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ABSTRACT. We investigate the K&hler-Ricci flow on holomorphic fiber
spaces whose generic fiber is a Calabi-Yau manifold. We establish uni-
form metric convergence to a metric on the base, away from the singu-
lar fibers, and show that the rescaled metrics on the fibers converge to
Ricci-flat Kahler metrics. This strengthens previous work of Song-Tian
and others. We obtain analogous results for degenerations of Ricci-flat
Kahler metrics.

RESUME. Nous étudions le flot de Kahler-Ricci sur un espace fibré holo-
morphe dont la fibre générique est une variété de Calabi-Yau. Nous
établissons la convergence uniforme des métriques vers une métrique sur
la base, en dehors des fibres singuliéres, et démontrons que le métriques
normalisée sur les fibres devient Ricci-plates. Ces théorémes renforcent
des résultats de Song-Tian et autres. Nous obtenons des résultats simi-
laires pour les dégénérescences de métriques Ricci-plates Kéhler.

1. INTRODUCTION

1.1. Background. This paper establishes convergence results for collapsing
metrics along the Kéhler-Ricci flow and along families of Ricci-flat Kéahler
metrics. We give now some background and motivation for these results,
glossing over some technicalities for the moment.

Let X be a compact Kdhler manifold, and suppose we have a holomorphic
surjective map 7w : X — B onto another compact Kahler manifold B, with
0 < dim B < dim X. We consider a family of Kihler metrics (w(t)):c[0,00) On
X with the property that the cohomology classes [w(t)] € H%'(X,R) have
the limiting behavior:

[w(t)] = 7*a, in HY(X,R),

where « is a Kahler class on B. Moreover, we suppose that the Kéahler
metrics w(t) solve one of the two natural PDEs: the Kéhler-Ricci flow or
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the Calabi-Yau equation. Note that from topological considerations, the
metrics w(t) are automatically volume collapsing, meaning that

/ w)ImX = [w(E)]MmX 50, ast— oo,
X

since B has dimension strictly less than dim X.

A natural question is: does (X,w(t)) converge to (B,wp), where wp is a
unique canonical metric in the class a?

In the cases we consider, the existence of the “canonical metric” has
already been established, and the remaining point is to establish convergence
in the strongest possible sense. There are weak notions of convergence, such
as convergence of w(t) to wp as currents, or convergence at the level of Kéhler
potentials in C%%, say, for a € (0,1). A stronger notion of convergence is
convergence of w(t) to wp in the CY norm. This kind of convergence implies
global Gromov-Hausdorff convergence. The main point of this paper is that
we can obtain, in many cases, convergence of the stronger type when before
only weaker convergence was known.

To be more explicit, we discuss now the simplest case of such collapsing
for the Kéahler-Ricci flow, which is already completely understood. Let X be
a product X = F x B where B is a compact Riemann surface of genus larger
than 1 and E is a one-dimensional torus (an elliptic curve). We consider the
Kahler-Ricci flow [21, 6]

(1.1) gw = —Ric(w) —w, wli=0 = wo,

ot

starting at an arbitrary initial Kahler metric wp on X. A solution to (1.1)
exists for all time [51]. Note that (1.1) is really the normalized Kéahler-
Ricci flow. It has the property that as ¢ — oo the Kéahler classes [w(t)] €

HY1(X,R) converge to the class 7*a where a = [wp], for wp the unique
Kahler-Einstein metric on B satisfying
(1.2) Ric(wp) = —wp.

Here 7 : X — B is the projection map.

This example was first studied by Song-Tian [39] who considered the
much more general situation of a holomorphic fiber space 7 : X — B of
Kodaira dimension one, whose generic fibers are elliptic curves. For the
product X = E x B, the results of [39, 45, 15, 12] show that one obtains C'*°
convergence of w(t) to wp. Moreover, the curvature of w(t) and its covariant
derivatives remain bounded as t — oco. Geometrically, the metrics shrink
in the directions of F and we obtain convergence to the Kahler-Einstein
metric wp on B. Moreover, if we look at the evolving metrics restricted to
any given fiber E and rescale appropriately, they converge to a flat metric
on E.

A natural generalization of this result is to consider X = E x B where
now E is a Calabi-Yau manifold (i.e. ¢;(F) =0 in HY(E,R)) and B is a
compact Kahler manifold with ¢;(B) < 0. The behavior of the Kéhler-Ricci
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flow on the manifolds E and B separately is well-known by the results of Cao
[6]: on E the unnormalized Kéhler-Ricci flow %w = —Ric(w) converges to
a Kéahler Ricci-flat metric, and on B the normalized Kéahler-Ricci flow (1.1)
converges to the unique Kéhler-Einstein metric satisfying (1.2). However,
the behavior of the flow on the product X = E x B is in general harder to
understand than the two-dimensional example above. A source of difficulty
is that, except in dimension one, Calabi-Yau manifolds may not admit flat
metrics.

In the case when E does admit a flat Kahler metric, it was shown by Gill
[15], Fong-Zhang [12] that the same results hold as in the case of a product
of Riemann surfaces. In particular, the curvature remains bounded along
the flow. These methods fail for a general E. Indeed, by starting the flow
at a product of a non-flat Ricci-flat metric on E with a Ké&hler-Einstein
metric on B, it is easy to check that the curvature along the Kéahler-Ricci
flow (1.1) must blow up. One can still obtain “weak” convergence of the
metrics [40, 12]. Indeed, the evolving metrics along the flow are comparable
to the “model” collapsing metrics, which implies in particular that the fibers
shrink and one obtains convergence to wp at the level of potentials in the
C1 norm. However, until now the question of whether the metrics w(t)
converge (in C” say) to wp has remained open.

Our results show that in fact the metrics w(t) converge exponentially fast
in the C° norm to wp, which implies in particular Gromov-Hausdorff con-
vergence of (X,w(t)) to (B,wp). Moreover, we show that if one restricts to
a fiber F over y € B then the metrics w(t), appropriately rescaled, converge
exponentially fast to a Ricci-flat Kéhler metric on F and this convergence
is uniform in y. All of these statements are new in this setting, and require
new estimates, which we explain later.

Of course, the assumption that X is a product is rather restrictive. In fact,
the same results hold when 7 : X — B is a holomorphic submersion, except
that the Kéhler-Einstein equation (1.2) is replaced by the twisted Kéhler-
Einstein equation [39, 40, 11]. But even this is not sufficiently general, since
we also need to allow 7 : X — B to admit singular fibers, and for B itself
to be possibly singular. More precisely, we assume that 7 : X — B is
a fiber space, namely a surjective holomorphic map with connected fibers,
and B is an irreducible normal projective variety. In this case we obtain the
same metric convergence results on compact subsets away from the singular
fibers (but this time not exponential). Again it was only known before that
convergence occurs at the level of potentials [40].

The latter situation is really quite general. Indeed, if one believes the
Abundance Conjecture from algebraic geometry (that on a compact Kéhler
manifold the canonical bundle Kx is nef implies Kx is semiample) then
whenever the Kéahler-Ricci flow has a long-time solution, there exists such
a fiber space map m : X — B. For the above discussion to apply, we also
need to remove the two extreme cases: when B has dimension 0 or dim X.
In the first case X is Calabi-Yau and it is known by the work of Cao [6] that
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the Kéhler-Ricci flow (unnormalized) converges smoothly to Yau'’s Ricci-flat
Kéhler metric [62]. In the second case X is of general type (in particular, X
is projective), and the normalized Kéhler-Ricci flow converges to a Kéahler-
Einstein current on X [61, 51, 65], smoothly away from a subvariety.

On a general projective variety X, the Kéahler-Ricci low may encounter
finite time singularities. According to the analytic minimal model program
[39, 50, 40, 42] the Ké&hler-Ricci flow will perform a surgery at each finite
time singularity, corresponding to a birational operation of the minimal
model program from algebraic geometry, and arrive at the minimal model
Xmin with nef canonical bundle (see also [5, 9, 10, 12, 26, 36, 38, 41, 43,
44, 46, 47, 51, 61]). It is then expected that the flow on Xy;, will converge
at infinity to a canonical metric on the lower dimensional canonical model
Xecan. Our results here are concerned with a special case of this last step,
where Xnin = X is smooth with semiample canonical bundle and X, is
what we call B.

Finally, we discuss the Ricci-flat Kahler metrics. A similar situation arises
here, where one considers a Calabi-Yau manifold X which admits a holo-
morphic fiber space structure 7 : X — B as above (possibly with singular
fibers and with B singular), and studies the collapsing behavior of the Ricci-
flat Kéhler metrics w(t) in the class [7*x] + e ![wx] (where wy is a Kéhler
metric on X and y on B), as ¢ tends to infinity. Again one expects to have
collapsing to a canonical Kéhler metric wp on B\S’ (where S’ denotes the
singularities of B together with the images of the singular fibers). Further-
more, one would like to understand if a Gromov-Hausdorff limit (X, doo)
of (X,w(t)) exists (without passing to subsequences), whether it is suffi-
ciently regular, and how it is related to (B\S’,wg). It is expected [55, 56]
that (X, ds) contains an open and dense subset which is a smooth Rie-
mannian manifold, that (X, ds) is isometric to the metric completion of
(B\S',wp), and that X, is homeomorphic to B. By comparison, in the
case when the volume of the Ricci-flat metrics is non-collapsing, we have a
very thorough understanding of their limiting behavior, thanks to the results
in [8, 31, 32, 33, 37, 53], and all the analogous questions have affirmative
answers.

This setup is also related to the Strominger-Yau-Zaslow picture of mir-
ror symmetry [48]. Indeed, Kontsevich-Soibelman [25], Gross-Wilson [20]
and Todorov (see [28, p. 66]) formulated a conjecture about certain col-
lapsed limits of Ricci-flat Kahler metrics on Calabi-Yau manifolds, where
the Kéhler class is fixed but the complex structure degenerates (to a so-
called large complex structure limit). This might seem very different from
what we are considering here, where the complex structure is fixed and the
Kahler class degenerates, but in the case when the Calabi-Yau manifolds are
actually hyperkéahler, one may perform a hyperkéhler rotation and often re-
duce this conjecture to studying the collapsed limits of Ricci-flat metrics in
the precise setup of Theorem 1.3 (see [18]), although in this case the smooth
fibers are always tori. This approach was pioneered by Gross-Wilson [20],
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who solved this conjecture for certain elliptically fibered K3 surfaces (see
also the discussion after Theorem 1.3).

Going back to our discussion, our new results imply that the Ricci-flat
metrics w(t) converge in the C° norm to m*wp on compact sets away from
the singular fibers, improving earlier results of the first-named author [54]
who proved weak convergence as currents and in the C1® norm of potentials.
Also, the rescaled metrics along the fibers converge to Ricci-flat metrics. Fur-
thermore, we are able to show in Corollary 1.4 that any Gromov-Hausdorff
limit contains an open and dense subset which is a smooth Riemannian
manifold (this fact in itself is quite interesting and does not follow from the
general structure theory of Cheeger-Colding [7]). These new results solve
some questions in [55, 56].

1.2. Metric collapsing along K#hler-Ricci flow. Let (X, wq) be a com-
pact Kahler manifold with canonical bundle Kx semiample. By definition
this means that there exists ¢ > 1 such that the line bundle K _§( is glob-
ally generated. If we choose /¢ sufficiently large and divisible, the sections
in H(X, K ﬁ() give a holomorphic map to projective space, with image B
an irreducible normal projective variety of general type, and we obtain a
surjective holomorphic map 7 : X — B with connected fibers (see e.g. [27,
Theorem 2.1.27]). The dimension of B is the Kodaira dimension of X,
written x(X). We assume 0 < x(X) < dim X.

We let m = k(X) = dim B = k(B) and n+m = dim X. The generic fiber
X, = nYy) of m has K g(y holomorphically trivial, so it is a Calabi-Yau
manifold of dimension n.

We first consider a special case, where some technicalities disappear and
for which our results are stronger. Assume:

7w : X — B is a holomorphic submersion onto
(%) a compact Kéhler manifold B with ¢;(B) <0,
with fibers Calabi-Yau manifolds.

As we will see in Section 2, this assumption implies that the canonical bundle
of X is semiample. In this case, all the fibers X, = 771(y) are Calabi-Yau
manifolds of dimension n (there are no singular fibers). Song-Tian [40] (see
also [11]) showed that B admits a unique smooth twisted Kdhler-Einstein
metric wp solving

(1.3) RiC(wB) = —wp + wwp,

where wwp is the Weil-Petersson form on B (see Section 2.1 below). We
will often write wg for m*wp.

By Yau’s theorem [62], each of the fibers X, of 7 : X — B admits a
unique Ricci-flat Kahler metric cohomologous to wy| x,- Write wsrr,, for
this metric on X,. To explain this notation: later we will define a semi
Ricci-flat form wsrr on X which restricts to wsrry on X,.
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Our first result concerns the normalized Kéahler-Ricci flow

(1.4) gtw = —Ric(w) —w, w(0)=wy,

on X, starting at wg. We show that in this case we obtain exponentially fast
metric collapsing of (X, w(t)) to (B,wp) along the Kahler-Ricci flow.

Theorem 1.1. Let w = w(t) be the solution of the Kdhler-Ricci flow (1.4)
on X satisfying assumption (x). Then the following hold:

(i) Ast — oo, w converges exponentially fast to wp. Namely, there exist
positive constants C,n > 0 such that

(1.5) lw — wBlleo(xw) < Ce ™, for allt>0.

(ii) The rescaled metrics e'w|x, converge exponentially fast to wsrr,y on
each fiber X, uniformly in y. Namely, there exist positive constants
C,n > 0 such that

(1.6) lefw|x, — CUSRF,y”CO(XyMMXy) <Ce™, forallt>0, yc B.

Moreover, ‘if we fix v € (0,1) then for each y € B, e'w|x, converges
to wsrr,y in C*(Xy,wolx,)-

(iii) As t — oo, (X,w) converges in the Gromov-Hausdorff sense to
(B,wB).

Next, we consider the general case of (X,wp) with canonical bundle Kx
semiample and 0 < x(X) < dim X. As above, we have a surjective holo-
morphic map 7 : X — B with connected fibers (i.e. a fiber space), but now
B is only an irreducible normal projective variety of general type (possibly
singular). In addition, 7 may have critical values. If S C B denotes the
singular set of B together with the set of critical values of 7, and we define
S = 771(8'), then S’ is a proper analytic subvariety of B, S is a proper ana-
lytic subvariety of X, and 7 : X\S — B\S’ is a submersion between smooth
manifolds. Therefore all fibers X, = 7~ !(y) with y € B\S’ are smooth
n-folds (all diffeomorphic to each other) with torsion canonical bundle.

As shown in [40, Theorem 3.1], there is a smooth K&hler metric wp on
B\ S’ satisfying the twisted Kahler-Einstein equation

Ric(wp) = —wp +wwp, on B\S',

for wwp the (smooth) Weil-Petersson form on B\S’. For y € B\SY', let
wsRrF,y be the unique Ricci-flat Kéhler metric on the fiber X, cohomologous
to wolx, -

Our result is that, in this more general setting, we obtain metric collapsing
of the normalized Kéhler-Ricci flow w(t) to wp on compact subsets away
from the singular set S.

Theorem 1.2. Let w = w(t) be the solution of the Kdhler-Ricci flow (1.4)
on X. Then the following hold:
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(i) For each compact subset K C X\S,
(1.7) |w —wBllcokw) — 0, ast— oo

(ii) The rescaled metrics etw\Xy converge to WsRrr,y on each fiber X, uni-
formly in y for compact subsets of B\S’. Namely, for each compact
set K' ¢ B\S’
(1.8) su}() lefw|x, — CL)SRF7yH00(Xy’wO|Xy) — 0, ast— oc.
yeK!
Moreover, if we fix o € (0,1) then for each y € B\ S, e'w|x,
converges to wsrr,y, i C*(Xy,wolx,)-

An interesting, but still open, question is whether the convergence results
of Theorems 1.1 and 1.2 hold with the C° norms replaced by the C*° norms.
This was conjectured by Song-Tian [39] in the case of elliptic surfaces. More-
over, one expects the convergence to be always exponentially fast. Smooth
convergence has indeed been proved by Fong-Zhang [12] in the case when
the smooth fibers are tori, adapting the techniques of Gross-Tosatti-Zhang
[18] for Calabi-Yau metrics.

1.3. Collapsing of Ricci-flat metrics. Let X be a compact Kéhler (n +
m)-manifold with ¢1(X) = 0 in H*(X,R) (i.e. a Calabi-Yau manifold),
and let wy be a Ricci-flat Kéhler metric on X. Suppose that we have a
holomorphic map 7 : X — Z with connected fibers, where (Z,wz) is a
compact Kahler manifold, with image B = 7(X) C Z an irreducible normal
subvariety of Z of dimension m > 0. Then the induced surjective map
7 : X — B is a fiber space, and if S’ C B denotes the singular set of B
together with the set of critical values of 7, and S = 771(S’), then S’ is
a proper analytic subvariety of B, S is a proper analytic subvariety of X,
and 7 : X\S — B\S’ is a submersion between smooth manifolds. This is
the same setup as in [54, 18, 19, 22]. The manifold Z here plays only an
auxiliary role, and in practice there are two natural choices for Z, namely
Z = B if B is smooth, or Z = CP" if B is a projective variety (like in the
setup of the Kéhler-Ricci flow).

The fibers X, = 7! (y) with y € B\\S’ are smooth Calabi-Yau n-folds (all
diffeomorphic to each other). As in the previous section, we write wsrr y
for the unique Ricci-flat Kéhler metric on X, cohomologous to wx|x,, for
y € B\S'.

Write x = m*wgz, which is a smooth nonnegative (1,1) form on X. Then
the cohomology class

o = [x] +e fwyx], 0<t< oo,
is Kahler. By Yau’s Theorem [62] there exists a unique Ricci-flat Kéhler
metric w = w(t) € oy on X. On the other hand, the class [x] is not Kéhler
and hence the family of metrics w(¢) must degenerate as t — oo.

Note that in [54, 18, 19, 22] the class oy was replaced by [x] + tjwx],0 <
t < 1. This is of course only a cosmetic difference, which we have made to
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highlight the similarity between this setup and the one considered above for
the Kahler-Ricci flow.

There is a Kéhler metric wg = x + v/—109v on B\S’, for v a unique
solution of a certain complex Monge-Ampere equation (see (4.1)) such that

Ric(wp) = wwp on B\Y,

where wwp is the Weil-Petersson form.

We prove that the Ricci-flat metrics w € a; collapse as t — oco. Note
that the limiting behavior of these metrics is similar to solutions of the
Kahler-Ricci flow in Theorem 1.2 above.

Theorem 1.3. Let w = w(t) € ay be Ricci-flat Kéhler metrics on X as
described above. Then the following hold:

(i) For each compact set K C X\S,
(1.9) |w —wBllco(kw) — 0, ast— oo.

(ii) The rescaled metrics etw\Xy converge to WsRrr,y on each fiber X, uni-
formly in y for compact subsets of B\S". Namely, for each compact
set K' C B\Y,
(1.10) sup le‘wlx, — wsrrylloo(x,wolx,) — 0:  ast— oo.
yeK’
Furthermore, if we fir a € (0,1) then for each y € B\S', e'w|x,
converges to wsrr,y i C*(Xy,wolx,).

The statement that e'w|x, — wsrry (which can be improved to the
smooth topology [60]) solves [55, Question 4.1] and [56, Question 3]. As in
the case of the Kéhler-Ricci flow, it remains an interesting open question
(cf. [55, Question 4.2], [56, Question 4]) whether the collapsing in (1.9) is
in the smooth topology.

Theorem 1.3 was first proved by Gross-Wilson [20] in the case when X is
a K3 surface, B is CP! and the only singular fibers of 7 are of type I1. In
fact they also proved that the collapsing in (1.9) is in the smooth topology.
Their proof is of a completely different flavor, constructing explicit almost
Ricci-flat metrics on X by gluing wp + e fwsrr away from S with a suitable
model metric near the singularities, and then perturbing this to the honest
Ricci-flat metrics w(t) (for ¢ large). In higher dimensions when there are no
singular fibers (S = )) a similar perturbation result was obtained by Fine
[11]. However it seems hopeless to pursue this strategy in higher dimensions
when there are singular fibers, since in general there is no good local model
metric near the singularities. Note that such fibrations with S = () are very
special, thanks to the results in [59].

In [39, Theorem 7.1] Song-Tian took a different approach, and by prov-
ing a priori estimates for the Ricci-flat metrics w(t) they showed that they
collapse to wp in the C1® topology of Kihler potentials (0 < a < 1), in the
case when X is K3 and B is CP!. This was generalized to all dimensions
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by the first-named author in [54], who also proved that the fibers shrink in
the C! topology of metrics.

When X is projective and the smooth fibers X, are tori, Theorem 1.3
was proved by Gross-Tosatti-Zhang in [18], together with the improvement
of (1.9) to the smooth topology. The projectivity assumption was recently
removed in [22]. In this case (and only in this case) the Ricci-flat metrics also
have locally uniformly bounded sectional curvature on X\S. The assump-
tion that the smooth fibers are tori is used crucially to derive higher-order
estimates for the pullback of w to the universal cover of 7=!(U), which is
biholomorphic to U x C", where U is a small ball in B\S’. It is unclear how
to obtain similar estimates in our general setup.

In the setup of Theorem 1.3 we can also derive some consequences about
Gromov-Hausdorff limits of the Calabi-Yau metrics w(t). In fact, given the
uniform convergence proved in (1.9), we can directly apply existing argu-
ments in the literature. For example, using the arguments in [18, Theorem
1.2] we obtain the following corollary.

Corollary 1.4. Assume the same setup as above, and let (X~,d) be a
metric space which is the Gromov-Hausdor(f limit of (X,w(t;)) for some se-
quence t; — 0o. Then there is an open dense subset Xog C Xoo and a home-
omorphism ¢ : B\S" — X which is a local isometry between (B\S’,wp)
and (Xo,dso). In particular, (X, dso) has an open dense subset which is a
smooth Riemannian manifold.

Similarly, the arguments in [19, Theorem 1.1] give:

Corollary 1.5. Assume furthermore that X is projective and B is a smooth
Riemann surface. Then (X,w(t)) have a Gromov-Hausdorff limit (X, dso)
as t — oo, which is isometric to the metric completion of (B\S’,wp) and
Xoo s homeomorphic to B. Lastly, Xoo\Xo is a finite number of points.

This answers questions in [19, 55, 56], in this setup.

1.4. Remarks on the proofs. We end the introduction by describing
briefly some key elements in the proofs. For simplicity of the discussion,
suppose that X is a product X = E x B with wg a Ricci-flat metric on F
and wp a Kahler-Einstein metric on B, and assume that wq is cohomologous
to the product metric. Write @ = wp + e ‘wpg. It is already known [12] that
w and @ are uniformly equivalent. Our goal is to show that [|w — @[/co(x wy)
converges to zero. We first show that (cf. Lemma 2.2.(iv))

wn—i—m

(Dn—i—m

(1.11) —1, ast— oo,

exponentially fast. In fact this statement is easily derived from existing
arguments in the literature [39, 40, 45, 41, 58].
The next step is the estimate (Lemma 2.8)

(1.12) trowp —m < Ce ™,
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for uniform positive constants C' and 7. This uses a maximum principle
argument similar to that in the authors’ recent work [58, Proposition 7.3]
on the Chern-Ricci flow [14, 57]. Indeed, [58] established in particular expo-
nential convergence of solutions to the Kahler-Ricci flow on elliptic surfaces
and, as we show here, these ideas can be applied here for the case of more
general Calabi-Yau fibers.

Finally, we have a Calabi-type estimate in the fibers X, for y € B (Lemma
2.9) which gives

(1.13) lefwlx, ety wolx,) < C-

Then the exponential convergence of w to wp, and the other results of
Theorem 1.1 are almost a formal consequence of the three estimates (1.11),
(1.12), (1.13). When X is a holomorphic submersion rather than a product,
the analogous estimates still hold.

When 7 : X — B has singular fibers then there are a number of technical
complications and in particular we are not able to obtain exponential con-
vergence (see Lemma 3.1.(iv)). For the case of collapsing Ricci-flat Kéhler
metrics, there are even more difficulties. A parabolic maximum principle
argument has to be replaced by a global argument using the Green’s func-
tion and the diameter bound of [53, 64] (see Lemma 4.4). Nevertheless, the
basic outlines of the proofs remain the same.

This paper is organized as follows. In Section 2 we study the collapsing of
the Kéahler-Ricci flow on holomorphic submersions, and prove Theorem 1.1.
In Section 3 we deal with the case with singular fibers and prove Theorem
1.2. The collapsing of Ricci-flat metrics on Calabi-Yau manifolds is discussed
in Section 4 where we give the proof of Theorem 1.3.

2. THE KAHLER-RICCI FLOW ON A HOLOMORPHIC SUBMERSION

In this section, we give a proof of Theorem 1.1. We assume that X satisfies
assumption (x) from the introduction.

2.1. Holomorphic submersions. We begin with some preliminary facts
about submersions 7 : X — B satisfying (x) as in the introduction. The
content of this section is essentially well-known (see e.g. [39, 40, 54, 12]).
We include this brief account for the sake of completeness.

Let (X" wg) be a compact Kihler manifold which admits a submer-
sion m : X — B onto a compact Kéhler manifold B™ with ¢;(B) < 0,
and connected fibers X, = 7~ !(y) which are all Calabi-Yau n-manifolds.
Thanks to Yau’s theorem [62], there is a smooth function p, on X, such
that wo x, + \/—7185@ = WsRF,y is the unique Ricci-flat Kahler metric on
X, cohomologous to wo|x,. If we normalize by | X, pywilx, = 0, then p,
varies smoothly in y and defines a smooth function p on X and we let

WSRF = wWo + V —165p.
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This is called a semi Ricci-flat form, because it restricts to a Ricci-flat Kéhler
metric on each fiber X,. It was first introduced by Greene-Shapere-Vafa-
Yau [16] in the context of elliptically fibered K3 surfaces (in which case
it is a semiflat form). Note that while wggr need not be positive definite,
nevertheless for any Kahler metric x on B we have that wgpp A 7*x™ is a
strictly positive volume form on X. Now recall that the relative pluricanon-
ical bundle of 7 is Kﬁ(/B = K% ® (7*K%)*, where { is any positive integer.
Thanks to the projection formula, we have

T (Kx) = (m(Ky)p) ® Kp.
and when restricted to any fiber X,, K §( / slx, &K &y. The fact that X, is

Calabi-Yau implies that there is a positive integer £ such that K g(y is trivial,
for all y € B, and from now on we fix such a value of /. Then Grauert’s
theorem on direct images [3, Theorem 1.8.5] shows that

L= W*(Kgf/B)v

is a line bundle on B . Since all the fibers of m have trivial K g(y, it follows
that K = 71, (KY%) (see [3, Theorem V.12.1]). We conclude that

(2.1) K% =m(K5®L).
The line bundle L = 7, (K% / p) is Hermitian semipositive, and the Weil-

Petersson form wwp on B is a semipositive representative of %cl(L). This is
defined as follows. Choose any local nonvanishing holomorphic section ¥,
of m.(K g( / p), i.e. a family ¥, of nonvanishing holomorphic /-pluricanonical
forms on X,, which vary holomorphically in y. The forms ¥, are defined
on the whole fiber X, but only for y in a small ball in B. Then the Weil-
Petersson (1,1)-form on this ball

WWP = —Mjlﬁygy log <(\/j1)n2/ (\I/y /\\IIy)}> ,
Xy
is actually globally defined on B (this is because the fibers have trivial /-
pluricanonical bundle, so different choices of ¥, differ by multiplication by
a local holomorphic function in y, and so wwp is globally defined) and is
semipositive definite (this was originally proved by Griffiths [17], and is a
by now standard calculation in Hodge theory). One can view wywp as the
pullback of the Weil-Petersson metric from the moduli space of polarized
Calabi-Yau fibers of 7, thanks to [13, 49, 52]. From this construction, we
see that fwwp is the curvature form of a singular L? metric on m, (K% / B), SO

[wwp] = Fc1(L). Notice that here and henceforth, we omit the usual factor
of 27 in the definition of the first Chern class.

From (2.1) we see that K% is the pullback of an ample line bundle, hence
Kx is semiample. It follows also that

(2.2) c1(X) =7"c1(B) — [m wwp].



12 V. TOSATTI, B. WEINKOVE, AND X. YANG

In our setup the class —c; (B) is Kéhler, and therefore so is the class —c; (B)+
[wwp]. Fix a Kahler metric y in this class. From (2.2) we see that —7*y is
cohomologous to ¢1(X), and so there exists a unique smooth positive volume
form €7 on X with

\4 —1(9510g(Q1) =X /XQl = (n+ m> /Xwg /\Xm7

n

where from now on we abbreviate 7*x by x.
We now show the existence of a unique twisted Kéhler-Einstein metric on
B.

Theorem 2.1. There is a unique Kdahler metric wp on B which satisfies
(2.3) Ric(wp) = —wp + wwp.

Proof. The proof is identical to [39, Theorem 3.1] or [40, Theorem 3.1], [54,
Section 4], so we will just briefly indicate the main points. First, set

0
(")l A X

which is a positive function on X. The argument on [54, p.445] shows that
for every y € B the restriction F'|x, is constant, and so F' is the pullback of
a function on B. Now solve the complex Monge-Ampere equation on B

(2.4) (x +V—100v)™ = Fe'x™,

where wp = x + v/—190v is a Kéhler metric on B. This equation can be
solved thanks to work of Aubin [1] and Yau [62]. We claim that wp satisfies
(2.3) (the converse implication, that every solution of (2.3) must also satisfy
(2.4), and therefore must equal wp, is a simple exercise). Indeed,

Ric(wp) = Ric(x) — vV—100v — v/—1901og F,
so it is enough to prove that
(2.5) —v/=190log F = —x — Ric(x) + wwp-

This can be proved by the same calculation as in [54, Proposition 4.1]. O

F:

Now that we have our twisted Kéahler-Einstein metric wp on B, we can
use (2.2) again to see that —m*wp is cohomologous to ¢;(X). Define now a
smooth positive volume form

(2.6) Q= <n * m) WSRp A WE.
n
on X. A simple calculation as in [54, Proposition 4.1] shows that

V—1901og()) = wp,

where from now on we abbreviate 7*wg by wp.
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2.2. Preliminary estimates for the Kahler-Ricci flow. Let now w =
w(t) be a solution of the Kéhler-Ricci flow

(2.7) gtw = —Ric(w) —w, w(0)=wp.

We know that a solution exists for all time [51], because Kx is semiample
(see Section 2.1). Define reference forms @ = @(t) by

v = e twsrp + (1-— eft)wB,

for wgrr and wp as above.

There exists a uniform constant 77 > 0 such that for ¢t > 17 we have
that @ is Kéhler. Then the Kéhler-Ricci flow is equivalent to the parabolic
complex Monge-Ampere equation

(2.8)
nt (-~ /_1 I, A\ +m -
%ﬂ = log sl Chx ) 99¢) —¢, ©0)=—p, @+ V—190p >0,

where p and 2 are defined as above. Indeed, if ¢ solves (2.8) then w =
@ + /—190¢ solves (2.7). Conversely, if w solves (2.7) then we can write
w =@+ v/—100p with ¢ solving (2.8).

We have the following preliminary estimates for the Kéahler-Ricci flow,
most of which are already known by the results in [39, 45, 12, 15].

Lemma 2.2. Let w = w(t) solve the Kdhler-Ricci flow as above, and write
© = @(t) for the solution of (2.8). Then there exists a uniform constant
C > 0 such that the following hold.

(i) C < Cw, on X x [T1,00), and wp < Cw on X x [0,00).

(ii) \gp] < C( t)e i on X x [0,00).

(iii) The scalar curvature R of w satisfies |R| < C on X x [0, 00).

(iv) For any 0 < € < 1/2 there exists C- such that |¢| < C.e™ " and
lo+ @] < Ce™ on X x [0, 00).

Proof. For (i), the estimate wp < Cw follows from the Schwarz Lemma
argument of Song-Tian [39, 63]. The bound C~1& < w < C& was proved by
Fong-Zhang [12, Theorem 1.1] (see also [39] for the case of elliptic surfaces).

Part (ii) follows from exactly the same argument as in [15, Lemma 4.1],
which is a generalization of [45, Lemma 6.7] (see also [58, Lemma 3.4], [12
Theorem 4.1]). Indeed, we claim that for t > T7,

entwn+m

(2.9) 5

e’ log

<c
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To see the claim, we have, using (2.6),

enta)n+m

Q
()L — e A -+ e

n
(nJrer) WSrp N WE

e’ log

=c'log

= ¢'log(1+0(e™)),

which is bounded.
Define now Q = e'p+ At, for A a large positive constant to be determined.
Then

(2.10) 0Q _ 1o (em(w n ¢?133¢)n+m) »

ot Q
We wish to bound @ from below. Suppose that (zg,tp) is a point with
to > T at which @) achieves a minimum. At this point we have
aQ . 6nta}n+m
0> —>e¢€log——
a =% q
for a uniform C’, thanks to (2.9). Choosing A > C’ gives contradiction.
Hence @ is bounded from below and it follows that ¢ > —C(1 +t)e~t for a
uniform C. The upper bound for ¢ is similar.

Part (iii) is due to Song-Tian [42], who proved a uniform scalar curvature
bound along the Kéhler-Ricci flow whenever the canonical bundle of X is
semiample.

Part (iv) follows from the argument of [58, Lemma 6.4] (see also [45,
Lemma 6.8]). We include the argument for the sake of completeness. First
note that ¢ satisfies

+A>-C + A,

gtgo =—-R—-—m—o.
Then the bound on scalar curvature (iii) implies that ¢ is bounded (in fact
the bound on ¢ is proved first in [42] in order to bound scalar curvature).
Hence we have a bound ]%M < Cp. Now fix ¢ € (0,1/2) and suppose for
a contradiction that the estimate ¢ < C.e™°! fails. Then there exists a
sequence (zg,tg) € X x [0,00) with tx — oo and H(xy, ty) > ke . Define

e = ﬁeff?tk, Working at the point zy, it follows that ¢ > gefstk on
[tk, tk + Vk]. Then using the bound (ii),
L7k k 2
C(14t)e ™ > / Sdt > y—e S = o 26t
( k) " ¥ ’Yk2 1Cy

Since 2¢ < 1 we obtain a contradiction as k — oo. The lower bound ¢ >
—C.e~¢ is similar. The bound on |¢+ ¢| follows from this and part (ii). O

The following lemma is easily derived from Song-Tian [39].
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Lemma 2.3. We have

0
(2.11) (5 -2) o+ ) = trusom = m.
and
(2.12) <5(?t - A) trowp < trywp + C(trww3)2 < C.

Proof. The evolution equation (2.11) follows from the two well-known cal-
culations:

0 , -
<at—A>g0—g0—(n+m)+trww

and

0
— —A | p=tr —w)+n—¢e.
(t )go try(wp — @) +n—¢

The first inequality of (2.12) is the Schwarz Lemma computation from [39,
Theorem 4.3]. The second inequality of (2.12) follows from part (i) of Lemma
2.2. (]

2.3. Two elementary lemmas. In this section, we state and prove two
elementary lemmas which we will need later in our proofs of the collapsing
estimates. The first is as follows:

Lemma 2.4. Consider a smooth function f : X x[0,00) — R which satisfies
the following conditions:

(a) There is a constant A such that for ally € B and all t >0
V1, o, < A
(b) For ally € B and all t = 0 we have

/ f(xv t)ngF,y = 0.
zeXy

(¢) There exists a function h : [0,00) — [0,00) such that h(t) — 0 as
t — oo such that

sup f(z,t) < h(t),
zeX

for allt > 0.
Then there is a constant C such that

sup | f(z,t)| < C(h(t)Y/ D)
zeX

for all t sufficiently large.
Proof. Arguing by contradiction, suppose that there exist ¢, — co and xj, €
X with

sup | (1) = 11 (o, t4)] > k(h(e4) V"),
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for all k. We may also assume that ¢ is sufficiently large so that the quantity
E(h(tg)) D) s less than or equal to 1 for all k. Let y, = m(x), so
xj, € Xy,. Thanks to assumption (c), for all k large, we must have

(2.13) f@p,tr) < —k(h(t)) /Y.

This together with assumption (a) implies that for all = in the wy-geodesic
ball B,(x)) in X,, centered at x) and of radius
B k(h(tk))l/(2n+1) _ 1
B 2A 247

we have 1/(ent1)
k(h(t n

Therefore, using assumptions (b) and (c),

N k h(tk )1/(2n+1) .

0= / f (2, th)WSRp y, < — )2 / WERF 4, + Ch(tk)-
TEXy, By (zyg)

Now the metrics wsrr,y, are all uniformly equivalent to each other, and in
particular,

N

[ eltue, = O b P,
By (zg)

using that k(h(t))Y 2"+ < 1 and that small balls for wsgr ,, have volume
comparable to Fuclidean balls. Thus we get

K2 < o
which gives a contradiction when k is large. O

Remark 2.5. Note that Lemma 2.4 also holds with the same proof if X is
replaced by K = 7 1(K’) for K’ a compact subset of B. Hence the result
holds for our more general holomorphic fiber spaces 7 : X — B as discussed
in the introduction, if we restrict to 7—!(K’) for a compact set K’ C B\S'.

The second lemma is an elementary observation from linear algebra.

Lemma 2.6. Let A be an N X N positive definite symmetric matriz. Assume
that there exists € € (0,1) with

trAS N+e, detA>1-—c.
Then there exists a constant Cn depending only on N such that
1A= I]| < Oz,
where || - || is the Hilbert-Schmidt norm, and I is the N x N identity matriz.

Proof. We may assume that N > 2. Let Aq,..., Ay be the eigenvalues of A.
Define the (normalized) elementary symmetric polynomials Sy by

N —1
Sk:<k> > Xy, fork=1,... N

1< < <ip <N
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By assumption, S; < 1+ N~ !¢ and Sy > 1 —¢. The Maclaurin inequalities

S > /Sy = 5N,

imply that |S1 — 1| + |S2 — 1| < Ce for C depending only on N. Compute

N
JA-T? = (A —1)> = N?S} —2NS; = N(N - 1)S, + N < C',
=1
for ¢’ depending only on N, and the result follows. O

2.4. A local Calabi estimate for collapsing metrics. Later we will
need a local Calabi estimate for solutions of the K&hler-Ricci flow which
are collapsing exponentially in specified directions. The Calabi estimate for
the elliptic complex Monge-Ampeére equation, giving third order estimates
for the potential function depending on the second order estimates, first
appeared in the paper of Yau [62], and was used in the parabolic case by
Cao [6]. In the following we use a formulation due to Phong-Sesum-Sturm
[29], together with a cut-off function argument similar to that used in [34].

Proposition 2.7. Let B1(0) be the unit polydisc in C*™™ and let w(n+m) =

S/ =1dzR A dZ* be the Buclidean metric. Write CP™ = C™ GB(C” and
(m) ~t, (n) (m) (n)

define wgy = wp ~ + e ‘wy’, for wp ' and wy’ Buclidean metrics on the

two factors C™ (md (G respectively. Assume that w = w(t) is a solution of

the Kdahler-Ricci flow
0
8—0: = —Ric(w) —w, w(0) = wy,

on B1(0) x [0,00) which satisfies
(2.14) A wpy Sw < Awpy,

for some positive constant A. Then there is a constant C' that depends only
on n,m, A and wo such that for allt >0 on By/5(0) we have

(2.15) S = \VEg]?] < Cé,

where g is the metric associated to w and V¥ is the covariant derivative of
(n+m)

Wy .

Proof. In the following C' will denote a generic constant that depends only

on n,m, A and wqy. For simplicity of notation, we write simply wg = wj(g ntm),

Following Yau [62], define
= VP2 = g g™ g1V E g 2V g

If TZ’; denotes the difference of the Christoffel symbols of w and wg, then T is
a tensor and it is easy to see that S = |T|§. Since wg; is also a flat metric,
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the quantity S is the same if we use its connection V¥*. The parabolic
Calabi computation gives (cfr. [29])

(;5 — A) S<S—|VT)? - |VT)?,

where here and in the rest of the proof we suppress the subscript g from the
norms.

Take 1 a nonnegative smooth cutoff function supported in B;1(0) with
¥ =1 on By/5(0) and with

v —10v¢ /\51/1 < Cwg, —Cuwg < \/—185(¢2) < Cwg.
From (2.14) it then follows that
IVy]? < Cef,  A@?) > ~Ce.

We can then compute

0 2 2 0 t 2
<8t—A> ¥2S) < ¥ <&—A>S+ose +2/(VY?, VS)|

< P28 — (VT2 + VT %) + CSel + 2|(Vy?, VS)|.
On the other hand, using the Young inequality
2[(V4?, VS)| = 49|(V, VITI)| < 49|Vl - [V|TP|
< PAVT? + [VT?) + CS|Vi|?
< PH(|VT)? + |VT?) + CSel,

and so 5
— 2 < t
(at A) (v°S) < CSe’,
0 ¢ 2
<8t A) (e7*=S) < CS

On the other hand, the second order estimate of Cao [6] (the parabolic
version of the estimate of [62, 1]) gives

5 .
(E)t = A) 0 = = trop @+ '0, g, (95 )i 95

— 95,97 9"V 95V E gpg
< - AilS7
using (2.14). It follows that if we take Cj large enough, then we have
0
<8t — A> (e7"*S + Cotryy, w) < 0.
It follows that the maximum of e *¢?S + Cytr,,, ,w on Bi(0) x [0,T] (for

any finite 7') can only occur at ¢ = 0 or on the boundary of B;(0), where
¢ = 0. Since by (2.14) we have tr,, ,w < (n + m)A, we conclude that
SUDR, ,,(0) S < Cet, as required. O
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2.5. Collapsing estimates for the Kahler-Ricci flow. In this section,
we give the proof of Theorem 1.1, which establishes the metric collapsing
for the Kahler-Ricci flow in the case of a holomorphic submersion. We will
make use of the lemmas and observations above.

We begin with a simple but crucial lemma, which is a generalization of
[58, Proposition 7.3]. We will need it later.

Lemma 2.8. For any n € (0,1/4), there is a constant C such that
trowg —m < Ce ™.

Proof. Let
Q = " (trywp —m) — M (p + ).
Then from Lemma 2.3,

ot
From Lemma 2.2, we have tr,wp < C and [e?™(p + ¢)| < C. Then

(8 - A) Q < ne™(trywp —m) + Ce — 2ne* ™ (p + @) — 2 (tr wp — m).

<6 - A) Q < Ce™ — M (tr wp — m),

ot
and so at a maximum point of @ we have an upper bound for e (tr wp —m)
and hence for ). The result follows. ([l

We will now establish part (ii) of Theorem 1.1. We have the following
estimate in the fibers X, of .

Lemma 2.9. There is a constant C > 0 such that for all t > 0 and all
y € B,
le‘wlx, et (xywolx,) SO e'wlx, = O lwolx,.

Proof. Fix a point y € B and a point x € X,. Since 7 : X — B is a
holomorphic submersion, we can find a U C X a local holomorphic product
coordinate chart for 7 centered at x, which equals the unit polydisc in C*™™
(see e.g. [23, p.60]). Thanks to part (i) of Lemma 2.2, we see that the
hypotheses of Proposition 2.7 are satisfied, and so we conclude that on the
half-sized polydisc we have

IVEw|?2 < Cé,
where V¥ is the covariant derivative of the Euclidean metric wg on U.
We may assume that wg is uniformly equivalent to wg on U. Again using

Lemma 2.2.(i), we see that on U the metric w|y, is uniformly equivalent to
e 'wg|x,, and so on U we have (cf. [54, Section 3] or [45, Lemma 3.6.9])

IVE(ewlx, )2, = eIV (Wlx, ) 2=ty

< Ce 'V (w|x,)2 < Ce™ ' VFEw|Z < C.

Furthermore, all these estimates are uniform in y € B. The uniform C*
bound as well as the uniform lower bound for e‘w|x, follows at once. (]
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Thanks to Lemma 2.9, for any fixed y € B and 0 < a < 1, given any
sequence t; — 0o we can extract a subsequence such that
t
et w|x, — Woo,y;

in C“ on X, where wey is a C* Kahler metric on X, cohomologous to
wo |Xy .
We can now prove the last statement in Theorem 1.1.(ii).

Lemma 2.10. Given any y € B, as t — oo we have that
e'w|x, = WsRE,y

in C* on Xy, for any 0 < o < 1.

Proof. Write

e WIx,)" n_ ot WAWE

WsRF,y)" = "' ———"—(wsRrF,y)"
(WSRF,y)n( 2 WSRE N w]”g( 2

n+m\w' Ay
—_ ent( > B (WSRF,y)n

t
(¢'wlx,)"

n Q
_ Pt <”+m> W AW

P ) s )

Consider the function on X, depending on ¢, defined by
f= e¢+¢<n+m>w"/\wg

n wntm )

which when restricted to the fiber X, equals

(e'w|x,)"
(wsrFy)™

(2.16) flx, =
We have that

e [ Flesney)" = J @) = [ )= [ st

Yy Yy
so that f — 1 satisfies condition (b) of Lemma 2.4. From Lemma 2.2.(iv),
for t large we have that

(2.18) PP — 1] < Ce™™,

as long as n < 1/2. On the other hand, if at a point on X, we choose
coordinates so that w is the identity and wp is diagonal with eigenvalues
Al, ..., Am, then at that point

(2.19) <” + m) “w WIAE H A Z A Jm)™ = (trowp/m)™.

n
By Lemma 2.8, supy trowp/m < 1+ Ce™", for n < 1/4. Then (2.18) and
(2.19) imply that supy f < 1+Ce ", for some > 0. This shows that f—1

satisfies condition (c) of Lemma 2.4. Lastly, f — 1 also satisfies condition
(a) because of (2.16) and the estimates in Lemma 2.9. Therefore Lemma
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2.4 shows that f converges to 1 uniformly on X and exponentially fast as
t — oo, i.e.

(2.20) I(e"wlx,)" — wirp yllco(x, wolx,) < Ce™™,

for some n > 0, for all y € B.
If we choose a sequence t;, — oo such that etkw\Xy — Woo,y, in C% on Xy,
then the C“ metric ws y on X, satisfies

wgo,y = WSRF,y'
Standard bootstrap estimates give that ws 4 is a smooth Kéhler metric, and
the uniqueness of the solution of this equation (originally due to Calabi)
implies that wsy = wsrF,y.- From this it follows that etw] X, —> WSRFy in
C*%, as required. O

Note that in the previous lemma, since we only have derivative bounds on
w in the fiber directions, we are not able to conclude that the C'* convergence
is uniform in y € B. However, we can now establish uniformity of the
fiberwise convergence in the C° norm and complete the proof of Theorem
1.1.(ii). Namely, we will prove the estimate (1.6):

Hetw\xy — (A)SRF7yHCO(Xy7w0|Xy) < Ce™ ™, forally € B.

Proof of (1.6). Consider the function

(etw|Xy) A wggﬁy
f ‘Xy = n :
w
SRF,y
While this is defined on X, it is clearly smooth in 3 and so defines a smooth
function f on X, which equals
(elw) A wg};}% A wg _ <n + m> (elw) A wggé AWy

f= Q

—t 1
e n+m\wA (e 'wsrp)" " AwWR
n wn+m :

n m
WoRR AN wp n

We wish to show that f converges to 1 uniformly on X and exponentially
fast. By the arithmetic-geometric means inequality we have

(flx,)" =

(e'wlx,)"
wélRF,y 7

and the right hand side converges uniformly to 1 and exponentially fast by

(2.20). Therefore 1 — f satisfies condition (c¢) in Lemma 2.4. Condition

(b) is trivial, and condition (a) holds thanks to Lemma 2.9. Therefore we

conclude that

-1 _
(221) ”(etw’Xy) N ngF,y - ngF,yHCO(Xy,wMXy) < Ce nt,

for some C,n >0 and all y € B.
Choosing local fiber coordinates at a point x € X, so that wsrr, is the
identity and e'w| X, 18 given by the positive definite n x n matrix A we see
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that (2.20) and (2.21) give |det A — 1| < Ce™ and [trA — n| < Ce™™
respectively. Applying Lemma 2.6 we obtain ||A — I|| < Ce ™/2. This
implies the estimate (1.6). O

We now turn to the proof of part (i) of Theorem 1.1.
Proof of Theorem 1.1.(i). Fix a point x € X with y = 7(z) € B. We have

(2.22) tryw = try,wp —|—trw(6_thRF,y) +e H(—trywp +try (WsRF — WSRF,y))-

From Lemma 2.2, trywp is uniformly bounded. We claim that

(2.23) |tro, (wsrF — wsrE,y)| < Ce'.

Indeed, since 7 is a submersion there are coordinates z',..., 2" %" near z
and z',..., 2™ near 7(z) so that 7 is given by the map (z!,...,2"*") s
(z%,...,2™) (see e.g. [23, p.60]). In particular, z™T1 .. . 2™%™ restrict to

local coordinates along the fibers of . Then we can write at x,

m m+n
WSRF — WSRF,y = 2Re | v—1 Z Z \I/ajdza A dZ s
a=1 j=1

for ¥ aj € C. We can do this because the form wsrr — wsrr,, vanishes when
restricted to the fiber X,. Then

m m4n

|tre, (wsrF — wsrFy)| = 2 [Re Z Z gaj\IlOJ < Cetl?,
a=1 j=1

since by the Cauchy-Schwarz inequality and the estimate Lemma 2.2.(i),

we have [g%| < Ce'’? whenever 1 < a < m. Moreover, by compactness,
we may assume that the constant C' is independent of the point x and the
choice of coordinates. Thus the claim (2.23) is proved.

Hence

(2.24) le ! (—trowp + try, (WsRF — WSRF,y))| < Ce /2,
On the other hand, the estimate (1.6) implies that

(2.25) trw<€7tWSRF7y) = tr(etw‘xy)wSRF,y <n+Ce M.
From (2.22), (2.24), (2.25) and Lemma 2.8, we have

(2.26) tr,@ <n+m+ Ce ™,

for some n > 0. Moreover, the constants C' and 7n are independent of the
choice of x € X. On the other hand, for ¢t > 77,

~n+ —nt
w”m> n+m\ e "wigp AWy
(227) wnhtm 7 whtm

—e ¥ P _Celz1-Cle ™,

—Cet

n
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for some 1 > 0. Here we used Lemma 2.2.(iv) and the fact that for &k > 1
the term
e g
wn—i—m

)

is of the order of e,
From (2.26) and (2.27) we can apply Lemma 2.6 (choose coordinates so
that w is the identity and @ is given by a matrix A) to obtain

HUJ - (:)HCO(X,UJ) < Ce_ntv
for a uniform C,7n > 0. Since w < Cwy, we have
lw = @l co(xwe) < Ce™™,

and since @ = wp +e ! (wsrr —wp) We obtain the estimate (1.5) as required.
O

Finally, part (iii) of Theorem 1.1 follows from part (i) and the definition
of Gromov-Hausdorff convergence, for example using [58, Lemma 9.1] (note
that our submersion 7 : X — B is a smooth fiber bundle).

3. THE KAHLER-RICCI FLOW IN THE CASE OF SINGULAR FIBERS

In this section we give the proof of Theorem 1.2.

3.1. Preliminaries: the case of singular fibers. Let us first recall the
general setup of Song-Tian [39, 40, 42] where our results will apply. Let
(X™*" wp) be a compact Kahler manifold with canonical bundle K x semi-
ample and 0 < m := k(X) < dim X.

The map 7 : X — B is a surjective holomorphic map given by sections
of HY(X, K%) where B™ is a normal projective variety of general type and
the generic fiber X, = 77 !(y) of 7 has K gfy holomorphically trivial (so it is
in particular a Calabi-Yau manifold of dimension n). Recall that we denote
by S’ C B the singular set of B together with the set of critical values of T,
and we define S = 7—1(9’) C X.

Since the map 7 : X — B C PHY(X, K%) is induced by the space of
global sections of Kg(, we have that 7*O(1) = Kg( Therefore, if we let x be
%wFs on PHY(X, Kg(), we have that 7"y (later, denoted by x) is a smooth
semipositive representative of —c;(X). Here, wps denotes the Fubini-Study
metric. We will also denote by x the restriction of y to B\S’.

As in the submersion case, we can define the semi Ricci-flat form wsgrp
on X\S, so that wsrr,y = wsrr|x, is the unique Ricci-flat Kahler metric on
X, cohomologous to wy|x,, for all y € B\S’. Let €1 be the volume form on
X with

V—1001log Oy = ¥, / Q= (n —|—m> / wy AX™.
b's b's

n
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Define a function F' on X\S by

F=

0
(") wire AX™
As in the proof of Theorem 2.1, one sees easily that F' is constant along the
fibers X, y € B\, so it descends to a smooth function F' on B\S’. Then
[40, Section 3] shows that the Monge-Ampere equation

(3.1) (x + V—=100v)™ = Fe’x™,

has a unique solution v (in the sense of Bedford-Taylor [4]) which is a
bounded y-plurisubharmonic function on B, smooth on B\S’. The L
bound for v uses the pluripotential estimates of Kolodziej [24] (see also the
survey [30]). We define

wp =X +V—190w,

which is a smooth Kéahler metric on B\S’, and satisfies the twisted Kéhler-
Einstein equation

RiC(wB) = —WwWB + Wwwp,

where wwp is the smooth semipositive Weil-Petersson form on B\S’ con-
structed in Section 2.1. We also define

Q= (n + m)ngF ANwg = Q1€e”,
n

which is thus a bounded strictly positive volume form on X, smooth on
X\S. As in the proof of Theorem 2.1, we can see that

V—1001og Q = wp,

holds on X\S.
Let then w = w(t) be a solution of the Kahler-Ricci flow
a Ri _
prihal ic(w) —w, w(0) = wy,
which exists for all time. We gather together some facts about the Kahler-
Ricci flow in this case which are already known, or which follow easily from
the existing literature.

We begin by writing the flow as a parabolic complex Monge-Ampere equa-
tion. Since {2 is not smooth everywhere, it is more convenient to use the
smooth volume form €2;. Similarly, since the limiting metric wp is not
smooth everywhere, we replace it by x which is smooth on the whole of X.

We therefore define the reference metrics

O =etwy+ (1 —e Ny,

which are Kéhler for all ¢ > 0, and for all ¢t > 0 we can write w = @ +
vV—100¢, and ¢(0) = 0. Then the Kéhler-Ricci flow is equivalent to the
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parabolic complex Monge-Ampere equation
(3.2) B
ent(w + /_18380)n+m

o) _
—p =log —¢, ©(0)=0, @w+vV—190¢ > 0.
ot 0

It is convenient to introduce, following [54, Section 2], a smooth nonnegative
function ¢ on X with zero locus exactly equal to S and with

(3.3) o<1, V-10ocA00c<Cyx, —COx<+V—-1900<Cy,

for some constant C' (in the case when S is empty, i.e. when 7 is a submersion
and B nonsingular, we can set o = 1). Explicitly, let Z be the ideal sheaf of
S’ inside PHO(X, K%), let {U;} be an open cover of PH?(X, K%) such that
on each U; the ideal Z is generated by finitely many holomorphic functions
{fjk}, let p; be a partition of unity subordinate to this cover, and define a
smooth function on PHY(X, K%) by

(3.4) o=C"1> pjlfik
g,k

2

)

where C' is a constant chosen so that ¢ < 1. Then the pullback of ¢ to X
is the function that we need. We have the following lemma, which is an
analogue of Lemma 2.2.

Lemma 3.1. Let w = w(t) solve the Kdhler-Ricci flow as above, and write
© = @(t) for the solution of (3.2). Then

(i) For any compact set K C X\S there is a constant C = C(K) such
that C~ 10 < w < C on K for all t > 0.

(ii) There exists A > 0 and a positive decreasing function h(t) which
tends to zero ast — oo such that

(3.5) sup |0 — v)| < h(t), forallt>0.
X

(iii) There exists C' such that |R| < C on X x [0,00).
(iv) There exists C' such that, for h, X as in (ii),

(3.6) sup [0 (¢ + ¢ — v)| < Ch(t)%, for allt > 0.
X

Proof. Part (i) is proved in [12] (and is a direct adaptation of [54], see also
[39] for the case of elliptic surfaces). Part (ii) is due to Song-Tian (see the
proof of [40, Proposition 5.4]). Note that we are free to increase the value
of A, at the expense of changing the function A(¢). Part (iii) was proved in
[42].

The proof of (iv) is almost identical to the proof of Lemma 2.2.(iv). In-

deed, it is enough to show that supy |c*¢| < Ch(t)2. We have as before
%gb = —R —m — ¢ and hence |¢|, |0¢/0t| < Cp for some uniform constant
Cy. Suppose for a contradiction that we do not have the desired upper
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bound of 6*¢. Then there exists a sequence (xj,t;) € X x [0,00) with
ti — oo as k — oo such that

~ 1
oM @r) (k. tr) = kh(te)?.
In particular, 3 ¢ S. Put v, = mh(tk)%‘ At z;, we have o*p >

%h(tk)% on [tk tx + vk]. Then, using (3.5), we have at zy,

te+vk
Sh(ty) > (h(te + ) + h(ty)) > o> / .

t
k 1 k2
2 ve=h(ty)2 = ———h(tx),
T Mlte)> = 1o oxhite)
which gives a contradiction when k& — co and we are done. The lower bound
is similar. O

The next lemma follows from a straightforward computation.

Lemma 3.2. Along the Kdhler-Ricci flow, we have on X\S,

(3.7) (gt - A) (0 + ¢ —v) = trowp — m.

Proof. This follows from the evolution equations

0 , -
<8t—A>cp_g0—(n+m)+trww,

0
YN P _
(815 >g0 tro(x — @) +n—¢

and the equation Av = tr,(wp — X). O
Next, from [39, 40, 42], we have:

Lemma 3.3. There exist positive constants C,C’ and \ such that

(3.8) x < Cw, wp<Co ™y, wp<Co w,

wherever these quantities are defined, and

(3.9) Vo> < C, |Ag| <C.

On X\S we have

(3.10) <§t — A) trowp < trpwp + C’U_’\(trwa)2 < C'o3N,
Proof. The first inequality of (3.8) is given in [42, Proposition 2.2]. The
second is a consequence of the arguments in [40, Theorem 3.3|, as follows:
Song-Tian construct the metric wp by working on a resolution p : Y — B
so that p=1(5’) is a simple normal crossing divisor E. The class [u*x] is
semipositive and big, and since p*y = % *wrg, where i is the composition
Y — B — PHY(X,K%), a standard argument shows that [u*x] — e[E]
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contains a Kéhler metric wy, for some € > 0. Then the results of [9] give a
bounded solution © of the Monge-Ampere equation

(3.11) (WX + V=1900)™ = (u*F)e”(u* )™, w*x+V—10896 > 0,

which is smooth away from E. If we let &g = pu*x + +/—1000, then &p
descends to the metric wp on B\S’. Then [40, Theorem 3.3] gives

wp < Clspl,  wy,

for some a > 0, where sg is a defining section of the line bundle associated
to E and hg is a smooth metric on it. From the construction of o in (3.4),
it follows that p*o is bounded above by \sE|§E for some 5 > 0. Since

p:Y\E — B\S’ is an isomorphism, the metric wy induces a metric wj, on
B\S" and we have

(3.12) wp < Co Mwy,
for some v > 0. But on Y we also have
wy < Clspl,wx,

for some § > 0, since the subvariety of Y where f fails to be an immersion
is contained in E. On B\S’ this implies that

(3.13) Wiy < Co 'y,

for some 4/ > 0. Combining (3.12) and (3.13) we obtain the second in-
equality of (3.8). The third is obtained by combining the first and sec-
ond inequalities. The inequalities (3.9) follow from (3.3) and the inequality
x < Cuw.

Local higher order estimates for the equation (3.1) imply that the bisec-
tional curvature of wp is bounded by Co~* on B\S’, up to increasing A.
The Schwarz Lemma calculation [39, Section 4] (see also the exposition in
[45, Theorem 3.2.6]) then gives the first inequality (3.10), and the second
follows from (3.8). O

3.2. Collapsing estimates for the Kéahler-Ricci flow away from the
singular set. We now give the proof of Theorem 1.2. First, we have an
analogue of Lemma 2.8. It is more complicated in this case because of the
singular set, and the fact that the quantity o*(p + ¢ — v), which now takes
the role of ¢ + ¢, does not decay exponentially.

Lemma 3.4. Given a compact set K C X\S, there is a positive decreasing
function F(t) which goes to zero ast — oo such that

sup(tr,wp —m) < F(t).
K
Proof. Let h(t) be a positive decreasing function which goes to zero as t — oo
such that
(3.14) sup o (o + ¢ —v)| < h(t),
X
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which exists thanks to (3.6). We may assume without loss of generality that
R (t) — 0 as t — oco. Indeed, by assumption there exists a sequence t; — oo
with h(t) < % for all ¢t > t;, and t;41 — t; > 1. Define a piecewise constant
function A(t), t > 0, to be equal to % on the interval ¢; <t < t;11, so clearly
h(t) < h(t) for all ¢ > t;. We can then smooth out h in the obvious way
(making it continuous and essentially linear on each interval ¢; < t < t;41) to
obtain a smooth nonnegative and decreasing function h(t) with h(t) < h(t)
for all ¢ > 0 and so that h(t) still goes to zero and the derivative of h(t) on
the interval t; < t < t;11 is of the order of (i(t;11 — t;))~" which goes to
zero. We then replace h(t) by h(t) (still calling it h(t)).

Next, we pick a smooth positive function £(t),¢ > 0, with lim;_,o £(t) =
00, such that [¢'(t)| < C for all t > 0 and

Define

Q = 1(t)o* M (trywp — m) — h(lt)a?’)‘(go + ¢ —v).

Then using Lemmas 3.2, 3.3 and (3.14), we have on X\ S,

(5-)e

< (e’(t) - h(lt)> o (trowp — m) + C(U(t) + 1) +

Z;gl oMo+ ¢ —v)

— 2Re <V(03A), v (Z(t)(trwa —m) — h(lt)(so + ¢ - v)) >

< (E’(t) - h(1t)> o3 (trowp —m) + C(0(t) +1) —

— 20" Re <V(J3A), VQ> +CQo 2,

where we have used the fact that |A(03")| < Co?. Observe that from (3.8)
and (3.14) we have 072Q < C/(t), since we may assume that A\ > 1. Since
|¢/(t)| < C, we may assume that ¢ is sufficiently large so that

1
Ot) < ——.
®) 2h(t)
We wish to obtain an upper bound for ) using the maximum principle.
Hence we may assume without loss of generality that we are working at a
point with tr,wp —m > 0. Therefore we get
0 1 R (t)
——A)Q< - At - Ce(t) +1) —

— 20 P Re <V(03)‘), VQ> ,
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and so at a maximum point of ¢ (which is necessarily in X'\ S) we have
Q < CLU)(L(t) + 1)h(t) — 20()R' (t) + C < C,

thanks to our choice of £(¢). This proves what we want, choosing F'(t) = TC;)’

for C depending on the compact set K. U

The rest of the proof of Theorem 1.2 is almost identical to the proof of
Theorem 1.1.

Proof of Theorem 1.2. To avoid repetition, we provide here just an outline
of the proof, emphasizing the changes from the proof of Theorem 1.1.

For the rest of the proof, fix a compact set K’ C B\S’ and write K =
L (K') C X\S.

First, there exists a constant C such that
t t -1
le'wlx, llet(x,wolx,) <O €wlx, 2 C wolx,,

for all t > 0 and for all y € K'. Indeed, this follows from the same argument
as in Lemma 2.9, since 7 is a submersion near every point in 7~ !(K’).

In particular, for any fixed y € B\S" and 0 < a < 1, given any sequence
tr — oo we can extract a subsequence such that

(3.15) e*wlx, = Weoy, in C%on Xy,

where woo y is a C“ Kéahler metric on X, cohomologous to wy| X,
Next we claim that we have fiberwise C'* convergence of etw| x, 10 wsrrFy
for y € K'. More precisely, given a € (0,1) and y € K’, we have that

(3.16) e'w|x, = wsrry, in C*ast— oo on X,.

Indeed, on X\S write

n m
f:e“”+¢”<n+m>w A WP

n wntm ’

so that restricted to X, (y € K’) we have (e'w|x,)" = f(wsrry)". Note
that

/ (f = D(wsrry)" =0,
Xy
and, thanks to (3.6),

sup [e?T¥7V — 1| = 0, ast— oo.
K
Moreover, as in (2.19) and using Lemma 3.4, on K we have

n+m\w'Awg m
for H(t) -+ 0 as t — oo. Hence f —1 < h(t), with h(t) — 0 as t — oo.
Finally, f satisfies |V(f|x,) < A for all y € K. Applying Lemma 2.4

’w0|xy
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to f —1 on K (see Remark 2.5) we have that f converges to 1 uniformly on
K. Namely,
(3.17) I(e'w|x,)™ — WeRF yllco(x, wolx,) = 0, ast — oo,

uniformly as y varies in K’. In particular, etw|Xy — WsRF,y in C* by (3.15)
and the same argument as in Lemma 2.10.
Next we show that

(318) Hetw‘Xy — wSRF,yHCO(Xy,w0|Xy) — 0, as t — oo,

uniformly for y € K’'. To see this, define

f = esto (n + m) w A (e 'wsrp)" "t AW

n wntm ’

which satisfies )
(etw|Xy) A ngF,y

flx, =

Y

ngF,y
when restricted to X, for y € K’. By the same argument as in the proof of
(1.6) in Section 2, we see that f converges 1 as t — 0 and hence

(319) H(etw‘Xy) A ngzé,y — wéLRF,y”CO(XyMMXy) — 0, ast— oo,

uniformly as y varies in K’. From (3.17) and (3.19), we apply Lemma 2.6
to obtain (3.18) as required.
It remains to prove part (i) of Theorem 1.2. Define

O =e 'wspr + (1 — e Hwa,
as in Section 2. On K we have
tr,w = tr,wp + try, (e_thRpﬁy) + e H(—trowp + try (WsRF — WSRF,y))-

On K, trywp is uniformly bounded. It then follows by the same argument
as in the proof of (2.23) that

(3.20) sup e (—trywp + try, (WsrF — WsRFy))| < Ce 2,
K

Moreover, (3.18) implies that tr, (e ‘wsrry) < n+ h(t) for h(t) — 0, on K.
Then from Lemma 3.4 we have on K, after possibly changing h(t),

(3.21) trp@ — (n+m) < h(t) — 0.

On the other hand, again on K,

~n+m —nt, ,n m
@ :<n—|—m>e Wipr A\ WE

wntm +O0(e™) =e ¥+ 0(e™) = 1.

n wn+m

Applying Lemma 2.6, we obtain
|w —@llco(rw) =0, ast— oo.

But since w < Cwp on K, and & = wp + ¢~ *(wsrr — wg) we obtain

lw—wBllcokwy) — 0, ast— oo,
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as required. O

4. COLLAPSING OF RI1CCI-FLAT KAHLER METRICS

In this section we prove Theorem 1.3.

4.1. Monge-Ampeére equations and preliminary estimates. Let (X, wx)
be a compact (n 4+ m) manifold with a Ricci-flat Kahler metric wy, as in
Section 1.3 of the Introduction. Recall that we have a holomorphic map
7w (X,wx) = (Z,wz) between compact Kahler manifolds with (possibly
singular) image B, a normal variety in Z. We denote by S’ C B those
points of B which are either singular in B or critical for m, and we write
S =n"1(S") . The fibers X,, for y € B\\S’ are Calabi-Yau n-folds.

Write x = 7*wyz, which is a smooth nonnegative (1,1) form on X, and
we will also write y for the restriction of wy to B\S’. Note that fB\S, x™ is
finite.

We define a semi Ricci-flat form wggrp on X\S in the same way as in
Section 2.1. Indeed, for each y € B\S’ there is a smooth function p,
on Xy so that wx]| x, + ﬁaépy = wsRF,y is Ricci-flat, normalized by
ny py(wx|x,)" = 0. As y varies, this defines a smooth function p on X\S

and we define wsrr = wx + v/—190p.
Let F' be the function on X\S given by

n—+m

F=
( n )wSRF AX

As in the proof of Theorem 2.1, one sees easily that F'is constant along the

fibers X, y € B\, so it descends to a smooth function F on B\S’. We

see that F satisfies | e FX™ = S wim/ (v [ x, WX (see [40, Section

n

3] and [54, Section 4]). Here note that ny w% is independent of y € B\S'.
Then [40, Section 3] shows that the Monge-Ampére equation

n+m n m
_ wy A
(41) (X+ /_1aav)m — ( n )an+Xm X FXm’
Jx Wi
has a unique solution v (in the sense of Bedford-Taylor [4]) which is a

bounded x-plurisubharmonic function on B, smooth on B\S’, with [y Wit ™

0, where here and henceforth we write v for 7*v.
We define

wp = x +V—1080v,
for v solving (4.1). Note that we have

n+m WA Xm W A Xm
( - }f)jjn—i(m ngRF A Xm = fX in—i—m WSL(er'
XX XX

Moreover, wp is a smooth Kéhler metric on B\S’, and satisfies

RiC(wB) = WWP,
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where wwp is a smooth semipositive form on B\S’ constructed in the same
way as in Section 2.1.

As in Section 3.1, we fix a smooth nonnegative function ¢ on X with zero
locus exactly equal to S and with

(4.3) o<1, V=106 N00 <Cx, —-Cx<+vV—-1000 <Cx,

for some constant C' (in the case when S is empty we set ¢ = 1). It is
convenient to define another smooth nonnegative function F with zero locus
equal to S by

Ag—A

(4.4) F=e° ,

for positive constants A and A to be determined.
For ¢t > 0, let © = @(t), given by

@=x+ewx € ap = [x] + e "wx],

be a family of reference Kihler metrics, and let w = @ + /=100y be the
unique Ricci-flat Kéhler metric on X cohomologous to @, with the normal-

ization [y gpw?fm = 0. Then w solves the Calabi-Yau equation
(4.5) W™ = e MW,
where ¢; is the constant given by

f entwner 1 m n+m
(4.6) e = X _ < )e—(m—k)t/ wnerfk/\Xk:’
SO

n+m wn /\ m _
(4.7) ct = ( )fXXnH’fL +0(e™).
" x Wx

The following estimates are already known by the work of the first-named
author [54].

Lemma 4.1. Let w = w(t) and ¢ = (t) be as above. Then
(i) There exist positive constants C, A, \ such that for F given by (4.4),
(4.8) C'Fo<w< C’}"_ldj, for allt > 0.
(ii) There exists C such that supx |¢| < C for all t > 0.
(iii) lo — V| W™ — 0 as t — oo.
(iv) F)O(’/“ any a € (0,1), we have ¢ — v in C’ﬁ)’?(X \ S) as t — 0.

Proof. Part (i) is proved in [54] (see also [18, Lemma 4.1]). For part (ii), see
[54, Theorem 2.1]. Parts (iii) and (iv) are proved in [54, Theorem 4.1]. O

The estimate (4.8) is the reason why here and in the rest of this section
we consider the function F instead of the simpler o~ which we used in the
case of the Kéahler-Ricci flow. We do not expect this to be optimal.

The next lemma is analogous to Lemma 3.3 above.



COLLAPSING LIMITS 33

Lemma 4.2. There exist positive constants C,C’ and \ such that

(4.9) x < Cw, wp< CJ_AX, wp < C’a_)‘w,
wherever these quantities are defined, and

(4.10) Vo> <C, |Ag| <C.

On X\S we have

(4.11) Atr,wp > —tr,wg — C'U*’\(trww,gg)2 > —C'o3N

Proof. The proof is almost the same as that of Lemma 3.3. The first inequal-
ity of (4.9) is given by the Schwarz Lemma [54, Lemma 3.1]. The second
follows again from the arguments in [40, Theorem 3.3|, as in Lemma 3.3 (the
fact that now B is not necessarily projective does not affect the arguments),
and the third follows immediately. The inequalities (4.10) then follow from
(4.3).

Local higher order estimates for the equation (4.1) imply that the bisec-
tional curvature of wp is bounded by Co~* on B\S’, up to increasing A.
The Schwarz Lemma calculation [54, Lemma 3.1] gives the first inequality
(4.11), and the second follows from (4.9). O

4.2. Collapsing estimates for Ricci-flat metrics. In this section, we
give the proof of Theorem 1.3. Recall that the function F is given by (4.4)
and depends on the two constants A and .

Lemma 4.3. There are constants A, X > 0 and a positive function h(t) — 0
as t — oo, such that

(4.12) sup Flo — v| < h(t).
X
Proof. We choose A, A as in Lemma 4.1.(1). Taking the trace with respect
to gx of w =& + +/—190¢ and applying Lemma 4.1.(i), we have
(4.13) sup F|Ag | < C.
X

From Lemma 4.1.(ii) and the fact that v is bounded we have

(4.14) sup |¢| + sup Jv| < C.
b'e X

It follows that
(4.15) sup FlOplgy < C,
X
from a rather standard interpolation type argument. Indeed, note that

the Sobolev imbedding theorem and the LP elliptic estimates give for p >
2(n+m),

sup 0(F )y < € ((/X \Agx(fcpﬂp) 1/”+ (/X \Fs0|p> 1/P> ,
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where we are integrating with respect to the volume form of gx. Using
(4.13), (4.14) and the Cauchy-Schwarz inequality, we obtain

1/p
sup Floglyy < C (( / <|aso|gxaf|gx>p) n 1)
X X
A\ /P
< O | sup(F|9plgy ) P~2/P </ !390|§x7> +1],
X X

where F = [0F b, /FP~2. From the definition of F we see that F+|0F |y, <
CF and hence, integrating by parts,

[ 1067 = = [ (8ol ~ (00,07, )
X X
< C(sup FlOplgy +1).
X

(4.16)

(4.17)

Then (4.15) follows from (4.16) and (4.17).
Next, the estimates in [40, Section 3], together with a similar argument
give

(4.18) sup F|Ov|g, < C
X

Combining (4.14), (4.15) and (4.18), we obtain
(4.19) o 0(F(p = 1)) < C.

From Lemma 4.1.(iii),
(4.20) / Flo —v|wit™ < C’/ lp — v|wh™ — as t — 00,

and (4.12) now follows from (4.19) and (4.20). O
Write ¢ and ¢ for the first and second t-derivatives of ¢. Then:

Lemma 4.4. There is a uniform constant C so that

(4.21) sup [¢| < C
X

and

(4.22) sup ¢ < C.
X

Proof. First, we have
Ap=n+m — tr,w.
Differentiating the logarithm of (4.5) with respect to t, we obtain
(4.23) (logc;)’ —n = tr,(vV—190¢ + x — @),
and so
Ap = —n+ (loge) + try,e — tryx.
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Hence
(4.24) Alp+¢) =m —tryx + (logcy)'.
We have that (logc;) = O(e™), because thanks to (4.6) we can write

m
log ¢, = log <1 + Z ake_kt> + const,

k=1
for some positive constants ay, and the claim follows from differentiating this
expression. Taking one more derivative, we also see that (logc;)” = O(e™t).
From the Schwarz Lemma (4.9) we have sup x tr,x < C, and hence |A(p+
¢)] < C. The normalization for ¢ implies that [y ¢w'y™™ = 0. We now
compute the Laplacian of ¢, by taking a derivative of (4.23) to get

A = (logcr)” + trux — tru@ + V=100 + x — @2,

and so A(¢ + @) = —C and [ ¢y = 0.

The Ricci-flat metrics w have a uniform upper bound on their diameter,
thanks to [53] (and independently [64]), and have volume bounded below by
C~le=" by (4.5). Therefore the Green’s function G(x,y) of the Laplacian
of A (normalized by [ _\ G(z,y)w" ™ (y) = 0), satisfies

G(xuy) 2 _Centv

for a uniform constant C' (see e.g. [2, Theorem 3.2] or [35, Chapter 3,
Appendix A]). Also, again from (4.5),

/X<s0 + @) = e /X(so + Q)™ =0,

and so the Green’s formula for the metric w and the bound |A(¢ + ¢)| < C
imply that

sup(p + ¢) = — Alp + @) ()G (x,y)w" ™ (y)
X yeX

- / (~Alp + ) ) (Gl y) + Cemt ) (y)
yeX

< Ce”t/ Wt L C,
X
where x is any point where ¢ 4 ¢ achieves its maximum. Similarly we get a
lower bound for ¢ + ¢, and so we have shown
(4.25) sup |¢ + ¢| < C,
X

which, together with supy |¢| < C' (Lemma 4.1.(ii)), proves (4.21).

Next, since A(¢ + @) = —C and [ (¢ + @)wi™™ = 0, exactly the same

argument shows that
sup(¢ + ¢) < C,
X

which together with (4.21) proves (4.22). O
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Remark 4.5. One can feed the bound (4.25) into a Cheng-Yau type argu-
ment, exactly as in [37, Lemma 3.6], by applying the maximum principle
to
o 12T
A-—p—¢
where A is chosen so that A — ¢ — ¢ > A/2 > 0, and prove that
Sup 0(p + ¢)|g < C.

+troX,

However, we won’t need this estimate.

The quantity (¢ + ¢ — v) will play here the same role as in Section 3.
Indeed, observe that from (4.24),

(4.26) Alp+ ¢ —v) =m — trywp + (loge),

and (logc;)’ = O(e™?) (cf. (3.7)). The following lemma is analogous to part
(iv) of Lemma 3.1.

Lemma 4.6. There is a positive function H(t) with H(t) — 0 as t — oo
such that

(4.27) sup Flo + ¢ —v| < H(1).

X
Proof. First we prove that limsup,.qsupy F(¢ + ¢ —v) < 0. Thanks to
(4.12) it is enough to show that

lim sup sup F¢ < 0.
=0 X

If this is not the case, then there exist € > 0, z;, € X and t; — oo such that
Sup Fo(ty) = Flar)p(te, xr) 2 €,

so in particular xj € S. From Lemma 4.4 we see that

(4.28) O =rFe<c,
and so . .
]:(xk)gp(t, xk) > 5, for t € [tk — i,tk}.

Integrating over t,
2

F(wg)(p — v)(tr, vx) = F(wg) (@ — v)(tr — /20, 7x) + %7

but from (4.12) we have
2
h(te) 2 —h(ty —/20) + =,

for a positive function h(t) with h(t) — 0 as t — oco. Letting k — oo we get
a contradiction.

The inequality liminf;>infx F(p + ¢ —v) > 0 follows from a similar
argument. Although we do not have a lower bound for ¢, we can instead
replace the time interval [t — 55, tx] by [t, tk + 55]- O
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We can finally prove the following analogue of Lemma 3.4:

Lemma 4.7. Given a compact set K C X\S, there is a positive decreasing
function F(t) which goes to zero as t — oo such that

sup(tr,wp —m) < F(t).
K

~ A=A ~
Proof. For the purpose of this proof, define a function F = e—e’ , with A
slightly larger than the constant A of F used in (4.27). We will apply the
maximum principle to

Q= ]:"(trwa —m) —

H(t)(soﬂb—v),

where H (t) is the function from (4.27).
We may assume, by increasing A if necessary, that

o ~
(4.29) V]f " <cr, aF<cr

where we used (4.3) and the Schwarz Lemma estimate tr,x < C. It follows
from Lemma 4.6 that

(4.30) (o +¢—v)AF| < CH(t)
and

~ 712
(4.31) |]:(g0+gb—v)|‘v}l_7j < CH(t).

Then we compute, using (4.26) and (4.30),
A(F(p+¢—v))
< — Fltrowp —m — (log¢;)') + 2Re(VF, V(g + ¢ —v)) + CH(t).
From Lemma 4.2, we have, for some \ > 0,
A(F(trpwp —m)) = —CFo > + (trowp — m)AF
+ 2Re(VF, V(trowp — m))
> 2Re(V.F, V(trowp —m)) — C.

Hence
AQ > ; 5t —m — (o)) O+ IRe(VE, V(Q/F))
— ;(t) (trowp —m — (log¢;)) — C + ;_Re<V]:", vQ) — i:gyvﬁﬁ
F (trowp —m — (loge)') — C + 3Re<V]:" vQ)
H(t) wWB g Ct j_;. 5 )

where in the last line we used (4.31). At the maximum of ) we have V@Q = 0.
We may assume without loss of generality that (loge:)'/v/H(t) — 0 as
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t — oo. Making use of Lemma 4.6, we obtain @) < Cy/H(t). The result
follows. 0

Another ingredient that we will need is the following local Calabi estimate,
whose proof can be obtained by a straightforward modification of the proof
of Proposition 2.7.

Proposition 4.8. Let B1(0) be the unit polydisc in C*™™ and let w%ﬁm) =

P/ =1dzk A dZ* be the Buclidean metric. Write C"*™ = C™ @ C" and

define wg; = w%m) + e_twg). Assume that w = w(t) is a Ricci-flat Kdhler
metric which satisfies for t > 0,

(4.32) Alwpy Sw < Awpy,

for some positive constant A. Then there is a constant C' that depends only
on n,m, A such that for allt > 0 on By5(0) we have

(4.33) S = \VEg]?] < Cé,
where g is the metric associated to w and V¥ is the covariant derivative of

ot

We can now complete the proof of Theorem 1.3.

Proof of Theorem 1.3. The proof is similar to the proof of Theorem 1.2, so
we provide here just a sketch. Fix a compact set K’ C B\S and write
K = 77 }(K'). From Lemma 4.1.(i) and Proposition 4.8, as in the case of
the flow, there is a constant C such that

(4.34) le'wlx, ler(xywylx,) <O €wlx, = Clwxlx,,

for all t > 0 and for all y € K'.
On X\S, write for any y € K’,

Jx W™ Wt AW
Ty o A
where we used (4.2) and (4.5). Note that when restricted to the fiber, f is
given by

= flwsrry)", for f=c

)

t
(€'wlx,)"

(4.35) flx, = sy

We have that

@as6) [ Sosne)" = [l = [ Goxle) = [ s,

Y Y Xy
so that f — 1 satisfies condition (b) of Lemma 2.4. Thanks to (4.7),
n+m
(4.37) ctf)(# — (n * m>7
Jx W A x™ n
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as t — 0o. Moreover, as in (2.19), using Lemma 4.7,

n+m\w®Awy

for H(t) — 0 as t — oo. Hence f —1 < h(t), with h(t) — 0 as t — oo.
Finally, f satisfies |V(f|Xy)‘wX\Xy < Afor all y € K'. Applying Lemma 2.4

to f —1 on K (see Remark 2.5), f converges to 1 uniformly on K. Namely,
(4.38) I(e'wlx,)" — Wik,

uniformly as y varies in K’. It follows that for any given y € K’ we have

CO(Xywx|x,) — 0, ast— oo,

etw]Xy — WSRF,y, ast— 0o,

in C% on Xy, for any a € (0, 1).
Next we show that

(4.39) ||etw‘Xy — WSRF7y‘|CO(Xy7wX|Xy) — 0, ast — oQ,
uniformly for y € K'. To see this, define

(etw|Xy) A wgfu%’y

flx, =

WSRF,y
While this is defined on X, it is clearly smooth in 3 and so defines a smooth
function f on X\S, which equals
elw A wipp AWl . Jx W% wA (eTtwsrr)" P AWE
e AWE [y Wk AT wrm '

f pu—
By the same argument as in the proof of (1.6) in Section 2, we see that f
converges 1 as t — 0 and hence
(4.40) I(e'wlx,) A wErp, — wrpyllco(x, wylx,) = 0, ast— oo,
uniformly as y varies in K’. From (4.38) and (4.40), we apply Lemma 2.6

to obtain (4.39) as required.
It remains to prove part (i) of Theorem 1.3. Define @ = @(t) by

O = e twsrr + (1 — e Hwp.
By the same argument as in the proof of Theorem 1.2.(i), we have on K,
(4.41) trpw — (n+m) < h(t) — 0,

for a positive decreasing function h(t) (depending on K). On the other
hand, again on K,

~n+m —nt, n m
@ :<n—|—m>e WiRp N WH

+0(e™)

wn+m wn+m

n

n+m n m
A
:(n)fX{’ijimX —|—O(€_t)—>1,

c [x wi
Applying Lemma 2.6, we have [|w — @[[¢o(x ) — 0 and part (i) of Theorem
1.3 follows. (]

as t — oo.
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