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ABSTRACT. We study the deformed Hermitian-Yang-Mills (AHYM) equa-
tion, which is mirror to the special Lagrangian equation, from the vari-
ational point of view via an infinite dimensional GIT problem mirror
to Thomas’ GIT picture for special Lagrangians. This gives rise to
infinite dimensional manifold H mirror to Solomon’s space of positive
Lagrangians. In the hypercritical phase case we prove the existence of
smooth approximate geodesics, and weak geodesics with C** regularity.
This is accomplished by proving sharp with respect to scale estimates
for the Lagrangian phase operator on collapsing manifolds with bound-
ary. We apply these results to the infinite dimensional GIT problem
for deformed Hermitian-Yang-Mills. We associate algebraic invariants
to certain birational models of X x A, where A C C is a disk. Using the
existence of regular weak geodesics we prove that these invariants give
rise to obstructions to the existence of solutions to the dHYM equation.
Furthermore, we show that these invariants fit into a stability framework
closely related to Bridgeland stability. Finally, we use a Fourier-Mukai
transform on toric Kéhler manifolds to describe degenerations of La-
grangian sections of SYZ torus fibrations of Landau-Ginzburg models
(Y,W). We speculate on the resulting algebraic invariants, and dis-
cuss the implications for relating Bridgeland stability to the existence
of special Lagrangian sections of (Y, W).

1. INTRODUCTION

Mirror symmetry predicts that Calabi-Yau manifolds come in pairs (X, Q, w),
(X .Q, w) with the property that symplectic geometry on X is related to com-
plex geometry on X and vice versa. The physical mechanism underlying
mirror symmetry is a duality between type ITA string theory compactified
on X and type IIB string theory compactified on X. Within this duality
there is a correspondence between the D-branes in each theory; we refer
the reader to [5] for a nice discussion of D-branes on Calabi-Yau manifolds.
In both the type ITA and type IIB theory the physically realistic D-branes
are minimizers of some energy functional, and are referred to as BPS, or
supersymmetric D-branes.

On the A-model the D-branes, often referred to as A-branes, are known to
be Lagrangian submanifolds of (X, ), &) equipped with flat unitary bundles

T.C.C is supported in part by NSF grant DMS-1506652, DMS-1810924 and an Alfred
P. Sloan Fellowship.



2 T. C. COLLINS AND S.-T YAU

(as well as certain extended versions of these). On the B-model, the com-
plex geometric side, D-branes, often called B-branes, can be thought of as
holomorphic vector bundles, possibly supported on analytic subsets V C X.
In this language Kontsevich’s homological mirror symmetry proposal [69]
predicts a correspondence between A-branes on X, and B-branes on X

DPFuk(X) ~ D°Coh(X).

where the left hand side is the derived Fukaya category of X. Mirror sym-
metry furthermore predicts a duality between the supersymmetric branes
on each side of the correspondence. On the symplectic side, the supersym-
metric A-branes are known to be special Lagrangian (sLag) submanifolds
of X, together flat unitary bundles. On the B-model, however, the super-
symmetry constraint is more mysterious. Around 2000, three separate ap-
proaches to understanding supersymmetric B-branes were introduced. One
approach, by Marifio-Minasian-Moore-Strominger [76], used the Dirac-Born-
Infeld+Chern-Simons functional to compute the equations of motion in the
case of abelian gauge group. A second approach by Leung-Yau-Zaslow [73]
was to use the Strominger-Yau-Zaslow [95] proposal, and a Fourier-Mukai
transform, to compute the mirror object to a special Lagrangian in the set-
ting of semi-flat mirror symmetry [71]. Each of these found that the equa-
tions of motion corresponded to a holomorphic line bundle L — X with a
hermitian metric h solving the equation

Im(e "2 (w + F(h))") =0

(1.1) i
Re(e V" (w+ F(h)") > 0

where 6 is a constant. This equation became known as the deformed Hermitian-
Yang-Mills (AHYM) equation. A third approach, initiated by Douglas-Fiol-
Romelsberger [46] (see also [45]), was inspired by the Donaldson-Uhlenbeck-
Yau theorem [42, 101]. They bypassed the equations of motion for BPS B-
branes, and instead proposed an algebro-geometric notion called II-stability.
Their proposal can then be summarized as “an object in D’Coh(X) is a su-
persymmetric B-brane if it is II-stable”. This idea was taken up by Bridge-
land [16] who developed the notion of categorical stability conditions in
great generality. Since Bridgeland’s pioneering work the subject of stability
conditions on categories, and particularly D°Coh(X) and DFuk(X), has
generated a tremendous amount of interest. However, despite a great deal
of progress (see, for example [3, 7, 8, 75] and the references therein), there
is no general construction of a Bridgeland stability condition on D*Coh(X)
for X Calabi-Yau of dimension larger than 2 [3].

The goal of this paper is to begin to unite these three approaches to su-
persymmetric B-branes. Indeed, the correspondence between the algebraic
notion of supersymmetric A/B- branes, and the geometric notion of super-
symmetric A/B-branes has played an important role in the development of
mirror symmetry. Even before the introduction of II-stability, Thomas [97]
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and Thomas-Yau [98] proposed a notion of stability for Lagrangians and
predicted that the Lagrangian L could be deformed by Hamiltonian defor-
mations to a special Lagrangian if and only if L is stable. This proposal was
based in part on a moment map formalism for special Lagrangians discovered
by Thomas [97], and in part on the analogy with the Donaldson-Uhlenbeck-
Yau theorem, motivated by mirror symmetry. More recently Joyce [68] pro-
posed a very broad update to the Thomas-Yau conjecture in the framework
of Bridgeland stability and the mean curvature flow. Broadly, the folklore
conjecture is

Conjecture 1.1 (Folklore). There is a Bridgeland stability condition on
DYFuk(X) (resp. D’Coh(X)) so that the isomorphism class of a Lagrangian
L (resp. holomorphic vector bundle E) is stable if and only if it contains a
special Lagrangian (resp. E admits a metric solving the deformed Hermitian-
Yang-Mills equation).

This conjecture is really two conjectures, the first involving the existence
of a Bridgeland stability condition, and the second relating Bridgeland sta-
bility and the existence of a solution to a certain nonlinear PDE.

On either side of this conjecture there has been little progress. Haiden-
Katzarkov-Kontsevich-Pandit showed that gradient flows of metrics on semi-
stable quiver representations [59], and the Yang-Mills flow on a holomorphic
bundle over a Riemann surface [60], give rise to canonically defined filtra-
tions associated with Bridgeland stability conditions, giving evidence for
Conjecture 1.1. On the symplectic side Joyce [68] has outlined a program
for approaching to Conjecture 1.1, based on understanding the singularity
formation and surgery of the Lagrangian mean curvature flow (LMCF). We
remark that Neves [81] has shown that finite time singularities of the LMCF
are essentially unavoidable, and hence the problem of understanding the
long-time behavior of the LMCF is extremely difficult. At the same time,
Imagi-Joyce-Oliveira dos Santos [65] have shown how ideas from Floer the-
ory and the Fukaya category can be used to study the singularity formation
of the LMCF.

On the holomorphic side, the deformed Hermitian-Yang-Mills equation
has recently been studied by Jacob-Yau [67] and the authors and Jacob [29].
In [29] a necessary and sufficient analytic condition was given for the exis-
tence of solutions to dHYM in the critical phase case. It was observed that
these conditions gave rise to algebraic obstructions of “Bridgeland type”.
However, outside of this result, and for the case of higher rank vector bun-
dles, essentially nothing is known.

This paper takes up the above folklore conjecture, primarily on the B-
model. In particular, we develop the algebro-geometric obstruction theory
for the deformed Hermitian-Yang-Mills equation on a line bundle in the hy-
percritical phase case. We compare our results with the “expected” Bridge-
land stability condition, and use mirror symmetry to deduce similar results
for Landau-Ginzburg models mirror to toric Fano varieties.
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Our approach to this problem is to study the mirror of an infinite di-
mensional GIT framework for special Lagrangians due to Thomas [97], and
Solomon [93]. To put things in context, let us briefly recall the basic idea of
finite dimensional GIT; we refer the reader to [99, 79] for a thorough discus-
sion. Suppose (X, w) is a projective Kéahler manifold acted on by a group G,
which is the complexification of compact real Lie group K, acting on (X, w)
by symplectomorphisms. By the Hilbert-Mumford criterion, a point p with
finite stabilizer is GIT stable if and only if the orbit of p is closed under all
1-parameter subgroups, which we think of as infinite geodesics in G. The
Kempf-Ness theorem makes the the connection with symplectic geometry
by associating to G, p a certain K-invariant function f,, called the Kempf-
Ness functional, constructed out of the moment map for the K-action. The
Kempf-Ness functional has the following two properties: (i) f, is convex
along all one-parameter subgroups of G/K, and (ii) p is stable if and only
if f, is proper on G/K. Since f, is convex, the properness can be checked
by evaluating the limit slope of f, along infinite geodesic rays in G/K, a
calculation which gives rise to algebraic invariants of the G-action whose
sign determine the stability of p. Furthermore, the construction of f,, shows
that p is stable if and only if the K-orbit of p contains a zero of the moment
map, which is the usual statement of the Kempf-Ness theorem.

On the A-model, [93] Solomon introduces a Riemannian structure, and
geodesic equation on the infinite dimensional space of positive (or almost
calibrated) Lagrangians. These geodesics are the one parameter subgroups
in the complexified symplectomorphism group in Thomas’ infinite dimen-
sional GIT picture [97, 98]. Solomon also introduces two functionals C, 7,
the latter of which is the the Kempf-Ness functional of the GIT problem,
and is therefore convex along putative smooth geodesics.

The existence problem for geodesics in the space of positive Lagrangians
has recently generated a great deal of interest. Solomon-Yuval [94] demon-
strated the existence of smooth geodesics between positive Lagrangians in
Milnor fibers. Rubinstein-Solomon [87] studied the existence of geodesics
between graphical positive Lagrangians. They prove that if fy, f1 are two
functions defined on a smoothly bounded domain D C R" so that

x+— (2, Vfi(x)) i=0,1

define positive Lagrangians in R?® = C", then there exists a continuous func-
tion F(x,t) having F(z,0) = fo, F(x,1) = f; and which solves Solomon’s
geodesic equation in the weak sense of Harvey-Lawson’s Dirichlet duality
theory. These weak geodesics were described in terms of envelopes in the hy-
percritical phase case by Darvas-Rubinstein [35]. The Rubinstein-Solomon
approach was extended to compact Riemannian manifolds by Dellatorre
[37], and to the deformed Hermitian-Yang-Mills setting, as developed here,
by Jacob [66].

In this paper we will develop the mirror of the Thomas-Solomon infinite
dimensional GIT picture for the deformed Hermitian-Yang-Mills equation.
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We describe a infinite dimensional symplectic manifold, admitting an action
by a group of symplectomorphisms, together with a space H C C*°(X,R)
and a Riemannian structure on H, which can be thought of as analogous to
G/K in the finite dimensional GIT. We compute the geodesic equation, and
introduce a notion of e-geodesics, which solve an approximate version of the
geodesic equation. We also introduce the complexified Calabi-Yau functional
(see Definition 2.13), and extract from this functional analogues of the C,
and J functionals, as well as a C-valued functional Z. The J functional
is the Kempf-Ness functional for the GIT problem; it has critical points at
solutions of the dHYM equation, and is convex along smooth geodesics. A
fundamental issue in the analogy with finite dimensional GIT is that smooth
geodesics need not exist. Thus, our main analytic contribution is to prove,
in the hypercritical phase case, the existence of weak geodesics connecting
points in H, with C1® regularity. With this much regularity, we can show
that the functionals J,C,Z are well-defined and we prove that they are
convex/concave along these generalized geodesics.

In order to study the existence of regular geodesics we study the manifolds

(A, 0)= (X x{teC: ce”l < |t| < e}, w = whw + V—1dt A dt)

and solutions of the specified Lagrangian phase equation
n

(1.2) Ou(mka+vV—1DDy) = Z arctan(p;) = h
i=0

on X.. Here g, ..., uy are eigenvalues of w5« + /—1D D¢y with respect to
w. We prove sharp (with respect to scale) estimates for this equation. As a
PDE question, this seems to be of independent interest. Namely, suppose we
have a domain of the form M x [—¢,e] C M x R, where M is a Riemannian
manifold, possible with boundary. Suppose ¢ solves a fully non-linear elliptic
equation F(D?p) = 0. By the mean-value theorem, the gradient of V¢
is of order % in the thin directions, and by the comparison principle we
expect D?p ~ €72 in directions parallel to the R-factor. The question
then is whether this lack of regularity in the “thin” directions propagates to
directions tangent to M. In the present setting we prove that the lack of
regularity does not propagate.

Theorem 1.2. Suppose o(z,t) is a smooth S* invariant function on (X.,®)
solving (1.2), with h : Xe — ((n—1)%,(n+1)%), and with 90‘62(5 € H. Then
there is a constant C' independent of € so that following estimates hold

o+ |VXVXp

oscx.p + V¥ o< C

IViV¥e

o+ | Vip

o< —
€

C
vatﬁp )

o <
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The proof of these estimates depends on exploiting the geometry of (X., )
together with rather subtle concavity properties of the Lagrangian phase
operator. Altogether, these estimates imply the existence of smooth e-
geodesics connecting any two potentials in A, and the existence of weak
geodesics in H with C1® regularity for any o € (0,1). We show that these
weak geodesics have enough regularity to define the complexified Calabi-
Yau functional, and prove that C is affine, J is convex, and the real and
imaginary parts of Z are concave along these weak geodesics. Furthermore,
using the existence result for geodesics we show that H has a well-defined
metric structure.

With these results in hand, we are in the setting of an infinite dimensional
GIT problem with geodesics playing the role of one-parameter subgroups.
Using algebraic geometry we construct model infinite rays, analogous to
one-parameter subgroups in the space H, and evaluate the limit slope of
the Calabi-Yau functional along these model curves in terms of algebraic
data. Using the existence of regular geodesics these model curves give rise
to algebro-geometric obstructions to the existence of solutions to dHYM.
For example, we prove that in the hypercritical phase case (see Section 2)
we have

Theorem 1.3. Let J1 C J2--- C Jr—1 C Jr = Ox be a sequence of ideal
sheaves, and define
J=31+t-Jo+ -t J1+ () COx ®C[t].

Let 1 : X — X x A be a log resolution of J, so that =3 = Ox(—E) for an
s.n.c divisor E. If [a] admits a solution of the deformed Hermitian-Yang-
Mills equation then

(1 [w] + V=1 (u*[a] - 6E))"
(w+ v—1a)".[X]

for all 6 > 0 sufficiently small. Moreover, equality holds if and only of
3= (t") for some 0 < £ < 7.

E.Im =0

These obstructions, fit into a framework which is closely related to Bridge-
land stability [16]. Namely, for a holomorphic line bundle we consider the
central charge

Z(L) = — /X eV Toun(L).

We show that if L has a solution of the deformed Hermitian-Yang-Mills
equation with hypercritical phase, then Zx (L) lies in the upper half-plane.
Furthermore, we show that for any V C X irreducible analytic subset we
have that

Zy(L) = — /V e V=1eh(L)

lies in the upper half-plane and ArgZy (L) > ArgZx(L). We furthermore
explain the role of Chern number inequalities and their the relation to the
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phase lifting problem and the notion of a slicing of D’Coh(X). By the
Hilbert-Mumford criterion, it is therefore natural to think of Bridgeland
stability for a holomorphic line bundle L as formally predicting the (infinite
dimensional) GIT stability of L.

Finally, we apply SYZ mirror symmetry, and the Fourier-Mukai transform
to study the existence of special Lagrangians on Landau-Ginzburg models
mirror to toric Kédhler manifolds. We explain how our results imply similar
results for Lagrangians, including the existence geodesics in the space of pos-
itive Lagrangians, and the construction of certain algebraic degenerations.
We speculate on the relationship with Bridgeland stability conditions on the
derived Fukaya category.

As suggested by finite dimensional GIT, we expect this theory will have
applications in proving the existence of solutions to dHYM. In the case
of Kéahler-Einstein metrics, Berman-Boucksom-Jonsson [10] recently gave a
variational proof of the Chen-Donaldson-Sun theorem [23, 24, 25] establish-
ing the existence of Kéhler-Einstein metrics on K-stable Fano manifolds.
Some of the key ingredients in the approach of [10] are: (i) the existence
of C1 geodesics in the space of Kihler metrics [21]. (ii) the relationship
between existence of Kéhler-Einstein metrics and the properness of a certain
Kempf-Ness functional D (in an appropriate sense) [36], using the metric
structure on the space of Kahler metrics. (iii) the extension of D to a func-
tion on non-Archimedean metrics, which allows one to study the limit slopes
along infinite geodesic rays [10, 14, 15]. One could hope for a similar ap-
proach to proving the existence of solutions to dHYM, using the existence of
regular geodesics we establish, together with the convexity/concavity prop-
erties of the functionals 7 and Z. However, for the dHYM equation there are
significant new difficulties related to the phase lifting problem, and related
Chern number inequalities; see Section 8.

The layout of this paper is as follows. In Section 2 we explain the mirror of
Thomas’ moment map framework and the Thomas-Solomon GIT /variational
framework. We compute the geodesic equation, introduce e-geodesics and
study the complexified Calabi-Yau functional. We also outline the approach
to existence of regular geodesic. In Section 3 we discuss the properties of
the Lagrangian phase operator, and construct barrier functions which play
an important role in later estimates. In Section 4 we prove a priori C es-
timates for solutions to (1.2). In Section 5 we prove interior C? estimates
for solutions of (1.2). We also explain how our estimates can be applied to
give a streamlined proof of the existence of geodesics in the space of Kéhler
metrics [21]. In Section 6 we prove boundary C? estimates, and combine
our work to prove the existence of smooth e-geodesics, C1® weak geodesics,
and prove various convexity statements for relevant functionals along weak
geodesics. In Section 7 we construct model curves from algebraic geome-
try, and use weak geodesics to produce alebro-geometric obstructions to the
existence of solutions to dHYM. In Section 8 we explain how the results in
Section 7 can be put into a coherent framework closely related to Bridgeland
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stability, including the role of Chern number inequalities in the theory. We
also make some conjectures about relations between algebraic invariants,
the existence of solutions to dHYM, and the non-emptiness of . Finally,
in Section 9 we use the SYZ proposal to translate our theorem from toric
Kéahler manifolds to results about degenerations of Lagrangian sections in
Landau-Ginzburg models, and relations with stability conditions on the de-
rived Fukaya category.

Acknowledgements: T.C.C would like to thank A. Jacob, J. Ross, and
B. Berndtsson for many helpful conversations, as well as J. Solomon, A. Han-
lon, and P. Seidel for helpful conversations concerning special Lagrangians
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2. THE VARIATIONAL FRAMEWORK, GEODESICS, AND APPROXIMATE
GEODESICS

Let (X, w) be a compact Kihler manifold, and fix a class [a] € HY (X, R).
By the d0-lemma, the (1,1) forms o lying in the cohomology class [a]
are parametrized by functions o/ = o 4+ /—199p. Consider the integral
Jx(w+ v—1a)® € C. We will always assume that this integral lies in C*.

Then we define a unit complex number V=10 depending only on [w], [a] by
/ (w+vV-1la)" € R>Oe‘/?1é.
b'e

Motivated by mirror symmetry we introduce the deformed Hermitian-Yang-
Mills (dHYM) equation, which seeks a function ¢ € C*°(X,R) so that o, :=

a + /=100y satisfies
Im (e_ﬁé(w + \/—law)") =0.

We refer the reader to [32] for a brief introduction to the dHYM equa-
tion. Note that with our present convention, if o = ¢1(L), then we are
studying (1.1) on L~!. This convention plays no role, apart from avoiding
an abundance of minus signs, until Section 9. To write the dHYM equa-
tion more concretely, fix a point p € X, and local holomorphic coordinates

(21,-.+,2n) near p so that w(p);; = 03, and (ay);; = Aidj;. Then A; are the



eigenvalues of the Hermitian endomorphism w_loz(p, and

(W‘F\/jlaw)n :ﬁ(l_i_\/jl)\z)

i=1

= r(ay)

wn
e\/jl@w (Oﬂp)

where

21) () = (Hu + Af)), Ou(ay) = Y arctan();).
i=1 i=1
The function r(cv,) is called the radius function, while ©,,(«,) is called the

Lagrangian phase. The deformed Hermitian-Yang-Mills equation seeks o,
so that

n

Zarctan()\i) =60 mod 2.

i=1
Note that if there is a solution of the deformed Hermitian-Yang-Mills equa-
tion then there is a well-defined lift of # to R. Furthermore, with this
formulation it is clear that the dHYM equation is the complex analogue

of the special Lagrangian graph equation. The following lemma is due to
Jacob-Yau [67].

Lemma 2.1 (Jacob-Yau [67]). Solutions of the deformed Hermitian-Yang-
Mills equation minimize the functional

C®(X,R)p — V(p) := /Xr(a%,)w”.

If ¢ is a solution of the deformed Hermitian- Yang-Mills equation then
0<V(p) = ‘/ (w+vV—-1a)"
X

We define the Lagrangian phase operator by

(2.2) Ou() = Zarctan()\i).
i=1

In our previous work with Jacob [29] we gave necessary and sufficient an-
alytic conditions for the existence of solutions to the deformed Hermitian-
Yang-Mills equation. We proved

Theorem 2.2 (Collins-Jacob-Yau, [29]). For 6 > (n — 2)%, there exists a
function ¢ satisfying X

Ou(a) =16
if and only if there exists a function ¢ : X — R so that ©,(a,) > (n—2)7F,
and, forall1 < j<n

(2.3) > arctan();) > 0 —

T
— 2
7]
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: —1
where \; are the eigenvalues of w™ .

A primary motivation of this paper is to understand the implications of
existence of solutions to the dHYM equation with the goal of replacing (2.3)
with an algebro-geometric condition. In the best case scenario this could
give a checkable criterion equivalent to the existence of solutions to dHYM.

Let us briefly discuss the moment map picture, though our primary in-
terest will be the variational framework of the associated GIT problem. Let
L — (X,w) be a holomorphic line bundle, and fix a hermitian metric i on
L, which induces a unitary structure. We consider the affine space AL of
h-unitary connections inducing integrable complex structures on L. Since
L is a line bundle, this is just the same as the set of unitary connections
V = d + A such that 0A%! = 0. The group G of gauge transformations acts
on A1 by in the standard way. If ¢ = e¥ is a gauge transformation for
some ¢ : X — C, then

A%t AL L9, AN ALY _ 5,

We can identify T4 A" = Ker{d : A®' — A%?}, and hence define a hermit-
ian inner product by

TyAY 5 a,b— (a,b) 4 = ﬁ/ aAbARe (e_ﬁé(w - F(A))n_l) :
X

In general, this inner product is degenerate, but one can check that it is non-
degenerate in an open neighbourhood of a solution to the dHYM equation.
The natural complex structure on T4 A"! acts by a — +/—1a, and we get a
symplectic form on A by taking

Qa(a,b) :==Im ((a,b)4) .
Let Gy be the Lie group of unitary gauge transformations of (L, h), and iden-

tify Lie(Gy) = C®(X,v/—1R). Let /—1¢ € Lie(Gy). lIdentify Lie(Gy)*
with the space of imaginary 2n-forms on X by the non-degenerate pairing

(V—1e, leﬁ)i—>/)(¢ﬁ

The function v/—1p generates the vector field /=19y on A. For any b €
T4 A we consider

(V1. b) 4 = /X@go AbARe (VT - F(4)")
_ /X b ARe (e 7w — F(4)")
and so

01000 = 1 [ o0 @ o ARe (¢ T - P
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Now, if we consider A%! — A% 4 ¢b, then

d _
—|  F(A+tb)=—(0b— 0b)
dt|,_,
and this form is purely imaginary. Therefore
d VT n
il I (e (w — F(A + tb)) )

= nlm (e—ﬁé (w— F(A)™ L A (96 — ab))
= n(Jb — 9b) A Re (e_‘/jlé (w— F(A))”*l) .

It follows immediately that the moment map for the Gy action is

Avs —\éjllm (e_\/jlé(w - F(A))”) ,

n

and hence solutions of dHYM correspond exactly to zeroes of the moment
map. Despite the fact the the symplectic form is degenerate, we can still
hope to use ideas from GIT to study the existence of zeroes of the moment
map.

Infinite dimensional GIT frameworks have appeared in several contexts in
the study of nonlinear PDE on Kéahler manifolds, including the study of the
Hermitian-Yang-Mills equation on a compact Kéhler manifold [4], certain
nonlinear generalizations thereof [72], and the Kéhler-Einstein and constant
scalar curvature equation [43, 44], among others [41]. More recently, the
study of the space of Kdhler metrics has drawn a great deal of attention.
Since our setting is formally analogous to this latter topic, let us briefly
recall this framework. Following Donaldson [41], Mabuchi [74] and Semmes
[92], we fix a Kahler class [w] on X, and consider

Hpsu = {p € C°(X,R) : wy, := w + V—199¢ > 0}

The tangent space to Hpsm at a function ¢ is C*°(X,R), and we can intro-
duce a Riemannian metric by

(1, ) = /X o,

This makes Hpgy into an infinite dimensional Riemannian manifold. One
can then study the geodesic equation on this manifold, which is equivalent
to the Homogeneous complex Monge-Ampere equation [41, 74, 92]. For
any ¢1,p2 € H one can find a curve ¢(t) of potentials for which ¢(0) =
w0, (1) = @1, @(t) is O in space and time, satisfies w + v/—109p(t) > 0,
and solves the geodesic equation in a weak sense [21] (see also [19, 56, 12,
27, 104] for related work). Furthermore, it is known that ¢(t) cannot be
C? in general [33, 34, 70]. Even without better regularity, the existence of
weak geodesics plays an important role in linking the existence of solutions
to certain nonlinear PDE, including the Kéhler-Einstein equation on a Fano
manifold [11, 10], and Donaldson [40] and Chen’s J-equation [22].
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The variational framework studied here is mirror to a variational frame-
work for positive Lagrangians introduced by Solomon [93]. When L is an
ample line bundle, this variational structure can be regarded as interpolating
between the Riemannian structure for the Hermitian-Yang-Mills equation,
and the Donaldson-Mabuchi-Semmes [41, 74, 92] Riemannian structure on
the space of Kéhler metrics, as will be discussed below.

Definition 2.3. Define the space
M= {p € C®(X,R) : Re(e VP (w + v=Tay,)") > 0}

A slightly more concrete definition of the space H in terms of the La-
grangian phase operator (2.2) is
Lemma 2.4. The space H can be defined as
H:={p € C®(X,R): Oy(ay) € (p— g, o+ g) mod 27}.
Remark 2.5. It is clear that if one changes Kahler forms within the class
[w], then the space H will change as well. Thus we should really be writing

‘H., to indicate the dependence on w, but we will refrain from doing so and
hope this causes no confusion.

Recall that the angle 0 is a priori only defined modulo 27.
Lemma 2.6. Assume that H # 0. Then there exists a unique lift ofé to R.

This lemma is an application of the maximum principle; we refer the
reader to [67, 32] for a proof.

It is a simple consequence of the Schur-Horn Theorem [64] and Lemma 3.1
(7) that the space H is convex when |0] > (n — 1)5. However, in the lower
branches it is not even clear that H is connected. For our purposes this will
not be a significant issue, since H is embedded in the vector space C*°(X, R).

There is a natural Riemannian structure on H defined in the following
way. The tangent space at a point ¢ € H is T,H = C*°(X,R) and we define
a non-trivial Riemannian structure by

(1, 1h2)p = /X P1y2Re (efﬁé(w + \/—7104(;,)") :

The Riemannian metric gives rise to a notion of geodesics.

Proposition 2.7. A smooth curve ¢(t) € H with ¢(0) = o, (1) = @1 is
a geodesic if it solves the equation
(2.4)

BRe (V7T (w 4+ v Tag)") -y T0pATEATm (= + vTa,) 1) =0

Proof. Let ¢(t) be a curve in ‘H with constant speed. Suppose that ¢(t,s)
is surface in H such that ¢(0,s) = ¢o, ¢(1,s) = ¢1, and @(t,0) = @(t).
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We may write ¢(t,s) = o(t) + s1(t, s) with (0,s) = ¥(1,s) = 0. We will
compute the variation of arc-length around ¢(t). The length is

L(s,t) :/01 dt\//X(gb)2Re (e—ﬁé(w+ﬁ%)n)

Taking a derivative gives

d /1 1 / . ey,
— L= dt—— YoRe (e w+vV—=1la,)"
s g Jy R (YT + Vo))

5=0
+ /01 2”190|| /){(¢)2Re (nﬁe_mé(w +vV—Tay)" ' A \/—7185¢>

Integration by parts on the second term yields
(2.5)

d
ds|,_g

/dtHSO”/ wapRe Fe(w—i-\/ia@))
—/ |’S0H/1/J\ﬁ3<ﬁ/\5'90/\1m< VI 4V Tay)" 1)

- / dt_/ wcﬂm e—ﬁ‘)(w +vV=Ta,)" A \/—1(9&@)
o el Jx
where we also used that v/—190 is a real operator, and Re(y/—1z) = —Im(z).

We now integrate by parts in time on the first term.
(2.6)

/01 dtggy [ dgRe (Ve o)
[0 ot )
_/ 1dt\<1ﬂ| / vgRe (VT (w+ v=Tay)")
/ 2] / dgRe (nv/=Te Y (w 4+ V=Tay)" " A V=100

The last term from (2.6) cancels the last term from (2.5). Furthermore,
since (0, s) = ¢(1,s) = 0 the first integral vanishes. Thus

d L | j
—| L= —/ dt,/ ngbRe e*ﬁe(w +vV—1lay,)"
ds|e=g [l ¢ )
—/ =l / Yy — &p/\@go/\Im( Fg(w—i-\/ Lo,)"™ 1)
which is what we wanted to prove. [l

As in the case of geodesics in the space of Kéhler metrics, we can re-
formulate this equation as a degenerate elliptic equation over the product
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manifold

X =XxA=Xx{et<t| <1}
where now ¢ is a coordinate on C. We denote the projections for X to X, A
by 7x, 74 respectively, and let v/—1DD denote the 90 operator on the n+ 1
dimensional manifold X, and v/—190 denote the 90 operator on X.

Lemma 2.8. Suppose pg,p1 € H. A solution ¢(x,s) € H of the geodesic
equation with p(x,0) = o, p(z,1) = @1 is equivalent to a function ¢ : X —
R which is St invariant (ie. @(x,t) = ¢(z,|t|)) and solving

27) Im [e—ﬁé (r5w + V=1 (ra + ﬁpm))"ﬂ] =0

Re [e_mé (w +v-1 (a + \/—165@))”} >0
and with p(x,1) = po(z), p(z,e™") = p1.
Proof. Let s = —log|t|, and set ¢(x,t) = ¢(x,—log|t|), and let m = wx for
simplicity. The second line just expresses that ¢(z,t) = @(z,s) € H, so it
suffices to check (2.7) is equivalent to (2.4). For simplicity denote ¢ = 05,

and similarly for higher derivatives. Then

1. 1.
;907 81?()0 = _?907 ata{SO = ’

Now it is a matter of linear algebra. We expand
(T"w+ V-1 (7" + V—lDﬁcp))nH
=vV-1n+1) (7w + \/—1(7r*(oz¢))n AN —10:04p

=D (2o VTR (0))" A (Dudi + O+ ODx)’
The third line becomes
—n(n+1)0x0p A 0 Oxp A (T*w + vV —17%(ap))"
=n(n+ 1)00xp A %dxp A (T*w + V=17 (ap))"
After some straightforward algebra we get

O E DV (5T (4 V) + V10§ AT A (" (w0 +VTag) )

|t

1 .

Opp = — tPSO

Multiplying by e=V=10 and taking the imaginary part yields equivalence
between the geodesic equation and (2.7). O

Equation (2.7) is a degenerate equation, and hence the existence and reg-
ularity of solutions is not guaranteed. In fact, following work of Rubinstein-
Solomon [87], Jacob [66] showed that (2.7) is a degenerate elliptic equation
which fits the Dirichlet duality theory of Harvey-Lawson [62]. Let us briefly
recall how this is done. On X define metrics

(2.8) Qe = Thw + 2V —1dt A dt.
Then,
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Definition 2.9. The (space-time lifted) degenerate Lagrangian phase oper-
ator is defined by

O, (tha+v—1DDy) = 213(1) Oy, (T a +V—1DDy).

As shown in [87], the operator éw() defines a degenerate elliptic operator,
and the geodesic equation can be rewritten as

(2.9) Oulay) =10

When |0 > (n — 1), Jacob [66] proves existence of continuous geodesics
building on work of Rubinstein-Solomon [87]. In this context, a continuous
geodesic is a viscosity solution of (2.9), in the sense of Harvey-Lawson [62].

Our approach here is different, necessitated by the need for geodesics
with with better regularity for geometric applications. We will therefore
obtain the existence of regular geodesics as limits of smooth solutions to a
regularized version of (2.7) which is elliptic.

Definition 2.10. Suppose ¢g, ¢1 € H. An S invariant function ¢ : X — R
is said to be an e-regqularized geodesic in the space H joining o and p1 if
solves
(2.10)

Im [e_mé (ﬂ*w +e2V/—1dt N dt + /-1 (7T*C¥ + \/—lDﬁgo))nH} =0

Re [eV"1 (w+ V=T (a + V=1005))"] >0

and with ¢(z,1) = ¢o(x), p(z, e 1) = ¢1. Here, as before, /—1DD denotes
the /—100-operator on the n + 1 dimensional manifold X, while /—100
denotes the operator on X

Remark 2.11. To streamline some statements, we will view geodesics as -
regularized geodesics with ¢ = 0. We will also refer to e-regularized geodesics
as e-geodesics.

Note that (2.10) is just the deformed Hermitian-Yang-Mills equation on
the manifold with boundary, defined with respect to the degenerating metric
We.

Lemma 2.12. If p(x,t) is an S* invariant solution of the deformed Hermitian-
Yang-Mills equation on (X,&.) with 6 > (n — 1)5, then ¢(x,t) is an e-
geodesic.

Proof. This is almost a tautology, except to show that p(x,t) € H for all
t € A. That is, we need to show that

ng > O, (o + vV—190p(x,t)) > 0 — g
for all t. The upper bound is trivial while the lower bound follows from the
Schur-Horn Theorem [64] together with Lemma 3.1 (7). O
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For our purposes, the most important point of this Riemannian structure
is that there exist real valued functions on & which are convex/concave/linear
along geodesics, and which can be used to study the existence problem for
the dHYM equation on X.

Definition 2.13. The complezified Calabi-Yau functional is defined by its
differential on H as follows. Suppose ¢ € H, and v € T,H, then

dCYe () (1) = /X (w+ vVTap)".

Recall that on the space of Kahler metrics in the class [w] the Calabi-Yau
functional is defined by its differential at a Kéahler potential ¢ by

0¥ ()W) = [ v

Hence we can view the functional CY¢ as the extension of the Calabi-Yau
functional to complezified Kihler forms in H%!(X, C). The next proposition
shows that CY¢ integrates to a well-defined function.

Proposition 2.14. The complexified Calabi- Yau functional integrates to a
well-defined functional CYe : H — C. If 0 € H, the we can CY¢ explicitly
as

1 < , .
n_i_lj;o/xgp(w—l—\/—ilawy/\(w—k\/—ila) J.

Proof. Since the space H may not be connected, we will instead show that
CYc integrates to a well-defined functional on C*°(X,R), which we then
restrict to H. Fix a base point in #H, which, by changing the background
form a we may always take to be 0 € H. Let ¢1 € C*°(X,R) be another
potential, and suppose that ¢(t), ¢(t) are two paths in C*°(X,R) such that
©(0) = ¢(0) =0and p(1) = ¢(1) = 1. Let ¥(t) = ¢(t) —p(t), and consider
o(t) + sy(t) for s € [0, 1]. We compute
(2.11)
d 1
ds 0

1 X
:/ dt/ YIm (e_me(w—l—\/—lawrw)”)
0 1 X
+ /0 dt /X(Lp + s1)Im (m/—le_mé(w +V=Tagisp)" ' A \/—185w>

Since 9(0) = (1) = 0, we can integrate by parts in ¢ in the first term on
the right hand side of (2.11).

/01 dt/X YIm (e_mé(w + \/jlawrw)")
=— /1 dt/ PIm (nﬁe_mé(w +V—Tapysy)" P AV=100(p + 3¢)>
0 X

dt /X(<p + s1))Im <e_mé(w + \/jlawﬂw)”)
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Finally, since /—100 is a real operator, integration by parts cancels the
second term on the right in (2.11). To obtain the closed form take ¢ € H,
and consider the path tp. Then we have

CY(C / dt/ W‘F\/iatgo)
Writing w + v/~ 1ayy = t(w + vV—=1ay) + (1 — ¢)(w + v/—1a) we get
CYe(p Z/ < )tﬂ (1—t)" Jdt/ P(w+vV—Tay) A(w+v—1a)"™7
X

and the ¢ integral is easily evaluated by induction to be + independent of
J- O

Remark 2.15. The above proof shows that C'Y¢ integrates to a well defined
functional on C*°(X,R), which we can then restrict to H. This avoids obvi-
ous technical difficulties in case H has more than one connected component.

Following Solomon [93] we can extract two particularly useful real valued
functions from C'Yc. Define

I(p) = ~m (e CYe)
C(p) :==Re (e‘ﬁéCYC) .

Clearly the J functional is precisely the Kempf-Ness functional for our in-
finite dimensional GIT problem. We have the following Corollary of Propo-
sition 2.14.

Corollary 2.16. Fiz a base point o € H and let p(t) be a path in C*°(X,R)
connecting po to w1 € H. Then

J(p1) :==— /01 dt/X $Im (e_mé(w + \/jloz@(t))”>

1 R
Clpr) := / dt/ ¢Re (eiﬁe(w + \/—1a¢(t))")
0 X
In particular dJ (¢) = 0 at a point ¢ € H if and only if ¢ solves the deformed
Hermitian- Yang-Mills equation.

The next proposition makes the connection with infinite dimensional GIT.

Proposition 2.17. Let p(z,s) be a curve in H, viewed as an S' invariant
function on X by s = —log(|t|). Then we have the following formula for the
second derivatives of J and C;

(2.12)

V=107 (p(1) = (ma).Re [V (wiw + V=T (ria +v=1DDy)) "]
(2.13) )
V=100 (p () = (ma)lm [V (whw + V=1 (nka + V=1DDg)) """ |
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Furthermore, the functional J is strictly convex along non-trivial, smooth
e-geodesics for all € > 0, and C is affine along e-geodesics for all € > 0.

Proof. Suppose that ¢(s) is a smooth e-regularized geodesic in H. We com-
pute

Froveeo) = [ (i0) (04 VTage)”
+ /X (i‘ﬂ) n <(w V= lag)" T A VL V100 (js@»

:/X <szso> (w+V=Tage)"

- \/jlf nv/—10 (;ig0> AO (i@) A (w+ \/—710480(5))7171
X

From this expression one can easily check directly using local coordinates
that J is convex along geodesics, and C is affine. However, it is useful to
rewrite this expression on X. Let mx : X — X be the projection to X,
and 74 be the projection to annulus. Recall that s = —log(|t|) where ¢ is a
coordinate on C. We can rewrite the above expression using the computation
in Lemma 2.8 as

(2.14) V=10,0;,CYc = —vV—=1(ma)s (7w + V=1 (ta + vV—1DDg))" "

where (7.4)s denotes the push forward along the fibration X — A (ie. inte-
gration along fibers). Taking the real and imaginary parts of this expression
proves (2.12) and (2.13). In order to establish the convexity of J along
e-regularized geodesics we need to evaluate the sign of

Re [~V (nfwv/ =T (nka + V=1DDyp))""]
— Re [e_‘/jlé (Tiew + e2V/—=1dt A df+ /=1 (' + \/—lDﬁp))nH}
— (n+1)e2V/—1dt A dE A T%Re [e*ﬁé (w+ V=1 (a+ \/—155@))”} :

In particular, it suffices to show that the fibre integral of the right hand side
is positive. By (2.1) we have

Re [e_mé (mxw + e2V/=1dt N dt + /-1 (Txa+ V—lDﬁgp))nH]
= (n+ 1)R(ay)e®V—1dt A dE Aw"

where we used that ©_(a,) = 0 since ¢ is an e-geodesic. Here R(a)
denotes the radius function computed on (X,®.). On the other hand, we
have

Re [e*ﬁé (w+vV—=1(a+ ﬁa&p))"} = r(p) cos (QW(Q¢,]X) - é) w"

where (o,)|x denotes the restriction of o, to TX C TX, and 7(yp) is the
radius function computed on (X,w). Fix a point (pg,tg) € X, and choose
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holomorphic normal coordinates (wr, ..., wy) for (X,w) near py so that at
(Po, to) we have wy; = 63;, and (a + +/—=190p) = \;03;. Complete this to a
set of coordinates on X by setting wg =t — tg. We can then write

ao | do

_ A1 oo 0 1
a+V—=1DDy = AR g;1:< z | 0 )
ap | - : 0|1,
0 - A\

where 1,, is the n x n identity matrix. By definition r(¢)? = [T, (1 + A?),
while

1+g71a gfla _ 1+5L4a%0+i2‘60’2‘ a%aOT—F%aOTD
e Twde T %d@-%Dﬁo ‘1n+5%dOdOT+D2

The function R(¢)? is the determinant of this matrix. Expanding the de-
terminant along the top row we have

1
R(p)? =1 - det <1n + gﬁoﬁoT T D2> +det (1o + g- g o)

where, in the second expression have abusively written

- (3)

Clearly 1, + - 'apg- tav, is a non-negative definite matrix, and
1
1, + —dodo " + D? > 1, + D
€

So R(p) > \/m =7r(p) = r(p)cos (@w(aﬂx) - é) It follows

that
(ma)-Re [eiﬁé (rxw+ V-1 (rka+ \/leE(p))n—H} >0

in the sense of currents, and so J is convex along e-geodesics. Furthermore,
if we have equality in the above computation at some point (po,to) then it
is easy to see that we must have agg = 0 = dp, and 0, (a,|x) —0=0. Tt
follows that if € > 0, and J is not strictly convex along an e-geodesics, then
ay(x,t) = ap(r,0) is the constant e-geodesic emanating from a solution
of dHYM. Finally, when € = 0 one can either compute directly, or take a
limit as € — 0 in the above argument (though this does not give the strict
convexity statement).
Next we show that C is affine along e-geodesics. We need to show that

0= (ra)otm e~ (i + V=T (o + V=1DDp)) |
= (1.4).Im [e—mé (riw + e2V/—1dt A dE + /=1 (na + \/—IDESD))”H]

—(n+ 1)62\/j1dt A dt/ Im [e_ﬁé (w +v-1 (a + \/—7105@)”}

X
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By the definition of an e-geodesic the term on the second line is zero, and
the term on the third line vanishes by the definition of 6. O

As a consequence of Proposition 2.17 we get a whole S! worth of inter-
esting functionals on the space H; namely eV=ICYe. These functionals are
either convex or concave along e-geodesics depending on the choice of €. We
point out one further functional which will be useful later on.

Definition 2.18. Suppose that 6 € ((n — 1)5,n%). We define the Z-
functional for [a], [w] by

(2.15) Z(p) = e V"3 0y,
The variation of Z at ¢ € H is given by

0Z(p) = /X((SQO)RG (ef\/jl% (w+ \/—710490)">
+ \/?1/ (0p)Im (e_\/?l% (w+ \/j1a¢)") '
X

If ¢ € ‘H then

(2.16) Im <6_\/j% (w+ \/j1a¢)") = r(p)sin (Gw(aw) - %) w"

is a negative measure. Furthermore, if ¢ is a solution of the deformed
Hermitian-Yang-Mills equation, then

Re ((3_‘/_71"77r (w+ \/—7104@)")

is a positive measure. Writing Z in terms of C,J and applying Proposi-
tion 2.17 gives

Corollary 2.19. The functionals Re(Z),Im(Z) are concave along smooth
e-geodesics.

From now on we will restrict to the “hypercritical phase” case,
A Tow
fe((n—1)=,n—).

(n=1)5,n3)

This is used crucially in the analysis in Sections 3-7. In Section 8 we will
comment briefly on the new difficulties and phenomena in the case of lower
phase. We remark that all our results work just as well under the assumption
that 6 € (—ng,—(n—1)F).

As in classical GIT, the way to link existence of solutions of the dHYM
equation with algebraic geometry is via the function J, which can be re-
garded as a Kempf-Ness type functional. If there is a solution ¢y of the
deformed Hermitian-Yang-Mills equation in H, then for every infinite length
(smooth) (g)-geodesic ¢(s) emanating from g we must have

0 < lim ij(gp(s)).

s—00 ds
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In special cases we can evaluate the right hand side as an algebraic invariant,
and this gives rise to algebraic obstructions for the existence of solutions to
dHYM. The two main difficulties in executing this approach are the lack of
smooth geodesics, and the evaluation of the limit slope in terms of algebraic
data. In this paper we will essentially completely resolve the first issue when
fe((n— 1)3,n%), and we will evaluate the slope of the functional at infinity
in a rather general setting. Furthermore, we will explain how the resulting
invariants can be interpreted as Bridgeland stability type obstructions. In
dimension 3 this will give a relatively complete picture relating the existence
of solutions to dHYM and Bridgeland type stability conditions.

Before explaining the plan of attack, let us make a few formal remarks
about the Riemannian structure and functionals considered here. Suppose
that [a] is a Kédhler class, and rescale w + tw for ¢ > 0. Then we get a family
of infinite dimensional Riemannian manifolds (H;, ¢g;), and functionals J;, C;.
It is not hard to show that, as t — 0, we have é(t) — ng, and so in the
“small radius limit” we have

(1,2 ~ /X bribaals 4 O(t)

which is precisely the Donaldson-Mabuchi-Semmes Riemmanian structure
on the space of Kéhler metrics in the class [a]. Similarly we have

A(CYe(t)(g) = (V=I)" /

n —1\n—1 nan—l W 2
[ ety + (V=D [ Gomaztnw o)

e
and so C; approaches the classical Calabi-Yau functional, while J; approaches
the J functional of Donaldson [40] and Chen [22].

On the other hand, in the “large radius limit”, as t — 400 we have that
0 — 0, and so

t%(d)h o)y /X P1)ow™ + O(%)

and so the Riemannian structure converges to the flat metric, while
1 1 1
FACYe)P) = [ Ge)a+ VT [ Gopna! Aoy +0(5).

If [o] = ¢1(L), the large radius limit yields the Riemannian metric on the
space of hermitian metrics on L, and J; converges to the Donaldson func-
tional, which is the Kempf-Ness functional for the infinite dimensional GIT
framework related to the Hermitian-Yang-Mills equation (albeit on a line
bundle).

The next four sections of this paper will be devoted to proving the ex-
istence of smooth e-geodesics, and C* geodesic segments in the space H.
Our plan of attack is the following; rescale C by t — et. The e-geodesic
equation becomes

(217) T |e™V71 (wyw + V=Tdt A+ V=T (a+ V=1DDy))"| =0
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(2.18) on X, =X x A =X x {ee P < Jt| <&}

(2.19) with g = ¢ , p1L=¢

[t|=e [t|=e—1le
where g, 1 € H. In particular, rather than work on a fixed manifold with a
degenerating metric, we choose to work with a non-degenerate metric at the
expense of working on a very “thin” manifold. In order solve the geodesic
equation we need to pass to the limit as ¢ — 0. This will be possible if we
can prove that the solution of (2.17) satisfies estimates of the form

C

o< —

V¥opls < O, Vi

IVXVX ol < O, IV VX

<

w

o|Q

C
; ‘VtVﬂD| < )
(3

where VX, VX denote the covariant derivative along the fibers of X, — A.,
and C is a uniform constant independent of €. If this is possible, then the
rescaled solutions ¢ = ¢(x,et) will solve the e-geodesic equation on (X, ;)
and be uniformly bounded with respect to the non-degenerate metric (X, ).
We can then pass to the limit to obtain weak solutions of the geodesic
equation with C1® regularity.

Before beginning the proof we need a few easy lemmas regarding the
geometry of the manifolds (X, &). Throughout the paper we will use the
following terminology.

Definition 2.20. A set of space-time adapted coordinates for (X., &), oy,
centered at (po,to) is the following.

e A set of holomorphic normal coordinates (w1, ..., wy,) for (X,w)
centered at pg making w;; = 6;;, and ()5 = Aidj;-

e The coordinate wg =t — tg

Note that space-time adapted coordinates are, in particular, holomorphic
normal coordinates for (X.,®).

Lemma 2.21. The manifold (X.,&) satisfies the following properties
(1) The Riemann curvature tensor satisfies R(0,-,-,-) = 0. In particu-
lar, in space-time adapted coordinates we have

Rjil}p =0
whenever one of i,j,k,p = 0.

(2) The vector fields O, Of are parallel.

Proof. The proof is trivial. Pick (pg,t9) and choose space-time adapted
coordinates (wy,...,wy) on an open ball B. Both statements follow from
the fact that ggo =1 on B, g5; =0 if j # 0. O
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3. ANALYTIC PRELIMINARIES

Following the discussion in the previous section, the construction of geo-
desic segments in the space H will rely on solving the deformed Hermitian-
Yang-Mills equation on thin manifolds with boundary. Let M be a (n+1) x
(n 4+ 1) Hermitian matrix. In order to simplify the notation, and to avoid
confusion with the Lagrangian phase operator on X, we will denote

F(M) = Z arctan(u;)
=0

where f1; are the eigenvalues of M. On X, we will write i, = a++/—1DDep.
Over the next four sections we will prove a priori estimates for functions
¢ : X: — R such that

F (@) () = h(z, [t])

with g = ¢ ; p1=¢

[t|=e [t|l=e—1e

(3.1)

where h(z, [t|) : X — R is some given S! invariant function, and ¢g, ¢1 € H.
We remark that, since the boundary data is clearly S' invariant it follows
from the maximum principle that the solution to (3.1) is S' invariant as
well. We will impose three extra mild structural conditions that the data
must satisfy:

(C1) There is a constant n; > 0 such that
(3.2) (n—l)g—f—nl < Ou(ay,) <ng, i=0,1.
(C2) There is a constant 72 > 0 such that

X [(n—1)2 4+, (n+1)2 =yl

2 2
where h is an S' invariant function satisfying
™
(3.3) Ou((ay,;)) 2 h(z, [t)) — 5 +m

for i =0, 1.

Condition (C1) is automatic, since the boundar data ¢; € H. Condition
(C2) is also automatically satisfied when h = 6, but in order to use the
method of continuity we need to consider the Lagrangian phase equation
with non-constant right hand side. The estimates will exploit several prop-
erties of F', the most basic of which are its first and second derivatives. It is

straightforward to compute that, at a diagonal matrix M, the linearization
DF, and the Hessian D?F are given by

DFODA) =3 p i DFODAA) = Y0 Gt a2

i i,j=0
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where A is a Hermitian matrix. The next lemma summarizes the properties
of ' we will need.

Lemma 3.1. Suppose pig > pi1 = -+ = py, are such that y ;- arctan(p;) >
(n —1)5 +m for some m > 0. The following properties hold,

(1) po=>p1 =+ 2 pn—1>0 and |pn| < pin1.
(2) pn < 0, then pn + pn—1 > tan(n), and if p, > 0, then py—1 =

(3)
(4) pn = —C(m).

(5) If Y0 arctan(u;) < (n + 1% —m2 then pp, < C(n2).
(6)

(7)

I :={M € Herm(n+1) : F(M) > o}

s convex with boundary a smooth, convexr hypersurface.
(8) There exists a constant A depending on 1y such that the function

M _e—A >, arctan(u;)
is concave on the set T2,

Proof. We refer the reader to [105, 102] for properties (1), (3), (4), (6), (7),
while property (8) was observed by the first author with Picard and Wu in
[30]. Property (2) is implicit in [105]. First note that
n
(n— 1)% + arctan(p,—1) + arctan(p,) = Z arctan(u;) > (n — 1)% +m
=0
and hence arctan(p,—1) + arctan(u,) = m. Now if u, < 0, the sum on the
left hand side of the inequality lies in [, 5 ), and so by the arctan addition

formula we get
arctan (Mn_lwl> =
1 — pp—1pn
Now 1 — pip—1ptn, > 1, so we obtain pi,—1 + i, = tan(np). On the other hand,
if p, > 0, then we have 2arctan(u,—1) > 71, which is the desired estimate.
Property (5) is trivial. O

Fix the following notation. Let I'y11 = R’;‘gl be the positive orthant, and
let I' € R™™! be the cone over the set {y € R"*!: F(y) > (n—1)3} and
through the origin. By Lemma 3.1 (3) and (6), I' is an open convex cone
contained in

{p e R Z”i > 0}
i=0
The following definition is due to Székelyhidi [96], building on work of Guan
[57].
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Definition 3.2. A smooth function ¢ : X: — R is a C-subsolution of (3.1)

if, at each point p the following holds: Define §§ = (w)i’%(%),—q. Then the
set

{u’ €T :> arctan(u) = h(p), and ' — p(E(p)) € Fn+1}
=0
is bounded. Here u(E(p)) denotes the eigenvalues of E(p).

The following lemma from [29] gives a simple criterion for a function ¢
to be a C-subsolution.

Lemma 3.3. A function ¢ is a C-subsolution of the equation (3.1) if the
following holds; at each point p € X., if po, ..., un denote the eigenvalues of

d)‘lozg,, then, for any j =0,...,n we have
T
Zarctan(,ug) > h(p) — 5
]

Remark 3.4. Trivially, if ¢ is a subsolution satisfying F((d})_laf) > h(x),
then ¢ is a C-subsolution.

The main property of C-subsolutions that we will need is the following

Lemma 3.5 (Székelyhidi [96], Proposition 6). Let [a,b] C ((n —1)F,(n +
1)3), and §,R > 0. There exists a constant o > 0, depending only on
a,b, R,§ with the following property. Suppose that o € [a,b] and A is a
Hermitian matriz such that

((A) — 201 + T 41) NOT? C BRr(0).
Then for any Hermitian matriz M with u(M) € 07, and |u(M)| > R we

either have

ST FPI(M) (Agy — M) > ko 3 FPP(M)

X P
or FUi(M) > kg >, FPP(M) for all 0 < i < n. Here FP1 are the coefficients
of the linearized operator of F'.

Note that if ¢ is a given subsolution, then it is a C-subsolution, and for
each point p € A, we can choose § = §(p) > 0, and R = R(p) > 0 depending
only on [v/—=1DDwy(p)|s, a,b so that we have

[M((@)*lag) — 9261 + Tpyt| NOL? C Br(0)

for all o € [a,b]. In particular, the constants kg = ko(p), R(p) depend only
on [v/=1DDy(p)|w, a,b.

In order to solve (3.1) on manifolds with boundary, it is essential to con-
struct a subsolution of the equation with given boundary data. In the case
of domains in C" this was explained by the first author, Picard and Wu [30],
building on work of Guan [58]. We prove the following
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Lemma 3.6. Fiz two functions g, 1 € H, and a function h : X — R.
Suppose that this data satisfies structural conditions (C1) and (C2) (see (3.2)
and (3.3)). Then there exists a smooth, S'-invariant function ¢ such that
ai=Tya+ m@gf satisfies

() Fla) > h(p) + % for allp € X..

(i) @lfj=e) = ¥o

)
(iil) @l{jtj=e-1c} = ¥1
(iv) On 0X: we have

9 1<€ 0 %)
LS

mf )
for a constant C' depending only on n1 and [|po — 1| pe(x)-

Before proving the lemma, we prove a fairly general result which we hope
will be of use elsewhere. Let us first recall Demailly’s regularized maximum
construction [38]. Fix 6 : R — R a smooth, even, positive function with
support in [—1,1] and such that

/ O(x)dx = 1.
[_171]
For § > 0, and (tg,t1) € R? define

Mjs(to,t1) = | max{to+ho,t1 + hi}~ 9(h°> 0(h1>dhodh1
2 5 )6 \s

The function Ms has the following properties [38]

e My is non-decreasing in t; for ¢ = 0, 1, smooth and convex.
. max{to,tl} < Ma(to,tl) < max{to +6,t1 + (5}
o if t; + 0 < tp— 6 then Ms(to,t1) = to, and vice versa.
o Mjs(to + a,t1 + a) = Ms(to,t1) + a. In particular
OMs  OM;
VanM —=1.
(L1 = 6t0 + ot1
Let v, 11 be two C? functions. We are going to compute two derivatives
of M (19,11). We compute

M (o, 1) = aM‘S

(1#07 1)t + (%Z)o, V1)U

and so

(3.4)
00N o, ) = 5000y + S50 + (Do, 060) DM (D1, D)

We now make two observations. First, by the convexity of M, the second
term on the right hand side is non-negative. Secondly, by combining the
first and last properties of Ms the first term on the right hand of (3.4) is
a convex combination of 99, and 9. We conclude the following very
general lemma.
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Lemma 3.7. Suppose F' : Herm(n) — R is an elliptic operator such that
{F > 0} is convex. Suppose g, 11 are two functions satisfying F(00;) > 0
fori=20,1. Then

F (00M;5(1o, 1)) =0
Proof. By the above computation, using the ellipticity of F' we have
F (00Ms(tpo,11)) = F(t00tg + (1 — t)004)

for some 0 < t < 1. Now F(09v;) > 0 and {F > 0} convex implies the
result. O

Remark 3.8. The result also holds fo real functions, with 991; replaced
by D?i;, provided F is elliptic on the symmetric matrices and {F > 0} is
convex.

We can now give the proof of Lemma 3.6.
Proof of Lemma 3.6. Consider the function

2
Yo(z,t) = @o(x) + Ao(|t]* — €%) + Co log (EL>

Observe that ¥y (x,t) = ¢o(x) whenever |t| = e. Furthermore we have
V—1DD1y = v/—100pg + Ao/ —1dt A dt
and so

F(O"l/)o) = ®w(a<p0) + arCtan(Ao)
and so if we choose Ay sufficiently large so that arctan(Ag) > g _ %7 then

T T m m
Flagy) > (e i) = 5 +m + 5 — & = hta, 1) + 2.
Similarly define

2142
a(a,t) = o1(o) + Aa(e? = ) - Cutog (1)

Note that 11 (x,t) = @1(z) whenever [t| = e~le. A similar computation
shows that we can choose A; large depending only on 71 so that F'(ay,) >
h(x,|t]) + . Now we have

$o(z, 1) |(jpj=e-1c3 = Po(@) — Aoe®(1 — %) — 2C
Choose Co = [[¢o — @1l reo(x) + 1, so that
Yo(z,t)|fjtj=e—12) < p1(2) — 1 = V1(2)|{g)=e—1) — 1.
Similarly

12, )=y = p1(z) + Are?(1 — %) — 204
Choosing C1 large depending on [|po — @1 o< (x), and A; we can ensure that

P1(z, )| (g1=ey < o — 1 =o(z)|{j1j=e) — 1
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Now set ¢ = Ms(1pp, 1) for 0 < § < 1. Since the sublevel sets of the angle
operator I'? are convex when o > (n —1)%, we can apply the above con-
struction using Demailly’s regularized maximum to conclude that ¢ satisfies
(1). Furthermore, o satisfies properties (i7), (i44) and the first part of (iv) of
the lemma by construction. It remains only to prove the estimates in (iv).
For this, note that for § < 1, we have that

¢ = 1o in an open neighbourhood of |t| = ¢
=91 in an open neighbourhood of [t| = e~ 'e
and so we only need to check the claimed estimates for ¢g, ¢1. The estimates

are automatic from the formulas for 1;, and the choice of the constants A;, C;
above. O

Remark 3.9. A word of caution is in order here. By (3.4) and the construc-
tion of ¢ it is easy to see that v/— DDgo is not bounded above independent
of € on the whole of A..

Because of this remark it is often more convenient to work with the func-
tions g, 1 constructed above. In particular, we note the following corol-
lary.

Corollary 3.10. Fiz functions g, 1 € H, and a function h : X, — R.
Suppose that this data satisfies structural conditions (C1) and (C2) (see (3.2)
and (3.3)). Then there exist smooth, S-invariant functions p; for i = 0,1
such that ¢;, and &; == wia +/—1DD@; have the following properties;
(0) [|@illpee (. is bounded by a constant depending only on M, Lo, P1-
i) Po = po on the set |t| =€, and $o < p1 on |t| = e le.
i) $1 = @1 on the set |t| = e e, and p1 < g on |t| = e.
) F(G;) = h(z,t) + 2 fori=0,1
(iv) For each i = 0,1, Vi&; = Vid; =0, and |Vl < C for a constant
C depending only on |lpilles(xw)-
(v) For each i = 0,1, |\/—1DDg;|; is controlled uniformly in terms of
M1, [V=100¢4] oo (x )
(vi) For eachi=0,1, supy, |VX¢i|g =supy |VXg0i|g
(vid) (du)ix = (&) x, = 0.
(viti) Near 0X. we have
0 C 0 C
‘a\t\*” S ‘8|t|“0‘ 2
for a constant C' depending only on m and |[¢o — @1 L (x)-

Proof. Take ¢; = 1; in proof of Lemma 3.6. Then (0), (7), (i), (#i7), (v), (vi), (viii)
hold automatically, and we have
& = a+ /=100y + Agv/—1dt A dt

which implies propert (vii). Property (iv) follows from the fact that (X, @)
is the product of (X,w) with a flat factor. O
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Remark 3.11. The advantage of the subsolutions ¢; is that the constants
R, ko appearing in Lemma 3.5 can be chosen depending only on the data 1,
and the C? norm of the boundary data.

We finish with the following simple estimate.

Proposition 3.12. Suppose ¢ : X. — R solves (3.1), and suppose ¢ is a
subsolution of (3.1). Then we have

© < @ < max{|[@oll oo (x), le1ll Lo ()} + Ce?
for a constant C' depending only on w, a.

Proof. The bound ¢ > ¢ follows from the comparison principle. On the
other hand, by Lemma 3.1 (3), we have

Agp =2 —Trya =2 —C.

It follows that the function ¢ + C|t|? is subharmonic and hence achieves its
maximum on the boundary. The estimate follows. O

In order to prove the desired estimates, we need to proceed with extreme
care, ensuring at every step that constants appearing in the estimate are
independent of €. To ease the presentation we introduce the following ter-
minology.

Definition 3.13. A constant C is uniform if it is independent of €, and is
invariant after rescaling t — e~ 't.

For example, constants depending only on the boundary data ¢;, (X, w),
the constants 71,72 in (3.2) (3.3), and the norms of spatial derivatives
|((VX)F(VX)Th|g are uniform. On the other hand, constants depending on
|VXV;h|s, and |V V;h|, are not uniform, since the norms (measured with
respect to @) rescale (unless h is a constant).

4. THE C! ESTIMATES

The goal of this section is to prove an a priori gradient estimate for solu-
tions of (3.1). We begin with a uniform spatial gradient estimate. In fact,
this estimate can be deduced from the interior spatial C? estimate proved
in Section 5. However, we include it since it may be independent interest,
and we expect it to be applicable to the study of geodesic rays in H.

Proposition 4.1. Suppose ¢ solves (3.1) for boundary data p; € H for
i = 0,1, and with ¢o,p1,h satisfying (3.2), (3.3). Then there exists a
uniform constant C so that

V¥l < C

Proof. In order to estimate the spatial gradient we adapt ideas of Blocki
[12, 13] and Phong-Sturm [83, 84| used to obtain gradient estimates for
solutions of the complex Monge-Ampere equation. Before beginning the
proof, we choose an appropriate background form « on X.. For this section
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we choose as our background reference form o = w}a—{—\/—il@ggbi fori =0or
1, where ¢; is one of the subsolutions constructed in Corollary 3.10. To ease
notation, we will drop the subscript ¢ in the notation. If we write the solution
to (3.1) as mya++/—1DDy, then m*a ++/—1DDy = a++/—1DD(p — @).
Our goal is to prove
V¥ (p-9)ly<C

for a uniform constant C. This implies that |[VX¢|; < C’ with C’ depending
in addition on the spatial C* norm of (%, which by Corollary 3.10 is uniformly
controlled in terms of the boundary data.

With this understood, in order to lighten notation we still write the so-
lution to the equation as a + v/—1DDyp, and estimate |VX¢|;. Following
[83, 84, 12, 13] (see also [82]), we apply the maximum principle to the quan-
tity

Q = log (IV*¢[?) + ()
where v : R — R is a function to be determined. Fix a point (pg,to) € X,
and a space-time adapted coordinate system (wy, . .., wy) centered a (po, to).
We compute

VilVYel = Y 3" (ViVieVie + VieV;Vip)
1<k d<n

ViV VAP = 3 g" (ViVVieVip + Vi VieViVip)

> 9" (ViVieViVip + VipViV; Vi)

1<k, f<n
To deal with the first and last terms, we differentiate the equation to get
FINVVVsp = Vih — Vias
FIV ViV = Vih — Va5,
Commuting derivatives gives
ViViVie =V Vi V50 = V;V;Vip
ViViVie = =Ry "Vpp + ViV Ve
Combining these formulae we get

FONV5VYGP = Y F (V5 VieViVip + ViVieV; Vi)

1<k l<n

+2Re [ > M(Vih — FUV0a5,) Vi
1<k l<n
+F9 Y M R PV eV

1<k d<n
0<p<n
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By Lemma 2.21 we have that Réz‘jﬁ = 0 if any of ¢, 5, ¢, or p are 0, so we can
choose a constant C, depending only on (X, w) such that
F9 Y §™Ry;PVppVie > —Ci|V¥gl2,
1<k ¢, p<n

where we also used that F% < gij . Similarly, by Corollary 3.10 we can
choose a constant Cs depending only on the boundary data, and the spatial
derivative of h, so that

2Re | Y §F(Vkh — FiVa5)Vip | = —ColVEgl;.

1<k <n

Summarizing we have

= 1 -
FIV;Vilog (IVX¢I?) > =3 Z FiIgH (V3VeoViVip + ViVipV; Vi)

X H|2
|v SD| 1<k l<n
1 = Co
IRV — o - S
(IVXpl|2)? ' 7 7 IVXels

for uniform constants C,C2. Abusing notation, define a norm on 1-forms
by (o,0")p = P00}, and write

Yo FI(ViVieViVie + ViVieV;Vip) = [V olhes HIVV Y offgs.
1<k d<n
Define 1-forms

Si = (ViV¥p, Vi), Tj = (V¥ V;Vi0)g
so that V|VX <p|§ = S+ T. By the Cauchy-Schwarz inequality we have
|SE + IT1% < IV¥0l; (IVVF oligg + VYV plhgg)

It follows that
VIV 21 —2Re ((VIVEG, T) ) < IV¥0l2 (99 plbgg + 19V 0lhgg)

Plugging this into the estimate yields

2) > _9Re VIViel; T C— 22
i) = — ; -Cr—sx
g IVXI2 " VX2 ) VX ol

Let us examine the term 7. In our coordinate system we have

Tj= > Vied™ (o) — o) -

1<k l<n

Fﬁvivj log (]VXgo

If we let £, & denote that endomorphisms gkz (avp)z:, and gk"agj respectively,

then we can write T invariantly as

T = (£ —E&)V¥p.

7
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Suppose @ achieves an interior maximum at the point (po,to). At this point
we have V@ = 0, and FijViVEQ < 0. Writing out the first of these gives
VIV¥el?

VX2 =7 (p)Vep
g

and so at (pg,to) we get

Re << |vxw|gg, VX |2 = |VX¢|?R6 ((Ve, (€= E)Vre)r)
g gl F F

For one moment, let us choose another system of holomorphic normal coor-
dinates for g, (zo,...,2n) centered at (po,to) so that g is the identity, and
& is diagonal, with eigenvalues po, ..., it,. Write VX¢ = b;0,, for some
complex numbers b;. Then

- 1/2
i Pib; N2|bi|2 215
Vo, EV¥Q)p| = | < ‘
’ (14 p7) — 1+ p7 lej
< V¥l Vel r
Similarly, if we write &V = ¢i0,, then we have
1/2

1
(ke )" . fof,
— 1+ 47 1+ p3

’<V¢,50V ©)F

\z
1+ u?
< &V¥ 0l Velr

By Corollary 3.10 we have £TX C TX. Since VXp € TX C TX. we get
[0V ¥ ply < G5Vl

for a uniform constant C'3 depending on the boundary data. Putting every-
thing together gives

(41) 0= -C1— IV%PIQ - C37'(p) gf('jg — () F05 — 7" ()| Vel h
Following Phong-Sturm [83, 84, 82] we choose
1p) = Bp— —
o+ Cy
where Cy = —infx_ ¢+1, and B is a large positive constant to be determined.
Note that
/ ! 1
Bp—1<v(p)<Bp, B<Y(p)<B+1, ~ (@):—2m<0-

We may assume that |VX ¢|g > 1 at the maximum point of @, for otherwise
we’re done. We need to consider several cases.
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First, suppose that
(4.2) eV = |Veln

for some 0 < g9 < 1 to be determined. Let R, kg be the constants appearing
in Lemma 3.5 for the subsolution ¢ and recall that they are uniformly con-
trolled (see Remark 3.11). If every eigenvalue of £ is smaller than R, then
we have

1
Vol > ——|Vp|?2 > VX2,
If we take ¢ small so that 100e3 < ﬁ, then under the assumption (4.2)

some eigenvalue of £ at (pg,tp) must be larger than R. In particular, by
Lemma 3.5 we get

n
- . 1 1
Figp. — FU s — s < — o
o (el = o <~ ,;o +2~ "1 om?

where C(n) := C(m,n2) is the bound for |uy| in Lemma 3.1. Thus, assum-
ing (4.2) implies
1 2
5 T
1+Cm)? o+ Cy

We now choose B large depending only on C1, Csy, Cs so that

1
Bry————~ = 1
KOl—l—C(n)Q C14+Co+Cs+

and choose gp small depending on B so that eo(B + 1) < 1. Clearly ¢g, B
can be chosen to be uniform constants. With these choices we conclude that

@ cannot attain an interior maximum at which (4.2) holds.
We may therefore assume that if () achieves an interior maximum at

(po,to) then
(4.3) g0l V¥¢|* < |Vol%

0> —C1 —Cy— C3(B+ 1)eg + Bko \Vgp]zF

at (po,to). We may also assume that |[Vo|p > 1 at (po,to), for otherwise
|VXp|? < g5? and we are done. Rearranging (4.1) we get

2 2 ’v90|F
A+ osex o) Vel < C1+ Co+ (B+1)(Cs Vol +C5)
where we used that
. M'L —_ a—,,
F . — 4 <C
(p]z 1 +M% 5

i
for a uniform constant C5 by Corollary 3.10. Let us simplify the notation
by writing

2 ~

b=—— . B=(B+1 A= B +1)Cs.
(1T oscn )’ (B+1)Cs, Ci1+Co+ (B+1)Cs
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so that A, B,$ are uniform constants and

4.4 SIVola < A+ B
(4.4) Vol + 2P

B

2 then we are done.
IVxels

There are now two cases. First, observe that if § <

2B

So we may assume that § > Vxols

. Upon rearranging (4.4) we obtain

. y B
A> (5|VSO|F - ) \Volr = -|Vo|p

N | S

V&l
where we used our assumption that |Vy|r > 1. We now use (4.3) to obtain
24

§ < 861|V90|F < —=,
605

V¥

which is the desired estimate. Since the constants g, B , fl, B are uniform, we
have shown that, if () attains an interior maximum it is bounded uniformly.
Since ¢ is bounded uniformly it follows that |[VX¢ 525 is uniformly bounded.
Thus we are finished unless () attains its maximum on the boundary. But
on the boundary @ is clearly bounded from above by a constant depending
only on the boundary data. ([l

It only remains to estimate the temporal derivative |Vpls. The first
step is to reduce the estimate for |Vp|; to a boundary estimate. Write the
solution to (3.1) as m*a + v/—1DDep, write t = u + v/—1v and compute

FUV;V:Vup = FIV,V,V;p > —C

where C' = —sup x. |Vih|g. A similar estimate holds for v. In this compu-
tation we've used that the curvature vanishes along any 0; direction, and
that Vi = 0 by Lemma 2.21. Note that C' is not a uniform constant.
Consider the quantity

Q = Oup + Altl* = Bl = 9),
where ¢ is either one of the subsolutions constructed in Corollary 3.10.
Suppose @ has an interior maximum at (po,tp). Then
0> —C + AF" 4+ BFI((ag)s5; — (ay)3;)
Suppose that |u| > R at the point (pg,tp). Then by Lemma 3.5 we have
1

02—0 Brg——= >0
T EROT e

where C'(n) = C(n1,n2) is the bound for |u,| (see Lemma 3.1), and we have
chosen B = B'C for B’ large depending only on kg, n1,m2. If || < R at the
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point (po, to) then Ff > 1+1R2’ and so
—C A
+ R2 +B Z 1+M7,
C+A1—|—R2 B|O¢¢|g—B(TL+1)>O

provided we choose A = A'C for A’ large depending only on R, n, B" and o;.
In particular, by Corollary 3.10 the constant A’ can be chosen uniformly.
Similar arguments using —0,p, +0,¢ prove

Lemma 4.2. There exists a uniform constant C so that
|Viplyg < C(1+sup |Vih|g) 4+ sup Vil
Xe 00X,
It remains only to estimate |V;¢| on the boundary. Since ¢ is S! invariant,
it suffices to consider the boundary derivative with respect to the coordinate

r = |t|. Consider the boundary |t| = e. Then ¢ > ¢¢ in A, and ¢ = ¢¢ on
0X: we have

0 0 . C
orl, P S o] 05 e
by Corollary 3.10. Similarly,
9 59 5> G
or r:e*15<p ~or r:e*16<p1 Toe

For the remaining estimates we construct barriers from above. To estimate
near {r = e} consider

2
o =0 = Aa(e? — ) - Cotog (1.
Clearly ¢o = @9 = ¢ on {r = ¢}. Furthermore we have

Apthg = Ao — Ao

and so we can choose Ag large depending only on HQO()HCa( Xw) SO that
Agyo < 0. We next choose Cp large depending only on Ay, [0 — ¢1| £ (x)
so that on {r = e~!e} we have

= o+ Ag(1 — e 2)e? +2C) = ¢

[t|=e—1le

(20

By Lemma 3.1 we have
oﬂ;z)O 0< AwSD

and 19 > ¢ on the boundary, with equality when |t| = ¢. By the maximum
principle we obtain




36 T. C. COLLINS AND S.-T YAU

for a uniform constant C. Similar estimates work near {r = e~!¢} to prove
estimates near {r = e"'c}. We have therefore proved

Theorem 4.3. Suppose ¢ solves (3.1) for boundary data @; € H for i =
0,1, and with o, 1, h satisfying (3.2), (3.3). Then there exists a uniform
constant C so that
1
a) + 5)

This section comprises the heart of the analysis towards proving the exis-
tence of geodesics in the space H. The goal is to prove the following theorem

V¥l < C, Viplg < C (1 + Sup |Vih

5. INTERIOR C? ESTIMATES

Theorem 5.1. Suppose ¢ solves (3.1) for boundary data @; € H for i =
0,1, and with o, 1, h satisfying (3.2), (3.3). Then there exists a uniform
constant C so that

(5.1) VARl < ©

:
(5.2) VXVl < C <1 + [Pl oo () + 1PellT 0 ey + Sup |90tt|g>
53 (9Tl < 0 (1 Wrllsu + ey + 500 ol )

The uniform estimate for the spatial C2 norm, (5.1), is the most difficult
of the three estimates. Let us briefly recall what is known in this direction.
In joint work with Jacob [29] the authors proved a C? estimate for solutions
of '=h, when h: X — ((n—1)%,(n+1)%) on compact manifolds without
boundary, provided a subsolution exists. In the current setting the same
estimate works to prove an interior C? estimate of the form

[VVels < C(1+sup |Vel?) + sup |[VVel;

Xe 0X:
Ignoring the troublesome boundary term, Theorem 4.3 gives the bound
|ch§ < E%, and this bound is saturated if ¢o9 # ¢1. Nevertheless, the
above estimate would be good enough to prove the existence of solutions
to (3.1) on X, but not good enough to deduce regularity of the rescaled
solutions as € — 0.

In order to prove a uniform estimate for the spatial C? norm, we will apply
the maximum principle to a quantity involving the largest spatial eigenvalue.
That is, for each point (p,t) € X. define \1(p,t) to be the largest eigenvalue
of (o ++v/—1DDy)|x with respect to w. We will bound this quantity from
above. As a first step, we need to compute two derivatives of Aj.
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Proposition 5.2. Suppose £ is a smooth section of End(TX.) which is
hermitian with respect to . Define x = E|lrx = w€m, where w is the
orthogonal projection to TX C TX. defined by g. Suppose \y > Ay >
<o > A\, are the eigenvalues of x at (p,t) € X, and let eq,...,e, be the
corresponding unit length, orthonormal eigenvectors. Let (z;) be holomorphic
coordinates on X centered at (po,to). Then at (po,to) we have

VZ-AQ = <(vi5)€a, €a>, V;)\a«V;é’)ea, 6a>
and,

ViV3>\a = <(Ving)eou €a)

(Vi€)ea,es)(Vi€)eases)  ((Vi€)ea,es)((Vi€)ea,ep)
t2 Me— As L w

B#a
where we view ey, as vectors in T X: by the inclusion TX — TX..

Proof. First note that, by assumption the eigenvalues A\, are smooth func-
tions near (po,to), and we can find smooth spatial vector fields denoted e,
which are sections of T X C T X, so that

X@a(p,t) = )\a(p>t)ea> Hea(pat)HQ =1
and clearly we have e, (pg,to) = en. Now, since e, = me,, we can write
(5.4) Eeq = xea + (1 —7)€e,

and so A\, = (€eqy, €4). We now differentiate this equation to get
Vira = ((Vi€)ea, ea) + (E(Viea), ea) + (Eea, Vieq)

((Vi€)ea, ea) + (Viea), Eea) + Aalea, Vieq)

(Vi€)ea, ea) + 220 ((Viea), €a)

(Vi€)ea, €a)

where we used that & is hermitian, and ||eq|| = 1, so that (V;eq,eq) = 0.
Similarly we have

Vida = (Vi€)eas €a)-
Before proceeding, let us remark that since £ is hermitian, for any vectors
V,W € T X, there holds

(5.5) (Vi&)V, W) = (V, (V;E)W)
and similarly for barred indices. Next we compute
(5.6) VN;AQ = <(VZ'V35)€Q, €a> + <(V35)(Vi€a), ea) + <(Vj€)€a, Vg€a>.
At the point (pg,tp) we claim that
Vieq = Z af‘ﬁeg, Vieq = Z a%eg.
B#a B#a
Let us explain how to see this for the first expression, with the second expres-

sion being treated in the same way. Let 0; denote the vector field generated
by the time direction. Since ey, ..., e, span the orthogonal complement of
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span{d;} C TA., it suffices to show that (V;eq,d;) = 0. To do this we
differentiate the equation (e,, d;) = 0 to get

0= <vi€o¢7 8t> + <€Ou v58t>

and use that by Lemma 2.21, 0; is parallel. In fact, in this case one can use
that 0; is a holomorphic vector field, but this does not work to prove the
analogous claim for V;e,. A similar computation shows that (Vjeq, d;) = 0.
Finally, the fact that e; does not appear in the sum follows from ||e;|| = 1.
Now we can solve for the af;. We differentiate (5.4) to get

(Vi€)ea + E(Viea) = Vidaea + AaViea + Vi((1 —m)€ey).
Taking the inner product with eg for 5 # «, and using that £ is hermitian
gives
(Vi€)ea,es) + Agajs = Ma(Viea,eg) + (Vi((1 — m)€ea), ep)
= )\aa% + <((1 — W)é'ea), V565>
= )\aa%
where in the last two lines we used that eg, V;jes are orthogonal to span{d;}
(1 —m)€eq. So
(Ao = Ag)ais = ((Vi€)ea, €3).
Similarly, we have
(Ao — Ag)agﬁ = ((Vi€)ea,ep).
Plugging this into (5.6), using (5.5) and doing some algebra we obtain
ViVida = ((ViV;€)eq, €a)
s (Vi€)ea, e5)((Vi€)eares) ((Vi€)ea, e)((Vi€)ea, €s)
Aa — A3 Aa — Ag

B#a

By noting that A; is a smooth function provided A; > Ao we have
Vi€e, eg)* + [{(Vi€)er, es) |
A1 — Ag '

ViVid = ((ViV;€)er, e1) + Z A
p#1
(]

Next we compute the linearized operator applied to the largest spatial
eigenvalue \; of & := O~} (7*a +/—1DDy). First, we have to perturb this
endomorphism to ensure that the largest spatial eigenvalue is smooth. Fix a
point (po,to) € &, and choose holomorphic normal coordinates (zo, ..., zp)
for @ centered at (po,to) so that £(po,to) is diagonal with eigenvalues pg >
U1 = -+ 2 ln, and we may assume that g > p,. Consider a matrix B =
(Bj’) = Bii5§ defined near (po,to) with the property that Bog = 0 = By, <
By 1n—1 <-+- < Bi1. Let eg be an @ orthonormal frame of eigenvectors for
Elrx at (po,to), with corresponding eigenvalues \; > Ao > --- > \,, and
assume that Ay > \,,. As usual, we regard the e; as vectors in (T'X.)p, -
Furthermore, we make the following stipulation; if A\; = pg, then e; is in the
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span of the vectors with eigenvalue po. After possibly rotating our original
coordinate system, we choose e; = 0,,. We choose the B;; in the following
way. We require that

Bel =0.

If e; = 0,, this is redundant, otherwise we have gained a single linear equa-
tion, and hence we can choose B € R”H in the complement of at most 3
hyperplanes. On the orthogonal complement of span{0,,, 0., , e1} we clearly
have that B is positive definite. Extending B to be constant in our local
coordinate patch, we can view it as a local holomorphic section of End(TX ).
Consider the endomorphism € := & — B. Clearly the eigenvalues of £ are
less or equal the eigenvalues of . Let o > i = -+ > in denote the
eigenvalues of &€ at (po, to), and A > Ao = --- > A, denote the eigenvalues
of 5~|TX- Then we have

fin = tn, fio = flo, M =M\ at (po,to).

Furthermore, we have (3, < )‘B for all 5 # 1,n. Since A\, < A1, by assump-
tion, this implies that A\; > Ao > > A\, Thus Ao < A\; < \; near (po, to),

with A\ = )\; at (po,to). This is the desured perturbation. We now compute
(5.7)

ij 3 S 1 3
F ]V1Vj)\1 = Z szvi)\l
=0 ?

_ 1 s e - [(Vi€)er, ep) | + |((Vi€)er, ep)|?
_ Z HM?WN;) 1,e1) +§0; O ) ) .

Now at (po, to)
vz‘g;]gc = vi(aw)%pv
ViViEs = Vi¥; (@M (el — BY) = @ViVi(ap),

since B is a local holomorphic section. At (pg,tp) write eg = Vg 0., for

complex numbers Vg ,and 1 < B < n. For simplicity we denote
Vg = V/g 0z,

regarded as vector fields defined in an open neighbourhood of (pg, tp). Then
at (po, to) we have

1 ~ — 1
(5.8) Z m((vngS)el, e1) = VYVff Z mvivi(%%}p'
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Using that V; has constant coefficients, and v, is closed we compute
Vi Vi (o) = VIV ViVi(ag)j
= VEVPViVi(ap)s,
= VIVT (ViVi(ep)s, + Br* pl(00)is = R *(0p)sp)

(5.9) L 7
= Vlkvlp (Vivj(aw)fcp + Ry, Sp(a@)js - RI}z‘j S(aw)‘p)
= D> VIV (ViVi(op)g, + Brs? ot — Ry "pp) -
k,p=0
We combine equations (5.8) (5.9) to obtain at (po, to)
(5.10)
Z L <(VZV’S)€1 61) = i #VV VV (Oz )’“
- 1+MZ2 7 ) i:01+1“12 1 1 ©® /)
- zn: LRy VVE £ S L R VIVE,
i,k,p=0 L+ p ikp L+ p
Differentiate the equation F'(£) = h in the V; direction to get
ij - 1
Vih=FIVy(ap)5 =Y —5 Vv ()i
= 1+ p;
(5.11)

Vi, Vnh = FIV Yy, (ag)s; + F7™ NV, (ap) 5V v (0 m

n

n
1 Z Hi + [ 2
= — Vv VV (O{ )_“ — |VV (Oé )_| .
;0: 1+ ,LL,LQ i 1\ Fot (1 + ,LL%)(]. + ,Uf_?) 1\9 /g

Before substituting (5.10) into (5.11), we note the following easy, but useful
lemma.

Lemma 5.3. In the above notation, at (po,to) we have

n n

A= IV, Y VP =1

i=0 i=0
In particular, A1 is a convex combination of the w;, A\ < o, with equality
if and only if V1 is in the span of the eigenvectors with eigenvalue .

Proof. The proof is just a consequence of writing the equations \; = (Eey, e1),
and ||e1||?> = 1 in our local coordinate system, and using the definition of
1. O

We note the following simple corollary
Corollary 5.4. For all j #n we have
V7P < A1+ max{0, —pn} < A1+ C(m)
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Proof. Just observe that, by Lemma 3.1 the ¢ = n term is the only term is
the only possible negative contribution to the sum

n
A=) ViPus.
i=0

Since > , |V{|> = 1 we can rearrange, and apply Lemma 3.1 to conclude.
U

Let C1 > 0 be a two-sided bound for the sectional curvature of @, which by
Lemma 2.21 depends only on a bound for the sectional curvature of (X, w),
and is therefore a uniform constant. Then we have

(5.12)
D BriPupVPVE = O ) il VPP = =Cv Y VPP = Calpn| = o) [V
=—C1\ —Cy

where we used Lemma 5.3 and that u, > —C(n) by Lemma 3.1. For the

remaining curvature term we use that | +LZ | <1 together with Y, [V{|*> =1

to get

n

1 ) _
(5.13) > ﬁREi’P“Z’V”V’“ < Ci(n+1).
i,k,p=0 Hi

Returning to equation (5.10), substituting the bounds (5.12),(5.13), and
equation (5.11) we obtain

n

L c i + s 9
AvA > re -
Z 1+M12 <(vzv18)elvel> = Z (1+,U,z2)(1 +M§)’vvl(a<p)]ll CAI C

%

1,7=0

for a constant C' depending only on n,7, and bound for Vy; Vi, h and (X, w).
Note that, since V; is spatial, the constant C' is uniform. Finally, by noting
that Ay = A1 > Ag for B # 1 we arrive at

Proposition 5.5. In the above notation, at the point (po,ty) we have

i+ [
+ ) (1 +

- - 1 &
Fl]ViV3 log(\) > )\71 Z a

)\Vvl(%)ﬁ\Q
i,5=0

(5.14)

I 1
——E — Vil v |2 = C
)\% “—o 1+,U12| l( SO)V1V1|
for a uniform constant C.

In order to apply the maximum principle, we need a lower bound for the
quantity appearing on the right hand side of (5.14). Note that V;(ay,)y, v, =
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Vi (o) v since oy, is closed and V1 has constant coefficients. Thus, all the
negative terms appearing in

n
1
(5.15) > ——IViayy,
i=0 L
have partners appearing in the sum

Ly~ ity ,
5.16 1 o
o M JZZO T

There are three significant difficulties in attaining the estimate we want.
The first is that the i = j = n term appear in (5.16) will be non-positive
when u, < 0, and even when pu, > 0, the contribution can be arbitrarily
small. Of course, by Lemma 3.1, we know that —e~“¥" is concave. However,
this only implies that the bad term ¢ = j = n term appearing in (5.16)
can be controlled at the expense of all the terms with i = j # n appearing
in (5.16). Unfortunately, terms like [Vy, ;3| evidently appear in [V;ory, 7, |
Thus, invoking concavity of —e~4 leaves us with no way to control (5.15).
This is in stark contrast to the case of concave elliptic operators [96, 57],
where the terms in (5.16) for ¢ # j are not used.

The second significant difficulty occurs when trying to invoke that the
gradient vanishes at the maximum point. More precisely, a natural approach
to controlling (5.15), is to apply the fact that the gradient of our test function

vanishes at the maximum. Our test function will be of the form

Q :=1log(M) + H(yp)
for a specially chosen function H. Thus, at a maximum we will have

v’i (aGD)V1V1
A1

Such an argument is essentially doomed, since we do not control \Vig0|§
uniformly. In particular, the vector 0., could have a component pointing
in the time direction, and by Theorem 4.3, such a component would con-
tribute a term of order €72 to the estimate. Again, this is in contrast to the
case of concave elliptic operators on compact manifolds [96, 57], where this
argument is used repeatedly to obtain a C? estimate [96, 57].

To see the final significant problem, note that (5.15) contains a term like
W|V%a(]0|2, and the corresponding term in (5.16) is (Hi%\vvl agol?-
Since A is the largest spatial eigenvalue, it can (and indeed must) happen
that pg > A1, so that

= —H'(¢)Vip.

2110 < 1
L+ pg)* A (L4 pg)AT
Again, when studying concave elliptic operators on compact manifolds [96,
57] we have the g = A1, and the two terms above are easily comparable.
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There are two key points in the arguments that follow. The first is to split
the eigenvalues p; according to whether they are large, or small, compared
to A1. Roughly speaking, if p; is small relative to A\; we expect that 0,, can
contain at most a very small component pointing in the temporal direction.
On the other hand, if u; is very large relative to A\; the we must make efficient
use of the coefficients Vi that appear in (5.15), together with the following
trivial observation from Lemma 5.3: if p1; > A1, then |[V{|? < 1.

Before beginning the estimate, let us fix a suitable background form,
and some notation. Let ¢ be one of the subsolutions constructed in Corol-
lary 3.10, and write

& = o +/—1DD¢

Then we can write a, = & + \/TDD(()O — ¢). To simplify the notation, let
us denote o = a,.
As a first step, we are going to address the first issue outlined above
by estimating the term Vy,apy, assuming p, < 0. We first observe that
n = tn at (po,to), and so by differentiating the equation we have

1
Vv, opn = Vv h —
1+ M% Vilnn = Vi ;L ALp-

By Cauchy-Schwarz we have

2

[ Vv; ian|” -1 2
(5.17) +272 S (@ +6,)|Vihl” + (1 +61)

1
Y Vg
1+M% V1 Ok

k<n

for a constant d; to be determined. Fix a constant % > §g > 0. This
constants will be determined in the course of the proof. We say that g is
big if pg = dpA1, and small if pg < doA1. Define

B:{kE{O,l, n} Wi = 50/\1} S:{kE{0,1,...,n}:uk<50/\1}.
Clearly u, € S if u, < 0 and also if A is sufficiently large, depending on d.
We write

1 2
—— Vo5

Z Vi, |2 Z Vv |
(1+p3) (1+p3)

k<n keB kES, k<n
+ 2Re L !
2 (T4 p) (1 + i)

kEB, LS, t<n

Each sum needs to be estimated differently. Starting with the last sum over
S, using Cauchy-Schwarz we estimate

3 Vvi 0 2< 3 #k’vvl%k’ 1y 1
(T+p)| 14 p3) ;

kES, k<n k€S, k<n jes,j<n Hj
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where we used that p; > 0 for j # n by Lemma 3.1. Since ;" , arctan(u;) >
(n—1)% +n1, and p, < 0 we have

1 1
(5.18) Z — + — < —tan(m)
JES,j<n K Pn

by Lemma 3.1, together with s > 0 if £ € B. This estimate is clearly not
accurate if |uy| is small. In that case we instead have the estimate

1 1 n+l 1
(5.19) Y ot <+ —

icSTen i tan(n)

where we used that p; > tan(n;) for all i < n by Lemma 3.1. Estimate (5.19)

. . t
is more precise when |u,| < %,

considering each case separately it follows that

and less precise otherwise. By

JES,j<n Hj (n+1) + (tan(n1))?

The final estimate we obtain is

(5.20)
(4 | “'“'VVI%M
> < (n+1)+ (tan(771))2> keSZk;:<n

i Z Vo |
n 2
k€S, k<n (1+ /”Lk)

Next we estimate the cross terms.

‘Re Z VVlaggkvleézg ‘ < Z |VV1al_c2k||vV1agf|
keb, 108, e<n (LT HE) L+ 1) ke, 108, 0an (L 1R+ 1)
< Z (n+ 1)1VV1 o) Z €1M61|V¥1 0@\22 _
keB, 18, 0an 1ML 1) keB, a8, ecn (M T DA+ 47)
(n+1)° Z \Vvlakk\ Z W’Vvlazd
= €1 tan(m) (1 + M ’

ZGS l<n

where 1 > 0 is a constant to be determined, and we have again used the
lower bound gy > tan(n;) > 0 for £ < n. Finally, we estimate the big terms
using the Cauchy-Schwarz inequality

Z Vviag |
2
keB (1 + ,uk)

1) Z ’vvlak:k|
keB (1 + 1)
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We now combine these estimates to estimate (5.16) from below when p,, < 0.
We have

n n—1

/’LZ—"_/’LJ 2 IU,,L—|—IU,J 9
Z 2 ’vVI jl’ Z |VV1 ]Z’
5o (L i)+ 1) s L) (Lt p13)
—(n+1) >> 2t )
(140400 (G s e +201)) X Ve

¢S, t<n

2|Vy; ag|? ( <2(n+ 1)° >>

+ —— +(14+6 —— 4+ (n+1

kZ: T+ M roim \  anGy Y
€B

+2(1+ 67 ) pan| Viy b

For ease of notation set

(tan(m1))
2[(n + 1) + (tan(m))?]

Examining the coefficient in front of the small terms yields
—(n+1)
+(1+46
(430 (G 1 a7
Take 61 = k1, then

R1 =

+ 2Mn51> == 251_61(1_2“1)4_2(1'}_51),“%51‘

—(n+1) 2
1+ (1456 +2uner | = k1 +2571+2(1+k €
( 1) ((n+ 1) + (tan(m))2 Hn€1 1 1 ( 1)“71 1
Z K1
provided we take 1 = m, where p, > —C(m1) is a lower bound for
. Since k1,01, are universal we have
2(n +1)?

uk+<1+61>un< +<n+1>> > e — 201,

g1 tan(n)
21+ 07 Yial Vi P > —Co
for universal constants C7, Cy. We have proved

Proposition 5.6. We have the following lower bound for (5.16).

n
i + g 2 )u“l ‘|’ /-L]
Z 2 2 ’VVlOéjA 02+ Z |VV1 ]z|
iy

241 2
th Y | Viyog)
teS,i<n (1 + p7)

i Z (2ur — C1) ’VVloé/}kP
212
ey (1 +,Uk)
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where C1 = Co =0 and k1 =1 if up 2 0, and if uy, <0, then

(tan(n1))

" T2+ 1) + (tan(m))?]

and C1,Cy = 0 are uniform constants.

We now turn our focus to estimating the gradient term (5.15). Fix 0 <
17 < n and write

|Vz'04\71v1|2

n ] 2
> ViVuaj
=0

oy
< E VI IIVIIIVv, a5 Vv, g
JlEB

e
+2 ) VIV IIVinazlVisagl
jeBLes

me
+ 3 IV IIVE1I Vv a5l Vv oz
Jles

For the big terms, we use Cauchy-Schwarz in the following way

(5.21)
1/2 1/2
: e 1
> VIV IVviazlIVvegl < | Y WP |vvloqz|2 > VIPE Vv aq)?
J.teB j.leB jLeB te
i
= Z |‘/1’2 ‘Vvl ]’L‘z
j,teB
1
= (>\1 - Z |V1£|2W> Z — Va5
tes jep Hi

where in the last line we used Lemma 5.3. For the small terms we apply
Cauchy-Schwarz to get

(5.22)

1/2 1/2
Z |V1jHV1€|WV10431||VV1(122‘| < Z |V1£‘2|VV10437;’2 Z |V1]‘2|VV16%|2
JALES Jles jles

¢
= Z Vi ’2|VV1043¢|2 < Z |VV1043¢|2

JLes jes
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where in the last line we used Lemma 5.3 again. Finally we estimate the
cross terms.

(5.23)
i ¢
2 ) MIVIIVveslVvag <eo D WPV PIVvag P+ — > [Vvogl
jEBLES jEBLES JEBLES
i n+1
S €o Z |V1]|2|VV10431‘|2 + 5 Z Vv agl
jeB 0 tes
1
)2 2
< € (Al - Z ’V1 ‘ /M) Z ;‘v%aﬁ‘
les jeB ™
n+1 2
+ - Z Vv, o]
0 Yes

for a constant g > 0 to be determined. In the final inequality we used the
following estimate. If j € B, we have p; > 0, so Lemma 5.3 shows

VP Py < D0 VP = M =D 1V Pae.
keB tes

Combining estimates (5.21) (5.22) and (5.23) we arrive at

1
Viayy, [ < (14 20) ()\1 - |V1€\2Me> > ;lvvloéjf

Les jeB ™Y

n+1 9
+(1+ - )Z|Vvla3i| .
O jes
Every term appearing on the right hand side of this estimate has a partner
appearing on the right hand side of the estimate in Proposition 5.6 except the

term ¢ = j = n. For this term we return to (5.17) and apply Cauchy-Schwarz
to get

‘VV1O‘Z7£’2

2 2
|vvlolﬁn| < 2|VV1h| —|—2’I’LZ (1_‘_”%)2

{<n
Summarizing we have proved
Proposition 5.7. For any constant gy € (0,1) we have the following esti-
mates.
(1) For0<i<n

1
Viapy, [2 < (1+¢0) ()\1 -3 !Vf\Qw) > ;\Vvlajf

Les jeB "™

n+1
+(1+ ) [Vvag).
€0 -
JES
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(2) Fori=n we have

1
Vo ? < (14 20) (Al -3 \Vf\zw> > Vel

les jeB ™

n+1
+(1+ - ) > IVnag,)?

JES,j<n

n+l1 Ll Z|VV1%£|

+2(1+ )C3 + 2n(
€0

€<n
for a uniform constant Cs.
We are now ready to combine Propositions 5.6 and 5.7 to obtain the key

estimate towards the interior C? estimate. Recall that we need to estimate
the following quantity from below;

1 < i + 1 s 1= 1 )
(5.24) — o Vnagl = 5 ) s Viapy |
2 ) e 3 Ve

In order to do this, we will estimate a related quantity. Let us defined
AT
les

and note that, by definition of S we have I' < JpA; < . Consider

n

(1 —coAi ) 1
T := .
/\1()\1 —F)(l—i-so) Z 1_|_'u2|v V1V1‘

Where ¢ is a positive constant to be determined, and we assume that

(5.25) A1 > cg.

From now on, in order to ensure that our constants can be chosen consis-
tently, we will note each constraint as a separate equation. By Proposi-
tion 5.7 we have

T < (1-— Co)\fl) |VV1a3i’2
Mo S ()
JjEB
2(n + 1)(1 — C())\II) Z ‘VV1aji|2
MM =) (1 +eo)eo 5 s 1T w2
('J)?ﬁ( n)
dn(n+1)(1 - COA Z |Vvlaze|
AL+ p2) (M — 1+€0 €0 (1+p2)
4n+1)(1 — oA}
R R v N

A1+ p3) (A = T)(1 + eo0)eo



49

We are going to estimate

1 ¢ i + 11 2
W Z 2 2 |VV10457;‘ -7

A1 ij=0 (T4 p7)(1 + Nj)

from below, by making use of Proposition 5.6, and comparing the coefficients
of [Vy,aj]? term by term. There are four cases depending on (i, ).

Case 1: 0<i< n,j € B,and i # j.
Case 2: i =j € B.
Case 3: 0<i<n,j€eSandi#j.
Case4: 0<i<n,andi=j€S.

i ; 1—coA ! .
i and iy, lenoring the
common factors it suffices to estimate

Case 1. We we have to compare

gty (L—coAyY) oA i)+ iy + oA =1

(1+p3) 14 1 (1 + %)

We now use that j € B, so j;A]* > do. Since p1; > p, = —C(1) we get the
estimate

oA 15+ gty + oM =1 (eodo — Clm))py — 1

i (1 + 113) g (1 + 443) 5
as long as we have
(5.26) co >0 (C(m)+1), and A >3t
where the latter condition guarantees p; > 1 since j € B.
Case 2 In this case we need to estimate
pon CH=C)U—eh) | dnlnt D e
12 7 L+ m2)(1+ 12) O = D)(1+ 2)eo

Observe that, from the definition of I' we have

1
M=T =M= ViPue>(1—00)h > 5k
tesS

Therefore we can estimate (5.27) from below by

1 2 Hj
— (i —Cipu; —1 -8 1 >0
b i) (1= =1 -+ )
provided p; > C7 + 1+ %;;1)' Since j € B this is guaranteed as soon as
8 1
(5.28) AL > 650 <01 +1+ "("H>
A1€0
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Case 3 We have to estimate

pitn 20+ D1 - N it A1)

(1 + /LJQ) (/\1 — F)(l + EQ)EO - (1 + ,u?) A1€0

We now consider three subcases separately, according to whether p; is rel-
atively large or relatively small compared to u,, or j = n.

Case 3a First suppose j < n, and that p; + pu; > %,uj (which is always
the case if p, > 0). Then we have
4(n+1)(1+ ) _3u  An+1) (1+ p3)

pai + pj —

)\160 - 4 €0 )\1
< 3uj  4An+1)  4(n+1)dou,
~ 4 €01 €1
1+

2
where we used that /\fj < /\% + dopj by the definition of S. Using that
j # n, if we choose
€0

(5.29) bo < m

we get

A+ DA+p)) 1 A+l

Mi =+ pj —

el - §Mj B €01
S tan(n) 4(n+1) -0
4 50)\1
provided
(5.30) M
g0 tan(n)

Case 3b In this case we still assume j < n, but that u; + p; < %Mj-
Then necessarily i = n, p, < 0, and we get that p; < 4C(11) for a constant
depending only on 7;. Since p; + p, > tan(n;) by Lemma 3.1 we conclude

(5.31) pitp An+l) o tan(m)  Antl)
’ (1 + /L?) A1€0 14 160(771)2 A1€0

provided

(5.32) . 4(n+1)(1 + 16C(m)?)

g0 tan(ny)

Case 3c If j = n, and 0 < i < n, then (5.31) also holds, and the same
estimate works.
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Case 4 Finally, we consider the fourth case. We need to estimate from
below the quantity

o2 A+ (- ) Sn(n+ (1 —codi )
T+ m) T M(teeo A+ M +e)d+ i)z
245 C1 1
>k - -
1(14-#?) A1€0 )\1(14‘#?)50

where ¢; > 0 depends only on n, 7,72, and where k; is the constant ap-
pearing in Proposition 5.6. We therefore need to determine the sign of

2%160)\1#;’ — 61(1 + M?) — C1 = ,uj(2/€160)\1 — Cl,uj) — 201.
Since j € S we have p; < dpA1 and so

,uj(2lil€0)\1 - Cl;uj) - 261 > ,U,j>\1 (2&160 - 0150) - 201 >0
provided
K1&0 461

c1 ! tan(n;)k1€0
We can now choose the constants dg,ep,co consistently. From (5.29)

and (5.33) we see that it suffices to choose 6y < max{crigg, 5} for 0 < ¢ <1
a positive, uniform constant depending only on n,71,72. Recall that x; is
the uniform constant appearing in Proposition 5.6. From (5.26) we choose

co = Kogy ! for a positive uniform constant K, depending only on n,7;.
Finally, from (5.28) we conclude

(5.33) 5o <

Proposition 5.8. For every constant eq > 0, there exists a uniform constant
Cy depending only on n,m1,m2 so that if Ay > C4£52 we have
n

. Vvl — = ) ——IViay,
A1 ”Z:O (1+u?)(1+%2)| 15l )\%§1+Mg| i |

260 — 1 Cy C
For uniform constants Cy, Cs.
Proof. By combining Propositions 5.6 and 5.7 we have show that
(1—cor)
alA%

1 & i+ C
Z e |VV1043¢’2—T>—/Tf—c(nﬂhﬂh)

— Cs.
M A= (U D)1+ 422 ’

i,j=0
We only need to compare T with the negative term containing |V;ay;,y, 2
Choose Cy = 100K, where Kj is the constant defining ¢y above. If A\; >

04662, then co)\fl < go9 and we have

(1—cor) 1 l—gg 1
M -T)(14+e) M~ M(l+e) M
S —250

A
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The result follows. U

We can now prove the interior, spatial C? estimate. Recall that we have
written a = a, = & ++/—1DDyp. Normalize ¢ so that infy, ¢ = 0. Define
H :[0,supy, ¢] by

AT ,

H(t) = =24t + —-t

for constants A > 0,7 > 0 to be determined. By Proposition 3.12, and
Corollary 3.10 we have a uniform bound for ||¢|/z~, and so we can choose
T < min{m, 1} so that

—2A<H <-A H'"=Ar>0.
We apply the maximum principle to the test function

Q :=log(A1) + H(p).

If this quantity achieves its maximum on dX,, then it is uniformly bounded
in terms of the boundary data, and we obtain

—A
AL < CemAosexey,

which is the desired estimate. Otherwise, suppose @} attains an interior
maximum at (pg,tp). Fix holomorphic normal coordinates (zo,...,z,) for
@ in a neighborhood of (pg, o) so that « is diagonal at (pg,tp) with eigen-
values pg = p1 = -+ = pn. We perform the perturbation described at the
beginning of the section, and consider the quantity

Q =log(\) + H(yp).

By construction we have Q < Q near (pg,to), and Q(po,to) = Q(po,to)-
Thus @ achieves an interior maximum at (pg,tp). Applying the linearized
operator at (pg,tp) we have

The linearized operator applied to the H(y) term gives

1
ViVip + H'(p) Z W\Vz@’?

b

F"jviij(w) = H'(p) Z 1+ 12
= —H'() ) TG+ AT Y g Vil

1+ 1+ pf

%

)
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Thus, at (po, tg) we have

n

1 y
0> FIVVQ> 53 o M |V ag?

2
)\1”:0 ‘1‘,‘%’)(1"‘#)

1 1
Z 2
i=0

— M 1 2
-H + At \%
(SO)Z 1+ 42 ;1+Mg| i

- 11

Combining Proposition 5.5 and Proposition 5.8 there is a uniform constant
C4 so that if A\ > 04562, then we have

Co Cs

260
0/ Z]_+ 2|VO[V1V1| C—Tl—e(]T

S 1
— H' §: u 1+AT§:iv- 2
(90) 1+,LL22 i 1+M¢2| 190|

i

for uniform constants C, Cy, C5. At the maximum of Q we have VZQ =0,
which gives
Viay
l)\‘lflvl _ _Hlvzgp

So

I w— 1 ) o 1
)\%iz;1+uzg|via\71V1| :(H) Zl—f—;ﬂ \%

Choose g9 = max{f7, 1}, then 20(H’)? < 829A? < T7A and so we get

We may assume that A\; > R, where R is the uniform constant appearing
in Lemma 3.5 for the subsolution & (see Remark 3.11). Since pg > A\ we
can apply Lemma 3.5. Since |u,| is bounded by Lemma 3.1 we can always
assume we are in the first case of Lemma 3.5 and so we get

n

7 ’L

for kg a uniform constant. Finally, choose A so that Akg = C' + Cy + 1,
which is a uniform constant. Then we obtain

10(C+Cy+1)
7150)\% '

0=21-
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In particular, \; < Cg for a uniform constant Cg. This implies
)\1 CﬁeA(go inf x, ©)

finishing the proof of (5.1).

We next move on to estimating the size of ag. This is easily done by
the maximum principle. Recall that by Lemma 3.1 there is a constant A
depending only on 7; so that G = —e~4F is concave. Consider the quantity

Q =0y _0307

and recall that o = &+ +/—1DDe. Differentiating the equation G = —e~4"
twice, using that G is concave, « is closed, and the curvature vanishes in
any temporal direction yields

GV, V;(ap)n = A(ViVih + A|Vih|})e™
_ AllhgllLeo (xo) A% hell] 0o xyH1
Choose C = %o ng,
uniform constant appearing in Lemma 3.5 for &, while C'(n) is a bound for
|ttn| (see Lemma 3.1). Suppose that @) achieves an interior maximum on X;

at the point (po,tp). Choose holomorphic normal coordinates near (po, o)
such that « is diagonal with eigenvalues pug, ..., . We get

where kg = and kg is the

0> A(VVih + A|Vih|?)e Ah+czl+u

If az > R, then by Lemma 3.5 and our choice of C' we obtain
0> A(ViVih + Ak e + A(||hg| oo (x.) + AHhtH%OO(XE) +1)
a contradiction. Thus, ()7 < R, and so

Al oo (x) + Al Foo (xy + 1

Ko

Q < Q(po,to) < R+

el oo (x2)

unless @ attains its maximum on the boundary. Summarizing we have

Proposition 5.9. There is a uniform constant C so that
l(ap)uly < C (1 + Al oo (o) + HhtHLoo ) + SaL/'l\fp [(cp)itlg

To estimate the off diagonal terms we use that o, > —C(m)w. Pick
any point (pg,to) € X-, and choose space-time adapted coordinates so that

(ap)|rx is diagonal with entries A1,..., A,. At py we have
(O‘go)t_t(‘}' C)'(Ul) +1 (O‘sz(v)Tt) T (O‘so)ﬁt
Q)i M+C(m)+1 - 0
ap+H(Cm)+1)w = - . , .

(ap)at 0 o A+ C(m) +1
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Let D be the nxn matrix with D;; = (A +C(n)+1)d3,;. Since \i+C'(n1)+1 >
1 for all ¢ we can compute the determinant as

. |(ap)ail?
< 1 = D 7 1- — .
0 < det(a,+(Cm)+1)2) da<><mwﬂ+omn+ W e
Now since 1 < A\; + C(m) + 1 < C for a uniform constant C' by the spatial
C? estimate we obtain

(ap)al < C(I(p)al + Clm) + 1)
which finishes the proof of Theorem 5.1.

Remark 5.10. Note that the spatial C? estimate is independent of the
estimate for the spatial gradient. In particular, Proposition 4.1 can be ob-
tained directly from the C? estimate by applying the elliptic theory along
the fibers of X, — A.. Nevertheless, we have decided to include the estimate
as it may have applications to the existence of geodesic rays in H; see for
example [82, 83, 84].

6. BOUNDARY 02 ESTIMATES AND EXISTENCE OF SOLUTIONS TO THE
DEGENERATE LAGRANGIAN PHASE EQUATION

It remains only to prove the boundary estimates. The boundary esti-
mates are based on estimates of Guan [57, 58] which are in turn inspired by
estimates of Trudinger [100]. Similar ideas were used by the first author,
Picard and Wu to solve the Dirichlet problem for the Lagrangian phase
operator [30]. In fact, the proof here is much simpler than the boundary
estimates for the Lagrangian phase operator established in [30] due to the
special structure of the boundary.

Without loss of generality, we work near {|t| = }. Consider the function

v=(p—@o)+cole —|t|) — N(e — |t|)2

for constants IV, cg > 0 to be determined. For simplicity, let us write g = ¢.
Our goal is to choose uniform constants cy, N so that F¥ ViVj < —go near
|t| = e for a uniform constant £y, and so that v > 0 on a neighboourhood
of {r = e}. We compute at a point (po, o) in coordinates where w is the
identity and a, is diagonal.

i 1 N

7 pi — Gy i (e —[t]) ur
I AVAVEIES —Ftt— — —ptt 4 N Ut
iviv 1+ p? O T 2 * 2|t

i
Suppose |p| < R, where R is the constant in Lemma 3.5 for ¢g. Then we

have 1 > F% > (1+ R?)~!. Also, é;; > —C(n1). Combining these estimates
gives

th N _
weT))

6.1) FiV,V-v< D+ Cny) — co— —
(6.1) U< (n+1)+C(m) Ol T a1 1 R a7
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If instead |u| > R the we apply Lemma 3.5 and conclude

(6.2) FIV;V50 < —ro — COZZ - gF“# nE Q_tt),

for a uniform constant xkg. We consider v on the domain
Q=X x{(1—-0)e<|t| <€}

where 0 < § < 1 — e~ ! is to be determined. On Qs we have

(|t _

0< < <1
|t] 1-6
Choose N so that
—_— = 2+C
sa R O,
and note that N is uniform. Then when |u| < R we have
= ) 1
FivVao< —14+ N <=
ViV + ) <5
provided § < ﬁ When |p| > R we have
iz 1) v}
FYV,V-= < - N—0 _
VZVJU Ko + =) < 5
provided § < zx7—. We choose § = min{ﬁ, TNt 1> Which is a uniform

constant. It remains only to determine ¢g. On the |t| = € component of 9§25
we have v = 0, while on the |t| = (1 — §)e component we have

1
v > 0 — N(0¢)? > de <0025> >0

provided we take ¢yg = 1. Summarizing we have
Lemma 6.1. There exist uniform constants 0, N so that the function
vi=(p = @o) + (e — [t]) = N(e — [t])?
satisfies
ij ko
Fjvivjvg—?, v=0

on Qs =X x{(1—-0)e < |t| <e}.

We are going to estimate the tangent-normal derivatives of ¢ near the
boundary {|t| = ¢}. Fix a point (po,to) € 0X., and space-time adapted

coordinates (wo, ..., w,) = (wg,w’). For 1 < ¢ < n we compute
Fijvivjw((p — @) =Vh— Z FN 5
1<i,j<n

where in the last line we used that V,;V,p = ViV = 0 (see Corollary 3.10).
Next we compute
FIN ViVl —¢) =Veih— F7 3" Rys*Vip— Y FiIVV;V5

1<k<n 1<i,5<n
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where we used that R, = 0if & = 0. Write wy = 2¢ + v—1yp. Then
combining the spatial gradient bound from Theorem 4.3 with Corollary 3.10
we have

~C < FIV;V;Vy, (¢ —¢) < C

for a uniform constant C. Clearly the same estimate holds for d,,. We now
consider the quantity

. - D t]>
— |2
Qu 1= vt (o= 9) + B fuif ~ D og (1)

=1

for positive constants A, B, D to be determined, which is defined on the set

O = {f: w2 < (5')2} < {(1—8)e < |t| <&}

where ¢’ is a constant depending only on (X,w) (namely, the size of the
coordinate chart on which holomorphic normal coordinates are defined).
On |t| = € we have Q1 > 0 with equality at w’ = 0. On w’ = ¢’ we have

Q+ > —sup |[V¥p|; + B(8')2
Xe

By Proposition 4.1 we can therefore choose a uniform constant B large
enough so that Q@+ > 0 on |w'| = ¢’. Finally, when |t| = (1 — §)e we have

D 1
> — Xolg+ = log | ——
Q+ s)lg)\v elg + 5 og((1_6)2>

Since § > 0 is uniform, by Proposition 4.1 we can choose D large and uniform
so that Q1+ > 0 on |t| = (1 — d)e. Finally, we compute

Fiig A% sup |V¥ol; + B Z Filg—Am 4 sup |V¥¢l; + Bn
2 X, : 2 X
€ 1<i<n €
Therefore, another application of Proposition 4.1 shows that we can choose
A uniform, sufficiently large so that FYQL < 0. Since Q@+ > 0 on 05 we

have Q1+ > 0 = Q+(po,to). We conclude that 0,Q+ < 0. Now at (pg,to) we
have 0,0,,¢ = 0 and 0,v = 0,¢p — 0,¢p — 1. Thus by Theorem 4.3 we obtain

C
’67“61590| < ;

Repeating the argument with y, yields

Proposition 6.2. There is a uniform constant C so that

= C
sup (IVNXsolg + IVzVXs0!g> S 7
X €

Finally, we estimate V;Vzp on the boundary. In fact the estimate we
need follows from a lemma of Caffarelli-Nirenberg-Spruck [18], which we
now recall
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Lemma 6.3. Consider the n X n hermitian matriz

a bl bg s bn
E d 0 -+ 0
M:=|bzc 0 do 0
E 0 0 --- d,
where we assume a > 1. Let pg, 41, - - ., by, be the eigenvalues of M. For all

0 < eg < 1, there exists 6(eg) > 0 depending only on dy, ..., dy,e such that,
12
if S0 B < 5(20) then

a

| — di] < eo.
fori=1,...,n. Furthermore, we have
(eof5)
Ho 2
with implied constants depending only on di, ..., dy.

Proof. We give the proof, since the statement in [18] is not exactly what we
need. Just as in [18], the eigenvalues are given by the zeroes of

1_n b b b
__a a a a
bi di—p 0 0

det | b2 0 do — p 0 =0.
by 0 0 e dy = p

Expanding the determinant gives

n

n 192
1) CR RS wEs |

i=1 j=1 i#j

[
a

Introduce parameters tg = % and t; = , and write this equation as

P(to,t1 ..., tn,\) =0

for a polynomial P. When (¢i,...,t,) = 0 we have that y = d; is a zero.
Since the roots of P(tg,...,t,) depend continuously on the coefficients we
get that, for all g > 0, there exists § > 0 depending only on dy,...,d,, &g
such that if |¢| < d, then

|,U«i — di’ < €p.
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For the last eigenvalue we set 1 = ay and consider

-y 2 2 b

hood_y 0

b dy _ _
det 2 0 2= 0 =0

b ds

o 0 0 a7

which we write as

n n
0=(1-7v) (H(todl - ’7)) + Z(—l)jtotj H(todi =)
i=1 =1 i#]
When t = 0,y = 1 is a simple zero, and hence the implicit function theorem

gives that for |t| < d, there is a constant C' depending on di,...,d, such
that

1=~ (t)| < Clt]
whence
po(t) = a(1 + O([t]))
with constants depending only on dy, ..., d,. [l

This lemma, together with the boundary tangent-normal estimates in
Proposition 6.2 immediately implies the normal-normal estimate. Suppose
there is a point (po,tp) € 0X. where (o)g > 552 for some constant K to
be determined (note that the lower bound is automatic from Lemma 3.1).
Fix space-time adapted coordinates at (pg,to), and let p; 0 < i < n be the
eigenvalues of a,. By the tangent-normal estimates we have

2
0l _ €
(aw)ft K

where C' is a uniform constant. Fixing g9 > 0, if C'/K is sufficiently small
depending only on the bound for the spatial C? norm and &g, then we have

%

o — | < e, o — il < eo.

It follows that
> arctan(p;) — (Z arctan((a,);;) + arctan((%),gt)> ‘ < (n+ 1)e,
=0 =1

since the derivative of arctan is bounded by 1. On the boundary we have
¢ = ¢ and g is a subsolution, satisfying

n
Z arctan(p,) > h+ %
=0
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where 1, are the eigenvalues of a = 7%a + \/—1Dﬁ£. By the Schur-
Horn theorem [64] and the convexity of the super-level sets {F > o} for
o> (n—1)% we have

n n
Z arctan(ag;) > Z arctan(p;) — arctan(ag).
=1 =0

So, we have
n n
h(z) + % < Z arctan(p,) < Z arctan(az;) + arctan(ag)
=0 i=1
n
< (n+1)eg + Z arctan(u;) — arctan((ay,)g) + arctan(ag)
i=0
= (n+ 1)eo + h(x) — arctan((av,)z) + arctan(ag).
This implies
% + arctan((aw)g) < (n+ 1)eg + arctan(ag).

By Lemma 3.6 we have

C

=

for a uniform constant C;. Choose ¢ sufficiently small so that (n+1)eo < %,
we conclude that K < Cy. Thus we conclude

O X

Proposition 6.4. There exists a uniform constant C' so that
C
sup |V Vip| < =
OX. €
Combining this with Theorem 5.1, and Theorem 4.3 we conclude

Theorem 6.5. Suppose p(z,t) is a smooth St invariant function on (X.,d)
with o, = a +/—1DDyp(x,t) solving the Lagrangian phase equation

F(o ay) = h(z, [t]).

with o(z,€) = o and p(x,ce~ 1) = @1, and p; € H. Suppose in addition that
©0,p1, h satisfy the structural conditions (C1),(C2) with constants ny,ns.
The following estimates hold

oscx. o + \VXLpL;, + lvxﬁap\ <C

1
Viple < C (1 + sup |[Vih|g + )
X €

1
ViV¥p| < C (1 + Z + \/S}Ylp |ViVih|s + \/s)L(lp ]V,JL@)

1
|V:Vip| < C (1 + — +sup |V Vzh|s + sup |Vth\§>
€ Xe Xe
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where C is a uniform constant depending only on <p0,g01,VXV7Xh, (X,w)
and the structural constants ny,n2.

First we apply these estimates to solve the Dirichlet problem for the
Lagrangian phase operator on X;.

Theorem 6.6. Suppose po, 1 € H, and h(x,|t]) : X — R is a smooth
function satisfying structural constraints (C1),(C2). Then, on X, there
exists a smooth, S' invariant solution of the equation

F(o  ay) = h(z, |t]).

with boundary values g, p1. In particular, for any o, 1 € H there is a
unique, smooth € geodesic joining ¢g, ©1-

Proof. The corollary follows easily from Theorem 6.5. Let h(z) = F(ay)
where ¢ is the function constructed in Lemma 3.6 and consider the equation

F(@ tay,) = (1—u)h+uh
where u € [0, 1], and ¢, has boundary values ¢g, 1. Note that structural
constraints (C1), (C2) hold uniform for the functions (1 — w)h + uh. Let I
be the set of u € [0,1] for which this equation admits a solution. By the
implicit function theorem [ is open. Suppose I > u; — u, Combining the

estimates in Theorem 6.5 with the Evans-Krylov theorem, and arguing as
in [30] we conclude that I is closed. O

Since we have obtained estimates that scale appropriately we can pass to
the limit as ¢ — 0 to get weak solutions to the space-time lifted degenerate
Lagrangian phase equation, see Definition 2.9. Before explaining how this
is done, let us explain how to make sense of the limiting equation weakly.
First note that if ¢ : X — R is bounded and satisfies /—1DDy > —C,
then we can define

(mka+vV—1DDy)k
as a (k, k) current for all k using the Bedford-Taylor theory [9]. In particular,
for such functions ¢

(mhew + V—=1(r%a +/—=1DDyp))"

defines a complex measure on X and hence the equation
(6.3)  Im (e_ﬁh(x’w)(w}w VI (nha + \/—lDﬁ@)"*l) ~0
can be interpreted as an equality of measures. With this in mind we have

Theorem 6.7. Suppose @o, 01 € H, and h(z,|t|) : X — R is a smooth
function satisfying structural constraints (C1),(C2). Then there exists an
St invariant function ¢ so that ¢ € C1, for all o € (0,1), /=1DDyp €
L>(X.,w), and ¢ solves

(6.4) Im <€_ﬁh(m’|t|)(w +vV-1(a+ HDE@)”H) =0.
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pointwise a.e., and in the sense of pluripotential theory, with boundary values
o, 1. Fquivalently, ¢ solves

Ou(@™ ) = Az, [t])

in the sense of Harvey-Lawson’s Dirichlet Duality. In particular, for any
w0, w1 € H there is a unique weak geodesic joining @g, p1.-

Proof. Given h(z, |t]) : X — R, we consider
he(x,t) = h (x, Z) X = R
Clearly we have
VAVihe = éVXV{h V,Vihe = évtvgh.
By Theorem 6.6 we have functions 9. : X — R solving

F(o ay,) = he.
Let . = ¢e(x,et) : X — R. Then ¢, solve the Lagrangian phase equation
F((@:) tay,) = h, or equivalently
Im <e‘mh (w}w +e'V/=1dt AdEt + v/ —1 (W}a + leDﬁw))n+1) =0
on X. By Theorem 6.5, ¢, satisfies
[[pell oo + Sup Veelo + |[V=1DDge| poo () < C

for a uniform constant C independent of . We can therefore take a limit as
e — 0 and get p. — ¢ where the convergence is uniform in C1®. Clearly

Co > nya+vV—-1DDyp > —C

and so by the continuity of the Monge-Ampeére operator along uniformly
convergent sequences [9] we conclude that ¢ is a weak solution of (6.4).
Next we argue that ¢ is also a solution of the space-time lifted degenerate
Lagrangian phase equation in the sense of Harvey-Lawson. We refer the
reader to the work of Rubinstein-Solomon [87] for the construction of the
degenerate Lagrangian phase operator. The two key properties we need are

F((@:) tay) — é(aw) ase — 0

by [87, Theorem A.3|, and that é() is upper-semi continuous on the space
of hermitian matrices [87]. By the Harvey-Lawson theory, and [87, Theorem
5.1] we need to show that if u is a C? function defined on a ball B C X,
with u > ¢, and u(p) = ¢(p), then

(6.5) 6(a + V=1DDu)(p) > h(p)

and similarly, that if u touches ¢ from below, then

(6.6) O (— (a+v=1DDw)) (p) = —h(p)
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Our proof of this is based an elementary result on the viscosity theory [17,
Proposition 2.9], with the added complication that the background metric
used to construct the elliptic operator is not constant.

Everything is local, so we may assume that we’re working in By C C",
and that p = 0. Let B, denote a ball of radius r centered at 0. Suppose
u = @ on By. Fix § > 0. Since ¢, — ¢ uniformly on By, for any n > 0 we
can choose € < g¢(7, ) sufficiently small so that

uy :=u+nlz*>p. on dBs.

Since u(p) = ¢(p), it follows that for ¢ sufficiently small depending on 7,6,
uy — e has an interior minimum at some point p(. ) € Bs(p). For now, let
us suppress the dependence on 7, and write p(. ,) = p.. At this point we
have

=0

Up to taking a subsequence we can assume that p. — p. € Bs(p) C Bas(p)
as € — 0. For ¢ sufficiently small we have

au(pe) +20 Y V=1dz Adz > onlpe) + 1 V—1dz Ad5

1=0 i=0

as (1,1) forms on C". Now, since &, = 7w + e2y/—1dt A dt is a product,
there is a constant C' independent of € so that

—Clo—y| < @c(2) ' —e(y) ' < Cla—yl, &' (x) > C7HY V-ldzndz
=0

for any points x,y € By C C""!, where @, is regarded as a Kihler metric
on C"*1. Thus, for ¢ < 7 sufficiently small we have

d)e(p*)_l <au(p*) + (417 f: V—=1dz; A d2i> )
i=0
> djg(pg)*l (au(p*) + 2ni V—=1dz A dz,-)
i=0

> d}a(pa)il <au(pa) +n Z \/—7le2~ A dzi)
=0

Combining this inequality with (6.7) and applying the elliptic operator F’
gives

F ((‘Ds)_l (au(p*) + 4772 V—1dz; A d21>> > F(dja_la%)(pa) = h(p:),
=0
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for all e sufficiently small. We now take a limit as € — 0 to get

(6.8) ) ((au(p*) + 4n Zn: V—1dz; A dzi>> > h(px)
=0

We now reinstate the dependence on 7, and write p, = p,. Since (6.8) holds
for all n > 0, we can take a limit as 7 — 0. Up to taking a subsequence we
can assume p, — Poo € Bs(p). By the upper-semi continuity of © we get

G (u(pso)) 2 h(poo)-

This holds for all § > 0, and so we may finally take a limit as § — 0, applying
the upper semi-continuity again to conclude

O (au(p)) = h(p)-
The same argument works to prove (6.6). ]

The next corollary is essential for infinite dimensional GIT.

Corollary 6.8. Let po,p1 € H, and let p(z,s) be a weak geodesic with
o(z,0) = o, @(x,1) = p1. Then the functional C'Yc is well-defined along
the curve p(x,s). Furthermore C is affine, J is convez, and Re(Z),Im(Z)
are concave.

Proof. That CYg is well defined follows from the Bedford-Taylor theory
[9], together with the bounds [¢(z, s)|| e (x) < C, and —Cw < V=189,
as discussed above. Next, let p.(x,s) be e-geodesics joining ¢, ¢1. Since
ve — ¢ the Bedford-Taylor theory [9] implies that

CYc(p:) = CYc(p)

as € — 0. The properties of C, J,Re(Z),Im(Z) along ¢(z,s) follow from
the corresponding properties along ¢.(z, s); see Proposition 2.17, and Corol-
lary 2.19 U

6.1. Applications to Homogeneous Monge-Ampeére. Our techniques
can be used to give a simplified proof of the existence of geodesics in the
space of Kéhler metrics [21], in particular avoiding Blocki’s gradient estimate
[12, 13]. We briefly describe how this is done.

Let (X,w) be a Kahler manifold, and

H={pe€C®X,R):w,=w++V~-100¢ > 0}
be the space of Kéhler metrics. A geodesic in this space with respect to
the Donaldson-Mabuchi-Semmes metric is equivalent to a solution of the
homogeneous complex Monge-Ampere equation on X = X x A. That is, a
solution of B
(mhw ++vV—1DDp)"™' =0 on X

with boundary values g, 1 € H. As above, we approximate this equation
by the degenerating Monge-Ampere equations

mhew +e*v/—1dt A dt +/—1DD. = (n+ De*v/—=1dt A dt A Thw™.
(7% 2V/=1dt Ndt +V/—1DDyp)" " = (n + 1)e?V/—1dt A dt A Tiw"
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Rescaling t — &et, we can view this as the non-degenerate Monge-Ampere
equation

((;} + /—1D590)n+1 _ wn+1
on X, with boundary values g, o1 € H. Here, as before

w=mryw+V—1dt Ndt

is a product metric on A.. The C? estimate follows from the maximum prin-
ciple, comparing with sub and supersolutions as in Section 3. For the spatial
C? estimate, we argue as in Section 5, applying the maximum principle to
A1, the largest eigenvalue of

(d) + \/—71Dﬁg0) |TX

measured with respect to w. Let F(M) = log(det(M)). Fix a point (po, to)

and local holomorphic normal coordinates (zo,...,2n) so that &3 = &y

and w, = (& + +v/—1DDy) is diagonal with entries g < -+ < - Let

Vi € Tp, X be the unit spatial eigenvector achieving A; Let Fi be the

linearized operator of F'. Then following the computation in Section 5 we

compute

FIV.Vlog(h) > ~C+ e 37 —— [Vl oy 3 19w
iV jio z-Ct— ) — wo)iil = > —IVilwy)yv, 1.
ivjloein A1 =0 Mkt el A pr RN

for a uniform constant C. Using Cauchy-Schwarz we now estimate

1 2

L [Vitwelvni = \ S VIV (@)
7

= Z Vlzvljvvl(wSﬁ);ivvl(wS@)E’i

0<j £<n

212 e
< Z \V1|2/7|Vvl(wso>3i\2

0<j l<n J
1 2
=M\ Z f’vvl(ww)ji\ .
0<j<n Y

Thus we have that F’;Vl-V3 log(A1) > —C, and arguing as in the second
author’s proof of the Calabi conjecture [104] we get

Tr, (@ + V—1DDy) ‘TX < Qe Cly—infx @)

In other words, for every t € A we have an L> bound for Trgv/—100p(t)
on X. By the elliptic theory applied on (X,w) we conclude that |V x¢(t)|.
is uniformly bounded. The estimate for V,p is easily obtained from the
maximum principle, as in Section 4. The remainder of the argument is the
same, applying the boundary estimates for complex Monge-Ampere [21, 56].
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7. APPLICATIONS TO ALGEBRAIC OBSTRUCTIONS

The goal of this section is to use the existence of sufficiently regular geo-
desic segments to find algebraic obstructions to the existence of solutions to
dHYM. Let A = {|t| < 1} be the annulus, X = X x A, and 7a be the projec-
tion to the disk. Inspired by Mumford [78], and Ross-Thomas [86], we recall
the notion of a flag ideal 7 C X®C|[t]. FixidealsJo C J1 C -+ C Jr—1 C Ox.
The we define a flag ideal J by

=Jo+tI+- + 51+ (1) C Ox.

The ideal J defines a subscheme of X x A which is supported in 77&1 (0). We
are going to use this data to define an infinite ray ¢(s) € H for s € [0, +00).
We need the following lemma

Lemma 7.1 (Demailly-Paun, [39]). There is an St invariant function 1 :
X x A = R satisfying the following properties

e \/—1DDvy > —Ad for some A > 0.
e 1 is smooth on X\supp(J), and
e Near Supp(J) we have

= *10g (Z |t|2gz | fe k|2> +C™
=0

where, for each k, (fr)), 21 are local generators for J.

Since the statement we need is not exactly in Demailly-Paun, we quickly
sketch the necessary ingredients.

Proof. Fix a cover of X by open balls B; so that on each B; the ideal sheaves
Je have local generators ( fy, k) . Choose a partition of unity ¢, subordinate
to Bj, and let 6(z) be a smooth function positive, non-increasing function
on R with f(z) = 1 for x € [-1/2,1/2] and O(z) = 0 for |z| > 3. Now
consider

p=-tog [ 601 36, ZWZU 2+ e

J (=0
Then 9 is clearly S! invariant, and by the calculations in [39] the first two
conditions are satisfied also. ([

Note that from the construction we have

Clog(e) < <C

{lt[=e}

for some constant C' independent of .
To construct an infinite ray in H we choose a function ¢g € H, and
consider

(7.1) D(t) = po + 9(t).
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We choose 6 > 0 sufficiently small as follows. If w_loqpo has eigenvalues
Al, ..., A\, satisfying

then choose ¢ small so that

n

T AT

ng > Ou(p)) = Zarctan()\i —6A) >0 — 5
i=1

Then for all ¢ the function ¢g + d1(t) € H. Setting s = —log|t| gives an

infinite ray ®(s) € H.

Definition 7.2. The curve ®(s) constructed above will be called a model
curve for the ideal J emanating from g.

Remark 7.3. We have constructed the model curve ® by hand, and hence
the number § > 0 depends on analytic data. However, we expect that there
is an algebraic characterization of § analogous to the Seshadri constant for
an ample line bundle. This will be discussed in Section 8.

The next proposition shows that the limit slope of complexified Calabi-
Yau functional along the curve p(s) exists.

Proposition 7.4. Consider the curve ®(s) constructed above. Let ju: X —
X be a log-resolution of singularities of the ideal sheaf J, so that p='3 =
O3(=E) for a simple normal crossings divisor E. Then we have

(72)  lim Love(@(s) = —%E. [(u*[w] + V1 (4] - 5E))”] .

s—00 (S

In particular, the limit exists, and the quantity on the right hand side is
independent of the choice of log-resolution.

Proof. In order to avoid carrying around extra minus signs, we will evaluate

- lim/ 8—(I)(cu—l—\/—lacp)”.
X 88

S§—00
where s = —log|t|, and ® is the curve (7.1). To do this we change variables,
using ¢ in place of s. We note that if we write t = re?’, then
0P 0P 0P
s = _7'87|7":6 = _637|T:€
s s=—loge r r
At the same time, since ® is S! invariant we have 9;® = %ewa—f, and so
_ 10®
0;Pdt = ——(dr — v/ —1rdf
t 5 (%( r rdf)
and so
0 _
——d df = 2/ —10;Pdt
ds s=—loge r=¢
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Let Y. = X x {|t| = ¢} = X x S', and let + : Y. — X be the inclusion, and
mx : Yo = X be the projection. Let (z1,...,x,) be coordinates on X. Then
for any complex (1,1) form 8 on X we can write

B =Bxx +Bx:t+ Bix + Bu

where
Pxx = Z Bjidx; N di; By = Bpdt A dt
1<i,5<n
Bxe= D Bpdtndz;  Bix = Y Bydu; Adf.
I<gsn 1<j<n

In this notation we have

VB=Bgxt+ Y. BV —leeV Vg ndz; — Y Byv/~Tee YV dx; ndb

1<g<n 1<i<n

where we view S5y as a form on Y; in the obvious way using mx. Further-
more, note that Jx makes sense as an operator on forms on Y;; indeed, this
is just the 0 operator of the natural CR structure on Y.. However, even if
Bxx is closed on the fibers of X — A, and S is closed on X, it need not
be the case that Oxt*8 = 0 on Y. due to contributions from the Bx 1 Bix
components. In any event, we have

—/ ?(w%—ﬁa@")
x 0s

_ V-l

s=—loge

L (05®dt) N Ty (w + V—1ag)"

Ye

— VU (0@t A (e + v (ke + v IDD®)")]

T Jy.

Let 11 : X — X be a log resolution of the ideal J with the property that y is
an isomorphism away from ¢t = 0. Then

for a simple normal crossings divisor £ on X supported over ¢ = 0. By the
Poincaré-Lelong formula [38] we have

p (rkw + V=1 (rka+vV=1DD®)) = (p*rkw + V-1 (u*rka + §[E] — 6vk))

where [E] denotes the current of integration over E, and vg € c1(E) is an
Slinvariant smooth (1,1) form on X. Let Y. = p~1(Yz) which is a smooth
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submanifold of X, and p: Y — Y is an isomorphism. Let 7: Y — X.

a@f (w + \/70[.1:.)

:£

s=—loge

wr* (8g<I>df/\ (mxw + vV—1(rxa + V—lDﬁ@))n>

Ye
/ p(0p@dt) A (W' miw + V—-1(1* o + 6[E] — (5’)/E))n>
/ pH(9p@dt) A (pmiw + vV -1(p' my o — ME))") :

where in the lz}st line we used that the support of [E] is over 0, and hence
disjoint from Y.
Let us digress briefly to consider the following integral
VL 2 D(@) A (e + VT (e — 07g)) "
Ye
In order to lighten notation, we will suppress the pull-backs, and take them
as understood. Fix a Kéahler metric on X, which we can take to be of the
form © = p*(w + /—1dt A dt) — 55 g for fg some smooth representative of
¢1(E), and 6 > 0 sufficiently small [39]. Since vz is a smooth form on X we
can fix a constant Cj so that
(7.3) sup |Vygls < Co.
X
By construction it is clear that X admits a fibration over A with fibers
X, = X for t # 0. As above, we fix coordinates (x1,...,2y) on X, and ¢t on
A. Since p is an isomorphism away from ¢ = 0, pulling back by u allows
us to view (z1,...,2p) and t is a local holomorphic coordinate system in a
neighbourhood of (any point) of Y;. In these coordinates we write

D(®) = 0;®dt + Ix P
Since Y. = X x S! is a product, we can integrate by parts over X to get

\/7 Y(?X(I)/\(w—i—\ﬁ(a—éw;))

= _‘/? : ® N Ix(w—+V—-1(a—5vr))".

Since «,w are pulled back from X, and closed along the fibers we have
Oxw=0=0dxa.
However, Oxvg # 0 in general. Instead, we use the estimate (7.3) to bound

0x (w+V-1(a - 57;3))” | < CdVoly,
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for a constant C' independent of €. Here dVol(f,E ) denotes the volume form
on Y. induced by the Kéhler metric &. By construction we have that
C'log(e) < ®| <’
Ye
for a uniform constant C’. Combining these estimates gives
J—1 _
— | D(®) A (w+ V—1(a — (57E))n
Ye
\ﬁ
T JY.
In particular, we have that

- lim/ ?;I)(w—f—\/—loch)”
s

(Or®dE A (w + V—1(a — dyg))" + O(elog(e)).

e—0

=—loge

_hm/ D w+\/7(04_57E))

e—0

The latter integral can be evaluated using integration by parts and the
Poincaré-Lelong formula. Integration by parts gives

1 _

/ V=IDD® A (w+ vV=1(a — 5yg))"

T L x{t|<e})

V-1

= A
since (w +v—1(a— 57E))n is closed on X. By the Poincaré-Lelong formula
(recall that @ is pulled back to X) we also have

1/ V=IDD® A (w+ vV=1(a — 67E))"
“HXx{lti<e})

™

D(®) A (w4 V—-1(a — 67E))n

:1/ (O[E] = 6vE) A (w+ V=1(a — 6vp))"
“HXOAt<e})

™

0

_ W/ (w+ vV=T(a - 678)" + O)
E

where in the last line we used that «,w,yr are smooth on X. Taking the

limit as € — 0 we obtain that the limit slope of CY¢ along the curve (7.1)

is computed in terms of intersection numbers as

tim [ 2% (w4 v Tow)") = LB () - V(0] - 5E))".

e—0 X T

s=—loge
To see that this intersection number is independent of the choice of log
resolution, one only needs to observe that it is equal to the limit slope of
CY¢ along the curve (7.1). O

In certain cases we can simplify the leading term (in ) of the expression.
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Lemma 7.5. Suppose V. C X is an irreducible analytic subvariety of pure
dimension 0 < p < n. Consider the model curve associated to I = Jy + (t),
where Jy is the ideal sheaf of V. As above, let p be a log resolution of J.
Then we have

8 (] + VT (0] — 0"
_sn—p[ T eV -1(n—p)3 w “1a)? n—p+1
o) o

Proof. We only need to compute the leading order term of the left hand
side. Expanding we have

E. (4] + VI (o] - 6B))"
=F. Z(ﬁ)] <?> & (wrw +V—1pra) I (=E)
§=0

If k < codimxxa(V x {0}) = n + 1 — p then we have E¥ = 0, and so the
leading order term is the j = n — p term in the above sum. We get

()" ) VIDIE B+ ST + 00,

Now a standard computation in intersection theory [52] shows that
E(-E)"P.(Ww+ V-1p*a)P = / (w+ V—=1a)P.
\%4
O

In order to produce obstructions from this data we need to use the ex-
istence of sufficiently regular geodesics (or smooth e-regularized geodesics).
Suppose that ¢g is a solution of the dHYM equation, and let ®(s) € H
be a model curve as constructed above (7.1) emanating from . For each
s € (0,00) we let ps(t) be a e-geodesic in H with the property that

0s(0) =0 ws(s) = D(s).

By Proposition 2.17, J (s(t)) is strictly convex and has 4 |;—07 (#s(t)) = 0.
Therefore

%J(@s(t)) >0 forallte(0,s),

and we conclude that
J(@(s)) = T (¢o)
s
Note that J(®(s)) can only be bounded when the limit slope

gE.Im ((ﬁé [(u* w] + V=1 (u*[a] — 5E))”D

> 0.
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as computed in Proposition 7.4 is zero. Otherwise by L’Hopital’s rule we
have

0< tim TEED=I@0) _ y g

5§—00 S s—o00 ds

and this limit is computed by Proposition 7.4. Summarizing we have proved;

Proposition 7.6. Suppose [a] admits a solution of the deformed Hermitian-
Yang-Mills equation. LetJ be a flag ideal over X X A and p a log-resolution
J, as above. Then we have

%E.Im [e*ﬁé (' w] + V-1 (p*[a] — 5E))n} >0
for all & sufficiently small.

Evidently, this produces obstructions to the existence of solutions to the
deformed Hermitian-Yang-Mills equation. We can also evaluate the limit of
the C and Z functionals.

Proposition 7.7. Suppose H is not empty. Then for every flag ideal over
X x A and p a log-resolution J as above, we have

—FE.Re (e*ﬁé (1 w] + V=1 (p*[a] — 5E))n) <0
and

—E.Im (e_ﬁ% (1t w] + V=1 (u*[a] — (5E))n> >0
for all § > 0 sufficiently small.

Proof. Fix ¢ € H, and let ®(s) be the model curve associated to the flag
ideal 7. Explicitly,

0 B r—1 - Ne B
#ls) = o+ 5 log | Ol YD 0> e ekl e
J =0 k=1
We compute

r—1 N

d 27 (s —92s —2s —aks

e 5 P(8) — _9p—2 6 (e72 )-ZGjZZe 2 kZ|f€k|2
=0 =1

J

r—1 N,g
+0(e72) 30,3 (-20072 3 [ fuf? - 200
J =0 k=1

The first line is non-negative, while the second line is strictly negative. For
s > s, = Llog(2), we have ¢'(e™%) = 0, and so L¢(s) < 0. From the
definition of C we get

d

1
£C(<p(s)) <0 foralls> 5 log(2).
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In particular C(p(s)) < C(p(ss)). Let @4(t) be an e-geodesic joining (s, )
to ¢(s). Since C is affine along e-geodesics we have

(il = A=)

< 0.

Therefore

lim iC(gp(s)) <0.

s—o00 ds

Substituting the expression for the limit slope of C'Y¢ gives the result. A
similar analysis applies to the functional Z of Definition 2.18. For s > s,
we have

C%ImZ(go(s)) >0

since the variation of Im(Z) is defined by integration against a negative
measure. Thus ImZ(p(s)) — ImZ(p(s*)) > 0 and so

Im(Z
i (20
8$—00 S
Plugging in the formula for the limit slope of C'Y¢ finishes the proof. U
Remark 7.8. Proposition 7.7 does not give particularly interesting obstruc-
tions to the existence of solutions of dHYM. However, it does give interesting

algebraic obstructions to the existence of functions in 7. This result will
play a role in our discussion of stability conditions in Section 8.

We can improve the inequalities in Propositions 7.6 and 7.7 to strict
inequalities using a perturbation argument. Suppose for the sake of contra-
diction that [o] admits a solution of deformed Hermitian-Yang-Mills, but

E.Im [e*ﬁe (1 w] + V=1 (p*[a] — E))n} =0,
or that H is not empty, but

E.Re [e‘ﬁé (1t w] + V=1 (u*[a] — E))n} =0
E.Im {e**/jl”g (1 w] + V=1 (u*[a] — E))n] =0.

Here we have suppressed the dependence on d, and consider E as a R-divisor.
For z € C close to 0, consider the rational function

p(2) _ E. (Ww+V-1(p*a — E) + zp*w)

q(2) (w+ vV—1la+ zw)".[X]
Note that for |z| sufficiently small we have that (1+Re(z))w is Kéhler. If [a]
admits a solution of dHYM with 6 > (n — 1)%, then so does [a] + Im(z)[w]

for |z| sufficiently small. If H(0) = H(c,w) is non-empty, then this is also
true of H(z) = H(a + Im(z)w, (1 + Re(z))w). Furthermore, p(z)/q(z) is
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holomorphic for |z| sufficiently small. Thus, by Proposition 7.6, and/or
Proposition 7.7 we must have

Im (%) >0 for |z| sufficiently close to 0 € C
q(z

if [a] admits a solution of dHYM, and if H # 0 then
Re <p(z)> >0 for |z| sufficiently close to 0 € C

Im (e*ﬁ%p(z” <0 for |z| sufficiently close to 0 € C.

If any of these three functions vanishes when z = 0 then we get a contra-
diction to the maximum principle unless p(z) = 0. It suffices to prove that
this is not the case unless J = (¢") for some r. Assume that F # 0. Writing
out the numerator (suppressing p*) we get
n

(7.4) p(z) = Z (n) AE (w4 V—1(a — E))" .

=0 M
It suffices to prove that the coefficient 27 is not zero for one j. For 0 < 8 < 1,
the class [u*@ — SE] is Kdhler on X (see e.g. [39]), and hence [p*w — BE]
is positive on the fibers of X/A. Since E is an effective divisor in a fiber of
X —A

(Ap*w — BE)".E >0 for all A > 1.
If (W*w)™.E > 0, then there is an irreducible component E* of E so that
o B* — p(E*) € X x {0} is an isomorphism at the generic point of E*.
Since X is connected this implies p(E*) = X x {0}, and so J is supported
on X x {0}. Since J is a flag ideal, this implies
J=(t")

for some 7, and hence the model curve ®(t) is trivial, in the sense the
a++v—100p(t) = a++/—100¢(0) as (1,1) forms on X.

If instead (u*w)™.E = 0, then we can choose 0 < k < n to be the largest
number so that (u*w)*.E"~* £ 0. We must have

E.(w)*.(=E)" % > 0.

For all C' > 0 sufficiently large we have 2Cw > Cw + o > w. It follows that
20Ap*w — BE > A(Cp*w + p*a) — BE > Ap*w — BE. Since E is effective
we get

(2CAp*w — BE)" .E > (A(Cp*w + p*a) — BE)" .E > (Ap*w — BE)" .E.

By assumption the terms on the left and right grow like A for A > 1, and
C > 1. By comparing terms we get

(Ww)l.(pra) EM-EH) =0 whenever n > 0+ j > k.



75

We now expand the coefficient of z* in (7.4) to get

n—k
> (" B et gra - pyhor
m=0

Note that for m > 0, the intersection product contains (u*w)™**.(u*a)’ for
J = 0 and hence vanishes. The only non-zero term in the sum is therefore the

m = 0 term. Expanding this term and using that (u*w)*.(u*a)?. Er1-(k+)
vanishes whenever j > 0, we get that the only non-zero term is w* . E.(—E)"~F £
0. Thus p(z) is not identically zero.

Theorem 7.9. Let J be a flag ideal as above, and - X — X X A a
log-resolution of singularities so that p='J = O4(E). If the space M is
non-empty, then

—E.Re [e‘ﬁé (1t w] + V=1 (pu*[a] — 6E))n] <0
_E.m [e—ﬁ% (1 [w] + V=1 (u*[e] — 5E))"] >0

with equality if and only if X = X x A. Furthermore, if [a] admits a solution
of the dHYM equation we must have

E.Im [e_‘/jlé (1 [w] + V=T (u*[e] — 5E))”] >0
with equality if and only if 3 = (") for some r > 0.
Combining this theorem with Lemma 7.5 we have

Corollary 7.10. Let V' be an irreducible analytic subset V. C X with
dimV = p < n. If the class [a] has H # 0, then

Re [e_«/_ué—(n—p)g) / (W + + /—104)”} >0
v

Im [ev -7 / (w+ \/—104)”} < 0.
v

Furthermore, if [a] admits a solution of the deformed Hermitian-Yang-Mills
equation, then

Im [e—m(é—(n—P)g) / (w + /_106)}7} > 0.
1%

8. STABILITY CONDITIONS

In this section we will attempt to synthesize the obstructions from the
previous section into a coherent algebraic framework. This will inevitably
lead us to discuss the relationship with categorical stability conditions [16].
In order to simplify the discussion we will focus primarily on interpreting the
rather simple set of obstructions obtained in Corollary 7.10, and comment
on the more general situation of flag ideals toward the end of the section.
Furthermore, in order to facilitate our discussion of Bridgeland stability we
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will now restrict to the case when [ = ¢1(L), but we caution the reader that
this is purely aesthetic and everything can be carried over to general classes
in HY1(X,R). This more general theory should be thought of as analogous
to Bridgeland stability with non-zero B-field, which we will comment on
at the end of the section. Introduce the following notation; for an analytic
subset V' C X define

Zy(L) = — / e Ven(L)
1%
and note that if the dimension of V is p then
81 [+ vEla@)y = VT [ e Tenn) = o/ 070,
1% 1%

As a first step we need to discuss the problem of determining the lifted angle
algebraically. Recall that the angle on X is defined by

/ (w+Vv—-1la)" € ]R>Oe\ﬁé
X

and we noted that if H # (0, then 6 could be uniquely lifted to a R-valued
angle (see Lemma 2.6). We now give a (conjectural) algebraic construction
for determining the lifted angle of any irreducible analytic subvariety. Fix
such a V of dimension p and consider the path

Zu(t) = —/Veﬁtwch(L), te 1,00,

which interpolates with the large radius limit (see [7] for related ideas on
the algebraic side).

Definition 8.1. We define the algebraic lifted angle Oy () to be the winding
angle of the path Zy(t) as t runs from +oo to 1, provided Zy(t) does not
pass through the origin. We define the slicing angle v (L) by

v (L) =6y (L) (dimV —2).

T
2
The use of the factor (dimV — 2)7 appearing on the right hand side is

motivated by (8.1).

If dimV = 1 it is trivial that the lifted angle is always well-defined. If
dimV = 2, the lifted angle is always well-defined by the Hodge Index The-
orem. As soon as we reach dimension 3, however, it is easy to construct
examples of classes ¢;(L) and Kéhler manifolds (X, w) for which the lifted
angle is not defined. Examples of this phenomenon occur already on BlpIP?’;
see Example 8.8 below. However, if we assume that L admits a solution of
dHYM with phase 0 € (5 37”), then the lifted angle is well-defined as follows
from the Chern number inequality of the authors and Xie.

Proposition 8.2 (Collins-Xie-Yau, [32]). Suppose (X,w) is a Kdhler 3-

fold, and L admits a metric h solving the deformed Hermitian-Yang-Mills
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equation with 0 € (2,3,

o () ([ 47) <o 4222) o).

Furthermore, the algebraic lifted angle equals the lifted angle.

Then we have

Chern number inequalities of this type, involving the higher Chern classes
chs have played an important role in the study of Bridgeland stability con-
ditions [8].

Returning to our discussion, and taking V = X gives

Zx(L) = —e V71T eﬁéRx

where 0 < Rx = | [y (w++v/—1ci(L))"]. Since e ((n- 1)5,n%) we have
that
Re(Zx (L)) <0, Zx(L) e H={z € C:Im(z) > 0}

and hence Zx (L) lies in the upper half-plane, with negative real component.

With this observation it is not difficult (though it does get slightly un-
wieldy) to write down the expected Chern number inequalities in any di-
mension. Unfortunately, the techniques used to prove Proposition 8.2 do not
easily carry over to the higher dimensional case. For example, in dimension
4 suppose that L has 0 € (37”, 27). The path Zx(t) is given by

— (t'w! — 6t°w.c1 (L) + e1(L)?) — 4tV =1 (FPer (L) .w® — e1 (L) w)

where we have written a.b = [, a Ab. For t &~ +o00, Zx(t) lies near the
negative real axis. Since Zx (1) € H, we must have Im(Zx (7)) = 0 for
some T} € (1,00), so
c1(L)3.w
c1(L).w3
Furthermore, at T} we must have that Re(Zx(7%)) > 0. Solving for T} and
plugging in yields

> 1.

Conjecture 8.3. Suppose L admits a solution of dHYM on the Kdhler
4-fold (X,w), with angle 0 € (3F,2m). Then the following Chern number
inequalities hold

Cl(L)g.w S 1.
C1 (L).UJ3

and
(cr(L)Pw) (w?) (c1(L).w?) (er(L)*)
c1(L).w? c1(L)3.w
If L has H # 0, and € ((n — 1)%,n%), Corollary 7.10 implies that

Zy (L) € H for every irreducible analytic subset V' C X. If, in addition, L
admits a hermitian metric solving the dHYM equation, then we write

Zv(L) _ 1 16 _p)W)/
- n V_Tey (L))
Zx(L) ~ Rx' ’ V(W+ al@)y

— 6 (c1(L)*w?) + <0
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FIGURE 1. The path Zx(¢), and its endpoint Zx(L). If L
is stable, then Zy (L) must lie in the gray region for every
irreducible analytic set V C X.

and so by Corollary 7.10 we must have

0 < Im < g;g) = ZV( sin (Arg(Zy (L)) — Arg(Zx (L))

We illustrate this situation in Figure 1.

Assume now that we are in dimension 3. By assumption, we have x (L) €
(m,2F), and so px (L) € (3, 7). If V has dimension 1, then

Zv(t):—/vcl(LHﬁt/vw.

Since Zy (1) must lie in the shaded region in Figure 1, we see that the lifted
angle 0y (L) € (pv (L) — 5, %), and so

ev(L) € (px(L), ).
If V has dimension 2 then we have

27y (t) = /Vt2w2 — (L) + \/—712t/vc1(L) Aw

In this case Im(Zy (1)) > 0, and so Zy (f) must lie in H for all ¢ € [1, 4+00).
It follows that the lifted angle must satisfy Oy (L) € (px(L), 7). Since
dimV = 2 we get

pv(L) € (px (L), ).
We summarize this in the following proposition,

Proposition 8.4. Suppose that (X,w) is a Kahler 3-fold and L — X is a
holomorphic line bundle. If L admits a solution of dHYM with lifted angle
0 e (m, 3%). Then
(i) The Chern number inequality (8.2) holds, and so the lifted angle is
well-defined.
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(i) Zx(L) € H, and the slicing angle px(L) € (5,7).
(iii) For every irreducible analytic subset V C X, Zy (L) € H.
(iv) The slicing angle @y (L) satisfies

(8.3) pv(L) > ex(L).
The following conjecture updates a conjecture from [29].
Conjecture 8.5. The converse of Proposition 8.4 holds.

Note that the “small radius limit” of this conjecture for ample line bundles
was proven by the first author and Székelyhidi [31]; see [32] for a discussion.
One can formulate analogous conjectures in higher dimensions. However,
we expect that in dimension 4, for example, one also needs to impose Chern
number inequalities on 3 dimensional subvarieties V' ensuring that the phase
v (L) is well-defined. We also note

Corollary 8.6. Suppose L is a holomorphic line bundle over (X,w) with
Zx(L) € H. If there exists an irreducible analytic subvariety V. C X with
Zy(L) ¢ H, then H = 0.

This corollary should be compared with the Nakai-Moishezon criterion of
ampleness, and Demailly-Paun’s [39] numerical criterion for the existence of
Kéhler metrics in the class [o]. We conjecture a converse to Corollary 8.6

Conjecture 8.7. A line bundle L (or more generally a real (1,1) class [@])
with Zx (L) € H has H # 0 if and only if Zy (L) € H for all V C X.

In dimensions greater than 3 it seems possible that imposing some further
Chern number inequalities may also be necessary. These extra conditions
should be thought of as analogous to the conditions appearing in [39, The-
orem 4.3]. A solution to this conjecture, or more generally an algebraic
characterization of the non-emptiness of H, would also give an algebraic
characterization of parameter § appearing in the construction of the model
curves in Section 7 as a non-linear Seshadri constant.

It is instructive to consider a simple example.

Example 8.8. Consider X = BlpP3. Let H be the pull-back of hyperplane,
and E be the exceptional divisor of the blow-up, and note that H3 = E3 =1
and E.H? = H.E? = 0. We take w = 2H — E, and consider L, = aH —bE.
Consider the paths

Zx(t) = (b® 4+ 12at® — 3bt* — a®) + v/ —1(6at® — 7t> — 3bt?)
Zp(t) = (> — b*) + V/—1(2bt)
We are interested in studying when L admits a solution of dHYM with phase
0 € (m,2%). In this family, four different phenomena occur
e When a = 5, b = 3, then Zx(Ls3), Zg(Ls3) € H, the lifted angles
are well-defined, and ¢ x (L) < px(E).
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e When a =5, b = —2 the lifted angles are well-defined, Zx (L5 _2) €
H, but Zg(Ls,—2) ¢ H, and so by Corollary 7.10 the space H(Ls —2)
is empty.

e When a = 5,b =1 Zx(Ls1),Zp(Ls1) € H, the lifted angles are
well-defined, but ¢g(Ls 1) < ¢x(Ls,1) and so by Proposition 8.4 no
solution of dHYM exists.

e When b = —3, then there exists a € (0.3,0.6) so that the path Zx(t)
passes through the origin. The lifted angled is not defined and by
Proposition 8.2 no solution of dHYM exists.

We now recall the definition of a Bridgeland stability condition, focusing
specifically on the case of interest to the B-model of mirror symmetry, so
that the triangulated category is D?Coh(X).

Definition 8.9. A slicing P of D’Coh(X) is a collection of subcategories
P(¢) C D°Coh(X) for all p € R such that
(1) P(p)[1] = P(¢ + 1) where [1] denotes the “shift” functor,
(2) if o1 > w2 and A € P(p1), B € P(p2), then Hom(A, B) =0,
(3) every E € DPCoh(X) admits a Harder-Narasimhan filtration by
objects in P(p;) for some 1 <i < m.

We refer to [16] for a precise definition of the Harder-Narasimhan prop-
erty. A Bridgeland stability condition on D*Coh(X) consists of a slicing
together with a central charge (see below). For BPS D-branes in the B-
model, the relevant central charge was first proposed by Douglas (see, for
example, [45, 46, 8, 3]). We take

D*Coh(X) > E — Zp(E / —V=len(E).

Definition 8.10. A Bridgeland stability condition on D*Coh(X) with cen-
tral charge Zp is a slicing P satisfying the following properties

(1) For any non-zero E € P(p) we have
Zp(E) € RygeV ™%,
(2)

e {1Z0(B)]
C: f{ll (B O#EEP(Q&),¢€R}>O

where || - || is any norm on the finite dimensional vector space

H(i’l]e’l’b (X, R) .

Given a Bridgeland stability condition we define the heart to be A :=
P((0,7]). An object A € Ais semistable (resp. stable) if, for every surjection
A — B, B € A we have

¢(A) < (resp. <) ¢(B).
It seems readily apparent that the algebraic structures which predict
the existence or non-existence of solutions to dHYM are closely related to
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Bridgeland stability. For example, in dimension 3, if V' is an irreducible
analytic subvariety and Oy is the skyscraper sheaf supported on V, then
the ideal dictionary would be
Proposition 8.4 (i)-(iii) <= L, L® Oy € A
Proposition 8.4 (iv) <= L is not destabilized by L - L ® Oy

Note that Zy (L) # Zp(L®0Oy ) in general. Nevertheless, solutions of dHYM
share two further important properties with Bridgeland stable objects. First,
recall that by the result of Jacob-Yau [67] (see Lemma 2.1), line bundles

admitting solutions of dHYM have property (2) of Definition 8.10. Secondly,
we note the following lemma, which should be compared with Definition 8.9,

(2).

Lemma 8.11. Suppose L, M are two line bundles on (X,w) admitting so-
lutions of the deformed Hermitian- Yang-Mills equation with

0<px(M) <ex(L) <m.
Then Hom(L,M) = 0.
Proof. Let ar, € ¢1(L), apyy € ¢1(M) be the solutions of the deformed
Hermitian-Yang-Mills equation. Suppose for the sake of contradiction that

there exists a non-zero section ¢ € H°(X, M ® LY). We fix a Hermitian
metric h on M ® LY with

—/—=1901og h = apr — ar.

The (1,1) current T := ap++/—190log |o|7 satisfies T = ay, on X \{o = 0}.
The function log|o|? achieves its maximum at some point z* € X\{o = 0},
and at =* we have

which implies that
O(L) = Ou(ar(z")) < Ou(anm(a"))

=0
Since (L) = px (L) — (n — 2)%, and similarly for ¢x (M), this is a contra-
diction. g

(M).

For a general flag ideal we can write the obstructions in Theorem 7.9 in
terms of the numbers

Zp(L) ;:/ e VTIWOh(W L — §E).
E

These invariants are more difficult to interpret in terms of Bridgeland sta-
bility in that they are computed on a birational model of X x A. For
example, it’s unclear how one show interpret the flag ideal 3 C Ox x CJ[t]
as an object in D?Coh(X). It would be particularly enlightening to express
Zg(L) in terms of data on X, for example the Chern class of the ideals Jg.
This seems difficult however, as the Grothendieck-Riemann-Roch Theorem
includes the Todd class of the relative tangent bundle of the log-resolution
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. For example, for applications to Bridgeland stability we would hope for
a positive answer to the following question

Question 8.12. Does the quantity appearing on the right hand side of (7.2)
depend only on the quasi-isomorphism class of

Jo—=3J1 == Jp—1 = Ox
in D*Coh(X)?

Finally, note that our results here apply to any (1, 1) class [a] € HVH(X,R).
The relation with Bridgeland stability is via the B-field. In mirror sym-
metry it is natural to consider not just Kéhler forms, but complex forms
w4+ V=13, where f € H“'(X,R). In fact, it is usually assumed that
B € HY(X,R)/H (X, Z). If [a] € HY(X,R), then we write it as [a] =
[L] + [B], where [L] € HYY(X,Z), and [8] € HY(X,R)/HY(X,Z). Then
the stability of [a] in the sense discussed above is equivalent to the stability
of [L] with respect to the complexified Kéhler form w + +/—13. In each
equation in this section one just replaces w + w++/—13. When [L] = 0, we
are asking that the structure sheaf Ox be stable with respect to the com-
plexified form w + +/—13. Under mirror symmetry this is related to the fact
that the zero section of the SYZ fibration should be a special Lagrangian;
see [71, 54] and the references therein for a discussion.

Note that in restricting our attention to line bundles, and more generally
classes [a] € HV(X,R), we do need to understand the existence of a sta-
bility condition on all of D’Coh(X). In particular, this allows us to avoid
addressing the stability of higher rank bundles, and the existence of Harder-
Narasimhan filtrations, two issues which are at the heart of constructing
Bridgeland stability conditions. It would be interesting to understand, even
in examples, whether Harder-Narasimhan filtrations for unstable line bun-
dles appear analytically. For example, one could study singular solutions
of the dHYM equation, limits of the flow proposed by Jacob-Yau [67], or
the gradient flow of the J functional with respect to the Riemannian struc-
ture on H, in analogy with the work of the first author with Hisamoto and
Takahashi in the setting of Kahler-Einstein metrics [28].

8.1. Higher Rank, Lower Phase. We conclude this section with some
remarks about what one might expect in the case of line bundles with lower
phase, and general vector bundles. In the case of line bundles with lower
phase, the foremost analytic difficulty is to prove the existence of regular
geodesics, or even e-regularized geodesics, when the phase 6] < (n — 1)3.
In this lower phase range, the Lagrangian phase operator on the product
manifold X fails to be concave, or even have concave level sets. Even in
the local case in R™ there are examples of viscosity solutions to the constant
Lagrangian phase equation which fail to have even C'*! regularity [80, 103].
One could nevertheless optimistically assume sufficiently regular e-geodesics
exist and proceed to study the algebro-geometric consequences as in Sec-
tion 7. However, even here new phenomena appear. Recall that the space
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‘H is defined to be the space of smooth potentials ¢ so that

s
Ou(ay) — 0] < 5

When 6 > (n — 1)% this reduces to the one-sided bound 0 — 5 < Ou(ay).
This fact was used crucially in the construction of the model curve (7.1).
On the other hand, when 6 < (n — 1), the construction of a model curve

becomes more subtle. For example, when |0] < (n — 1) there is no model
curve in H for the ideal J = J, + (t), where J,, is the ideal sheaf of a point.
In particular, any attempt to understand the obstructions to existence of
solutions to dHYM in lower phase must come to terms with understanding
the model curves in H.

In higher rank one can construct a similar theory, but with formida-
ble new difficulties. The first caveat is that, for holomorphic bundles with
non-abelian gauge group the analogue of the deformed Hermitian-Yang-Mills
equation is not known. Mathematically, the dHYM equation for vector bun-
dles should arise from the Fourier-Mukai transform of a special Lagrangian
multi-section [73]. However, new difficulties arise due to the presence of
holomorphic disks. On the physics side, the dHYM equations have not been
derived as the correct formulation of the non-abelian Dirac-Born-Infeld the-
ory is not completely solved [76]. Nevertheless, there is a natural guess
[76, 53, 77] for the higher rank dHYM equation. Fix a holomorphic bundle
E — (X,w). We say that a hermitian metric H on E solves the deformed
Hermitian-Yang-Mills equation if the associated Chern connection of H sat-
isfies X

Im (e*ﬁ%} ® Ig — F)”) =0
where
/ Tr(w® I — F)" € Roge¥ ™1
X

and the imaginary part is defined using the metric H.
Then we can consider

= {H : Re (Tr (w ® Iy — F(H))")) > 0}

The tangent space to ‘H at a point H is just the space of smooth H-hermitian
bilinear forms on E. Given two sections 11, ¢» we have a natural L? inner-
product

(s o)) ot = /X (1.2} rRe (Tx (w0 @ Ip — F(H))"))

One can then proceed as before, computing the geodesic equation, introduc-
ing the analogue of the C'Y¢ functional and so on. The resulting equations
are fully nonlinear systems, and the analytic difficulties in addressing them
are formidable, to say the least. Nevertheless, one can study the conse-
quences of existence, including higher rank versions of the Chern number
inequality (8.2); see for example [85] where a vector bundle version of the
Monge-Ampeére equation is studied.
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9. THE A-MODEL

Let us discuss the mirror picture to our results. We are going to focus
on the setting in which the B-model is a toric K&hler manifold. Mirror
symmetry in this setting has been extensively studied; see for example [55,
91, 6, 1, 2, 47, 48, 49, 50, 20, 26, 63| and the references there in. In the toric
setting we can apply the semi-flat SYZ proposal and the real Fourier-Mukai
transform [73] to transform results about dHYM into results about special
Lagrangians in the A-model.

Suppose (X,w) is toric, w is an (S*)"-invariant symplectic form. Then X
contains a dense open orbit of (C*)", and X\(C*)" = D = J,; D; is a simple
normal crossings divisor with D € —Kx. Each D; is itself a toric manifold
of dimension n — 1. Fix coordinates (z1,...,2,) on (C*)". Since D is an
anticanonical divisor Xo = X\D is Calabi-Yau with holomorphic volume
form

Q AN

21 Zn
We are therefore in a position to discuss mirror symmetry. The Kéhler form
w|x, = V=100 for a function ¢, and since w is (S1)"-invariant we have

v =zl lzal)-

Let (x1,...,zy) be coordinates on R™ and let (6y,...,6,) be coordinates
on (5’1)", and define w; = x; + v/—16; to be holomorphic coordinates on
R™ x (S1)", which we identify with (C*)" by the map w; — ¥ = z;. In
particular, we can view X\D = (C*)" as a Lagrangian torus fibration over
R™. Writing the Kahler metric out in these coordinates gives

9= wij(de’ ® da? + db; ® db;)

2

2
where @;; := e 1y particular, the metric induced on R is the hessian
J 0x;0x; ’

metric of the convex function .

To construct the mirror manifold, we use the moment map u : X — A,
where A is a convex polyhedron, which we view as a subset of R™. The
divisor D is mapped to the boundary of A, and the lower dimensional toric
varieties are mapped to the faces of A. Restricting to the interior A° the
moment map gives a smooth Lagrangian torus fibration

p: X\D — A°.

It is a standard fact that V¢ : R" — A° is a diffeomorphism. Namely, we
let
dp

Yi = o

and these define coordinates on A. Using (V¢)~! we can view the moment
map as inducing an (S1)"-fibration over R", which comes naturally equipped
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with a symplectic form, and Riemannian metric given by
§= Z pijdr’ @ da? + ¢ db;  db;, W= Z o dz; A db;
i,j ij
where % is the inverse of the metric ¢;;, and 0; are coordinates in the (sHr
fibers of p. This induces a complex structure J by defining the coordinates
Wi = y; + V160,
to be holomorphic, and the resulting triple defines a Kéhler structure which
is precisely the underlying manifold of the mirror of X. This can all be
written succinctly on A° as follows. Let u = ¢* be the Legendre transform of
©, and let y; be the coordinates on A induced by V. Then w; = y;++/—16;
are holomorphic coordinates on Y := (S')" x A°, which is equipped with
the Kéhler metric ‘ ‘ 3 3
g = uij(dyz & dyj + d@i ® dej)
857,’2672,13‘ = ¢ (x(y)). There is a holomorphic volume form on Y
given by Q = d A ... A dwy,. We view Y as a bounded domain inside of
(C*)™ by defining Z; = €™, in which case the holomorphic volume form is

. dz dz,
Q=200 A8

21 Zn
The mirror to X is then the Landau-Ginzburg model (Y, W), where W is
the super-potential. At least when X is toric Fano, the superpotential W
can be computed directly from the polytope [26, 20].
In this setting, Leung-Yau-Zaslow use the real Fourier-Mukai transform
to prove

where u;; =

Theorem 9.1 (Leung-Yau-Zaslow [73]). Let L — (X,w) be a torus invariant
line bundle, equipped with a torus invariant hermitian metric h. The metric
h induces a function f =log(h) : A® — R whose graph y — (y,0(y)) defined
by

is a Lagrangian submanifold L. Furthermore, L is special Lagrangian if and
only if h solves the deformed Hermitian- Yang-Mills equation (1.1)

In the statement of this theorem we are abusively viewing 6; as coordinates
on the universal cover of (S!)". Under this correspondence, changes in the
metric b — he~/ correspond to Hamiltonian deformations of L (coupled
with a flat U(1) bundle).

Our goal is to describe, in rather general terms, how our results com-
bined with the above mirror construction, imply results about the existence
of special Lagrangians. Naturally, much of what follows is somewhat spec-
ulative, owing to the complicated nature of the derived Fukaya-Seidel cate-
gory DF(Y,W) of the Landau-Ginzburg model. The precise details of the
correspondence will be addressed in future work.
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The first ingredient of the correspondence is an equivalence between torus
invariant line bundles L — X and admissible Lagrangians L in (Y, W),
defining objects [L] in DF (Y, W); more precisely, a correspondence between
smooth, torus invariant metrics h on L and Lagrangians in (Y, W) repre-
senting [I:] This correspondence is based on a notion of admissibility for
Lagrangians in (Y, W), about which much has been written; see for instance
[1, 2, 88, 89]. For our purposes the notion of monomial admissibility recently
introduced by Hanlon [61] seems to capture the necessary structure.

Fix a torus invariant line bundle L — X, and toric metrics hi,ho on L
which define points in H. Suppose that (L) = 6 > (n — 1)5. Then the
mirror Lagrangians L, Lo are almost calibrated in the sense of [97], or pos-
itive in the sense of [93], with lifted angle 0 =—0 (since our convention
introduces an extra minus sign under the mirror map). Furthermore, the
geodesic connecting hi, hg in H produced by Theorem 6.7 corresponds ex-
actly to a geodesic, in the sense of Solomon [93], connecting the Lagrangians

Ly, Ly in the class [L]. Suppose that
(9.1) JoCJi---CJr=0x

are torus invariant ideal sheaves on X, and let hs(s) be the associated model
curve (for § > 0 sufficiently small) (see Section 7). The Fourier-Mukai
transform associates to hs(s) a family of positive (or almost calibrated)
Lagrangians Ls(s). Suppose that

M
A={yeR":(ty) >0}
i=1
where £;,1 < £ < M are linear functions with ¢; = 0 defining the faces of A.
Model curves correspond under the Fourier-Mukai transform to potentials
of the form

T r—1
)
0 =g (S Rt + )
=0 k=0

where Py are polynomials having Py (¢1,...,¢y) > 0 on A° and satisfying
certain nesting conditions for their zero sets, corresponding to (9.1). The
f5(s) give rise to the positive Lagrangians Ls(s) by Hamiltonian deformation
from some initial positive Lagrangian Ly. As s — oo, the Lagrangians L;(s)
degenerate to a limit

lim Ls(s) = Ls(c0).

5—00
In general, Ls(co) will not define an element of DF(Y,W). However, for
rational choices of d, we can scale the Lagrangian, and the symplectic form
by a sufficiently large, and divisible integer to get a well-defined element
of DF(Y,W). This is akin (and indeed mirror) to the fact that Q-divisors
define elements of D?Coh(X) only after clearing denominators. For now let
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us ignore this technical issue, with the understanding that one needs to scale
appropriately to make the following discussion meaningful.

Since f)g(oo) is obtained by a family of Hamiltonian deformations from Ly,
it should come equipped with a map Ls(co) — Lg. Let C' = Cone(L;(o0) —
Lo) be the cone in DF(Y,W). Geometrically, [51, 90] one can think of C
as the Lagrangian connect sum f/o#ﬂg(oo), although this is not rigorous in
general and it is unclear whether C is a “geometric” object of DF (Y, W). At
a purely formal level, it is natural to expect that the limit of the symplectic
Kempf-Ness functional along the family Ls(s) is

(9.2) fim — [ on, (e_‘/jléﬂ) _ /

Im (e_‘/ij) .
5—00 i 0s L5 (c0)
The limit on the left-hand side is of course calculated on the B-model X
by the results in Section 7. However, evaluating the limit in terms of data
on the A-model (Y, W) appears slightly complicated. Note that, by direct
computation, one can show that for all z € A° we have

dfs(s)
B C)

and so the integral in (9.2) should localize to an integral near the boundary

— 0,

of A, where —%{55)(35) should converge to a piecewise constant function
on each face of OA. This observation already seems to suggest that (9.2)
is incorrect. However, the cone C' can thought of loosely as representing
certain torus fibers over the boundary (see Figure 3). These boundary torus
fibers are not objects in Y, since Y does not include 0A. Nevertheless we
have [C] = [Lo] — [Ls(o0)] in the Grothendieck group of DF(Y,W). Since
[Im(e~V=19Q)].[Lo] = 0 by definition of 4, the boundary integral over the
torus fibers formally represented by C' is equal to the integral on the right
hand side of (9.2).

To illustrate this, let us consider the simple example of (P!, wrg). As
usual let [Z; : Zs] be homogeneous coordinates on P! and let C* act by
AN [Zy 2 Zo) = [N+ Zy : Z3]. We can identify Z1Zs # 0 with C* equipped
with the coordinate z = Z;/Z,. Write z = e V=10 The potential of the
Fubini-Study metric is

¢ =log(1 + €*"),

which is a convex function on R. Consider the line bundle Op:1 (k) equipped
with the model curve of metrics

k
hips
1)
(|Z%ZZ 2@3 + 623>
FS

which corresponds to the toric flag ideal J = (Z22;) + (t) C Op ® CJt].
Recall that, by our convention, these metrics induce Lagrangians mirror

his(s) ==
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FiGURE 2. The family of degenerating Lagrangians in
T*(0,2) induced by the metrics hy1(s) on Opi(—k) for
k > 1. The marked point p correspbnds to an element of
Hom(Loo, Lo) in DF(Y,W).

to Op1(—k) (see the beginning of Section 2). Since Vi : R — [0,2], the
resulting section of 7%(0,2) under the Fourier-Mukai transform is

y*(2—y)(4 - 3y)
(0,2) 5y +— —ky 5y2(2 -y
The Lagrangian section of the mirror is obtained by passing to the quotient
7*(0,2)/A for a lattice A. For simplicity, we take this lattice to be Z. We
plot the resulting Lagrangians for a few values of s as s — oo in Figure 2
Recall that in this case we can think of the degeneration as corresponding
to the exact sequence

2
0= Op1(=3) 225 041 — Op (7225) — 0

Recalling our convention, we tensor with Op:i(—k) to get

2

93) 0= Opi (= (k+3)) 22 Opi (—k) — Opa (—k)/(222) — 0.
We think of Lo, — Lo as mirror to the first map in (9.3), and Cone(Ls —
I~/0) as mirror to the cone over this map, which is quasi-isomorphic to
Op1(—k)/(Z%Z3). Geometrically, taking the Lagrangian connect sum can
be visualized as depicted in Figure 3

Of course the example of P! is not particularly interesting geometrically,
since, for example, all line bundles are stable. Perhaps the first interesting
case would be the case of BlpPQ, for which unstable bundles exist. These
unstable bundles are mirror to unstable classes in DF (Y, W). Furthermore,
in dimension 2, the authors and Jacob showed that the conditions in Corol-
lary 7.10 are both necessary and sufficient for the existence of solutions
to dHYM [29]. This gives necessary and sufficient algebraic conditions for
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FIGURE 3. A geometric representation of Cone(Lo, — Lo)

the existence of special Lagrangian sections in two dimensional Landau-
Ginzburg models. It would be enlightening to understand this correspon-
dence in more detail.

Let us briefly explain how this fits with the Thomas-Yau [98] proposal.
Recall that in DF(Y, W) we have a distinguished triangle

Leo = Lo — C — Loo[1].
This gives rise to a distinguished triangle
Cl-1] = Loo = Lg — C

showing that Ly = Cone(C[—1] = Loo). In particular, viewing the mapping
cone formally as Lagrangian connect sum leads to

EO - im#c[_l]u

and so Lo can be viewed as a “sub-object” of Ly in the language of Thomas-
Yau [98]. If the class of Ly in DF(Y, W) contains a special Lagrangian, then,
assuming the conjectural limit (9.2), using the existence of geodesics in the
space of positive Lagrangians and arguing as in Section 7 we obtain

Im (%j;;) < 0.

/ Q € RogeVTo(E) / Q € RogeV—To(E0)
) 5

(oo}

If we write

this is equivalent to sin(p(Leo) — ¢(Lo)) < 0, which, modulo lifting the
phases to R, is precisely the expected Bridgeland stability condition.
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