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Abstract By elaborating a two-dimensional Selberg sieve with asymptotics
and equidistributions of Kloosterman sums from ¢-adic cohomology, as well
as a Bombieri—Vinogradov type mean value theorem for Kloosterman sums in
arithmetic progressions, it is proved that for any given primitive Hecke—Maass
cusp form of trivial nebentypus, the eigenvalue of the n-th Hecke operator does
not coincide with the Kloosterman sum Kl (1, n) for infinitely many squarefree
n with at most 100 prime factors. This provides a partial negative answer to a
problem of Katz on modular structures of Kloosterman sums.

Mathematics Subject Classification 11L05 - 11F30 - 11N36 - 11T23

1 Introduction

We are concerned with the normalized Kloosterman sum

Kl(a, ¢) = % 3y e(a”:ﬁ)

u (mod ¢)

defined for all ¢ € Z* and a € Z. Denote by P the set of primes. For each
p € P and a € Z, the celebrated Weil’s bound asserts that |[Kl(a, p)| < 2,
from which one finds there exists a certain 6, (a) € [0, ] such that
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62 P. Xi

Kl(a, p) =2cosb,(a).

In his famous lecture notes, Katz [21, Chapter 1] proposed the following three
problems (with a # 0 fixed):

(D) Does the density of {p € P : Kl(a, p) > 0} in P exist? If yes, is it equal
to 1/2?
(IT) Is there a measure on [0, 7] such that {6, (a) : p € P} equidistributes?
(III) Consider the Euler product

Las):= [] (1_M+ 12Y>—1

s S
pEP, pla p p

for Ms > 1. Is it defined to be an L-function attached to some Maass
form of level q with q being a power of 2?

Problem 1 is also referred to the sign change problem of Kloosterman sums,
and the first serious progress was made by Fouvry and Michel [13,14], who
proved that there are atleast > X/ log X squarefree numbers ¢ € [X, 2X] with
w(c) < 23 such that KI(1, ¢) > 0 (resp. KlI(1, ¢) < 0), where w(c) denotes
the number of distinct prime factors of c¢. The method of Fouvry and Michel
includes a pioneer combination of the Selberg sieve, spectral theory of auto-
morphic forms and £-adic cohomology. The constant 23 was later sharpened
by Sivak-Fischler [39], Matoméki [29] and the author [41], and the current
record 7 is due to the author [42]. Quite recently, Drappeau and Maynard [9]
reduced the constant further to 2 by assuming the existence of Landau—Siegel
zeros in a suitable way.

Problem II concerns the horizontal equidistribution of Kloosterman sums,
and it is expected the Sato—Tate measure dust := % cos? d6 does this job. In
fact, Katz [21, Conjecture 1.2.5] formulated a precise conjecture that for each
fixed integer a # 0, the set {6,(a) : p € P, p { a} of Kloosterman sum angles
should equidistribute with respect to duust. It then follows immediately from
this conjecture that the desired density in Problem I is 1/2; i.e.,

lim Hp e PNl x]:Kla p)>0} 1
x—>—+00 P N1, x]| 2

The original Sato—Tate conjecture was first formulated independently by
Sato and Tate in the context of elliptic curves, and then reformulated and
extended to the framework of Hecke eigencuspforms for SL,(Z) by Serre
[36], predicting the similar equidistributions of Fourier coefficients of such
cusp forms. Very recently, the conjecture has been confirmed by Clozel et al.
[5] for non-CM elliptic curves over Q with non-integral j-invariants, and was
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When Kloosterman sums meet Hecke eigenvalues 63

later generalized by Barnet-Lamb, Geraghty, Harris and Taylor [1] for non-
CM, holomorphic elliptic modular newforms of weight k > 2, level N. Much
earlier before this resolution, the vertical analogue with p fixed and the form
varying was considered independently by Conrey, Duke and Farmer [6] and
Serre [37]. In parallel with the vertical Sato—Tate distribution for cusp forms,
Katz [22] proved for Kloosterman sums that the set {#,(a) : 1 < a < p}
becomes equidistributed with respect to dugT as long as p — +-o00.

In view of the similarity between the distributions of Kloosterman sums and
Hecke eigenvalues of holomorphic cusp forms, it seems natural to expect that
+KI(1, p) might coincide with the p-th Fourier coefficient of some holomor-
phic Hecke cusp form. In fact, thanks to Deligne [8], —KI(1, p) and eigenvalue
A (p) of the p-th Hecke operator acting on a primitive holomorphic cusp form
f are both known to be Frobenius traces of an £-adic Galois representations
of rank 2 and weight 0. Unfortunately, it is easily known that they could not
coincide, since KI(1, p) cannot lie in any fixed number field (see [3] for some
discussions). Problem III of Katz concerns the modular structure of Kloost-
erman sums, and predicts that the situation might be valid if one considers
Maass forms in place of holomorphic ones.

In what follows, we take f to be a primitive Hecke—Maass cusp form of
level q, trivial nebentypus and eigenvalue A = 1/4 4 ¢, so that it is a joint
eigenfunction of the Laplacian and Hecke operators. Suppose f admits the
following Fourier expansion

f@) =¥ ) hpmKiQrin]y)e(nx),
n#0

where A¢(1) = 1 and K, is the K-Bessel function of order v. The trivial
nebentypus enables A ¢’s to be real numbers. As eigenvalues of Hecke opera-
tors, A ¢’s are expected to satisfy the inequality

A p(m)| < n”t(n) (1.1)

for some ¥ < 1/2. The Ramanujan—Petersson conjecture asserts that ¢ = 0 is
admissible, and the current record, due to Kim—Sarnak [24], takes ¥ = 7/64.
Although it is already known that most Hecke—Maass cusp forms f satisfiy
(I.1) with % = 0 (see Sarnak [34]), the distribution of A f(n) is still mys-
terious in many aspects. Problem III is thus two-fold: A ¢ (n) is suggested to
be controlled by virtue of Kloosterman sums; and conversely, spectral theory
of Maass forms might be helpful to understand non-trivial analytic informa-
tion about the Euler product L, (s), which would yield non-trivial progresses
towards Problems I and II. Unfortunately, Problem III seems too optimistic
to be true, but there seems no satisfactory approach that has been found to
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attack it; and to my best knowledge, the only known result regarding this
problem was obtained by Booker [3] based on numerical computations: if
KI(1, p) = £A(p) for some primitive Hecke-Maass cusp form f of level
q = 2" and eigenvalue A, then q - (A + 3) > 18.3 x 10°.

In this paper, we present an analytic-number-theoretic approach to Problem
III, which enables us to provide a partial negative answer with almost primes
in place of primes.

Theorem 1.1 Let f be a primitive Hecke—Maass cusp form f with trivial
nebentypus. Then there exist infinitely many squarefree number n with at most
100 prime factors, such that

Ar(n) # £KI(1, n).

Quantitatively, for n € {—1, 1}, there exists certain constant c = c(f) > 0,
such that

[{n € [X,2X]: A¢(n) > n-KI(1,n), w(n) < 100, Mz(n) =1} > i

log X

and
X
[{n € [X,2X]:As(n) <n-KI(1,n), w®n) <100, u*(n) = 1}| > 10ch

hold for all X > 1/c.

In fact, we can prove the following general theorem.

Theorem 1.2 Forany n € R and each primitive Hecke—Maass cusp form f of
trivial nebentypus, there exist two constants ¢ = c¢(f,n) > 0andr =r(n) <
+00, such that

X
(n € [X,2X]: Ap(n) > n-KI(Ln), o(n) < r, @) = 1)] > —
log X
and
X
[n € [X,2X1 :2p () < - KI(Lm), 0(n) <o () = 1 > =
0og

hold for all X>1/c. In particular, one may take r(:l:ﬁ) = 25, r(£2018)
=41.

Theorems 1.1 and 1.2 are new, at least to the author, even if there is no
restriction on the size of w(n). The merit of Theorem 1.2 is revealed by the
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When Kloosterman sums meet Hecke eigenvalues 65

flexibility of n. Although we cannot provide a complete negative answer to
Problem III, it seems that there is little hope to find a suitable Hecke—Maass
cusp form to capture modular structures of Kloosterman sums following the
line in Problem III. However, the function field analogue was confirmed by
Chai and Li [4] that the relevant Kloosterman sums (defined over the residue
field of completion of the function field at place v) and Hecke eigenvalues of
a certain G L automorphic form can coincide up to a negative sign.

In a private communication, Katz proposed a problem to consider an ana-
logue of Problem III with the cubic exponential sum

B(a,c) :=% Z e<X3tax>

x (mod ¢)

in place of KI(1, p). The vertical Sato—Tate distribution of B(a, p), as a runs
over (Z/pZ)* for sufficiently large prime p, was already proved by Katz
[23, Sect. 7.11], and it is also expected that the horizontal equidistribution of
B(a, p) should be true. However, to prove analogues of Theorems 1.1 and 1.2
seems beyond our current approach.

In fact, the proofs of Theorems 1.1 and 1.2 rely on a kind of Bombieri—
Vinogradov type equidistribution for Kloosterman sums KI(1, ¢) (see Lem-
ma 9.1 below), and this was proved by Fouvry and Michel [14] by appealing
to the spectral theory of automorphic forms. It is thus natural to expect such a
theorem should also exist for B(1, ¢). We would like to mention a similar result
due to Louvel [27] that such Bombieri—Vinogradov type equidistribution holds
for cubic exponential sums modulo Eisenstein integers, for which he employed
the spectral theory of cubic metaplectic forms, and cubic residue symbols can
be well-introduced. However, as Louvel has pointed out, it is not yet known
how to move from the cubic exponential sums modulo Eisenstein integers to
those modulo rational integers in the horizontal aspect.

Theorems 1.1 and 1.2 will be proved by appealing to a weighted Selberg
sieve and the arguments will be outlined in the next section.

Notation

As usual, e(z) = e27iz and i, ¢, T denote the Mobius, Euler and divisor
functions, respectively. We use w(n) to count the number of distinct prime
factors of n. The superscript % in summation indicates primitive elements.
Given X > 2, we set £ = log X and the notationn ~ N means N < n < 2N.
For a sequence of coefficients &« = («;,), denote by |-||; and ||-|| the £1- and
£5-norms, respectively, i.e., lall; = Y, ol el = 3, lom]*) /2.
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66 P. Xi

2 Setting-up: outline of the proof
2.1 A weighted Selberg sieve

Suppose (a,)q<x 1S a sequence of non-negative numbers. The sieve method
was originally designed to capture how often these numbers are supported
on primes, although current status only allows us to detect almost primes in
most cases. A convenient approach was invented by Selberg [35] in 1950’s in
connection with the twin prime conjecture. Precisely, he suggests to consider
the weighted average

Y anwafp —T(m)},

n<x

where w, is a non-negative function, and p is to be chosen appropriately such
that the total average is positive for all sufficiently large x, from which one
obtains the existence of n such that w(n) < log p/log?2. The ingenuity then
lies in the choice of w,,, which should attenuate the contributions from those
n’s that have many prime factors. A typical choice for w,, due to Selberg
himself, is the square of the Mobius transform of a certain smooth truncation
of the Mdbius function; see [17, Chapters 4—7, 10] and [15, Chapter 7] for
detailed discussions.

Focusing on Problem I of Katz in the first section on sign changes of Klooter-
man sums, the author [41,42] introduced the above weighted Selberg sieve to
the context of Kloosterman sums, in which situation t(n) is replaced by a
certain truncated divisor function that suits well for the application of Sato—
Tate distribution of Kloosterman sums in the vertical aspect. Such experiences
motivate us to consider Problem III of Katz in a similar manner.

We need to make some preparations.

e Let n be a positive integer. For o, 8 > 0 and A > 1, define a truncated
divisor function

e f)= Y a”Dpet/D, @.1)

1
d<nl1+A4

e Let X be a large number and define ¢ € ]0, }1] by /D = X? exp(—/L).
We choose (g4) such that

log(v/D/d)\2

@) (2EBVELUN g <UD,
i) ( -~ ). a<vD
0, d > ~/D.

(2.2)
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When Kloosterman sums meet Hecke eigenvalues 67

e Let ¥ be a fixed non-negative smooth function supported in [1, 2] with the
normalization

/ ¥ (x)dx = 1. (2.3)
R

The Mellin transform of ¥ is defined as
P (s) = f W (x)x* .
R

Hence ¥ (1) = 1. Integrating by parts, we have
U(s) < (s]+ 74

for any A > 0 with an implied constant depending only on A and ¥.
e For any fixed n € R, put

Y(n) =y :=xrrn) —n-KI(1,n). 2.4)

e For all z > 2, define

P&y = [] »

p<z,peP

We will specialize z later as a small power of X such that z1? < X.

Our theorems will be concluded by effective evaluations of the following
weighted average

HEOO) = 3 w(5) x vl = vm)

n>1 X
nm=1
cto—mmap( Y o) 2.5

d|(n,P(2))
where p, 9, «, B, z, A are some parameters to be chosen later. Clearly, we have
H*(X) > p- Hi(X) = 2H2(X) £ p - H3(X) (2.6)

with

meo =Y w(B)empe( Y ).

nzl d|(n,P(2))
) =Y v (B)myminmes( Y o).
n>=1 d|(n,P(2))
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w0 =Y e(Brmvo( Y ).

n>1 d|(n,P(2))

Note that 7 is contained implicitly in all above and subsequent formulations;
we will keep it fixed and not display this until necessary. The task reduces to
find a positive lower bound for H{(X) and an upper bound for H>(X), which
should be of the same order of magnitude, and also a reasonable estimate for
H3(X). In fact, we may prove the following three propositions.

Proposition 2.1 For large X, we have

X
3
Hi(X) = (1 +o0(1)) E li /17 ui - g X'
2<i<?

where I;,1;, u; are given as in Proposition 5.1.

Proposition 2.2 Let o = %’T and B = % For large X, we have

21310gX> X

Hy(X) < (1+ o(D)(1 + Inl/2)8 (9, oo X

logz
where G(-, -) is defined by (B.5).

Proposition 2.3 For large X, we have

Hy(X) < (1+ )X (log X)~4

for any A > 0, provided that 9 < 1

A, fand V.

, where the implied constant depends on

|

Upon suitable choices of p, # and z, the positivity of H*(X) would imply,
for X large enough, that there exists n € [X, 2X] with

TA(n; o, IB) <p

for which A ¢ (n) —n-KI(1, n) > 0 (or < 0). In Sect. 10, we will do necessary
numerical computations that lead to Theorems 1.1 and 1.2.

2.2 Ingredients of the proof
The proofs of Propositions 2.1-2.3 form the heart of this paper. The proof of

Proposition 2.3 is not new and was stated as [14, Proposition 2.1] in a slightly
different setting. For the proof of Proposition 2.1, we will be restricted to some
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When Kloosterman sums meet Hecke eigenvalues 69

specialized integers having fixed number of prime factors, for which we may
explore the vertical Sato—Tate distribution for Kloosterman sums and moments
of Hecke eigenvalues to produce a positive lower bound for H;(X).

There is another new ingredient in this paper that the lower bound for H; (X)
relies on the economic control of the correlation

> armKI(, n),

nes

where S is a suitable set of the products of a fixed number of distinct primes.
Itis expected that A 7 (n) does not correlate with KI(1, n) as n runs over S, and
an upper bound which beats the trivial estimate O (]|S]) is highly desirable.
Unfortunately, we do not know how to capture such cancellations, even if n is
relaxed to run over consecutive integers. Alternatively, it could be a courageous
choice to ignore the sign changes of summands, and a suitable upper bound for

> s mKIAL, n)]

neS

with a small scalar might also suffice. In fact, for n being a product of dis-
tinct primes, say n = gr with g, r € P, we may decompose the summand as
1 £(@)x £ (NKIGF2, ¢)KI(@?; r)|. Our observation lies in the fact that |4 ¢ (p)|
and |K1(ﬁ2, q)| are both smaller than 1, say &, on average while p runs over
a suitable set of primes; see Lemmas 3.1 and 3.3 for details. The factor 8/ for
some large j will then appear if n has more prime factors, and 8/ can be consid-
erably small if j is taken to be reasonably large. This, while 7 is restricted to be
products of a large number of distinct primes, will lead to quite a small scalar in
the upper bound for the above average with absolute values, although we can-
not save anything in the order of magnitude. Typically, we require n to have 7
distinct prime factors, but this would arise a combinatorial disaster while evalu-
ating o4 in the sieve weight to conclude Proposition 2.1. Thus, the restriction 7 |
P(z) in (2.5) is introduced to overcome such difficulty in computations. More
precisely, we may restrict n to be the product of certain primes of prescribed
sizes larger than z, then only d = 1 survives in the convolution }_;,, p ), Qa-

The upper bound for H (X) also relies on the vertical Sato—Tate distribution
for Kloosterman sums, and by appealing to an idea in our previous work [42],
we may reduce the dimension of the sifting problem by introducing t (n; «, B)
with appropriate choices for o and 8, so that the upper bound for H,(X) can
be controlled more effectively. Due to the appearance of n | P(z), one has to
evaluate the k-dimensional sifting average

S w3 o)

d|(n,P(2))
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with {b,} being a non-negative multiplicative function mimicking k™ on
average. In particular, we may develop an asymptotic evaluation in the case
k = 2 upon the choice (2.2), which we call a two-dimensional Selberg sieve
with asymptotics. A complete and precise statement will be included as the
appendix.

2.3 Correlations of Kloosterman sums and Hecke eigenvalues

Before closing this section, we would like to formulate two conjectures which
illustrate the correlations between Kloosterman sums and Hecke eigenvalues.

Conjecture 2.1 Let f be afixed primitive cusp form (holomorphic for Maass).
For all large X, we have

Z Ar(PKI(L, p) = o(XL7).
p<X

If Conjecture 2.1 could be proved affirmatively, it would follow that there exist
100% primes p such that A s (p) # KI(1, p) for each primitive cusp form f,
which provides a negative answer to Problem III of Katz.

In order to consider the correlations along prime variables, it should be natu-
ral at first to study the average over consecutive integers as we have mentioned.
To this end, we may formulate the following correlation with a precise saving.

Conjecture 2.2 Let f be afixed primitive cusp form (holomorphic for Maass).
For all large X, we have

> apmKI, n) = 0(XL),

n<X

It seems that the above two conjectures are both beyond the current
approach, and the resolutions should require new creations both from auto-
morphic forms and algebraic geometry.

3 Maass forms and Kloosterman sums
3.1 Maass forms
We will not need too much information on Maass forms. The following

moments of Fourier coefficients at prime arguments would be most of what is
required.
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When Kloosterman sums meet Hecke eigenvalues 71

Let f be a primitive Hecke—Maass cusp form f of level g, trivial nebentypus
and eigenvalue A as an eigenfunction of the Laplacian operator. Foreachx > 0
and X > 1, define

Te(X) =Y Ihp(p)*.

p<X
Lemma 3.1 For all large X, we have
e (X) = (1 +o(1)X L™
fork =0,2,4,6withco=cy=1,c4 =2,c6 =75, and
7 (X) < el + o)X L™

fork = 1,3 withc) = % c3 =./5.

Proof We only consider the cases « > 1. Following the approach of
Hadamard—de la Vallée-Poussin to the classical prime number theorem, it suf-
fices to consider the non-vanishing and holomorphy of the symmetric power
L-functions L(sym” f, s) at s = 1 withk = 2, 4, 6. These are already known
due to a series of celebrated works [16,25,26,38]. In fact, [0, 7r] is identified
with the set of conjugacy classes of the compact group SU>(C) via the map
g € SU>(C) — tr(g) = 2cos6; the image of the probability Haar measure
of SU>(C) is just the Sato—Tate measure ust. Fork = 2j (j = 1,2, 3), we

have
, 1 /2
= | Qcos®)¥dust = —— .
Cr f(COS) ST j+1(j>

In particular, co = 1, ¢4 = 2 and ¢ = 5.
The value of c; follows from the asymptotics for . (X) withk =0, 2,4, 6
and the inequality

1
VIS 3034 29y% — Ty* + y%)

upon the choice by Holowinsky [18], which is valid for all y € R. The value
of c3 follows from Cauchy’s inequality and the asymptotics for mg(X). |

3.2 Kloosterman sums
Following Deligne [8] and Katz [22], it is known that

a — —Kl(a, p) = —2cos0,(a), ae F;
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is the trace function of an £-adic sheaf K/ on G,,(F ) = F;, which is of rank
2 and pure of weight 0. Alternatively, we may write

2cos 6, (a) = tr(Frob,, KI), a € F;

By Weyl’s criterion and the Peter—Weyl theorem, Katz’s vertical equidistri-
bution, as mentioned in the first section, reduces to control the cancellations
within the averages

> symy(Bp(@) = Y tr(Frobg, sym*Kl),

X X
acF), acF,

where sym* K/ is the k-th symmetric power of the Kloosterman sheaf K/ (i.e.,
the composition of the sheaf '/ with the k-th symmetric power representation
of SLy) and

sin(k + 1)6

symy(6) = sin @

In fact, Katz [22, Example 13.6] proved that

1
> sym(6p(@)| < Sk + DYP. (3.1)

aeF;

It is natural to expect that the square-root cancellation also holds if replacing
0p(a) by 6,(I1(a)) for any non-constant rational function IT of fixed degree
over F; . In general, we have the following estimate.

Lemma 3.2 Let Y and x be additive and multiplicative characters (not nec-
essarily non-trivial) modulo p and Tl a fixed non-constant rational function
modulo p. For each fixed positive integer k, there exists some constant B
depending only on deg(I1), such that

N7 w@sym0,(M@) < k2 /p (3.2)
a (mod p)

37 x@symi0,(T(@) < k2 /p (33)
a (mod p)

hold with implied constants depending at most on B. In particular, one can
take B = 1 if T1(a) = 1/a>.
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When Kloosterman sums meet Hecke eigenvalues 73

Thecase IT(a) =1 /a2 in (3.2) was contained in Michel [32, Corollarie 2.9]
and there is no essential difference when extending to general I1. The bound
in Lemma 3.2 lies in the fact that the underlying sheaf sym* ([IT*K!]) is of
rank k + 1, while the Artin—Scherier sheaf £, is of rank 1 if v is non-trivial.
These two geometrically irreducible sheaves are not geometrically isomorphic,
and the square-root cancellation then follows from the Riemann Hypothesis
of Deligne [8] (see also [12, Theorem 4.1], for instance, for practical use in
analytic number theory). The bound (3.3) follows by noting that the Kummer
sheaf £, is geometrically irreducible and of rank 1 if x is non-trivial.

For (a, ¢) = 1, define

Q(a,c) :=Kl@?, c). (3.4)

It follows from the Chinese remainder theorem that the twisted multiplicativity
$2(a,rs) = §2(ar, s)§2(as, r) holds for all a, r, s with (r, s) = (a,rs) = 1.
For each Dirichlet character x (mod c), define

~ 1 *
200 =7 > XKL ol

r (mod ¢)

For x; (modcy) and x2 (mod c¢p) with (cq, ¢3) = 1, the Chinese remainder
theorem yields

QX2 c1e2) = x1(c2) x2(e)2(x1, €1)2 (x2, €2). (3.5)

For prime moduli, we have the following asymptotic characterizations.

Lemma 3.3 Let p be a large prime. Then

2(x, p) = 8y/p + 0(log p),

where &, vanishes unless x is the trivial character mod p, in which case it is
equal to %, and the implied constant is absolute.

Proof In view of Lemma 3.2, we may apply Lemma C.3 with

J=¢(p), B=1, U=cp,
ih<i<o =) :1<r < p—1},
Ohi<j<s =0, 1 1 <r <p -1},
where c is a large suitable constant, so that
- 8 _ p3/2
VPRULP) =5 Y X0 < JplogK + = —

K
r (mod p)
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for any K > 1. The proof is completed by taking K = p. O

Lemma 3.4 Let g > 2 be a squarefree number and x a primitive character
mod q. Then we have

12(x,q)| < c®Plogg

for some absolute constant ¢ > 0.

Proof In view of (3.5), we have

1206 ) =[]12G 2.
rlq

where x, is a non-trivial character mod p. By Lemma 3.3, there exists some
absolute constant cg > 0, such that

12(x, 9)| < l_[COIng =C8’<q)l_[10gp

plq plg
< g P> pAd)logd < (2c0)°@ logg.
dlq
This completes the proof of the lemma by taking ¢ = 2c¢y. O

The following bilinear form estimation can be found in [30, Corollaire 2.11]
and a more general statement has been proved in [11, Theorem 1.17].

Lemma 3.5 Let p be a large prime and (a, p) = 1. For each k > 1 and any
coefficients & = (o), B = (By), we have

D) amPusymi (0, ((amn)?))
m~M n~N
(mn, p)=1

1 _1 11 1
L el IBIMN)2(p~4 + N72 + M2 pi(log p)?),
where the implied constant depends polynomially on k.

Remark I Lemma 3.5 is non-trivial as long as N > log p, M > p% (log p)?
and p > log(MN).

The following lemma is originally proved by Fouvry and Michel [14, Propo-
sition 7.2] using £-adic cohomology.
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When Kloosterman sums meet Hecke eigenvalues 75

Lemma 3.6 Suppose q = qi1q2...q9s with q1,q2, ...,qs being distinct
primes. For each s-tuple of positive integers kK = (ky, ka, ..., ks), and any
coefficients &« = (am), B = Bn)s ¥ = Ymp) withm = m’' (modn) =
Ym,n = Vm'.n, we have

Z Zamﬁn)’m,n 1_[ symkj(eqj((mnq/qj)z))

m~M n~N 1<j<s
(mn,q)=1

1 _1 1 1.1
Lcls; K lleelllBlylloo(MN)2(g™8 + N"4g8 + M 2N2),
where c(s; k) = 3° l—[;‘:1(kj + 1) and the implied constant is absolute.

Remark 2 Lemma 3.6 is non-trivial as long as M > Nlogqg > q%(log q)?
and g > log(MN).

Lemma 3.7 Let P, M > 3. Suppose y = (y,,) is a complex coefficient sup-
ported on primes in |P,2P] and Il is a fixed non-constant rational function
with integral coefficients in numerators and denominators. Then there exists
some constant B = B(deg(I1)) > 0, such that for each k > 1 and arbitrary
coefficient o = (o) supported in |M,2M],

1
D vp Y awsymy(cos O, (TI(m))) < k% (M2 + Plog P)llec |1y
p~P m~M

holds with some implied constant depending at most on B.

Remark 3 A typical situation is y, = 1, in which case Lemma 3.7 becomes
non-trivial as long as P, M /(P log? P) — +oo. It is an important and chal-
lenging problem to beat the barrier M = P for a general coefficient = ().
We would like to mention a deep result of Michel [31], who considered the
special case k = 1, y = 1, [1(m) = m, and he was able to work non-trivially
even when M is quite close to v/P.

Proof Write K (m, p) = sym,(cos 6,(I1(m))) and denote by S the average in
question. First, by Cauchy’s inequality, we have

1S < llef? 2, (3.6)

where

=) [D vKmp

m~M |p~P
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Squaring out and switching summations, we find

=YY y7,, ¥ Kon, p)Km, pp) = = + 57,
p1,p2~P m~M

where we split the double sum over p;, p2 according to p; = p2 or p; # pa.
Trivially, we have

==Y "1yl? Y IKm, plP <G+ DMyl 3.7)
p~P m~M

By completion method, we may derive, for p; # p2, that

> K(m, p)K(m, p2)

m~M
= Y. K@poKopy Y, 1
r (mod pi p2) m~M

m=r (mod p1 p2)
1 hm = = T
~ o o Ze<p1p2>K(hp2,pl)K(—hm,pz),

|h|<%p1pam~M

where

~ 1 * —Xy
K(y,p)=— K(x, p)e(—).
ﬁx(r%c;p) ( P )

From Lemma 3.2 it follows that

[Vp1 Vpal ) p1D2
$* < kB piVpo! mm{M, }
2.0 e ) p

pi#pa~P <5 p1p2

< kB(M + P?log P)|y|%.

Combining this with (3.7), we find
= < kB(M + P?log P)||y >,

from which and (3.6), the lemma follows immediately. |

Lemma 3.8 Let P, X > 3. Suppose y = (y)) is a complex coefficient sup-
ported on primes in | P, 2P] and v is a multiplicative function such that

Yt < N(og N)*

n<N
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for some constant k > 1. Then we have

Yove Y wrmvmAmI|R, p)l

P e
8
=32V D WevmAm

p~P n~X
(n,p)=1

A 1 1 1 —2A 3
+0(£ (PX> + PiX + PIXL +(PX)4}||y||>
forany A > k + 2, where the implied constant depends only on A and k.

Remark 4 Lemma 3.8 is non-trivial as long as £ <« P <« XL 734,

Proof In view of the Chebyshev approximation for | cos | (see Lemma C.3), it
suffices to consider

Dove D WV Amsymy(cosby(n?)).
S

By virtue of Vaughan’s identity (see [20, Proposition 13.4] for instance), we
may decompose the sum over # to bilinear forms and consider

T, B.7)=Y_vp DY cnPui’(mn)v(mn)symy(cosd,((mn)?)),
p,\,p HZNM,,,),N{V
mn,p)=

where & = (o), B = (B,,) are some coefficients supported in |M, 2M] and
1IN, 2N], respectively, such that |, 8,] < 10 4 logm logn. Here M, N are
chosen subject to

XLC<MN<X, M>=N, (3.8)
where C is some large constant. We would like to prove that
ApA=2 1 1 1o a 24 3
T(a,B.y) KkLAHPX2 + PIX 4+ P2XL" +(PX)}|yl. (3.9)
subject to the restrictions in (3.8), for any A > k + 2 and some C > 0. The

lemma then follows from (3.9) immediately.
The restriction MN > X£~C is reasonable, since the contributions from

those MN < XL~ € contribute at most O(||y ||X(PL"_C)%). The restriction
M > N is input due to the symmetric roles between « and B. There is an
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implicit restriction that (m, n) = 1 in the inner sums due to the appearance
Mz(mn), in which case we have v(mn) = v(m)v(n). In this way, we may write

T@ B y)=) v .Y, a mp*n)symy(cosd,((mn)?),

p~P m~M ,n~N
(mn, p)=(m,n)=1

with o*(m) = u?(m)a,v(m) and B*(n) = p?(n)pB,v(n). Furthermore, the
Mobius formula gives

T B y)=) uwd Yy v, Y. D, o md)p*nd
d

p~P m~M/d,n~N /d
pid (mn,p)=1

x symy (cos 0, (d*(mn)?)). (3.10)

For each fixed d, we have two alternative ways to estimate the trilinear forms
in (3.10) by appealing to Lemmas 3.5 and 3.7.

If N < £€, we then have M > XL£~2C by (3.8), and Lemma 3.7 we may
derive that

T@ B y) <Ky Y/ + P Y Jatma)P)’

d m~M/d
(Y 1B ma))

n~N/d
< KB(MZ + PYMINL|p|
< KB(X + PX2LO) L p)l. G.11)

We now consider the case N > £C. By (3.8), we have M > X%E_%. From
Lemma 3.5 it follows that

T 8.9 <BMNEY S iyl Y et ma)p)’
d

p~P m~M/d
1
(Y B ealR)’
n~N/d

x(p~i + (d/N)? + (d/M)? pi(log p)?)

Bl o cdd, polt 1 11
LkPP2XLP (P73 N2+ M 2P|yl

Bpiv c+3, p—1 -z —1p pCyi
LKBPIXLH(P 4 L2 + (XT'PLOD |yl (B.12)
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Combining (3.11) and (3.12), we conclude that

T(a, B, y) < kELFPXILCH £ PIX 4+ PIXL™T + (PX)ILT )|y

holds uniformly in all tuples (M, N) subject to the restrictions in (3.8). This
completes the proof of (3.9), and thus that of the lemma, by supplying the

initial error 0(||y||X(P£"_C)%) and choosing A = (C + « + 3)/10. O

4 A generalization of the Barban-Davenport-Halberstam theorem

Regarding the equidistributions of primes in arithmetic progressions, the clas-
sical Barban—Davenport—Halberstam theorem (see e.g., [20, Theorem 17.2])
asserts that

DD A(n)—ﬁ 3 A(n)‘2<<X£*A

g<Q a(modgq) n<X n<X
n=a (mod q) (n,q)=1

for any A > 0, as long as Q < XL£~8 with some B = B(A) > 0, where the
implied constant depends only on A. As shown by Bombieri, Friedlander and
Iwaniec [2, Theorem 0], the above estimate also holds if A is replaced by an
arbitrary function ¥, satisfying the following “Siegel-Walfisz” condition.

Definition 4.1 An arithmetic function ¥ is said to satisfy the “Siegel-Walfisz”
condition, if forany w > 1,d > 1, (w,a) = 1,a # 0,

1 |
Yoot —— D < IPIXt@fLt @
n<X (p(w) n<X
n=a (mod w) (n,dw)=1
(n,d)=1
holds for some constant B > 0 and any A > 0 with an implied constant in <
depending only on A.

In the following treatment to H>(X), we would require a further generaliza-
tion, which involves the equidistributions of the convolution of two arbitrary
arithmetic functions, and one of them satisfies the “Siegel-Walfisz” condition.
Moreover, we also require the following definition of admissibility, which
concerns with the g-analogue of the Mellin transform of W, : Z/qZ — C,
defined by

~ 1 *
We0 = —= > XYW,

Here yx is a Dirichlet character mod g .

r (mod q)

@ Springer



80 P. Xi

Definition 4.2 Let g > 1 a squarefree number, k € Z and C > 0 a constant.
An arithmetic function &, : Z/qZ — Cis said to be (k, C)-admissible, if

* 5010,() = B, (4584, (g7 ) forall g1, g2 > 1 with u*(g1g2) = 1;
e for each primitive character x (modg), one has [|Z|lcc + [Z,(x)| <

(t(g)log2q)€.

Remark 5 By Lemma 3.4, one may see & is (1, B)-admissible for some
B > 0 if taking

e @ [12@al @a=1.
o 0, (a,q) > 1.

For a (k, C)-admissible arithmetic function &, as above, the Chinese
remainder theorem yields

5,00 = x1@)* x2(qn* By (x1) Egr (x2) (4.2)

forall g1q2 = q, x1x2 = x with x (mod g;) and x> (mod g2).
We are now ready to state our generalization of the Barban—Davenport—
Halberstam theorem.

Lemmad4.1 Let M,N,C > 0 and g > 1 squarefree. Let « = (o) be
a complex coefficient with support in [M,2M] and also satisfy the above
“Siegel-Walfisz” condition, and B = (Bn), ¥ ; = (Yn,q) complex coefficients
with supports in [N,2N] with ||yq||OO < (r(q)log2q)c. For a (k,C)-
admissible arithmetic function Z4 with some k € Z, put

g(a ﬂ yq5 q’ Eq)

= Z Z & Bn¥n,qEq(mn) — ( ) ' Eq(r) Z Z & Bn¥n.q

(mn,q)=1 r (mod q) (mn,q)=1
*
= Z Eq(")( ZZ O‘m,BnVn,q ( ) ZZ U Bn¥n, q)
r (mod q) mn=r (mod q) vla (mn,q)=1

Letr > 1and M > N. For any A > 0, there exists some constant B =
B(A, C) > 0, such that

Y @T@) €@, B, vy a4, Bl L ellIBl Q(MN)? (log MN)~*
q<Q

for @ < MN(log MN)~ 8, where the implied constant depends only on A, C
andr.
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Proof In what follows, we assume By, By, B2, ..., B are some positive con-
stants that we will not specialize their values. Moreover, we always keep ¢ to
be squarefree.

By virtue of orthogonality of multiplicative characters, we may write

E@. By, q. 8y = () > Eq<x)<2amx<m>>(2ﬁnynqu))

x (mod q)
XFX0

Each non-trivial character y (mod ¢) is induced by some primitive character
x* (mod g*) with ¢* | g. Since ¢ is squarefree, we then have (¢*, ¢/¢*) = 1
automatically. Therefore, by (4.2), we obtain

S(a,ﬂ,yq;q,Eq)—— >3 6@ x @0t B G0 Egy(x0)

9@ q*q0=g x (mod g*)
X < Z amX(m))( Z ,Bn)/n,qX(n)>a
(m,qo)=1 (n,q0)=1

where xo denotes the trivial character mod gg. By Definition 4.2, we have

Eg(x) < ((g)1og2g™)® and |Z,0(x0)| < /q0(t(q0) log 2g0)®. Tt then
follows that

D WA @T@) 1E@ By q. Byl

q<Q
< oltogoy Yo NIy Tl
qo<Q 4<Q/q0 0(q)

E3
x 3 x| X Bugexm
x (modgq) (m,qo)=1 (n,q0)=1
1
= Q2(log Q)5 - (81 + %), (4.3)

where S7 and S»> denote the corresponding contributions from gg < Q1 and
01 < qo < Q, respectively.
By Cauchy’s inequality, we find

S% < Suisie

90(610)

with
1
S“:Z (q0) Z ()Z ‘ Z am)((m)‘
q0<01 799 <0740 wqx(modq) (m.g0)=1
q0 1(qq0)*? * 2
su= 3 s 2 e X X s
q0<01 " 1% 4<0/q0 X (modq)  (n,qo)=1
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We first consider S11. We further split S;; accordingtog < Oz andg > Q»,
and the corresponding contributions are denoted by S}, and S}, respectively.
Regarding S}, the Siegel-Walfisz condition for o gives

S ). t("O) 2 e@ el Mdog M)~

q0< Q1 q<Q2
< llel?@3M (log M)~ (log 0)%2.

For S{,, the dyadic device yields

1
sup
<P(qo) 01<0:<0/q0 03

* 2
i, 2| 3 e

x (modg) (m,qo)=1

i <logQ )

q0< Q1
x Y

q~03

From the classical multiplicative large sieve inequality (see [20, Theorem 7.13]
for instance), it follows that

St < llalPlog @ >

qo< Q1

< llee*(Q + M/ Q2)(log Q)*.

sup —(Q + M)
qo(qo) 0:<03<0/q0 93 :

Collecting the above estimates for S, and S}, we find
St < lleel*{Q3M (log M)~ (log )% + (Q + M/ Q5)(log 0)*}.
Taking Q> = (log M)*/®, we then obtain
St < llef*{M(log M)~* + Q(log 0)*}

by re-defining A.
On the other hand,

Si2 < Z

q0< Q1

2B
Z M Z ) Z ﬂnVn,quX(n)‘z

4<Q/q0 (@) x (modg) (n,q0)=1
< og0)® 3 "O;qui S @5 3 1B fual

q0<Q1 q4<Q/q0 ny=nj (mod q)

<P(QO)

Note that
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Sot@® YD 1BuBul

q<Q/q0 n1=n, (mod q)
< Yo @® Y > 1Bl
4<Q/490 ni=ny (mod q)
<IBI7Qqy  tog @)% + > " 1Bn 12 DY w(Iny —mi ™
ni no~N
ny#n|

< 1B12(Q/q0 + N)(log QN)5s,

from which we conclude that
Si2 < IBI*(Q + Q1N)(log ON)Pe.
Combining the above estimates for S1; and S17, we obtain
_ 1 1
St < llellIBII(M(log M)~ + 0)2(Q + Q1 N)Z(log ON)*7.
Again by Cauchy’s inequality, we find

S% < 518522

with
q0 t(qq0)*P! * 2
R i ol T
01<q0<0 ¥ 4<0790 Py (modg) (mago)=1
490 1 * 2
Sy = Z ﬁ ? Z ,Bnyn,qqo)((n)‘ .
01<q0<0 7' 1 <0740 Py (modq) ' (nigo)=1

As argued in estimating S1; and S, we may derive that

So1 < llel*(My/Q(log M)~ + Q(log 0) s},
0

S K ||ﬂ||2(ﬁ + @N) (log ON)®.

Therefore, we arrive at

Q
VOu

S < llallIBI(My/Qllog M)~ + 0)F (= +/ON ) " (log 0N .
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Inserting the estimates for Sy, S> into (4.3), we find

Y H@T@) |E@ B vy q. By

q<0

< lleell|BI(MN)? Q(log MN Q)B" A(M, N, Q: Q).

where

op_ 2 VO O /o A
AM. N, Q: Q) = - =+~ +M+(1+N Ql)(logMN) .

Taking

0 - (M/N)3Q%, M<NQ,
"TlodogMN)A, M > NO,

the proof is completed by noting that /O < MN(logMN)-B <
M(log MN)~B/2, O

5 Lower bound for H;(X)

Recalling the definition (3.4), we may write

2
H1<X>=ZW(§)u2<n>|xf(n>—n-:z(l,nn( > Qd)-

n>1 d|(n,P(2))

To seek a positive lower bound for H; (X), we need only consider those n with
few prime factors. To that end, we introduce the interval

I(P)= 1P, P+ PL7!],

and the set of the products of primes
Pi(X; Pi1, Pia, ..., Pii) ={p1p2...pi : pj € [(P;) foreach j < i}

for each positive integer i > 2. Furthermore, for each fixed i, we assume that
{P;j} is a decreasing sequence as powers of (1 + £~ as j varies, and the
product of P;;’s falls into [ X, 2X]; i.e.,
1
Pijexp(—/L) > Pijeny = X1 (1< j <i), ]_[ Pij € [X,2X].
I<j<i

(5.1)
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In this way, we can bound H{(X) from below by the summation over
Pi(X; Pi1, Pia, ..., P;;); for this, we employ the variants of the Sato—Tate
distributions stated above. Due to the positivity of each term, we can drop
those n’s with “bad” arithmetic structures. To this end, we introduce the fol-
lowing restrictions on the size of P;;:

Pfl)(fS < Py, §=107201%,
VP31 exp(VL) < Ps,
VPi1exp(VL) < Py Py3, (52
VPi1exp(WL) < P+ Pii—1y
and mexp(\/z) < Pp, i 25.

Now summing up to i = 7, we then have the lower bound

Hi(X)> > Hii(X), (5.3)

2<i<T
where

Hi= Y > u(%)

Pi1,Pi2,.... Pii n€Pi(X; Py, Pia,..., Pi)

2
><|Af<n)—n-sz<1,n>|< > Qd),

d|(n,P(2))

with 7 yielding that P;;’s are powers of (1 + L£~1) satisfying the restrictions
(5.1) and (5.2).

Recalling the choice (2.2), we find, for each n € P;(X; Pi1, Pia, ..., Pji),
that n has no prime factors smaller than X 2. Note that z will be chosen such
that z < X%, we then have (n, P(z)) = 1 and

Z Q4 =01=1
d|(n,P(2))

for such n. Hence we can write

Hyi(X) = (1+o(1)L*! / 2 (X, a)de;, (5.4)
Ri
where for a; = (a2, ..., ®;), we adopt the convention

Pi(X, ) = Pi(X; X' 02— xo X%,
n
TXap= Y. ()@ —n 20

neP;(X,a;)
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and the multiple-integral is over the area R; with

Ry={melf 31 —a)+8<ar < 1},
R3 = {(2.03) € [5. 1 31 —a2 —@3) <@z, a3 <o < | —op — a3},

Ry = {(a2. 03, 4) € [15. 15 (1 — 0 — 03 — 0g) < a2 + a3}

N{(a2, a3, 04) € [ﬁ, 1[3: o <oz <oy <1l —o)—oa3 —aal, (5.5)
Ri = {(az, ..., a)els T d—m - —a) <o+ i)

N{a.....o) €l 17" Jles+ -+ o) < aa)

N{(as, ..., ot,-)e[ﬁ,l[’;l:a,- <ai1<--<ap<l—ay—- - —a;}

fori > 5 with § = 107213, Note that aj < 1/jfor2 < j < i in the above
coordinates.
It remains to seek a lower bound for X' (X, «;).

Proposition 5.1 Fori € [2,7]NZ and ot; := (a2, ..., ;) € R;, we have
(X, 0) =B Jui - (14 0(1)) - [Pi(X, ay)]
for all sufficiently large X, where
L= =4 )" (@) + Bt
and

wp =16 In* +4- B P +6-4" - n*+4-2V5) - n| +2'

with the convention that x™ = max{0, x} and B;’s being given below by (6.7).
Consequently, fori € [2,7] N Z, we have

f (X, aj)do = (1+o0(W)y/I3 /u; - I, (5.6)
Ri

where

dozl-
I = . 5.7
Rl —ay = —a)

The proof of Proposition 5.1 will be given in the next section. Proposition 2.1
then follows by substituting (5.4) and (5.6) into (5.3).
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6 Proof of Proposition 5.1

For the seek of proving Proposition 5.1, we would like to introduce the fol-
lowing averages

AXan = Y w(3)rml

neP;(X,a;)

BX.ap= Y. ¥(g)edn?

neP;(X,a;)

cxan= Y w(g)rmedn.

neP;i(X,a;)

where P; (X, «;) is given as before fori € [2, 7] N Z.
By Holder’s inequality, we have

S(X, ) > DX, a1)? T4(X, )2,
where

n
SXa) = Y () —n- 2]
neP;(X,o;)

To prove Proposition 5.1, it suffices to prove that

(X, i) = Li(1+o(1) - [Pi(X, )],
(X o) < ui(140(1)) - [Pi(X, o)

with [;, u; are given as in Proposition 5.1.

6.1 Bounding X4(X, «;) from above

From Weil’s bound for Kloosterman sums, we have

4 .
SyX, @) < Y (z) @ DT AKX, ). (6.1)

0<e<4

By the definition of P; (X, ;) and multiplicativity of Hecke eigenvalues, it
follows from Lemma 3.1 that

Ae(X, ;) < b1+ o()|Pi (X, ;)]
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from which and (6.1) we conclude that

4 . .
DX @) < Y (Z) @ DT (L o(IPH(X, o))
0<e<4
=u; - (1 +o()|Pi(X, @),

provided that X is large enough, where u;’s are given as claimed.

6.2 Bounding Y>> (X, «;) from below

We now turn to the lower bound for X» (X, ;). Squaring out, we may write
DX a) = X ) +n*-BX, @) —27-C(X.a).  (62)

By the definition of P; (X, o;) and multiplicativity of Hecke eigenvalues, if
follows from Lemma 3.1 that

A2 (X, i) = (1 +o(I)[Pi (X, a;)l. (6.3)

The lower bound for B(X, ;) follows from joint equidistributions of
Kloosterman sums. By twisted multiplicatitivity, £2(1, n) can be expressed
as the product the two Kloosterman sums, the equidistributions of which are
known in a certain sense. To formulate the precise distributions, we would like
to introduce the corresponding measures firstly. Following [14], we define a
measure M(l) on [— 1, 1] to be the image of the measure pst under the map-
ping 6 +— cos 6, so that d,u(l) = %\/1 — x2dx. Furthermore, for k > 2, we
define a measure £*) on [— 1, 1] to be the image of uV @ uV @ --- @ u®
under the mapping

[— 1,1 > [—1,1]

(X1, X2, ooy X)) > X1X2 - - - Xk

Then for x € [0, 1], we have the following recursive relation

= / V1 —12de, (6.4)

4 1
pO (=) = (= 3D + = / W =D (= x /1, x/1])
X\/l—tzdl‘, k> 2. (6.5)
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Lemma 6.1 With the notation as above, for i € [2,7] N Z and a; =
(a2, ...,q;) € R; as given by (5.5), the sets

and

R piop) in=pipa.. . pi € Pi(X @)

equidistribute in [— 1, 1] with respect to w8V and u W respectively, as X —
+00, where the measures ') on [— 1, 1] are defined recursively by (6.4) and
(6.5).

The original statement of Lemma 6.1, in the case i € {3, 4, 5}, can be found
in [14, Propositions 6.1, 6.2 and 6.3] and the case i € {6, 7} can be treated
in a similar way. The case i = 2 follows from [11, Theorem 1.5] by taking
K (n) = symy (6, (n?)) therein.

The following rearrangement type inequality, due to Matoméki [29], allows
us to derive a lower bound for B(X, «;) from the equidistributions of Kloost-
erman sums arising from the above factorization.

Lemma 6.2 Assume that the sequences (ay)n<n and (by)n<n contained in
[0, 1] equidistribute with respect to some absolutely continuous measures L,
and [y, respectively, as N — —+o00. Then

(1 +o(1)) / 00,7 < < 3 anb
n<N

1
< (1+0(1))/0 xyu (x)dpa ([0, x1),

where y;(x) is the smallest solution to the equation wy([y;, 11) = uq ([0, x])
and y, (x) is the largest solution to the equation up ([0, y,1) = 1. ([0, x]).

We now write

pPip2...pi
BX.ap= Y. w(EEEE)2ge i pP
P1p2---pi €Pi (X ;)

x12(p1, p2--- pi)l.
By Lemma 6.2, we have

B(X, ;) =2 Bi(1 4+ o(1)IPi(X, a;)| (6.6)
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with
) 1
0

where y; (x) is the unique solution to the equation

p D ((=x,x]) = w V(= 1, =y1U [y, 1) = 1 — D=y, yD.

With the help of Mathematica 10, we can obtain

B> > 0.233838, Bs > 0.023523
B3 > 0.099779, Bs > 0.011685 6.7)
B4 > 0.047473, B7 > 0.005567.

To conclude Proposition 5.1, it remains to control C(X, a;) effectively. It
is highly desired that A y(n) does not correlate with £2(1, n) as n runs over
primes or almost primes. Quantitatively, we expect, as discussed in Sect. 2,
that

C(X, a;) = o(|Pi (X, aj)])

for ; € R; as given by (5.5) and X — +o0. Unfortunately, this non-
correlation is not yet known even as n runs over consecutive integers. Our
success builds on the observation that [ ¢ (p) |? is approximately 1 on average;
however, |A ¢(p)| and [£2(n, p)| are both smaller than 1 on average in a suit-
able family, so that one may obtain a relatively small scalar in the upper bound
of C(X, e;), even though the sign changes of A s (n)£2(1, n) are not taken into
account.
Precisely speaking, we are able to bound C(X, «;) as follows.

Proposition 6.1 With the notation as above, we have, for all sufficiently large
X, that

8 \i—l/11\i
cxan<2-(52)  (55) A +oMIPiX )
foreachi € [2,7T]NZ.

The lower bound for X5 (X, ;) in Proposition 5.1 then follows by combin-
ing (6.2), (6.3), (6.6) and Proposition 6.1, as well as

XL7E(1 4+ o(1))
2-ai(l—ay = —a)

P (X, o;)| =
(04
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from the prime number theorem. The complete proof of Proposition 6.1 will
be given in the next section.

7 Proof of Proposition 6.1

By the definition of P; (X, ;) and twisted multiplicativity of Kloosterman
sums, we may write

pip2---pi
CX,a;) = Z lJ/<Tl>)\f(Pl]72"'Pi)
p1p2--pi€Pi(X,ei)

x £2(p2---pi, p1)S2(p1, p2--- pi).

Weil’s bound gives

IC(X, a;)| < 2C*(X, o),

where
pip2 - Ppi
cxay= 3 e(FEEE )il
p1p2--pi€Pi(X,ai)
X |82(p1, p2--- pi)l.
It suffices to prove that
" 8 \i—l/11\¢
can<(52) (55) A +eDIPX @)l
3n 12

fori € [2, 7] N Z. We prove these inequalities case by case. The case i = 2 is
a bit different, which essentially relies on Lemma 3.8 and the remaining cases
will be concluded by Lemmas 3.5 and 3.6 amongst other things.

7.1 Bounding C*(X, a2)

We first consider the case i = 2. From the twisted multiplicativity for Kloost-
erman sums and multiplicativity for Hecke eigenvalues, we may write

p1p2
= Y (B2l plI2pn pl.
p1p2€P2(X,a2)

We then apply Lemma 3.8 with
(n, p) = (p1, p2), v(n) =Irp(pl, vq =I2r(p2)l,

@ Springer



92 P. Xi

getting

8 p1p2
CXa=3— Y w(BE)eolia e
P1P2€P2 (X, 2)

+o(Ll0pxite 4 x1-ie 4 x£720 4 x 7).

The desired inequality fori = 2 now follows from Lemma 3.1 and % <ay < %

by (5.5).

7.2 Bounding C*(X, a3)

We now consider the case i = 3. By multiplicativity, we may write

P1p2p3
cxan= Y (EEE)R el Nt (o)
p1p2p3€P3(X,a3)

x |82(p1p3, p2)IS2(p1p2, P3).

In view of the Chebyshev approximation for | cosf| (see Lemma C.3), we
consider

GXa) = Y ) (PO (p2) 1 (p3)]

p1p2p3€P3(X,a3)

X |2(p1p3, p2)Isymy (cos 0, ((p1p2)?)).

lI/(p1p2p3
X

Applying Lemma 3.6 with

s=1, (m,n,q) = (p1, p2, p3), (M, N) = (X727, x2)
am = [Af(pOls Bn = |Ar(p2)|, Ymn = 12(p1P3, P2)I,
we obtain
20(2+0(371

_1 _ap 1
GX,a3) <Kk+1) > pal(ps "+ X Api+X 2 )
P1p2p3€P3 (X, a3)

& (k + 1) exp(—vL)[P3(X, a3)|

by Cauchy’s inequality and Lemma 3.1. Therefore, it follows from Lemma C.3
that
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8 p1p2p3
CH(X. a3) = —(1 4 o(1 q/( )
X,a3) = —(+o()) X
p1P2P3€P3 (X, 03)

X A (PO (P)IIA £ (p3)11S2(p1P3s P2)I.

By Lemmas 3.5 and C.3, we further have

C*(X,a3) = <%>2(1 +o(1)) Z lI,(puvzps>

X
p1p2p3€P3(X,a3)
X &g (pOIAf (P f(p3)].

Then Lemma 3.1 yields

8

"X a9 < (52) (35) 0+ oIPsX, @)

as expected.

7.3 Bounding C*(X, «;) fori e [4,71NZ

The cases for i > 4 can be treated in a similar way to that for i = 3, and we
only present the details for i = 7 here. From multiplicativities, we may write

pip2---p7
cxan= Y w(BEE s iolias el as )
p1p2--p1€P7(X,07)

< [T 12ip2---pi/pj. Pyl
2<j<7

In view of Lemma C.3, we consider

Cu (X, a7)
pip2---p1
= Y (BB eolirs el g ()
p1p2--p1€P1(X,07)

x1Q2(pip3pa---p7. p)l [T symy,_,(cosby,((prp2---p1/pp?)
3T

fork = (k1,...,ks) € ZS;o- The term with k = (0, ..., 0) is expected to
contribute as the main term. We now assume at least one of kq, ko, ..., ks is
positive, and only consider the case k1k» - - - k5 7 0 without loss of generality
(the remaining cases are simpler). Applying Lemma 3.6 with
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s =35, (m,n,q) = (p1, p2, p3pa---p7), (M, N) = (X'7%27 77 x%)
am = Ar(pDl, Bn = 1A (P, Ymn = 12(p1p3p4- -+ 7, P2)Is

we get

Ci(X.a7) < kiky -+ ks > A (O ()] -+ 2 p (p7)]

p1p2---p1€P7(X 007)
2ap+a3tay+a7—1
2

1 _a 1
x{(p3ps---p1) 8 +X 7 (p3pa---p8 +X
& kiky - - ks exp(—/L)|P1(X, a7)|

by Cauchy’s inequality and Lemma 3.1. Therefore, it follows from Lem-
mas C.3 and 3.5 that

C* (X, a7) = (%)60 toy Y w(BEZE

X
p1p2--pr€P7(X,a7)
XA (pOIAf(p2)] - 1A (pDI,

which yields the desired upper bound in view of Lemma 3.1.

8 Upper bound for H>(X)

First, we may write
Hy(X) < Hy1(X) + [n] - Hn(X) 8.1)

with

Hn(X) = Y ()i mizama.p)( Y o)

nzl d|(n,P(2))

n 2

Hn(X) = Y (F)pmigamiamap( Y o)
nz1 d|(n,P(2))

8.1 Dimension-reduction in Hj;(X)

We now transform Hj, (X) in the flavor of [42], so that the dimension of sifting
|£2(1, n)| in H2>(X) can be reduced. It is a pity that there are some slips in the
original arguments of [42], which will be definitely remedied in this section. As
one may find from the definition (2.1), the restriction p | d = p > (log n)4

in [42] is replaced by d < n'%é\ with A > 1. This new restriction is technical,
and it will be reflected in the application of Lemma 4.1.
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By twisted multiplicativity, H»>(X) becomes

Hp(X) = ) 3w (57w nm)| 2 m, m) |12 . )|

mA<n

Xaw(m)ﬁw(n)< Z Qd)

d|(mn,P(2))

2

The Weil bound gives
Hn(X) < Y0 3w (55 )iemm)|2nm)|
mAi<n

x ™ ( 3 o)

d|(mn,P(z))

2

Following the arguments on smooth partition of units in [42] (see e.g., [10]),
we have

Hp(X) < Y Hp(X: M. N), (8.2)
(M.N)

where M, N run over powers of 1 + £~ with B appropriately large and

Hn(X: M, N) = ) 3~ Um)V W (5 )i mm) 20, m)

mA<nd

xa?™ep@( 3 04)

d|(mn, P(2))

2

with U, V being certain smooth functions supported on JM, M (14 £~ 8)] and
IN, N(1 + £~B)], respectively. By symmetry, we may assume that

MN =< X, M? < N. (8.3)

Note that there are at most O (£2872) tuples of (M, N) in summation.
To evaluate Hy>(X; M, N), we make the transformation by

Hyy(X; M, N) =Y U(m)p? (mya® ™ E(m, N),
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where

Em) =" 04,04 (8.4)

[di,d2]=n

and

Em, Ny =YY V(nd)11/< )|.Q(nd m)| 2 (nd)
O
d|P(z)
x 2B Y D).

l|(m,P(z))

Moreover, one can employ Mellin inversion to separate variables n, d subject
to the restrictions in nd > m, V (nd) and ¥ (mnd/ X). Due to the appearance
of uz(nd), we can also introduce the Mobius formula to relax the implicit

restriction (n,d) = 1. Noting that N > X s > /X in view of (8.3) and &
is supported on squarefree numbers up to /X exp(—2+/L) by the choice of
(04), we are in a good position to apply Lemmas 4.1 and 3.3, getting

w(m)

Hy(X; M, N) = ZU(m),u (m)( ) T (m, N) + O(XL~2B~4,

where
EXm, N) =) Y V(nd)lI/< ) 2ad)2B)° "D 3" &),
(nd, m) 1 [|(m,P(2))
m gn
d|P(z)

Rearranging all above summations, we may obtain

Hn(X: M N) = 30 ) Um)V ) (52 )i mm)

A<I’l

y (;g_a>w(m)(2ﬁ)w(n)< Z Qd>2 +OXL2B),
g dionn P (2))

Taking into account all admissible tuples (M, N), we find

H22<X><ZW(§)u2<nm(n;§—z,2ﬂ)( Y ) +oxe),

d|(n,P(2))
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Taking «, 8 > 0 such that

8a
— +2B <2, (8.5)
3

so that
TA (n; 8_05, 2,3> <20m
3n
for all squarefree n > 1. Hence the above upper bound for H»>(X) becomes
n

) < 5 Y (B)we (Y w) Foxe. 66
n d|(n, P(2))

8.2 Bounding H;;(X) initially

On the other hand, from the trivial inequality tao(n; o, ) < (@ + )@ it
follows that

w0 < Y w(B)rmismie+ (Y o)

n=l1 d|(n,P(2))

Taking «, 8 > 0 such that
a+p <2, (8.7)

so that

0 < v (D)oo (Y )

nzl d|(n,P(2))

By Cauchy’s inequality, we have

Hoi(X) </ Hy (X) Hj) (X) (8.8)

with

0 = 3w (D)oY o)

n>1 d|(n,P(2)
2
Hy () =Y (5) w22 Y ea)
n=1 d|(n,P(z))
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8.3 Concluding an upper bound for H»(X)

The evaluations for Hj,(X), Hy,(X) and Ha»(X) will rely on asymptotic
computations of the average of Selberg sieve weights against some general
multiplicative functions. The later should be of independent interests and we
will state a general situation by Theorem B.1 in the appendix.

Toevaluate Hy> (X) and Hy (X), we may take h(n) = 2@ in Theorem B.1,
so that

logX\ X
H»(X) < (1 1 v, ——— 8.
200 < (1 +0()8(8 31 )i (8.9)
logX\ X
HY (X)) < (1 1 ,— ) ——, 1
20 < (T+o ))6<0 4logz)logX (8.10)

where G (-, -) is given by (B.5).

The evaluation of HZ’I(X) can be done by taking h(n) = |A_f(n)|22”(”)
in Theorem B.1, and it suffices to verify the conditions of non-vanishing,
meromorphic continuation (B.2), first moment (B.3) and second moment (B.4)
with some constants L, cg > 0.

In fact, it is well-known (see [33, Proposition 2.3] for instance) that

Zmzlogx+0f(1)

pP<X

which yields (B.3) with some L depending only on f. To check the condition
(B.2) on meromorphic continuation, it may appeal to Lemma 3.1 and derive
that

D P20 = ¢(s)>Lisym® £, $)* F (s)

n>1

for s > 1 and F(s) admits a Dirichlet series convergent absolutely in Hs >
0.9. Hence the meromorphic continuation condition (B.2) holds with H*(s) =
L(sym2 £, $)2F(s) and ¢ = 0.1. The non-vanishing condition is guaranteed
by the zero-free region of L(sym2 £, s) (see [20, Theorem 5.44] for instance).
After checking all above conditions, we conclude from Theorem B.1 that

logX> X @.11)

Hj (X) < (1 +0(1))6<z9 e X

"4logz

In conclusion, Proposition 2.2 follows immediately by combining (8.1),
(8.8)—(8.11).
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9 Estimate for H3(X)

We rewrite H3(X) by

w0 = Y w(B)emosm —n-Kiam( Y o)

n>1 d|(n,P(2))

= Y L@@ Y () me ) —n-Kidm)

d<D n=0 (mod d)
d|P(z)

with £ given by (8.4). In view of |£(d)| < 39 for all squarefree d >
Proposition 2.3 then follows from the following two lemmas.

Lemma 9.1 Forany A > 0, there exists some B = B(A) > 0 such that

AN w(%)uz(n)Kl(l,n) < XL,

g<JXLB n=0 (mod q)

where the implied constant depends on A and V.

Lemma 9.2 Forany A > 0, there exists some B = B(A) > 0 such that

DY w(X) (map(n)| < XL4,

q<XLB n=0 (mod q)

where the implied constant depends on A, f and W.

Lemma 9.1, which can be regarded as a Bombieri—Vinogradov type equidis-
tribution for Kloosterman sums, was initiated by Fouvry and Michel [14]
deriving from the spectral theory of automorphic forms without the weights
3*@) and ,uz(n). The current version is given by Sivak-Fischler [39] and the
author [41] with minor efforts.

Lemma 9.2 is not surprising to those readers that are familiar with automor-
phic forms, but the rigorous proof would require several extra lines. To simply
the arguments, we assume the form f is of level 1. In fact, the inner sum over
n, denoted by T', can be rewritten as

T= Y u@ Y w(g)rm

d<2vX n=0 (mod [¢,d?])
TN (”[‘” Nasutg. a2,
ngf n>1
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By Hecke relation (see e.g., [19, Formula (8.37)])

hp(mn) =Y u(@rsm/Oxs(n/e),

£|(m,n)
we get
2
T= ) wd ) mquq,dzl/@ZW(@)MW

d<2vX £lg.d?] n>1

By partial summation and the well-known estimate (see e.g., [19, Theo-
rem 8.1])

Y hpn) <5 N2logh,
n<N

we derive that

A s 2
T<<f,g \/YL Z Z M2(8)| f([quz]/gﬂ
d<2f£|q,d2] lg. d=1¢

<Vxc 1O (OIVE.

d<2f a] |[g.d?]

Hence the original double sum in the lemma is bounded by

1
<VxXL Y @ M e PRGN GING

q,
g<XL~B d<2JvX tlg.d?]

1 3°@(q, d?
<VXL Y BeboNt Y 5 ) Sl )

0<4xX L8 d<2VX g<Xxr~B 4
g=0(mod £/(£,d?))

2 w(d)
w0 A ()] 3¢, d)
<L VXL E _ E —
¢<4xL-B Ve d<2VX d

The lemma then follows from Cauchy’s inequality and the Rankin—Selberg
bound

> P <L,

L<L

as well as the choice B = 2A + 4.
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10 Numerical computations: concluding Theorems 1.1 and 1.2

In view of Propositions 2.1-2.3, we may conclude that
+ -1
H>(X) > eo XL, (10.1)
with some absolute constant gy > 0, from the inequality

p A1) > Azr(n) (10.2)

by choosing p, ¥, z appropriately for a given n € R, where

A1(n) == Z I -\ 13 Juj,

2<i<7

1
Ar(n) == 2+ Inl)(‘s(Z, 6) — Q2+ |n|)16e2V<

2(:13 (6) n c2(6)

5 ) (10.3)

subject to the restrictions (8.5), (8.7) and the choice

1
9=, z=XT. (10.4)
4
10.1 Upper bound for 215 (n)
From the definitions (B.6) and (B.7), we find
2
86_2}/’ NS ]05 2]’
S (44 logd — 21 8 —4 2,4
86—2)/(+0g— 0gs — — ) s € 12,4],
2 s 2
_ s (t —2)"log(t —2)
o(s) = 8e_2V(4,/4 3 dt — (8 +2log4)logs
+49 +35log4 + 8(log4)> 48 + 8log4
4 s
32 +4log4
PR, s € 14,6],
s
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and
2, s € ]0,2],
4log(s/2) + 2, s € ]2,4],
s) = log(t — 2
¥s) 8/ %)dt — 8log2 — 4)logs + 16(log 2)?
4

—4log2 +2, s € 14,6].

Note that

6
c1(6) = 1[ o’ (6 — u)f(u)*du.
6 Jo

From the positivity of o/ and the monotonicity of §, it follows that

e1(6) = Z/ o'(6—wiwidu < £ Y §()? / o'(6 — u)du

1<j<6 1<j<6
=5 Y )T = j)—a6—j)
1<<6
= —f(1)20(6)+— Y GG =G = DD (T — ).
3<]<6
On the other hand,

1 3u
c(6) = / o’ (6(1 —u))du f(6u — 2v){2f(6u) — §(6u — 2v)}dv
0 0

1 u
=12, 0’(6 - u)dM/ f(){2f(u) = f(v)}dv.
0

Note that f(v){2f(u) — f(v)} < §(u)? for all v € [0, u]. Hence

6
c2(6) < i/ o' (6 — u)f(u)*udu.
12 Jo

From the positivity of o’ and the monotonicity of f, it follows that

a® <= Y 10 / o' (6 — w)du

l<]<6
=E Y 1A= j)—o(6—j)
1<j<6
= —f(l) o (6) + 1— YD =G = DG = D} (T = j).

2<j<6
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Inserting the special values for o and f, we obtain
c1(6) < 2.43762, c2(6) < 5.15051

upon the choice (10.4). Combining the above two bounds and (10.3), we con-
clude that

2o (n) < 111.532 + |n]).

10.2 Lower bound for 2(;(») and concluding Theorem 1.1

With the help of Mathematica 10, we can find

I, > 0.28768, Is > 0.14893
Iy > 1.04781, I > 0.00424
Iy > 0.85019, I7; > 7.25032 x 107°.

For n = 1, we obtain 2 () ~ 3.687 x 10!, 2, (1) < 334.59, so that
(10.2) holds by taking p = 9.076 x 10'%. It suffices to solve the inequality

ta(n; o, B) < 9.076 x 10'2. (10.5)

To conclude Theorem 1.1, we should explore a lower bound for 74 (n; «, ),
which grows as long as @ (n) increases.
Recall the definition (2.1) of the truncated divisor function 74 (n; «, B):

e )= Y o Dpot/d,

d|n
1

d<nT+3

We would like to prove a lower bound for T (n; «, 8) by elementary methods.
To this end, let us recall a previous result of Soundararajan [40], which gives
a lower bound for the truncated convolution of multiplicative functions by

complete convolutions. The following lemma can be found in [40, Theorem 4]
with minor modifications on notation.

Lemma 10.1 Lett > 0 be a rational number and g a multiplicative function
with 0 < g(p) < 1/t for all primes p. Then, for each squarefree number
n > 2, we have

> g =AN Y g(d),
d|n d|n

1
d<nT+t
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where, if t has the continued fraction expansion [ag, ay, . . ., a],

1
A1) = . 10.6
© l+ap+ay+ - +a ( )

In particular, if t is a positive integer;, then A(¢t) = 1/(1 +1).

We now produce a lower bound for 74 (n; «, 8) by virtue of Lemma 10.1
subject to the restrictions (8.5) and (8.7). Taking «, 8, A such thataA = 8 >
0,A € Q N ]1, +o0[, we conclude from Lemma 10.1 that

TA(n; o, B) = lgw(n) Z (%)w(d) > ,Bw(")gl(A) Z (%)w(d)
d|n din
dénﬁ
= AA) @+ B

Following the above arguments, we are now in a position to solve the
inequality

A(A) (e + B)*™ < 9.076 x 10'2,

where A, a, B > 0 are chosen freely subject to the following restrictions

8
A=BjaeQ N ]I, +ool, 3—“+2ﬁ<2, a+B <2
T

In particular, we would like to take

14 397 21w

A:—, = -, = —
B3 “Tsnram PT %o

in which case one has 2(A) = % It now suffices to solve the inequality

1( 81w

w(n) 12
- —) <9.076 x 102,
15\52 + 427

which yields w(n) < 100.29, i.e., w(n) < 100.

To conclude the quantitative statement in Theorem 1.1, we would like to
argue as follows. Put N'(X) := {n € [X,2X] : Afr(n) > KI(1,n), w(n) <
100, 2 (n) = 1}. Trivially, we have
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o<y Y w(Bpowmirvol( Y )

Ta(ma,B)<p d|(n,P(2))
n 2
<20 Y w(g)E@umi( Y e)
¥ (n)>0 d|(n,P(z))
w(n)<100

with ¥ (n) = A r(n) — KI(1, n). By Cauchy’s inequality, we find

HE? <4Vl Y e (E)ewer( Y e

Y (n)>0 d|(n,P(2))
w(n)<100

Note that

Z 04| <20™

d|(n,P(z2))

for each squarefree n, from which and Weil’s bound for Kloosterman sums, it
follows that

HE 0 < 4PNl YD ()il Y o)

w(n)<100 d|(n,P(2))

APVl Y (5 +41%)

w(n)<100

> Qd>2

d|(n,P(2))

4101,02|N(X)|Z‘1’2< )u (m)(Ia s ()2 +4100( > Qd)z

d|(n,P(z))

We now proceed as in the proof of Proposition 2.2, and the last sum over n
can be bounded by O (X £~1) with an absolute constant. Therefore,

HTY(X)* <« X£™' IN (L.
Combining this with (10.1), we then arrive at
NGO > xc7h
Similar arguments can also lead to

l{n € [X,2X]: As(n) < KI(1,n), w(n) < 100, 1>(n) = 1}] > XL
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We now complete the proof of Theorem 1.1.

10.3 The case of general 5

Given an 11 € R, one may see that those /;’s in Proposition 5.1 are not always
positive. To obtain a positive lower bound for 2;(7), we need to solve the
inequality 2(; () > 0, which holds provided that

Inl € [0, 1.23]U[11.84, 4+ ool. (10.7)

For such n we may choose a considerably large p such that (10.2) holds, and
thus we can always produce almost primes in Theorem 1.2 for a general n € R
satisfying (10.7).

In fact, as |n| is sufficiently large, we find from Lemma 5.1 that

A1) = ciinl, ~Aa2(n) < c2lnl

for some constant ¢y, ¢ > 0. Therefore, a certain absolute p could be found
for all such large ||, for which we may explore a uniform r in Theorem 1.2.
This is not surprising since Kloosterman sums will dominate the contributions
to H*(X) if In| is quite large, and the difficulty of Theorem 1.2 becomes
close to the sign changes of Kloosterman sums with almost prime moduli, as
considered in [13,14,29,39,41,42].

On the other hand, if |n| decays to zero, we also have uniform bounds for
21 (n) and A, (n). Following a similar argument, the choice of 7 in Theorem 1.2
can also be made uniformly in all such small |7]|.

It remains to consider the complementary range of n to (10.7). Recall that

=1 =4 - (A + Bt

in Proposition 5.1, and the positivity of /; lies in the essential part of this paper.
For any n with |n| € [1.23, 11.94], one may find /; > 0.2 as longasi > 17.
Therefore, one may sumup toi = 17 in (5.3) with

Ri={(o2.....e) €[ 1T 50— — - —a)) <ar+ -+ + a1}
N{(e2. ..., 00) €75 17" Jlaz + - + o) < o}
ﬂ{(ozz,...,ozi)e[ll—g,l[i_l:ozi <1 <-<amp<l—a—-—a}

for i = 17. To evaluate the Selberg sieve weight, we may re-take z = X %, SO

that
Z 0d =01=1
d|(n,P(2))
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if n is restricted to P17(X, e17). Following the above arguments in proving
Proposition 2.1, we may obtain a positive lower bound for Hj ;7(X), and thus
that for H1(X). To complete the proof of Theorem 1.2, it remains to produce
an explicit numerical upper bound for H> (X). This requires a delicate analysis
on o (s), f(s), and the details are omitted here.

The Mathematica codes can be found at http://gr.xjtu.edu.cn/web/ping.xi/
miscellanea or requested from the author.
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11601413, 11771349, 11801427).

Appendix A: Multiplicative functions against Mobius

We would like to evaluate a weighted average of general multiplicative func-
tions against Mobius function. This will be employed in the evaluation of
Selberg sieve weights essentially given by (2.2).

Let g be a non-negative multiplicative function with 0 < g(p) < 1 for each
p € P. Suppose the Dirichlet series

G(s) =) uPmgmn™ (A1)

n>1

converges absolutely for s > 1. Assume there exist a positive integer x and
some constants L, ¢cg > 0, such that

G(s) = ¢(s + D F(s), (A2)

where F(s) is holomorphic for s > —cg and does not vanish in the region

1
D::{o+it:teR,a>——}, A3
L -log(|t] +2) (A3)

and [1/F(s)| < L for all s € D. We also assume

> g(p)logp —rlogx| < L (A4)

PSX
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holds for all x > 3 and

> g (p)2p*0 < +o0. (A5)
p

We are interested in the asymptotic behaviour of the sum
X\ K
Mz =Y pmgon(log™),

n<x n

n|P(z)
(n,q)=1

where ¢ is a positive integer and x, z > 3.

Lemma A.1 Let g > 1. Under the assumption as above, we have

M, zq) = H-[ ] = g(p)™" - me(s) + 0. @ (logz)™)
plq

forall A > 0,x =22,z 2 2withx < 22W ywhere s = log x/log z,
1\—«
H=TTa-gmn(1--) ",
; p

and m,(s) is a continuous solution to the differential-difference equation

{mAQIKL se 10,1], A6

sm(s) = kme(s — 1), s € ]1,4oo[.

The implied constant depends on A, k, L and cy.

Proof We are inspired by [15, Appendix A.3]. Write M, (x,x;q) =
M, (x; q). By Mellin inversion, we have

24i00 t

X\ K K! X
Mig) = Y pmgm)(log>) = 7= Gt q)—dr,
<x n Tl Jo—ico t
(n,q)=1

where

G(t,q) = E:fﬁﬁgﬂ,mt>L

t
n
n>1
(n,q)=1
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Note that
-1 g*
oo =TT~ 52) < [T(1-22) " £
where
—K 2
G = 1;[ (1 - g}(f))(l - ptlﬂ) = 1:[ (1 - gﬁ,’Z? )%

which is absolutely convergent and holomorphic for ¢ € C by (A.2), (A.4) and
(A.5). Hence we find

Pa 2+ioco g(p) -1 g*(t)xt
MK(X;Q):_ 1_[<1_ pt > ;([+1)Kﬂ(+1 '

27l Jo;
2=ico pig

Shifting the z-contour to the left boundary of C and passing one simple pole at
t =0, we get

M (x:q) =!GO [ (1 = g(p) ™" + O, (log 2x) ™)
rlq

for any fixed A > 0.
For s = log x/log z, we expect that

M, (x, 2; q) = c(@)my (s) + Ok D (log z) ™) (A7)

forall A > 0,x > 2,z > 2 and g > 1, where c(g) is some constant defined
in terms of g and depending also on ¢, and m,(s) is a suitable continuous
function in s > 0. As mentioned above, this expected asymptotic formula
holds for 0 < s < 1, in which case we may take

@) =GO [ =gpn". me(s) =«

plg

We now move to the case s > 1 and prove the asymptotic formula (A.7) by
induction. Since x < z?W, this induction will have a bounded number of
steps. We first consider the difference M, (x, z; ¢) — M, (x; ¢). In fact, each
n that contributes to this difference has a prime factor at least z, and we may
decompose n = mp uniquely up to the restriction z < p < x, m | P(p).
Hence
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M (x,2;q) = M (x; q) + Z 8(p) Z M(m)g(m)<logmip)l(

I<p<x m<x/p
(p.9)=1 m|P(p)
(m,q)=1
= M)+ Y g(P)Me(x/p, p; ). (A8)
I<p<x
(p.g)=1

Substituting (A.7) to (A.8), we get

log(x/ p)>

Mo,z ) = c@i! +e@) ) gpme( = L

Z<p<x
(p.q)=1

+ 0D 10g0)™H)+0 (@ 3" g(p)logx/p) ).
Z<p<x
(p.g)=1
By partial summation, we find

M, (x,2:q) = c(q){/c! i / mK(f _ 1)d—”} + 0(c®D(log ).
1 u u

Hence, by (A.7), m,(s) should satisfy the equation

§ K du § du
me(s) = ! + K mK(——1>—=K!+K me(u — 1) —
1 1 u

u u

for s > 1. Taking the derivative with respect to s gives (A.06). O

Remark 6 To extend m, (s) to be defined on R, we may put m,(s) = 0 for
s < 0.

Appendix B: A two-dimensional Selberg sieve with asymptotics

This section devotes to present a two-dimensional Selberg sieve that plays an
essential role in proving Proposition 2.2.
Let i be anon-negative multiplicative function. Suppose the Dirichlet series

H(s) = Z/,Lz(n)h(n)n_s (B.1)

n=>1

converges absolutely for is > 1. Assume there exist some constants L, co >
0, such that

H(s) = ¢()*H*(s), (B.2)
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where H*(s) is holomorphic for is > 1 — ¢p, and does not vanish in the
region D as given by (A.3) and |1/H*(s)| < L for all s € D. We also assume

h(p)1
ZM—Mogx <L (B.3)
P<X P
holds for all x > 3 and
Zh(p)2 20-2 < yoo. (B.4)

Define

S(X.zh @) = 3w (g )wmrm( Y o)

n=1 d|(n,P(z))

where ¢ = (og4) is given as in (2.2) and ¥ is a fixed non-negative smooth
function supported in [1, 2] with normalization (2.3).

Theorem B.1 Let X, D,z > 3 with X < D°W and X < 79U, pur
T = log D/logz and /D = X” exp(—/L), ¥ € 10, 2[ Under the above
assumptions, we have

S(X,z;h,0) = (1 +0(1)S@, 1)XL,

where S(V, T) is defined by

(B.5)

c1(7) Cz(r))

S®, 1) =16 2V(
@, 7) © 4192 29

where
1
(1) = / o' (1 — D)ty du,
0
1 ol
(1) = / / o' (1 —w)D)f(ut — 2v){2f(ut) — f(ut — 2v)}dudv.
o Jo

Here o (s) is the continuous solution to the differential-difference equation

52

o(s)= 86_27”

(s 20(s)) = =25 30(s =2), s€ ]2, 4+00],

s € 10, 2], (B.6)
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and f(s) = ma(s/2) as given by (A.6), i.e., {(s) is the continuous solution to
the differential-difference equation

f(s) =2, s € ]0,2], (B.7)
sf'(s) =2f(s — 2), s € ]2, +o0l.

Remark 7 Theorem B.1 is a generalization of [42, Proposition 4.1] with a
general multiplicative function & and the extra restriction d | P(z), but spe-
cializing k = 2 therein. It would be rather interesting to extend the case to
a general k € Z™ and we would like to concentrate this problem in the near
future.

We now choose z = +/D, so that the restriction d | P(z) is redundant, in
which case one has T = 2. Note that

1
1
— / —
c1(2) = 4/0 o' Qu)du = e

1
0(2) = 4/0 o' 2(1 — u))udu = 3

For ¥ = 1/4, we find &(¢, 7) = 6(1/4,2) = 112/3, which coincides with
4¢(2, F) in [42, Proposition 4.1] by taking F (x) = x? therein.

We now give the proof of Theorem B.1. To begin with, we write by (8.4)
that

Sx.zhe =Y & Y. ¥(g)mrm

d|P(z) n=0 (mod d)
d
= Z E(d)h(d) Z w(%)uz(n)h(n)-
d|P(z) (n,d)=1

By Mellin inversion,

Z lp(ﬂ)uz(n)h(n) — L/ W (s)(X/d)* H’ (s, d)ds,
Myl X 271 ()

where, for s > 1,

Hb(s,d)z Z M

ns
n>1
(n,d)=1
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For Ms > 1, we first write

H(s, d) = ]_[(1 +?) - ]_[(1 +?) H(s)

pld pld
~[1(1+52) cwroe.
pld

Note that

G(1) = lim Zf(()g ]:[ (1 n %)(1 — l)z.

By (B.2), H’(s, d) admits a meromorphic continuation to s > 1—cg. Shifting
the s-contour to the left beyond 9is = 1, we may obtain

> v (") u2ewnom

(n,d)=1

= Resio 2066/ [T (14 22) Vo6 + 0 (x/ar ™).
pld
We compute the residue as
Ress i1
= ST/ T] (14 ;f))_lg(sﬂ(s -0
pld =
= h(p) h(p)log p
—wa)g(l)g(l . Y2 (1o (X/d>+2 s )
_g(l)q(1+ﬂ) X (10ax - Z ”:}f(i) +e).
p

where ¢ is some constant independent of d.
Define 8 and B* to be multiplicative functions supported on squarefree
numbers via

p « p
= 41, = —1="
B(p) ) + B*(p) = B(p) )
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Define L to be an additive function supported on squarefree numbers via

B*(p)log p
B(p)

Therefore, for each squarefree number d, we have

B*(p)log p
ﬁ(d)=]_[(m+l) B(d) = h(d) Ld) = dejﬂ(—p)

L(p) =

In this way, we may obtain

S(X;h,0) = GHX{S1(X) - (log X +¢) — S1(X)} + O(XLT),

where
§(d)
Six) =Yy —,
dIP(Z)ﬂ(d)
§(d)
SH(X) = Z ——L(d).
dPG) B(d)
Note that

Qd1Qd2
0=, B(ldy, da))

d1.d2| P(2)

0d,Qd,
— ————B((d;, d
ZZ 5, )ﬂ(d)ﬂ((l 2))

_ Qd1Qd2
B ZZ B(d1)B(d>) 2, B,

l|(d1.d2)

Hence we may diagonalize S;(X) by

Six) =Y By, (B.8)

I<VD
[P (z)

where, foreach/ | P(z) and ! < «/ D,
Qd
= -
Z B(d)

d|P(z)
d=0 (mod /)
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From the definition of sieve weights (2.2), we find

4u(l) 3 11(d) (10g Jﬁ/l)Z_

= BN (lao D2
B()(og D) dgﬁ)/zﬂ(d) d
dl|P(z)

i

Applying Lemma A.1 with g(p) = 1/8(p) and ¢ = [, we have

4 (l) (10g(x/5/1)> L O(f(l)

= ) —A
G DHdog D2\ logz (logz) ) (B.9)

Y ()

Inserting this expression to (B.8), we have

16(1 + o(1)) | log(v/D/)\2

Si(X) = .

1) = G2 (log D)* l;@ﬁ*(z)m2< log 2 )
11P(2)

Following [17, Lemma 6.1], we have

(logx/logz)’
logz

3 ! L{a(zlogx/logzwo( )} (B.10)

& p0D T WE
[|P(2)

with

we =] (1- ﬂ%p))

p<z
from which and partial summation, we find

16tc(7)

S0 = shrwaogpy TN
with 7 = log D/ log z and
1
ci(r) = / o' (1 — w)T)f(ut)>du. (B.11)
0

We now turn to consider S7(X). Note that L(d) is an additive function
supported on squarefree numbers. We then have
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0d,0d,
HX) =YY" F1d ap Ll dD
di,d2|P(2) Alld, dz]

0dd,9dd,
:Z —————={L(d) + L(d) + L(d>)},
i Pldd1d)

where there is an implicit restriction that d, dy, d» are pairwise coprime. By
Mobius formula, we have

. Qdd,0dd,
Sz<X>—ZZZﬂ(d)ﬁ(dl)ﬂ(dz){ud)+L<d1>+L<d2>} > ud)

ddy,ddz| P (z) l|(dy,d2)

w(l)oida, C1dd,
= {L(ddy) 4+ L(ldd>) — L(d)}
ch:zd%;m;;(; BB (d)B(d1)B(dr)

= 251(X) — $22(X)

with
Sn(X) =Y B*Oyiy,

I|P(2)
Sn(X)= > vy},
1|P(2)

where for each/ | P(z),l < /D,

/ 0aL(d)
Y= Z .
d|P(2) L)

d=0 (mod /)

and

L
o) = pi 3o KO, (B.12)

uv=lI

Moreover, we have

leL(dl) 0a1L(d)
dl|P(z) AC) d|P(z) pudb

_xB(p)logp Opdl
=2 B(p) B(pdl)

p<z d|P(z)
_ Z ypiB*(p)log p
B(p)

+ LDy

+ LDy

+ L)y

p=<z
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It then follows that

* 1
Sa1(X) = Z% S B Owp+ Y LOB D

p<z [|P(2) [|P(2)

1
Zﬁ (g() ())gp > B Oyivp

p<z plIP(2)

B*(p)*log p Z w2
+y == B*(D)y?,
P
= 85, (X) + 85,(X),

say.
From (B.9), it follows, by partial summation, that

, 16(1 + o(1)) log(+/D/1)
ulX) = Q(l)z(logD)“l;),B *(1) 2( log z )
logp  (log(~'D/(pl))
X,;ﬁ(p)m( gz )

pil

Up to a minor contribution, the inner sum over p can be relaxed to all primes
p < z. In fact, the terms with p | £ contribute at most

log(+v/D/1)\ 5~ log p
(1ogD>4 2 ﬂ(l) (g )§ P

[|P(z)

1 3 1 (1og(@/z)>

< (log D)3 loglog D B*() " logz

1
< W (z)(log D)3 loglog D"

[|P(z)

We then derive that

/ 16(1 + o(1)) log(~/D/1)
$1(X) = : > I (l) 2( oeWD/ >

C(12 (1o D4
g(l) (log D) P logz

logp  /log(v/D/(pl))
szm’"z( log 2 )

p<z
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logz 1
(log log z W(z)(log D)4)
. 32tc),(r)logz a
~ G()*W()(log D)

+o(1)),
where

1,1
cél(r) = /0 /0 o' (1 —uw))f(ut)f(ut — 2v)dudv.

In a similar manner, we can also show that

32tcy (1) logz

+o(1)),

where

1 1
() =/O /O o' (1 = u)t)f(ut — 2v)*dudv.

In conclusion, we obtain

321(ch (v) — ¢y (1)) logz
G(1)2W (z)(log D)*

$21(X) = 85 (X) + 85 (X) = (L +o(D)),

We now evaluate S»»(X). For each squarefree [ > 1, we have

m(u) Z B*(p)log p
) <= B(p)
B*(p)log p w(ue)
= B(l
A )pXU: B(p) M|IZ/P B ()

B*(/p)B*(p)logp
= B(l
PO b

v) =B

ull

pl
= B*()logl.

Hence

Sn(X) =Y pX(plogp Y B* Dy
p<z plIP(z)
_16(1 +0(1)) 3 1 Zlogpm <logw5/<pl)))2
T G(1)2(log DY L= Br() &= Br(p) \  logz
ptl

lIP(z)
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by (B.9). From partial summation, it follows that

327cy,(t)logz

20 = G 12W @) (log D)?

(14 o0(1)).

Combining all above evaluations, we find
S(X,z; h,0)
=GMX{S1(X) - (log X + ¢) — 251(X) + Sn(X)} + O(XL™?)

16'[X10 10 X ) .,
g(l)W(Z)(lngD)4 {C] (7) loggz +4ch,(7) — zczl(f))}‘

=(1+o(1))

Hence Theorem B.1 follows by observing that ¢ (7) = 2(:/21 () — c/z/1 (7) and

GHWE =[] <1 _ %)2 11 (1 + @> (1 - l>2

p<z p=z p p
e 2V
=(1+o(1
(1 +0() g

by Mertens’ formula.

Appendix C: Chebyshev approximation

A lot of statistical analysis of G L, objects relies heavily on the properties of
Chebychev polynomials {U (x)},>0 with x € [— 1, 1], which can be defined
recursively by

Up(x) =1, Ui(x) =2x,
Uk+1(x) = 2xUi(x) — Up-1(x), k> 1.

It is well-known that Chebychev polynomials form an orthonormal basis of

L*([— 1, 1]) with respect to the measure %\/1 — x2dx. In fact, for any f €
C([—1, 1]), the expansion

f) =) Bl HUk(x) (C.1)

k=0

holds with
2 1
Br(f) = ;/lf(t)Uk(t) 1 — £2dr.
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In practice, the following truncated approximation is usually more effective
and useful, which has its prototype in [28, Theorem 5.14].

Lemma C.1 Suppose f :[—1,1] = R has C + 1 continuous derivatives on
[— 1, 1] with C > 2. Then for each positive integer K > C, there holds the
approximation

f@ =3 BHU) +0(K'=CIFC)y)

0<k<K
uniformly in x € [— 1, 1], where the implied constant depends only on C.

Proof For each K > C, we introduce the operator ¥x mapping f €
CEHI([—1, 1]) via

Ok f)(x) = Z Br(HUk(x) — f(x).

0<k<K

This gives the remainder of approximation by Chebychev polynomials up to
degree K. Obviously, (0 f)(:) € CC*1([—1, 1]) and in fact, 9 is a bounded
linear functional on C¢*!([— 1, 1]), which vanishes on polynomials of degree
< K.

Using a theorem of Peano ([7, Theorem 3.7.1]), we find that

1
Ok f)(x) = g f FEV @) Hy (x, 1dr, (C.2)
tJ-
where
Hi(x,0) = = Y ()Uk(x)
k>K
with

1
A(t) = %/ V1—=x2(x — U (x)dx.
t

Put x = cos @, t = cos ¢, so that

¢
M (t) = A (cos @) = %/0 (cos @ — cos ¢)C sin 6 sin((k 4+ 1)0)d6.
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We deduce from integration by parts that

1
k—1\’
()
C
where the implied constant is absolute. For any x, t € [— 1, 1], the Stirling’s
formula logI'(k) = (k — 1/2)logk — k 4+ log «/2m + O(1/k) gives

1Ak lloo <K

Hi(x,1) < Y ——— =Cl Z Le—o)

M( - ) = ®
X))

< K'7€,

from which and (C.2) we conclude that
19k flloo < K'C €D,

This completes the proof of the lemma. O

We now turn to derive a truncated approximation for |x| on average.

Lemma C.2 Let k,J be two positive integers and K > 1. Suppose
{xjhgj<v € [=L 11 andy = {yj}i<j<s € C are two sequences satisfy-
ing

max |
1<<J il

(C.3)

Z yJUk(x])

1<j<J

with some B > 1 and U > 0. Then we have

IylI}
] = o 0 (UK (log K)*® ).
Z yilxjl 37 Z yj+ ( ) +UKB
1<j<J 1<j<J

where §(B) vanishes unless B = 1, in which case it is equal to 1, and the
O-constant depends only on B.
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Proof In order to apply Lemma C.1, we would like to introduce a smooth
function R : [— 1, 1] — [0, 1] with R(x) = R(— x) such that

R(x)=0, xe[—A,A],
R(x)=1, xe[—1,-2A1U[2A4,1],

where A € ]0, 1] be a positive number to be fixed later. We also assume the
derivatives satisfy

RV (x) «j A7

for each j > 0 with an implied constant depending only on ;.
Put f(x) := R(x)|x|. Due to smooth decay of R at x = 0, we may apply
Lemma C.1 to f(x) with C = 2, getting

f@O =Y BT + 0K ")

0<k<K

Note that f””/(x) vanishes unless x € [—2A, —A]U [A, 2A], in which case
we have f”(x) <« A~2. It then follows that

fo= Y A0 +0(25)

0<k<K

Moreover, f(x) — |x| vanishes unless x € [—2A,2A]. This implies that
f(x) = |x| + O(A). In addition, Bo(f) = % + O(A). Therefore,

4
3

x| =

+ ) ﬂk<f)Uk<x)+0(A+L).

KA
1<k<K

We claim that

Be(f) < k2 (C.4)

for all £ > 1 with an absolute implied constant. It then follows that

4
2: yﬂxﬂ—-gg 2: yj

1<j<J 1<j<J
Iyl
= Ui +0(Iylha+ 1)
D A D0 iU+ 0(IyhA+ 7
1<k<K 1<j<J
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IMIE

U kB2 A+ ——

<U ) tlylha+ -~
1<k<K

Iyl

UKB(log k)% A
< (log K)°*™ 4+ lyll1 +KA

where the implied constant depends only on B. To balance the first and last
terms, we take A = ||y||; /(UK B), which yields

4 _ lyl?

. o . UKB 1 lo 5(3) A
E y]|-xj| 37 E : i < (log K) + 25 UKB
1<j<J 1<j<J

as expected.
It remains to prove the upper bound (C.4). Since U (cos 8)=sin((k+1)6)/
sin 6, it suffices to show that

T

Br i= / " R(cos 0)(sin 260) sin((k + 1)0)d6 < k2 (C.5)
0

for all £ > 3 with an absolute implied constant. From the elementary identity
2sina sin B = cos(o — B) — cos(a + B), it follows that

arccos A
Br = / R(cos 0)(sin26) sin((k + 1)6)do
0

_alk—1,R) —a(k+3,R)
= 5 ,

where, for £ > 2 and a function g € C>([— 1, 1]),

arccos A
al, g) = / g(cos ) cos(£0)do.
0

From integration by parts, we derive that

arccos A
all, g) = Z/(.) g’ (cos 0)(sin 0) sin(£0)dO

_at—1,g)—alt+1,g)
- 20 ’

and also

at—1,¢") —alt+1,¢"

at,g) = 7
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It then follows that

alt—2,¢")—al,g") al,g")—al+2,¢")
40— 1) 400 +1)

all, g) =
We then further have

1
Br = g(lgk,l — Br.2)

with
b — atk —3,R")—ak —1,R") atk—1,R") —ak+1,R")
S k — Dk —2) k(k — 1) ’
by — atk—1,R"Y—ak+1,R") ak+1,R")—ak+3,R"
L2 k(k+ 1) (k+ Dk +2)
Note that
ak —=3,R") —a(k —1,R")
arccos A
= / R (cos 0){cos((k — 3)8) — cos((k — 1)0)}dO
arccos 24
arccos A
=2 / R (cos 0)(sin(k — 2)6)(sin 6)d6
arccos 2A
and
arccos A
ak—1,R"y —a(k+1,R") = 2/ R (cos 0)(sin k@) (sin 6)d6.
arccos 2A
Hence
2 arccos A B
Bri=—"-— R"(cos 0)(sin(k — 2)0)(sin0)d6O
(k - 1)(k - 2) arccos 2A
2 arccos A
— R"(cos ) (sin k6)(sin 0)do
k(k - 1) arccos 2A
2 arccos A

S R"(cos0){sin(k — 2)6 — sinkO}(sin #)dO
(k - 1)(k - 2) arccos 24

4 arccos A

L R”(cos 0)(sin k&) (sin 6)d6.
k(k - 1)(k - 2) arccos 2A

@ Springer



When Kloosterman sums meet Hecke eigenvalues 125

The first term can be evaluated as

2 arccos A

- (k - 1)(k - 2) arccos 2A

1 arccos A )
< —/ A “coshdf € —
k2 arccos 2A k2

R"(cos0)(sin(k — 1)8)(cos #)(sin #)dé

Again from the integration by parts, the second term is

4 arccos A
_ R'(cos 0)(cos k6)do
(k - 1)(k - 2) arccos 24
arccos A | 1
<L = ATd K —.
k2 arccos2A k2

Hence Br1 < k=2, and similarly Br2 K k~2. These yield (C.5), and thus
(C.4), which completes the proof of the lemma. O

Note that Ui (cos@) = sym,(0). Taking x; = cos6; in Lemma C.2, we
obtain the following truncated approximation for | cos |.

Lemma C.3 Let k,J be two positive integers and K > 1. Suppose
0ih<j<s €10, mlandy = {y;j}1<j<s € C are two sequences satisfying

ny

1<j<J

max |
1<j<J il

with some B > 1 and U > 0. Then we have

4 B—1 5(B) Iy I3
> vileostil= 5= 3 v+ O(UKP dog )PP + T2 ).

- - UKB
1<j<J 1<j<J

where §(B) is defined as in Lemma C.2.
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