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Abstract. The alternating direction method of multipliers (ADMM) is widely used to solve
large-scale linearly constrained optimization problems, convex or nonconvex, in many engineering
fields. However there is a general lack of theoretical understanding of the algorithm when the
objective function is nonconvex. In this paper we analyze the convergence of the ADMM for solving
certain nonconvex consensus and sharing problems. We show that the classical ADMM converges to
the set of stationary solutions, provided that the penalty parameter in the augmented Lagrangian
is chosen to be sufficiently large. For the sharing problems, we show that the ADMM is convergent
regardless of the number of variable blocks. Our analysis does not impose any assumptions on the
iterates generated by the algorithm and is broadly applicable to many ADMM variants involving
proximal update rules and various flexible block selection rules.
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1. Introduction. Consider the following linearly constrained (possibly
nonsmooth or/and nonconvex) problem with K blocks of variables {zj } &

K
min f(x) ::ng(xk)+€(xla"'axK)
(1.1) P
s.t. ZAkkaq, zreXy Vk=1,... K,
k=1

where A, € RM*Ne and ¢ € RM; X;, ¢ RMx is a closed convex set; £(-) is a smooth
(possibly nonconvex) function; and each gx(-) can be either a smooth function or
a convex nonsmooth function. Let us define A := [A4,..., A;]. The augmented
Lagrangian for problem (1.1) is given by

K

(1.2) L(ziy) =Y gelax) + U1, 2x) + (y,q — Az) + qu — Az|?,
k=1

where p > 0 is a constant representing the primal penalty parameter.
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To solve problem (1.1), let us consider a popular algorithm called the alternating
direction method of multipliers (ADMM), whose steps are given in Algorithm 0.

Algorithm 0. ADMM for problem (1.1).
At each iteration t + 1, update the primal variables:

t+1 _ . t+1 t+1 t t .ot _
(1.3) «, = arg min L(x7™ o o, Ty, T3y ), VE=1,.. K.
k k

Update the dual variable:

(1.4) y' =y 4 plg — Az,

The ADMM algorithm was originally introduced in the early 1970s [2, 3] and has
since been studied extensively [4, 5, 6, 7]. Recently it has become widely popular in
modern big data related problems arising in machine learning, computer vision, signal
processing, networking, and so on; see [8, 9, 10, 11, 12, 13, 14, 15] and the references
therein. In practice, the algorithm often exhibits faster convergence than traditional
primal-dual type algorithms such as the dual ascent algorithm [16, 17, 18] or the
method of multipliers [19]. It is also particularly suitable for parallel implementation

[8].

There is a vast literature that applies the ADMM to various problems in the
form of (1.1). Unfortunately, theoretical understanding of the algorithm is still fairly
limited. For example, most of its convergence analysis is done for a certain special
form of problem (1.1)—the two-block convex separable problems, where K =2, £ =0
and g1, g2 are both convex. In this case, ADMM is known to converge under very mild
conditions; see [7] and [8]. Under the same conditions, several recent works [20, 21, 22]
have shown that the ADMM converges with the sublinear rate of O(1) or o(1), and
it converges with a rate O(7) when properly accelerated [23, 24]. Deng and Yin [25]
has shown that the ADMM converges linearly when the objective function as well as
the constraints satisfy certain additional assumptions. For the multiblock separable
convex problems where K > 3, it is known that the original ADMM can diverge for
certain pathological problems [26]. Therefore, most research effort in this direction
has been focused on either analyzing problems with additional conditions or showing
convergence for variants of the ADMM; see, for example, [26, 27, 28, 29, 30, 31, 32, 33,
34]. It is worth mentioning that when the objective function is not separable across the
variables (e.g., the coupling function ¢(-) appears in the objective), the convergence
of the ADMM is still open, even in the case where K = 2 and f(+) is convex. Recent
works of [29, 35] have shown that when problem (1.1) is convex but not necessarily
separable, and when a certain error bound condition is satisfied, then the ADMM
iteration converges to the set of primal-dual optimal solutions, provided that the dual
stepsize decreases in time. Another recent work in this direction can be found in [36].

Unlike the convex case, for which the behavior of ADMM has been investigated
quite extensively, when the objective becomes nonconvex, the convergence issue of
ADMM remains largely open. Nevertheless, it has been observed by many researchers
that the ADMM works extremely well for various applications involving nonconvex
objectives, such as the nonnegative matrix factorization [37, 38|, phase retrieval [39],
distributed matrix factorization [40], distributed clustering [41], sparse zero variance
discriminant analysis [42], polynomial optimization[43], tensor decomposition [44],
matrix separation [45], matrix completion [46], asset allocation [47], sparse feedback
control [48], and so on. However, to the best of our knowledge, existing conver-
gence analysis of ADMM for nonconvex problems is very limited—all known global
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convergence analysis needs to impose uncheckable conditions on the sequence gener-
ated by the algorithm. For example, [43, 45, 46, 47] show global convergence of the
ADMM to the set of stationary solutions for their respective nonconvex problems, by
making the key assumptions that the limit points do exist and that the successive
differences of the iterates (both primal and dual) converge to zero. However, such
assumption is nonstandard and overly restrictive. It is not clear whether the same
convergence result can be claimed without making assumptions on the iterates. Zhang
[49] analyzes a family of splitting algorithms (which includes the ADMM as a spe-
cial case) for certain nonconvex quadratic optimization problem and shows that they
converge to the stationary solution when a certain condition on the dual stepsize is
met. We note that there have been many recent works proposing new algorithms to
solve nonconvex and nonsmooth problems, for example, [50, 51, 52, 53, 54]. However,
these works do not deal with nonconvex problems with linearly coupling constraints,
and their analysis does not directly apply to the ADMM-type methods.

The aim of this paper is to provide some theoretical justification on the good
performance of the ADMM for nonconvex problems. Specifically, we establish the
convergence of ADMM for certain types of nonconvex problems including the con-
sensus and sharing problems without making any assumptions on the iterates. Our
analysis shows that, as long as the objective functions g ’s and £ satisfy certain regular-
ity conditions, and the penalty parameter p is chosen large enough (with computable
bounds), then the iterates generated by the ADMM are guaranteed to converge to the
set of stationary solutions. It should be noted that our analysis covers many variants
of the ADMM, including per-block proximal update and flexible block selection. An
interesting consequence of our analysis is that for a particular reformulation of the
sharing problem, the multiblock ADMM algorithm converges, regardless of the con-
vexity of the objective function. Finally, to facilitate possible applications to other
nonconvex problems, we highlight the main proof steps in our analysis framework that
can guarantee the global convergence of the ADMM iterates (1.3)—(1.4) to the set of
stationary solutions.

2. The nonconvex consensus problem.
2.1. The basic problem. Consider the following nonconvex global consensus

problem with regularization:
K

> gula) + h(x)

k=1
st. e X,

(2.1) min  f(x):

where gi’s are a set of smooth, possibly nonconvex functions, while h(z) is a convex
nonsmooth regularization term. This problem is related to the convex global consensus
problem discussed heavily in [8, section 7], but with the important difference that g;’s
can be nonconvex.
In many practical applications, gx’s need to be handled by a single agent, such as

a thread or a processor. This motivates the following consensus formulation. Let us
introduce a set of new variables {z}}X_, and transform problem (2.1) equivalently to
the following linearly constrained problem:

K
min Y gr(ax) + h(xo)

k=1
st. xp=x9 Vk=1,...,K, x9€ X.

(2.2)
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We note that after reformulation, the problem dimension is increased by K due to the
introduction of auxiliary variables {x1,...,xx}. Consequently, solving the reformu-
lated problem (2.2) distributedly may not be as efficient (in terms of total number of
iterations required) as applying the centralized algorithms [50, 51, 52, 53, 54] directly
to the original problem (2.1). Nonetheless, a major benefit of solving the reformulated
problem (2.2) is the flexibility of allowing each distributed agent to handle a single
local variable xj and a local function gy.
The augmented Lagrangian function is given by

K K K
(2.3)  L{zr},z05y) = > gr(zk) + h(xo) + > (yexh — w0) + %H% — xo|*.

Note that this augmented Lagrangian is slightly different from the one expressed in
(1.2), as we have used a set of different penalization parameters {px}, one for each
equality constraint z = xo. We note that there can be many other variants of the
basic consensus problem, such as the general form consensus optimization, the sharing
problem, and so on. We will discuss some of those variants in later sections.

2.2. The ADMM algorithm for nonconvex consensus. Problem (2.2) can
be solved distributedly by applying the classical ADMM. The details are given in
Algorithm 1.

Algorithm 1. The classical ADMM for problem (2.2).
At each iteration t + 1, compute

(2.4) abtt = argmin L({z}}, z0;y").
roEX

Each node k& computes zj by solving

. k
(25) " =argming(ar) + (hoaw — a6 + Bl — ot
Tk
Each node k updates the dual variable:
(2.6) v =y + pe (2T — 2t

In the xo update step, if the nonsmooth penalization h(-) does not appear in the
objective, then this step can be written as

Zszl Py, + Zszl Y
Zszl Pk

Note that the above algorithm has the exact form as the classical ADMM de-
scribed in [8], where the variable zq is taken as the first block of primal variable and
the collection {xk}szl as the second block. The two primal blocks are updated in a
sequential (i.e., Gauss—Seidel) manner, followed by an inexact dual ascent step.

In what follows, we consider a more general version of ADMM which includes
Algorithm 1 as a special case. In particular, we propose a flexible ADMM algorithm
in which there is a greater flexibility in choosing the order of the update of both the
primal and the dual variables. Specifically, we consider the following two types of
variable block update order rules: let £k = 0,2,..., K be the indices for the primal
variable blocks xg, 21, T2, ..., 2, and let C* C {0,1,..., K} denote the set of variables
updated in iteration ¢. Then the following hold:

(2.7) abtt = argmin L({x}}, z0;9") = projx
roEX
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1. Randomized update rule: At each iteration t + 1, a variable block k is chosen

randomly with probability p’,;“,

(2.8) Pr (k aany zh,yt, {:r}i}) = pfjl > Dmin > 0.

2. Essentially cyclic update rule: There exists a given period 7' > 1 during which
each index is updated at least once. More specifically, at iteration ¢, update
all the variables in an index set C* whereby

T
(2.9) Uet ={o,1,... . K} vt

=1

We call this update rule a period-T essentially cyclic update rule.

Algorithm 2. The flexible ADMM for problem (2.2).

Let C' ={0,...,K},t=0,1,....
At each iteration t + 1, do:

If t +1 > 2, pick an index set C*** C {0,..., K}.
If 0 € C**!, compute

(2.10) a5 = argmin L({}},70; /).
TE

Else 2z}, = zf.
If K # 0 and k € C*™!, node k computes x;, by solving

(2.11) zpt = afgﬁ;ingk(xk) + (ko wn — gt + p—;H% — a1
Update the dual variable:

(2.12) vt =k o (2 - agt).

Else zit! = ot yitt =yt

We note that the randomized version of Algorithm 2 is similar to that of the convex

consensus algorithms studied in [55] and [56]. It is also related to the randomized
BSUM-M algorithm studied in [29]. The difference with the latter is that in the
randomized BSUM-M, the dual variable is viewed as an additional block that can be
randomly picked (independent of the way that the primal blocks are picked), whereas
in Algorithm 2, the dual variable y; is always updated whenever the corresponding
primal variable xj, is updated. To the best of our knowledge, the period-T" essentially
cyclic update rule is a new variant of the ADMM.

Notice that Algorithm 1 is simply the period-1 essentially cyclic rule, which is a

special case of Algorithm 2. Therefore we will focus on analyzing Algorithm 2. To
this end, we make the following assumption.

Assumption A.
A1l. There exists a positive constant Ly > 0 such that

IVige(zr) — Viegr(zi)|| < Lillzg — 2kl| Y @p, 26, k=1,..., K.

Moreover, h is convex (possible nonsmooth); X is a closed convex set.
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A2. For all k, the penalty parameter pj is chosen large enough such that
1. for all k, the zj subproblem (2.11) is strongly convex with modulus
Vi (pk);
2. for all k, prye(pr) > 2L2 and py > Ly.
A3. f(x) is bounded from below over X, that is,

= min f(z) > —co.
We have the following remarks regarding the assumptions made above.

e As py increases, subproblem (2.11) eventually will be strongly convex with
respect to . The corresponding strong convexity modulus 7 (px) is a mono-
tonic increasing function of py.

e Whenever gj(+) is nonconvex (therefore pi, > v (pr)), the condition pryx(pr) >
2L% implies py, > Ly.

e By construction, L({zx},xo;y) is also strongly convex with respect to zo,
with a modulus v := Zszl Pk

e Assumption A makes no assumption on the iterates generated by the algo-
rithm. This is in contrast to the existing analysis of the nonconvex ADMM
algorithms [37, 43, 46].

Now we begin to analyze Algorithm 2. We first make several definitions. Let ¢(k)
(resp., t(0)) denote the latest iteration index that xj (resp., zo) is updated before
iteration ¢ + 1, i.e.,

t(k) =max{r|r<tkeC}, k=1,... K,

(2.13) t(0) =max {r|r<t,0e€(C"}.

This definition implies that x}, = a:k( ) for all k = 0,.
Also define new vectors &', {#"'}, §*+1 and {xt“} gt by

(2.14a) ahtt = arg min L({z}, o3 9"),

(2.14Db) gt = argmingk(ﬂck) + (yp, i — 25T + p_;ka — a5 Yk,
(2.14c) Gt =yt 4 pr (24T — 25T,

(2.14d) gl = arg min gy, () + (Yh» 2k — 25) + ||x —ap)? ¥k,
(2.14e) T =yl 4w (87 — ) -

In other words, (Zj el {xtﬂ} 7t is a “virtual” iterate assuming that all variables
are updated at 1terat10n t+1. {2}, 91 is a “virtual” iterate for the case where
z¢ is not updated but the rest of the variables are updated.

We first show that the size of the successive difference of the dual variables can
be bounded above by that of the primal variables.

LEMMA 2.1. Suppose Assumption A holds. Then for Algorithm 2 with either a
randomized or essentially cyclic update rule, the following are true:

(2.154) L2 laftt — al2 > Iyt — gl Yk =1,...,K,
(2.15b) LRat — ot 2 > g — gl Yk =1,...,K,
(2.15¢) LR — a2 = g —ohll? Yk =1,...,K.
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Proof. We will show the first inequality. The second and third inequalities follow
a similar line of argument.

To prove (2.15a), first note that the case for k ¢ C'*! is trivial, as both sides of
(2.15a) evaluate to zero. Suppose k € C**1. From the z; update step (2.11) we have
the following optimality condition:

(2.16) V(@) + gk + pr(ah —ap™) =0V ke {0}
Combined with the dual variable update step (2.12) we obtain
(2.17) Vor(zith) = —yitt v ket /{o0}.

Combining this with Assumption A1, and noting that for any given k, y, and xj, are
always updated in the same iteration, we obtain for all k € C*™!/{0}

t+1 t+1 t(k) ”

— il = llvi
= |Vgi(x f“) Var(zy)| < Lillattt — i) = Lyl — 2.

llyy,

The desired result follows. O
Next, we use (2.15a) to bound the difference of the augmented Lagrangian.
LEMMA 2.2. For Algorithm 2 with either randomized or period-T essentially
cyclic update rule, we have the following:

L({a} a6 y™) = L{ak ), 25:y")

L
e < ¥ (B2 T

k#£0,keCt+1 Pk

Proof. We first split the successive difference of the augmented Lagrangian by
L({ai™ a6t y™) — L{ak}, 265")
— (L({xt""l} l’t+17 t+l) _ L({xz-‘rl} l’t+17 ))
(2.19) + (L Y2ty — L{at ), 2039) -
The first term in (2.19) can be bounded by

L({att ), 2ty — L({al Y, bt )
K
(it — gt ottt — bty
k=1
(2.20) @ 5 Ly,
k#£0,keCt+1 k

where in (a) we have used (2.12) and the fact that y'"' —y% = 0 for all variable block
x) that has not been updated (i.e., k # 0,k ¢ Ct“) The second term in (2.19) can
be bounded by

L({z ™ a0 — L{ak} o y")

= L({z "} a6y — L} a6y + Lai} a6 yY) — Lk}, 2t5y")
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—

a) K
< Z( mGL {$t+l} xt+17 ) $1]€€+1 _x1]5€> ( )H t+1 1;@|2)

k=1
<<—t+1 t+1 t> H t+1 6”2
) ’
() Z (<V L({$t+1} $t+1 1), t+l_xt> ( )H t+1 t|2)
- T 7 k k k}
k#0,kECt+1
o0ty (¢ —ah) - Sttt — b))
(c)
R L L ey M P
k#0,keCt+1

(2.21)

where in (a) we have used the fact that L({x},xo;y) is strongly convex w.r.t. each
2 and xg, with modulus v« (px) and v, respectively, and that

Ctﬂ € Oy L({mt 1, xt“, %)

is some subgradient vector; in (b) we have used the fact that when k ¢ C'*1 (resp.,
0 ¢ C*h), 2t = 2t (vesp., ot = 2}), and we have defined ({0 € C**'} as the
indicator function that takes the value 1if 0 € C**! is true and takes value 0 otherwise;
and in (c) we have used the optimality of each subproblem (2.11) and (2.10) (where
C;;rl is specialized to the subgradient vector that satisfies the optimality condition for
problem (2.10)).

Combining the above two inequalities (2.20) and (2.21), we obtain

L{{aj}ag 9™ ) = Lk} 20:y")

Tk Pk 1 1 2 1
<=y el =gl IIy” —yill* = {0 e S flag™ - g
k;ﬁo kect+1 k#0,keCt+1
L2
< X (B2 g o ag - o e o Sl - P
ko kect+t NPk
where the last inequality is due to (2.15a). The desired result is obtained by noticing
the fact that when 0 ¢ C**!, we have 2{™ — 2 =0. O
The above result implies that if the condition
(2.22) prvk(pr) > 205 Vk=1,.. K

is satisfied, then the value of the augmented Lagrangian function will always decrease.
Note that as long as v (pr) # 0, one can always find a pj large enough such that the
above condition is satisfied, as the left-hand side of (2.22) is monotonically increasing
w.r.t. pg, while the right-hand side (rhs) is a constant.

Next we show that L ({z}},z;y") is in fact convergent.

LEMMA 2.3. Suppose Assumption A is true. Let {{z}}, zf,y'} be generated by
Algorithm 2 with either the essentially cyclic rule or the randomized rule. Then the
following limit exists and is lower bounded by f defined in Assumption A3:

(2.23) Jim L({z}}, 26,") > f.
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Proof. Notice that the augmented Lagrangian function can be expressed as

({xtJrl t yt+1)

K

= h(a™) + Y (nlal™) + (o el — o) + Bt — b))
k=1

o) .

D g + Y (9t + (Tgulaf),abt —aft) + Bl —aft?)
k=1

(b) t+1 < t+1 t+1

> haf™) + Y gu(eb™) = (b,

where (b) comes from the Lipschitz continuity of the gradient of gi’s (Assumption
A1) and the fact that pp > Ly for all k = 1,..., K (Assumption A2). To see why (a)
is true, we first observe that due to (2.17), we have for all k # 0 and k € C**!

(e @ = ag™) = (Vge(ap), 20" — 2it).

For all k # 0 and k ¢ C*1, it follows from z'*! = 2t = 2I® — 2I™* 4nq
k k

<ylt€+1 AL t+1> _ (y,i(k)ﬂ,xt(k)ﬂ _ xt+1>

k k
= (Vgi(a} ), 2t — 2jFY) = (Vgr (et abtt — 2.

Combining these two cases shows that (a) is true.

Clearly, (2.24) and Assumption A3 together imply that L({z}'},z{t";y+) is
lower bounded. This combined with (2.18) says that whenever the penalty parameter
pr's are chosen sufficiently large (as per Assumption A2), ({xtH} xt+17 yith) s
monotonically decreasing and is convergent. This completes the proof. d

We are now ready to prove our first main result, which asserts that the sequence

of iterates generated by Algorithm 2 converges to the set of stationary solution of
problem (2.2).

THEOREM 2.4. Assume that Assumption A is satisfied. Then we have the fol-
lowing:

1. We have limy_oo |2 — 25| = 0, k = 1,..., K, deterministically for the
essentially cyclic update rule and almost surely (a.s.) for the randomized
update rule.

2. Let ({x}}, 28, y*) denote any limit point of the sequence {{xit'} abtt yt+1}
generated by Algorithm 2. Then the following statement is true (deterministi-
cally for the essentially cyclic update rule and a.s. for the randomized update
rule):

0=Vgi(ay)+yy, k=1,...,K.
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]~

xy € argmin h(z) + > (yi,zp — )
zeX

b
I
—

* *
xp =, k=1,...,

That is, any limit point of Algorithm 2 is a stationary solution of problem
(2.2).

3. If X is a compact set, then the sequence of iterates generated by Algorithm 2
converges to the set of stationary solutions of problem (2.2). That is,

(2:25) Jim dist (({z}}, 25.4"): 27) =0,

where Z* is the set of primal-dual stationary solutions of problem (2.2);
dist(z; Z*) denotes the distance between a vector x and the set Z*, i.e

dist(z; Z*) = min |la — &||.
iez-

Proof. We first show part 1 of the theorem. For the essentially cyclic update rule,
Lemma 2.2 implies that

L™y, aft ™) — L({al}, ah ')

Z (L_z 7k(pk)> ” t+i t+i71||2 ” t4i—1 _ t+i||2
Lo
i=1 kzo.kect+i NPF

IN

T
T K

ZZ(L_i ( )) ” t+i t+i71||2 ” t+i—1 t+i||2
11 \PE "o ’

i=1

where the last equality follows from the fact 2™ = 2!~ 1 if k ¢ C'*% and k # 0.
Using the fact that each index in {0,..., K} Wlll be updated at least once during
[t, t + T, as well as Lemma 2.3 and the bounds for pi’s in Assumption A2, we have

(2.26) a5t — 2O o0, 2t =P 50 VE=1,... K.

By Lemma 2.1, we further obtain [y — y!™|| = 0 for all k = 1,2, ..., K. In light

of the dual update step of Algorithm 2, the fact that ||y, — y,i(k)H — 0 implies that

lzy"" — 2" — 0.

For the randomized update rule, we can take the conditional expectation (over
the choice of the blocks) on both sides of (2.18) and obtain

E [L({z; )26y — LW{h} 20y | {2h} 2 o]

L? Ye(p
<E| ) <_k ( J ot — 2 )|* — Hfl‘t“—afél\2 {zp}, 2hsyt

k+£0,keCt+1 Pk

K
< L% _ ( k) Att1 2 At41 2
<> prpo o 25 — apll” — || — gl

k=1

K 2
Yl - o) (- ”)||~f“ &

1 Pk
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K
L? (k) | - .
<p?nin2(—’“— 14 = a1 = prn L5 — b2

i1 \PE

where in the last two inequalities, we have used the fact that px’s satisfy Assumption
2

A2, hence % - w < 0 for all k; the last inequality follows frorn the fact that

Pk > Pmin for allk = 0,..., K. Note that by Lemma 2.3, L({xffl}, zpthytt)— f>0

for all ¢, where f is defined in Assumption A3. Then let us substract both sides of
the above inequality by f, and invoke the supermartigale convergence theorem [57,

Proposition 4.2]. We conclude that L({zt™}, z{t";y'*1) is convergent a.s. and that
(2.27) |26t —2f| — 0, [ttt —zf| -0 VEk=1,....,K as.

By Lemma 2.1, we further obtain ||gi™" — yt|| — 0 a.s. and for all k = 1,2,..., K.
Finally, from the definition of §**!, we see that [|[git" — y!|| — 0 a.s. implies that
|26t — 2T — 0 as. forallk=1,2,..., K.

Next we show part 2 of the theorem. For simplicity, we consider only the essen-
tially cyclic rule as the proof because the randomized rule is similar. We begin by
examining the optimality condition for the z; and xg subproblems at iteration ¢ + 1.
Suppose k # 0, k € C'*!; then we have

(2.28) Vor(ait) + vk + pr(af™ - 25™) = 0.
Similarly, suppose 0 € C**1; then there exists an 't € 9h(z{™) such that

K
<x — bt gttt — Z (i — pr(af™ — xé))> >0 VzelX.
k=1

These expressions imply that

Vi) + o + pe(alt — 2ty =0, k £0, ke CH,
K
h(zx) —h(xé“)—i— <x—x6+1,

(2.29)

(—yh + pr(zh™ — 3))> >0,VxeX,if0ect
k=1

Using the definition of the essentially cyclic update rule, we have that for all ¢

ng(a:z(k)) + yz(k) =0,V k#0, for somer(k) € [t, t + T,

K
(2.30)  h(z) — A=) + <x SR D GRS > >0,
k=1
V z € X, for some r(0) € [t, t + T.

Note that 7 is finite and that ||z} — 2% | — 0, [|zf™ —2f|| — 0, and |y, —yL|| — 0,
and we have

™ =2t =0 VR e —abt -0,

(2.31) Iy =y =0,y =y @ s 0 Yk
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Using this result, taking limit for (2.30), and using the fact that ||zf™ — 21| — 0,

ot S ap, ot o, Yt s yf for all k, we have
Vor(zy) +yp =0, k=1,...,K,
K
(2.32) h(x)—h(x8)+z<x—a:8,—yz> >0 VrelX.
k=1

Due to the fact that [|yi! — yt|| — 0 for all k, we have that the primal feasibility is
achieved in the limit, i.e.,

(2.33) =y Vk=1,... K.

This set of equalities together with (2.32) imply

K K
(2.34) h(z) + Z (f, — @, yp5) — (h(xg) + Z (zf — xé,y@) >0 VrelX.

k=1 k=1

This concludes the proof of part 2.

To prove part 3, we first show that there exists a limit point for each of the
sequences {zf }, {z}}, and {y'}. Let us consider only the essentially cyclic rule. Due
to the compactness assumption of X, it is obvious that {x{} must have a limit point.
Also by a similar argument leading to (2.26), we see that ||z} — z{|| — 0; thus for
each k, =, must also lie in a compact set and thus have a limit point. Note that the
Lipschitz continuity of Vg combined with the compactness of the set X implies that
the set {Vgi(z) | = € X} is bounded; therefore {Vgy(z})} is a bounded sequence.
Using (2.17), we conclude that {y}} is also a bounded sequence and therefore must
have at least one limit point.

We prove part 3 by contradiction. Because the feasible set is compact, then {z}}
lies in a compact set. From the argument in the previous part it is easy to see that
{zb}, {y'} also lie in some compact sets. Then every subsequence will have a limit
point. Suppose that there exists a subsequence {xzj I3 gctoj , and {y%} such that

(2.35) (2}, 2g,y'7) — {@r}, 20, D),

where ({@}, Zo, ) is some limit point, and by part 2, we have (&g, Zo,y) € Z*. By
further restricting to a subsequence if necessary, we can assume that (&g, Zo, 9) is the
unique limit point.

Suppose that this sequence does not converge to the set of stationary solutions,
ie.,

(2.36) lim dist (({a:fj}, zl ) Z*) =~>0.

J—00

Then it follows that there exists some J(v) > 0 such that

({2 Y25, y%) — @), @0, 9)l <7/2 Y § > J().

By the definition of the distance function we have

dist (({xzj},ﬁgj,ytj); Z*) < dist (({xzj},ﬁgj,ytj), ({Zr}, Zo, ﬂ)) )
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Combining the above two inequalities we must have
dist (o}, 20, 59): 2") <9/2 V5= Ty().

This contradicts to (2.36). The desired result is proven. O

The analysis presented above is different from the conventional analysis of the
ADMM algorithm where the main effort is to bound the distance between the current
iterate and the optimal solution set. The above analysis is partly motivated by our
previous analysis of the convergence of ADMM for multiblock convex problems, where
the progress of the algorithm is measured by the combined decrease of certain primal
and dual gaps; see [27, Theorem 3.1]. Nevertheless, the nonconvexity of the problem
makes it difficult to estimate either the primal or the dual optimality gaps. Therefore
we choose to use the decrease of the augmented Lagrangian as a measure of the
progress of the algorithm.

Next we analyze the iteration complexity of the vanilla ADMM (i.e., Algorithm 1).
To state our result, let us define the prozimal gradient of the augmented Lagrangian
function as

xvo —LFEEOX% [z0 —)Vaco (L({zr}, w0, y) — h(zo))]
2.37)  VL({zx),zoy) = | :xk oy :
Vi LH{zr}, 0, y)

where proxy,[z] := argmin, h(z) + 3[|z — z||? is the proximity operator. We will use
the following quantity to measure the progress of the algorithm:

K
P({at} o, y') = | VL{ah}, 2ty + Y Nk, — 61
k=1

It can be verified that if P({z%}, 2%, y*) — 0, then a stationary solution of the problem
(2.2) is obtained. We have the following iteration complexity result.

THEOREM 2.5. Suppose Assumption A is satisfied. Let T'(¢) denote an iteration
indez in which the following inequality is achieved:

T(e) := min {t | P({z}}, 2", y") < e,t >0}
for some € > 0. Then there exists some constant C > 0 such that

C(L({zi} 209" — )
(2.38) e < () ;

where f is defined in Assumption A3.
Proof. We first show that there exists a constant o1 > 0 such that

K
(239)  IIVL({zi} a6,9")] < o (Iﬁf?ff1 —apl + Y et - xil) Vo>l
k=1

This proof follows similar steps of [27, Lemma 2.5]. From the optimality condition of
the z¢ update step (2.10) we have

K t
t+1 t+1 t+1 t Y
x5t = prox;, leJr - E Pk (a:0+ -z, — —)] .
k=1

Pk
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This implies that
I — proxy, [z — Vao (L({}}, 25,4") — h(p))] |

K t
t t+1 t+1 t t t Yy,
Ty — Ty T Xy — Proxy [330— E Pk(xo—xk——)] H
k=1

Pk
K y
< I e+ pros, |67 = (et - ot~ )

P Pk

K v

o, [ St af

k=1 Pk

(2.40) <2fzftt — | + Zﬂkﬂxo — x5,
=1

where in the last inequality we have used the nonexpansiveness of the proximity
operator.
Similarly, the optimality condition of the zj subproblem is given by

t
Vor(z t+1)+pk( AR 3“+%) = 0.

Therefore we have

IV L({) }, 25,5l

Vor(zt) + pr (xk —xh+ yk) H

t
st () (im0 )

< (Li + po)llzg, — 27+ pellah — 26t
(2.41)

Therefore, combining (2.40) and (2.41), we have
(2.42)

K K
IVL({zk}, 20, 5"l < <2 + 2pk> = 26"l + > (Lo + o)k, — -

k=1 k=1

By taking o1 = max{(2 + Eszl 2pk), L1+ p1,...,Lx + pi }, (2.39) is proved.
According to Lemma 2.1, we have

K K K
Ly,

(2.43) Sl =2t =) — IIy”1 el <0 et — 2.
b1 Pk i1 PE

k=1

The inequalities (2.42)—(2.43) imply that for some o3 > 0
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K

> Nk = 2bl® + IVL({at} 26,401

k=1

K
(2.44) <o <||336 — g P+ e - $Z+1|2> :
k=1

2
According to Lemma 2.2, there exists a constant og = min{{w - %}kK:l, 1}
such that

L({ay} oiy') — L™ a5y ™)
(2.45) <Z lr ™ = a? + Il — $6|2> -

Combining (2.44) and (2.45) we have

ek — 2bl® + IVL({h}, 26, 5) |

AT
gl

23 (L({fi},.rto,y ) ({xt+1} x t+1))

02

Summing both sides of the above inequality over t = 1,...,r, we have

ZZ lz}, — @5lI* + IVL({f}, 26, y") 12

t=1 k=1
< Z—z( (i}, 2:9") — L Y 2gt 9™ )

< U—z (LHzi},26:9") — 1) s

where in the last inequality we have used the fact that L({z} "'}, 25t y"+?1) is de-
creasing and lower bounded by f (cf. Lemmas 2.2-2.3).

By utilizing the definition of T'(¢) and P({z%},z",y"), the above inequality be-
comes

o

(2.46) (e <~ (L{{zi} atiy) — f)

By dividing both sides by T'(e), and by setting C' = o3/09, the desired result is
obtained. d

2.3. The proximal ADMM. One potential limitation of Algorithms 1 and
2 is the requirement that each subproblem (2.11) needs to be solved ezactly, while
in certain practical applications cheap iterations are preferred. In this section, we
consider an important extension of Algorithms 1-2 in which the above restriction
is removed. The main idea is to take a proximal step instead of minimizing the
augmented Lagrangian function exactly with respect to each variable block. Like in
the previous section, we will analyze a generalized version, termed the flexible proximal
ADMM, where there is more freedom in choosing the update schedules.
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Algorithm 3. A flexible proximal ADMM for problem (2.2).

At each iteration t + 1, compute

(2.47) zp" = argmin L({z}}, z0;y").

Pick a set C**1 C {1,..., K}.
If k € C**! update ;. by solving
(2.48)

L
ot pk-g k

+1 t+1 t+1

= argmin (Vge(wG™), ok — 26™) + (yi ox — 2571) + — g

|k

Update the dual variable:
(2.49) Yo = g+ (o — o).

Else let ot =2t yitt =4

Notice that the xj update step is different from the conventional proximal up-
date (e.g., [8]). In particular, the linearization is done with respect to a:é“ instead
of 2! computed in the previous iteration. This modification is instrumental in the
convergence analysis of Algorithm 3.

Here we use the period-T essentially cyclic rule to decide the set C'*! at each
iteration. We note that there is a slight difference of the update schedule used in
Algorithm 3 and in Algorithm 2. In Algorithm 3, the block variable z( is updated
in every iteration, while in Algorithm 2 the update of zq is also governed by block
selection rules.

Now we begin analyzing Algorithm 3. We make the following assumptions in this
section (in addition to Assumptions Al and A3).

Assumption B. For all k, the penalty parameter pj is chosen large enough such
that

Pk — 7Lk <4Lk 1 > 2
2.50 ap =—— | —+ — ) 2L; >0,
(2.50) 2 Py Pk F

Pk o (4Lr | 1 2
2.51 B =——-T (— + — | 8L; >0,
(251) 2 Pr Pk y
(2.52) pr >5Lk, k=1,... K.

Again let t(k) denote the last iteration that xj is updated before t + 1, i.e.,
(2.53) t(k)=max{r|r<tkelC"}, k=1,... K.

Note that we do not need ¢(0) anymore since zg is updated in every iteration. Clearly,
we have zf = a:’,i(k) and as a result, yi = y,tc(k). We have the following result.
LEMMA 2.6. Suppose Assumption B and Assumptions A1, A3 are satisfied. Then

for Algorithm 3, the following is true for the essentially cyclic block selection rule:
(254)  2LF(4[l2b — af N + llog Tt = 2f ) > Iyt - whlA k=1, K

Proof. Suppose k ¢ C**1; then the inequality is trivially true, as y.' = y!.
For any k € C**!, we observe from the update of zj step (2.48) that
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(2.55) Vi (x t+1) + y + (px + Lk)( t+l 336+1) =0, ke Ct+1,
is true, or equivalently
(2.56) Var(z™) 4+ Ly (), L 6“) = t+1 kecttt

Therefore we have for all k € Ct+!

t+1 t+1 t(k) ”

— il = ly™ —
= V(™) = Var(eh™) + L — a5t — Li(al® — 2™
= [Vgu(eb*) = Voulel™) + i —a§™) - Li(at, - og™)

k
< Lp(2llabtt — afP ) + ettt — ),

llyy,

where the last step follows from the triangular inequality and the fact 2} = k(k) (cf.
the definition of ¢(k)). The above result further implies that

257) 2Ll — 2P+ et — 2 2yl -yl k=1, K,

which is the desired result. d
Next, we upper bound the successive difference of the augmented Lagrangian. To
this end, let us define the following functions:
k
Cuws ot y') = gelan) + (v o — ab) + Bl — o

ur(r; 2™ yt) = gr(@f™) + (Vor(af™), zn — 2§™)

r + Ly
Ph 2k |y, — a2,

+ Wl — 2" + T

Using these short-hand definitions, we have

(258) ({xtJrl tJrl7 Z Zk t+1 6+17 t)
(2.59) ahtt = argmlnuk(xk;%“, y) VEkecttl
Tk

The lemma below bounds the difference between (¢ (z) b+ t0+1’ y') and
ék(xka $6+1, ) )
LEMMA 2.7. Suppose Assumption Al is satisfied. Let {x},xl,y'} be generated by

Algorithm 3 with the essential cyclic block update rule. Then we have the following:

by (x 2+1 aht ) — O (al bt yh)

7LkH t+1 2”2 4Ly, t+1

(2.60) <L STl k=1

Proof. When k ¢ C'™!, the inequality is trivially true. We focus on the case
k € Ct*1. From the definition of ¢4 (-) and u(-) we have the following:

(2.61) Uz bty <up(zgaht™ y)) Var, k=1,... K.
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Observe that when k € C**1, 211 is generated according to (2.59). Due to the strong
convexity of uy(zx; 25, y') with respect to zy, we have

pr + Ly
(2.62) uk(z s apt yt) —wn(ag; aft yh) < ——=—5—

< 5 |2f, — 2V ke ctth

Further, we have the following series of inequalities:

Ul (xlw $€)+17 Y ) - ék(ir]w IE6+1, yt)

+ L
= gi(af™) + (Vgu(ab™), of —aft) + (hooh —aft) + B =E o, — 2
Pk
— (gu(ah) + (ks ot — ab*) + B2k xf“n?)

= gulab™) — gu (o) + (Va(b ™), af — abt) + = ok, — a1
< (Vgr(ag™) = Var(at), of — 2™ + Liflaf, - x8+1||2
< 2Lgllat, — a2 < ALy (Jlzh — 2L + ottt — atth)2),
(2.63)

where the first two inequalities follow from Assumption Al. Combining (2.61)—(2.63)
we obtain

‘gk( t+1 t+17y ) _ék(ivk? t+1ay )
t+1 t+1 t
YY)

<’U/]€( t+1 t+17y)_uk($k7$0 » Y )+uk(xk7$0 7yt)_ék($k7x0
— 7L

< P af — o2 4+ 4L laf ! — ot
— 7L 4L

= B ek = a7 I il ket

The desired result then follows. O
Next, we bound the difference of the augmented Lagrangian function values.
LEMMA 2.8. Assume the same setup as in Lemma 2.7. Then we have

L({z;}, J‘t“, v = L{mi b woiyt)

¢ S
(2.64) < - Z apllagtt = 2l = Y0 Bulleg™ — @)l
i=1 k=1 i=1 k=1

where By, and oy, are the positive constants defined in (2.50) and (2.51).

Proof. We first bound the successive difference L({xit'} zbt;ytH1)
— L({%}, zf;9"). Again we decompose it as in (2.19) and bound the resultmg two
differences separately.

The first term in (2.19) can be again expressed as

K

L{{a; g g™ = L™} gty = Z vk AR

k= 1

To bound the second term in (2.19), we use Lemma 2.7. We use an argument similar
to the proof of (2.21) to obtain
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L({a Y a6™ sy — L{ak} whyf)
= L({zi Y ag™ ") — Lk} a6y + L{ah} a6t y") — L{ak}, ahsy)

K
=3 (Gl 2ty = bk aftyh) + Lt} 2b ') — Lt} 2hi o)
=1

K
— 7L 41
<- Z( Y YW z||2)— ot — b2
k=1 p
(2.65)

where the last inequality follows from Lemma 2.7 and the strong convexity of
L({z4}, z0;y") with respect to the variable z (with modulus y = S, px) at zp =
t+1

Lo
Combining the above two inequalities, we obtain

L} by = Lt} o)

K
7Lk 4Ly,
sz( Pr Ty 1 z||2+(p2 pk)nyf“ yzn?) Tttt — a2
k
(a) K
23 (2T - a2
k=1

47 1
+ (B ) 2ol - a0+ e - o))
k
t+1 _ t12
e

K K
(b) pr — 1Ly 4L, 1 2 1 2 Pk 1 2
:‘Z(T‘(p—ﬁa 208 ) ol = o = 3 () et = b

k=1 k k=1

K
4L, 1 t(k
+° (—2 + —) 8L2[ah™ — a2
=1 \ Pk Pk
K

K
pk_7Lk 4L, 1 Pk
<3 (B (G ) 2 ek e = 3 () b b
k=1

P k=1

(2.66)
min{7T—1,t—1}
4L 1 ; »
+ZT( k)SLQ DR Fr o
k=1 1=0

where in (a) we have used (2.54); in (b) we have used the fact that v = Ziil Pk
in the last inequality we have used the definition of the period-T essentially cyclic
update rule which implies that

min{7T—1,t—1}

t(k —q
legt —ag® < ST el -
1=0
min{7T—1,t—1}
(2.67) = [leg™ — P < YT e a2
1=0
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Then for any given ¢, the difference L({z}™'}, ah™; y**+1) — L({z}}, 28; y') is obtained
by summing (2.66) over all iterations. Spec1ﬁcally, we obtain

L({zy "} 2™y = L{a} w03y

K
pk—7L;€ 4Lk 1 i i
S (2 - (B o) 20 ) ekt - ki

t
<->
i=1 k=1 Pk P
t K
4L 1 )
2> - (B o) sk ek - P
i=1 k=1 Pk Pk
¢t K
Z@kHTZH zp||* - ZZBMW“ zg?.
=1 k=1 =1 k=1

This completes the proof. d
We conclude that to make the rhs of (2.64) negative at each iteration, it is suffi-
cient to require that aj > 0 and B > 0 for all k, or more specifically,
— 7L 4L 1
Pk — 2k (—2’“+—) 22> 0, k=1,...,K,
2 Pk Pk
4L 1
Pk _ 2 (—2’“+—> 8L2>0, k=1,... K.
2 Pk Pk

(2.68)

Note that one can always find a set of p;’s large enough such that the above condition
is satisfied.

Next we show that L({z!}, x§;y") is convergent.

LEMMA 2.9. Suppose Assumptions A1, A3 and Assumption B are satisfied. Then
Algorithm 3 with the period-T essentially cyclic update rule generates a sequence of
augmented Lagrangian, whose limit exists and is bounded below by f.

Proof. Observe that the augmented Lagrangian can be expressed as

({J,tJrl} xtJrl’ t+1)

t+1 +Z(gk t+1 yz+1 t+1 $t0+1> pkH tr1 t0+1”2)

(a) t+1 +Z(gk 1) 4 (Vg (x t+1)+L (at t+1 xl(t)Jrl)’ngrl _$2+1>

th—H t+1H )

t+1 +Z<gk t+1 (ng( t+1) x6+1 ;CZ+1>—|— 2LkH t+1 t0+1|2)
(b) K —5L
> nabt) + (gk<x3“>+ Pi 5Ly e 3“|2)
k=1

K o —5L

= )+ 3 P g
k=1

(2.69)

where (a) is from (2.56); (b) is due to the following inequalities:
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gr(x5"™) < gr(ag™) + (Var(ap™), a6 — 2™ + || A
= gr(a™) + (Var(ai™) — Vgr(a t“) xé“ ;)
<ng( t+1) xl(t)Jrl t+1> H t+1 t+1||2

< gelaf™) + w%<“5x?1x“w 32k g+t — g2
Clearly, combining the inequality (2.69) with Assumption B and A3 yields that
L({xit Y, abt yt+Y) is lower bounded. It follows from Lemma 2.8 that whenever
the penalty parameter pg’s are chosen sufficiently large (as per Assumption B),
({x”‘l} x5ty 1) will monotonically decrease and is convergent. This completes
the proof. O
Using Lemmas 2.6-2.9, we arrive at the following convergence result. The proof
is similar to Theorem 2.4 and is thus omitted.
THEOREM 2.10. Suppose that Assumptions A1, A3, and B hold. Then the fol-
lowing is true for Algorithm 3:
1. We have limy_o [|25™ — 2t | =0, k=1,..., K.
2. Let ({x}}, 28, y*) denote any limit point of the sequence {{xit*} abtt yt+1}
generated by Algorithm 3 with period-T essentially cyclic block update rule.
Then ({z}}, z§,y*) is a stationary solution of problem (2.2).
3. If X is a compact set, then Algorithm 3 with period-T essentially cyclic block
update rule converges to the set of stationary solutions of problem (2.2). That
is, the following is true:

(2.70) Tim dist (({w}}. xh.y'): 2) =0,
where Z* is the set of primal-dual stationary solutions of problem (2.2).

3. The nonconvex sharing problem. Consider the following well-known shar-
ing problem (see, e.g., [8, section 7.3] for motivation):

K K
min  f(x1,...,2K) ::ng(xk)—i—é(ZAkxk)
(3.1) pust pat

st. zpe Xy, k=1,... K,

where z;, € RM* is the variable associated with a given agent k, and A, € RM>*Nk ig
some data matrix. The variables are coupled through the function ¢(-).

To facilitate distributed computation, this problem can be equivalently formulated
into a linearly constrained problem by introducing an additional variable 2o, € RM:

K
> gr(xx) + € (x0)
k=1
(3.2) -
ZAkCCkao, zp € X, k=1,... K.
k=1

The augmented Lagrangian for this problem is given by
(3.3)

K
L({zx},20:y) = ) gilan) + (o) <xo - ZAM;@’ >
k=1

K 2
o — E Akka
k=1
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Note that we have chosen a special reformulation in (3.2): a single variable xg
is introduced which leads to a problem with a single linear constraint. Applying the
classical ADMM to this reformulation leads to a multiblock ADMM algorithm in which
K + 1 block variables ({z;}£_,,z¢) are updated sequentially. As mentioned in the
introduction, even in the case where the objective is convex, it is not known whether
the multiblock ADMM converges in this case. Variants of the multiblock ADMM have
been proposed in the literature to solve this type of multiblock problem; see recent
developments in [26, 27, 28, 29, 30] and the references therein.

In this section, we show that the classical ADMM, together with several of its
extensions using different block selection rules, converges even when the objective
function is nonconvex. The main assumptions for convergence are that the penalty
parameter p is large enough and that the coupling function ¢(xy) should be smooth
(more detailed conditions will be given shortly). Similarly as in the previous sections,
we consider a generalized version of ADMM with two types of block update rules: the
period-T" essentially cyclic rule and the randomized rule. The detailed algorithm is
given in the algorithm below.

Algorithm 4. The flexible ADMM for problem (3.2).
Let Ct={0,...,K},t=0,1,....
At each iteration t + 1, do:

If t + 1 > 2, pick an index set C'*1 C {0,..., K}.

Fork=1,...,K
If ke C', then agent k updates x;, by

(3.4)
2
t4+1 . t Pl t RS ot
x = argrggék gr(xk) — (y', Agar) + 3 Ty — ZAJa:j — ZAJJJJ» Az

i<k >k
Else " = .

If 0 € C'*!, update the variable zq by

2

(3.5) 26! = argmin 6(zo) + (y', 7o) +

K
To — E Akx};“
k=1

Update the dual variable:
K
(36) yt+1 _ yt +p <x1(f)+1 _ ZA]C‘T;@Jrl) )
k=1

Else 2™ = zf, '+t = 4.

The analysis of Algorithm 4 follows a similar argument as that of Algorithm 3.
Therefore we will only provide an outline for it.

First, we make the following assumptions in this section.

Assumption C.

C1. There exists a positive constant L > 0 such that

[Vl(z) = VI < Lz — 2] Va2
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Moreover, Xi’s are closed convex sets; each Ay is full column rank so that
)\mm(A;{Ak) > 0, where A\, denotes the minimum eigenvalue of a matrix.
C2. The penalty parameter p is chosen large enough such that
(1) each z subproblem (3.4) as well as the xo subproblem (3.5) is strongly
convex, with modulus {7vx(p)}, and v(p), respectively;
(2) py(p) > 2L? and that p > L.
C3. f(z1,...,xK) is lower bounded over Hszl Xp.
C4. gy is either smooth nonconvex or convex (possibly nonsmooth). For the for-
mer case, there exists Ly > 0 such that || Vg (xr) — Vg (zi)|| < Li||ze — 2|
for all xp, zx € Xi.

Note that compared with Assumptions A and B, in this case we no longer require
that each g, be smooth. Define an index set K C {1,..., K} such that gj is convex
if k¥ € K and nonconvex smooth otherwise. Further, the requirement that Ay is full
column rank is needed to make the z;, subproblem (3.4) strongly convex.

Our convergence analysis consists of a series of lemmas whose proofs, for the most
part, are omitted since they are similar to that of Lemmas 2.1-2.3.

LEMMA 3.1. Suppose Assumption C is satisfied. Then for Algorithm 4 with either
the essentially cyclic rule or the randomized rule, the following is true:

Ve(zp™) =~y if 0 e Ct“ L2||lxg™ = 2p)1* > Iy = y')1%,

L2l — af )12 >[Iyt — g )2, D225t — ab)? > |9t -

2| R

LEMMA 3.2. Suppose Assumption C is satisfied. Then for Algorithm 4 with either
the essentially cyclic rule or the randomized rule, the following is true:

L({a} a5y = L({ak}, 2659

2
I S a2 [

k#£0,keCt+1

LEMMA 3.3. Assume the same setup as in Lemma 3.2. Then the following limit
exists and is bounded from below:

(3.8) Jim L({ziy}, abt s ytth.
— 00
Proof. We have the following series of inequalities:

({$Z+1} xr+1 yr+1)

S o) )+ (5 ZA ) 4

1

t+1 E Ak xt+1

E
Il

K
gk (xl;c—i—l) t+1 < Akﬂ?H—l JJB+1, V€($6+1)>
k=1

I
Mw

>
Il
—

ZAkxt-H
t+1 —I—é <ZA J,tJrl)

The last inequality comes from the fact that

>

MN N)Ib

t+1 E Ak xtJrl

k=1
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<Z Ak$t+1> t+1 <2Ak$t+l $6+17V‘€($6+1)>

2
t+1 § Ak$t+1

Using assumptions C2-C3 leads to the desired result. d
We note that the above result holds true deterministically even if the randomized
scheme is used. The reason is that at each iteration regardless of whether 0 € C'*1,
we have y'T! = —V/(x'*1) because these two variables are always updated at the
same iteration. The rest of the proof is not dependent on the algorithm.
We have the following main result for the nonconvex consensus problem.
THEOREM 3.4. Suppose that Assumption C holds. Then the following is true for
Algorithm 4, either deterministically for the essentially cyclic update rule or a.s. for
the randomized update rule:
1. We have limy_o || 3, Apat™ — 2l =0, k=1,..., K.
2. Let ({x}},xh,y*) denote any limit point of the sequence {{xit'} abtt yt+1}
generated by Algorithm 4. Then ({x;}, x§,y*) is a stationary solution of
problem (3.2) in the sense that

Ty € arg min gr(we) + (Y, —Arrr), k € K,

<a:k —axy, Var(zr) — Afy*> >0 VapeXy k¢,
Vi(z5) +y* =0,

K

* *
E Ay = x5.
k=1

3. If Xy is a compact set for all k, then Algorithm 4 converges to the set of
stationary solutions of problem (3.2), i.e

(3.9 tlg{)lo dist (({z},},2f,y"); Z*) = 0,

where Z* is the set of primal-dual stationary solutions for problem (3.2).

The following corollary specializes the previous convergence result to the case
where all gi’s as well as ¢ are convex (but not necessarily strongly convex). We
emphasize that this is still a nontrivial result, since unlike [27, 29, 31, 34], we do not
require the dual stepsize to be small or the g;’s and £ to be strongly convex. Therefore
it is not known whether the classical ADMM converges for the multiblock problem
(3.2), even for the convex case.

COROLLARY 3.5. Suppose that Assumptions C1 and C3 hold and that g and
L are convex. Further, suppose that Assumption C2 is weakened with the following
assumption:

C2. The penalty parameter p is chosen large enough such that p > \/2L.
Then the flexible ADMM algorithm (i.e., Algorithm 4) converges to the set of primal-
dual optimal solutions ({x}}, x*,y*) of problem (2.2), either deterministically for the
essentially cyclic update rule or a.s. for the randomized update rule.

Similar to the consensus problem, one can extend Algorithm 4 to its proximal
version. Here the benefit offered by the proximal-type algorithms is twofold: (i) one
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can remove the strong convexity requirement posed in Assumption C2(1); (ii) one can
allow an inexact and simple update for each block variable. However, the analysis is
a bit more involved, as the penalty parameter p as well as the proximal coefficient
for each subproblem needs to be carefully bounded. Due to the fact that the analysis
follows steps almost identical to those in section 2.3, we will not present them here.

4. Extensions. In this paper, we analyze the behavior of the ADMM method
in the absence of convexity. We show that when the penalty parameter is chosen suf-
ficiently large, the ADMM and several of its variants converge to the set of stationary
solutions for certain consensus and sharing problems.

Our analysis is based on using the augmented Lagrangian as a potential function
to guide the iterate convergence. This approach may be extended to other nonconvex
problems. In particular, if the following set of sufficient conditions (see Assumption
D below) are satisfied, then the convergence of the ADMM is guaranteed for the
nonconvex problem (1.1). It is important to note that in practice these conditions
should be verified case by case for different applications, just as we have done for the
consensus and sharing problems.

Assumption D.

D1. The iterations are well defined, meaning the function L(z%;4?) is uniformly
lower bounded for all ¢.

D2. There exists a constant o > 0 such that ||y'™! — ¢!||?> < o||2t™! — 2|2 for all
t.

D3. gk(-) is either smooth nonconvex or nonsmooth convex. The coupling function
£(+) is smooth with Lipschitz continuous gradient L. Moreover, £(-) is convex
with respect to each block variable z; but is not necessarily jointly convex
with z. X} is a closed convex set. Problem (1.1) is feasible, that is, {z |
Az = q} ﬂle relint Xy, # ().

D4. The penalty parameter p is chosen large enough such that each subproblem
is strongly convex with modulus 7x(p), which is a nondecreasing function of
p. Further, pyi(p) > 20 for all k.

Following a similar argument leading to Theorem 2.4, we can SEOW that as long
as Assumption D is satisfied, then the primal feasibility gap ||¢ — >, Akx?l || goes
to zero in the limit and that every limit point of the sequence {{zt™'}, 2f™, y**1} is

a stationary solution of problem (1.1). A few remarks on Assumption D are in order:

1. Assumption D1 is necessary for showing convergence. Without D1, even if one
is able to show that the augmented Lagrangian is decreasing, one cannot claim
the convergence to stationary solutions. The reason is that the augmented
Lagrangian may go to —oo,’ and therefore there is no way to guarantee that
the successive difference of the iterates goes to 0, or the primal feasibility is
satisfied in the limit.

2. The main drawback of Assumption D is that it is made on the iterates rather
than on the problem. For different linearly constrained optimization prob-
lems, one still needs to verify that these conditions are indeed valid, as we
have done for the consensus and the sharing problem considered in this paper.

Hn fact, it is very easy to modify the algorithm so that the augmented Lagrangian reduces at
each iteration—just change the “+” in the dual update (2.12) to “~.” However, it is obvious that
by doing this the dual variables will become unbounded, and the primal feasibility will never be
satisfied.
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Here we mention one more family of problems for which Assumption D can be
verified. Consider

min  f(z1) + g(z2)
(4.1) s.t. Bxy+ Axrs =c¢, 11 € X,

where f(-) is a convex possibly nonsmooth function; g(-) is a possibly nonconvex
function and has Lipschitzian gradient with modulus Lg; X C RN Ais an invertible
matrix; and g(-) and f(-) are lower bounded over the set X. Consider the following
ADMM method, where the iterate generated at iteration ¢ + 1 is given by

xﬁ“ = arg m€1r)1( f(z1) + (Bxy + Azl — ¢, y") + g||B$1 + Azh — CHZ,
x1

25 = argmin g(xq) + (Bxit + Axy — ¢, y') + gHBx’iH + Axy — c|)?,

y =yt 4p (Ba:’fr1 + Aa:t;rl — c) .

By using steps in Lemmas 2.1-2.3, one can verify that if p > L,/Amin(AAT), then
Assumption D1 holds true. By having p large enough and by using the invertibility of
A, we can make the zo subproblem strongly convex, and then Assumption D4 holds
true. Other assumptions can be verified along similar lines. Note that in this case
the convergence can be obtained with a slightly weaker condition in which the x;
subproblem is convex but not necessarily strongly convex.
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