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On the distribution of Jacobi sums

Qing Lu* Weizhe Zheng! Zhiyong Zheng?

Abstract
Let F, be a finite field of ¢ elements. For multiplicative characters xi,...,xm
of F, we let J(X1,---,Xm) denote the Jacobi sum. Nicholas Katz and Zhiyong

Zheng showed that for m = 2, the normalized Jacobi sum ¢~ '/2.J(x1, x2) (x1x2
nontrivial) is asymptotically equidistributed on the unit circle as ¢ — oo, when x3
and xz run through all nontrivial multiplicative characters of F . In this paper, we
show a similar property for m > 2. More generally, we show that the normalized
Jacobi sum ¢~ D/2J(x1,..., xm) (X1 - Xm nontrivial) is asymptotically equidis-
tributed on the unit circle, when x1, ..., xmm run through arbitrary sets of nontrivial
multiplicative characters of F7 with two of the sets being sufficiently large. The
case m = 2 answers a question of Shparlinski.

1 Introduction

Let F, be a finite field of characteristic p with ¢ elements, and let C be the field of complex
numbers. We let ¥ denote the set of nontrivial additive characters F, — C*. We let
X (resp. X) denote the set of multiplicative characters (resp. nontrivial multiplicative
characters) Fy* — C*. For ¢ € ¥ and x € X, we consider the Gauss sum

G, x) = Y ¥(a)x(a).

aGF;
For m > 2, x1,..., Xm € X, we consider the Jacobi sum
T, oxm) = D0 xa@) - Xm(am).
al,...,amGF;<
ai1+--+am=1
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It is known that for x, x1,..., Xm € X, X1 Xm 7 1, where 1 denotes the trivial multi-
plicative character,

G, ) =q" 1T xm)| = ¢V

Nicholas Katz and Zhiyong Zheng showed in [0, Theorem 1] that the normalized Gauss
sums

{qil/zG(Q/fa X)}we\I/, XEX

and, for m = 2, the normalized Jacobi sums

{q71/2J<X17 X2)}x1,x2€/\.’, X1x2#1

are asymptotically equidistributed in the unit circle as ¢ — oco. Shparlinski showed in [11]
that the normalized Gauss sums

{q71/2G<’l/}7 X>}¢€<I>, XEA>

where 9 and y run through arbitrary subsets ® C ¥ and A C X satisfying #®#A > ¢'*
for a constant € > 0, are asymptotically equidistributed in the unit circle as ¢ — oo, and
asked whether a similar property holds for ¢=*/2J(x1, x2)-

The goal of this paper is to study more generally equidistribution properties of the
normalized Jacobi sums

(1.1) {qi(mil)ﬂj(Xl’ ce 7Xm)}Xi€A¢7 X1 Xm#Ls

for m > 2, where the x;’s run through arbitrary nonempty subsets A; C X, i=1,...,m.
We show that (L)) is asymptotically equidistributed in the unit circle when two of the
subsets are sufficiently large in the sense that ¢In®q/max;.; #A;#A; — 0. The case
m = 2 gives an affirmative answer to Shparlinski’s question. Moreover, we give better
equidistribution estimates when some (or all) of the subsets are X'. As in [6] and [I1], we
do not restrict the way how ¢ approaches infinity. In particular, we do not fix p.

To formulate our results, we need the following notion.

Definition 1.1. The discrepancy of a finite multiset of complex numbers {z1,...,zy} on

the unit circle is defined to be

T(a,b)
N

D= sup —(b—a)

a<b<a+l

9

where T'(a,b) is the number of 1 < i < N such that there exists ¢ € [a,b] satisfying

2 = e¥™¢ For N = 0 we put D = 1. We say that a sequence or net of such multisets

({za1s - ZaNo }acr is asymptotically equidistributed if D = o(1).

For N > 1 we have % <D <1. Welet D(Ay,...,A,) denote the discrepancy of the

multiset (LT).

Theorem 1.2. Let m > 2 and let Ay, ..., A, be nonempty subsets of X. Let Ay = #.Ay,
Ay = #Ay. Then

(1.2) D(A, .., An) < 3ATPqY0 4+ 1A A0)"V2¢Y2(6 + Ing),
(1.3) D(Ar,..., Ap) < 2A7TAF T 4 LATY2 A2 (4 4+ Ing).



Since D(Ay, ..., A,) is symmetric in the A;’s, (L2)) is equivalent to
D(Ay, ..., An) < S(maX#.A )36 4 (maX#A H#A,)7 24 26 +1ng).
Therefore, (ILT]) is asymptotically equidistributed when ¢ln® ¢/ max;.; #A#A; — 0.
We note that this condition cannot be substantially improved. In fact, for A,,..., A,,

satisfying #.A4s = - -+ = #.A,, = 1, there exists A; satisfying #.4; > (¢ — 3)/2 such that
(LT)) is contained in a semicircle, so that D(Ay, ..., A,) > 3.

Corollary 1.3. There exists a constant C' such that for all m > 2 and for nonempty
subsets Ay, ..., A, of X, we have

D(Ah s 7Am) S Cq_f(logq #Avlog, #.42) ln(L

where f:[0,1] x [0,1] — [0, 2] is the function satisfying f(z,y) = f(y,x) and such that
forz >y,

0 r+y<1,

%x—i—%y—% r4+y>1andx+ 3y <2,
(1.4) flr,y) =3z — ¢ x4+ 3y > 2 and 2z + 3y < 4,

%eriy—; 2x+3y24and2x+y§§

%x—i—% —% 2x+y2§.

Note that the function f(z,y) is nondecreasing with respect to both x and y, contin-
uous, and is linear on each piece of the following partition of [0, 1] x [0, 1]

01 GH G (1,1)

S8
\Y4
(5,%)

(1,2)

111

(3,3)

(1,3)

11

I

(0,0) (1,0)

Withf(()?O):f(lvO):f(Qvg) 0, f(575):1_107f(73)_f( ):f(%ag):%a
f(1,1) = %. The pieces marked with I, II, III, IV, V correspond to the five cases of (L4)).

Next we give better upper bounds for the discrepancy when some of the subsets are
actually X. We put Dy(Ay,..., An) = D(Aq, ..., Ap, X, ..., X) for m,k > 1 and Dy =
D(X,...,X) for k > 2, where X is repeated k times.

Theorem 1.4. Letm > 1 and let Ay, ..., A, be nonempty subsets of X. Let Ay = #A;.
Then, for k > 2,

(1.5) Di(Ar, .. A) <2477 (14 klg™ I g),
1 _
(1.6) Di(Ay,. .., An) < 24, 8 ¢ {1 + ¢ 27 [7*1 4 (2k + 1)1V Ing)}.



For k =1, we have

(1.7) Di(Ar,. s A) <207+ 50ATI 5+ Ing)(1+2¢72),
where § =0 ifm =1 and 6 =1 if m > 1. Moreover, for Ay > ¢*/*, we have
(1.8) Di(Ay, ... Ay) <247 PV 4 ¢ V3 1ng).

Corollary 1.5. Let k > 1. There ezists a constant Cy such that for allm > 1 (assuming
m =1 if k = 1) and for nonempty subsets Ay, ..., A, of X, we have

Dk(Al, . ,Am) < qu*gk(k)gq #Al)’

where gi: [0,1] — [ﬁ, %] is the function
k 2k+1
() = { 26FD TS S
)= 1y 2k S 2ktl
%+3L T 202kt3) ¥ Z 22

For k =1, there exists a constant C' such that for all m > 1, we have
Dl(Al, ey Am) S C,q_h(bgq #A1) In q,

where h: [0,1] — [0, 3] is the function

h(z) =

NN @)
IAIA A
8 8 &
IAIA A
i L

Note that the functions gx(x) and h(x) are nondecreasing, continuous and piecewise-
linear. Corollary for k = 1 improves the case A; = X of Corollary [[3] since f(1,z) <
h(z) < g1(x). Moreover, Corollary [LH for £ > 2 improves the case A; = X of Corollary
LA for k£ — 1, since gx_1(1) = 2(22kk;11) < 2(@&1) = g,(0) < gi(x).

When all of the subsets are X', we have the following extension of (L3l).

Theorem 1.6. For k > 2, ¢ > 3, we have
(1.9) Dy < 2q72<kk+1) (1+ kg %Ing).

This improves the case m = 1, A; = X of Corollary for k — 1. For k = 2, we
recover the result Dy = O(¢~/?) of Katz and Zhiyong Zheng [6, Theorem 1].

To prove the above theorems, we use the Erdés-Turan inequality together with esti-
mates of moments of Jacobi sums. Our method of estimating moments of Jacobi sums is
based on the theory of Kloosterman sheaves as in [6], but we need estimates for higher
tensor powers of Kloosterman sheaves, which we give in Section 2l We give estimates for
moments of Jacobi sums in Section [3. In Section M we prove the upper bounds for the
discrepancy and give a lower bound for Dy, k > 3.



2 A key lemma

In the rest of this paper, we fix a nontrivial additive character ¢ on F, and omit it from
the notation. For n > 1 and a € F;, we consider the Kloosterman sum

Kl,(a)= > ¢(a1+--+an).

Alyeeey an EFq

We have Kl (a) = 9(a). The Fourier transform of Kl,(a) is the n-th power of the Gauss
sum G(x):

(2.1) G()" = > Kly(a)x(a)

aEF;

forall y € X = f} [5, 4.0, page 47].

Lemma 2.1. Let n > 1, k,1 > 0. Let x be a nontrivial multiplicative character of F.
Then

(2.2) S Kl (a)*Kl,(a)! R an“l _ EJ +R) S
n

aeF;

(23) Z X(a)Kln(a)kﬁn(a)l < nk+lfl _ gJ q(nfl)(éﬂﬂ)ﬂ.

aeF;

Here R = R} is the dimension of (V¥ @ (V*)®")9 where V is the standard complex

n
representation of G of dimension n,

pp =1,

Sp,, n even,

G=4{SL, p,n>3 odd,

SO, p=2, n#1,7 odd,
Gy p=2,n=T,

and p1, s the group of p-th roots of unity in C.

Let £ C C be a number field containing the p-th roots of unity and let A be a finite
place of E not dividing p. Recall from Deligne [I, Théoréme 7.8] that the Kloosterman
sheaf IC,, is a lisse E)-sheaf on G, y, of rank n and weight n — 1 satisfying

tr(Frg, (Kp)a) = (—1)" 'Kl (a),

where Fr, is the geometric Frobenius at @ € G (F,) = F and a is a geometric point
above a. Moreover,

tr(Fr,., (KY)o) = (~1)" g " VK, (a).

The group G in the lemma is the Zariski closure of the geometric monodromy group of
K., as computed by Katz [5, Theorem 11.1].
Deligne’s bound [Kl,(a)| < ng"= implies that the left hand side of (Z3) is bounded

by nF(q — 1)q(n_1)2(k+l). Thus (Z3) is nontrivial. We will see in Remark that R <

bt



(k+1—1)! (by convention (—1)! = 1), so that (Z2]) provides a nontrivial upper bound
for ‘Zaqux Kln(a)kmn(a)l‘ at least when n is large relative to k: and [. For k=2,1=1,
([22)) recovers the bound ‘ZaeF; Kln(a)2mn(a)‘ < R¢™T +n2¢"% in [6, Key Lemma 8,
page 549] (in this case R = 0 or 1, see Remark [24] below).

Proof of Lemma 2] Recall [I, Théoreme 7.8] that the local monodromy of K, at 0 is
unipotent and tame. The local monodromy at oo is totally wild with Swan conductor
swan. (IC,,) = 1, so that all breaks are 1/n [5, Lemma 1.11].

By the Grothendieck trace formula,

2
Z Kln(a)kmn(a)l :< 1)(n 1) (k+1) (n llz tI‘ FI‘q,HZ)
1=0

a€Fy
where H = H)(G,, v, K3* @ (K;))®'). We have H = 0 and, by Poincaré duality,
H? =~ H(G,, 5, K @ (K)%4)7(-1)

has dimension h? = R. By [5] Corollary 11.3], the arithmetic fundamental group of

K, (251 (well-defined up to adjoining ¢"2 to E) coincides with G. Thus

(n=1)(k—D)+2
2 .

tr(Fry, HY) = Rq

Moreover, (n—1)(k+1) is even whenever R > 0. By Deligne’s Weil II [2, Théoreme 3.3.1],

(n—1)(k—1)+1
1 AL A AR A e
h.q 2

Y

‘tr(Frq, HN| <

where h! = dim H!. The sheaf K&* @ (KY)®' has rank n**! and is tame at 0. All breaks
at oo of this sheaf are at most 1/n by [5, Lemma 1.3] and at least R breaks are 0. It
follows that the Swan conductor

swanoo (K" @ (K6,)®) < [(n**' = R)/n].

The inequality (Z2) then follows from the Grothendieck-Ogg-Shafarevich formula [4]
Théoréme 7.1]
hl = h? + swan, (K2F @ (KY)®h.

For (23), we may assume that E contains the image of x. Let £, be the lisse E)-sheaf
of rank 1 on Gy, r, corresponding to x. As the local monodromy at 0 of K& @ (KC))**® L)
is given by a successive extension of y, we have

H (G0 Ly @ K8 @ (I)) = HY(G,, 5, K @ (K)%F @ £)Y(-1) = 0.
The rest of the proof is completely similar to the proof of the first assertion. O

Remark 2.2. We gather some formulas and bounds for the constant R = R*! = Rkl in
the above lemma. We have R* = RV, For G = Sp,,, SO,,, or Gy, V* ~ V so that Rkl
depends only on k + 1 (and G). In this case, we put RF! = RF!,

For G = j,, R* =1if k =1 (mod p) and R = 0 otherwise.



For G = Sp,, (n even), we let V) denote the irreducible representation corresponding
to a partition A = (A; > -+ > A2 > 0) (where the A;’s are integers). We have V ~ V,,
where 0 = (1,0,...,0). By King’s formula [7, (4.14), (4.15), (4.31)], we have

VoV, =@V,

)\/

where A runs through o-expansions and o-contractions of A\. Here we say that )\ is a
o-expansion of A, or equivalently \ is a o-contraction of X, if there exists j satisfying
Ny = Xj+ Land X, = Ay for all j' # j. Thus RF is the number of sequences of partitions
MO AR with A© = AB) = (0,...,0), such that for each 0 < i < k, AV is a o-
expansion or a o-contraction of A, Moreover, by classical invariant theory [I3], Section
VL7], (V®*)¥ is spanned by the invariants given by partitions of {1,...,k} into pairs, so
that R* < (k — 1)!, and equality holds if and only if ¥ < n and k even. Here we adopt
the convention that (—1)!! = 1. For k odd, R* = 0.

For G = SO,, (n odd), we let V) denote the irreducible representation of O,, = SO,, X
{#1} corresponding to a partition A = (\; > ... ge\, > 0) satisfying AT + AT < n, where
AT denotes the conjugate of \. We have V ~ Resg{jnva and, for A # X, Resg{jnv)\ ~
Resgg, Vi if and only if AT+ M\ = n and AT = A7 for all j > 1. By King’s formula for O,,
[T, (4.14), (4.15)], we have V), ® V, ~ @ V)s, where X' runs through o-expansions and o-
contractions of \. Thus, for k odd (resp. even), RF is the number of sequences of partitions
O A® where A = (AP >0 > A0 > 0), A0 =(0,...,0), A\® = (1,...,1) (resp.
AF) = (0,...,0)), such that for each i, A\(*1) is a o-expansion or a o-contraction of A,
Moreover, by classical invariant theory [13, Sections I1.9, 11.17], for k odd, (V®*)% is
spanned by the images of C ~ A"V C V®" under the expansion operators V& — V/®F
given by an injection {1,...,n} — {1,...,k} and a partition of the complement into
pairs, so that R¥ =0 for k < n and R*F < (ﬁ)(k —n—1)I < (k—1)! for k > n (assuming
n > 3). For k even, (V®*)% is spanned by the invariants given by partitions of {1,...,k}
into pairs, so that R* < (k — 1)!!, and equality holds if and only if k& < 2n.

For G = G4, we let V), denote the irreducible representation corresponding to a par-
tition A = (Ay > A2 > 0), so that Voo = C, V1o = V. By Littelmann’s generalized
Littlewood-Richardson rule [8, 3.8], we have Vy ® V& ~ @,, Vi, where X satisfies one of
the following

e )\ is a o-expansion or a o-contraction of \; or
e =M xland N, =X F1;or
° X:)\and)\1>)\2.
Note that, for each A, there are at most 7 possibilities for \'. We have

V&~ Voo @ Vig® Voo ® Vi, VE > Voo @ VG @ Vi @ Vg o VT @ Vo7,
V®4 ~ 0@:904 D ‘/1639010 D ‘/26]9012 D ‘/25506 D ‘/21,0 D ‘/1€7519 D ‘/2€7518 D ‘/3%913 D ‘/267%2’

and, for k > 4, the multiplicities appearing in the decomposition of V) are at most 12774
Since Rf. is the multiplicity of Vi in VeE=1 we have

(2.4) Rf, <12.7+°



for k > 5. Moreover, (V®*)¢ is spanned by invariants given by partitions of {1,...,k}
into subsets of cardinality 2, 3, or 4 by [10, Theorem 3.23|. It follows from this or (2.4))
that R* < (k — 1)![]

For G = SL,,, we let V) denote the representation of GL, corresponding to a sequence
(A > --- > )\,) (where the \;’s are integers, possibly negative), so that V =~ Resg "V,
and ResgLL: V) o~ ResSLL: Vy if and only if A and A are congruent modulo (1,...,1). By the
Littlewood-Richardson rule (or Petri’s formula), V), ® V, ~ @ V), where X’ runs through
o-expansions of A and V), ® V¥ ~ @ V), where X' runs through o-contractions of A. Thus
R £ 0 if and only if K = [ (mod n). In this case, R¥! is the number of sequences of
partitions A©, ... A®H where A = (0,...,0), A& = (=5 EE) such that for
each 0 < i < I, A\t is a g-expansion of A, and for each | < i < k + [, A\(tD) is a
o-contraction of AV, We let §(\) denote the number of 1 < j < n such that A\j,; # ;.
We have 0 < 6(A) < n—1. The number of o-expansions and the number of o-contractions
of A are both equal to §(\) + 1. Moreover, for any o-expansion or o-contraction A" of A,
|6(X) — 8(N)| < 1. Thus R® < [EH|I[ &=L 110 We will be particularly interested in R*!
and R**. For k=1 (mod n), RF' = RY* is the number of standard Young tableaux on

the Young diagram corresponding to (®=1 + 1, =1 k=1y 50

Y 0

(n+ E=L)n=2 (5 4 k=1,
1=

[
n! i !

RE =k

by the hook length formula. For any k, R®F is the dimension of End(V®*)¢ and we have

RE =>"mi <k,
A

where equality holds if and only if £ < n. Here A runs over partitions A = (A > -+ >
A\, > 0) satisfying 3°; \; = k, and m,, is the multiplicity of V in V¥ namely the number
of standard Young tableaux on the Young diagram corresponding to A.

Remark 2.3. By the preceding remark, we have R < (k+1—1)! in all cases. Moreover,
for G # Gy, Rg" < (2k — 1)L,

Remark 2.4. Let us list the values of Ri3' and RS* for 1 < k < 3.
e R5' =1 1in all cases.
e R} =1 for G =803 or Gy and RE" = 0 otherwise.

e RY' = 0 for G = p, (p odd) or SL,, Ry =1, Rg’pz =2, Ry' =3 for G = Sp,
(n > 4) or SO, and Ry, = 4.

o R2? =1, R%* = 2 for G = Sp, or SL,,, R%® = 3 for G = Sp,, (n > 4) or SO, and
Ry2 = 4.

o R =1 RS =5, Ry =6, Ry =14, RG® =15 for G = Sp, (n > 6) or SO,
and Ry, = 35.

!The sequence R'&Q (k > 0) is sequence A059710 in the On-Line Encyclopedia of Integer Sequences.
The first terms are 1,0,1,1,4,10, 35, 120, 455.



3 Moments of Jacobi sums

For subsets A4, ..., A,, of X, m > 2 and n > 1, we consider the incomplete n-th moment
of the normalized Jacobi sums (LT)):

M(n)(Al,,Am) = Z q_n(m_l)/QJ(Xl,...,Xm)n.

Xi€A;
X1 Xm#1

When some of the subsets are X', we adopt the following shorthand, similar to the notation
on discrepancy. We put Mkn)(Al, o Ap) = MO(AL L AL X, LX) for mok > 1
and M,gn) = MM (x,... X) for k > 2, where X is repeated k times. The statements of
the following theorems make use of the notation R} introduced in Lemma 211

Theorem 3.1. Let m > 2 and let Ay, ..., A, be subsets of X. Let A; = #A;, i =
1,....,m. Then, forn >1,

(3.1) MM (AL Ag)| < (A1A)Y2Ag - Aplg + (n — 1) Aygt/?)Y2,
(32)  [MW(AL,... A < AYVPAY Ay AL[R2242 + (n® + R22 — 1)¢*) V4,

s

Recall from Remark 2.3 that R>> < 3 except for (p,n) = (2,7) in which case Rg? =4.

Theorem 3.2. Let k,m > 1 and let A, ..., A, be nonempty subsets of X. Let A; = #.A,,
t=1,....,m. Then, forn>1,
(3.3)
k,1
M (A, A)| < Ag - Ag(g — 1)Fg /2 [Al [n* — f2n | 4 §REL (g2 + 1)] + T,
(34> 2k+1  _ 2k+1

<Ay Ap AP (g = )T T [ 1 R (g 4 )

}1/2+T,

where § =0 form=1and 6 =1 form # 1, and
T=((k+1DA; - Ay(qg— 1)k g2

Theorem 3.3. Let k > 2. Then, forn > 1,

(3.5)

M _ (0 — DR < (g — 1Vog—2 ((|nk — Bom | o phit _ 1Yk N2
wo— @17 Ry < (g—1)% (" ===+ Ry ) + (g — 1) la™"%,
where N > (q —2)¥"1(q — 1 — k) is the number of k-tuples (p1,...,px), pi € X such that

pr---pr 7 1.

For k =2 (and n > 2), we have (¢ — 1)2¢"'n? + (3¢ — 5)¢~™? < n?q, hence Theorem
B3 implies the bound |M"| < nq + RZ1¢%? of Katz and Zhiyong Zheng [6, Theorem 3].

As in Shparlinski [IT], one strategy followed in the proofs consists of applying the
Cauchy-Schwarz inequality and extending the sum over X. We estimate the complete
sum using Lemma 211

Let us recall two simple facts that will be used in the proofs. The Jacobi sums and
Gauss sums are related by the formula

J(X1, - xm) = Gx1) - Glxm)Gxa-xm) " = 'Glx1) - Gxm)G(X1 " Xm)-

for x1,...,Xxm € & satisfying x1 -+ xm # 1. Moreover, G(1) = —1.

9



Proof of Theorem[31. We may assume A; > Ay. Let M™ = MM (A, ...

facts recalled above,

MO =] % [q*WHJV2G%X0...GKXM)GKXIH.XhJ} < ¥
Xi€A; Xi€A;
X1 Xm#L Xt Xm=1

<Ay Apqg P AW < (A1AR) P Ay Apg P W,
where

W= ¥

X1€A1 |xi€A;, 1=2,...m

By the Cauchy-Schwarz inequality,

> PG (x2)  Glxm)G X1 Xim)]

+

>

Xi€A;

,An). By the

2
<A Y | Y [aGe) - Gl) Gha x|
X1€A1L |xi€A;, 1=2,....m
2
DD
Xlé?z Xi€A;, 1=2,....,m
—AY Y 0G0 Glm) G ) G0G) - GGG )

X1EX X)X, €A, i=2,....,m

ST Glaxe Xm) GOX1Xa Xon)"

> Glhoxaxm) GO x)" = 20 22 Kla(a)Kl(0)Xa = X (@) -

x1€X a,beF) x1€X

=X

!
1

/

(b)

=(¢—=1) > Klu(a)KL,(a)xz XmXa - Xom(a).

acF
For x2+ Xm = X5+ Xon, We have
> Glaxexm) GOaxs - xm)" = (@ —2)¢" + 1.
X1€X
Thus, by (Z3) (where R = 1), we have

X - Al Z +A1 Z

Xi, X, €A, 1=2,...,m Xi: X €A, 1=2,...,m
X2 Xm=X5""Xm X2 Xm#EXS " Xm

< Ay Ay(As-- 'Am)2(q —24q¢ ")+ A (Ay-- 'Am)2(q —1)(n — 1)6171/2

= A1 As(As - An)’lg =24+ ¢ + (n— 1) Ax(q — 1)g~ 7).
Thus

M| < (A1 A2 As - Ap{qg™? + g =2+ ¢+ (n— 1) Ay(q — 1)g~ /22

For (3J), it suffices to show

2
¢—2+q¢7"+(n—1DAs(g—1)g " < {lg+ (n = DA]* — g},

10

n



namely
2¢""%[q + (n — 1) Aeq?]V? < (n — 1) Aq™ " + 2,
which is clear by taking squares.
It remains to show ([B.2) for n > 2. We have

x=a % v
XHEA2
Xi>X; €A, 1=3,...,m

7

where

y=%1 ZKI a)KL, (@) Xz XmXh X (@)] -

x2€A2 q" acFy

To obtain (B.2), we apply the Cauchy-Schwarz inequality again:

2 2
2 2
9 g—1 g—1
v ¥y s&(n) 3>
q X2E€A2 aeF>< q XQE/"E aEF;<
qg—1 _
:A2< - ) Yo 2 IKL(@)KL (D)X Xmxa - Xy (ab™h)
q a bGF>< X2€X
—1)3
_ gl 3" Kl (a)?KL,(a)?.
q ULGF><

Thus, by ([22), we have
Y2 < Ay(q — 1P[R¥?q + (n° + B2 — 1)g 7
= A[ B2 + (n® + R** = 1)) (1= 1),
so that
X < AjAy(As -+ A 2AYP[R?2G7 + (n® + R — 1)¢*/?]2(1 -

Therefore,

MO < (A Ag) P Ag - A (a7 + (1= DPRAS R + (0 + B> — 1)¢"7) /4]

< (A1dy) P Ay Ap ARG + (n® + R —1)g* 1,

1\3/2
q) ’

Here we used the inequality (1 — %)3/ 1<1- 4%.
Proof of Theorem[3.2. We have
M (A A

= Z [‘Jf(m%H)/QG(Xl) - Gxm)G(p1) - Glpk)G(X1 X1 - Pk)}n

Xi€A;, pjeX
X1 Xmp1-prF#l

IN

> +

Xi€Ai, pj€X
X1 Xmp1--pp=1 or 3j,p;=1

< (k+ 1A An(g =) lg"? 4 X,

>

Xi€A;, p;€X

11



where

X= % RS Gl

Xi€A; pEX

By (1),

S Glp)" - Glow)"Gx1 - Xmp1 - pr) =

piEX

Thus, by Lemma 2.1l we have

X= > + >

Xi€A; Xi€A;
X1xm#L X1oxm=1

- G(pr)"G(xa

q—l

S Kl (a

a€F

-.mel-.

WKL (

<(g-Drg P Y - ER 4 Y [RM (k-

It remains to show (B.4]). We have

X =

Xi€A;
coxm=1

<(g— 1) g2 [Ar A b — B2 ] 4 54, -

Xi€A;, 1=2,....m

where

Y:Z<k+1 ZKI

Xx1€A1 q a€F;
By the Cauchy-Schwarz inequality,

2

Y2<A1M >y <A1<

qn(k+1)

- n(k+1
q X1€A1 acFy

PRCERY%
1 n(k+1 Z Z Kl
a bGF>< x1€X
2k+1

_A(q 1)

a€F

Thus, by ([2.2),

< A, (g —gkﬂ [n2k+1
q 2
Therefore,
X < A1/2A2 o Ap(g — 1)%+1 Ea

a)Kl,(

g i [p

WKL (

1)2k

a)KL,, (b)* KL, (b)X1 " Xm

= Z KL, ( k+1ﬁn(a)k+l-
gt

(Rk+1,k+1q + (n2k+1

AmRk’l(ql/Q + 1)} :

(a)XT Xm(a)|.

PIEDY

X1€EX a€F;

-1 +Rk+1’k+1(q1/2 + 1)]

(a)

‘pk;)lb )

X1 Xm(a).

B2 |+ RM)]

14 Rk+1,k+1)q1/2)

(ab™)

1 +Rk+1,k+1(q1/2 + 1)]1/2.



Proof of Theorem[3.3. This is similar to the proof of (83)). We have

<l X |<la-vr- N

-

ij.)E ij.)E
p1-pp=1 or 3j,p;=1
By @10,
> Glp)" - Glo)"Glpr i) = (4= 1" Y Klu(a)KLu(a).
pje./? CLEFX
It then suffices to apply (2.2)). O

In Theorem [B.3], an explicit formula for N can be given by considering the number ¢
of indices 0 < j < k such that the partial product p; ---p; = 1:

N = % ( f) (q—2)"(g —3)"+%.

4 Bounds for the discrepancy

The Erdés-Turén inequality [3, Theorem III] is a quantitative version of Weyl’s criterion
on equidistribution. We will use the following form of the inequality, due to Rivat and
Tenenbaum [9, Corollaire 1.3].

Lemma 4.1. Let zq,...,zy be complex numbers on the unit circle. Then, for any integer
K >0, the discrepancy D (Definition [I1]) satisfies

1 LS
D§K+1+an::1n—N ;Zi ,

where ¢ = 0.653.

It is shown in [9, Theorem 1] that if ¢’ is a constant such that the lemma holds with
c replaced by ¢, then ¢ > % > 0.636.

Proof of Theorem[L2 Let D = D(Ay,...,A,). The cardinality N of the multiset (L)
satisfies N > (A; — 1) Ay -+ Ay,

Since D < 1 by definition, to show ([2), we may assume 3A4; 1/3 ¢/ < 1, namely
Ay > 33%¢2. As Ay < ¢, this implies A; > 3%. By Lemma E.1], for any 1nteger K >1, we
have

1 c LS VAR
D<
S A VY v Dl

Thus, by ([BI) and the inequality (a + b)/2 < a'/2 +b'/2 for a,b > 0, we have

D < 1 + A}/Q A—1/2 lz —1 1/2 + i —1/2 g1/2 1/4]
< c n n q
K+1 A-1 ~ ?

A

1
——— + (A Ay) {(1 +1In K)g'? + 2(KV? — 1)A§/2q1/4] e
-

_K+1

13



We choose K to optimize the bound for D. In this optimization, we ignore In K as it is
less sensitive to the choice of K. Also, we do not attempt to optimize the coefficients.
Thus we take K = LA}/?’Q*I/(ﬁJ. Then K > 3. We have 1 +In K < £(6 + Ing). Thus,

D < [(1+20)A; ¢ + £(A145)72¢"2(6 + Ing)] (1 — A7Y)7,

which implies (L2).

To show (I[33), we may assume A; > A, and 24777 Ay /7¢3/14 < 1. Thus 24,7314 <
1, namely A; > 27/3¢1/2. As A, < q, this implies A; > 2'%/3 > 25. By Lemma ET], (3.2),
and the case n =1 of (3]), for any integer K > 1,

1 A}/Q " K 31/4 41/4 K (n3 + 3)1/4
D < AT 1 907 1/2 3/8
SEAL A 1 +Z e +; n 0

n7é7

1 —1/2 4—1/4 1/4 1 41/4 1/2 | 4 3/4 _3/8 A
Here we used the inequality
3 1/4
(n + 3) < (n . 1)71/4
n

forn > 2. Let K = LA?”A;HQ*:S/MJ. Then K > 2. We have

14 3Y4(n K — 1)+ 4= 41/4 < 1+31/4(3 Ing—1)+ # 35/4(4+lnq)

so that
D < [(1+50) A7 A TqP M 4 S e AT 2 A P (44 ng) | (1= AT
which implies ([L3]). O

Proof of Theorems and[L8. Let D = Dy(Ay, ..., A,). The cardinality N of the mul-
tiset satisfies N > Ay -+ A, (¢ —2)F (g — 3). Let e = (1 — %)k*1(1 - %)
To give a uniform treatment of the cases m = 0 and m > 1, we adopt the convention

Ay =6 =1 for m=0. By Lemma 2.1 (3.3)), and (8.3), for any integer K > 1,

1
Pegiate IZn [t SR F DAY G (ko 1)g )

— K+ 1)F—1]¢7*?
< e e LIE ) g
+e C|:(1_|_q*1/2)5(1_‘_Rlan) (1- k/QA _'_ 1/2(k+1) 3/2}’

where R’ = max,>o R’;:}L < k! (Remark [Z3]) and we used the fact that RIC '<1forn=1.
For k > 2, to show (LH) and (L9), we may assume 4q72(kk+1>7% Ing < 1. This implies

@B > qﬂk’ilﬁ% > 4Ingq, so that ¢ > 70. Let K = quﬁmj — 1. Then K +2 > qwﬁﬂ) >
¢*® > 5. We have

1 K+2 1 1 &k k&
= < 2G+D) K+ 1)Fg %2 < g7z
Rl K+ik+z-1—qopt 77  WHUT<q

14



For the error terms, we have

(1+ R'InK)q" /2 < LkI(1 + Ing)g 700 5,

-3/2 -1

k
< ¢ T

C
1724
Therefore,

Lk 1
D <gq D [(1_7(]_2/5 + %) + gk!qﬂ/b‘(l +Ing)(1+ qf1/2) +(k+1Dg el

which implies (LH) and (L3). For k£ = 1, R’ = To show (7)), we may assume
2¢~Y* < 1, namely ¢ > 16. Let K = [¢~!/? 1/4J Then K > 2. We have

l1+InK <1-ilnc+3ilng<1(5+1ng),
so that

1
D < g fg e GO 4 ) A o deg

1
< l(l + 1_73(]_1> %+ 4cq5/41 gVt + SSAT' (54 Ing)(1 + 20712,

which implies ([L.7).
It remains to show (L6]) and (L§). By Lemma 2.1 and (3.4), for any integer K > 1,

D= ke (REMO 21 4 R AT 4 (k1) R e
1 C 1 1_k
< -1 K 1 k+—_1A 1/2 1_k
_K+1+e ,H%[( TR AT g

+ e_lc(l + q—1/2)1/2 {1 + R”l/Q[ln(K + %) _ ln% _ 7] %(Rk—kl k+1)1/2}A1—1/2q(1—k)/2

o (k+1)g7,

where R" = max, RETVFH = (2k 4 1)!!, the maximum running over all n > 2 such that
(p,n) # (2,7), and we used the fact that R'ngl K — 1 for n = 1. For k > 2, we have
REZVHT <12 72673 by (24). To show ([Hﬂ), we may assume

+et

1

214; 2k+3 2k+3) (7 ++4/151n q)

1 oy
This implies ¢''/* > Af'“+3q2<2212+13)+% > 2(7 + V/151ngq), so that ¢ > 150. Let K =

1 _ _1 _ _
LAF(]?(QQLIS)J — 1. Then K +2 > Af’“+3q2<22k’€+13) > q2(22k’€+13> > ¢/ > 2. We have
1 _ K+2 1 < 1 ;ﬁqiﬁ

K+1 K+1K+4+271—-(K+2)1 ’
—1

(K + 1)’9"'%141_1/2(]%_% < Al_%lJqu 2(2k+3)

For the error terms, we have

1+ R In(K +4)—In2 - —] 12k + 1)!12ng,
2k—1 2

Al_l/zq(l—k /2 <A 2k:+3 —m—7’

_ __2kt1 g -1
q 3/2 g 2R A 2’€+3 2(2k+3)

15



Therefore,

1 c

—1

D < Al_zk+3 2(2k+3) [( + ) + %q—2/7 <7k—1 + (2/{: + 1)!!1/2 In q) + (/{5 + l)q—ll 6_1,

1—(K+2)'  k+1

which implies (LH). For k = 1, we have R” = 3 and R37 = 4 (Remark 2Z4). For 4, > ¢*/4,

1 1
to show (L), we may assume 2A4, sq_%_% Ing < 1. This implies ¢*/* > qu%j% >
21ngq, so that ¢ > 300. Let K = LA}/Sql/mJ — 1. Then K +2 > A}/E’ql/lo > ¢Y* > 4. We
have

K+2 1 1 2 ~1/2 _
< Ze(K +1)324 /2 —1/4
SKTiET2 1 o3g1 3 HUTAT

+ {1+ V3[n(K +4) —Ind — 1+ 2} A2 4 20777

1 1 2
—-1/5_—-1/10 3 -1/8 —6/5

which implies (L§]). O

Proof of Corollary[L.3. Let x = log, #A; and y = log, #.A2. Combining the inequalities
D < 1, (T2), and (L3)), we get that there exists a constant C' such that D < Cq~ /@) In g,
where

fo(:p,y):maX{O,min{%er%y—%,gx——} min{3z + 1y — 1, 2z + 1y — & }

By symmetry, D < Cq~7®) 1n ¢, so that D < Cq~f®¥ In ¢, where

f(fl',y) = max{fo(x,y), fo(y,$)}

It is easy to check that f(z,y) is as described in the corollary. O

Proof of Corollary[L3. Let x = log, #.A;. For k > 2, by the inequalities (L3]) and (L&),
there exists a constant Cj, such that D < Crg~%®) where

_ k 2k 1
gi(z) = max{ 2(kt1)’ wrs? T (2k+3)} :

For k& = 1, by the inequalities (L7) and (L), there exists a constant C” such that
D < C'¢~M*) In ¢, where

h(z) = {min{x, itz

r <
1 1
5T+ 15 T >

u>|o: u>|o:

The case k = m = 1 can be proven similarly, taking into account of the fact that § = 0 in
this case. O

Remark 4.2. Our estimates of the moments M, ,g") also provide a lower bound for the
discrepancy Dy for k > 3 or p = 2. By a general result on the discrepancy of probability

measures [12, Theorem 1], we have
MR\
Z N2n2 ’
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For k > 3, we have Rk:,ifl >k — 1 for n =k — 1. Thus, by Theorem [3.5, we have

P

IMEV| > Ng = (k= 1) — (g — DFq 2[(k — 1) — 1+ K1),

Therefore, for ¢ > 4, we have

V2 eap ;
D> ~=g 7 [1-2¢7 (k= D).

q—3

For k = p = 2, we have R;:;, =1 for n = 3. Thus, by Theorem [B.3] we have

M| > (g —2)(q — 3)g V> = 9(q — 1)%¢".

Therefore, for ¢ = 2/ > 4, we have

\/5—12 —1/2/7qg—1\2
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