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Hermitian harmonic maps and non-degenerate

curvatures

Kefeng Liu and Xiaokui Yang

In this paper, we study the existence of various harmonic maps
from Hermitian manifolds to Kähler, Hermitian and Riemannian
manifolds, respectively. Using refined Bochner formulas on Hermi-
tian (possibly non-Kähler) manifolds, we derive new rigidity results
on Hermitian harmonic maps from compact Hermitian manifolds
to Riemannian manifolds, and we also obtain the complex analyt-
icity of pluri-harmonic maps from compact complex manifolds to
compact Kähler manifolds (and Riemannian manifolds) with non-
degenerate curvatures, which are analogous to several fundamental
results in [14, 26, 28].
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1. Introduction

In the seminal work of Siu [28], he proved that

Theorem 1.1 ([28, Siu]). Let f : (M,h)→ (N, g) be a harmonic map
between compact Kähler manifolds. If (N, g) has strongly negative curvature
and rankRdf ≥ 4, then f is holomorphic or anti-holomorphic.

There is a natural question, whether one can obtain similar results when
(M,h) is Hermitian but non-Kähler. The main difficulty arises from the
torsion of non-Kähler metrics when applying Bochner formulas (or Siu’s ∂∂-
trick) on Hermitian manifolds. On the other hand, it is well known that if the
domain manifold (M,h) is non-Kähler, there are various different harmonic
maps and they are mutually different (see Section 3 for more details). In
particular, holomorphic maps or anti-holomorphic maps are not necessarily
harmonic (with respect to the background Riemannian metrics). The first
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result along this line was proved by Jost and Yau in their fundamental work
[14], where they used “Hermitian harmonic map”.

Theorem 1.2 ([14, Jost–Yau]). Let (N, g) be a compact Kähler
manifold, and (M,h) a compact Hermitian manifold with ∂∂ωm−2

h = 0, where
m is the complex dimension of M . Let f : (M,h)→ (N, g) be a Hermitian
harmonic map. Then f is holomorphic or anti-holomorphic if (N, g) has
strongly negative curvature (in the sense of Siu) and rankRdf ≥ 4.

In the proof of Theorem 1.2, the condition ∂∂ωm−2
h = 0 plays the key role.

Now a Hermitian manifold (M,h) with ∂∂ωm−2
h = 0 is called astheno-Kähler.

In this paper, we study various harmonic maps from general Hermitian
manifolds and also investigate the complex analyticity of Hermitian har-
monic maps and pluri-harmonic maps. Let f : (M,h)→ (N, g) be a smooth
map between two compact manifolds. If (M,h) is Hermitian, we can consider
the critical points of the partial energies

E′′(f) =
∫

M
|∂f |2ω

m
h

m!
, E′(f) =

∫
M
|∂f |2ω

m
h

m!
.

If the target manifold (N, g) is a Kähler manifold (resp. Riemannian mani-
fold), the Euler–Lagrange equations of the partial energies E′′(f) and E′(f)
are ∂∗E∂f = 0 and ∂∗E∂f = 0, respectively, where E is the pullback vector
bundle f∗(T 1,0N) (resp. E = f∗(TN)). They are called ∂-harmonic and ∂-
harmonic maps, respectively. In general, ∂-harmonic maps are not necessar-
ily ∂-harmonic and vice versa. In [14], Jost and Yau considered a reduced
harmonic map equation

−hαβ

(
∂2f i

∂zα∂zβ
+ Γi

jk

∂f j

∂zβ

∂fk

∂zα

)
= 0.

Now it is called Hermitian harmonic map (or pseudo-harmonic map). The
Hermitian harmonic map has generalized divergence free structures(

∂E − 2
√−1∂∗ωh

)∗ (
∂f

)
= 0 or

(
∂E + 2

√−1∂∗ωh

)∗
(∂f) = 0.

The classical harmonic maps, ∂-harmonic maps, ∂-harmonic maps and Her-
mitian harmonic maps coincide if the domain manifold (M,h) is Kähler.

In Section 3, we clarify and summarize the definitions of various har-
monic maps from Hermitian manifolds to Kähler manifolds, to Hermitian
manifolds and to Riemannain manifolds, respectively. Their relations are
also discussed.
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Using methods developed in [5] and [14], we show in Section 5 that ∂-
harmonic maps and ∂-harmonic maps always exist if the target manifold
(N, g) has non-positive Riemannian sectional curvature.

In Section 6, we study Hermitian harmonic maps from Hermitian man-
ifolds to Riemannian manifolds. At first, we obtain the following general-
ization of a fundamental result of Sampson [26], which is also an analog to
Theorem 1.2:

Theorem 1.3. Let (M,h) be a compact Hermitian manifold with ∂∂ωm−2
h =

0 and (N, g) a Riemannian manifold. Let f : (M,h)→ (N, g) be a Hermitian
harmonic map, then rankRdf ≤ 2 if (N, g) has strongly Hermitian-negative
curvature. In particular, if dimCM > 1, there is no Hermitian harmonic
immersion of M into Riemannian manifolds of constant negative curvature.

Here, the strongly Hermitian-negative curvatures on Riemannian manifolds
(see Definition 4.2) are analogous to Siu’s strongly negative curvatures on
Kähler manifolds. For example, Riemannian manifolds with negative con-
stant curvatures have strongly Hermitian-negative curvatures. On the other
hand, the condition ∂∂ωm−2

h = 0 can be satisfied on a large class of Hermi-
tian non-Kähler manifolds ([9, 21]), for example, Calabi–Eckmann manifolds
S2p+1 × S

2q+1 with p+ q + 1 = m.
In Section 7, we consider the complex analyticity of pluri-harmonic maps

from compact complex manifolds to compact Kähler manifolds and Rie-
mannian manifolds, respectively. The following results are also analogous to
Theorems 1.1 and 1.2.

Theorem 1.4. Let f :M → (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a compact Kähler manifold (N, g). Then it is
holomorphic or anti-holomorphic if (N, g) has non-degenerate curvature and
rankRdf ≥ 4.

Here, “non-degenerate curvature” (see Definition 4.1) is a generalization
of Siu’s “strongly positive curvature”. For example, both manifolds with
strongly positive curvatures and manifolds with strongly negative curvatures
have non-degenerate curvatures. Hence, in particular,

Corollary 1.5. Let f :M → (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a compact Kähler manifold (N, g). Then it is
holomorphic or anti-holomorphic if (N, g) has strongly negative curvature
and rankRdf ≥ 4.
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We can see from the proof of Theorem 7.1 that Corollary 1.5 also holds
if the target manifold N is the compact quotient of a bounded symmetric
domain and f is a submersion. The key ingredients in the proofs are some
new observations on refined Bochner formulas on the vector bundle E =
f∗(T 1,0N) on the Hermitian (possibly non-Kähler) manifold M .

As similar as Theorem 1.4, we obtain

Theorem 1.6. Let f :M → (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a Riemannian manifold (N, g). If the Rieman-
nian curvature Rg of (N, g) is Hermitian non-degenerate at some point p,
then rankRdf(p) ≤ 2.

As examples, we show

Corollary 1.7. (1) Any pluri-harmonic map from the Calabi–Eckmann
manifold S

2p+1 × S
2q+1 to the real space form N(c) is constant if p+

q ≥ 1.

(2) Any pluri-harmonic map from CP
n to the real space form N(c) is

constant if n ≥ 2.

2. Connections on vector bundles

2.1. Connections on vector bundles

Let E be a Hermitian complex vector bundle or a Riemannian real vector
bundle over a compact Hermitian manifold (M,h) and ∇E be a metric
connection on E. There is a natural decomposition ∇E = ∇′E +∇′′E where

(2.1) ∇′E : Γ(M,E)→ Ω1,0(M,E) and ∇′′E : Γ(M,E)→ Ω0,1(M,E).

Moreover, ∇′E and ∇′′E induce two differential operators. The first one is
∂E : Ωp,q(M,E)→ Ωp+1,q(M,E) defined by

(2.2) ∂E(ϕ⊗ s) = (∂ϕ)⊗ s+ (−1)p+qϕ ∧∇′Es

for any ϕ ∈ Ωp,q(M) and s ∈ Γ(M,E). The operator ∂E : Ωp,q(M,E)→
Ωp+1,q(M,E) is defined similarly. For any ϕ ∈ Ωp,q(M) and s ∈ Γ(M,E),

(2.3)
(
∂E∂E + ∂E∂E

)
(ϕ⊗ s) = ϕ ∧ (

∂E∂E + ∂E∂E

)
s.

The operator ∂E∂E + ∂E∂E is represented by the (1, 1)-type curvature ten-
sor RE ∈ Γ(M,Λ1,1T ∗M ⊗ E∗ ⊗ E). For any ϕ,ψ ∈ Ω•,•(M,E), there is a
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sesquilinear pairing

(2.4) {ϕ,ψ} = ϕα ∧ ψβ〈eα, eβ〉

if ϕ = ϕαeα and ψ = ψβeβ in the local frames {eα} on E. By the metric
compatible property of ∇E ,

(2.5)

{
∂{ϕ,ψ} = {∂Eϕ,ψ}+ (−1)p+q{ϕ, ∂Eψ}
∂{ϕ,ψ} = {∂Eϕ,ψ}+ (−1)p+q{ϕ, ∂Eψ}

if ϕ ∈ Ωp,q(M,E). Let ω be the fundamental (1, 1)-form of the Hermitian
metric h, i.e.,

(2.6) ω =
√−1
2

hijdz
i ∧ dzj .

On the Hermitian manifold (M,h, ω), the norm on Ωp,q(M,E) is defined by

(2.7) (ϕ,ψ) =
∫

M
{ϕ, ∗ψ} =

∫
M

(
ϕα ∧ ∗ψβ

)
〈eα, eβ〉

for ϕ,ψ ∈ Ωp,q(M,E). The adjoint operators of ∂, ∂, ∂E and ∂E are denoted
by ∂∗, ∂∗, ∂∗E and ∂∗E , respectively. We shall use the following computational
lemmas frequently in the sequel and the proofs of them can be found in [19].

Lemma 2.1. We have the following formula:

(2.8)

⎧⎨⎩∂
∗
E(ϕ⊗ s) = (∂∗ϕ)⊗ s− hij

(
Ijϕ

)
∧∇E

i s

∂∗E(ϕ⊗ s) = (∂∗ϕ)⊗ s− hij (Iiϕ) ∧∇E
j
s

for any ϕ ∈ Ωp,q(M) and s ∈ Γ(M,E). We use the compact notations

Ii = I ∂

∂zi
, Ij = I ∂

∂zj
, ∇E

i = ∇E
∂

∂zi
, ∇E

j
= ∇E

∂

∂zj
,

where IX the contraction operator by the (local) vector field X.

Lemma 2.2. Let E be a Riemannian real vector bundle or a Hermitian
complex vector bundle over a compact Hermitian manifold (M,h, ω). If ∇
is a metric connection on E and τ is the operator of type (1, 0) defined by
τ = [Λ, 2∂ω] on Ω•,•(M,E), then we have

(1) [∂∗E , L] =
√−1(∂E + τ), [∂∗E , L] = −

√−1(∂E + τ),
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(2) [Λ, ∂E ] =
√−1(∂∗E + τ∗), [Λ, ∂E ] = −

√−1(∂∗E + τ∗).

Moreover,

(2.9) Δ∂E
= Δ∂E

+
√−1[RE ,Λ] + (τ∗∂E + ∂Eτ

∗)− (
τ∗∂E + ∂Eτ

∗) ,
where Λ is the contraction operator by 2ω.

3. Harmonic map equations

In this section, we shall clarify and summarize the definitions of various har-
monic maps between two of the following manifolds: Riemannian manifolds,
Hermitian manifolds and Kähler manifolds. There are many excellent ref-
erences on this interesting topic, and we refer the reader to [6–8] and also
references therein.

3.1. Harmonic maps between Riemannian manifolds

Let (M,h) and (N, g) be two compact Riemannian manifolds. Let f : (M,h)
→ (N, g) be a smooth map. If E = f∗(TN), then df can be regarded as an
E-valued one form. There is an induced connection ∇E on E by the Levi–
Civita connection on TN . In the local coordinates {xα}m

α=1, {yi}n
i=1 on M

and N , respectively, the local frames of E are denoted by ei = f∗
(

∂
∂yi

)
and

∇Eei = f∗
(
∇ ∂

∂yi

)
= Γk

ij(f)
∂f j

∂xα
dxα ⊗ ek.

The connection ∇E induces a differential operator dE : Ωp(M,E)→ Ωp+1

(M,E) given by dE(ϕ⊗ s) = (dϕ)⊗ s+ (−1)pϕ ∧∇Es for any ϕ ∈ Ωp(M)
and s ∈ Γ(M,E). As a classical result, the Euler–Lagrange equation of the
energy

(3.1) E(f) =
∫

M
|df |2dvM

is d∗Edf = 0, i.e.,

(3.2) hαβ

(
∂2f i

∂xα∂xβ
− ∂f i

∂xγ
Γγ

αβ + Γi
jk

∂f j

∂xα

∂fk

∂xβ

)
⊗ ei = 0.
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On the other hand, df is also a section of the vector bundle F := T ∗M ⊗
f∗(TN). Let ∇F be the induced connection on F by the Levi–Civita connec-
tions ofM andN . f is said to be totally geodesic if∇Fdf = 0 ∈ Γ(M,T ∗M ⊗
T ∗M ⊗ f∗(TN)), i.e.,

(3.3)
(

∂2f i

∂xα∂xβ
− ∂f i

∂xγ
Γγ

αβ + Γi
jk

∂f j

∂xα

∂fk

∂xβ

)
dxα ⊗ dxβ ⊗ ei = 0.

Let f : (M,h)→ (N, g) be an immersion, then f is said to be minimal if
Trh∇Fdf = 0. It is obvious that an immersion is minimal if and only if it is
harmonic.

3.2. Harmonic maps from Hermitian manifolds to Kähler
manifolds

Let (M,h) be a compact Hermitian manifold and (N, g) a compact Kähler
manifold. Let {zα}m

α=1 and {wi}n
i=1 be the local holomorphic coordinates on

M and N , respectively, where m = dimCM and n = dimCN . If f :M → N
is a smooth map, the pullback vector bundle f∗(T 1,0N) is denoted by E.
The local frames of E are denoted by ei = f∗( ∂

∂wi ), i = 1, . . . , n. The metric
connection on E induced by the complexified Levi–Civita connection (i.e.,
Chern connection) of T 1,0M is denoted by ∇E . There are three E-valued
1-forms, namely,

(3.4) ∂f =
∂f i

∂zβ
dzβ ⊗ ei, ∂f =

∂f i

∂zα
dzα ⊗ ei, df = ∂f + ∂f.

The ∂-energy of a smooth map f : (M,h)→ (N, g) is defined by

(3.5) E′′(f) =
∫

M
|∂f |2ω

m
h

m!

and similarly we can define the ∂-energy E′(f) and the total energy E(f)
by

(3.6) E′(f) =
∫

M
|∂f |2ω

m
h

m!
, E(f) =

∫
M
|df |2ω

m
h

m!
.

It is obvious that the quantity E(f) coincides with the energy defined by
the background Riemannian metrics. The following result is well known and
we include a proof here for the sake of completeness.
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Lemma 3.1. The Euler–Lagrange equation of ∂-energy E′′(f) is ∂∗E∂f =
0; and the Euler–Lagrange equations of E′(f) and E(f) are ∂∗E∂f = 0 and
∂
∗
E∂f + ∂∗E∂f = 0, respectively.

Proof. Let F :M × C → N be a smooth function such that

F (z, 0) = f(z),
∂F

∂t

∣∣
t=0

= v,
∂F

∂t

∣∣
t=0

= μ.

Now we set K = F ∗
(
T 1,0N

)
. The connection on K induced by the Chern

connection on T 1,0N is denoted by ∇K . Its (1, 0) and (0, 1) components are
denoted by ∂K and ∂K , respectively. The induced bases F ∗( ∂

∂wi ) of K are
denoted by êi, i = 1, . . . , n. Since the connection ∇K is compatible with the
Hermitian metric on K, we obtain

∂

∂t
E′′(ft) =

∫
M

〈(
∂K∂ft

)( ∂

∂t

)
, ∂ft

〉
ωm

h

m!
(3.7)

+
∫

M

〈
∂ft,

(
∂K∂ft

)( ∂

∂t

)〉
ωm

h

m!
.

On the other hand,

(3.8) ∂K∂ft = ∂K

(
∂f i

t ⊗ êi
)
= ∂t

(
∂f i

t

)⊗ êi − ∂f i
t ∧∇

′K êi,

where ∂t is ∂-operator on the manifold M × C. By definition,

∇K êi = F ∗
(
∇ ∂

∂wi

)
= F ∗

(
Γk

jidz
j ⊗ ∂

∂wk

)
= Γk

jidF
j ⊗ êk.

Therefore,
(∇′K êi

) (
∂
∂t

)
= Γk

ji
∂F j

∂t ⊗ êk and

(3.9)
(
∂K∂ft

)( ∂

∂t

)
=

(
∂

(
∂F i

∂t

)
+ ∂F k ∂F

j

∂t
Γi

jk

)
⊗ êi.

When t = 0,

(3.10)
(
∂K∂ft

)( ∂

∂t

) ∣∣
t=0

=
(
∂vi + ∂fk · vj · Γi

jk

)
⊗ ei = ∂Ev,

since (N, g) is Kähler, i.e., Γi
jk = Γi

kj . Similarly, we get

(3.11)
(
∂K∂ft

)( ∂

∂t

) ∣∣
t=0

= ∂Eμ.
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Finally, we obtain

(3.12)
∂

∂t
E′′(ft)

∣∣
t=0

=
∫

M
〈∂Ev, ∂f〉ω

m
h

m!
+

∫
M
〈∂f, ∂Eμ〉ω

m
h

m!
.

Hence the Euler–Lagrange equation of E′′(f) is ∂∗E∂f = 0. Similarly, we can
get the Euler–Lagrange equations of E′(f) and E(f). �

For any smooth function Φ on the compact Hermitian manifold (M,h),
we know

(3.13)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Δ∂Φ = ∂

∗
∂Φ = −hαβ

(
∂2Φ

∂zα∂zβ
− 2Γγ

αβ

∂Φ
∂zγ

)
,

Δ∂Φ = ∂∗∂Φ = −hαβ

(
∂2Φ

∂zα∂zβ
− 2Γγ

βα

∂Φ
∂zγ

)
,

ΔdΦ = d∗dΦ = Δ∂Φ+Δ∂Φ,

where

Γγ

αβ
=
1
2
hγδ

(
∂hαδ

∂zβ
− ∂hαβ

∂zδ

)
= Γγ

βα
= Γγ

βα,(3.14)

Γγ
αβ =

1
2
hγδ

(
∂hαδ

∂zβ
+
∂hβδ

∂zα

)
.

Therefore, by Lemma 2.1

∂
∗
E∂f =

(
∂
∗
∂f i − hαβΓi

jk

∂f j

∂zβ

∂fk

∂zα

)
⊗ ei(3.15)

= −hαβ

(
∂2f i

∂zα∂zβ
− 2Γγ

αβ

∂f i

∂zγ + Γi
jk

∂f j

∂zβ

∂fk

∂zα

)
⊗ ei

and

∂∗E∂f =
(
∂∗∂f i − hαβΓi

jk

∂f j

∂zβ

∂fk

∂zα

)
⊗ ei(3.16)

= −hαβ

(
∂2f i

∂zα∂zβ
− 2Γγ

βα

∂f i

∂zγ
+ Γi

jk

∂f j

∂zβ

∂fk

∂zα

)
⊗ ei.

For more details about the computations, see e.g., [19].
We clarify and summarize the definitions of various harmonic maps in

the following.
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Definition 3.2. Let (M,h) be a compact Hermitian manifold and (N, g)
a Kähler manifold. Let f : (M,h)→ (N, g) be a smooth map and E =
f∗(T 1,0N).

(1) f is called ∂-harmonic if it is a critical point of ∂-energy, i.e., ∂∗E∂f = 0;

(2) f is called ∂-harmonic if it is a critical point of ∂-energy, i.e., ∂∗E∂f = 0;

(3) f is called harmonic if it is a critical point of d-energy, i.e., ∂∗E∂ +
∂∗E∂f = 0, i.e.,

(3.17) hαβ

(
∂2f i

∂zα∂zβ
− Γγ

αβ

∂f i

∂zγ − Γγ

βα

∂f i

∂zγ
+ Γi

jk

∂f j

∂zβ

∂fk

∂zα

)
⊗ ei = 0;

(4) f is called Hermitian harmonic if it satisfies

(3.18) −hαβ

(
∂2f i

∂zα∂zβ
+ Γi

jk

∂f j

∂zβ

∂fk

∂zα

)
⊗ ei = 0;

(5) f is called pluri-harmonic if it satisfies ∂E∂f = 0, i.e.,

(3.19)
∂2f i

∂zα∂zβ
+ Γi

jk

∂f j

∂zβ

∂fk

∂zα
= 0

for any α, β and i.

Remark 3.3. (1) The Hermitian harmonic equation (3.18) was firstly
introduced by Jost and Yau in [14]. For more generalizations, see [16,
17] and also references therein;

(2) The harmonic map equation (3.17) is the same as classical harmonic
equation (3.2) by using the background Riemmanian metrics;

(3) Pluri-harmonic maps are Hermitian harmonic;

(4) Pluri-harmonic maps are not necessarily ∂-harmonic or ∂-harmonic;

(5) ∂E∂f = 0 and ∂E∂f = 0 are equivalent;

(6) For another type of Hermitian harmonic maps between Hermitian
manifolds defined using Chern connections, we refer the reader to [34].

Lemma 3.4. For any smooth map f : (M,h)→ (N, g) from a Hermitian
manifold (M,h) to a Kähler manifold (N, g), we have ∂E∂f = 0 and
∂E∂f = 0.
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Proof. It is easy to see that

∂E∂f = ∂E

(
∂f i

∂zαdz
α ⊗ ei

)
=

∂2f i

∂zβ∂zα
dzβ ∧ dzα ⊗ ei − ∂f i

∂zαdz
α ∧ Γj

ik

∂fk

∂zβ
dzβ ⊗ ej = 0

since Γj
ik = Γj

ki when (N,h) is Kähler. The proof of ∂E∂f = 0 is similar. �

Lemma 3.5. Let f : (M,h)→ (N, g) be a smooth map from a compact Her-
mitian manifold (M,h) to a compact Kähler manifold (N, g). The Hermitian
harmonic map equation (3.18) is equivalent to

(3.20)
(
∂E − 2

√−1∂∗ωh

)∗ (
∂f

)
= 0 or

(
∂E + 2

√−1∂∗ωh

)∗
(∂f) = 0.

Proof. On a compact Hermitian manifold (M,h) with ωh =
√−1

2 hαβdz
α ∧

dzβ , we have ([19, Lemma A.6])

∂
∗
ωh =

√−1Γβ

γβ
dzγ and −2√−1(∂∗ωh)∗(∂f) = −2hαβΓγ

αβ

∂f i

∂zγ
⊗ ei.

(3.21)

The equivalence is derived from (3.21), (3.16) and (3.15). �

Definition 3.6. A compact Hermitian manifold (M,h) is call balanced if
the fundamental form ωh is co-closed, i.e., d∗ωh = 0.

Proposition 3.7. Let (M,h) be a compact balanced Hermitian manifold
and (N, g) a Kähler manifold. The E′, E′′ and E-critical points coincide.
Moreover, they satisfy the Hermitian harmonic equation (3.18). That is,
∂-harmonic, ∂-harmonic, Hermitian harmonic and harmonic maps are the
same if the domain (M,h) is a balanced manifold.

Proof. The balanced condition d∗ωh = 0 is equivalent to ∂∗ωh = 0 or ∂∗ωh =
0 or hαβΓγ

αβ
= 0 for γ = 1, . . . ,m. By formulas (3.16) and (3.15), we obtain

∂
∗
E∂f = ∂∗E∂f . The second statement follows by Lemma 3.5. �

Proposition 3.8. Let (M,h) be a compact Hermitian manifold and (N, g)
a Kähler manifold. If f : (M,h)→ (N, g) is totally geodesic and (M,h) is
Kähler, then f is pluri-harmonic.
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Proof. Considering the complexified connection ∇F on the vector bundle
F = T ∗M ⊗ f∗(TN), we have

∇F∂f = ∇F

(
∂f i

∂zβ
dzβ ⊗ ei

)
=

(
∂2f i

∂zα∂zβ
− ∂f i

∂zγ Γ
γ

αβ
+
∂f j

∂zα

∂fk

∂zβ
Γi

jk

)
dzα ⊗ dzβ ⊗ ei

+
(

∂2f i

∂zγ∂zδ
− ∂f i

∂zαΓ
α
γδ
+
∂f j

∂zγ

∂fk

∂zδ
Γi

jk

)
dzγ ⊗ dzδ ⊗ ei

− ∂f i

∂zαΓ
α
βλ
dzβ ⊗ dzλ ⊗ ei.

Similarly, we have

∇F∂f = ∇F

(
∂f i

∂zα
dzα ⊗ ei

)
=

(
∂2f i

∂zα∂zβ
− ∂f i

∂zγ
Γγ

βα
+
∂f j

∂zα

∂fk

∂zβ
Γi

jk

)
dzβ ⊗ dzα ⊗ ei

+
(

∂2f i

∂zγ∂zδ
− ∂f i

∂zα
Γα

γδ +
∂f j

∂zγ

∂fk

∂zδ
Γi

jk

)
dzγ ⊗ dzδ ⊗ ei

− ∂f i

∂zα
Γα

λβ
dzλ ⊗ dzβ ⊗ ei.

That is,

∇Fdf = ∇F∂f +∇F∂f

=
(

∂2f i

∂zα∂zβ
− ∂f i

∂zγ Γ
γ

αβ
− ∂f i

∂zλ
Γλ

αβ
+
∂f j

∂zα

∂fk

∂zβ
Γi

jk

)
dzα ⊗ dzβ ⊗ ei

+
(

∂2f i

∂zγ∂zδ
− ∂f i

∂zαΓ
α
γδ
+
∂f j

∂zγ

∂fk

∂zδ
Γi

jk

)
dzγ ⊗ dzδ ⊗ ei

+
(

∂2f i

∂zα∂zβ
− ∂f i

∂zγ
Γγ

βα
− ∂f i

∂zδ
Γδ

βα
+
∂f j

∂zα

∂fk

∂zβ
Γi

jk

)
dzβ ⊗ dzα ⊗ ei

+
(

∂2f i

∂zγ∂zδ
− ∂f i

∂zα
Γα

γδ +
∂f j

∂zγ

∂fk

∂zδ
Γi

jk

)
dzγ ⊗ dzδ ⊗ ei.

If f is totally geodesic and (M,h) is Kähler, then f is pluri-harmonic by
degree reasons. �

Remark 3.9. It is easy to see that pluri-harmonic maps are not necessarily
totally geodesic.
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Lemma 3.10. Let f be a pluri-harmonic map from a complex manifold M
to a Kähler manifold (N, g). Then the real (1, 1) forms

(3.22) ω0 =
√−1
2

gij

∂f i

∂zα

∂f
j

∂zβ
dzα ∧ dzβ =

√−1
2

gij∂f
i ∧ ∂f j

,

and

(3.23) ω1 =
√−1
2

gij

∂f
j

∂zα

∂f i

∂zβ
dzα ∧ dzβ =

√−1
2

gij∂f
i ∧ ∂f j

are all d-closed, i.e.,

dω0 = ∂ω0 = ∂ω0 = 0, and dω1 = ∂ω1 = ∂ω1 = 0.

Proof. By definition, we see

∂ω0 = −
√−1
2

∂f i ∧ ∂
(
gij∂f

j
)

= −
√−1
2

∂f i ∧
(
∂gij

∂zk
· ∂fk ∧ ∂f j +

∂gij

∂z�
· ∂f � ∧ ∂f j + gij∂∂f

j
)

(g is Kähler) = −
√−1
2

∂f i ∧
(
∂gij

∂z�
· ∂f � ∧ ∂f j + gij∂∂f

j
)

= −
√−1
2

∂f i ∧ gis

(
∂∂f

s + gps∂gpq

∂z�
· ∂f � ∧ ∂f q

)
= −

√−1
2

∂f i ∧ gis

(
∂∂f

s + Γs
q� · ∂f

� ∧ ∂f q
)

= 0,

where the last step follows from the definition equation (3.19) of pluri-
harmonic maps. Hence, we obtain dω0 = 0. The proof of dω1 = 0 is simi-
lar. �

3.3. Harmonic maps between Hermitian manifolds

Let (M,h) and (N, g) be two compact Hermitian manifolds. Using the same
notation as in the previous subsection, we can define ∂-harmonic (resp. ∂-
harmonic, harmonic ) map f : (M,h)→ (N, g) by using the critical point of
the Euler–Lagrange equation of E′′(f) (resp. E′(f), E(f)). In this case, the
harmonic equations have the same second-order parts, but the torsion parts
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are different. For example, the ∂-harmonic equation is

(3.24)
(
Δ∂f

i + T i(f)
)⊗ ei = 0,

where T (f) is a quadratic function in df and the coefficients are the Christof-
fel symbols of (N, g). One can see it clearly from the proof of Lemma 3.1.

3.4. Harmonic maps from Hermitian manifolds to Riemannian
manifolds

Let (M,h) be a compact Hermitian manifold, (N, g) a Riemannian manifold
and E = f∗(TN) with the induced Levi–Civita connection. As similar as in
the Kähler target manifold case, we can define the ∂-energy of f : (M,h)→
(N, g)

(3.25) E′′(f) =
∫

M
|∂f |2ω

m
h

m!
=

∫
M
gijh

αβ ∂f
i

∂zα

∂f j

∂zβ

ωm
h

m!
.

It is easy to see that the Euler–Lagrange equation of (3.25) is

(3.26) ∂
∗
E∂f = Δ∂f

i − hαβΓi
jk

∂f j

∂zα

∂fk

∂zβ
= 0.

Similarly, we can define E′(f) and get its Euler–Lagrange equation

(3.27) ∂∗E∂f = Δ∂f
i − hαβΓi

jk

∂f j

∂zα

∂fk

∂zβ
= 0.

The Euler–Lagrange equation of E(f) is ∂∗E∂f + ∂∗E∂f = 0.

Definition 3.11. Let (M,h) be a compact Hermitian manifold and (N, g)
a Riemannian manifold. Let f : (M,h)→ (N, g) be a smooth map and E =
f∗(TN).

(1) f is called ∂-harmonic if it is a critical point of ∂-energy, i.e., ∂∗E∂f = 0;

(2) f is called ∂-harmonic if it is a critical point of ∂-energy, i.e., ∂∗E∂f = 0;

(3) f is called harmonic if it is a critical point of d-energy, i.e., ∂∗E∂ +
∂∗E∂f = 0;

(4) f is called Hermitian harmonic if it satisfies

(3.28) −hαβ

(
∂2f i

∂zα∂zβ
+ Γi

jk

∂f j

∂zβ

∂fk

∂zα

)
⊗ ei = 0;
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(5) f is called pluri-harmonic if it satisfies ∂E∂f = 0, i.e.,

(3.29)
(

∂2f i

∂zα∂zβ
+ Γi

jk

∂f j

∂zβ

∂fk

∂zα

)
dzα ∧ dzβ ⊗ ei = 0.

As similar as Proposition 3.7, we have

Corollary 3.12. Let f : (M,h)→ (N, g) be a smooth map from a compact
Hermitian manifold (M,h) to a Riemannian manifold (N, g). If (M,h) is
a balanced Hermitian manifold, i.e., d∗ωh = 0, then ∂-harmonic map, ∂-
harmonic map, Hermitian harmonic map and harmonic map coincide.

4. Manifolds with non-degenerate curvatures

4.1. Curvatures of Kähler manifolds

Let (N, g) be a Kähler manifold. In the local holomorphic coordinates
(w1, . . . , wn) of N , the curvature tensor components are

(4.1) Rijk� = −
∂2gk�

∂wi∂wj
+ gpq ∂gkq

∂wi

∂gp�

∂wj
.

In [28], Siu introduced the following definition: the curvature tensor Rijk� is
said to be strongly negative (resp. strongly positive) if

(4.2)
∑

i,j,k,�

Rijk�(A
iB

j − CiD
j)(A�B

k − C�D
k) < 0 (resp. >0)

for any nonzero n× n complex matrix (AiB
j − CiD

j)i,j .

Definition 4.1. Let (N, g) be a Kähler manifold. The curvature tensor
Rijk� is called non-degenerate if it satisfies the condition that

(4.3)
∑

i,j,k,�

Rijk�(A
iB

j − CiD
j)(A�B

k − C�D
k) = 0

if and only if AiB
j − CiD

j = 0 for any i, j.

It is easy to see that both manifolds with strongly positive curvatures and
manifolds with strongly negative curvatures have non-degenerate curvatures.
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4.2. Curvatures of Riemannian manifolds

Let (M, g) be a Riemannian manifold and ∇ the Levi–Civita connection.
The curvature tensor R is defined by

R(X,Y, Z,W ) = g(∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,W ).

To illustrate our computation rules on Riemannain manifolds, for example,
the Riemannian curvature tensor components of Sn induced by the canon-
ical metric of R

n+1 are Rijk� = gi�gjk − gikgj�. The Ricci curvature tensor
components are Rjk = gi�Rijk� = (n− 1)gjk.

As similar as Siu’s definition, Sampson [26] proposed the following defi-
nition:

Definition 4.2. Let (M, g) be a compact Riemannian manifold.

(1) The curvature tensor R of (M, g) is said to be Hermitian-positive (resp.
Hermitian-negative) if

(4.4) Rijk�A
i�Ajk ≥ 0 (resp. ≤0)

for any Hermitian semi-positive matrix A = (Ai�). R is called strongly
Hermitian-positive (resp. strongly Hermitian-negative) if R is
Hermitian-positive (resp. Hermitian-negative) and the equality in (4.4)
holds only for Hermitian semi-positive matrix A with complex rank
≤ 1.

(2) R is said to be Hermitian non-degenerate at some point p ∈M if

(4.5) Rijk�(p)Ai�Ajk = 0

for some Hermitian semi-positive matrix A = (Aij) implies A has rank
≤ 1. R is said to be Hermitian non-degenerate if it is Hermitian non-
degenerate everywhere.

Note that any rank one Hermitian matrix can be written as Aij = aibj

and so for any curvature tensor Rijk�, one has

Rijk�A
i�Ajk = 0.

On the other hand, it is easy to see that both manifolds with strongly
Hermitian-positive curvatures and manifolds with strongly Hermitian-
negative curvatures are Hermitian non-degenerate.



848 Kefeng Liu and Xiaokui Yang

Lemma 4.3 ([26]). If (M, g) has positive (resp. negative) constant sec-
tional curvature, then the curvature tensor is strongly Hermitian positive
(resp. negative). In particular, it is Hermitian non-degenerate.

Proof. Let Rijk� = κ(gi�gjk − gikgj�). Then

(4.6) Rijk�A
i�Ajk = κ

(
(TrA)2 − Tr(A2)

)
.

The results follow by this identity easily. �

Remark 4.4. In [18], we give a complete list on the curvature relations of
a Kähler manifold (M, g):

(1) semi-dual-Nakano-negative;

(2) non-positive Riemannian curvature operator;

(3) strongly non-positive in the sense of siu;

(4) non-positive complex sectional curvature;

(5) non-positive Riemannian sectional curvature;

(6) non-positive holomorphic bisectional curvature; and

(7) non-positive isotropic curvature.

(1) =⇒ (2) =⇒ (3)⇐⇒ (4) =⇒ (5) =⇒ (6)
(1) =⇒ (3)⇐⇒ (4) =⇒ (7).

So far, it is not clear to the authors whether one of them can imply (Samp-
son’s) Hermitian negativity. However, it is easy to see that the Poincaré
disks and projective spaces have Hermitian-negative and Hermitian-positive
curvatures, respectively. It is hopeful that semi-dual-Nakano-negative cur-
vatures can imply Hermitian-negative curvatures (in the sense of Sampson).
We will go back to this topic later.

5. Existence of various harmonic maps

In their pioneering work [5], Eells–Sampson have proposed the heat flow
method to study the existence of harmonic maps. In this section, we will
consider a similar setting. Let f : (M,h)→ (N, g) be a continuous map from
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a compact Hermitian manifold to a compact Riemannian manifold. In the
paper [14] of Jost and Yau, they considered the heat flow for the Hermitian
harmonic equation, i.e.,

(5.1)

⎧⎪⎨⎪⎩h
αβ

(
∂2f i(z, t)
∂zα∂zβ

+ Γi
jk

∂f j(z, t)
∂zβ

∂fk(z, t)
∂zα

)
− ∂f i(z, t)

∂t
= 0,

f0 = f,

where Γi
jk are Christoffel symbols of the Riemannian manifold (N, g).

Lemma 5.1 (Jost–Yau). If (N, g) has non-positive Riemannian sectional
curvature, then a solution of (5.1) exists for all t ≥ 0.

Similarly, we can consider the following parabolic system for the ∂-energy
of a smooth map f from a compact Hermitian manifolds (M,h) to a Rie-
mannian manifold (N, g),

(5.2)

⎧⎨⎩
dft

dt
= −∂∗E∂ft

f0 = f.

Locally, the parabolic equation (5.2) is

hαβ

(
∂2f i(z, t)
∂zα∂zβ

− 2Γγ

αβ

∂f i(z, t)
∂zγ + Γi

jk

∂f j(z, t)
∂zβ

∂fk(z, t)
∂zα

)
− ∂f i(z, t)

∂t
= 0.

(5.3)

The difference between (5.3) and (5.1) are the first-order derivative terms of
f . By the theory of parabolic partial differential equations, if (N, g) has non-
positive sectional curvature, the solution of (5.3) exists for all t ≥ 0 following
the adapted methods in [5, 14]. Let

e(f) = hαβgij
∂f i

∂zα

∂f j

∂zβ

be the energy density. By differentiating equation (5.3), we obtain

(5.4)
(
Δc − ∂

∂t

)
e(f) ≥ 1

2
|∇2f |2 − Ce(f)
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if (N, g) has non-positive sectional curvature where C = C(M,h) is a posi-
tive constant only depending on (M,h), and Δc is the canonical Laplacian
Δc = hαβ ∂2

∂zα∂zβ . The extra first-order terms in f are absorbed in |∇2f |
using the Schwarz inequality. As analogous to the existence results of Eells–
Sampson ([5], harmonic maps) and Jost–Yau ([14], Hermitian harmonic
maps), we obtain

Theorem 5.2. Let (M,h) be a compact Hermitian manifold and (N, g) a
compact Riemannian manifold of negative Riemannian sectional curvature.
Let ϕ :M → N be continuous, and suppose that ϕ is not homotopic to a
map onto a closed geodesic of N . Then there exists a ∂-harmonic (resp.
∂-harmonic) map which is homotopic to ϕ.

Theorem 5.3. Let (M,h) be a compact Hermitian manifold (N, g) a com-
pact Riemannian manifold of negative Riemannian sectional curvature. Let
ϕ :M → N be a continuous map with e(ϕ∗(TN)) �= 0 where e is the Euler
class. Then there exists a ∂-harmonic (resp. ∂-harmonic) map which is
homotopic to ϕ.

As a special case, we have

Corollary 5.4. Let (M,h) be a compact Hermitian manifold and (N, g) be
a compact Kähler manifold of strongly negative curvature. Let ϕ :M → N
be a continuous map and suppose that ϕ is not homotopic to a map onto
a closed geodesic of N . Then there exists a ∂-harmonic (resp. ∂-harmonic)
map which is homotopic to ϕ.

Proof. It follows from the fact that if a Kähler manifold has strongly negative
curvature, then the background Riemannain metric has negative sectional
curvature. �

Finally, we need to point out that, along the same line, one can easily obtain
similar existence results for various harmonic maps into a Hermitian target
manifold (N, g) if the background Riemannian metric on N has non-positive
Riemannian sectional curvature. For more details about the existence and
uniqueness results on various harmonic maps in the Hermitian context,
we refer the reader to [4–7, 10, 11, 14, 15, 20, 23, 33] and also references
therein.
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6. The complex analyticity of harmonic maps

6.1. Harmonic maps from Hermitian manifolds to Kähler
manifolds

Let f : (M,h)→ (N, g) be a smooth map from a Hermitian manifold (M,h)
to a Kähler manifold. Let E = f∗(T 1,0N). In the local coordinates {zα} on
M , and {wi} on N , one can get

Q : =
√−1 〈[RE ,Λ]∂f, ∂f

〉
(6.1)

= −1
2

∑
α,γ

Rijk�

(
∂f i

∂zα

∂f
j

∂zγ
− ∂f i

∂zγ

∂f
j

∂zα

)(
∂f �

∂zα

∂f
k

∂zγ
− ∂f �

∂zγ

∂f
k

∂zα

)

in the local normal coordinates hαβ = δαβ centered at a point p ∈M where
RE is the (1, 1) component of the curvature tensor of E and Rijk� are compo-
nents of the curvature tensor of (N, g). If Q is zero, (N, g) has non-degenerate
curvature, N is compact and rankRdf ≥ 4, one can show ∂f = 0 or ∂f = 0
(cf. [28, Siu]).

Now let us recall Siu’s ∂∂ trick [28, 29] in the Hermitian setting (cf. [14]).
Let f : (M,h)→ (N, g) be a smooth map between Hermitian manifolds and
E = f∗(T 1,0N).

Lemma 6.1. We have the following formula:

(6.2) ∂∂{∂f, ∂f} = −{∂E∂f, ∂E∂f}+ {∂f,RE∂f}.

Lemma 6.2. Let E be any Hermitian vector bundle over a Hermitian man-
ifold (M,ω), and ϕ a smooth E-valued (1, 1)-form on M . One has

(6.3) −{ϕ,ϕ} ωm−2

(m− 2)!
= 4

(|ϕ|2 − |Trωϕ|2) ωm

m!
.

Proof. Without loss of generality, we can assume that E is a trivial bundle,
and hij = δij at a fixed point p ∈M , then for ϕ = ϕpqdz

p ∧ dzq.

(√−1
2

)2

{ϕ,ϕ} ωm−2

(m− 2)!

=
(√−1

2

)2
( ∑

p,q,s,t

ϕpqdz
p ∧ dzq · ϕstdz

s ∧ dzt

)
ωm−2

(m− 2)!
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=

⎛⎝ ∑
1≤p<q≤m

2|ϕpq|2 − 2
∑

1≤s<t≤m

ϕssϕtt

⎞⎠ ωm

m!

=

(∑
p,q

|ϕpq|2 −
∑
s,t

ϕssϕtt

)
ωm

m!

=
(|ϕ|2 − |Trωϕ|2) ωm

m!
.

�

Remark 6.3. The right-hand side of (6.3) is not positive in general. When
ϕ is primitive, i.e., Trωϕ = 0, (6.3) is the Riemann–Hodge bilinear rela-
tion for primitive (1, 1) forms (e.g., [13, Corollary 1.2.36] or [32, Proposi-
tion 6.29]).

Lemma 6.4. We have the following formula for any smooth map f from
a Hermitian manifold (M,h) to a Kähler manifold (N, g).

(6.4) {∂f,RE∂f} ωm−2
h

(m− 2)!
= 4Q · ω

m
h

m!
,

where Q is defined in (6.1).

Lemma 6.5. Let f be any smooth map from a compact Hermitian man-
ifold (M,h) to a Kähler manifold (N, g). We have the following identity:∫

M
∂∂{∂f, ∂f} ωm−2

h

(m− 2)!
= 4

∫
M

(|∂E∂f |2 − |Trω∂E∂f |2
) ωm

h

m!
(6.5)

+
∫

M
4Q · ω

m
h

m!
.

Proof. It follows by formula (6.2)–(6.4). �

Now one can get the following generalization of Siu’s result ([28]):

Corollary 6.6 ([14, Jost–Yau]). Let (N, g) be a compact Kähler man-
ifold, and (M,h) a compact Hermitian manifold with ∂∂ωm−2

h = 0 where
m = dimCM . Let f : (M,h)→ (N, g) be a Hermitian harmonic map. Then
f is holomorphic or anti-holomorphic if (N, g) has strongly negative curva-
ture and rankRdf ≥ 4.
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6.2. Harmonic maps from Hermitian manifolds to Riemannian
manifolds

In this subsection, we shall apply similar ideas in Section 6.1 to harmonic
maps from Hermitian manifolds to Riemannian manifolds. Let f : (M,h)→
(N, g) be a smooth map from a compact Hermitian manifold (M,h) to a
Riemannian manifold (N, g).

Lemma 6.7. The (1, 1)-part of the curvature tensor of E = f∗(TN) is

(6.6) R
f∗(TN)
1,1 = 2R�

ijk

∂f i

∂zα

∂f j

∂zβ
dzα ∧ dzβ ⊗ ek ⊗ e�.

Proof. Since the curvature tensor of the real vector bundle TN is

(6.7) RTN = R�
ijkdx

i ∧ dxj ⊗
(
dxk ⊗ ∂

∂x�

)
∈ Γ(N,Λ2T ∗N ⊗ End(TN)),

we get the full curvature tensor of the pullback vector bundle E = f∗(TN),

(6.8) f∗
(
RTN

)
= R�

ijkdf
i ∧ df j ⊗ ek ⊗ e� ∈ Γ(N,Λ2T ∗M ⊗ End(E)).

The (1, 1) part of it is

R
f∗(TN)
1,1 = R�

ijk

(
∂f i

∂zα

∂f j

∂zβ
− ∂f i

∂zβ

∂f j

∂zα

)
dzα ∧ dzβ ⊗ ek ⊗ e�

= 2R�
ijk

∂f i

∂zα

∂f j

∂zβ
dzα ∧ dzβ ⊗ ek ⊗ e�,

since R�
ijk = −R�

jik. �

Lemma 6.8. We have

(6.9)
〈√−1[Rf∗(TN)

1,1 ,Λ]∂f, ∂f
〉
= 2hαδhγβRijk�

∂f i

∂zα

∂fk

∂zβ

∂f j

∂zγ

∂f �

∂zδ

and

Q0 :=
〈√−1[Rf∗(TN)

1,1 ,Λ]∂f, ∂f
〉
= −2hαδhγβRijk�

∂f i

∂zα

∂fk

∂zβ

∂f j

∂zγ

∂f �

∂zδ
.

(6.10)
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Proof. It is easy to see that the identity (6.10) is the complex conjugate of
(6.9). By Lemma 6.7,

√−1[Rf∗(TN)
1,1 ,Λ]∂f = −√−1ΛRE∂f

= 2hαβ
(
−R�

ijk +R�
kji

) ∂f i

∂zα

∂f j

∂zβ

∂fk

∂zγ
dzγ ⊗ e�

= 2hαβR�
kij

∂f i

∂zα

∂f j

∂zβ

∂fk

∂zγ
dzγ ⊗ e�,

where the last step follows by Bianchi identity. Therefore

〈√−1[Rf∗(TN)
1,1 ,Λ]∂f, ∂f

〉
= −2Rijk�

(
hαβ ∂f

i

∂zα

∂f �

∂zβ

)(
hγδ ∂f

j

∂zγ

∂fk

∂zδ

)
.

�

Theorem 6.9 ([26, Sampson]). Let f : (M,h)→ (N, g) be a harmonic
map from a compact Kähler manifold (M,h) to a Riemannian manifold
(N, g). Then rankRdf ≤ 2 if (N, g) has strongly Hermitian-negative curva-
ture.

Proof. By formula (2.9) for the vector bundle E = f∗(TN) when (M,h) is
Kähler,

(6.11) Δ∂E
∂f = Δ∂E

∂f +
√−1[RE ,Λ]∂f.

If f is harmonic, i.e., ∂∗E∂f = 0, we obtain, Δ∂E
∂f = 0. That is,

(6.12) 0 = ‖∂E∂f‖2 +
∫

M
Q0

ωm
h

m!
.

If (N, g) has strongly Hermitian-negative curvature, i.e., Q0 ≥ 0 pointwisely,
then Q0 = 0. Hence we get rankRdf ≤ 2. �

Now we go back to work on the Hermitian (domain) manifold (M,h).
As similar as Lemma 6.5, we obtain
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Lemma 6.10. Let f : (M,h)→ (N, g) be a smooth map from a compact
Hermitian manifold (M,h) to a Riemannian manifold (N, g). Then∫

M
∂∂{∂f, ∂f} ωm−2

h

(m− 2)!
= 4

∫
M

(|∂E∂f |2 − |Trω∂E∂f |2
) ωm

h

m!
(6.13)

+
∫

M
4Q0 · ω

m
h

m!
.

Theorem 6.11. Let (M,h) be a compact Hermitian manifold with
∂∂ωm−2

h = 0 and (N, g) a Riemannian manifold. Let f : (M,h)→ (N, g) be
a Hermitian harmonic map, then rankRdf ≤ 2 if (N, g) has strongly
Hermitian-negative curvature. In particular, if dimCM > 1, there is no Her-
mitian harmonic immersion of M into Riemannian manifolds of constant
negative curvature.

Proof. If f is Hermitian harmonic, i.e., Trω∂E∂f = 0, by formula (6.13),

(6.14)
∫

M
∂∂{∂f, ∂f} ωm−2

h

(m− 2)!
= 4

∫
M
|∂E∂f |2ω

m
h

m!
+

∫
M
4Q0 · ω

m
h

m!
.

From integration by parts, we obtain

4
∫

M
|∂E∂f |2ω

m
h

m!
+

∫
M
4Q0 · ω

m
h

m!
= 0.

If (N, g) has strongly Hermitian-negative curvature, then Q0 = 0 and so
rankRdf ≤ 2. �

Corollary 6.12. Let M = S
2p+1 × S

2q+1(p+ q ≥ 1) be the Calabi–
Eckmann manifold. Then there is no Hermitian harmonic immersion of M
into manifolds of constant negative curvature.

Proof. By a result of Matsuo [21], every Calabi–Eckmann manifold has a
Hermitian metric ω with ∂∂ωn−2 = 0. �

Remark 6.13. (1) If M is Kähler, a Hermitian harmonic immersion is
also minimal.

(2) By Proposition 3.7, if the manifold (M,h) is balanced, then Hermitian
harmonic map is harmonic. However, if ωh is balanced (i.e., d∗ωh = 0)
and also ∂∂ωm−2

h = 0, then ωh must be Kähler ([22]).
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7. Rigidity of pluri-harmonic maps

7.1. Pluri-harmonic maps from complex manifolds to Kähler
manifolds

Let f :M → (N, g) be a pluri-harmonic map from the compact complex
manifold M to the compact Kähler manifold (N, g). From the definition
formula (3.19), the pluri-harmonicity of f is independent of the background
metric on the domain manifold M and so we do not impose a metric there.

When the domain manifold M is Kähler, there is a number of results
on the complex analyticity and rigidity of the pluri-harmonic f , mainly due
to Ohinta, Udagawa and also Burns–Burstall–Barttolomeis (e.g., [1, 24, 25,
30, 31] and references therein). The common feature in their results is that
they need even more properties of the Kähler manifold M , for example,
c1(M) > 0, or b2(M) = 1.

Now we present our main results in this section.

Theorem 7.1. Let f :M → (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a compact Kähler manifold (N, g). Then it
is holomorphic or anti-holomorphic if (N, g) has non-degenerate curvature
and rankRdf ≥ 4. In particular, when (N, g) has strongly negative curva-
ture (in the sense of Siu) and rankRdf ≥ 4, then f is holomorphic or anti-
holomorphic.

From the proof, we can see that this theorem also holds if the target
manifold N is a compact quotient of a bounded symmetric domain and f is
a submersion.

Proof. We fix an arbitrary Hermitian metric h on M . Let E = f∗(T 1,0N)
and RE be the (1, 1)-part of the curvature tensor of E. If f is pluri-harmonic,
i.e., ∂E∂f = 0, then by the Bochner formula (2.9), the equation

Δ∂E
∂f = Δ∂E

∂f +
√−1[RE ,Λ](∂f) + (τ∗∂E + ∂Eτ

∗)(∂f)

− (τ∗∂E + ∂Eτ
∗)(∂f)

is equivalent to

(7.1) ∂E∂
∗
E∂f =

√−1[RE ,Λ](∂f)− (∂Eτ
∗)(∂f).
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On the other hand, by Lemma 2.2, we have the relation [Λ, ∂E ] =
√−1(∂∗E +

τ∗), and so

(7.2) ∂E(∂
∗
E + τ∗)∂f = −√−1∂EΛ∂E∂f = 0

since f is pluri-harmonic. By (7.1), we get the identityQ = 〈√−1[RE ,Λ](∂f),
∂f〉 = 0. (Note that we get Q = 0 without using the curvature property of
(N, g), which is different from the proofs in [28, Siu] and [14, Jost–Yau]!) By
formula (6.1) and the assumption that (N, g) has non-degenerate curvature,
we obtain ∂f i ∧ ∂f j = 0 for any i and j. If rankR(df) ≥ 4, by Siu’s argument
([28]), f is holomorphic or anti-holomorphic. �

Using Theorem 7.1, we can generalize a number of results in [25, 30, 31]
to complex (domain) manifolds.

Proposition 7.2. Let M be an arbitrary m-dimensional (m ≥ 2) compact
complex manifold, (N, g) a compact Kähler manifold and f :M → (N, g) a
pluri-harmonic map. Suppose M has one of the following properties:

(1) dimCH
2(M) = 0; or

(2) dimCH
1,1(M) = 0; or

(3) dimCH
2(M) = 1 and H2(M) has a generator [η] with

∫
M ηm �= 0; or

(4) dimCH
1,1(M) = 1 and H1,1(M) has a generator [η] with

∫
M ηm �= 0.

Then

(1) f is constant if rankRdf < 2m. In particular, if m > n, then f is con-
stant.

(2) f is holomorphic or anti-holomorphic if (N, g) has non-degenerate cur-
vature. Here, we have no rank restriction on df .

Proof. If rankRdf < 2m, we can consider the following real (1, 1) form

(7.3) ω0 =
√−1
2

gij

∂f i

∂zα

∂f
j

∂zβ
dzα ∧ dzβ =

√−1
2

gij∂f
i ∧ ∂f j

.

If f is pluri-harmonic, by Lemma 3.10, ∂ω0 = ∂ω0 = 0 = dω0. On the other
hand, when rankRdf < 2m, ωm

0 = 0. If conditions (1) or (3) holds, we obtain
ω0 = dγ0. If conditions (2) or (4) holds, we have ω = ∂γ1. In any case, by
Stokes’ Theorem,

∫
C ω0 = 0 on any closed curve C of M . But ω0 is a non-

negative (1, 1) form on M , we obtain ω0 = 0. Therefore ∂f = 0. Similarly,
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by using

ω1 =
√−1
2

gij

∂f
j

∂zα

∂f i

∂zβ
dzα ∧ dzβ =

√−1
2

gij∂f
i ∧ ∂f j

we know ∂f = 0. Hence f is constant. In particular, ifm > n, i.e., rankRdf <
2m, f is constant.

Suppose (N, g) has non-degenerate curvature. If rankRdf ≥ 2m ≥ 4, by
Theorem 7.1, then f is holomorphic or anti-holomorphic. If rankRdf < 2m,
by the proof above, we see f is constant. �

Corollary 7.3. Any pluri-harmonic map from the Calabi–Eckmann mani-
fold S

2p+1 × S
2q+1 to the n-dimensional complex space form N(c) is constant

if p+ q ≥ n.

The following result is well known (e.g., [1, 24, 25]).

Corollary 7.4. Every pluri-harmonic map from P
m to P

n is constant if
m > n.

7.2. Pluri-harmonic maps from Hermitian manifolds to
Riemannian manifolds

In this subsection, we shall use similar ideas as in Section 7.1 to study the
rigidity of pluri-harmonic maps from Hermitian manifolds to Riemannian
manifolds.

Theorem 7.5. Let f :M → (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a Riemannian manifold (N, g). If (N, g) has
non-degenerate Hermitian curvature at some point p, then rankRdf(p) ≤ 2.

Proof. We fix an arbitrary Hermitian metric h onM . If f is pluri-harmonic,
i.e., ∂E∂f = 0, then by the Bochner formula (2.9), the equation

Δ∂E
∂f = Δ∂E

∂f +
√−1[RE ,Λ](∂f) + (τ∗∂E + ∂Eτ

∗)(∂f)

− (τ∗∂E + ∂Eτ
∗)(∂f)

is equivalent to ∂E∂
∗
E∂f =

√−1[RE ,Λ](∂f)− (∂Eτ
∗)(∂f). By a similar

argument as in Theorem 7.1, we obtain Q0 = 〈
√−1[RE ,Λ](∂f), ∂f〉 = 0.
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That is,

(7.4) Rijk�

(
hαβ ∂f

i

∂zα

∂f �

∂zβ

)(
hγδ ∂f

j

∂zγ

∂fk

∂zδ

)
= 0.

If the curvature tensor R of (N, g) is non-degenerate at some point p ∈M ,
then the complex rank of the matrix

(
hαβ ∂f i

∂zα

∂f j

∂zβ

)
is ≤ 1, i.e.,

rankRdf(p) ≤ 2. �

Proposition 7.6. Let M be an arbitrary m-dimensional (m ≥ 2) com-
pact complex manifold, (N, g) a Riemannian manifold and f :M → (N, g) a
pluri-harmonic map. Suppose M has one of the following properties:

(1) dimCH
2(M) = 0; or

(2) dimCH
1,1(M) = 0; or

(3) dimCH
2(M) = 1 and H2(M) has a generator [η] with

∫
M ηm �= 0; or

(4) dimCH
1,1(M) = 1 and H1,1(M) has a generator [η] with

∫
M ηm �= 0;

then

(1) f is constant if rankRdf < 2m. In particular, if m > n, then f is con-
stant.

(2) f is constant if (N, g) has non-degenerate curvature.

Proof. Assume rankRdf < 2m. We can consider ω0 =
√−1

2 gij∂f
i ∧ ∂f j . By a

similar proof as in Proposition 7.2, we obtain ∂f = 0, and so f is a constant.
On the other hand, if (N, g) has non-degenerate curvature, then rankRdf ≤
2 < 2m, hence f is constant. �

Corollary 7.7. (1) Any pluri-harmonic map from the Calabi–Eckmann
manifold S

2p+1 × S
2q+1 to the real space form N(c) is constant if p+

q ≥ 1.

(2) Any pluri-harmonic map from CP
n to the real space form N(c) is

constant if n ≥ 2.
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