(1) w1 @ M) —22% w(1) @ w(M)
w(uM)l iidw(zw)@:ﬂ w(’UM)l lP@)idw(M)
wM)<—w(M)® 1’ wM) <——1" ®@w(M)

Uy (M) Yo (M)

A right-laz unital ®@-structure is a left-lax unital ®-structure on w°P: T°P — T'°P. It consists of a
right-lax ®-structure endowed with a morphism s: 1’ — w(1) in 7’ such that the above diagrams,
with arrows o inverted and replaced by ¢, arrows p inverted and replaced by s, commute. A unital
®-structure is a left-lax unital ®-structure (o, p) such that o is a ®-structure and p is invertible.
Constructions B4l and [B.5] can be carried over to the unital case.

Let 7 be a ®-category, and let C be a category. Then the category 7€ of functors C — 7 has
a natural ®-structure. The constant functor 7 — T¢ defined by M + (M) has a natural unital
®-structure.

Construction 3.7. Let X = (X, Ox) be a commutatively ringed topos. Two ®-categories will
be of interest to us:
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(a) The (unbounded) derived category D(X) = D(X, Ox), equipped with ®% _: D(X)xD(X) —
D(X) |27, Theorem 18.6.4].

(b) The category GrMod(X) = GrMod(X, Ox) of graded Ox-modules H =
given by (H® K)" =@
by the usual sign rule.

The cohomology functor

nez H", wWith ®

iti=n H'®0, K7, the isomorphism ¢: H® K — K ® H being given

H*: D(X) — GrMod(X)

has a natural right-lax unital ®-structure given by the canonical maps H* L@H*M — H* (L& M).
(This is a unital ®-structure when Oy is a constant field, which is the case we are mostly interested
in).

Let f: X = (X,0x) — Y = (Y, Oy) be a morphism of commutatively ringed topoi. We endow
f*: GrMod(Y) — GrMod(X) with the unital ®-structure defined by the functorial isomorphisms

ffIM@N) = f*M & f*N, f"Oy — Ox.

We endow Lf*: D(Y) — D(X) [27, Theorem 18.6.9] with the unital ®-structure defined by the
functorial isomorphisms

Lf*(M @ N) - Lf*M @ f*N, Lf*Oy — Ox.

We endow the right adjoint functors f.: GrMod(X) — GrMod(Y') and Rf,: D(X) — D(Y) with
the induced right-lax unital ®-structures.

Construction 3.8. Let X' be an Artin stack, and let A be a commutative ring. We consider
the ®-categories Deart (X, A) and GrModca,t (X, A), the category of graded cartesian sheaves of
A-modules.

Let f: X — Y be a morphism of Artin stacks. As in Construction [3.7], we endow the functors
f*: GrModears (Y, A) — GrModeart (X, A) and f*: Deart (Y, A) — Deart (X, A) with the natural
unital ®-structures. We endow the right adjoint functors f.: GrModcayt (Y, A) = GrModcart (X, A)
and Rfy: Deart (X, A) = Deart (Y, A) with the induced right-lax unital ®-structures.

Assume that A is annihilated by an integer n invertible on ) and f is locally of finite presen-
tation. Then we have Rf': Deare(V, A) — Dears (X, A). As in [I1} Cycle (1.2.2.3)], for M and N
in Deayt (Y, A), we have a morphism

"M eF Rf'N — RfH (M @F N)

given by the morphism Rf'N — Rf'RHom(M,M @ N) ~ RHom(f*M, Rf'(M @~ N)). For a
pseudo-ring (L, m) in Deayt (Y, A), we endow Rf'L with the left f* L-pseudomodule structure given
by the composition
FLYRF'L — RF(Lo" L) 2™ Rf'L
Assume moreover that f = ¢ is a closed immersion. Then the right-lax ®-structure on i, = Ri.
is an isomorphism and its inverse is a ®-structure consisting of a functorial isomorphism

(M &Y N) = i.M @ i,N.

We endow the right adjoint functor Ri' of i, with the induced right-lax ®-structure. Note that the
right unital ®-structure on i, is not invertible in general. For a pseudo-ring (L, m) in Deat (Y, A),
the above left i* L-pseudomodule structure on Ri'L is a splitting of the homomorphism of pseudo-

rings Ri'L — i* L (Definition [3.2).

In the rest of this section, we discuss multiplicative structures on spectral objects. We will only
consider spectral objects of type Z, where Z is the category associated to the ordered set ZU{+o0}.

Definition 3.9. Let T be category endowed with a bifunctor ®: 7 x7T — T. Let J be a category
endowed with a bifunctor *: J x J — J. Let X, X', X" be functors J — 7. A pairing from X, X’
to X" is a natural transformation of functors J x J — T counsisting of morphisms of T

X(j) @ X'(§") = X"(j = 5).
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Assume moreover that (7, ®) and (J, ) are endowed with structures of ®-categories. A pairing
from X, X to X is called associative if for 7,5, 7" € J, the following diagram commutes

X)) o (X[ e X([") —= X)) @ X(§" *j") ——= X+ (" *5"))

(X() ©X (") © X (") —= X(j*j) @ X (") —= X ((j * ) *5"),
and is called commutative if for j, 7' € J, the following diagram commutes

(3.9.1) X(J) @ X(j') ——= X (G *J')

X(5") @ X(j) ——= X (7" * 7).

Assume moreover that 7 is additive and ® is an additive bifunctor. Let & be the ®-category
given by the discrete category {£1} and the ordinary product. Let o: J — & be a ®-functor.
A pairing from X, X to X is called o-commutative if for j,j’ € J, the diagram is
max{c(j),o(j’)}-commutative.

Construction 3.10. Let Ar(Z) be the category of morphisms of Z = 7.U {£+oc0}. We represent
objects of Ar(Z) by pairs (p,q), p,q € Z, p < q. We endow Ar(Z) with a structure of ®-category
by the formula

P, @)+ (¥,q) = (max{p+q —1,p' +q—1},qg+¢ —1).
Here we adopt the convention that (—oo) + (+00) = —o0 = (4+00) + (—00).

Definition 3.11. Let D be a triangulated category endowed with a triangulated bifunctor ®: D x
D — D [27, Definition 10.3.6]. Let (X,d), (X',d), (X”,¢"”) be spectral objects with values in D
[46), 11 4.1.2]. A pairing from (X,0), (X’,0’) to (X",6") consists of a pairing from X, X' to X",
namely a natural transformation of functors Ar(Z) x Ar(Z) — D consisting of morphlsms of D

Xp)@X'(p',q) = X"((p,q) x (', q)),

such that for p < ¢ <r, p' < ¢ < in Z satistying ¢ +1' = ¢’ +r and p+r' = p’ 4+ r, the diagram

X(g,r) @ X'(¢',r") X"(q",1")

(5®id,id®6’)l l(s”

(X(p, 9] © X' (¢',1") & (X(g,r) © X' (¢, ¢)[1]) —= X" (p", ¢")[1]

commutes. Here (¢",r") = (¢,7) * (¢',7"), (0",¢") = (p,q) x (¢, 7") = (¢,7) * (P, ¢').

Assume moreover that (D,®) is endowed with a structure of ®—categoryﬂ A pairing from
(X,9), (X,0) to (X,9) is called associative (resp. commutative) if the underlying pairing from X,
X to X is.

Example 3.12. Let X be a commutatively ringed topos, and let K, K', K" € D(X). We consider
the second spectral object (K,d) associated to K [46), III 4.3.1, 4.3.4], with K(p,q) = 741K,
where 71P9=1] is the canonical truncation functor. Similarly, we have spectral objects (K', 8,
(K", 6"). A map K®L K’ — K" in D(X) defines a pairing from (K, §), (K',8") to (K", 6") given
by

g @b 70—y 720" (pa- U @b PR ~ 2P (pS0-1 g gL 72017

i} T[p//)qufl](K ®L KI) 5 7_[1)//’(1//71]}_{//

3Here we do not assume that the constraints of the ®-category are natural transformations of triangulated
functors [27, Definition 10.1.9 (ii)] in each variable.

19



where (p”,q") = (p,q) * (', ¢'), a is given by the map 7= 1K @F 7=¢' 1K’ — 7=¢"-1(K gL K")
induced by adjunction from the map 759 1K ®@L r<¢~1K’ —» K @ K’. Moreover, if K is a
pseudo-ring (resp. commutative pseudo-ring), then the induced pairing from (K, d), (K, d) to (K, )
is associative (resp. commutative).

The above also holds with D(X) replaced by Dear (X, A), where X is an Artin stack and A is
a commutative ring.

Definition 3.13. Let A be an abelian category endowed with an additive bifunctor ®: Ax.A4 — A.
Let (H™,9), (H'™,08"), (H"™,¢") be spectral objects with values in A [46, II 4.1.4]. A pairing
from (H™,4), (H'™,8") to (H"™,§") consists of a pairing from H*, H™* to H'*, namely a natural
transformation of functors (Z x Ar(Z)) x (Z x Ar(Z)) — A consisting of morphisms of A

H™(p,q) @ H™ (v, ¢') — H"™ ((p,9) * (1, d')),

such that for p < ¢ <r, p' < ¢ <1’ in Z satistying ¢ +1' = ¢’ +r and p+ 1’ = p/ 4+ r, the diagram

Hn(q, 7,) ® H/n’ (q/’ 7‘/) H//n+n’ (q//7 7“”)

(5®id,(—1)"id®5’)l ia”

(H"™ Y (p,q) @ H™ (¢',7") @ (H"(q,7) @ H™ +1(p, ¢')) ——= H"™ 7 +1(p" ¢")

commutes. Here (¢",7") = (q,7) = (¢',7"), (0",¢") = (p,q) = (¢',r") = (q,7) * (p’,¢'). Note that
if (H™,8), (H™,¢"), and (H"™,¢") are stationary [46], IT 4.4.2], then the pairing from H*, H'"
to H"* is uniquely determined by the pairing from H* | Ar~, H™ | At~ to H”* | Ar™, where
Ar™ = Ar(Z U {—o0}). In fact, in this case, for every n, there exists an integer u(n) such that for
every ¢ > u(n), the morphism H"(—o0,q) — H"(—00,400) is an isomorphism.

Consider the induced spectral sequences (E5 = H"), (EF? = H'™), (Ey"? = H'™) given
by [46] II (4.3.3.2)]. A pairing from (H",d), (H'™,d") to (H"™,§") induces compatible pairings of
differential bigraded objects of A

Pq p'q’ 1p+p’,q+4q’
EPr@EPY — E

for 2 < r < oo (satisfying d”/(zy) = d.(x)y + (—1)PT92d.(y) for 2 € EP1, y € E?'7) and a pairing
of ﬁlterecﬂ graded objects of A

/ // +/ //+/
FPH" @ FP {'™ — prte’ g’

compatible with the pairing on F.

Assume moreover that (A, ®) is endowed with a structure of ®-category. A pairing from (H", ),
(H™, ) to (H™, ) is called associative (resp. commutative) if the underlying pairing from H*, H* to
H* is associative (resp. o-commutative, where o: Z x Ar(Z) — & is given by (n, (p,q)) — (=1)").
An associative (resp. commutative) pairing from (H™,¢), (H",d) to (H™,§) induces associative
(resp. commutative) pairings on EPY and FPH™. Here the commutativity for EP? and FPH" are
relative to the functors Z x Z — & given by (p,q) — (—=1)P™ and (p,n) — (—1)", respectively.

Remark 3.14. Let D, D’ be triangulated categories endowed with triangulated bifunctors ®: D x
D—D,®: D'xD' — D' Let 7: D — D’ be a triangulated functor endowed with a natural trans-
formation of functors D x D — D’ consisting of morphisms 7(M)®7(N) = 7(M ® N) of D’ that is
a natural transformation of triangulated functors in each variable. Let (X, ), (X', ), (X”,0") be
spectral objects with values in D. Then a pairing from (X, ¢), (X', ') to (X", ") induces a pairing
from (X, 6), 7(X’,0") to 7(X",0"). If (D,®), (D', ®) are endowed with structures of ®-categories
and 7 is a right-lax ®-functor (Construction , then an associative (resp. commutative) pair-
ing from (X, ¢), (X,0) to (X,9) induces an associative (resp. commutative) pairing from 7(X, §),
7(X,0) to (X, 9).

Similarly, let A be an abelian category endowed with an additive bifunctor ®: A x A — A
and let H: D — A be a cohomological functor endowed with a natural transformation of functors

4For the filtration, we use the convention FPH™ = Im(H"(—oco,n — p + 1) — H"(—00,00)). In particular, in
Example below, FPH™(X,K) = Im(H"(X,7<""PK) — H"(X, K)).
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D x D — A consisting of morphisms H(M)® H(N) — H(M ® N) of A. We adopt the convention
that for p < ¢ < r in Z, the map 6": H"(X(q,7)) — H"t'(X(p,q)) is (—1)" times the map
obtained by applying H to d[n]: X(q,r)[n] = X(p,q)[n + 1]. Then a pairing from (X, §), (X’,d")
to (X",8") induces a pairing from H*(X,¢), H*(X’', ") to H*(X",4") given by

H(X(p,q)n]) ® H(X'(p',q")[n']) = H(X(p,q)[n] @ X' (p', ') [n])
~ H((X(p,q) @ X'(p,¢'))[n+n']) = HX"((p,q) * (', q))[n +n']).
Here we have used the composite of the isomorphisms
Mm] ® Nin] ~ (M & Nfn)[m] ~ (M & N)[m +n]

given by the structure of bifunctor of additive categories with translation [27, Definition 10.1.1
(v)]on ®: DxD — D. If (D,®), (A,®) are endowed with structures of ®-categories and H
is a right-lax ®-functor, and if the associativity (resp. commutativity) constraint of (D,®) is a
natural transformation of triangulated functors in each variable, then an associative (resp. com-
mutative) pairing from (X, ¢), (X, ) to (X, ) induces an associative (resp. commutative) pairing
from H*(X,9), H*(X,d) to H*(X,0). Indeed, the assumption on the commutativity constraint
implies the (—1)™"-commutativity of the following diagram

M[m] ® N[n] — (M ® N[n])[m] —— (M @ N)[m + n]

zl iz

Nn] @ M[m] — (N @ M[m])[n] —= (N ® M)[m + n)].

Example 3.15. Let X be a commutatively ringed topos and let K be an object of D(X). The
second spectral sequence of hypercohomology

EP? = HP(X,HIK) = H"T(X, K)

is induced from the spectral object H* (K, d), where (K, d) is the second spectral object associated
to K. If K is a pseudo-ring in D(X), then Remark applied to Example endows the
spectral sequence with an associative multiplicative structure, which is graded commutative when
K is commutative.

Part 11
Main results

4 Finiteness theorems for equivariant cohomology rings

We will first discuss Chern classes of vector bundles on Artin stacks. Let X be an Artin stack, let
n > 2 be an integer invertible on X, and let £ be a line bundle on X. The isomorphism class of £
defines an element in H'(X,G,,). We denote by

(4.0.1) c1(L) € HX(X,Z/nZ(1))

the image of this element by the homomorphism H!(X,G,,) — H?(X,Z/nZ(1)) induced by the
short exact sequence
1= Z/nZ(1) = Gy = Gy — 1,

where the map marked by n is raising to the n-th power. For any integer i, we write Z/nZ(i) =
Z/nZ(1)®". We say a quasi-coherent sheaf [44, 06WG] € on X is a vector bundle if there exists a
smooth atlas p: X — X such that p*€ is a locally free Ox-module of finite rank. The following
theorem generalizes the construction of Chern classes of vector bundles on schemes ([39, Théoréme
1.3] and [51, VII 3.4, 3.5]). If X is a Deligne-Mumford stack, it yields the Chern classes over the
étale topos of X locally ringed by Oy, defined by Grothendieck in [21I} (1.4)]. In particular, it also
generalizes [21], (2.3)].
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Theorem 4.1. There exists a unique way to define, for every Artin stack X over Z[1/n] and every
vector bundle € on X, elements c;(£) € H*(X,Z/nZ(i)) for all i > 0 such that the formal power
series ci(€) = Y 50 ci(E)t" satisfies the following conditions:

(a) (Functoriality) If f: Y — X is a morphism of stacks over Z[1/n], then f*(c:(€)) = ct(f*E);

(b) (Additivity) If 0 — & — €& — £"” — 0 is an exact sequence of vector bundles, then ¢i(€) =
Ct(gl)Ct(EN);

(c) (Normalization) If L is a line bundle on X, then c¢1(L) coincides with the class defined
in and ¢i(L) = 1x + ¢1(L)t. Here 1x denotes the image of 1 by the adjunction
homomorphism Z/nZ — H°(X,Z/nZ).

Moreover, we have:
(d) co(€) =1x and ¢;(€) =0 fori > rk(E).

The ¢;(€) are called the (étale) Chern classes of €. Tt follows from (b) and (d) that ¢;(£) only
depends on the isomorphism class of £.

To prove Theorem [4.1} we need the following result, which generalizes [51, VII Théoréme 2.2.1]
and [39, Théoreme 1.2].

Proposition 4.2. Let X be an Artin stack and let € be a vector bundle of constant rank r on
X. Let n be an integer invertible on X and let A be a commutative ring over Z/nZ. We denote
by m: P(E) — X the projective bundle of €. Let & = ¢1(Op(g)(1)) € H2(P(E),A(1)) as in (4.0.1).
Then the powers &' € H?*(P(E), A(i)) of & define an isomorphism in D(X,A)

r—1

(4.2.1) (1,6, &) EPA(=i)[-2i] = Rm.A.

=0

Proof. By base change [32], we reduce to the case of schemes, which is proven in [51, VII Théoréme
2.2.1]. O

The uniqueness of Chern classes is a consequence of the following lemma, which generalizes [39]
Propositions 1.4, 1.5].

Lemma 4.3. Let X be an Artin stack, let n be an integer invertible on X, and let A be a commu-
tative ring over Z/nZ.

(a) (Splitting principle) Let € be a vector bundle on X of rank r and let m: Flag(€) — X
be the fibration of complete flags of £. Then w*E admits a canonical filtration by vector
bundles such that the graded pieces are line bundles, and the morphism A — Rm. A is a split
monomorphism.

(b) Let E:0 — & — & & &£ — 0 be a short exact sequence of vector bundles and let
7: Sect(E) — X be the fibration of sections of p. Then Sect(E) is a torsor under Hom(E",E")
and ™ F is canonically split. Moreover, the morphism A — Rm, A is an isomorphism.

Proof. (a) follows from Proposition as m is a composite of r successive projective bundles. For
(b), up to replacing X’ by an atlas, we may assume that 7 is the projection from an affine space.
In this case the assertion follows from [0, XV Corollaire 2.2]. O

To define ¢;(€), we may assume & is of constant rank r. As usual, we define
ci(€) € H¥(X,Z/nZ(i)), 1<i<m,

as the unique elements satisfying
&+ ) (D@ =0,
1<i<r

where & = ¢1(Opg)(1)) € H*(P(E),Z/nZ(1)). We put ¢o(€) =1 and ¢;(£) = 0 for i > r. The
properties (a) to (d) follow from the case of schemes. If ¢;(£) = 0 for all ¢ > 0, in particular if £ is
trivial, then (4.2.1)) is an isomorphism of rings in D(X, A).
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Theorem 4.4. Let S be an algebraic space, let n be an integer invertible on S, and let A be a
commutative ring over Z/nZ. Let N > 1 be an integer, let G = GLy, s, and let T = Hfil T; C G be
the subgroup of diagonal matrices, where T; = G, s. Let m: BG — S, 7: BT — S, f': G/T — S
be the projections, let k: S — BG be the canonical section, let f: BT — BG be the morphism
induced by the inclusion T — G and let h: G/T — BT be the morphism induced by the projection
G — S, as shown in the following 2-commutative diagram

(4.4.1) G/T —~ BT

Let & be the standard vector bundle of rank N on BG, corresponding to the natural representation
of G in O . The i-th Chern class c;(€) of € induces a morphism

a; K; = As(—i)[—2i] — Rm.A.

Let L; be the inverse image on BT of the standard line bundle on BT;. Its first Chern class ¢1(L;)
induces a morphism

Bi: L; = As(—l)[—2] — Rt A.
For a graded sheaf of A-modules M = @, ., M; on S, we let M® = @, M;(—i)[—2i] € D(S,A). Let
Aglz1,...,zN] (resp. Aslt1, ..., tn]) be a polynomial algebra on generators z; of degreei (resp. t; of
degree 1). The corresponding object Ag[xy, ..., xN]> (resp. Ag[ty,. .., tx]2) is naturally identified
with SA(D ;< n Ki) (resp. SA(B1<;<n Li)). Then the ring homomorphisms

(4.4.2) a: Aglzy, ..., o] = RmA,
(4.4.3) B: Aglt1, ..., tn]> — RTA,

defined respectively by «; and B;, are isomorphisms of rings in D(S,A), and fit into a commutative
diagram of rings in D(S,A)

(4.4.4) Aslzy, ..., 2n]® —Z= Ag[ty, ..., ty]> L. (Aslty, ... tn]/(01,. .., 0n))2
ai: Bi: ’Yi:
R A il Rt A o RfIA,

which commutes with arbitrary base change of algebraic spaces S’ — S. Here o sends x; to the i-th
elementary symmetric polynomial o; inty,...,tx, p is the projection, ay is induced by adjunction
by f and ay, is induced by adjunction by h. Moreover, as graded module over R**m, A (x), R?* T, A(x)
is free of rank N!.

In particular, we have canonical decompositions

Rm, A~ @ R*'m.A[-2q], Rr.A~@DR*7.A[-2q, Rf.A~EDR™fIA[-2q],
q q q

ap, induces an epimorphism R*7, A — R* f/A and af induces an isomorphism R*7, A = (R*T.A)SV,
where Gy is the symmetric group on N letters. Moreover, (4.4.4]) induces a commutative diagram
of sheaves of A-algebras on S

(4.4.5) Aglzy, ... an] =2 Aglty, ..., tn] —— Ag[t1, ..., tn]/(o1, ..., 0N)

alg ﬁiz vlg

R¥*m A (x) — 2> R¥7,A(x) R?* A (%),

where « carries x; to the image of ¢;(€) under the edge homomorphism

H?(BG, A(i)) — H(S, R¥m,A(3)),
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and [ carries ¢; to the image of ¢;(£;) under the edge homomorphism
H*(BT,A(i)) — HY(S, R*7.A(7)).
We will derive from Theorem a formula for Rf, (see Corollary .

Proof. As in [2, Lemma 2.3.1], we approximate BG by a finite Grassmannian G(N, N') = M* /G [

where N’ > N, M is the algebraic S-space of N’ x N matrices (a;;);<;<n’, M* is the open subspace
1<jEN

of M consisting of matrices of rank N. Let B C G be the subgroup of upper triangular matrices.

The square on the right of the diagram with 2-cartesian squares

M* — M*)T —2> M*/B —— M*/G

S — BT u
induces a commutative square
(4.4.6) Rm. A Rt.A
Ru. A Ru, A —2> Ruw,A.

Here a, is induced by the adjunction A — Rp,A. The latter is an isomorphism by [50, XV
Corollaire 2.2], because p is a (B/T)-torsor and B/T is isomorphic to the unipotent radical of B,
which is an affine space over S. The diagram

M- M*—>M~<~— M*

N

S

induces an exact triangle
Rz.Ri'A — Rw. A — Ry.A — .

Since M is an affine space over S, the adjunction A — Rz, A is an isomorphism [50, XV Corollaire
2.2]. Since x is smooth and the fibers of z are of codimension N’ — N + 1, we have Ri'A €
D22(N'=N+1) 1y semi-purity [I1, Cycle 2.2.8]. It follows that the adjunction A — 7<2(N'=N) Ry A
is an isomorphism. By smooth base change by g (resp. fg) [32], this implies that the adjunction
A — 72N =N) Ry A (resp. A — TS2(N/’N>R¢*A) is an isomorphism, so that the right (resp. left)
vertical arrow of 7S2(V' =N ) is an isomorphism.

The assertions then follow from an explicit computation of Ru,A and Rv,A. Note that M*/B is
a partial flag variety of the free Og-module (’)fgvl of type (1,...,1, N'=N). By [51], VII Propositions
5.2, 5.6 (a)] applied to u and v, we have a commutative square

A2 —= > Ru.A

|

CA =+ Ru.A.

5This approximation argument was explained by Deligne to the first author in the context of de Rham cohomology
in 1967.
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Here

A:AS[$17"'7xN7y15"'ayN/—N}/( Z xiyj)mZh
i+j=m

C:AS[tla"'atNayla'"ayN/—N}/( Z Uiyj)7rL217
i+j=m

the upper horizontal arrow sends z; to the i-th Chern class ¢;(En+) of the canonical bundle &y
of rank N on the Grassmannian M*/G, the lower horizontal arrow sends ¢; to the first Chern
class ¢1(L; n+) of the i-th standard line bundle £; n/ of the partial flag variety M*/B, and the
upper (resp. lower) horizontal arrow sends y; to the i-th Chern class ¢;(€/) of the canonical
bundle £}, of rank N’ — N on M*/G (resp. on M*/B). In the definition of the ideals, we put
o=y =1, x; =0fori > N and y; = 0 for s > N’ — N, and we used the fact that c,, of the
trivial bundle of rank N’ is zero for m > 1. As En (vesp. £; nv) is induced from & (resp. £;),
by the functoriality of Chern classes (Theorem , these isomorphisms are compatible with the
morphisms « and 3 . We can rewrite A as Alxy,...,2N]/(Pn(21, ..., Zm))m>N'—N
and rewrite C' as Aft1,...,tn]/(Qm(t1, .- tm))m>N—N, where P, is an isobaric polynomial of
weight m in x4, ..., x,,, x; being of weight ¢, and @, is a homogeneous polynomial of degree m in
t1,...,tm,. As the vertical arrows of induce isomorphisms after application of the truncation
functor 752V =N) it follows that 752V —N) of the square on the left of is commutative
and the vertical arrows induce isomorphisms after application of 7=2(V =N) . To get the square on
the right of , it suffices to apply the preceding computation of Rw,A (via Rv.A) to the case
N’ = N, because, in this case, f/ = w. The fact that commutes with base change follows
from the functoriality of Chern classes. The last assertion of the theorem then follows from [51]
VII Lemme 5.4.1]. O

Corollary 4.5. With assumptions and notation as in Theorem [
(a) For every locally constant A-module F on S, the projection formula maps

F @k Rm A — Rr,n*F, F&KRrA— Rr.mTF

are isomorphisms.

(b) The classes c1(L;) induce an isomorphism of rings Apglty, . .., tn]>/J — Rf.A in D(BG, A),
where J is the ideal generated by o; — ¢;(E). Moreover, the left square of induces an
isomorphism of Rm,A-modules RT,A ~ Rm, A ®/L\ RfIA.

Proof. (a) We may assume that F is a constant A-module of value F. Then the assertion follows
from Theorem applied to A and to the ring of dual numbers A & F (with m;mo = 0 for
mi, Mo € F)

(b) Since f*&€ ~ @fvzl Li, f*c;(€) = ¢;(f*E) is the i-th elementary symmetric polynomial in
c1(L1),...,c1(Ly). Thus the ring homomorphism Apglty,...,tn]> — Rf.A induced by ci(L;)
factorizes through a ring homomorphism Apglti,...,tn]>/J — Rf.A. By Proposition ap-
plied to the square

(G, T)——(57)

L]

(G, G) —=(5,G),

the left square of (4.4.1)) is 2-cartesian. By smooth base change by k, we have k*Rf.A ~ Rf.A. The
first assertion then follows from Theorem[£.4] By Remark [2.7] it follows that Rf.A ~ m*k* Rf. A ~
m*Rf.A. Thus Rr A ~ Rm.Rf.A ~ Rm.m*Rf.A and the second assertion follows from (a). O

Let k be a separably closed field, let n be an integer invertible in k, and let A be a noetherian
commutative ring over Z/nZ. The next sequence of results are analogues of Quillen’s finiteness
theorem [36, Theorem 2.1, Corollaries 2.2, 2.3]. Recall that an algebraic space over Speck is of
finite presentation if and only if it is quasi-separated and of finite type.
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Theorem 4.6. Let G be an algebraic group over k, let X be an algebraic space of finite presentation
over Spec k equipped with an action of G, and let K be an object of DL([X/G], \) (see Notation.
Then H*(BG, A) is a finitely generated A-algebra and H*([X/G], K) is a finite H*(BG, A)-module.
In particular, if K is a ring in the sense of Definition[3.3, then the graded center ZH*([X/G], K)
of H*([X/G], K) is a finitely generated A-algebra.

Initially the authors established Theorem [£.6] for G either a linear algebraic group or a semi-
abelian variety. The finiteness of H*(BG, A) in the general case was proved by Deligne in [12].

Corollary 4.7. Let G be an algebraic group over k and let f: X — BG be a representable mor-
phism of Artin stacks of finite presentation over Speck, and let K € D%(X,A). Consider H*(X, K)
as an H*(BG, A)-module by restriction of scalars via the map f*: H*(BG,A) — H*(X,A). Then
H*(X,K) is a finite H*(BG, A)-module.

Proof. Tt suffices to apply Theorem to Rf.K € D°(BG,A). O

Corollary 4.8. Let X (resp. Y) be an algebraic space of finite presentation over Speck, equipped
with an action of an algebraic group G (resp. H) over k. Let (f,u): (X,G) = (Y, H) be an equiv-
ariant morphism. Assume that u is a monomorphism. Then the map [f/u]* makes H*([X/G], A)
a finite H*([Y/H], A)-module.

Indeed, since the map [X/G] — BH induced by w is representable, H*([X/G], A) is a finite
H*(BH, A)-module by Corollary hence a finite H*([Y/H], A)-module.

Proof of Theorem[{.6 By the invariance of étale cohomology under schematic universal homeo-
morphisms, we may assume k algebraically closed and G reduced (hence smooth). Then G is an
extension 1 - GY — G — F — 1, where F is the finite group m(G) and G° is the identity
component of G. By Chevalley’s theorem (cf. [8, Theorem 1.1.1] or [J, Theorem 1.1]), G° is an
extension 1 = L — G° - A — 1, where A is an abelian variety and L = G,g is the largest
connected affine normal subgroup of G°. Then L is also normal in G, and if E = G/L, then E is
an extension 1 - A — F — F — 1. We will sum up this dévissage by saying that G is an iterated
extension G=L-A-F.

By [20, VIIT 7.1.5, 7.3.7], for every algebraic group H over k, the extensions of F' by H with
given action of F' on H by conjugation are classified by H?(BF, H). In particular, the extension
E of F by A defines an action of F' on A and a class in H?(BF, A), which comes from a class « in
H?(BF, Alm]), where m is the order of F' and A[m] denotes the kernel of m: A — A. Indeed the
second arrow in the exact sequence

H?*(BF,Alm]) — H*(BF, A) =% H*(BF, A)

is equal to zero. This allows us to define an inductive system of subgroups E; = Almn'] - F
of E, given by the image of o in H2(F, Ajmn’]). This induces an inductive system of subgroups
G; = L- Almn'] - F of G, fitting into short exact sequences

1 L G; E; 1
| = |
1 L G E 1.
Form the diagram with cartesian squares
[(X/Gi] BG; G/G;
o]
[X/G] BG Speck.

Note that G/G; = A/A[mn‘] and the vertical arrows in the above diagram are proper representable.
By the classical projection formula [50, XVII (5.2.2.1)], Rfi.ffK ~ K ®@% Rfi.A. Moreover,
fisA = A. Thus we have a distinguished triangle

(4.8.1) K = RfufiK — K @ 72'Rfi A — .
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The first term forms a constant system and the third term N; = K ®IL\ 72 Rfi A forms an AR-null
system of level 2d in the sense that N;io4 — N; is zero for all i, where d = dim A. Indeed the
stalks of RIf;. A are H1(A/A[mn'], A), which is zero for ¢ > 2d. For ¢ = 0, the transition maps
of (H°(A/Almnt],A)) are idy and for ¢ > 0, the transition maps of (HY(A/A[mn’],A)) are zero.
Thus, in the induced long exact sequence of

H*=Y([X/G], Ni) = H*([X/G], K) =5 H*([X/Gi], f{ K) — H"([X/G], N),

the system (H*([X/G],N;)) is AR-null of level 2d. Therefore, «; is injective for ¢ > 2d and
Ima; = Im(H*([X/Gitadl, [i0qK) — H*([X/Gi], f{fK)) for all i. Taking i = 2d, we get
H*([X/G],K) = Im(H*([X/Gaal, f1;K) — H*([X/G24), f5;K)). In particular, H*(BG,A) is
a quotient A-algebra of H*(BGuq,A), and H*([X/G],K) is a quotient H*(BG,A)-module of
H*([X/Guaq), f1;K). Therefore, it suffices to show the theorem with G replaced by G4q. In partic-
ular, we may assume that G is a linear algebraic group.

Let G — GL, be an embedding into a general linear group. By Corollary the morphism
of Artin stacks over BGL,.,

[X/G] - [(X A® GL,)/GL],

is an equivalence. Replacing G by GL, and X by X A® GL,, we may assume that G = GL,..
Let f: [X/G] — BG. Then Rf.K € D%(BG,A). Thus we may assume X = Speck. The full
subcategory of objects K satisfying the theorem is a triangulated category. Thus we may further
assume K € Mod.(BG, A). In this case, since G is connected, K is necessarily constant (Corollary
so that K ~ 7©*M for some finite A-module M, where m: BG — Speck. In this case, by
Theorem 4.4} H*(BG, A) ~ Alcy, ..., ¢,] is a noetherian ring and H*(BG, K) ~ M @ Alcq, .. ., ¢r]
is a finite H*(BG, A)-module. O

Remark 4.9. We have shown in the proof of Theorem[4.6|that H*([X/G], K) ~ Im(H*([X/G4d], f1,K) —
H*([X/Gaa4), f5,K)). In particular, H*([X/G], K) is a quotient H*(BG, A)-module of H*([X/G4d4), f1,K).
Here Gaq < G44 are affine subgroups of G, independent of X and K, and foq: [X/G24] — [X/G],

faa: [X/Gaa] — [X/G].

In the following examples, we write H*(—) for H*(—, A), with A as in Theorem |4.6

Example 4.10. Let G/k be an extension of an abelian variety A of dimension g by a torus T' of
dimension r. Then
(a) HY(A), HY(T), H'(G) are free over A of ranks 2g, r and 2g+7 respectively, and the sequence
0 — HY(A) - HY(G) — HYT) — 0 is exact. The inclusion H'(G) < H*(G) induces an
isomorphism of A-modules

(4.10.1) ANHYG) = H*(G).

(b) The homomorphism
dot: HY(G) — H*(BG)

in the spectral sequence
E¥! = HP(BG) ® HY(G) = H*"9(Speck)

of the fibration Spec k — BG is an isomorphism.
(c) We have H**1(BG) = 0 for all i, and the inclusion H?(BG) — H*(BG) extends to an
isomorphism of A-algebras
S(H?*(BG)) = H*(BG).

Let us briefly sketch a proof.

Assertion (a) is standard. By projection formula, we may assume A = Z/nZ. As the mul-
tiplication by n on T is surjective, the sequence 0 — T[n] — G[n] — A[n] — 0 is exact. The
surjection 7 (G) — G[n] induces an injection Hom(G|n],Z/nZ) — H'(G). The fact that this
injection and are isomorphisms follows (after reducing to n = £ prime) from the structure
of Hopf algebra of H*(G), as H?9%"(G) = H"(T) ® H?9(A) is of rank 1 (cf. [42] Chapter VII,
Proposition 16]).

27



Assertion (b) follows immediately from (a).
To prove (c) we calculate H*(BG) using the nerve BoG of G (cf. [10, 6.1.5]):

H*(BG) = H*(B.G),

which gives the Eilenberg-Moore spectral sequence:

(4.10.2) EY = HY(B;G) = H™(BG).

One finds that

EY ~ LN (HY(G)][-1]).

By [23, T 4.3.2.1 (i)] we get

Thus

EY7 ~ LST(HY(G))[—4]-

g [SIHE) i
0 if i # 4.

The F, term is concentrated on the diagonal, hence (4.10.2)) degenerates at Es, and we get an
isomorphism

H*(BG) = S(H'(G)[-2)),

from which (c) follows.

Example 4.11. Let G be a connected algebraic group over k. Assume that for every prime number
¢ dividing n, H(G,Zy) is torsion-free for all i. Classical results due to Borel [5] can be adapted as
follows.

(a)
(b)

H*(QG) is the exterior algebra over a free A-module having a basis of elements of odd degree
[5, Propositions 7.2, 7.3].
In the spectral sequence of the fibration Spec k — BG,

EY = H(BG) ® H?(G) = H"(Speck),

primitive and transgressive elements coincide [5, Proposition 20.2], and the transgression gives
an isomorphism dg1: P4 = Q9! from the transgressive part P? = Egil of H1(G) ~ EJ?
to the quotient QI+ = Eg.ﬁ’O of HI"(BG) ~ EZ™°. Moreover, Q* is a free A-module
having a basis of elements of even degrees, and every section of H*(BG) — Q* provides an
isomorphism between H*(BG) and the polynomial algebra Sy (Q*) [5, Théorémes 13.1, 19.1].

Now assume that G is a connected reductive group over k. Let T be the maximal torus in G,
and W = Normg(T')/T the Weyl group. Recall that G is ¢-torsion-free if ¢ does not divide the
order of W, cf. [6], [43, Section 1.3]. As in [I1, Sommes trig., 8.2], the following results can be
deduced from the classical results on compact Lie groups by lifting G to characteristic zero.

()

The spectral sequence

(4.11.1) EY = H(BG) ® H'(G/T) = H"*(BT)

degenerates at Fs, Eéj being zero if ¢ or j is od In particular, the homomorphism
H*(BT) - H*(G/T)

induced by the projection G/T — BT is surjective. In other words, in view of Theorem (4.4
H*(G/T) is generated by the Chern classes of the invertible sheaves L, obtained by pushing
out the T-torsor G over G/T by the characters x: T — Gy,.

The Weyl group W acts on , trivially on H*(BG), and H*(G/T) is the regular
representation of W [0, Lemme 27.1]. In particular, the homomorphism H*(BG) — H*(BT)
induced by the projection BT — BG induces an isomorphism

(4.11.2) H*(BG) = H*(BT)".

6The vanishing of H7(G/T) for j odd follows for example from the Bruhat decomposition of G/B for a Borel B
containing T'.
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5 Finiteness of orbit types

Let k be a field of characteristic p > 0, let G be an algebraic group over k, and let A be a finite
group. The presheaf of sets Homgroup (4, G) on AlgSp /i is represented by a closed subscheme X of
the product [[,. 4 G of copies of G indexed by A. In the case where A ~ (Z/{Z)" is an elementary
abelian ¢-group of rank r, Homgroup(A4, G)(T) can be identified with the set of commuting r-
tuples of ¢-torsion elements of G(T'). The group G acts on X by conjugation. Let x € X (k)
be a rational point of X and let ¢: G — X be the G-equivariant morphism sending g to zg,
where xg: a — g 'x(a)g. Let H = ¢~ 1(x) C G be the inertia subgroup at x. The morphism c
decomposes into

G- H\GL X,

where f is an immersion [I3, III, § 3, Proposition 5.2]. The orbit of  under G is the (scheme-
theoretic) image of f, which is a subscheme of X. The orbits of X are disjoint with each other.
The following result is probably well known. It was communicated to us by Serre.

Theorem 5.1 (Serre). Assume that the order of A is not divisible by p. Then the orbits of X
under the action of G are open subschemes. Moreover, if G is smooth, then X is smooth.

The condition on the order of A is essential. For example, if p > 0, A = Z/pZ and G = G, is
the additive group, then G acts trivially on X ~ G.

Note that for any field extension &’ of k, if Y is an orbit of X under G, then Y}/ is an orbit of
Xk/ under Gk/.

Corollary 5.2. The orbits are closed and the number of orbits is finite. Moreover, if k is alge-
braically closed, then the orbits form a disjoint open covering of X.

Proof. Tt suffices to consider the case when k is algebraically closed. In this case, rational points
of X form a dense subset [22], Corollaire 10.4.8]. Thus, by Theorem [5.1} the orbits form a disjoint
open covering of the quasi-compact topological space X. Therefore, the orbits are also closed and
the number of orbits is finite. O

Corollary 5.3. Let G be an algebraic group over k and let £ be a prime number distinct from p.
There are finitely many conjugacy classes of elementary abelian ¢-subgroups of G. Moreover, if
k is algebraically closed and k' is an algebraically closed extension of k, then the natural map
Sk — Sk from the set Sy of conjugacy classes of elementary abelian £-subgroups of G to the set
Sk of conjugacy classes of elementary abelian £-subgroups of Gy is a bijection.

Proof. By Corollary it suffices to show that the ranks of the elementary abelian ¢-subgroups
of G are bounded. For this, we may assume k algebraically closed, and G smooth. As in the proof
of Theorem let L be the maximal connected affine normal subgroup of the identity component
G of G. Let d be the dimension of the abelian variety G/L, and let m be the maximal integer
such that /™|[G : G°]. Choose an embedding of L into some GL,,. Then every elementary abelian
subgroup of G has rank < n + 2d + m. O

To prove the theorem, we need a lemma on tangent spaces. Let S be an algebraic space, and
let X be an S-functor, that is, a presheaf of sets on AlgSp,g. Recall [49, IT 3.1] that the tangent
bundle to X is defined to be the S-functor

Tx;s = Homg(Spec(Ogle]/(€)), X),

which is endowed with a projection to X. For every point u € X (5), the tangent space to X at u
is the S-functor [49] II 3.2]
T)%/S = TX/S XX S.
Recall [49] IT 3.11] that, for S-functors Y and Z, we have an isomorphism
THOT}'LS (v,2)/8 = Homg (Y7 TZ/S)'

For a morphism f: Y — Z of S-functors, this induces an isomorphism

(5.3.1) qu.c[oms(yyz)/s ~Homys((Y, ), Tz/s)-

29



Assume that Z is an S-group, that is, a presheaf of groups on AlgSp /s- Then we have an iso-
morphism of schemes T;/g ~ Z xg Lie(Z/S), where Lie(Z/S) = T%/S. Thus (5.3.1)) induces an
isomorphism

(5.3.2) s — Homg (Y, Lie(Z/5S)).

f
THoms Y,2)/

Furthermore, if Y is an S-group and f is a homomorphism of S-groups, then the image of

T;‘Loms_gmup(y,z) /s by (B:32) is Z4(Y,Lie(Z/S)) @9, 11 4.2], where Y acts on Lie(Z/S) by the

formula y > Ad(f(y))m

Lemma 5.4. Let f: Y — Z be a homomorphism of S-groups as above. Let c: Z — Homs_group(Y, Z)
be the morphism given by

2 (= (27 (9)2).

Then the composition

1
Tes

Lie(Z/S) — T/

Homs group(Y.2)/S Homg(Y,Lie(Z/S))

is given by t — (y — Ad(f(y))t —t), and the image is B5(Y,Lie(Z/9)).

Proof. The exact sequence
1 — Lie(Z/S) = Tz)s - Z — 1

has a canonical splitting, which allows one to identify T'7,g with the semidirect product Lie(Z/S) x
Z. An element (¢,z) of the semidirect product (evaluated at an S-scheme S’) corresponds to
the image of dR.(t) € TZ,4(5"), where R.: Z xg S — Z xg S’ is the right translation by z.
Multiplication in the semidirect product is given by

(t,2)(t',2') = (t + Ad(2)t', z2").

The image of ¢ under Tcl/ g in T

Homs(

v.2)/8 = Homyzs(Y,Tys) is T, s(t, 1), given by

y = (61710, f(9)(8,1) = (Ad(f ()t — £, f(y)).
Hence the image in Homg (Y, Lie(Z/S)) is y — Ad(f(y))t — t. O

Proof of Theorem[5.1, We may assume k algebraically closed and G smooth. As in the beginning
of Section let u: A — G be a rational point of X, let H be the inertia at u, let Y = H\G, and let
c¢: G — X be the G-equivariant morphism sending g to ug, which factorizes through an immersion
j: Y — X. Since H!(A,Lie(G)) = 0 for any action of A on Lie(G), it follows from Lemma
that T}: Lie(G) — T% is an epimorphism. Thus the map TJ{H} : T}{,H} — T'% is an isomorphism.
Since Y is smooth [49] VI 9.2], j is étale |22, Corollaire 17.11.2] and hence an open immersion at
this point. In other words, the orbit of u contains an open neighborhood of u. Since the rational
points of X form a dense subset [22, Corollaire 10.4.8], the orbits of rational points form an open
covering of X, which implies that X is smooth. O

6 Structure theorems for equivariant cohomology rings

Throughout this section « is a field and k is an algebraically closed field.

Definition 6.1. For a functor F': C — D and an object d of D, let (d | F) = C xp Dy, (strict
fiber product) be the category whose objects are pairs (¢, ¢) of an object ¢ of C and a morphism
¢:d — F(c) in D, and arrows are defined in the natural way. Recall that F is said to be cofinal
if, for every object d of D, the category (d | F) is nonempty and connected.

If F' is cofinal and G: D — & is a functor such that lim GF exists, then @G exists and the
morphism lim GF — lim G is an isomorphism [33, Theorem IX.3.1].

"For compatibility with [49] IT 4.1], we write the adjoint action as left action.
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Lemma 6.2. Let F': C — D be a full and essentially surjective functor. Then F is cofinal.

Proof. Let d be an object of D. As F' is essentially surjective, there exist an object ¢ of C and an
isomorphism f: d = F(c) in D, which give an object of (d | F'). As F is full, for any morphism
g: d — F(c'), with ¢ an object of C, there exists a morphism h: ¢ — ¢ in C such that F(h) = gf 1,
which gives a morphism (¢, f) — (¢/,g) in (d | F). O

We now introduce some enriched categories, which will be of use in the structure theorems,
especially Theorem [6.17]

Definition 6.3. Let D be a category enriched in the category AlgSp,, of algebraic r-spaces,
with Cartesian product as the monoidal operation [29, Section 1.2]. For objects X and Y of D,
Homp(X,Y) is an algebraic k-space and composition of morphisms in D is given by morphisms of
algebraic k-spaces. We denote by D(k) the category having the same objects as D, in which

Homp(s) (X,Y) = (Homp (X, Y))(x).

Assume that & is separably closed. We denote by D(m) the category having the same objects as
D, in which
Homp () (X,Y) = mo(Homp (X, Y)).

Note that, if Homp(X,Y) is of finite type, Homp(,,)(X,Y’) is a finite set. We have a functor
n: D(k) — D(m),

which is the identity on objects, and sends f € Homp(X,Y)(x) to the connected component
containing it. Assume that Homp(X,Y) is locally of finite type. If x is algebraically closed, or if
for all X, Y in D, Homp(X,Y) is smooth over &, then 7 is full, hence cofinal by Lemma

Construction 6.4. Let G be an algebraic group over k, let X be an algebraic space of finite
presentation over k, endowed with an action of G, and let ¢ be a prime number. We define a
category enriched in the category Sch?}C of schemes of finite type over k,

Ac.x 0

as follows. Objects of Ag, x ¢ are pairs (A,C) where A is an elementary abelian ¢-subgroup of
G and C is a connected component of the algebraic space of fixed points X4 (which is a closed
algebraic subspace of X if X is separated). For objects (A,C) and (A’,C") of Ag x, we denote
by Transg((A,C), (A, C")) the transporter of (A,C) into (A’,C"), namely the closed subgroup
scheme of G representing the functor

S—{geG(9)|g Asg C Ay, Csg D Ci}.

In fact, Transg((A,C),(A’,C")) is a closed and open subscheme of the scheme Transg (A4, A’)
defined by the cartesian square

Transg(A, A") ——=[],ca 4

| |

G HaEA G

where the lower horizontal arrow is given by g + (¢~ 'ag)aeca. Indeed, if we consider the morphism
F: Transg(A, A)) x X&' = X4 (g,2) = zg™"
and the induced map

¢: mo(Transg(A, A")) — 7TO(XA) I'— mo(F)(T,C"),
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then Transg((A,C), (A’,C")) is the union of the connected components of Transg(A, A’) corre-
sponding to ¢~(C). We define

Homu, ,,((A,C),(A",C")) == Transg((4,C), (A", C")).
Composition of morphisms is given by the composition of transporters
Transg((A’,C"), (A”,C")) x Transg((4, C), (A',C")) — Transg((4, C), (A", C")),

which is a morphism of k-schemes. When no confusion arises, we omit ¢ from the notation. We
will denote Ag spec(k) by Ac-

For an object (A,C) of Ag x, we denote by Centg(A,C) its centralizer, namely the closed
subscheme of G representing the functor

S+ {geG(S)|Csg=Csand g lag = a for all a € A}.
For objects (4, C), (A’,C") of Ag x, we have natural injections (cf. [37, (8.2)])
(6.4.1)  Centg (A, C)\Transg((A, C), (A’,C")) — Cente(A)\Transg (A, A') — Hom(A4, A").

We let .AbG’ « denote the category having the same objects as Ag, x, but with morphisms defined
by the left hand side of (6.4.1). We call the finite group

(6.4.2) Wa(A, C) = Centg (A, C)\Transg((A4, C), (A,C))
the Weyl group of (A,C). This is a subgroup of the finite group
Wea(A) = Centg(A)\Normg(A) C Aut(A).

The functors
.AG7x(k‘) — AG7x(7T0) — .AbG7X

(the second one defined via (6.4.1)) are cofinal by Lemma

Let k' be an algebraically closed extension of k. We have a functor Ag x (k) = Ag,, x,, (k')
carrying (A, C) to (A, Cy/). Since the map

mo(Transg((A4, C), (A',C")) = mo(Transg,, (A, Cr), (A", C1)))
is a bijection, this induces a functor Ag x(m) = Ag,, x,, (70)-
In the rest of the section we assume ¢ invertible in k.

Lemma 6.5. The category Ag, x (mo) is essentially finite, and the functor Aq x (mo) — Aa,, x,, (7o)
is an equivalence. In particular, Ag(mg) is essentially finite.

Proof. Let S be a set of representatives of isomorphisms classes of objects of Ag(7mp). In other
words, S is a set of representatives of conjugacy classes of elementary abelian /-subgroups of G.
By Corollary this is a finite set. Let T be the set of objects (A4, C) of Ag x(my) such that
A € S. Then T is a finite set. The conclusion follows from the following facts:
(a) For (A,C) and (A',C’') in Ag x, Hom 4, \ (=) ((4,C), (A, C")) is finite (Deﬁnition, and,
by Construction

HomAG,x(ﬂg)((Av C)v (A/7 C/)) ; HomAGk,,xk, (7\'0)(("4’ Ck:’)v (A/a Cllc’))

(b) The finite set T is a set of representatives of isomorphism classes of objects of Ag, x (7o),
and {(4,Cy) | (A,C) € T} is a set of representatives of isomorphism classes of objects of
Aa,, x,, ().

Indeed, (b) follows from the following obvious lemma. O

Lemma 6.6. Let B, C be sets endowed with equivalence relations denoted by ~ and let f: B — C
be a map such that b ~ b implies f(b) = f(b'). Let S be a set of representatives of C. For every
s €S, let Ty be a set of representatives of f~1(s). Then Uses Ts is a set of representatives of B if
and only if for every b € B and every c € S such that f(b) ~ ¢, there exists b’ € f~1(c) such that
b~"b.
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Remark 6.7. Let G be an algebraic group over k and let T be a subtorus of G. Then Wg(T) =
Centg(T)\Normg(T') is a finite subgroup of Aut(T"). The inclusions

Normg(T') C Normg(T'[4]), Centg(T) C Centg(T'[¢))

induce a homomorphism p: Wg(T) — Wa(T'[¢]). Via the isomorphisms Aut(7) ~ Aut(M) and

Aut(T[¢]) ~ Aut(M/EM), where M = X*(T), p is compatible with the reduction homomorphism

Aut(M) — Awt(M/¢M). If T is a maximal torus, then p is surjective by the proof of [43, 1.1.1].
For £ > 2, p is injective. In fact, for an element g of Ker(Aut(M) — Aut(M/¢M)) and arbitrary

¢, the ¢-adic logarithm log(g) == > .~ ﬂ(g —1)" € (End(M) ® Z, is well defined. If g™ = id

m=1 m

for some n > 1, then nlog(g) = log(¢™) = 0, so that log(g) = 0. In the case £ > 2, we then have
g = explog(g) = id. For £ = 2, p is not injective in general. For example, if G = SLy and T is a
maximal torus, then Wg(T) ~ Z/2 and W (T'[2]) = {1}.

If G = GL,, and T is a maximal torus, then p is an isomorphism for arbitrary ¢. In fact, in this
case, Normg (T') = Normg (T[¢]) and Centg(T) = Centg (T'[¢]).

Notation 6.8. We will sometimes omit the constant coefficient F, from the notation. We will
sometimes write H¢, for H*(BG) = H*(BG, Fy).

Construction 6.9. Let T' = Transg(A,A’), let ¢ € T(k), and let ¢j: A — A’ be the map
a +— g 'ag. In the above notation, the morphism Bcy: BA — BA’ induces a homomorphism
0,: H%, — H’. This defines a presheaf (H},6,) on A%, hence on AbG7X.
If (A,C) is an object of Ag, x, we have
H*([C/A]) = H} @ H*(C).

The restriction H*([X/G]) — H*([C/A]) induced by the inclusion (C,A4) — (X, G), composed
with the projection

(6.9.1) H*([C/A]) — H
induced by H*(C) — H°(C) = Fy, defines a homomorphism
(6.9.2) (A,C)": H([X/G]) — Hj.

For g € Trans((4,C), (A", C")(k) C T(k), we have the following 2-commutative square of grou-
poids in the category AlgSp (Construction :

(', Ay, 2 (o, ar),

(g-l,icni /4 l

(C,A)e — (X, G)s

(with trivial action of A and A" on C” and trivial action of A on C), where the 2-morphism is given
by g. The corresponding 2-commutative square of Artin stacks

BAx(C'——= BA' x C’

L

BA x C — [X/G]
induces by adjunction (Notation the following commutative square:

H*([X/G]) —— H*([C/A])

l i[g_l/id]*
He((c /) L e (e ).
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Composing with the projections (6.9.1), we obtain the following commutative diagram:

H*([X/G])

(A,’Cl)*l w*

Therefore the maps (A, C)* (6.9.2) define a homomorphism

(6.9.3) a(G, X): H*([X/G]) = lim (H},0,).

b
AG,X

Note that the right-hand side is the equalizer of

(J1,J2): H H) = H H,

(A,C)eAq, x g: (A,C)—=(A",C")

where g runs through morphisms in A"GVX, Jilha,cy) = (hea,ey)gs Jolhacy)) = (Oghcarcn)g-
Moreover, by the finiteness results Corollary and Lemma the right-hand side of (6.9.3)) is
a finite H*(BG)-module, and, in particular, a finitely generated Fy-algebra.

To state our main result for the map a(G, X) (6.9.3), we need to recall the notion of uniform
F-isomorphism. For future reference, we give a slightly extended definition as follows.

Definition 6.10. Let GrVec be the category of graded F,-vector spaces. It is an Fy-linear ®-
category. The commutativity constraint of GrVec follows Koszul’s rule of signs, such that a (pseudo-
)ring in GrVec is an anti-commutative graded Fy-(pseudo-)algebra.

Let C be a category. As a special case of Construction the functor category GrVec® :=
Fun(C°?, GrVec) is a Fy-linear ®-category. The functor 1&1 o GrVec® — GrVec is the right adjoint

to the unital ®-functor GrVec — GrVecC, thus has a right unital ®-structure. If u: R — S is a
homomorphism of pseudo-rings in GrVec®, we say that u is a uniform F-injection (resp. uniform
F-surjection) if there exists an integer n > 0 such that for any object i of C and any homogeneous
element (or, equivalently, any element) @ in the kernel of u; (resp. in S;), a’" = 0 (resp. a’” is in the
image of u;). Note that a’" =0 for some n > 0 is equivalent to a™ = 0 for some m > 1. We say u
is a uniform F-isomorphism if it is both a uniform F-injection and a uniform F-surjection. These
definitions apply in particular to GrVec by taking C to be a discrete category of one object, in
which case the notion of a uniform F-isomorphism coincides with the definition in [36] Section 3].

The following result is an analogue of Quillen’s theorem ([36, Theorem 6.2], [37, Theorem 8.10]):

Theorem 6.11. Let X be a separated algebraic space of finite type over k, and let G be an algebraic
group over k acting on X. Then the homomorphism a(G, X) (6.9.3) is a uniform F-isomorphism

(Definition [6.10).

Remark 6.12. Let A be an elementary abelian {-group of rank r > 0. We identify HY(BA,Fy)
with A = Hom(A,F;). Recall [36, Section 4] that we have a natural identification of Fy-graded
algebras

S(A if £ =2
mBAF) =0
ANA) @ S(BA) if L > 2,
where S (resp. A) denotes a symmetric (resp. exterior) algebra over Fy, and 3: A — H%(BA,F))
is the Bockstein operator. In particular, if {xy,...,2,} is a basis of A over Fy, then
F e Ty if £ =2
H*(BA’FZ): f[xla ,I] 1
/\(xlv"'vxr)®]Ff[y1a"'ayr] if£>2

where y; = Bx;.
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Corollary 6.13. With X and G as in Theorem let K € D%([X/G),Fy). The Poincaré series

PS,(H"([X/G), K)) = Zdimm H'([X/G), K)t!

is a rational function of t of the form P(t)/ 1 <;<, (1 — t**), with P(t) € Z[t]. The order of the
pole of PS;(H*([X/G])) at t = 1 is the mazimum rank of an elementary abelian (-subgroup A of
G such that X4 # ().

Proof. By Theorem H*([X/G], K) is a finitely generated module over H*([X/G]), which is a
finitely generated algebra over Fy. Therefore the Poincaré series PS,(H*([X/G], K)) is a rational
function of ¢, and the order of the pole at t = 1 of PS;(H*([X/G])) is equal to the dimension of the
commutative ring H**([X/G]). To show that PS;(H*([X/G], K)) is of the form given in Corollary
recall (Remark that we have shown in the proof of Theorem [4.6| that H*([X/G], K) is a
quotient H*(BH )-module of H*([X/H], f*K) for a certain affine subgroup H of G, f denoting the
canonical morphism [X/H] — [X/G]. Embedding H into some GL,, and applying Corollary [4.7] we
deduce that H*([X/G], K) is a finite H*(BGL,,)-module. Since H*(BGL,,) ~ Fy[cy, ..., ¢,], where
¢i is of degree 2i (Theorem [4.4), PS;(M*) is of the form P(t)/ ], <;, (1 —t*) with P(t) € Z[t] for
every finite graded H*(BGL,)-module M*. The last assertion of Corollary is derived from
Theorem as in [36, Theorem 7.7]. One can also see it in a more geometric way, observing that
the reduced spectrum of He*([X/G]) (where e = 1 if £ = 2 and 2 otherwise) is homeomorphic to
an amalgamation of standard affine spaces A = Spec(H§")red associated with the objects (4, C)
of Ag,x (see Construction [I1.1). O

Example 6.14. Let G be a connected reductive group over k with no ¢-torsion, and let T" be a
maximal torus of G. Let ¢: A" — A% be the full subcategory spanned by T[f]. The functor ¢ is
cofinal. Indeed, for every object A of .A'&, since A is toral, there exists a morphism ¢,: A — T'[(]
in A%, Moreover, for morphisms c,: A — T[{], ¢,;: A — T[(] in A%, there exists an isomor-
phism ¢p: T[¢] — T[{] such that crcy = ¢y in AE, by [43, 1.1.1] applied to the conjugation
Cg-1g: Cg(A) = cyr(A). Let W = Wg(T). The map a(G,Spec(k)) can be identified with the
injective F-isomorphism
H ~ (Hp)" — (HT*“[Z])W

induced by restriction (where the isomorphism is (4.11.2))). In particular,

lim (H5 )rea = S(TIV)Y,
Ae A,

where e = 1if £ =2 and e = 2 if £ > 2. Moreover, for £ > 2, a(G, Spec(k)) induces an isomorphism
HE o~ ((H%Tz])rcd)w

Example 6.15. Let X = X () be a toric variety over k with torus T, where ¥ is a fan in N @ R
and N = X, (T). We identify T'[¢] with N ® u,. The inertia I, C T of the orbit O, corresponding
to a cone 0 € ¥ is N, ® Gy,, where N, is the sublattice of N generated by N N o, so that
Ay = I,[¢] =~ Ny ® pp. The latter can be identified with the image of NNo in N ® Fy. This defines
an object (A,,C,) of Ar x, where C, is the connected component of X 4o containing O,. The
functor ¥ — 'AEF, y is cofinal. Thus we have a canonical isomorphism

yin (HZ*)red =~ @(Hilt)red-
AeAl, o o€y

Note that (H} )red can be canonically identified with S(M,) ® Fy, where M, = M/(M No*) and
S(M,) is the algebra of integral polynomial functions on o. In particular, we have a canonical
isomorphism

(6.15.1) m (HY )rea =~ PP*(X) @ Fy,
Ac Ay
where

PP*(X) = {f: Supp(Z) = R | (f| o) € S(M,) for each 0 € £}
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is the algebra of piecewise polynomial functions on ¥. Recall that Payne established an isomor-
phism from the integral equivariant Chow cohomology ring A% (X) of Edidin and Graham [14]
2.6] onto PP*(X) [35, Theorem 1]. Combining Theorem [6.11] and (6.15.1), we obtain a uniform
F-isomorphism

H*([X/T],F;) — PP*(X) @ F,.
If X is smooth, this is an isomorphism, and PP*(X) is isomorphic to the Stanley-Reisner ring of ¥
[3, Section 4].

In the rest of this section, we state an analogue of Theorem [6.11] with coefficients.

Construction 6.16. Let G be an algebraic group over k, X an algebraic k-space endowed with
an action of G, and K € DE_ ([X/G],Fy).

cart

If A, A’ are elementary abelian f-subgroups of G and g € G(k) conjugates A into A’ (i.e.
g YAg C A'), A acts trivially on X4 via cg = A — A’ (where ¢, is the conjugation s — g~ 1sg),
and we have an equivariant morphism (1,¢g): (X A" A) = (X, @), where 1 denotes the inclusion
X4 c X, inducing
[1/¢g]: [XA /Al = BA x X4 = [X/q).

We thus have, for all g, a restriction map
HY([X/G), K) = HU([X* /A], [1¢,)" K).
On the other hand, we have a natural projection
7 [XA /Al = BAx XA = X4,
hence an edge homomorphism for the corresponding Leray spectral sequence
HI([XA /AL, [1/cg] K) — H(XA', R, [1/c,]" K).

By composition we get a homomorphism

(6.16.1) a?(A, A" g): H([X/G], K) — HO(XAI,qu[l/cg]*K).

Since R*m.F, = @, Rm.F, is a constant sheaf of value *(BA,Fy), R*m.[1/cy|" K = @, Rim.[1/cy]" K
is endowed with a H*(BA,F,)-module structure by Constructions and which induces a
H*(BG,Fy)-module structure via the ring homomorphism [1/¢4]*: H*(BG,F;) — H*(BA,F,).
The map a(A4, A, g) = P, a?(A, A', g) is H*(BG,Fy)-linear.

If (Z,Z',h) is a second triple consisting of elementary abelian ¢-subgroups Z, Z', and h € G(k)
such that ¢, : Z — Z’, the datum of elements a and b of G(k) such that g = ahb and ¢,: A — Z,
cy: Z' — A’, defines a commutative diagram

(6.16.2) A—> A

hence a morphism [b™!/cy]: [X4' JA] — [XZ'/Z], fitting into a 2-commutative diagram

(6.16.3) (X4 /4] — > x4

1/cy
el J{[b_l/ca] lbl
N

[X/G] el (X7 /7] "= X7,

where the 2-morphism of the triangle is induced by b. Consider the homomorphism
(6.16.4)

(a,0)*: HO(X?' | Rim,[1/cp)]* K) — HO(XA, (b~ ) RIm, [1/cp)* K) — HO(XA, Rim,[1/¢,* K),
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where the first map is adjunction by b~—! and the second map is base change map for the square
in (6.16.3]). This fits into a commutative triangle

(6.16.5) HI([X/G], K)

|

/ a,b)*
HO(XZ, R, (1] K) 225

HO(XA Rim,[1/c,)* K),

where the vertical and oblique maps are given by . Denote by

(6.16.6) A (k)

the following category. Objects of Ag(k)? are triples (A, A/, g) as above, morphisms (A4, A’, g) —
(Z,Z',h) are pairs (a,b) € G(k) x G(k) such that g = ahb and ¢,: A — Z, ¢p: Z' — A'. Via

the maps (a,b)* (6.16.4)), the groups H?(X4', Rim,[1/c,]*K) form a projective system indexed by
Ag (k)% and by the commutativity of (6.16.5) we get a homomorphism

(6.16.7) al(X,K): HY([X/G],K) — RL(X,K),
where
(6.16.8) RL(X,K) = lim HY(XA Rim,[1/c,]* K).

(A,A7,g)€AG (k)"

Since @, (a,b)" is H*(BG,Fe)-linear, RE(X, K) = @, RE(X, K) is endowed with a structure of
H*(BG,Fy)-module. The map

(6.16.9) ac(X,K) = @ al(X,K): H*([X/G),K) - R5(X,K)

induced by (6.16.7) is a homomorphism of H*(BG,Fy)-modules. If K is a (pseudo-)ring in
DL ([X/G],Fy), R&(X,K) is a Fy-(pseudo-)algebra and ag(X, K) is a homomorphism of F-

(pseudo-)algebras.

Theorem 6.17. Let G be an algebraic group over k, X a separated algebraic space of finite type
over k endowed with an action of G, and K € D} ([ X/G],Fy).
(a) RL(X,K) is a finite-dimensional F-vector space for all q; if K € DY([X/G],F,), R&(X, K)
is a finite module over H*(BG,Fy).
(b) If K is a pseudo-ring in DF ([X/G],F¢) (Construction[3.8), the kernel of the homomorphism
ac(X, K) is a nilpotent ideal of H*([X/G], K). If, moreover, K is commutative,
then ac(X, K) is a uniform F-isomorphism (Definition [6.10).

Remark 6.18. The projective limit in (6.16.7)) is the equalizer of the double arrow

(1.d2): J] T(XA RImafl/er]" K) = 11 D(XA R (s nr g1/ K,
AeAg (A,A",9)€Ag (k)

where a4 = T(4,4,1), [1/c1]: [XA/A] — [X/G], 41 is induced by (1,9): (A, A", g) — (A, A, 1) and
Jo is induced by (g,1): (4, A", g) — (A", A’,1).

This is a consequence of the following general fact (applied to C = Ag(k)). Let C be a category.
Define a category C? as follows. The objects of C? are the morphisms A — A’ of C. A morphism in
C% from A — A’ to Z — Z' is a pair of morphisms (A — Z, Z’ — A’) in C such that the following
diagram commutes:

A—s A

]

Z——=27.
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Let F be a presheaf of sets on C?. Then the sequence

re,F) - [[Fean = [ F)
AecC (a: A—A")eCh

is exact. Here the two projections are induced by (ida,a): a — idg and (a,ida/): @ — idas,
respectively. R

Indeed, because the two compositions are equal, we have a map s: I'(Ch, F) — K, where K is
the equalizer of the double arrow. It is straightforward to check that the map K — [],cc: F(a)

factors through I‘(CAH, F) to give the inverse of s.
Note that this statement generalizes the calculation of ends fAec F(A, A) [33, Section IX.5] of a
functor F' from C°P x C to the category of sets. More generally, for any category D and any functor

F:C®xC =D, [,.c F(A, A) can be identified with the limit fm F(A, A’) indexed by C".

Remark 6.19. For K = Fy, the commutative diagram

H*([X/G],Fe) [liac)eac Ha Il (ac)=arcry Ha

T~ ] -

[1 D(XA RinaF,) —= I D(XA, RIm(a ar gy o)
AcAc (A,A",g)eAc (k)t

induces a commutative diagram

" a(G,X) . .

()G
ac(X,Fe) l,g

R (X, Fy).

Therefore Theorem [6.17] generalizes Theorem [6.11}

Part (b) of Theorem will be proved as a corollary of a more general structure theorem
(Theorem [8.3). Part (a) will follow from the next lemma.

Lemma 6.20. Let Eg be the category enriched in Schﬁtk having the same objects as Aq(k)? and
in which Homg, ((A, A’,9),(Z,Z', h)) is the subscheme of G x G representing the presheaf of sets
on AlgSp .

S {(a,b) € (Gx G)(S) | a ' Asa C Zg, b~ Zib C Ay, g = ahb}

(so that by definition Eq(k) = Ag(k)?).

(a) The functor F: Eg(mo) — Ag(mo)? carrying (A, A’, g) to (A, A’,~), where v is the connected
component of Transg(A, A’) containing g, is an equivalence of categories. In particular,
Ec(my) is equivalent to a finite category, and for every algebraically closed extension k' of k,
the natural functor Eq(mg) — &a,, (mo) is an equivalence of categories.

(b) The projective system HO(XA', Rim,[1/c,)* K) indexed by (A, A', g) € Ag (k)" factors through
SG(WO)-

Remark 6.21. The projective system in Lemma (b) does not factor through (A%)" in gen-
eral. Indeed, if G is a finite discrete group of order prime to ¢, then Ag(m) and Ag(mp)? are
both connected groupoids of fundamental group G, while .AbG is a simply connected groupoid. If
K € Mod.(BG,F,), then the projective system in Lemma [6.20] (b) can be identified with the
F4-representation of G corresponding to K.

The proof of Lemma [6.20] will be given after Remark [6.26] We will exploit the fact that the
family of stacks [X A /A] parameterized by (A4, A4’,g) € Ag(k)? underlies a family “algebraically
parameterized” by £s. To make sense of this, the following general framework will be convenient.
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Definition 6.22. Let D be a category enriched in AlgSp . (Definition [6.3)). By a family of Artin
k-stacks parameterized by D, or, for short, an Artin D-stack, we mean a collection

X = (XA,%4,B,04,74,B,C)A,B,CED,

where X 4 is an Artin stack over k, 4 p: X4 x Homp(A, B) — Xp is a morphism of Artin stacks
over k, 04 and 4, p,c are 2-morphisms:

idXAXi

XA4>XA xHomD(A,A)
J% i

id
Xa
id c
X4 x Homp (A, B) x Homp(B, C) 25" X 4 x Homp(A, C)
IA,BXidHomD(B,C)\L Ya,B,C f) lwA,c
zB,C

Xp XHOHID(B,C) XC»

satisfying identities of 2-morphisms expressing the unit and associativity axioms. Herei: Spec(k) —
Homp (A, A) is the unit section and ¢: Homp(A, B) x Homp(B,C) — Homp(A, C) is the compo-
sition.

A morphism f: X — Y of Artin D-stacks is a collection ((fa)aep,(¢a,B)a Bep), Where
fa: Xa — Y4 is a morphism of Artin stacks over s and ¢4 g is a 2-morphism:

XA X Spec(k) HOIIID(A7 B) ﬂ) Xp

foidl ﬂ¢AvB lf};

Yy X Spec(r) HomD(A7 B) &' Ys

satisfying certain identities of 2-morphisms with respect to the unit section ¢ and the composition c.

Definition 6.23. Let A be a commutative ring and let X be an Artin D-stack. We define a
category Dear (X, A) as follows. An object of Dear (X, A) is a collection ((Ka)aep, (aa,B) A, BeD),
where K4 € Doart(Xa,A), s p: vy pKp = p"Ka,p: Xa x Homp (A, B) — X 4 is the projection,
such that the following diagrams commute

kK i*aA'A Sk, %k * @a,c *
iy g4 ——1"p* Ky Ty o Ko —————p"Ka
~ l: ’YZ,B,C\LZ TOZA,B
TA
K * * K (XB’C * * K
A Ta,BTp,clhCc —=P Ty BAB-

A morphism K — L in De¢ayt (X, A) is a collection (K4 — La)aep of morphisms in Dy (Xa, A)
commuting with a4 p. If S is an Artin stack over x, we denote by Sp the constant Artin D-
stack. If x is separably closed and Homp (A, B) is noetherian for every A and every B in D, then
Modcart (Spec(k)p, A) is equivalent to the category of projective systems of A-modules indexed by
D(mp). Indeed, in this case, aa p: p*Kp — p*K 4 is a morphism between constant sheaves on
Homp (A, B), and has to be constant on every connected component of Homp (A, B).

Remark 6.24. If D is discrete (i.e. induced from a usual category) and X is a D-scheme, i.e.
a functor from D to the category of k-schemes, the category Dcart(X,A) consists of families of
objects K4 € D(X4,A) and compatible transition maps XiKp — K4 for f: A— B, and should
not be confused with the derived category of sheaves of A-modules on the total étale topos of X
over D.
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Construction 6.25. Let f = ((fa)aep, (04,8)4,Bep) be a morphism of Artin D-stacks. The
functors f% induce a functor f*: Deart(Y,A) — Deart(X,A). On the other hand, for K €
Deart (X, A) we have a diagram

(6251) yz,BRfB*KB p*RfA*KA

| |

R(fa x id)sa%y s Kp = R(fa x id).p*K4

where the left (resp. right) vertical arrow is base change for the square ¢4 p (resp. for the obvious
cartesian square).
Assume that A is annihilated by an integer invertible in k, and that the condition (a) (resp.

(b)) below holds:

(a) Homp(A, B) is smooth over x for all objects A, B in D;

(b) fa is quasi-compact and quasi-separated and K4 € DZ, . for every object A of D.
Then the right vertical arrow is an isomorphism by smooth base change (resp. generic base
change (Remark [2.12))) from Spec(x) to Homp(A, B), and thus the diagram defines a
map vy pRfp«Kp — p*Rfa.Ka. These maps endow (RfasK4) with a structure of object of
Deart (Y, A). We thus get a functor

Rf.: Deary(X,A) = Dears (Y, A)  (resp. D (X,A) — D,

cart cart

(Y, A)).
The adjunctions idp,, ,(x,,a) = Rfa«f} induce a natural transformation id — Rf. f*.

Remark 6.26. The construction of Rf, above encodes the homotopy-invariance of étale coho-
mology [62, XV Lemme 2.1.3]. More precisely, assume k separably closed. Let Y, Y’ be two Artin
stacks over K, L € Deart (Y, A), L' € Deays(Y', A). A morphism c: (Y, L) — (Y', L') is a pair (g, ¢),
where g: Y — Y/ ¢: g*L' — L. Following [52, XV Section 2.1], we say that two morphisms
co,c1: (Y, L) — (Y', L") are homotopic if there exists a connected scheme T of finite type over &,
two points 0,1 € T'(x), a morphism (Y Xgpec(r) T priL) — (Y, L) inducing co and ¢; by taking
fibers at 0 and 1, respectively. This is equivalent to the existence of an Artin Dp-stack X and an
object K € Dyt (X, A) such that X4 =Y, Xa =Y', K4 = L, K4 = L’ and inducing ¢y and
¢1 by taking fibers at 0 and 1. Here Dy is the Sch%-enriched category with Ob(Dr) = {A, A'},
Homp, (A, A) = Homp, (A’, A") = Spec(x), Homp,. (A’, A) = 0 and Homp, (4, A’) =T. If ¢y and
¢ are homotopic, then ¢ = ¢i: H*(Y', L") — H*(Y, L). To prove this, we may assume that T is
a smooth curve as in [52, XV Lemme 2.1.3]. Let a: X — Spec(k)p, be the projection. By the
above, R*a.K is a projective system of graded A-modules indexed by Dr(m), and ¢ = ¢j is the
image of the nontrivial arrow of Dy ().

Proof of Lemma[6.20, By construction, F is essentially surjective. Consider the morphism of
schemes ¢: Home, ((4,4',9),(Z,Z',h)) = Homa,(Z', A’) = Transg(Z', A’) given by (a,b) — b.
It fits into the following Cartesian diagram

Home,, (A, A, g), (Z, 2, h)) ——— Transg (2, A’)
{t e Hom(Z', A") | t(cn(Z)) D c4(A)}—— Hom(Z', A").
In particular, ¢ is an open and closed immersion and induces an injection on
Home,, (xy) (4, A g),(Z,Z' h)) — HornAG(7T0)(Z’7 A

In other words, the composite functor pyo F': Eg(mo) — Ag(m)°P is faithful, where po: Ag(m)? —
Ag(mo)°P. Therefore, F is faithful. To show that F is full, let (o, 8): F(A,A’,g) — F(Z,Z’',h) be
a morphism in Ag(m)?. Choose b € B(k) C G(k). Then we have a Cartesian diagram

Transg (A, Z) v, Transg (A, A”)

l |

Hom(A4, Z)———— Hom(4, A’),
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where t): a — ahb. In particular, ¢ is an open and closed immersion. The map m(Transg (A4, Z)) —
mo(Transg (A, A")) induced by ¢ carries o to v = anB, where v € mo(Transg(A, A')) and n €
mo(Transg(Z, Z')) are the connected components of g and h, respectively. Thus there exists
a € a(k) C G(k) such that g = ¢(a) = ahb. Then (a,b): (A, A’,g) — (Z,Z',h) is a morphism in
Eq(k) = Acg(k)!, and induces a morphism 7 in Eg(mg) such that F(7) = («a, 3). Therefore, F is
an equivalence of categories. The second assertion of (a) follows from this and Lemma

Let us prove (b). For (A, A’,g) and (Z,Z',h) in Eg(k), consider the scheme

T = Home, (A, A, g), (Z, Z', )

and the tautological section ¢ = (a,b) € T(T). Then, if [X4 /Alp (vesp. [XZ /Z]r) denotes
the product of [X4"/A] (resp. [X7'/Z]) with T over Spec(k), t defines a morphism of stacks
b /ca]: [XA JAlr — [XZ' /Z]7 over T, whose fiber at (a,b) is [b~"'/c,]. These morphisms are
compatible with composition of morphisms up to 2-morphisms, and define a structure of £g-stack
(Definition on the family of stacks [X4'/A] for (A, A',g) € Eq(k). Moreover, we have a

diagram over T

(6.26.1) (XA JAlp T XA

v e e

[X/Clr <—— (X7 /2]y " X¥,
[1/en)

where the 2-morphism of the triangle is induced by b. The fiber of (6.26.1)) at (a,b) is (6.16.3)).
Therefore we get morphisms of Artin Eg-stacks

[X/Gleg + (XA /A (a,ar,9) = (X)) (4099

Thus the system HO(X4' Rim,[1/c,]*K) indexed by (A, A',g) € Ac(k)* can be extended to an
object of Modcart (Spec(k)e,, Fr), which amounts to a system indexed by Eg(mp). More concretely,
the morphism (a, b)* (6.16.4) is the stalk at (a,b) of a morphism of constant sheaves on T'

(6.26.2) (a,0)*: HO(XZ' | Rim,[1/cn]* K)p — HO(XA | Rim[1/c,) K) 1,

defined by (a,b) via (6.26.1). Therefore it depends only on the connected component of (a,b) in
T. O

We need the following lemma for the proof of Theorem (a).

Lemma 6.27. Let Y be an algebraic space over k, and let A be a finite discrete group. Let
L € DY([Y/A],Fy), where A acts trivially on Y. Let m: [Y/A] = BA XY — Y be the second
projection. Consider the structure of H*(BA,Fy)-module on R*m.L given by Constructions
and as R*m,Fy is a constant sheaf of value H*(BA,F;). Then R*w, L is a sheaf of constructible
H*(BA,F;)-modules.

Proof. We may assume L concentrated in degree zero. Suppose first that L is locally constant.
Then R*m, L is a locally constant, constructible sheaf of H*(BA, Fy)-modules. Indeed, by definition
there is an étale covering (U,) of Y such that L | [U,/A] (considered as a sheaf of F;[A]-modules
on U,) is a constant Fy[A]-module of finite dimension over Fy of value L,. Then R*m,L | U, is
a constant H*(BA,F;)-module of value H*(BA, L,). By Theorem H*(BA, L,) is a finite
H*(BA,F;)-module, so the lemma is proved in this case. In general, we may assume Y to be
an affine scheme. Take a finite stratification ¥ = (JY,, into disjoint locally closed constructible
subsets such that L | Y, is locally constant, or equivalently, that L | [Y,/A] is locally constant.
Then, if 7o, = 7| [Yo/A] = Yo, (R*m L) | Yy =~ R7a«(L|Yy) by the finiteness of A, and we conclude
by the preceding case. O

Proof of Theorem[6.17 (a). By Lemma (b) we can rewrite R (X, K) in the form

RL(X,K) = Jim HY (XA RIm,[1/c,]*K).
(AvA,vg)egG(ﬂ—O)
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As Eg(mo) is essentially finite (Lemma (a)) and R, [1/cg]* K is constructible, the first asser-
tion follows. Let us now prove the second assertion. As Eg(mg) is equivalent to a finite category, it is
enough to show that, for all (4, A’, g), H*(X4', R*m.[1/c,]*K) is a finite H*(BG,F¢)-module. As
A acts trivially on X4', R*m.[1/¢,]*K is a constructible sheaf of H*(BA,F;)-modules by Lemma
Therefore HO(XA', R*m,[1/c,]*K) is a finite H*(BA,F;)-module, thus, by Corollary a
finite H*(BG, F¢)-module. O

7 Points of Artin stacks

In this section we discuss two kinds of points of Artin stacks which will be of use to us:
(a) geometric points, which generalize the usual geometric points of schemes,
(b) £-elementary points, which depend on a prime number ¢, and are adapted to the study of the
maps a(G, X) and ag(X, K) (Theorem [6.17).
The statement of the main structure theorem on Artin stacks (Theorem requires only the
notion (b). The notion (a) is a technical tool used in the proof.

Definition 7.1. Let X be a Deligne-Mumford stack. By a geometric point of X we mean a
morphism z — X', where x is the spectrum of a separably closed field. The geometric points of X
form a category

PXa

where a morphism from x — X to y — X is defined as an X-morphism X,y — X, of the
corresponding strict henselizations [31, Remarque 6.2.1]. The category Py is essentially U-small.
One shows as in [50, VIII Théoréme 7.9] that the functor (x — X) — (F — F,) from Px to the
category of points of the étale topos Xt is an equivalence of categories.
When X is a scheme, Py is the usual category of geometric points of X. If X = Speck, k a
field, Py is a connected groupoid whose fundamental group is isomorphic to the Galois group of k.
As Py is an essentially U-small category, we have a morphism of topoi

(7.1.1) p: ﬁ;(—%Xet,

where 15} denotes the topos of presheaves on Py. For a sheaf F on X, p*F is the presheaf
(x = X) — F, on Py, and p, applied to a presheaf (K,)zecp, is the sheaf whose set of sections

on U is imz€ P K. In particular we have an adjunction map
U

(112) h&f:]749pﬂf}}

which is a monomorphism, as X, has enough points and p*by, r is a split monomorphism (this
fact holds of course more generally for any topos X with an essentially small conservative family
of points Py, cf. [50, IV 6.7]).

Proposition 7.2. Let X be a locally noetherian Deligne-Mumford stack, A a noetherian commuta-
tive ring, F a constructible sheaf of A-modules on X. Then the adjunction map by r: F — p.p*F
(7.1.2) is an isomorphism. In particular, the homomorphism

(7.2.1) ¢: F(X) = lim F,

x€Px
s an isomorphism.

Proof. If f: Y — X is a morphism of Deligne-Mumford stacks, the square of topoi

p.
Py —> Ve
Pfl ifet
5> px
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commutes and induces base change morphisms

(7.2.2) Py fe = Py
and
(723) f*p)(* — py*P}k

and commutative diagrams

faby,g . » by =7 "
bx,f*gl J/N f*bX,f\L l~
* * * * (7.2.3) * )k
PPy [+G —— px« Prip3G [ papyF —— py«PipyF.

If f is a closed immersion, ([7.2.2)) is an isomorphism. If f is étale, ((7.2.3) is an isomorphism.
Let i: Z — X be a closed immersion, and let j: U/ — X be the complementary open immersion.
Then the following diagram with exact rows commutes (where we write p for px):

0

Gt F F T 0

bX,j!j*]:l lbx,f ibx,i*i*]—'

0 ——pup* 1" F ——= pup* F ——> pup 13" F.

Thus, to show that by r is an isomorphism, it suffices to show that both by ;, ;-7 and by j ;-7 are
isomorphisms. By the square on the left of (7.2.4) applied to G = i*F, by ;,;«r is an isomorphism
if bz ;« 7 is an isomorphism. On the other hand, the following diagram commutes:

"
J bx jij*xF

(7.2.5) J*F J g F TP 0" F

bu,j*?i ibu,j*j!j*}' :\L?.Q.:}

PusPid* F <—— pusp(i*0nj* F —= pu=P;p*jij* F.

We now prove that
(7.2.6) i*(pp*jij* F) = 0.

By the commutativity of (7.2.5)), this will imply that by j; j+ is an isomorphism if by j« 7 is an
isomorphism. For any geometric point z = Z,

(7.2.7) (pep™tj" F)z = lim  Lim (jij"F)u,
UEeNx (z)°P u€Py

where Nx(z) is the category of étale neighborhoods of z in X’ that are quasi-compact and quasi-
separated schemes. Let U be any such neighborhood. Take a finite stratification (Uy)aeca of U
by connected locally closed constructible subschemes such that the restrictions F | U, are locally
constant. Let Py (y,),., be the category obtained from Py by inverting all arrows in the full
subcategories Py, . Geometric points of the same stratum are isomorphic in Py ,),.,- Let
B C A be the subset of indices « such that there exists a morphism from a geometric point of
Us to z in Py v,)ecs- Let V= J,cpUa- Since the geometric points of V' are closed under
generization in U, V is an open subset of U. Since specialization maps on the same stratum
are isomorphisms, the projective system ((515*F)y)vep, factors uniquely through a projective
system ((j1j*F)z)zePy v, ., (Where on each stratum U,, a € B all specialization maps are
isomorphisms) and
Wm (jij*Flo ~  Jm (" F)e

ve Py ZEPV,(Ua)nen
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by Lemma@below. Note that P contains z and that for any object = of Py, ()., there exists
a morphism from x to z. Therefore, as (jij*F). = 0, this limit is zero. This implies that the
full subcategory of Nx(z)°P consisting of the neighborhoods U such that yﬂlvePU (jij*F)y =0 is
cofinal. It follows that the limit is zero and hence holds, as claimed. To sum up, we
have shown that by 7 is an isomorphism if both bz ;- 7 and by ;-7 are isomorphisms.

By induction, we may therefore assume F locally constant. Using the square on the right of
, we may assume J constant. In this case it suffices to show that is an isomorphism.
We may further assume that X is connected and noetherian. Then Py is a connected category
and the assertion is trivial. O

Lemma 7.3. Let C be a category and let S be a set of morphisms in C. If we denote by F': C —
S~IC the localization functor, then F and F°P are cofinal (Definition .

Proof. Tt suffices to show that F is cofinal. Let X be an object of S~!C, let Y be an object of C
and let f: X — FY be a morphism in S~'C. Then f = t,s.'...t;s7" with t; in C and s; € S.
Using t; and s;, f can be connected to idx: X — FX in (X | S71C). O

Remark 7.4. If, in Proposition[7.2} the sheaf F is not assumed constructible, then the monomor-
phism ¢ is not an isomorphism in general, as shown by the following example. Let X be a scheme
of dimension > 1 of finite type over a separably closed field k£ and let F = @ze\ x| iz« A, where | X]|
is the set of closed points of X and let i,: {x} — X be the inclusion. Then T'(X,F) ~ AUXD (by
commutation of I'(X, —) with filtered inductive limits). On the other hand, for x € Py, F, = A if
the image of z is a closed point, and F, = 0 otherwise, hence @xEP A ~ AXI. The monomor-
X
phism ¢ in Proposition can be identified with the inclusion AUXD < AXI) which is not an
isomorphism, as |X| is infinite.

Remark 7.5. In the situation of Proposition the morphism

RI(X,F) = R lim F,

x€Px

is not an isomorphism in general. In fact, if X = Spec(k), then the left hand side computes
the continuous cohomology of the Galois group G of k while the right hand side computes the
cohomology of G as a discrete group.

Definition 7.6. Let X be an Artin stack. By a geometric point of X we mean a morphism
a: S — X, where S is a strictly local scheme. If a: S — X and b: S — X are geometric points of
X, a morphism (a: S — X) — (b: T — X) is a morphism u: S — T together with a 2-morphism

(7.6.1) S— T

S

We thus get a full subcategory P’ of AlgSp,» (Notation |2.1). We define the category of geometric
points of X as the category
Px = My Ph,

localization of P4 by the set My of morphisms (a — b) in P4 sending the closed point of S to the
closed point of T'.

Although P’ is a U-category and not essentially small in general, we will show in Proposition
[7.9)that Py is essentially small. The next proposition shows that the definition above is consistent
with Definition [T.1]

Proposition 7.7. For any Deligne-Mumford stack X, the functor Py — P4 sending every ge-
ometric point x — X to the strict henselization Xy — X induces an equivalence of categories
t: Py — Px.
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Proof. Consider the functor F': P4 — Py sending S — X to its closed point s — X. For any
morphism in P4 as in 7 its image under F” is the induced morphism X5y = Xy, where s
and t are the closed points of S and T, respectively. The functor F': Py — Py induced by F’ gives
a quasi-inverse to ¢: Py — Px. In fact F'v = idp, and we have a natural isomorphism idp, — ¢F
given by the morphism S — X() in My for S — X in Py of closed point s. O

Remark 7.8. The reason why we do not consider the category of points Point (X, ) of the smooth
topos Xy, is that already in the case X is an algebraic space, the functor Point( Xy, ) — Point(Xet)
induced by the morphism of topoi €: Xy, — Xt is not an equivalence. For example, if U — X is
a smooth morphism and y is a geometric point of U lying above a geometric point z of X such
that the image of y in the fiber U X x  is not a closed point, then the points &: F — (Fx), and
g: F — (Fu)y of Xym are not equivalent, but have equivalent images in Point(Xe;). Indeed, if we
denote by €' : Xoy — X the right adjoint of e,, then the stalk of €'G is G, at &, but is e at 7.

Proposition 7.9. Let X be an Artin stack, and let 75% be the full subcategory of Ph consisting of
morphisms S — X, such that S — X is the strict henselization of some smooth atlas X — X at
some geometric point of X. Let My = Mx N Ar(Py). Then the inclusion P’y C Pl induces an
equivalence of categories M}lﬁg/ — Px.

Note that 75% and hence Py are essentially small. Thus Proposition shows that Py is
essentially small,

Proof. We write Py = My'Ph. For 2: S — X in Pl, let A, be the full subcategory of
(AlgSp, x )., consisting of diagrams

(7.9.1) S— =X

X

X

such that p is a smooth atlas. Then A, is nonempty since every smooth surjection to S admits a
section [22, Corollaire 17.16.3 (ii)]. Moreover, A, admits finite nonempty products. Consider the
functor F,: A, — 75& sending to the strict localization X () — & at the closed point s of
S. For any pair of morphisms (f,¢): X = Y with the same source and target in A,, F.(f) and
F,(g) have the same image in Py. Indeed, f|S = g | S implies F,(f)t = F.(g)t, where t € My
is the inclusion of the closed point of X(,). Thus there exists a unique functor G, making the
following diagram commutative

Ay —2s P,

where |A,| is the simply connected groupoid having the same objects as A,. This construction is
functorial in z, in the sense that for z — y in P%., we have a natural transformation

4y

L%

[As| == Pac.

Choosing an object X in A, for every z, we obtain a functor P5 — Py sending z to X(s)- This
functor factors through Py — P and defines a quasi-inverse of Prx — Px. O

Remark 7.10. For any morphism f: X — Y of Artin stacks, composition with f defines a functor
P}: Py — Py, which induces Py: Px — Py.
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(a) If f is a schematic universal homeomorphism, then P; is an equivalence of categories. In
fact, for any object T' — ) of P}, the base change S = T' xy & — T is a schematic universal
homeomorphism, so that S is a strictly local scheme by [22] Proposition 18.8.18 (i)]. The
functor Pj, — Pj carrying T — Y to T xy & — X carries My to My and induces a
quasi-inverse of Py.

(b) For morphisms & — Y and Z — ) of Artin stacks, the functor P, z — Py xp; PZ is an
equivalence of categories.

Example 7.11. Let k be a separably closed field, and let G be an algebraic group over k. Then
Pprc is a connected groupoid whose fundamental group is isomorphic to mo(G).

To prove this, by Remark (a), we may assume k algebraically closed and G smooth.
Then, for every object S — BG of Pj, the corresponding Gg-torsor is trivial and we fix a
trivialization. For any strictly local scheme S over Spec(k), we denote by ps: S — BG the object
of Ppg corresponding to the trivial Gg-torsor and by ag: S — Spec(k) the projection. By the
definition of BG (1.5.2)), morphisms ps — pr in Pp correspond bijectively to pairs (f,r), where
f: S — T is a morphism of schemes and r € G(S). We denote the morphism corresponding
to (f,r) by 0(f,r). If s is the closed point of S, r(s) € G(s) belongs to the inverse image of
a unique connected component of G, denoted [r]. Let II be the groupoid with one object and
fundamental group my(G). The above construction defines a full functor Pp, — II sending 6(f,r)
to [r], which induces a functor still denoted by F': Ppg — II. Since 8(as,r): ps — Pspec(k) is in
Mpg and 0(f,r)0(ar,1) = O(as,r), O(f,r) is an isomorphism in Ppg. Thus Ppg is a connected
groupoid. To show that F is an equivalence of categories, it suffices to check that for all r € G°(S),
f(ag,r) = 0(as,1). Here = stands for equality in Ppg. For this, we may assume that S is a point,
say S = Spec(k’). We regard r: Spec(k’) — G as a geometric point of G. Since G is irreducible,
X = Gy xg Gy is nonempty. Let 2 be a geometric point of X, and let ¢ € G(G) be the
tautological section. Then

G(QG(I) K t)a(‘sl? 1) = e(aSpec(k)a 1) = Q(U’G(l)’ 1)0(517 1)7

where s1: Spec(k) — G(q) is the closed point. It follows that 0(ag,,,,t) = 0(ag,,1), 0(as,t) =
0(az,1), and hence 0(ag,,,t) = 0(ag,,,,1). Therefore, if s,: Spec(k’) — G(,) denotes the closed
point, we have

e(aSpec(k’)7 ’I“) = e(aG(r)at)a(sm 1) = Q(GG(T), 1)9(57*’ 1) = e(aSpec(k’)a 1)

Construction 7.12. Let X be a locally noetherian Artin stack. If F is a cartesian sheaf on X,
then the presheaf
p'Fi(a: S — X)—T(S,a"F) ~ Fs

(where s is the closed point of S) on P4 defines a presheaf on Py, which will denote by pF. We
thus get an exact functor

(7.12.1) p: Sheare (X) — Pr.

If X is a Deligne-Mumford stack, then p* ~ *p, where p: Py — Xa is the projection (7.1.1) and
v: Py — Px the equivalence of Proposition [7.7]

The following result generalizes Proposition [7.2]

Proposition 7.13. Let X be an Artin stack, let A be a noetherian commutative ring, and let F
be a constructible sheaf of A-modules on X. Then the map

(7.13.1) L(X,F)— lim F,
z€Px

defined by the restriction maps T'(X,F) — (pF)(z) = Fy is an isomorphism.

The proof will be given after a couple of lemmas.
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Lemma 7.14. Let F': C — D be a functor between small categories. Assume that for any morphism
f: X =Y in D, there exists a morphism a: A — B in C and a commutative square in D of the
following form.:

f

X——Y

|

F(A) —— F(B).
Then F is of descent for presheaves. More precisely, for any presheaf F on D, with the notation
of [50, IV 4.6], the sequence
F = F.F*F = o, F3 F
is exact, where C Xp C is the 2-fiber product, F5: C xp C — D is the projection, and the double
arrow s induced by the two projections from C Xp C to C. In particular, the sequence

(7.14.1) I'(D,F) = T(C,F*F) = T(C xpC, F} F)
is exact.

Proof. For any X in D, F(X) = (F.F*F)(X) = (Fa. F5 F)(X) is (7.14.1) applied to the functor
F':C/x — D,x induced by F and the presheaf 7| (D, x). Since F' also satisfies the assumption of
the lemma, it suffices to prove that (7.14.1)) is exact. By definition, F(é , F*F) consists of families

s = (sx) € lim_ F(F(X)). Similarly, [(C xp C, F3 F) =lim o F(Fy(Y, Z,)). Let E

be the equalizer of the double arrow in (7.14.I). We construct e: E — [(D, F) as follows. Let
s € E. For any object X of D, put e(s)x = F(e)(sa) € F(X), for a choice of e: X = F(A).
This does not depend on the choice of e, because if ¢/: X =3 F(A’), then (A, A’,e’e™!) defines
an object of C xp C, and s € F implies F(e)(sa) = F(e’')(sa). For any morphism f: X — Y
in D, the hypothesis implies that F(f)(e(s)y) = €(s)x. This finishes the construction of e It is
straightforward to check that e is an inverse of T'(D, F) — E. O

Lemma 7.15. Let f: X — Y be a smooth surjective morphism of Artin stacks. If U is a universe
containing P? and Py, then the functor P}: Ph — Py, satisfies the condition of Lemma for
U.

Proof. Let (h,a): (S,u) — (T,v) be a morphism in P},. Since X xy T' is an Artin stack smooth
over T, it admits a section, giving rise to the following 2-commutative diagram

oL S A

AN
NI

(8,u) — 8o (70)

J’ Ph((h,id)) l

Then the following diagram commutes

where the left (resp. right) vertical arrow is the isomorphism (idg, Sa: uw — fgh) (resp. (idp, 8: v —

f9))- O

Proof of Proposition[7.13 Note that Hm - Fo — Hm - F. is an isomorphism by Lemma
Let f: X — X be a smooth atlas. The following diagram commutes:

X, F) NX, f*F) —=T'(X xx X,9*F)

| | |

hmzeP;( Fp —— @mepg Fr—= i

Lim bm oepy  Fa

XXy X
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Here g: X xxy X — X and the double arrows are induced by the two projections from X xy X
to X. The top row is exact by the definition of a sheaf. The bottom row is exact by Lemmas[7.14]
and Remark (b). The middle and right vertical arrows are isomorphisms by Propositions
and [7.7} Tt follows that the left vertical arrow is also an isomorphism. O

Example 7.16. For X = BG as in Example F corresponds (by Corollaries and to
a A-module of finite type M equipped with an action of 7o(G). Thus I'(BG, F) is the module
of invariants M 7™ (%) By Example @ze?’gc F, is the set of zero cycles Z°(mo(G), M), and

(7.13.1)) is the tautological isomorphism.
If G is finite, the isomorphism ((7.13.1f) extends to an isomorphism

RU(BG,F) = R lim F, = RT(Bro(G), M).

z€PBc

However, this no longer holds for G general, as the example of G = Gy, and F = A already shows
(Theorem [4.4)).

In the rest of this section, we fix a prime number /.

Definition 7.17. Let X be an Artin stack. By an £-elementary point of X we mean a representable
morphism z: § — X, where § is isomorphic to a quotient stack [S/A], where S is a strictly local
scheme endowed with an action of an elementary abelian ¢-group A acting trivially on the closed
point of S. If z: [S/A] — X, y: [T/B] — X are {-elementary points of X', a morphism from z to y
is an isomorphism class of pairs (g, o), where ¢: [S/A] — [T'/B] is a morphism and o: z — yyp is
a 2-morphism. An isomorphism between two pairs (¢, @) — (¢, 8) is a 2-morphism c¢: ¢ — 1 such
that S = (y * ¢) o . We thus get a category Cﬁ\?,é’ full subcategory of Stack;ef(’ (Remark .

Proposition 7.18. Let X be an Artin stack.

(a) Let x: S = [S/A] — X be an {-elementary point of X, let s be the closed point of S, and let
e be the composition s — S — S. Then Autg,)(¢) = A, and the morphism x induces an
injection

Autg(s) (E) — AutX(s) (.%')

(b) Let x: [S/A] = X, y: [T/B] — X be l-elementary points of X, and let (p,a): x — y be a
morphism in C;(,z- Then there exists a pair (f,u), where u: A — B is a group monomorphism
and f: S — T is a u-equivariant morphism of X-schemes, such that the morphism of X -
stacks (p, ) is induced by the morphism of groupoids (f,u): (S, A)e = (T, B)e over X. If
(f,u) is such a pair and r € B, then (fr,u) is also such a pair. If (fi1,u1) and (f2,us2) are
two such pairs, then u; = us and there exists a unique v € B such that f1 = for.

(c) Assume that X = [X/G] for an algebraic space X over a base algebraic space U, endowed
with an action of a smooth group algebraic space G over U. Then every £-elementary point
x: [S/A] — [X/G] lifts to a morphism of U-groupoids (xo,1): (S, A)e — (X, G)e, where
29: S = X and i: S x A = G. Moreover, in the situation of (b), if (x0,1), (v0,7), (f,u)
are liftings of x, y, v to U-groupoids, respectively, then there exists a unique 2-morphism of
U -groupoids (Proposition lifting o

(7.18.1) (5, 4) L (T, B).
7 ,
m l(yod)

(X,G)e

given by r: S — G satisfying xo(z) = (yof)(2)r(2) and i(z,a) = r(2) " j(f(2),u(a))r(za).

Proof. (a) The first assertion follows from the definition of [S/A] (Notation [L.5), and the second
one from the assumption that x is representable, hence faithful.

(b) Applying Proposition[I.19]to the groupoids (5, A)s and (T, B)e over X, we get a pair (f, u),
with u: S x A — B given by Proposition (a), such that [f/u] = (p,a). The morphism v is
constant on S, hence induced by a homomorphism, still denoted u, from A to B. Since ¢ is
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representable, u is a monomorphism. Such a pair (f,u) is unique up to a unique 2-isomorphism.
If (f1,u1) and (fa,us) are two choices, a 2-isomorphism from (f1,u1)e to (fo2,u2)e is given by
r: S — B (Proposition (b)), which is necessarily constant, of value denoted again r € B. Then
we have f1 = for and ru; = usr, hence u; = uo.

(c) The existence of the liftings follows from Proposition applied to the three groupoids.
The description of the morphisms and the 2-morphism of groupoids comes from Proposition [T.2]
(b). O

Remark 7.19. As the referee points out, Definition [7.17] is related to the ¢-torsion inertia stack
I(X, {) considered in [I, Proposition 3.1.3]. Indeed, P}  , can be identified with the subcategory

of C% , spanned by {-elementary points of the form S x BA — X and morphisms inducing id4,
where A Z/e.

Definition 7.20. For a stack of the form S = [S/A] as in Definition the group A is, in view
of Proposition (a), uniquely determined by S (up to an isomorphism). We define the rank of
S to be the rank of A, and for an f-elementary point z: S — X, we define the rank of x to be
the rank of S. f-elementary points of rank zero are just geometric points (Definition . The full
subcategory of C% (Definition spanned by f¢-elementary points of rank zero is the category

P’ (Definition .

Definition 7.21. We define the category of £-elementary points of X to be the category
(7.21.1) Cxe=NyiCh,

deduced from C) , by inverting the set Ny, of morphisms given by pairs (f,u) (Proposition |7.
(b)) such that f: S — T carries the closed point of S to the closed point of T" and w is a group
isomorphism. When no ambiguity can arise, we will remove the subscript ¢ from the notation.

Although Cﬁv,z is only a U-category, we will see that Cx , is essentially small if X is a Deligne-
Mumford stack of finite inertia or a global quotient stack (Proposition and Remark [3.10)).
We may interpret Cx ¢ with the help of an auxiliary category C;(’ ; as follows.

Construction 7.22. Objects of @(,e are pairs (z, A) such that z: S — X is a geometric point
of X, A is an elementary abelian /-group acting on x by X-automorphisms with trivial action
on the closed point of S, and the morphism [S/A] — X is representable. Morphisms of C_.IX,K
are pairs (f,u): (v,A) — (y,B), where u: A — B is a homomorphism and f: z — y is an
equivariant mOrphlSm in P’. Note that u is necessarily a monomorphism. By definition, Cf , is a
full subcategory of Eq(Stackr?).

We have a natural functor p': Cy , — C% , sending (z, A) to [S/A] — X. By Proposition [7.18
(a ) and (b), the functor is full and essentially burjective and in particular cofinal (Lemma [6.2]).
@': Py <= Cly, is the inclusion functor, and @': P — Ch ¢ 1s the functor sending z to (z, {1}),
which is also fully faithful, we have a 2-commutative diagram

(7.22.1) Cle.s
>l
Pl —Z>Cle .
Let
(7.22.2) Cvv = NyiChy

be the category deduced from C_;(,Z by inverting the set N of morphisms (f,u): (S, 4) — (T, B)
such that f sends the closed point s of S to the closed point ¢ of T'and u: A — B is an isomorphism.

The diagram ([7.22.1]) induces a diagram
(7.22.3) Cx



The functor p is essentially surjective, and its effects on morphisms can be described as follows.
Let (z,A) and (y,B) be objects of Cx. The action of B on (y, B) by automorphisms in C%
induces an action of B on (y,B) by automorphisms in Cy, and, in turn, an action of B on
Homg, ((, A), (y, B)). This action is compatible with composition in the sense that if f: (z, A) —
(y,B), g: (y, B) = (2,C) are morphisms of Cx, and b € B, then go (fb) = (g(6(g)(b))) o f, where
6: Cx — A is the functor induced by the functor Cy, — A carrying (z, A) to A. Here A denotes the

category whose objects are elementary abelian /-groups and whose morphisms are monomorphisms.

Proposition 7.23.
(a) The functor p induces a bijection

(7.23.1) Homg  ((x,A), (y, B))/B = Home, (p(x, A), p(y, B)).
(b) The functors w and w are fully faithful.

Proof. (a) Indeed, consider the quotient category Cﬁy having the same objects as Cx with morphisms
defined by
Homcg( ((mv A), (y7 B)) = HOIH@X ((‘T7 A)v (yv B))/B7

and the quotient functor pf: Cx — ng. By the universal properties of p, p#, and the localization
functors C, — Cx, Cy — Cx, we obtain an equivalence between Cg( and Cy, compatible with p
and pt.

(b) It follows from (a) that p induces an equivalence of categories from the full subcategory of
Cx spanned by the image of Py to the full subcategory of Cx spanned by the image of Py. Thus
it suffices to show that  is fully faithful. The functor C} — P% sending (z, A) to = is a quasi-
retraction of @', and induces a quasi-retraction of @. Here, by a quasi-retraction of a functor F', we
mean a functor G endowed with a natural isomorphism GF ~ id. Thus w is faithful. Let us show
that @ is full. Let z, 2’ be geometric points of X. By definition, any morphism f: x — 2’ in Cx is
of the form (t,,,v)(8n,un) 1. (t1,v1) (81, u1) "L, where (¢;,v;): (w4, A;) = (yiz1, Bix1) is in CT}(
and (s, u;): (x5, A7) — (yi, By) isin Ny for 1 <i <n,y; = &, ynt1 = ', By = Bny1 = {1}. Then
u;: A; — B is an isomorphism and v;: A; — B;y1 is a monomorphism. Thus 4; = B; = {1}.
Moreover, t; is in P% and s; is in My. It follows that f = @(a), where a = t, s, .. .tlsl_l is in
Px. O

Remark 7.24. For any representable morphism f: X — ) of Artin stacks, composition with
f induces functors C;: Cx — Cy and Cy: Cx — Cy. As in Remark [7.10 - ), C; and Cy are
equivalences of categories if f is a schematic universal homeomorphism.

Definition 7.25. Morphisms in the categories C_X’g and Cy ¢ are in general difficult to describe.
When X is a Deligne-Mumford stack of finite inertia, the categories C_X’g and Cy ¢ admit simpler
descriptions, as in Proposition Let us call a DM £-elementary point of X a pair (z, A), where
x: s — X is a geometric point of X and A an (-elementary abelian subgroup of Auty,)(z). Define
a morphism from (z: s — X, A) to (y: t = &, B) to be an X-morphism X, — X{,) such that
f(A) C B, where f: Auty(s)(z) = Auty)(y) is defined as follows. Note that I(,) = Ix X x Xy
is finite and unramified over X{,), thus is a finite disjoint union of closed subschemes of X{,) by
[22, Corollaire 18.4.7]. For a € Auty (s (), the point s — I(,) given by a lies in same component
as the point ¢t — I,y given by f(a). We thus get a category Cx . We define the category of DM
L-elementary points of X to be the category Cx ¢ having the same objects as C_’X,g and such that
Homc, ,((z, A), (y, B)) = Home , (2, A), (y, B))/B. We omit the subscript ¢ from the notation
when no ambiguity arises.

Note that for (z, A) € Cy, the morphism [X(2)/A] = X is representable.

Proposition 7.26. Let X' be a Deligne-Mumford stack of finite inertia. Then the functor Cx — C’
carrying (x, A) to (X — X, A) induces an equivalence of categories v: Cx — Cx and, in turn,
an equivalence of categories Cxy — Cy.

Proof. A quasi-inverse of ¢ is induced by the functor C, — Cyx carrying (S — X, A) to (s — X, A),
where s is the closed point of S. O
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In the sequel, for X a Deligne-Mumford stack of finite inertia, we will often identify the cat-
egories Cx and Cx by the equivalence of Proposition [7.26 and call DM (-elementary points just
{-elementary points.

Construction 7.27. Let X be an Artin stack. Let F be a cartesian sheaf on X. If z: [S/A] = X
is an f-elementary point of X, let F, = z*F, and

[(z, F,) =T([S/A], F.) ~ T(BA, F,) ~ FA.

If (p,a): [S/A] — [Y/B] is a morphism in C%, we have a natural map I'(z, F,) — I'(y, Fy) given
by restriction, and in this way we get a presheaf q'F: z — I'(z, F,) on C%, which factors through
a presheaf qF on Cx. The canonical restriction maps I'(X, F) — I'(z, F,) yield a map

(7.27.1) T(X,F) - i_lgl D(z, Fy).

If x: [S/A] — X is an elementary point of rank zero, i.e. a geometric point of X (Definition ,
I'(x, F,) = Fa., and by restriction via w: Py < Cy, the presheaf qF induces the presheaf pF
(Construction [7.12). Therefore we have a commutative diagram

(7.27.2) I(X,F) —>1

@mecx F(x’ ]:‘T)

|

@wepx ]::Da

where the horizontal (resp. oblique) map is (7.27.1)) (resp. (7.13.1)), and the vertical one is restric-
tion via .

Proposition 7.28. Let X be a locally noetherian Artin stack, A a noetherian commutative ring,

and F a constructible sheaf of A-modules on X. Then s an isomorphism.
Proof. The oblique map of is an isomorphi/szn by Proposition By Lemma the
vertical map is obtained by applying the functor I'(C%,, —) = Lgl e, (=) to the adjunction map
a: qF - w.wqdF=wlpF,
where @w’: Py — C’. Thus it suffices to show that « is an isomorphism. Here
(wl, @™): 735\( — @\(

is the morphism of topoi defined by (w™*€)(z) = £(w'(2)) and (wl.G)(z) = I'&n(tme(w/m) Gt,
where for an f-elementary point z: [S/A] — X, (w’ | ) is the category of pairs (¢, ¢), where ¢ is a
geometric point of X’ and ¢: w’t — z is a morphism in C%, which is equivalent to PfS/A]. Let A be
the groupoid with one object * and fundamental group A. Consider the functor F: A — (@’ | z)
sending * to (xe,e), where e: S — [S/A], and a € A to the morphism xze — ze induced by the
action of a. For any object (¢,¢) of (@’ | z), the category ((t,¢) | F) is a simply connected
groupoid. Therefore, F' is cofinal and

a(z): T(x, Fp) — l&n Fi = @fxa ~ .7:;4
(t,p)€(w’ ) A

is an isomorphism. Here s is the closed point of S. O

In the next section we study higher cohomological variants of ([7.27.1]).
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8 A generalization of the structure theorems to Artin stacks

In this section we fix an algebraically closed field & and a prime number ¢ invertible in k.

Construction 8.1. Let X’ be an Artin stack, and let K € Deay(X,Fy). For ¢ € Z, consider the
presheaf of Fy-vector spaces on Cy (7.21.1))

(z: [S/A] = X) — HI([S/A], K;) ~ HY(BA, K)
(where K, := 2*K and s is the closed point of S), and let

(8.1.1) RIXK) = D HY(S,K.).
(x: S=AX)eCx

The restriction maps H4(X, K) — H4(S, K,) define a map
(8.1.2) aquK:Hq(X,K)%Rq(X,K).
We denote by ax i the direct sum of these maps:

(8.1.3) axx =@a% : H (X, K) = R* (X, K).
q

If K has a (pseudo-)ring structure (Construction [3.8)), then both sides of (8.1.3) are F-(pseudo-
)algebras, and ax g is a homomorphism of Fy-(pseudo-)algebras.

Definition 8.2. We say that an Artin stack X over k is a global quotient stack if X is equivalent to
a stack of the form [X/G] for X a separated algebraic space of finite type over k and G an algebraic
group over k. We say that an Artin stack X of finite presentation over k has a stratification by
global quotients if there exists a stratification of X,.q by locally closed substacks such that each
stratum is a global quotient stack.

Recall that an Artin stack over k is of finite presentation if and only if it is quasi-separated
and of finite type over k. Note that our Definition differs from [I5, Definition 2.9] and [30]
Definition 3.5.3] because we allow quotients by non-affine algebraic groups.

The following theorem is our main result.

Theorem 8.3. Let X be an Artin stack of finite presentation over k admitting a stratification by
global quotients, K € DY (X,F).

(a) RI(X,K) is a finite-dimensional Fy-vector space for all q. Moreover, R*(X,Fy) is a finitely
generated Fy-algebra and, for K in DY(X,Fy), R*(X,K) is a finitely generated R*(X,Fy)-
module.

(b) If K is a pseudo-ring in DI (X,F,), then Keraxy i is a nilpotent ideal of H*(X, K).
If, moreover, K is commutative and X is a Deligne-Mumford stack with finite inertia or a
global quotient stack, then ax k is a uniform F-isomorphism (Definition .

Remark 8.4. (a) A non separated scheme of finite presentation over k is not a global quotient
stack in the sense of Definition [8:2]in general. Michel Raynaud gave the example of an affine
plane with doubled origin. More generally, if Y is a separated smooth scheme of finite type
over k, and Y is obtained by gluing two copies of Y, Y1) and Y(?) along the complement of
a nonempty closed subset of codimension > 2, then, for any algebraic group G, every G-torsor
X over Y is non separated. To see this, we may assume G smooth. By étale localization on
Y, we may further assume that X admits a section s; over Y (9, i = 1,2. Assume that X
is separated. The restrictions of s; and sy to V = Y1 nY® provide a section of G x V,
which extends by Weil’s extension theorem (see [7, Theorem 4.4.1] for a generalization) to
a section of G x Y. Via this section, s; and sy can be glued to give a trivialization of X
over Y’ contradicting the separation assumptions.

(b) Recall [30, Proposition 3.5.9] that, if for every geometric point n — X, the inertia I, =
N Xx Iy is affine, where Ix = X Xa, xxx,ar &, then & has a stratification by global
quotients in the sense of [30], Definition 3.5.3], and a fortiori in the sense of Definition
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(¢) On the other hand, the fact that X has a stratification by global quotients in the sense of
Definition imposes restrictions on its inertia groups. In fact, if & has characteristic zero,
then, for any geometric point 7 = Spec(K) — X with K algebralcally closed, I? n/ (In)ag s
an abelian variety over K defined over k. Here I} is the identity component of I, and ( ) aff
is the largest connected affine normal subgroup of I,,. Indeed, if X = [X/G], then I, is a
subgroup of G&y K, so that I) /(I )ag is isogenous to an abelian subvariety of (GO/Gaﬂ‘)@k K,
hence is defined over k (for an abelian variety A over k, torsion points of order invertible in
k of A®y K are defined over k as k is algebraically closed).

(d) For an Artin stack X of finite presentation over k and a commutative ring K in D%(X,F,),
we do not know whether H*(X, K) is a finitely generated Fy-algebra or whether ax x is a
uniform F-isomorphism in general, even under the assumption that A has a stratification
by global quotients. It may be the case that to treat the general case we would need to
reformulate the theory in a relative setting.

The proof of Theorem will be given in Section In the rest of this section we show that
Theorem (b) implies Theorem (b).

Construction 8.5. Let G be an algebraic group over k and X an algebraic space over k endowed
with an action of G (here we do not assume X to be of finite type over k). To show that Theorem
(b) implies Theorem (b), we will proceed in two steps.

(1) For K € D, ,,([X/G],F¢) we will construct a homomorphism

(8.5.1) a: R*([X/G), K) — RL(X, K),

which will be a homomorphism of Fy-(pseudo-)algebras if K has a (pseudo-)ring structure,
and whose composition with a;x/q) x: H*([X/G],K) — R*([X/G],K) will be ag(X, K)
(6.16.7)).

(2) We will show that « is an isomorphism.
Let us construct «. Recall that

RU(X/GLK)=  lm  HYS.K,),

(x: S—>[X/G])€C[x/g]

and RL (X, K) = @%4 A9 e Ac (k)5 HO(XA Rim[1/c " K ) (6.16.8). We first compare the cat-

egories Ag(k)? and Cix/c) by means of a third category Cx ¢ mapping to them by functors F

/\

Cix/a)

(8.5.2)

The category Cx ¢ is cofibered over Ag(k)? by I1. The fiber category of Cx ¢ at an object (A, A, g)
of Ag (k)" is the category of points Py s of the fixed point space of A’ in X. If (a,b): (A4, A, g) —
(Z,Z',h) is a morphism in A (k)* (cf. (6.16.2)), we define the pushout functor Py-1: Pyar — Py
to be the functor induced by b': X4 — (XA)p~1 = XA X7 Itz s —» XA is a
geometric point of X4, let Ea,ar,9)(x): [s/A] = [X/G] be the (-elementary point of [X/G] defined
by the composition

Ecanr g (z): [s/A] [XA /4] L/edl, [1/eq), (X/q].

For (z:s — XA) € Pyar, (y: t = XZ') € Py, let u: & — y be a morphism in Cx ¢ above
(a,b): (A, A’,g) — (Z,Z',h). The morphism

E(u) E(A,A/,g)(x) — E(Z,Z/,h) (y>
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is defined as follows. By definition, u is a commutative square

XA/ <;T (XA/)(Z)

AT

xZ Y (XZ/)(y)7

where the horizontal arrows denote by abuse of notation the morphisms induced by strict localiza-
tions. It gives the (2-commutative) square on the right of the diagram

(8.5.3) (X4 4] <2 (x4 ) /4]

1/cy
/e l[bl/ca] l[f/ca]

A\
[X/G) <~ [X7/2] 2y x7y, 2,

whose composition with the 2-morphism (given by b) in the left triangle of (8.5.3) (appearing in
(6.16.3)) is the morphism FE(u). This defines the functor F in (8.5.2).

Fix g € Z. Denote by H(K,) the projective system ((£: S — [X/G]) = H(S, K¢)) on Cix/a,
whose projective limit is RY([X/G], K) (8.1.1). In other words, RY([X/G], K) = F(C[/X\/G] ,H1(K,)).
We have an inverse image map

(8.5.4) T(Cx/a), HY(KL)) — T(Cx.cy B HY(KL)) = T(Ag (k)7 ILE* HY(K.)).
By the cofinality lemma (Lemma below,

(ILE*H(K,))(a,a1,9) ~ lim  HY([z/A], Ky).

zEPXA/
By Proposition (applied to the algebraic space X A/), we have a natural isomorphism

lim  H (/AL K.) = HOXY, Rix (1)) K)

:EGPXA/

where 7: [X4'/A] = BA x X" — X4 is the projection, and [1/c,]: [X4'/A] — [X/G] is the
morphism in (6.16.3)). Finally, we find a natural isomorphism

—
~

[(Aq(k)s, ILE*HY(K,)) = Jim HY(XA, Rz, ([1/¢,]* K)),

(A,A7,9)EAG (k)*

which, by the definition of R (X, K) (6.16.8), can be rewritten

—

(8.5.5) I'(Aq(k)s, IL,E*HY(K,)) = RL(X, K).

The composition of (8.5.4)) and (8.5.5)) yields the desired map a (8.5.1)).

Lemma 8.6. Let II: C — &£ be a cofibered category, let e be an object of £, and let 1, be the
fiber category of I1 above e. Then the functor F': II, — (IL | e) is cofinal. In particular, for every

presheaf F on C, (IL.F)(e) — Pﬂcenc Fle).

Proof. For every object (¢, f: Ile — €) of (IT ] e), (¢, f) — F(f«c) is an initial object of ((c, f) | F).
Thus ((c, f) | F) is connected. O

Proposition 8.7. Under the assumptions of Construction[8.5, the functor E is cofinal. In par-
ticular, (8.5.1) is an isomorphism.

Corollary 8.8. Theorem|[8.3 (b) implies Theorem[6.17 (b).
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Proof of Proposition[8.7 The second assertion follows from the first assertion and the construction
of (8.5.1). To show the first assertion, since the functor Cx ¢,., — Cx,¢ is an isomorphism and
the functor Cix/q,..) = C[x/q) is an equivalence of categories by Remark we may assume G
smooth.
Let N be the set of morphisms in Cx ¢ whose image under E is an isomorphism in Cjx,qj-
Then E factors as
CX,G — B = N71CX)G i) C[X/G]-

By Lemma Cx,g — B is cofinal. Thus it suffices to show that F' is cofinal. We will show that:
(a) F is essentially surjective;
(b) F is full.
This will imply that F is cofinal by Lemma [6.2} For the proof it is convenient to use the following
notation. For an object = of Py s above an object (A4, A, g) of Ag(k)%, we will denote the resulting
object of B by the notation

(’T7 (A’ A/7 g)).
Let us prove (a). For every f-elementary point £: [S/A] — [X/G], we choose an algebraic

closure 5 of the closed point s of S and we let & denote the composite [5/A] — [S/A] LN [(X/G].
We say that a lifting

o= (a€ X(5),acHom(A G)(5),: [a/a] ~§&)

of ¢ (Proposition (c)) is rational if @ € Hom(A,G)(k). Recall that « is injective. Here
Hom (A, G) is the scheme of group homomorphisms from A to G (Section . A rational lifting o
of € defines an object

Wo = Wg,a = (aa (a(A)’ Oé(A), 1))

of B and an isomorphism -
Veo: Flwg) €= ¢€
in Cix/q). By Corollary every element of Hom(A, G)(3) is conjugate by an element of G(S) to
an element of Hom(A4, G)(k). Thus every £ admits a rational lifting. It follows that F is essentially
surjective.
Let us prove (b). For any object u = (x, (A, A’,g)) of B, 0, = (Z,¢4: A — G,id) is a rational

lifting of F'(u) and ¥ p(y),0, = F(m,), where

my: we, = (z,(9g " Ag.g " Ag, 1)) — (x,(A, A, 9)) =

is the inverse of the obvious morphism in N above the morphism (g,1): (g7*Ag, g 1Ag,1) <
(A, A, g) of Ag(k)®. Now if y and v are objects of B and f: F(u) — F(v) is a morphism in Cx g,
then f = F(m,um;'), where u is obtained from the following lemma applied to f, o = Ouy T =0y

“w
Thus F is full. O

Lemma 8.9. Let §: [S/A] — [X/G], and let n: [T/B] — [X/G] be L-elementary points of [ X/G].
For every morphism f: & — n in C\x,q), every rational lifting o of §, and every rational lifting T
of 1, there exists a morphism u: w, — w; in B making the following diagram commute:

F(wy) 2% F(w,)

¢£,0l l"/’n,‘r
/

§——1

Proof. Given a triple (f, o, 7) as in the lemma, we say that L(f, o, 7) holds if there exists u satisfying
the condition of the lemma. Given f: £ — 7, we say that L(f) holds if for every rational lifting o
of € and every rational lifting 7 of 77, L(f, o, 7) holds.

Step 1. First reductions. If L(f: £ — n,0,7) and L(g: n — (,7,x) hold, where o, 7, k are
rational liftings of &, 7, (, respectively, then L(gf, o, k) holds, where (gf,0, ) is the composed
triple (gf, 0,x) = (9,7, )(f, 0, 7). In particular, if L(f: £ = n) and L(g: n — ¢) hold, then L(gf)

55



holds. Moreover, if L(f) holds for an isomorphism f, then L(f~!) holds. Thus we may assume
that f is a morphism of C[y ). Then f = ([h/7],6), where (h: S — T,~: A — B) is an equivariant
morphism and 6: £ — 1" := n[h/7] is a 2-morphism. Note that f can be decomposed as

e Ly Ly Loy,

where 0’ = nlidr/v], fi = (idis/a),0), f2 = ([h/id4al,idy), fs = ([idr/7],id,), as shown by the
diagram

15/4] = [5/4) "2 1y 4) B2 ) )
o7 X l"/
; [(X/G].

Step 2. L(f) holds for any morphism of the form f = (id(s/a],0), and in particular L(f1) holds.
Let 0 = (a,a,¢) and 7 = (b, 3, €) be rational liftings of £ and 7, respectively. Via the liftings, 0 is
given by g € J(s), where J = Transg(8(A), a(A)), and a = bg. Let ¢’ € J(k) be a rational point
of the connected component of J containing g. Then h = ¢'~'g € H(5), where H is the identity
component of Normg(a(A)). Let e be the generic point of Hs. Note that Py, ,p,) is equivalent
to Ps, and hence is a simply connected groupoid. Thus the morphism in Py, /5, induced by the
diagram 1 <~ e — h in Py, can be identified with the 2-morphism ¢y — ¢, given by h, where
i1,in: § — [Hs/Hs) are the morphisms induced by 1 and h, respectively. Then we can take u to
be the morphism

(a, (a(A), a(4), 1)) = (bg', (a(A), a(A), 1)) = (b, (B(A), B(4),1)).

in B, where v is given by the diagram 1 ¢+ e — h in Py, via the H-equivariant morphism Hz — X4
carrying 1 to a (and carrying h to bg’), and w is the obvious morphism of Cx ¢ above the morphism
(91,9 (a(A),a(4), 1) = (B(A), B(A), 1) of A (k)"

Step 3. If L(f,0,7) holds for a triple (f,0,7), then L(f) holds. Indeed, if ¢’ and 7’ are rational
liftings of € and 7, respectively, then, by Step 2, L(id¢,0’,0) and L(id,, 7,7") hold, so L(f,o’,7")
holds because (f,o’,7") = (idy, 7, 7")(f, 0, 7)(id¢, o', 7).

Step 4. L(f3) holds. Indeed, a rational lifting 7 = (b, 5, €) of 77 induces a rational lifting of 7/,
and with respect to these liftings we can take u to be the morphism in B induced by the diagram
in Cx,¢

(b, (A, A1) « (b, (A, B,1)) = (b, (B, B, 1))

above the diagram in Ag(k)®

(A4, 4,1) 82 (4 g1y D g B ),

Step 5. L(f2) holds. By Proposition (¢c), 0’ can be lifted to a morphism of groupoids
(b,a), where b: T — X, and a: T x A — G is a crossed homomorphism, which restricts to a
homomorphism 74 x A — G, corresponding to a morphism, denoted by « | T4, from the (strictly
local) scheme T4 to the scheme Hom (A, G) of group homomorphisms from A to G (Section .
We will first show that, up to replacing T4 by a finite radicial extension, a | T4 is conjugate to
a k-rational point of Hom(A, G). For this, recall (Corollary that the orbits of G acting by
conjugation on Hom (A, G) form a finite cover by open and closed subschemes. Let C' C Hom(A, G)
be the orbit containing the image of a | T#. Choose a k-rational point o/ € Hom(A,G)(k) of C.
Then the homomorphism g — ¢4(a’) = g~'a’g from G onto C factors through an isomorphism

H\G = C,
for a subgroup H of G. Let T” be defined by the cartesian square

T" —— Hea\G

-y

T4 ——=C.

56



Since the projection G — Hyeq\G is smooth, the upper horizontal arrow can be lifted to a morphism
g: T — G. Then cy—1(a|T"): T" — Hom(A, G) is the constant map of value o’. Let m: T" —
T4 — T be the composite. We obtain a lifting (br,a/): (T", A) — (X, G) of [T"/A] — [X/G],
which induces rational liftings of 1/ and 7””. With respect to these liftings, we can take u to be the
morphism 5 — ¢ in Pxa above (4, A,1). O

Remark 8.10. The categories Cx, ¢ and hence N™'Cx ¢ are essentially small. It follows from (a)
and (b) in the proof of Proposition that Cjx/q) is essentially small.

9 Kiinneth formulas

The main results of this section are the Kiinneth formulas of Propositions [0.5] and 0.6 One may
hope for more general formulas involving derived categories of modules over derived rings. We will
not tackle this question. Instead, we use an elementary approach, based on module structures on
spectral sequences, described in Construction [9.1] and Lemma [9.2

Construction 9.1. Let (C,T') be an additive category with translation. For objects M and N in C,
the extended homomorphism group is the graded abelian group Hom™* (M, N) with Hom™ (M, N) =
Hom(M,T"N). The extended endomorphism ring End* (M) = Hom" (M, M) is a graded ring and
Hom™(M, N) is a (End*(N),End*(M))-bimodule. Let A* be a graded ring. A left A*-module
structure on an object M of C is by definition a homomorphism Ap;: A* — End* (M) of graded
rings. More precisely, such a structure is given by morphisms A\,: M — T"M, a € A", n € Z such
that Ag1p = A + Ap for a,b € A™ and the diagram

M—2s g

T
Aab \L “

T

commutes for a € A™, b € A™. A morphism M — M’ in C, with M and M’ endowed with
A*-module structures, is said to preserve the A*-module structures if it commutes with all \,,
a € A", n € Z. Let B* be a graded right A*-module. A morphism B*® 4« M — N is by definition
a homomorphism B* — Hom™ (M, N) of right A*-modules. More precisely, it is given by a family
of morphisms f,: M — T"N, b€ B", n € Z in C such that f,. = f, + f. for b,c € B™ and the
diagram

M —2es Tmpp

N
ba
Tm+nN

commutes for a € A™, b € B™. We thus get a functor N — Hom(B* ® 4« M, N) from C to
the category of abelian groups, contravariant in M. In the category of graded abelian groups
with translation given by shifting, the notion of left A*-module coincides with the usual notion
of graded left A*-module and the above functor is represented by the usual tensor product. Let
F: (C,T) — (C',T) be a functor of additive categories with translation [27] Definition 10.1.1 (ii)].
A left A*-module structure on M induces a left A*-module structure on FM and a morphism
B* ® 4« M — N induces a morphism B* ® 4« FM — FN.

Let D be a triangulated category, and let A be an abelian category. We consider the additive
categories of spectral objects SpOb(D), SpOb(A) of type Z [46, 11 4.1.2, 4.1.4, 4.1.6]. Here Z is the
category associated to the ordered set ZU{+o0}. Form € Z, (X, ) € SpOb(D), (H, ) € SpOb(A),
we put

(X, 8)m] = (X[m], (~1)"8[m]), (H",6")alm] = (H™™, (1)),

For a € Z U {o0}, let SpSeq, (A) be the category of spectral sequences FE, = H in A. We define

(B2 = H")[m] = (BL*7 = H47)
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by multiplying all d, by (—1)™. We endow SpOb(D), SpOb(.A) and SpSeq,, (A) with the translation
functor [1]. The resulting categories with translation are covariant in D and A for exact functors. If
H: D — Ais a cohomological functor, the induced functor SpOb(D) — SpOb(A) commutes with
translation. For b > a, the restriction functor SpSeq, (A) — SpSeq, (A) commutes with translation.
Using the notation of [46, II (4.3.3.2)], we obtain a functor SpOb(A) — SpSeq,(.A), which also
commutes with translation. A left A*-module structure on an object of SpSeq, (A) induces left A*-
module structures on H* and E}? for all ¢ € Z and r € [a, 00]. If we put GgH™ = F"9H", so that
the abutment is of the form E24 = gr?H P4 then G, preserves the A*-module structure. The
differentials dz9: E9 — E**t™4="*+1 and the abutment E*¢ = gr?H* are A*-linear. A morphism
B* ®4+ (B, = H) — (E/, = H') induces morphisms on E;, H*, GoH*, gr{ H*, compatible with
d,, abutment, the projection G4 — gr$’ and the inclusions Gg_1H* — GoH* — H*.

Lemma 9.2. Let H and H' be filtered graded abelian groups, H endowed with a left A*-module
structure. We let G denote the (increasing) filtrations. Assume that GoH* = G,H™ = 0 for q
small enough and H" = J,c; GoH", H™ = U,y GgH'™ for all n. Let B* @4« H — H' be a
morphism such that the homomorphism B* ® g« grgH* — grqu’* s an isomorphism for all q.
Then the homomorphism B* ® 4- H* — H'* is an isomorphism.

Proof. Since GgH* = G H' * = 0 for ¢ small enough, one shows by induction that the morphism
of exact sequences

B* ®4- Gy H* — B* © 4« G H* —> B* ® 4. gtf H* ——>0

| | |

0 Gy H”™ G,H'" grGH'*

is an isomorphism. Then we apply the hypotheses ligqGZ G,H* = H*, hﬂqez Gqu* — H' and
the fact that tensor product commutes with colimits. O]

Construction 9.3. Let

(9.3.1) X e x
f/l lf
y sy

be a 2-commutative square of commutatively ringed topoi, K € D(Oy), L € D(Ox). An element
s € H™(Y', K) corresponds to a morphism Oy — K[m] in D(Oy-), and an element t € H"(X, L)
corresponds to a morphism Ox — Lin] in D(Ox). Then

Lf"s @, Lh*t: Ox: — Lf'"K ®%_, Lh*L
is a morphism in D(Ox/). This defines a graded map
* / * * / 1% L *
H*(Y' K)x H*(X,L) - H*(X',Lf K®g,, Lh L)
which is H*(Y, Oy )-bilinear, hence induces a homomorphism
(9.3.2) H*(Y',K) @pg+v,0y) H*(X,L) = H*(X',Lf"K ®% , Lh*L),
which is a homomorphism of (H*(Y”’, Oy+), H*(X, Ox))-bimodules.

Construction 9.4. Let f: X — Y be a morphism of commutatively ringed topoi, and let L €
D(Oy), K € D(Ox). We consider the second spectral object (L, d) associated to L [46] III 4.3.1,
4.3.4), with L(p,q) = 79~ UL. For s € H"(Y,Oy) corresponding to Oy — Oy [n], the functor
s ®, — induces a morphism of spectral objects (L,8) — (L,0)[n]. This endows (L,d) with a
structure of H*(Y, Oy )-module (Construction 0.1). For t € H"(X, K) corresponding to Ox —
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K|n], the functor t®% — induces a morphism of spectral objects Lf*(L,6) = K®g, Lf*(L,6)[n].
This defines a morphism

H*(X,K) ®u-(v,0y) Lf*(L,8) = K @4, Lf*(L,0).
Applying Rf. and composing with the adjunction idpo, ) — Rf+Lf*, we get a morphism
H*(X,K) ®p+(v,0y) (L,0) = Rf(K ©6, Lf*(L,0)).
Further applying the cohomological functor H°(Y, —), we obtain a morphism
H*(X,K) ®p«(v,0y) (B2 = H) — (Ey = H'),
where the two spectral sequences are
(9.4.1) ES = HP(Y,HIL) = HPTI(Y, L),
(9.4.2) BN = HP(X,K ®% _ Lf*HIL) = H"'Y(X,K @5, Lf*L).

By construction, the induced morphisms on E;% and on H* coincide with (9.3.2) for (9.3.1]) given
by idf.

The results of Constructions and have obvious analogues for Artin stacks and complexes
in Deayt(—, A), where A is a commutative ring.

Proposition 9.5. Let
Xl x
f'l lf
y sy

be a 2-commutative square of Artin stacks. Let K € D} (V' Fy) and L € D, (X, F;). Suppose
that
(a) The Leray spectral sequence for (f,L)

(9.5.1) E? = HP(Y,RIf.L) = H"T9(X L)

degenerates at Fs.
(b) For every q, R1f.L is a constant constructible Fy-module on Y.
(c) The base change morphism BC: ¢*Rf.L — Rf.h*L is an isomorphism.
(d) The morphism PF;: Rg.(K®@Rf.h*L) — Rg.Rf.(f*K®h*L) deduced from the projection
formula morphism K @ Rf.h*L — Rf.(f"*K ® h*L) is an isomorphism.
Then the spectral sequence (of type )

(9.5.2) EY = HP(Y K® RIf.h*L) = HP™()Y' K @ Rf.h*L)

degenerates at Fo and the homomorphism

(9.5.3) H*(V',K) ®p+«yr,) H(X,L) = H*(X', f"K ® h*L)

s an isomorphism.

Proof. Take any geometric point ¢t — ). By (b), the FEa-term of is
By = HP(Y, R'f.L) ~ H?(Y,F¢) © (R*f..L):.

By (c), is isomorphic to

(9.5.4) EY = HP(Y' K ® g*RIf.L) = HPT1()' | K ® g*Rf.L).

By (b), B8 ~ HP(Y', K) ® (RIf.L);. Thus the morphism

H* (V' K) ®y-y5,) By = E'5
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is an isomorphism. Il then follows from (a) and Lemma[9.2| that (9.5.4) degenerates at E2 and the
homomorphism

(9.5.5) H*(V',K) @p+yp,) H(X,L) - H (V'K ® g"Rf.L)
is an isomorphism. Thus (9.5.2) degenerates at Fs and (9.5.3)) is an isomorphism since it is the
composition of (9.5.5) with the morphism induced by the composition

Row(K ® " RJ.L) Rg*(id:<®BC)

PF,, .
Rg.(K ® Rf'h*L) —2s Rg.Rf'(f"K ® h*L),

of the isomorphisms in (c) and (d). O
In the rest of this section, let k be a separably closed field of characteristic # £.

Proposition 9.6. Let G be a connected algebraic group over k, and let X be an algebraic space of
finite presentation over k endowed with an action of G. Let

X — (x/q]

fl lf

Y _ 9. BG
be a 2-cartesian square of quasi-compact, quasi-separated Artin stacks, where f is the canonical
projection. Let K € DT (', Fy). Suppose that the map e: H*([X/G]) — H*(X) induced by the

projection X — [X/G] is surjective. Then H*([X/G]) is a finitely generated free H*(BG)-module,
the spectral sequence

By = HP (V'K ® RfF¢) = H' (V' K ® Rf[F)
degenerates at Fs, and the homomorphism
H* (V' K) ®p+56) H ([X/G)) = H* (X', " K)
s an isomorphism.

Proof. For the second and the third assertions, we apply Proposition [0.5] By Corollary [2.6] and
generic base change (Remark , conditions (b) and (c) of Proposition are satisfied. For
L € DE . ([X/G],Fy), the diagram

cart

PF ./
Rg. K @ Rf.L —% Rg.(K © ¢*Rf.L) —2%> Ry, (K @ Rf'h*L) — = R(gf")+ (S K © h*L)

PF; J/

Rf.(f*Rg.K ® L) 2~ Rf, (Rh, f*K © L) — " R(fh).(f*K ® h*L)

commutes. Take L = F,. Then generic base change (Remark and Proposition (d) imply
that BC, BC/, PF¢, PF,, PF}, are isomorphisms, hence PF; is an isomorphism as well, which
proves condition (d) of Proposition[9.5] Next we check condition (a) of Proposition The Leray
spectral sequence for f is

(9.6.1) EY = HP(BG, R1f.F,) = HP*([X/G)).

Since R?f.F, is constant of value HY(X), we have E}? ~ HP(BG) ® HI(X). As e is an edge
homomorphism for , its surjectivity implies d%9 = 0 for all » > 2. It then follows from the
H*(BG)-module structure of that it degenerates at E5. The first assertion of Proposition
then follows from the fact that H*(X) is a finite-dimensional vector space. O

Proposition 9.7. Let G = GL,, 1, T be a mazimal torus of G, A = Ker(=*: T — T). Then the
map H*(BA,F;) — H*(G/A,Fy) induced by the projection G/A — BA is surjective.
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Proof. Let us recall the proof on [36] page 566]. Consider the following diagram with 2-cartesian
squares (Proposition |1.11)):

G/A G/T Speck
BA BT BG.

Note that the arrow BA — BT can be identified with the composition BA = [X/T| — BT, where
X = A\T, and the first morphism is an isomorphism by Corollary The map H*(BA) —
H*(X) induced by the projection 7: X = A\T — BA is surjective. Indeed, using Kiinneth formula
this reduces to the case where T has dimension 1, which follows from Lemma[9.8] below. Note that
7 can be identified with the composition X — [X/T] ~ BA. Thus, by Proposition applied to
f:[X/T] — BT, the map

H*(G/T) ®p~pr) H*(BA) — H*(G/A)

is an isomorphism. We conclude by applying the fact that H*(BT) — H*(G/T) is surjective
(Theorem [4.4)). O

Lemma 9.8. Let A be an elementary abelian £-group, and let X be a connected algebraic space
endowed with an A-action such that X is the mazimal connected Galois étale cover of [X/A] whose
group is an elementary abelian {-group. Then the homomorphism

(9.8.1) HY'(BA,F,) — H'([X/A],Fy)
induced by the projection [X/A] — BA is an isomorphism.

Proof. For any connected Deligne-Mumford stack X, H'(X,Fy) is canonically identified with
Hom (7 (X),Fy), and (9.8.1) is induced by the morphism

m1([X/A]) = m(BA) ~ A.
The assumption means that A is the maximal elementary abelian ¢-quotient of 71 ([X/A]). O

Proposition 9.9. Let X be an abelian variety over k, A = X[{] = Ker(¢: X — X). Then the
map H*(BA,F;) — H*(X/A,Fy) induced by the projection X/A — BA is surjective.

Proof. We apply Lemma to the morphism ¢: X — X, which identifies the target with X/A.
By Serre-Lang’s theorem [48, XI Théoréme 2.1], this morphism is the maximal étale Galois cover
of X by an elementary abelian f-group. Thus H'(BA) — H'(X/A) is an isomorphism. It then
suffices to apply the fact that H*(X/A) is the exterior algebra of H1(X/A). O

10 Proof of the structure theorem

We proceed in several steps:

(1) We first prove Theorem (b) when X is a Deligne-Mumford stack with finite inertia, and
whose inertia groups are elementary abelian ¢-groups.

(2) We prove Theorem (b) for X a quotient stack [X/G].

(3) For certain quotient stacks [X /G| we establish estimates for the powers of F' annihilating the
kernel and the cokernel of ag(X, K) (6.16.9)).

(4) Using (3), we prove Theorem (b) for Deligne-Mumford stacks with finite inertia.

(5) We prove Theorem [8.3| (a) and the first assertion of (b) for Artin stacks having a stratification
by global quotients.

Construction 10.1. Let f: X — Y be a morphism of commutatively ringed topoi such that
Oy =0, K € D(X). The Leray spectral sequence of f,

By = H'(Y,R/f.K) = H™(X,K),
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gives rise to an edge homomorphism
(10.1.1) erx: HY(X,K) — H(Y,R* f.K),

which is a homomorphism of F,-(pseudo-)algebras if K € D(X) is a (pseudo-)ring. The following
crucial lemma is similar to Quillen’s result [36, Proposition 3.2].

Lemma 10.2. Let K be a pseudo-ring in D(X). Assume that c = c¢d(Y) < co. Then (Kereg )t =
0. Moreover, if K is commutative, then ef gk s a uniform F-isomorphism; more precisely, for
be ES’*, we have b*" € Imey i, where n = max{c—1,0}.

Proof. We imitate the proof of [36, Proposition 3.2] (for the case of finite cohomological dimension).
We have E = 0 for i > c. Consider the multiplicative structure on the spectral sequence
(Example . As Kerey g = FIH*(X,K), where F'* denotes the filtration on the abutment,
(Kereg )Tt Cc FeH H*(X,K) = 0. If K is commutative and b € E®*, then the formula d,.(b%) =

¢b*=1d,.(b) = 0 implies that b € Efffl. Thus for b € ES*, b'" € ngn = E%* =Imeys . O

Construction 10.3. Let X be a Deligne-Mumford stack of finite presentation and finite inertia
over k. By Keel-Mori’s theorem [28] (see [40, Theorem 6.12] for a generalization), there exists a
coarse moduli space morphism

f: X =Y,

which is proper and quasi-finite. Let K € DJ, (X, F,). Then Construction and Lemma

cart
apply to f and K with c¢d,(Y) < 2dim(Y).
For any geometric point ¢ of Y, consider the following diagram of Artin stacks with 2-cartesian
squares:

Xt H—X(t) —X

b

t }/(t) Y

We have canonical isomorphisms
(10.3.1) (RIf.K); = HY( X, K) = HI(X, K),

the second one by the proper base change theorem (cf. [34, Theorem 9.14]). Therefore, if we let
Py denote the category of geometric points of ¥ (Definition 7 the map

(10.3.2) HO(Y, ROf.K) — lim HY (X, K) S lim H(X,, K),
te Py tePy

is an isomorphism if K € D (X,F,), by Proposition On the other hand, recall (8.1.1]) that

RUX,K)=  lim  HYS,K,)=T(Cx, H(K.)),
(x: S»X)eCx

where K, = *K and HY9(K,) denotes the presheaf on Cx whose value at x is H1(S, K;). We

define a category C; and functors
Cy
N
Cx Py

as follows. The category Cy is cofibered over Py by . The fiber category of 9 at a geometric
point ¢ — Y is Cx,, . The pushout functor Cx,,, — Cx,,, for a morphism of geometric points ¢t — 2
is induced by the morphism X{;) — X,y (Remark . The functors ¢;: Cx,, — Cx induced by
the morphisms X(;) — & define . Thus we have an inverse image map

(10.3.3) ¢*: RYX,K) = T'(Cs, 0" HI(K,)).
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By Lemma [8.6] we have
w*(p*Hq(KO)t = F(CX(t)>50:Hq(KO))'

Thus we have

(10.3.4) T(Cr, ¢ HI(KL)) ~ T(Py, .0 HY(K,)) = lim Jim HY(S, K,)
tePy (x: S—)X(t))ECX(t)

Proposition 10.4.
(a) The following diagram commutes

q

ek (10.3.2) .
HI(X,K) —"> H'(Y, R1f.K) —————>1lim,_, H"(X), K)
ak K m, Uy K

RIUX,K)— = T(C;, o  HI(K,)) 2 ) I
( ) )4> ( P ( 0)) T><Lntepy &1(% SﬁX(t))EC)((t)

H1(S, K,).
(b) ©* is an isomorphism.
(c) Consider the commutative square

HY(Xyy), K) ——— H(X,, K)

q q
a a
Xy, K l Xy K

*

@SECX(U HY(S, K) —lm, . HYS,K)

defined by the functor v: Cx, — Cx,, induced by the inclusion Xy — X7, in which the upper
horizontal map is the second isomorphism of (10.3.1)). The map ¢* is an isomorphism.

Proof. Assertion (a) follows from the definitions. For (b) it suffices to show that ¢ is cofinal. Let
7: Cx — Cys be the functor carrying an f-elementary point x: [S/A] — X, with s the closed point
of S, to the induced /-elementary point 7(z): [S/A] — X((s)). Then we have o7 ~ idc,, and
a canonical natural transformation 7¢ — ide,, carrying an object &: [S/A] — Xy of C; to the
cocartesian morphism 7¢(§) — £ in Cy above the morphism f(s) — ¢ in Py. These exhibit 7 as
a left adjoint to . Therefore, by Lemma below, ¢ is cofinal. For (c), it suffices again to
show that ¢ is cofinal. Let X — Xy be an étale atlas. As f is quasi-finite, up to replacing X by
a connected component, we may assume that X is a strictly local scheme, finite over Y(;). Then
X =~ [X/G], where G = Auty,, (v), = is the closed point of X. Let {: [S/A] — [X/G] be an
l-elementary point of [X/G]. The {-elementary point [z/A] — X;, endowed with the morphism in
Cix/q) given by the diagram
[S/A] = [X/A] < [z/4]

in C['X/G], defines an initial object of (£ | ¢). Therefore, ¢ is cofinal. O
Lemma 10.5. Let G: A — B be a functor. If G has a left adjoint, then G is cofinal.

Proof. Let F: B — A be a left adjoint to G. Then, for every object b of B, (Fb,b — GFb) is an
initial object of (b | G). Thus (b} G) is connected. O

Corollary 10.6. The assertion of Theorem (b) holds if X is a Deligne-Mumford stack with
finite inertia, whose inertia groups are elementary abelian £-groups. More precisely, if ¢ = cdy(Y),
where Y is the coarse moduli space of X, then (Kelra;(,K)C*'1 = 0 and for K commutative and
be ES’*, we have b € Tmax x, where n = max{c — 1,0}.

Proof. Tt suffices to show that, for all £ € Py,
ag\f,,,K: HI(X, K)— gn HY(S, K,)

(r: S—A)ECx,
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is an isomorphism. Indeed, by Proposition m (c) this will imply that the right vertical arrow
in the diagram of Proposition (a) is an isomorphism. As is an isomorphism, ¢*
is an isomorphism (Proposition (b)), and ef x = @ e} g has nilpotent kernel and, if K is
commutative, is an F-isomorphism (Lemma , it will follow that ax x = @a?n x has the
same properties with the same bounds for the exponents. As f: X — Y is a coarse moduli space
morphism, there exists a finite radicial extension ¢ — ¢ and a geometric point ¢’ of X above t’ such
that (X )rea =~ BAutx(y'). Therefore we are reduced to showing that ax g is an isomorphism
for X = BAj, where A is an elementary abelian ¢-group. In this case, idpa,: BAr — BAj is
a final object of Cpa,, so we can identify R?(BAg, K) with HY(BAy, K), and aj 4, j with the
identity. O

Corollary 10.7. Suppose X = [X/G] is a global quotient stack (Definition , where the action
of G on X satisfies the following two properties:

(a) The morphism v: G x X = X x X, (g,z) — (x,xg) is finite and unramified.

(b) All the inertia groups of G are elementary abelian (-groups.
Then the assertions of Corollary[10.6] hold.

Proof. As 7y in (a) can be identified with the morphism X X[x;g; X — X x X, which is the pull-
back of the diagonal morphism A[x/q: [X/G] = [X/G] x [X/G] by X x X — [X/G] x [X/G],
(a) implies that Ajx /¢ is finite and unramified. In particular, [X/G] is a Deligne-Mumford stack.
Moreover, as the inertia stack is the pull-back of Arx,q] by Ax /¢, [X/G] has finite inertia. Taking
(b) into account, we see that [X/G] satisfies the assumptions of and therefore (b) holds
for [X/G]. O

Proposition 10.8. Theorem (b) for global quotient stacks [X/G] (Deﬁnition follows from
Theorem [8.3 (b) for G linear.

Proof. Consider the system of subgroups G; = L - Almf!]- F of G = L - A- F as in the proof of
Theorem (with A = Fy and n = ¢), where m is the order of F. Note that every elementary
abelian {-subgroup of A - F is contained in A[m/f]- F. As a consequence, every elementary abelian
{-subgroup of G is contained in G, so that the restriction map Rg(X, K) — R (X, K) is an
isomorphism for ¢ > 1. Consider the commutative diagram

H*([X/G], K) —— H*([X/Gual, K) —— H*([X/G2d], K)
aG(X,K)l J(ac4d(X,K) laczd(X,K)
R (X, K) — = - RZ‘M(X’K) —F - Rgzd(X, K),

where d = dim A. By Remark H*([X/G], K) is the image of . Thus it suffices to show that
ag,, (X, K) has nilpotent kernel and, if K is commutative, ag,, (X, K) is a uniform F-surjection.
O

Proposition 10.9. Theorem (b) holds for global quotient stacks of the form [X/G|, where G
is either a linear algebraic group, or an abelian variety.

Proof. Although by Proposition[I0.§]it would suffice to treat the case where G is linear, we prefer to
treat both cases simultaneously, in order to later get better bounds for the power of F' annihilating
the kernel and the cokernel of the map ax x (Corollary . We follow closely the arguments of
Quillen for the proof of [36, Theorem 6.2]. If G is linear, choose an embedding of G into a linear
group L = GL,, over k [I3] Corollaire 11.2.3.4], and a maximal torus T of L. If G is an abelian
variety, let L =T = G. In both cases, denote by S the kernel of £: T — T, which is an elementary
abelian (-group of order n. We let L act on F' = S\ L by right multiplication. If ¢ € L(k), and if
{S} denotes the rational point of F' defined by the coset S, the inertia group of L at {S}g is g~1Sg.
Let us show that the diagonal action of G on X x F (resp. X X F X F) satisfies assumptions (a)
and (b) of Corollary It suffices to show this for X x F. Consider the commutative square

LxL—">LxL

L

FxL—FxF
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where the horizontal morphisms are the morphisms v: (z,g) — (x,2g). As the vertical morphisms
are finite and surjective, so is the lower horizontal morphism. Moreover, the latter is unramified.
Hence the morphism v: F'x G — F X F'is finite and unramified. The same holds for the morphism
V(X XF)xG = (XX F)x (X xF), (£,y,9) — (z,y,29,y9), because it is the composite
XXFXxG—= XxXXFxG— XxFxXxF, where the first morphism (z,y, g) — (z,zg,y,9) is
a closed immersion by the assumption that X is separated and the second morphism (z,z’,y, g) —
(z,y,2',yg) is a base change of F x G — F x F. So (a) is satisfied for X x F. Moreover, the
inertia groups of G on X x F' are conjugate in L to subgroups of S, so (b) is satisfied for X x F.
As in [36, 6.2], consider the following commutative diagram
(10.9.1)
H*([X/G],K) —— H*([X x F/G],[pr;/id¢|*K) —= H*([X x F x F/G]|, [pr,/id¢]*K)

aG(X,K)\L iag(XXF,[prl/ide]*K) J{ag(XXFXF,[prl/idG]*K)
R (X, K) ——— R&(X x F, [pry /idg]*K) ——= RL(X x F x F, [pr, /idg]*K),
in which the double horizontal arrows are defined by pr;5 and pr;5. By Corollary ag(X x

F,[pr,/idg]*K) and ag(X x F' x F, [pry /idg]* K) have nilpotent kernels and, if K is commutative,
are uniform F-surjections. To show that ag (X, K) has the same properties it thus suffices to show

that the rows of ((10.9.1]) are exact.
First consider the lower row. The component of degree ¢ is isomorphic by definition ((6.16.8]

to the projective limit over (A, A’, g) € Ag(k)? of
(10.9.2) (XY Rimr*K) - T(XA x FA Rimr*[pr, /idg]* K)
= D(X4 x FA x FA' Rl r*[pr, /idg]* K),

where we have put 7 := [1/¢4]. In order to identify the second and third terms of (10.9.2)), consider
the following commutative diagram, where the middle and right squares are cartesian:

[X x F/G] <1 — BAx XA x FA' _T s xA' x pA' 22, pa’

[Pr1/idG]l lidxprl lprl ‘/

[(X/G] L BAx XY —T x4 Spec k

We have (by base change for the middle square)
priRIT, (r*K) = Rim,(id x pry)*r*K ~ Rir,r*[pr, /idg]* K.
By the Kiinneth formula for the right square, we have
(X4 x FA priRir,r*K) = T(X*, Riz,r*K) @ T(FA' | Fy).
Therefore we get a canonical isomorphism
(X4 x FA Rim,r*[pr, /idg]* K) = D(XA | Rim, " K) @ T(FY | Fy).

We have a similar identification for X4 x F4" x FA", and these identifications produce an isomor-
phism between (10.9.2)) and the tensor product of I'(X4' | Rir,r*K) with

(10.9.3) T(Speck,Fy) — D(FA F)) = T(FA x FA' F)).

As A’ is an elementary abelian ¢-subgroup of G, A’ is conjugate in L to a subgroup of S, hence

FA # (. Tt follows that (10.9.3)), (10.9.2)) and hence the lower row of ((10.9.1]) are exact.
In order to prove the exactness of the upper row of (10.9.1)), consider the square of Artin stacks

with representable morphisms,

(10.9.4) (0% Xf) /G —— [ch]
[F/L] BL,
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where Y is an algebraic space of finite presentation over k endowed with an action of G, the
horizontal morphisms are induced by projection from F' and the vertical morphisms are induced
by the embedding G — L. The square is 2-cartesian by Proposition and BS ~ [(S\L)/L] =
[F/L]. By Propositions and H*([F/L)) is a finitely generated free H*(BL)-module
and the homomorphism

HY([Y/G), K) @y« sy H([F/L]) = H*([Y x F/G], [pr, /id¢]"K)

defined by ([10.9.4) is an isomorphism. Applying the above to Y = X and Y = X X F, we obtain
an identification of the upper row of ([10.9.1) with the sequence

H*([Y/G],K) - H*([Y/G],K) ®pg~pry H*([F/L])
= H*([Y/G], K) @g+pry H*([F/L]) @5y H*([F/L]),

which is exact by the usual argument of faithfully flat descent. O

Corollary 10.10. Let X = [X/G] be a global quotient stack, and assume that either (a) G is
embedded in L = GLy, n > 1, or (b) G is an abelian variety. Let K € D} ([X/G],F;) be a pseudo-
ring. Let d = dim X. In case (a), let e = dim L/G, f =2dim L —dim G. In case (b), let e = 0,
f=dimG. Then
(i) (Kerag(X,K))™ =0, where m =2d+2e+1,
(it) for K commutative and y € RE(X, K), we have y"" € Imag(X,K) for N > max{2d + 2¢ —
1,0} +log,(2d + 2f + 1).

Proof. As in the proof of Proposition [10.9] let F = S\L. We have cd;((X x F)/G) < 2dim((X x
F)/G) = 2d + 2e. As all inertia groups of G acting on X x F are elementary abelian ¢-groups,
by Corollary we have (Kerag(X x F,priK))™ = 0, hence (i) by (10.9.I). For (ii), set
ac(X,K) = ap, ag(X X F,priK) = a1, ag(X X Fx F,pr{ K) = as. Denote by ug: H*([X/G], K) —
H*([X x F/G),[pr;/id¢|*K) (resp. vo: R&(X, K) = RE(X X F,[pr; /idg]*K)) the left horizontal
map in , and uy = do—dy: H*([X X F/G], [pry/id¢]*K) — H*([X X F x F/G], [pry /idg|*K)
(resp. v1 = dop — di: RE(X x F,[pry/idg]*K) — RL(X x F x F,priK)), the map deduced from
the double map (do,d1) in (10.9.1). As dy and d; are compatible with raising to the ¢-th power,
so is uy (resp. v1). Let N7 = max{2d + 2e — 1,0}. By Corollary we have vo(y)"" = ai(x1)
for some z; € H*([X x F/G],[pr;/id¢]*K). By we have aguy(z1) = via1(z1) = 0. Let h
be the least integer > log,(2d + 2f 4+ 1). As above we have cd,((X x F x F)/G) < 2d+ 2f, so by
Corollary We get ul(xl)éh = 0, hence by x{h = ug(xo) for some xg € H*([X/G], K),
and finally y* """ = ag(xo). O

Remark 10.11.
(a) If in case (a) of Corollary[10.10] we assume moreover that X is affine, then cdy((X x F)/G) <
d+ e and cdy((X x F x F)/G) < d+ f by the affine Lefschetz theorem [50, XIV Corollaire
3.2]. Thus in this case (i) holds for m = d+e+1 and (ii) holds for N > max{d+e—1,0} +
log,(d+ f+1).
(b) Let f: Y — X be a finite étale morphism of Artin stacks of constant degree d. As the

try i

composite H*(X, K) EAR H*(Y, f*K) —— H*(X, K) is multiplication by d, f* is injective
if d is prime to ¢. Thus, in this case, if Keray ¢-k is a nilpotent ideal, then Kerax g is
a nilpotent ideal with the same bound for the exponent. This applies in particular to the
morphism [X/H] — [X/G], where H < G is an open subgroup of index prime to .

Proposition 10.12. Theorem (b) holds if X is a Deligne-Mumford stack of finite inertia.
More precisely, if ¢ = cdg(Y'), where Y is the coarse moduli space of X, and if r (resp. s) is the
mazimal number of elements of the inertia groups (resp. £-Sylow subgroups of the inertia groups)
of X, then (Ker a(X,K))(CH)((S’l)Q“) =0, and for K commutative and b € R*(X, K), we have
v" € Ima(X,K) for N > max{c—1,0}+max{r>—2r,0}+[log,(2(r—1)24+1)]+[log,((s—1)2+1)].
Here [z] for a real number x denotes the least integer > x.
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Proof. Consider the coarse moduli space morphism f: X — Y. For every geometric point ¢ of Y,
there exists a finite radicial extension ¢/ — ¢ and a geometric point y’ of X above t' such that
(X )rea ~ BAutx(y'). Note that for any field E, a finite group G of order m can be embedded
into GL,,(E), given for example by the regular representation E[G] of G. Moreover, if m #
2 or the characteristic of F is not 2, then G can be embedded into GL,,_1(F), because the
subrepresentation of E[G] generated by g — h, where g, h € G, is faithful. Thus, by Remark
the map ax, k in Proposition (c) satisfies (Ker a/\ghK)(s_l)z*'1 =0, and, for K commutative,
ax, i is a uniform F-surjection for all geometric points ¢ — Y with bound for the exponent given
by max{r? —2r,0} + [log,(2(r —1)?+1)], independent of ¢. Thus (Ker fm, aXt’K)(S_lf‘H =0,
and Lemma I@I below implies that lim, _ P, 0X K IS a uniform F-surjection, with bound for the
exponent given by max{r? —2r,0} + [log,(2(r — 1)? +1)] + [log,((s — 1)®> +1)]. Hence, by Lemma
and Proposition ax, k has the stated properties. O

Lemma 10.13. Let C be a category, and let u: R — S be a homomorphism of pseudo-rings in
GrVec®. If u is a uniform F-injection (resp. uniform F-isomorphism) (Definition , then
@C u is also a uniform F-injection (resp. uniform F-isomorphism). More precisely, if m > 0 is
an integer such that for every object i of C and every a € Keru;, a™ =0 (resp. and if n > 0 is an
integer such that for every object i of C and everyb € S;, b*" € Imu; ), then for every x € Ker @c u,

x™ =0 (resp. for every y € @C S and every integer N > n +log,(m), y¥ € Im @c u).

Proof. Let x = (x;) be an element in the kernel of lim , u. Since z; is in Keru;, 2™ = (2*) = 0.

Assume now that w is a uniform F-isomorphism with bounds for the exponents given by m
and n, and let y = (y;) be an element of @ oS- For every object i of C, take a; in R; such that

u;i(a;) = y!" . For every morphism a: i — j in C, the following diagram commutes

R Y

J

‘.8
|-

R, ——= S,.

<

Ra

It follows that
ui(Ra(aj) — a;) = Sa(uj(a;)) — ui(a;) = Sa(y; ) —yi =0.

Let h be the least integer > log,(m). Then 0 = (R, (a;) —ai)eh = Ra(aj)eh —a!", so that w = (atfh)

()

is an element of lim , R. By definition, u(w) =
In order to deal with the general case, we need the following lemma.

Lemma 10.14. Let u: R — S be a homomorphism of pseudo-rings in GrVec® endowed with a
splitting (Definition . Then (Keru)R = 0. In particular, (Keru)? = 0.

Proof. Let a € Keru, b € R. Since u(a) =0, ab = u(a)b = 0. O
Proposition 10.15. The first assertion of Theorem (b) holds.

Proof. Ifi: Y — X is a closed immersion, j: U — X is the complement, then the following diagram
of graded rings commutes:

H*(Y,Ri'K) — H*(X,K) — H*(U,j*K)

a)},Ri!KJ/ lax,x laud*K

R*(V,Ri'K) - R*(X,K) — R*(U, K).

The first row is exact and u is the composition of the inverse of the isomorphism R* (X4, Ri'K) =
R*(Y,Ri'K) and the map R*(X,i,Ri'K) — R*(X, K) induced by adjunction i,Ri'K — K. The
composition

R*(V,Ri'K) % R*(X,K) — R*(),i"K)
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is induced by Ri'K — i*K, hence has square-zero kernel by Lemma [10.14, Thus (Keru)? = 0.
It follows that if both ay p; ; and ay j«x have nilpotent kernels, then ax x has nilpotent kernel.
Using this, we reduce by induction to the global quotient case. In this case, the assertion follows

from Propositions and O
This finishes the proof of the structure theorem (Theorem (b)).

Lemma 10.16. Let C be a category having finitely many isomorphism classes of objects. Let A
be the category whose objects are the elementary abelian £-groups and whose morphisms are the
monomorphisms. Let F: C — A be a functor. Let F be the presheaf of Fy-algebras on A given
by F(A) = S(AY). Let G be a presheaf of F*F-modules on C. Assume that, for every object x of
C, G(x) is a finitely generated F(F(z))-module. Then R = m . F(F(x)) is a finitely generated
Fy-algebra and S = ]'&nxec G(x) is a finitely generated R-module.

Proof. We may assume that C has finitely many objects. For any monomorphism u: A — B of
elementary abelian (-groups, F(u): F(B) — F(A) carries S(BY )5 into S(AY)EMA) . Thus
A E(A) = S(AY)GEA) € F(A) defines a subpresheaf € of Fy-algebras of F. As GL(A) is a finite
group, by [48 V Corollaire 1.5] F(A) is finite over £(A) and £(A) is a finitely generated Fy-algebra.
For given A and B, since GL(B) acts transitively on the set of monomorphisms u: A — B, the
map S(BY)GHB) — S(AV), restriction of F(u), does not depend on u. Thus £(u) only depends
on A and B. Therefore, via the functor rk: A — N carrying A to its rank, £ factorizes through a
presheaf R on the totally ordered set N: we have a 2-commutative diagram

|

e

NI e,

where B denotes the category of F-algebras of finite type, and R(n) = S((Fp)Y)G»Fe) | with, for
m < n, F}* included in F} by any monomorphism. For a morphism u: A — B of A, F(u ) F(B ) —
F(A) is surjective, hence as F(B) is finite over £(B), F(A) is finite over £(B), and £(A) C F(A)
is finite over £(B). By Lemma below, for each z in C, £(F(x)) is finite over

= Im E(F) ~ fm R(S(
yeC yeC
The rest of the proof is similar to the proof of the last assertion of loc. cit. As C has finitely many
objects, there exists a finitely generated Fy-subalgebra Qg of @ such that, for each = in C, £(F(x))
is integral, hence finite over @Qg. Note that R is a @-submodule, a fortiori a Qg-submodule, of
[I.cc F(F(z)). For each x in C, F(F(x)) is finite over £(F(z)), hence finite over Qo. It follows
that [ .o F(F(x)) is finite over Qp. As Qo is a noetherian ring, R is finite over Qo, hence a finitely
generated Fy-algebra. Similarly, S is a finitely generated QQg-module, hence a finitely generated
R-module. Note that @ is also finite over Jg, hence a finitely generated Fy-algebra, though we do
not need this fact. O

The first step of the proof of Lemma consists of simplifying the limit @Q using cofinality.
Among the functors

fl:(oao)eo fQZA:A‘>E f3:f.}&‘>z f4:.\f.‘>5

f1, f2, and f3 are cofinal, while f; is not cofinal. It turns out that after making contractions of
types fi1, fa2, and f3, we obtain a rooted forest, of which the source of f4 is a prototype.

For convenience we adopt the following order-theoretic definitions. We define a rooted forest
to be a partially ordered set P such that P<, = {y € P | y < z} is a finite chain for all € P.
We define a rooted tree to be a nonempty connected rooted forest. Let P be a rooted tree. For
x,y € P, we say that y is a child of x if * < y and there exists no z € P such that = < z < y. By
the connectedness of P, m(z) = min P<, is independent of = € P, hence P has a least element r,
equal to m(z) for all xz. We call r the root of P.
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Remark 10.17. Although we do not need it, let us recall the comparison with graph-theoretic
definitions. A graph-theoretic rooted tree T is a connected acyclic (undirected) graph with one
vertex designated as the root [4I, page 30]. For a graph-theoretic rooted tree T, we let V(T)
denote the set of vertices of 7 equipped with the tree-order, with x < y if and only if the unique
path from the root r to y passes through xz. For any x € V(T), V(T )<, consists of vertices on
the path from r to z, so that V(7 )<, is a finite chain. Thus V(7)) is a rooted tree. Conversely,
for any rooted tree P, we construct a graph-theoretic rooted tree I'(P) as follows. Let G be the
graph whose set of vertices is P and such that two vertices x and y are adjacent if and only if y is
a child of x or z is a child of y. Note that each x < z’ in P can be decomposed into a sequence
x=x9 <1 < - <xp =2, n >0, each x;y1 being a child of x;, which defines a path from
x to &’ in G. Thus the connectedness of P implies the connectedness of G. If G admits a cycle,
then there exists y € P that is a child of distinct elements z and 2’ of P, which contradicts the
assumption that P<, is a chain. Let r be the root of P. Then I'(P) = (G, r) is a graph-theoretic
rooted tree. We have P = V(I'(P)) and T =T(V(T)).

The next lemma is probably standard but we could not find an adequate reference.

Lemma 10.18. Let C be a category and let f: C — N be a functor. Let P be the set of full
subcategories of C that are connected components of f~*(Ns,) for some n € N. Order P by
inverse inclusion: for elements S and T of P, we write S < T if S DT. Let ¢: C — P be the
functor carrying an object x to the connected component ¥(x) of ffl(sz@)) containing x, and
let ¢: P — N be the functor carrying S to min f(S). Then:

(a) f = 0.

(b) ¥: C — P is cofinal (Definition[6.1) and ¢: P — N is strictly increasing.

(c) P is a rooted forest. Moreover, if C has finitely many isomorphism classes of objects, then P

s a finite set.

Proof. (a) Let « be an object of C. As x € (), ¢(¢(z)) = min f(¢(z)) < f(z). Conversely, as
(@) C £ (Nogay), £()) C No oy, s0 that $(b(x)) > f(z). Thus ¢(u(x)) = f(z).

(b) Let S € P. Note that S is a connected component of f_l(NZ¢(S)). By definition, (S | )
is the category of pairs (2,5 < ¢(z)). Note that S D ¢ (z) implies that z is in S. Conversely, for
z in S, S is a connected component of f~(Nx,) for n < f(z), hence S D 9(z). Thus (S | ¥) can
be identified with S, hence is connected. This shows that 1 is cofinal. Now let S < T be elements
of P. We have ¢(S) < ¢(T). If ¢(S) = ¢(T) = n, then S and T are both connected components
of f~}(N>,), which contradicts with the assumption S 2 T. Thus ¢(5) < ¢(T).

(c) Let S € P. Let T,T" € P<s. Then T (resp. T") is a connected components of f~1(Ns,)
(resp. f7'(N>,)), and T and 7" both contain S. Thus 7 D 7" if n < n’ and T C T" if n > n'.
Therefore, P<g is a chain. As ¢ is strictly increasing, ¢ induces an injection P<s — N<y(s), hence
P<s is a finite set. Therefore, P is a rooted forest. Note that for S € P and x in S, every object y
of C isomorphic to x is also in S. Thus, if C has finitely many isomorphism classes of objects, then
P is a finite set. O

Lemma 10.19. Let C be a category having finitely many isomorphism classes of objects and let
f:C — N be a functor. Let R be a presheaf of commutative rings on N such that, for each m < n,
R(m) is finite over R(n). Let Q = fm . R(f(x)). Then:

(a) For each object x of C, R(f(x)) is finite over Q.

(b) For each connected component S of C and each r in S satisfying f(r) = min f(S), we have

Im(Q — R(f(r))) = Im(R(max f(5)) = R(f(r)))-

Proof. By Lemma [10.18], we may assume that C is a finite rooted tree with root . We prove this

case by induction on #C. Let B C C be the set of children of r. For each ¢ € B, C>. is a rooted tree

with root ¢ and @ is the fiber product over R(f(r)) of the rings Q. = lim e R(f(x)) for c € B.
x >c

If B is empty, then C = {r} and the assertions are trivial. If B = {c}, then Q ~ Q. and it suffices
to apply the induction hypothesis to Q.. Assume #B > 1. Let n = max f(C), n. = max f(C>.),
and let ¢g € B be such that n., = min.cgn.. The complement C’' of C>, in C is a rooted tree
with root 7, and @ is the fiber product over R(f(r)) of the rings Q., and Q' = fm ., R(f(x)).
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By the induction hypothesis, A = Im(Q., — R(f(r))) = Im(R(ne,) — R(f(r))) and Im(Q" —
R(f(r))) =Im(R(n) — R(f(r))), so that we have a cartesian square of commutative rings

Q5@

q )

Qeo —2 S A

As « is surjective, we have Ker(a') ~ Ker(a) and o’ is surjective (cf. [I7, Lemme 1.3]), which
implies (b). Moreover, as (3 is finite, ' is finite. Indeed, if A = )", a;3(Q’), then for liftings a]
of a;, Qc, = >, aif'(Q). The assertion (a) then follows from the induction hypothesis applied to
Q., and Q'. O

Proof of Theorem[8.3 (a). Let (ji: X; — X); be a finite stratification of X by locally closed sub-
stacks. The system of functors (Cx, — Cx); is essentially surjective. Thus the map

RY(X,K) = [ R (X, i K)

7

is an injection. Thus, for the first assertion of Theorem [8.3| (a), we may assume that X is a global
quotient stack, in which case the assertion follows from Theorem (a) and Proposition
Let H(K,) denote the presheaf on Cy whose value at z: & — X is HY(S,K,), where
K, = 2*K, so that R1I(X,K) = lim H?(K,). Let N be the set of morphisms f in Cx
such that (H*(Fe))(f) and (H*(K.))(f) are isomorphisms. By Lemma W l'&ncx HY(K,) ~
@N*lcx HY(K,) and similarly for H*(Fs). We claim that N~!'Cx has finitely many isomor-
phism classes of objects. Then @N_l Cx commutes with direct sums, and, by Lemma
R*(X,Fy) and R*(X, K) are finitely generated R-modules for a finitely-generated Fy-algebra R,
hence the second assertion of Theorem (a). Using again the fact that the system of functors
(Cx;, — Cx); is essentially surjective, we may assume in the above claim that X = [X/G] is a
global quotient. Consider the diagram (8.5.2). Note that the functor Ac(k)* — Eg(m) induces
a bijection between the sets of isomorphism classes of objects, and Eg(m) is essentially finite by
Lemma (a), thus Ag(k)? has finitely many isomorphism classes of objects. Moreover, as E is
essentially surjective, it suffices to show that, for every object (A, A’,g) of Ag(k)?, the category
M~1Py 4 has finitely many isomorphism classes of objects. Here M is the set of morphisms f in
Pxar such that (E, 4 ,H"(K.))(f) is an isomorphism. Let (X;) be a finite stratification of x4
into locally closed subschemes such that K | X; has locally constant cohomology sheaves. For a
given 4, all objects in the image of Py, — M ~! Py are isomorphic. Moreover, the system of func-
tors (Px, — Pya); is essentially surjective. Therefore, M~ Py s has finitely many isomorphism
classes of objects. O

11 Stratification of the spectrum

In this section we fix an algebraically closed field k& and a prime number ¢ invertible in k.

Construction 11.1. Let X be a separated algebraic space of finite type over k, and let G be an
algebraic group over k acting on X. Define

(11.1.1) (G, X) = Spec HT([X/G])rea,

where ¢ = 1 if £ = 2, and € = 2 otherwise. In particular, for an elementary abelian ¢-group A,
A = (A,Speck) = Spec(HF )red

is a standard affine space of dimension equal to the rank of A. The map (A4, C)* (6.9.2)) induces a
morphism of schemes

(11.1.2) (A,C).: A— (G, X),
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hence a(G, X) (6.9.3)) induces a morphism of schemes

(11.1.3) Yi=  lim A (GX)

b
(A7C)€A(G,X)

It follows from Theorem [6.11| that (11.1.3)) is a universal homeomorphism.
By Corollary (A,C), is finite. Moreover, ‘AIEQ x) 1s essentially finite by Lemma It
follows that YV ~ Spec(@(Avc)eA?GyX)(Hfl*)rcd) is finite over (G, X) and is a colimit of A in the

category of locally ringed spaces and in particular a colimit of A in the category of schemes. This
remark gives another proof of the second assertion of Corollary as promised. Moreover,
the Fp-algebras H*([X/G])rea and @(A,C)EA" (H5")rea are equipped with Steenrod opera-

(G, X)

tions (see Construction below), compatible with the ring homomorphism H*([X/G])ea —
iy ovene, o (HA rea:

(@, x)
The structure of Y is described more precisely by the following stratification theorem, similar
to [37, Theorems 10.2, 12.1].

Theorem 11.2. Denote by V(4 c) the reduced subscheme of Y that is the image of the (finite)
morphism A —'Y induced by (A,C). Let

At =4A- ] 4,
A'<A

Ve = Vo — U Vo,
Al<A

where A’ < A means A’ C A and A’ # A, and C'| A’ denotes the component of X' containing C'.
Then

(a) The Weyl group Wa(A,C) (6.4.2) acts freely on AT and the morphism AT — Y given by
(A, C) induces a homeomorphism

(11.2.1) AT /We(A,C) = Vi o
(b) The subschemes Via oy of Y are the integral closed subcones of Y that are stable under the
Steenrod operations on @(A,C)GAEG)X)(H?)YM'

(c) Let (A;,C;)icr be a finite set of representatives of isomorphism classes of objects of A?G’X).
Then the Via, c;) form a finite stratification of Y, namely Y is the disjoint union of the

‘/(_;i,ci)’ and Vi, c,) is the closure of V(j:li,ci)'

The proof is entirely analogous to that of [37, Theorems 10.2, 12.1]. One key step in the proof
is the following analogue of [37, Proposition 9.6].

Proposition 11.3. Let (A,C), (A’,C") be objects of A?G,X). The square of topological spaces

(11.3.1) AT xHomy, ((4,0),(A,C") —= A
prli l(A',c»
A (4.0) v

is cartesian. Here the upper horizontal arrow is induced by

red>

Hom . ((A4.C),(A,C")) - Hom(A, A), u + Spec(Bu);

where (Bu)*: HY) — HY".

As in [37], Proposition 9.6], this follows from the fact that A?G,X) admits fiber products, whose
proof is very similar to that of [37, Lemma 9.1].
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Remark 11.4. The morphism is not an isomorphism of schemes in general. In particular,
the square is not cartesian in the category of schemes. This is already shown by the example
G = GLy, X = Spec(k), A = uy embedded diagonally in G. Let T be the standard maximal torus,
and let {eq,...,ep} be the standard basis of T[¢]. Then Wg(T) ~ W (T[¢]) ~ &, acts on T[{] by
permuting this basis, and Wg(A) = {1}. Note that T'[(] ~ Spec(S(T[¢]")) ~ Spec(F¢[t1,---,te]),

and Vrpg =Y >~ T[(]/Wg(T[{]) can be identified with the spectrum of the symmetric polynomials

in t1,...,t;. As the image of the d-th fundamental symmetric polynomial in ¢1,...,t, under
homomorphism ¢: Fy[t1, ..., t;] — Fy[t] carrying t; to t is 0 for 1 < d < £ — 1 and t* for d = ¢, the
diagram of schemes

— T

4 T
Va ——= Vg
is given by the diagram of rings

¢
F[[t] %F@[tl, . ,tg]

Fo[t!] <——Fyt1, ..., 1] %"

*

Therefore, (11.2.1)) is given by the Frobenius map on Fy[t, t~].

Let (f,u): (X,G) — (Y, H) be an equivariant morphism with (X, G) and (Y, H) as before. The
induced morphism of quotient stacks [f/u]: [X/G] — [Y/H] induces maps

[f/ul™: H([Y/H]) = HT([X/G]),  (f,w): (Y, H) = (X, G).

Moreover, (f,u) induces a functor A?u n: A?G x) A?H yy sending (A4, C) to (uA, C"), where uA
is the image of A under u and C" is the component of Y4 containing fC, the image of C' under f.
We have the following analogue of [37, Proposition 10.9], with essentially the same proof.

Proposition 11.5. The following conditions are equivalent.
(a) A'E%f) is an equivalence of categories.
(b) [f/u]* is a uniform F-isomorphism.
(c) (f,u) is a universal homeomorphism.

Construction 11.6. As Michele Raynaud observed in [38), Section 4], the formalism of Steenrod
operations [16] applies to the Fy-cohomology of any topos. Let us review the construction of the
operations in this case.

Let X be a topos, let K be a commutative ring in DT (X,F;), and let i be an integer. The
Steenrod operations are Fy-linear maps

H* (X, K) if 0 =2,

P H*(X,K) — _
( ) {H*“(‘W(X,K) if £ > 2.

For ¢ = 2, P is sometimes denoted Sq'.
First note that for every complex M € C(X,F,), &, acts on L% by permutation of factors
(with the usual sign rule). This induces a (non triangulated) functor

(11.6.1) (—)®%: D(X,Fy) — D([X/S],Fy).

Here we used the notation [X/G] for the topos of sheaves in X endowed with an action of a finite
group G. For a morphism c¢: Fy — M|q] in D(X,F,), applying (11.6.1]), we obtain a morphism

C®€: ]FZ ~ FZ@F N (M[q])®l ~ M®Z ® S®Q[q€}
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in D([X/&],F¢), where S € Mod([X/&,],Fy) is the pullback of the sheaf on B&, given by the
sign representation sgn: &, — F. This defines a map

(11.6.2) HY(X,M) — H¥([X/&], M®* @ §%), ¢ .

Now choose a cyclic subgroup C of &, of order ¢ and a basis x of H'(BC,F,) ~ Hom(C,F).
Note that sgn | C' is constant of value 1. Consider the composite map

De: HU(X,K) H(X/S, K @ §99) T HY([X/S), K @ 599)
— H([X/C),K) ~ @ H"(BC,F,) ® H* *(X, K),
k

which turns out to be Fy-linear. Here 7 is given by multiplication K®¢ — K. Recall (Remark
that for k > 0, H*(BC,F,) = Fywy,, where wy = x(Bx)*~1/2 for k odd and wy = (Bx)*/?
for k even. We define

D¢ .+ HY(X,K) —» H" " *(X,K)

by the formula Do u =Y, wp ® Dé,xu. Let m = %. We define

(_I)Hm(qtq)/?(m!)*qD(c‘{;in_l) it 6> 2,q=>2i,
Pi,={ D&} Hemnazh

0 otherwise.

For ¢ = 2, we have C' = &5 and z is unique. For £ > 2, 0 € &y and a € F, D2}

ocCo~1,a(zocy) =
sgn(a)qa_kD%’fz, where ¢, : 0Co~! — C is the homomorphism g + 0~ tgo. Thus

Pi

gCa*l,a(zocd) = Sgn<a)q(a’m)qpé',a:a

where @™ = +1. In particular, up to a sign, Pé@ is independent of the choices of C' and x. Let
T € &, be the permutation defined by T'(n) = n + 1 for n € Z/¢Z. In the following we will take
C' to be the subgroup generated by T and take x to be the dual basis of 7', and omit them from
the indices.

For a homomorphism of commutative rings K — K’, the induced homomorphism H*(X, K) —
H*(X, K') is compatible with Steenrod operations on H*(X, K) and H*(X, K'). Moreover, for
a morphism of topoi f: X — Y, Steenrod operations are compatible with the isomorphism
H*(X,K)~ H*(Y,Rf.K).

It is easy to check the following properties of Steenrod operations, where we write H* for
H*(X,K):

e For z € H' (resp. x € H?), Piz = 2 if £ = 2 (resp. £ > 2);

e If one defines
P H* — H*[t,t]

by Py(z) =Y ;cs P(2)t?, then Py is a ring homomorphism (Cartan’s formula).

In the case where X has enough points and K € Mod(X,F,), Epstein showed the following
additional properties [16, Theorem 8.3.4]:

e P,: H* — H*[t]. In other words, P* =0 for i < 0.

e PV =id for K = F, (this depends on the choices of C' and = above).
In particular, P;(z) =z + 2%t for x € H'(X,Fy), £ = 2 (vesp. € H*(X,Fy), £ > 2).

The above can be easily adapted to DY, of Artin stacks. For a morphism of Artin stacks
f: X — Y and a commutative ring K € D, (X,Fy), Steenrod operations are compatible with the

cart

isomorphism H*(X, K) ~ H*(Y, Rf.K). Therefore, for K’ € DY, . (Y,F,), Steenrod operations are

cart

compatible with the restriction homomorphism H*(Y, K') — H*(X, f*K').

For related results on the Chow rings of classifying spaces and much more, we refer the reader
to Totaro’s book [45] and the bibliography thereof.

73



References

[1]
2]
3]

D. Abramovich, T. Graber, and A. Vistoli. Gromov-Witten theory of Deligne-Mumford stacks. Amer.
J. Math., 130(5):1337-1398, 2008. Cited on page(s)

K. A. Behrend. The Lefschetz trace formula for algebraic stacks. Invent. Math., 112(1):127-149, 1993.
Cited on page(s)

E. Bifet, C. De Concini, and C. Procesi. Cohomology of regular embeddings. Adv. Math., 82(1):1-34,
1990. Cited on page(s)

F. Borceux. Handbook of categorical algebra 1. Basic category theory, volume 50 of Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge, 1994. Cited on page(s)
@

A. Borel. Sur la cohomologie des espaces fibrés principaux et des espaces homogenes de groupes de
Lie compacts. Ann. of Math. (2), 57(1):115-207, 1953. Cited on page(s)

A. Borel. Sous-groupes commutatifs et torsion des groupes de Lie compacts connexes. Téhoku Math.
J. (2), 13:216-240, 1961. Cited on page(s)

S. Bosch, W. Liitkebohmert, and M. Raynaud. Néron models, volume 21 of Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin,
1990. Cited on page(s)

M. Brion, P. Samuel, and V. Uma. Lectures on the structure of algebraic groups and geometric
applications, volume 1 of CMI Lecture Series in Mathematics. Hindustan Book Agency, New Delhi;
Chennai Mathematical Institute (CMI), Chennai, 2013. Cited on page(s)

B. Conrad. A modern proof of Chevalley’s theorem on algebraic groups. J. Ramanujan Math. Soc.,
17(1):1-18, 2002. Cited on page(s)

P. Deligne. Théorie de Hodge. III. Inst. Hautes Etudes Sci. Publ. Math., 44:5-77, 1974. Cited on
page(s)

P. Deligne. Cohomologie étale, volume 569 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,

1977. Séminaire de Géométrie Algébrique du Bois-Marie SGA 4%7 avec la collaboration de J.-F.
Boutot, A. Grothendieck, L. Illusie et J.-L. Verdier. Cited on page(s)

P. Deligne. Lettre & Luc Illusie. June 26, 2012. Cited on page(s)

M. Demazure and P. Gabriel. Groupes algébriques. Tome I. Géométrie algébrique, généralités, groupes
commutatifs. Masson & Cie, Editeur, 1970. Cited on page(s)

D. Edidin and W. Graham. Equivariant intersection theory. Invent. Math., 131(3):595-634, 1998.
Cited on page(s)

D. Edidin, B. Hassett, A. Kresch, and A. Vistoli. Brauer groups and quotient stacks. Amer. J. Math.,
123(4):761-777, 2001. Cited on page(s)

D. B. A. Epstein. Steenrod operations in homological algebra. Invent. Math., 1:152-208, 1966. Cited
on page(s)

D. Ferrand. Conducteur, descente et pincement. Bull. Soc. Math. France, 131(4):553-585, 2003. Cited
on page(s)

O. Gabber and L. Ramero. Foundations for almost ring theory. larXiv:math/0409584v9. Cited on
page(s)

J. Giraud. Méthode de la descente. Bull. Soc. Math. France Mém., 2:viii+150, 1964. Cited on page(s)
L2l

J. Giraud. Cohomologie non abélienne. Springer-Verlag, Berlin, 1971. Die Grundlehren der mathe-
matischen Wissenschaften, Band 179. Cited on page(s) [6]

A. Grothendieck. Classes de Chern et représentations linéaires des groupes discrets. In Diz exposés
sur la cohomologie des schémas, pages 215-305. North-Holland, Amsterdam, 1968. Cited on page(s)

210

A. Grothendieck (avec la collaboration de J. Dieudonné). Eléments de géométrie algébrique. IV. Etude
globale élémentaire de quelques classes de morphismes. Publ. Math. Inst. Hautes Ftudes Sci., 20, 24,

28, 32, 1964-1967. Cited on page(s)
L. Mlusie. Complexe cotangent et déformations. I, volume 239 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1971. Cited on page(s)

74


http://arxiv.org/abs/math/0409584

[24]

[25]
[26]
[27]
28]
[29]
[30]
31]
32]
[33]
[34]
[35]
[36]
[37]

[38]
[39]

[40]

[41]

[42]

[43]
[44]
[45]

[46]

[47]

L. Illusie. Travaux de Quillen sur la cohomologie des groupes. In Séminaire Bourbaki, 24e année
(1971/1972), no. 405, volume 317 of Lecture Notes in Mathematics, pages 89-105. Springer, Berlin,
1973. Cited on page(s)

L. Ilusie. Elementary abelian ¢-groups and mod ¢ equivariant étale cohomology algebras. Astérisque,
(370):177-195, 2015. Cited on page(s)

L. Nlusie and W. Zheng. Odds and ends on finite group actions and traces. Int. Math. Res. Not.,
2013(1):1-62, 2013. Cited on page(s)

M. Kashiwara and P. Schapira. Categories and sheaves, volume 332 of Grundlehren der Mathematis-
chen Wissenschaften. Springer, Berlin, 2006. Cited on page(s)

S. Keel and S. Mori. Quotients by groupoids. Ann. of Math. (2), 145(1):193-213, 1997. Cited on
page(s)

G. M. Kelly. Basic concepts of enriched category theory. Repr. Theory Appl. Categ., 10:vi+137, 2005.
Reprint of the 1982 original [Cambridge Univ. Press, Cambridge; MR0651714]. Cited on page(s)

A. Kresch. Cycle groups for Artin stacks. Invent. Math., 138(3):495-536, 1999. Cited on page(s)

G. Laumon and L. Moret-Bailly. Champs algébriques, volume 39 of Ergebnisse der Mathematik und
threr Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics. Springer, Berlin, 2000.

Cited on page(s) [6]
Y. Liu and W. Zheng. Enhanced six operations and base change theorem for Artin stacks.

arXiv:1211.5294v2. Cited on page(s)

S. Mac Lane. Categories for the working mathematician, volume 5 of Graduate Texts in Mathematics.
Springer-Verlag, New York, second edition, 1998. Cited on page(s)

M. Olsson. Sheaves on Artin stacks. J. Reine Angew. Math., 603:55-112, 2007. Cited on page(s) [11}
4 [62}

S. Payne. Equivariant Chow cohomology of toric varieties. Math. Res. Lett., 13(1):29-41, 2006. Cited
on page(s)

D. Quillen. The spectrum of an equivariant cohomology ring. I. Ann. of Math. (2), 94:549-572, 1971.
Cited on page(s) [} B B ) 25} % 5 61 62 63 9

D. Quillen. The spectrum of an equivariant cohomology ring. II. Ann. of Math. (2), 94:573-602, 1971.
Cited on page(s)

M. Raynaud. Modules projectifs universels. Invent. Math., 6:1-26, 1968. Cited on page(s)

J. Riou. Classes de Chern, morphismes de Gysin et pureté absolue. Astérisque, 363-364:301-349, 2014.

Exposé XVIin Travaux de Gabber sur l’uniformisation locale et la cohomologie étale des schémas quasi-
excellents, Séminaire a ’Ecole polytechnique 2006-2008, dirigé par L. Illusie, Y. Laszlo, F. Orgogozo.
Cited on page(s)

D. Rydh. Existence and properties of geometric quotients. J. Algebraic Geom., 22(4):629-669, 2013.
Cited on page(s)

J.-P. Serre. Arbres, amalgames, SLo. Astérisque, 46:189 pp. (1 plate), 1977. Cours au College de
France, rédigé avec la collaboration de Hyman Bass, troisiéme édition corrigée, 1983. Cited on page(s)
(618]

J.-P. Serre. Groupes algébriques et corps de classes, volume 7 of Publications de l’Institut Mathéma-

tique de I’Université de Nancago. Hermann, Paris, second edition, 1984. Actualités Scientifiques et
Industrielles, 1264. Cited on page(s)

J.-P. Serre. Sous-groupes finis des groupes de Lie. Astérisque, 266:415-430, 2000. Séminaire Bourbaki,
Volume 1998/99, no. 864. Cited on page(s)
The Stacks Project Authors. Stacks Project. http://stacks.math.columbia.edu, Cited on page(s)

B & E 6 2 1

B. Totaro. Group cohomology and algebraic cycles, volume 204 of Cambridge Tracts in Mathematics.
Cambridge University Press, New York, 2014. Cited on page(s)

J.-L. Verdier. Des catégories dérivées des catégories abéliennes. Astérisque, 239:xii+253, 1996. With
a preface by Luc Illusie, edited and with a note by Georges Maltsiniotis. Cited on page(s)

W. Zheng. Sur l'indépendance de [ en cohomologie I-adique sur les corps locaux. Ann. Sci. Ec. Norm.
Supér. (4), 42(2):291-334, 2009. Cited on page(s)

(0]


http://arxiv.org/abs/1211.5294
http://stacks.math.columbia.edu

[48]

[49]

[50]

[51]

[52]

Revétements étales et groupe fondamental, volume 3 of Documents Mathématiques (Paris). Soc. Math.
France, Paris, 2003. Séminaire de géométrie algébrique du Bois Marie 1960-61 (SGA 1), dirigé par
A. Grothendieck, édition recomposée et annotée. Cited on page(s)

Schémas en groupes, volume 151-153 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1970.
Séminaire de Géométrie Algébrique du Bois Marie 1962-1964 (SGA 3), dirigé par M. Demazure et A.
Grothendieck. Cited on page(s)

Théorie des topos et cohomologie étale des schémas, volume 269, 270, 305 of Lecture Notes in Mathe-
matics. Springer-Verlag, Berlin, 1972. Séminaire de Géométrie Algébrique du Bois-Marie 1963-1964
(SGA 4), dirigé par M. Artin, A. Grothendieck, et J.-L. Verdier. Cited on page(s)
(A2 B7 [66}

Cohomologie (-adique et fonctions L, volume 589 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 1977. Séminaire de Géométrie Algébrique du Bois-Marie 1965-1966 (SGA 5), dirigé par A.
Grothendieck. Cited on page(s)

Groupes de monodromie en géométrie algébrique, volume 288, 340 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1972, 1973. Séminaire de Géométrie Algébrique du Bois-Marie 1967-1969
(SGA 7). 1, dirigé par A. Grothendieck. II, dirigé par P. Deligne et N. Katz. Cited on page(s)

Luc Illusie, Laboratoire de Mathématiques d’Orsay, Univ. Paris-Sud, CNRS, Université Paris-

Saclay, 91405 Orsay, France; email: Luc.Illusie@math.u-psud.fr

Weizhe Zheng, Morningside Center of Mathematics, Academy of Mathematics and Systems

Science, Chinese Academy of Sciences, Beijing 100190, China; email: wzheng@math.ac.cn

76



	I Preliminaries
	Groupoids and quotient stacks
	Miscellany on the étale cohomology of Artin stacks
	Multiplicative structures in derived categories

	II Main results
	Finiteness theorems for equivariant cohomology rings
	Finiteness of orbit types
	Structure theorems for equivariant cohomology rings
	Points of Artin stacks
	A generalization of the structure theorems to Artin stacks
	Künneth formulas
	Proof of the structure theorem
	Stratification of the spectrum


