The Chern-Ricci flow and holomorphic bisectional curvature
Xiaokui Yang

Abstract. In this note, we show that on Hopf manifold S*"~' x S!, the non-
negativity of the holomorphic bisectional curvature is not preserved along the
Chern-Ricci flow.

1. Introduction

The Chern-Ricci flow is an evolution equation for Hermitian metrics on complex
manifolds, generalizing the Ké&hler-Ricci flow. Given an initial Hermitian metric wg =
v—1(g0) i;dzi A dZz’, the Chern-Ricci flow is defined as

Ow

(1.1) i —Ric(w), wlt=0 = wo,

where Ric(w) := —y/—100log det g is the Chern-Ricci form of w. In the case when wy
is Kéahler, namely dwy = 0, (1.1) coincides with the K&hler-Ricci flow. The Chern-
Ricci flow was first introduced by Gill [3] in the setting of manifolds with vanishing
first Bott-Chern classes, and many fundamental properties are established by Tosatti
and Weinkove [14] on more general manifolds. A variety of further results on Chern-
Ricci flow are studied in [14, 15, 16, 4, 5, 17, 18] and some of them are analogues to
classical results for the Kahler-Ricci flow (e.g.[7, 2, 9, 10, 13, 11, 12]).

It is proved by Mok [8] (see [1] for Kahler threefolds and also [6]) that the non-
negativity of the holomorphic bisectional curvature is preserved along the Kéahler-
Ricci flow. However, we show that on Hermitian manifolds, the non-negativity of the
holomorphic bisectional curvature is not necessarily preserved under the Chern-Ricci
flow.

Theorem 1.1. Let X = S* 1 x S! be a diagonal Hopf manifold. Fiz Ty > 0 and let
1 . . .
wo = W Z ((1 + To)(sij’Z‘Q - T()?Zj) Vv —=1dz" A dZ’.

To+1

Then the Chern-Ricci flow (1.1) has mazimal existence time Tyax = -

Tt
(1) Whent e [O, =9
n

, w(t) has non-negative holomorphic bisectional curvature;
20 +1 Tp+1

2n
of w(t) is no longer non-negative.

(2) However, when t €

>, the holomorphic bisectional curvature
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Remark 1.2. It is worth to point out that the same proof as in the Kahler case
(following Mok) fails for the Chern-Ricci flow since the evolution of the Riemann
curvature tensor under the Chern-Ricci flow involves also some terms with the torsion
(and its covariant derivatives), which are not there in the Kéhler-Ricci flow, where
the evolution of the curvature involves only the curvature tensor itself.

Remark 1.3. It is also interesting to investigate sufficient conditions on Hermitian
manifolds such that the non-negativity of the holomorphic bisectional curvature is
preserved under the Chern-Ricci flow.

2. The proof of Theorem 1.1

For a = (aq,...,a,) € C"\ {0} with |ai| = -+ = |ayp| # 1, let M be the Hopf
manifold M = (C"\ {0})/ ~, where
(2L, ., 2") ~ (041,21, e ,anz") .

It is easy to see that M is diffeomorphic to S?*~! x S'. Fix Ty > 0 and consider the
Hermitian metric

1
e

where [2|*> = 77 [27]?. Tt is proved in [14] that
(2.1) w(t) = wp — tRic(wp)

wo = (1+ To)6ij|2|* — Tgfizj) V=1dz' A d7.

gives an explicit solution of the Chern-Ricci low on M with initial metric wg. Indeed,
by elementary linear algebra, we see det(wp) = (1 + Tp)™ 2| 72" and so

Ric(wg) = nv/—1901og |2|> = ‘n|2 (5@' P ’2) V—1dz' A dZ > 0.

Fort<%

, we have the Hermitian metrics

(2.2) w(t) = wo—tRic(wp) = | 1|2 ((1 + Ty — nt)di; — (To — nt) P ’2) V—1dz' NdF .

Hence
(14 Tp — nt)" !
det(w(t)) = D )
from which it follows that Ric(w(t)) = Ric(wp) = ny/—1001og|z|?. It also implies

T+ 1

that w(t) solves the Chern-Ricci flow on the maximal existence interval [0,
Next, we compute the curvature tensor of the involving metric (2.2). For simplicity,

we define a rescaled metric wy = \/—lhi;dzi Adz) on M with

1 y
(2.3) his = i (65j]2* — Az 2, A< 1.

2
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Note that when

. T(] —nt
1 + Ty — nt’
we have
w(t)
2.4 = —
(2:4) AT T —nt

Lemma 2.1. Let Rk}z‘a be the curvature components of wy, then
_ Sig(Ggulal® —ZFA) A (Giglef® —F27) (Ggl2l® — ZF2)
Higin = 2[5 PE

(A2 — 2X)Z29 (8|2 | — ZF27)
|2[® '

Proof. By using elementary linear algebra, one has det(h;) = (1 — A)|z| 72" and so
(2.5) Ric(wy) = nv/—1901og|z|* > 0.

On the other hand, one can verify that the matrix (h,;) has (transpose) inverse matrix

7 270
2.6 B =212 6; + ——2— ).
20 = (8 + 5 25577)
By straightforward computation,
(2 7) ahlj . 75ij§k B Adjk?L 2NZIZh 2T B 2NZIZH 2T B )\5]]@7 + %Ek
' NPT 2[4 ECEE 2|4
and so
e - hpgahﬁ _ |Z|2 54 \zPZI 2NZiZh 2 B )\5jk§i + 5ij§k
ki R AR VFE) AP EE
o 2xziERep B AphZ! + 02" n 2\2zizk 2P B N2zizk P 4 \pizh P
PR |2[? (I=A)z[* (1= A)[z[*
YD VS
NPT |22

The Chern curvature tensor of w) is

o _8F’,;i
kji 0z
B Aéijszp + Aékjfizp 2NZiZh 2P 2 Aépkéij + 5ip5kj )xdpkfizj + (5ip§kzj
- B B E T
- Aépkéij + 5ip5kj 2NZZk P I A (5ij§k2p + 5kj?zp + 5pk§izj) + 5ip§k2j
|22 26 2|4 '
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Hence
_ _ _ PP
Ryjig = hpaltys;
Oz | NOpOij + iplhy  20EEE 2P N (6527 2P 4 617 2P 4 67 2T ) + 05y70 20
R |2[2 216 |2[4
AZP 21 >\6pk6ij + 5ip5kj 2NZIZh P I A (5ij§kzp + 5kj§izp + 5pk§izj) + 52_172162]’
|2[* |2[2 |2[° |2[*

/\5qk5ij + 5iq5jk INZ'ZF 20 24 A (5ij2kzq + 5@72’1 + 5quizj) + (5iq§k2j

2| |2[® |21°
N26,ZF 29 + N6y, 7020 202FiER 20 21
ki |2®
A2 (6,2 29|2 % + 637 29 2| + 22529 2) + AZ'ZF 2924
|2[®
L M+ Sud | (A= )T NuTH AT
2| |2[® |21° |21°
(A2 —2)\)6;Z029  6;yZ" 27
ki |2[°
L Oig(OnlzP = FF2T) A (Okglzl® —ZF21) (A2 — 20)F 290yl 2f? — ZR27)
|2/° ki |2[®
AZ'2 (2829 — 6pql2[?)
|2[®
o Gig(gl2? —ZF2T) | A (632 —Z'2) (Okgl2® —ZF27) (A2 — 2X)Z029(0y]2|? — 2F29)
|2/° |2[® |21® '

O

Lemma 2.2. For any X € [0,1), wy has non-negative holomorphic bisectional curva-
ture.

Proof. For any & = (€!,--- ¢") and n = (n',--- ,n"), by Lemma 2.1 we have

Co |2
, = X (055122 = 720) i€’
kg ig _ IP2PIER — 7€) ‘ i

LN =20 [Z P (=PI - - €
|2[® '

Since |z|%|n|> > |z - n|?, we obtain

12
2|2 — Fd) e 3
MGuleP =22 €] (32— on v fP=PleR |2 - EP)
EE " EE '

Ryt 0t >
The right hand side is non-negative when A > 0. g

4



The Chern-Ricci flow and holomorphic bisectional curvature Xiaokui Yang

Corollary 2.3. The initial metric wy has non-negative holomorphic bisectional cur-

vature.
Proof. When t = 0, or equivalently A = 1:{—9&), we know wy = ﬁ—OTO Since A = 1_{‘}0 €
[0,1), by Lemma 2.2, wp has non-negative holomorphic bisectional curvature. ]

Lemma 2.4. When A < —1, the holomorphic sectional curvature of the metric wy
is no longer non-negative. In particular, the holomorphic bisectional curvature of the
metric wy s no longer non-negative.

Proof. For any & = (&1,---, &™), we have
EP(=PIEP — 2 €1%) | A(=PEP? - 17 €7)?

k@l eigd
Rka‘qf 5 ff - |Z|6 + |Z|8
+(A2 —2)\)[z2- €l — |2 €)
|28
_ BA=N)E O+ DR+ (2 -4 - 1)z PR - 4P
B |28 '

Let a = |z -¢|? and b = |2|?|¢|?, then

i (BX — A2)a? + (A2 — 4X\ — 1)ab + (A + 1)b?
Rigig€ €€ = EE
(b—a)a(A— 1)+ (b—a)*(A + 1)
B

It is easy to see that, b > a > 0 and so for any —1 < A < 1
Ryjig€ € €€ 2 0.

However, when A < —1, kagkéjgizq is no longer nonnegative. Indeed, for any given

z = (2',---,2"), we choose a nonzero vector & = (¢!,---,€") such that z- £ =0, i.e.

"7 - € = 0. In this case, we have a = [5- ¢ = 0, but b = |2[?[¢|? > 0. Morcover,

—i = PO\ +1
Rgaf T = "0 <o
since A < —1. O
The proof of Theorem 1.1. By (2.4), we see when A\ = 11%2%, wy = 1+°;ﬂgtlm. Hence,

(1) by Lemma 2.2, when A € [0,1) or equivalently, 0 < ¢ < %, w(t) has non-
negative holomorphic bisectional curvature;

(2) by Lemma 2.4, when A < —1, or equivalently, ﬂgf <t< %, the holomor-
phic bisectional curvature of w(t) is no longer non-negative. O
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