
COMPACT EINSTEIN-WEYL MANIFOLDS WITH LARGESYMMETRY GROUPANDERS BISBJERG MADSEN, HENRIK PEDERSEN, YAT SUN POON, AND ANDREWSWANNAbstract. A geometric classi�cation of the compact four-dimensionalEinstein-Weyl manifolds with at least four-dimensional symmetry group isgiven. Our results also sharpen previous results on four-dimensional Einsteinmetrics and correct Parker's topological classi�cation of cohomogeneity-onefour-manifolds. 1. IntroductionThe Einstein-Weyl equations are a conformally invariant generalisation of theEinstein equations, introduced by Weyl [26]. They have been thoroughly studied indimension three [4, 8, 10, 12, 23, 24, 25], where it is known that any solution on acompact manifold is either a compact quotient of hyperbolic three-space H3 or hasa cohomogeneity-one action of the two-torus T 2. Furthermore, in any dimension,a compact Einstein-Weyl manifold which is not Einstein has a non-trivial symme-try [24]. To �nd new examples in higher dimensions, it is therefore natural to lookfor solutions with a high degree of symmetry.In this paper we will give a full classi�cation of the compact four-dimensionalEinstein-Weyl structures for which the symmetry group is at least four-dimensional.Restricting to dimension four allows us to take advantage of various topologicalconsequences of the Einstein-Weyl equations [22, 20, 7]. The assumption that thegroup of symmetries is at least four-dimensional implies that the solutions areeither homogeneous or have cohomogeneity one. Our results also sharpen previousresults [9, 2] on four-dimensional Einstein metrics (Theorem 3.1) and correct thetopological classi�cation [19] of cohomogeneity-one four-manifolds (Remark 6.4).Let (M; [g]) be a conformal manifold. A torsion-free connection D preservingthe conformal class [g] is called a Weyl connection. Fixing a choice of Riemannianmetric g in the conformal class, we obtain a one-form ! from the equation Dg =!
g. Conversely, the one-form ! together with the Levi-Civita connection r of g,determine D by D = r� 12 (! Y Id�g 
 !]);where !] is the vector �eld such that ! = g(!] ; �), and (! Y Id)(X;Y ) = !(X)Y +!(Y )X. Under a conformal change g 7! exp(�)g, we have ! 7! ! + d� and so itmakes sense to call D closed if d! = 0 and exact if ! is exact.The Einstein-Weyl equations stateSrD = �g;where SrD is the symmetric part of the Ricci curvature rD = Tr(Z 7! RX;ZY ) of Dand �: M ! R is an arbitrary function. Suppose (g;D) satisfy the Einstein-Weylequations. If D is exact, then g is conformal to an Einstein metric ~g and D isthe Levi-Civita connection ~r of ~g. If D is closed, then g is locally conformal to1991 Mathematics Subject Classi�cation. Primary 53C25; secondary 57M40, 57S25.Third named author partially supported by nato grant crg-950040.1



2 A. B. Madsen, et al.Einstein. A symmetry of (M; [g]; D) is a di�eomorphism preserving the conformalclass [g] and the connection D.Main Theorem. Let (M; [g]; D) be a four-dimensional Einstein-Weyl manifoldwhose symmetry group G is at least four-dimensional, then either(a) D is exact, g is conformal to an Einstein metric ~g of cohomogeneity at mostone, D is the Levi-Civita connection ~r of ~g and (M; ~g) is given by Theorem 3.1,or (b) D is closed, but not exact, and (M; [g]; D) is �nitely covered by S1 �S3 withits standard Einstein-Weyl structure, or(c) D is not closed, (M; [g]; D) is of cohomogeneity one and M is given in eitherTable 2 or 4 with ([g]; D) described in x6 or x7, respectively.Let us comment on each part of this theorem. For part (a), Jensen [9] andB�erard Bergery [2] showed that the compact four-dimensional Einstein manifoldswith symmetry group of dimension at least four, are �nitely covered by either the
at metric on T 4, the symmetric metrics on S4, CP2 or S2 � S2, or by the Pagemetric on CP2#CP2. We determine which �nite quotients occur.In part (b), we referred to the standard Einstein-Weyl structure on S1�S3. Thisis given as follows. Let gcan be the canonical metric on S3 with sectional curvatureone and let S1 = f exp(i�) : � 2 [ 0; 2�) g. Then for any constant s,g = gcan + s2d�2; ! = 2s d�is Einstein-Weyl and is called the standard structure on S1 � S3. The constant scorresponds to reparameterisation of the circle S1. Gauduchon [7] showed that anyclosed non-exact four-dimensional Einstein-Weyl structure is locally equivalent tothis standard structure and says such manifolds are of type S1 � S3. He showedthat these manifolds are �nitely covered by a mapping torus of S3. However, thesemapping tori need not be �nite quotients of S1 � S3. Thus the content of (b) isthat the symmetry assumption restricts which manifolds of type S1�S3 may arise.In part (c), with one exception (on CP2), all the solutions come in one-dimen-sional families. Moreover, nearly all the solutions obtained are new: a few isolatedcases were given in [22], but even for these metrics the information we obtain hereis much more explicit. It is worth noting that the di�eomorphism types occurringin part (c) are those arising in the Einstein case (part (a)) except for the four-torus T 4. However, the list of equivariant di�eomorphism types is di�erent (see x7,particularly Remark 7.3).Having obtained some of these families of solutions, Einstein-Weyl structureswere studied from the point of view of deformation theory [21]. We plan to studythe limits of the one-dimensional families in future work. The results presented hereare based in part on [15], where it was also shown that many of the new Einstein-Weyl structures obtained here have higher-dimensional generalisations. These willbe presented elsewhere, together with various cohomogeneity-one structures on non-compact manifolds [13, 14].The paper is organised as follows. We �rst show that if (M; [g]) is not a standardsphere, then the symmetry group acts as isometries with respect to a representativeof [g] known as the Gauduchon metric: when D is exact, this metric is the Einsteinmetric. We then identify precisely which manifolds occur in the Einstein case. In x4,we deal with homogeneous Einstein-Weyl manifolds, showing that they are eitherEinstein or �nite quotients of S1�S3. We then turn to cohomogeneity-one Einstein-Weyl structures. This reduces to three cases corresponding to the symmetry groupbeing SO(4), S1 � SO(3) or U(2). The case of SO(4) only gives S1 � S3-structuresand Einstein metrics. The other two cases are covered in xx6 and 7 respectively. Ineach case, a certain amount of work can be done purely topologically. Thereafter,



Einstein-Weyl Manifolds 3we explicitly solve the relevant system of ordinary di�erential equations over anopen interval. The �nal step is to include the boundary conditions and eitherdetermine the solutions explicitly or at least determine the topology of the solutionspace.Acknowledgements. We would like to thank Hans J�rgen Munkholm for advice onmany topological aspects of the problem. We also thank Paul Tod and AndrewDancer for many useful conversations, J�rgen Ellegaard Andersen for informationon the topology of three-manifolds and McKenzie Wang for answering questionsabout homogeneous four-manifolds.2. The Symmetry GroupWe de�ne the symmetry group of a Weyl manifold (Mn; [g]; D) to be the group ofconformal transformations preserving the connection D. Note that for a conformalmap � : M !M with ��g = exp(f)g, the pull-back connection is given by D�XY =��1� (D��X��Y ) and satis�es D�g = (��! � df) 
 g. Hence D� is always a Weylconnection and � lies in the symmetry group if and only if ��! = ! + df .The following Lemma shows that one may equivalently de�ne the symmetrygroup to consist of conformal transformations � which are projective, that is � pre-serves unparameterised geodesics and so D� �D = � Y Id, for some one-form �.Lemma 2.1. Suppose D1, D2 are two Weyl connections on (M; [g]). Then D1 =D2 if and only if D1 and D2 are projectively equivalent.Proof. Assume D1 and D2 are projectively equivalent. Then there is a one-form �such that D1�D2 = �Y Id. Now Di = r� 12(!i Y Id�g
!]i ), where Dig = !i
g,so 2� Y Id = �! Y Id+g 
 !], for ! = !1 � !2. Evaluating ! on this gives(2�+ !) _ ! = j!j2g, which implies � = ! = 0.If M is compact, then the component of the identity of the group of conformaltransformations preserves some metric in the conformal class provided M is notconformally equivalent to the Euclidean sphere Sn [11], cf. [17]. Thus, if M is notthe Euclidean sphere, the symmetry group has dimension strictly smaller than n(n+1)=2.Gauduchon [6] proved that a compact Weyl manifold admits a unique metric, upto homothety, such that d�! = 0. We call this the Gauduchon metric. If M is inaddition Einstein-Weyl, then for this metric !] is a Killing vector [24] preserving !.Thus, if M is not Einstein, the symmetry group is at least one-dimensional.Lemma 2.2. If M is a compact Weyl manifold which is not the Euclidean sphere,then the component of the identity G of the symmetry group of M preserves theGauduchon metric.Proof. Let g be a metric in the conformal class preserved by G. To �nd theGauduchon metric ~g = exp(f)g one solves the equation L�f = 0, where L =�g + (n � 2)!]g=2 and the adjoint is taken with respect to the L2-inner productde�ned by g [6, 24]. As G preserves g and !, one sees that it preserves the kernelof L�. Thus for any a 2 G, a�~g = exp(f � a)g is also a Gauduchon metric, soa�~g = �(a)~g, for some constant �(a). This de�nes a homomorphism � : G ! R>0.But G is compact, so � � 1.3. Einstein Four-ManifoldsHere we commence the proof of the Main Theorem. Let (M; [g]; D) be a compactEinstein-Weyl four-manifold whose symmetry group has dimension at least four.Let G denote the component of the identity of the symmetry group. If M is



4 A. B. Madsen, et al.conformal to the Euclidean four-sphere, then Gauduchon [7, lemme 4] has shownthat the Einstein-Weyl structure is that of the standard Einstein metric. Hencewe may assume that M is not conformal to the Euclidean sphere. By Lemma 2.2,G preserves the Gauduchon metric g.If D is exact, then ! = 0 for the Gauduchon metric and so g is Einstein withisometry group G. We then have (M; g) given byTheorem 3.1. Let (M; g) be a compact four-dimensional Einstein manifold whoseisometry group has dimension at least four. Then either1. M is homogeneous and so is either the 
at torus T 4 or the standard, locallysymmetric, metric on S4, RP4, CP2, S2 � S2, S2 � RP2, RP2�RP2 or(S2 � S2)=f�(1; 1)g, or2. M is of cohomogeneity one and isometric to one of(a) the standard metric on (S2�(�;�1) S2), where � = diag(�1; 1; 1) is re
ec-tion in the equatorial plane,(b) the standard metric on (S2 �(�;�1) S2) or (RP2;�(�;�1)S2), where � =diag(�1;�1; 1) is a rotation through �,(c) CP2#CP2 with the Page metric, or its Z2-quotient CP2#RP4.This result is essentially due to Jensen [9] in the homogeneous case and B�erardBergery [2] for metrics of cohomogeneity one. What is not discussed in these ac-counts is which of the �nite quotients of the symmetric spaces occur. This we willnow provide for the homogeneous case and the case of cohomogeneity one will fol-low from our later discussions. Note that cohomogeneity-one quotients of T 4 havethree-dimensional symmetry group and so do not occur in the above theorem.We need to determine the (non-trivial) �nite groups � acting freely and iso-metrically on the symmetric spaces S4, CP2 and S2 � S2, such that the resultingquotients are homogeneous. Note that the order of � must divide the Euler char-acteristic of the symmetric space, because �(M ) = j�j�(M=�) for a free action.Thus for S4, the only possibility is � =Z2 and S4=� = RP4 (see [27]).For CP2, � is Z3 = hfi. If 
 is the K�ahler form, then f maps a generatorof H2(CP2;Z) �=Zto another generator, so f�[
] = [
], since f has order 3. TheLefschetz number of f is now 3, so f must have a �xed point, contradicting theassumption that � acts freely.Lemma 3.2. The isometry group of S2�S2 is (O(3)�O(3))oZ2, whereZ2 swapsthe two factors.Proof. Let 
1, 
2 be the pull-backs of the volume forms on the two S2-factors.Then an isometry f maps f
1;
2g to harmonic representatives for a pair of gen-erators of H2(S2 � S2;Z) and so acts as an element of GL(2;Z). Also f preservesthe inner products g(
i;
j), so the action of f on (
1;
2) co��ncides with the ac-tion of an element a of the group (Z2�Z2) oZ2 generated by a1(x; y) = (�x; y),a2(x; y) = (x;�y) and s(x; y) = (y; x). Now replacing f by f � a�1 we may assumef acts trivially on (
1;
2).Let iz : S2 ! S2�S2 be the inclusion iz(x) = (x; z) and let p1 be the projectionto the �rst factor. Then p1 � f � iz is an element of PSL(2; C ) for all z. But S2 issimply-connected, so we can lift the map z 7! p1 � f � iz to SL(2; C ) � C 4 andhence conclude that p1 � f � iz is independent of z. Repeating the argument withthe other S2-factor, shows that f 2 SO(3)� SO(3).Lemma 3.3. Let M be compact Riemannian manifold with isometry group G andsuppose � is a discrete subgroup of G which acts freely on M . Then the dimensionof the isometry group Isom(M=�) of M=� is the same as the dimension of thecentraliser C(�).



Einstein-Weyl Manifolds 5Proof. Any Killing vector �eld onM=� lifts to a Killing vector �eld onM commut-ing with �, so dimIsom(M=�) 6 dimC(�). On the other hand, C(�) is a subgroupof the normaliser NG(�) and elements of NG(�)=� act isometrically on M=�.Proposition 3.4. If � is a non-trivial �nite group acting freely and isometricallyon S2 � S2 and (S2 � S2)=� is homogeneous, then � is a subgroup of Z2�Z2 =f(�1;�1)g.Proof. Let f be a non-trivial element of �. First assume that f does not swap theS2-factors, so f(x; y) = (�(x); �(y)) for some �; � 2 O(3). Now since �2 and �2lie in SO(3), f2 = (�2; �2) has a �xed-point and so must be the identity, thus �and � are either � Id or conjugate to �" = diag(1; ";�1), " = �1. Since f is �xed-point free, we have without loss of generality that � = � Id. Now the centraliserC(�";�1) of (�";�1) in the isometry group of S2�S2 is O(2)�O(3) which acts withthree-dimensional orbits on S2 � S2. By the previous Lemma, the isometry groupof the quotient has the same dimension as the centraliser C(�). But C(�) 6 C(f),so the quotient can only be homogeneous if � = � Id. Thus f 2 f(�1;�1)g.If f swaps the S2-factors then f(x; y) = (�(y); �(x)), for some �; � 2 O(3). Nowf2(x; y) = (��(x); ��(y)), which can not be the identity as (x; y) 7! (�(y); ��1(x))has (�(y); y) as a �xed-point. Now f2 preserves the S2-factors, so we may applythe above arguments to get �� = � Id. Thus f(x; y) = (�(y);���1(x)). Now, if((
; �); ") is an element of C(f) = C((�;���1);�1) 6 (O(3) � O(3)) o Z2, then� = "��1
�", so the centraliser of f has dimension 3, which implies the quotientcan not be homogeneous.This completes the proof of Theorem 3.1.4. Homogeneous Einstein-Weyl Four-ManifoldsThe aim of this section is to prove:Proposition 4.1. A compact homogeneous Einstein-Weyl four-manifold is either�nitely covered by S1 � S3 or is a homogeneous Einstein manifold.Here the Einstein-Weyl structure on S1 � S3 is given by the product metric,where the circle may have any prescribed length, and the pull-back of a one-form ofappropriate constant length on the circle. These are special cases of what Gaudu-chon [7] calls manifolds of type S1 � S3, see the introduction.Proof. Assume D is not exact and let G be the symmetry group of M = G=H.Let m be an AdH -invariant complement to h � g. Since G preserves the Weyl one-form !, we have a further AdH -invariant splitting m = ker!� (ker!)?. As G actse�ectively onM , we have that h acts e�ectively on m, and so h 6 o(3)�o(1) �= su(2).In particular, rank h is at most 1 and dimg = 4 + dimh 6 7. Note that g can notbe Abelian, otherwise M is a torus and �1(M ) = Z4 forces the structure to beEinstein [22].The classi�cation of compact Lie groups now implies that are there are onlyfour cases to consider: (A) g = u(1) � su(2), (B) g = 2 u(1) � su(2) with (a) h =u(1) 6 su(2) or (b) h = u(1)� 6 u(1) � su(2), and (C) g = u(1) � 2 su(2) withh = su(2)� 6 2 su(2), where the subscript � indicates a subalgebra not containedin either factor.In case (B)(a), M is �nitely covered by T 2 � S2 which by the Einstein-Weylinequality [20] can not admit an Einstein-Weyl structure. In the remaining threecases, M is �nitely covered by S1 � S3. The Einstein-Weyl inequality then impliesthat D is closed and Gauduchon's results [7] give that the structure on S1 � S3 isstandard.



6 A. B. Madsen, et al.5. Cohomogeneity-one Einstein-Weyl ManifoldsProceeding with the proof of the Main Theorem, the previous two sections im-ply that we may assume that M is neither Einstein nor homogeneous. Since thedimension of G is at least four, the principal orbits must be three-dimensional andthus G acts with cohomogeneity one on M . The only possibilities for G are nowSO(4), S1 � SO(3) and U(2) and the principal orbits are �nitely covered by eitherS3 = SO(4)= SO(3), S1 � S2 = S1 � SO(3)= SO(2) or S3 = U(2)=U(1) [2, 1, 16].The �rst of these cases is dealt with below after having established a result relevantto all three cases. The remaining two are the subject of the next two sections.Suppose for the moment thatM is not of type S1�S3 [7]. This implies that theconformal scalar curvature is strictly positive and that �1(M ) is �nite [22]. It nowfollows that the orbit space M=G is a closed interval [0; `], since if it were a circlethen the exact homotopy sequence together with connectedness of the principalorbits would give an in�nite fundamental group.Proposition 5.1. Let M be a compact manifold of cohomogeneity one with �nitefundamental group. Let � : M !M=G = [0; `] be the projection. Then ��1(0; `) isa union of principal orbits G=H and there are two special orbits ��1(0) = G=K1and ��1(`) = G=K2, where the subgroups Ki contain H and the quotients Ki=H aredi�eomorphic to spheres.Suppose in addition that M is Einstein-Weyl. Let 
 be a geodesic of the Gaudu-chon metric g orthogonal to one, and hence all, principal orbits G=H. Parameterise
 by arc length so that �
(t) = t, for t 2 [0; `]. Then the Gauduchon metric andone-form ! take the form g = dt2+ gt and ! = !t, where (gt; !t) are homogeneousWeyl structures on G=H.Proof. The topological assertions may be found in [16]. The choice of 
 impliesthat g = dt2 + gt and ! = �(t)dt + !t, for some function � : [0; `] ! R. For a�xed volume form vol on G=H, gt has volume volt = f(t) vol. Note that (gt; !t) isthe Gauduchon gauge on ��1(t), because the conformal factor taking gt to theGauduchon metric is G-invariant and hence constant on G=H. We now have0 = d�! = � � d � (�(t)dt)� d�t!t = �(�f)0=f;and thus it is su�cient to show �(0) = 0. However, t is a radial coordinate on thedisk bundle (M n (G=K2)) ! G=K1, so � must vanish at 0 in order for ! to besmooth.Corollary 5.2. Suppose M is a compact Einstein-Weyl four-manifold of cohomo-geneity one under G = SO(4). Then M is either Einstein or is a �nite quotientof S1 � S3.Proof. If M=G is an interval, then the fact that S3 = SO(4)= SO(3) is isotropyirreducible, implies that the G-invariant one-forms !t must be zero.IfM=G is a circle, then the topology ofM is either S1�S3, (S1�S3)=(�1;�1)or S1 �RP3, since the �bre has a transitive action of SO(4) and so can only be S3or RP3. Again, the Einstein-Weyl structure must be standard by [20, 7].Remark 5.3. In [22] it was shown that an Einstein-Weyl structure in the Gauduchongauge (g; !) is smooth as soon as g is C2 and ! is C1. This will be used repeatedlywhen �nding boundary conditions later.Notation 5.4. The topology of the manifoldsM appearing in the Proposition is ingeneral determined by the principal and special orbits together with a double cosetof (NG(H) \ NG(K1))nNG(H)=(NG(H) \ NG(K2)). However in all the cases weactually encounter NG(Ki) contains NG(H) and this double coset space is trivial.We will write [G=K1 j G=H j G=K2 ] for these manifoldsM .



Einstein-Weyl Manifolds 76. Symmetry Group S1 � SO(3)LetM be a four-manifold of cohomogeneity one under an e�ective action of G =S1 � SO(3) such that the orbit space is an interval [0; `]. The principal orbit G=His then a �nite quotient of S1 � S2 and H is a one-dimensional subgroup of G. Wewill let SO(2) denote the subgroup f1g � SO(2) 6 S1 � SO(3) consisting of thematrices ( 1 00 A ) and let � 2 SO(3) be diag(�1;�1; 1).Lemma 6.1. (a) The only proper Lie subgroup of SO(3) strictly containing SO(2)is O(2) = S(O(1) �O(2)).(b) The only one-dimensional Lie subgroups H of S1 � SO(3) containing SO(2)areZk�SO(2),Zk�O(2) andZ2`nSO(2), whereZ2` is generated by (exp(�i=`); �).Proof. Part (a) is well-known. For part (b), let �1; �2 : S1 � SO(3)! S1; SO(3) bethe projections. Then H is a subgroup of �1(H)� �2(H), part (a) implies �2(H) iseither SO(2) or O(2) and the dimension restriction forces �1(H) =Zk for some k.Write (ker �1)\H = f1g�N C f1g��2(H). Then H is an extension ofZk byN andN contains SO(2). If N equals �2(H), then H is simply the product �1(H)��2(H)giving the �rst two cases. Otherwise we have �2(H) = O(2), N = SO(2) andthat 
 = (exp(2�i=k); �) is an element of H mapping to the generator of Zk. As
k 2 ker �1, we necessarily have that k is even.Proposition 6.2. If M4 is of cohomogeneity one under G = S1 � SO(3), then theprincipal orbit is either S1 �S2, S1 �RP2 or S1 �� S2 = (S1 �S2)=f�(1; 1)g andthe corresponding possible special orbits are given in Table 1.Proof. The principal orbits are G=H, where H is given by the previous Lemma.However, the factors Zk and Z̀ are central subgroups of both G and H and justshorten the S1-factor. So by rescaling, we may assume H is either SO(2), O(2)or Z2n SO(2). The special orbits G=K are now determined by the condition thatK=H be a sphere. Note that even though RP1 is just a circle, we use it to denotethe quotient S1=f�1g, which has half the length of the S1-factor in the principalorbit.H, G=H K, G=K Boundary conditionsSO(2), S1 � S2 SO(3), S1 f > 0, f 0; h; h00 = 0, h0 = 1S1 � SO(2), S2 h > 0, f; f 00; h0; �; �0 = 0, f 0 = 1Z2� SO(2), RP1�S2 f; h > 0, f 0; h0; �0 = 0O(2), S1 �RP2 dittoZ2n SO(2), S1 �� S2 dittoO(2), S1 �RP2 andZ2n SO(2), S1 �� S2S1 � O(2), RP2 h > 0, f; f 00; h0; �; �0 = 0, f 0 = 1Z2� O(2), RP1�RP2 f; h > 0, f 0; h0; �0 = 0Table 1. Principal orbits G=H, special orbits G=K and boundaryconditions when G = S1 � SO(3)Theorem 6.3. Let M be a compact four-dimensional non-exact Einstein-Weylmanifold of cohomogeneity one under G = S1 � SO(3). Then M=G is an intervaland M is given in Table 2.



8 A. B. Madsen, et al.G=H G=K1 G=K2 M Einstein-WeylS1 � S2 S1 S1 S1 � S3 type S1 � S3S1 S2 S4 one-dimensional familyS1 RP1�S2 S1 �(�1;�) S3 type S1 � S3S1 S1 �RP2 S1 �RP3 type S1 � S3S1 S1 �� S2 S1 �(�1;�1) S3 type S1 � S3S2 S2 S2 � S2 one-dimensional familyS2 RP1�S2 RP2�S2 one-dimensional familyS2 S1 �RP2 S2 �(�;�1) S2 one-dimensional familyS2 S1 �� S2 S2 �(�1;�1) S2 one-dimensional familyS1 �RP2 RP2 RP2 S2 �RP2 one-dimensional familyRP2 RP1�RP2 RP2�RP2 one-dimensional familyS1 �� S2 RP2 RP2 S2 �(�;�1) S2 one-dimensional familyRP2 RP1�RP2 RP2�(�;�1)S2 one-dimensional familyTable 2. Topology of and Einstein-Weyl structures on four-manifolds M of cohomogeneity one under G = S1 � SO(3),with principal orbit G=H and special orbits G=K1, G=K2. Here� = diag(�1; 1; : : : ; 1) and � = diag(�1;�1; 1).The proof of Theorem 6.3 divides into two parts. First we shall show thatM=G isnot a circle and then determine via essentially topological arguments which four-manifolds M with cohomogeneity-one S1 � SO(3)-actions and M=G = [0; `] cannot admit Einstein-Weyl structures or only admit structures of type S1 � S3. Wewill then construct all Einstein-Weyl solutions with the given symmetry on theremaining manifolds.Topology. Suppose M=G is a circle. If G=H is S1 � S2 then M has the topologyof T 2 � S2 or a Z2-quotient. If G=H is S1 �RP2, then the only topology for Mis T 2�RP2. In the case G=H = S1�� S2,M has the topology of (S1 �� S2)�S1or a Z2-quotient. In all these cases, M is �nitely covered by T 2 � S2, which doesnot satisfy the Einstein-Weyl inequality [20].Now that M=G is an interval will identify those of type S1 � S3. For [S1 jS1 � S2 j S1 ] and [S1 j S1 � S2 j S1 � RP2 ] the S1-factors split o� to giveS1 � [ � j S2 j � ] = S1 � S3 and S1 � [ � j S2 j RP2 ] = S1 �RP3, respectively. Themanifold [S1 j S1�S2 j RP1�S2 ] is theZ2-quotient of S1�S3 = [S1 j S1�S2 j S1 ]by (z; x; t) 7! (�z; x; `� t) 2 S1�S2� [0; `]. Note that thisZ2-action preserves thestandard Einstein-Weyl structure on S1 � S3. Similarly [S1 j S1 � S2 j S1 �� S2 ]is the quotient by (z; x; t) 7! (�z;�x; `� t).We now show that those combinations of orbit types not appearing in the Tabledo not admit Einstein-Weyl structures. This will mainly be based on the fact thatif M is Einstein-Weyl then so is any �nite unbranched cover M 0 !M .The �rst case is [RP1�S2 j S1 � S2 j RP1�S2 ], which we may rewrite as[RP1�S2 j S1 � S2 j RP1�S2 ] = [RP1 j S1 j RP1 ]� S2= �[RP1 j S1 j � ]#[ � j S1 j RP1 ]�� S2= (RP2#RP2) � S2 = K2 � S2;



Einstein-Weyl Manifolds 9where K2 is the Klein bottle. However K2�S2 is double-covered by T 2�S2 whichdoes not satisfy the Einstein-Weyl inequality [20].The manifolds [RP1�S1 j S1�S2 j S1�RP2 ] and [RP1�S1 j S1�S2 j S1 ��S2 ] are Z2-quotients of [RP1�S2 j S1 � S2 j RP1�S2 ] by (z; x; t) 7! (z;�x; `� t)and (z; x; t) 7! (�z;�x; `� t), respectively, so are not Einstein-Weyl.Similarly, we have [S1 � RP2 j S1 � S2 j S1 � RP2 ] = S1 � (RP3#RP3)which has oriented cover T 2 � S2 and so is not Einstein-Weyl. The Z2-action(z; x; t) 7! (�z;�x; ` � t) on [S1 �RP2 j S1 � S2 j S1 �RP2 ] gives [S1 � RP2 jS1 � S2 j S1 �� S2 ] and so this latter space can not be Einstein-Weyl.The one remaining case with principal orbit S1 � S2 isM� := [S1 �� S2 j S1 � S2 j S1 �� S2 ]:There is a free involution � on M� induced by the map (1;�1) on S1 � S2.From (6.1), below, we see that this involution preserves any S1 � SO(3)-invariantEinstein-Weyl structure on M�. However, M�=� = K2 � RP2 and so M� is notEinstein-Weyl.For each of the other two possible principal orbits there is only one case to con-sider. However, [RP1�RP2 j S1�RP2 j RP1�RP2 ] isK2�RP2 and [RP1�RP2 jS1��S2 j RP1�RP2 ] is the quotient ofK2�S2 = [RP1�S2 j S1�S2 j RP1�S2 ]by (z; x; t) 7! (�z;�x; t), so neither of these is Einstein-Weyl.Remark 6.4. A smooth classi�cation of compact four-manifolds of cohomogeneityone has been given in [19]. However, the groupZ2nSO(2) is not given as a possibil-ity for either H or Ki and hence the above eight spaces involving the orbit S1��S2are missing from that classi�cation, as are the two distinct manifolds with principalorbits S1 �� S2 and orbit space S1.Explicit Solutions. For each of the three choices of stabiliser H, the Einstein-Weyl structure lifts to an S1 � SO(3)-invariant structure on S1 � S2 � (0; `). SinceS2 is isotropy irreducible, S2 admits no non-zero invariant one-forms and any invari-ant metric is a constant multiple of the canonical metric gcan of sectional curvatureone. Thus Proposition 5.1 implies that the Einstein-Weyl structure takes the formg = dt2 + f(t)2d�2 + h(t)2gcan; ! = �(t) d�; (6.1)where � is the arc-length parameter on a circle of length 2� and f , h and � aresmooth functions on [0; `] with f; h > 0 on (0; `).Using formul� for warped-product metrics [3] (cf. [2, 18, 22]), the Einstein-Weylequations become �f 00f � 2h00h = �; (6.2)�f 00f � 2f 0h0fh + 12 �2f2 = �; (6.3)�h00h � h02h2 � f 0h0fh + 1h2 = �; (6.4)�0 � 2� f 0f = 0; (6.5)where � is some function. In addition, at 0 and ` the functions f , h and � satisfycertain boundary conditions depending on the type of the principal and specialorbits. These conditions at 0 are given in Table 1 and those at ` are the same,except that the value 1 is replaced by �1.We will �rst �nd the general non-exact S1 � SO(3)-invariant Einstein-Weyl so-lutions and then impose the boundary conditions.



10 A. B. Madsen, et al.Equation (6.5) implies that 
 := �=f2 is a constant and since our structure isin the Gauduchon gauge, non-exactness implies 
 6= 0. Eliminating � from theremaining equations gives h00h � f 0h0fh + 14
2f2 = 0; (6.6)f 00f � h02h2 + 1h2 � 14
2f2 = 0: (6.7)Multiplying (6.6) by 2hh0=f2 shows that � := 14
2h2+(h02=f2) is a strictly positiveconstant, and so writing r :=p
2=4� > 0, we havef2 = ��1h02(1� r2h2)�1 (6.8)with h(t) 2 [0; 1=r].If we change the metric g by a homothety g 7! ~g = �2g and let ~t = t=�,then ~g is still in the Gauduchon gauge and has the form (6.1). However, the newconstants are given by ~
 = 
=�2, ~� = �=�2 and ~r = r=�. Thus by rescaling we mayassume r = 1.As f > 0 on (0; `), we have that h0(t0) = 0 at some t0 2 (0; `) if and only ifh(t0) = 1. However, (6.6) shows that h is not constant on any open subintervalof (0; `), so Rolle's Theorem implies that h0 has at most one zero on (0; `).Let H(h) := h02 and let � denote di�erentiation with respect to h. Then substi-tuting (6.8) into (6.7) gives�H + 3h1� h2 _H + 4h4 + 4h2 � 2h2(1� h2)2 H = � 2h2 : (6.9)The homogeneous equation has a solution H0(h) = (1� h2)3=2=h and the generalsolution of (6.9) is H(h) = v(h)H0(h), where v satis�es_v = (1 + qh2)(1� h2)�3=2; (6.10)for some constant q.Choose ' so that sin' = h. Since h > 0 on (0; `), we may demand that ' 2 [0; �]and solve (6.10) to getv(') = (V (') + v(0); for 0 6 ' < �=2,�V (') + v(�) � q�; for �=2 < ' 6 �, (6.11)where V (') := (q + 1) tan' � q'. These expressions are not de�ned at �=2.However, '(t0) = �=2 corresponds to h(t0) = 1 and so occurs for at most one t0 2(0; `). From (6.6), we have h00(t0) < 0, and together with h0 = '0 cos', this impliesthat '0 is strictly positive on (0; `). Without loss of generality we may assume'0 > 0 on (0; `), even when there is no such t0.We need to determine the conditions for f = p��1v(')jcos'j= sin' to be C2at t0. From (6.11), we havelimt!t0 v(h)(1 � h2)1=2 = lim'!�=2 v(')jcos 'j = q + 1:Thus f(t0) > 0 only if q > �1. Now write v(') = �V (') + c�, where � is the signof cos'. We have 2ff 0 = '0d(f2)=d', '0(t0) > 0 andd(f2)d' = ��1(�q cot' + (q' � c�) cosec2');so c+ = �c� =: c and v(0) = q� � v(�). It is straightforward to check thatcontinuity of f 00 at t0 imposes no further conditions.



Einstein-Weyl Manifolds 11Using ' as a coordinate, we haveg = d'2W (') +W (')��1d�2 + sin2 'gcan; ! = �2W (')��1=2d�;where W (') = (q + 1 + (c� q') cot') and q > �1 if �=2 2 ('(0); '(`)). Thus theEinstein-Weyl structure depends on the �ve parameters �, q, c, '(0), '(`). We alsohave h02 = W (') cos2 '; '02 = W (') = �f2;f 0 = '02f d(f2)d' = 12�1=2 (�q cot'+ (q'� c) cosec2 ');f 00 = 12 (2q + (q'� c) cot') cosec2'f;h00 = � sin''02 + cos''00 = �1=2(� sin' �1=2f2 + cos'f 0);� = �2�1=2f2; �0 = �4�1=2ff 0 :Using these expressions one gets the following Lemma.Lemma 6.5. Let " be 1 if t = 0 and �1 if t = `. Then the boundary conditionsare equivalent to the following:(a) special orbit S1: sin' = 0 and c = q';(b) special orbit S2 or RP2: sin' > 0, q = "2�1=2 cot' � 1 � cot2' and c =("2�1=2 � cot')(' cot' � 1)� ';(c) special orbit RP1�S2, S1�RP2, S1��S1 or RP1�RP2: ' = �=2, c = q�=2and q > �1.From this one sees immediately that there are no solutions when both orbitsare of type (c), in agreement with our topological results. Each of the other pairsof special orbits do give Einstein-Weyl structures. Write A := '(0), B := '(`),so 0 6 A < B 6 � and observe that we may swap the special orbits via thetransformation t 7! ` � t, ' 7! � � '.For [S1 j S1 � S2 j S1 ], we have A = 0, B = � and c = 0 = q�, so q = 0and W � 1. Thus g = d'2 + ��1d�2 + sin2 'gcan and ! = �2��1=2d�, which isthe standard structure on S1 � S3. Similarly, we get W � 1 and structures oftype S1 � S3 if one special orbit is S1 and the other is of type (c).The only combination (a){(b) possible is S4 = [S1 j S1 � S2 j S2 ]. Herewe get A = 0 and c = 0 from the S1-orbit, whereas t = ` gives B < �, q =�2�1=2 cotB � 1 � cot2B, c = �(2�1=2 + cotB)(B cotB � 1) � B. The conditionc = 0 determines �, and hence q and W , in terms of B and we get the followingfamily of Einstein-Weyl structures on S4 depending on the parameter B 2 (0; �):g = 1�B cotB' cot'� B cotB d'2 + 4(1�B cotB)(' cot' �B cotB)(B +B cot2B � cotB)2 d�2+ sin2'gcan;! = �4 ' cot' �B cotBB + B cot2B � cotB d�; (6.12)where the coordinate ' runs over [0; B].The remaining two combinations of special orbit types are (b){(b) and (b){(c).The simplest to compute is (b){(c). Here B = �=2, c = q�=2 and 0 < A < �=2 withq = 2�1=2 cotA� 1� cot2A, c = (2�1=2� cotA)(A cotA� 1)�A. These equationsmay be solved to get �, q and c in terms of A. Letting C = �=2�A 2 (0; �=2) and



12 A. B. Madsen, et al. = �=2� ' 2 [0; C], the Einstein-Weyl solutions becomeg = 1 + C tanCC tanC �  tan d 2 + 4(1 + C tanC)(C tanC �  tan )(C +C tan2C) + tanC)2 d�2+ cos2  gcan;! = �4 C tanC �  tan C + C tan2 C + tanC d�: (6.13)For the combination (b){(b), the boundary conditions givec = (2�1=2 � cotA)(A cotA � 1)� A = �(2�1=2 + cotB)(B cotB � 1)�B;(6.14)q = 2�1=2 cotA � 1� cot2A = �2�1=2 cotB � 1� cot2B: (6.15)From the last equation (6.15), we get that either 2�1=2 = cotA � cotB or cotA +cotB = 0. The former is not possible, because putting this expression for 2�1=2into (6.14) leads to A�B = tan(A�B), which has no solution with 0 < B�A < �.Thus cotB = � cotA, which for A;B 2 (0; �) implies B = � � A. Setting C =�=2 � A and  = �=2 � ', we once again obtain the solutions (6.13) except that now lies in the interval [�C;C]. Thus we see that the solutions on S2 � S2 andS2 �RP2 are simply the lifts of the solutions of type (b){(c) to the double covers.Note that the condition q > �1 is ful�lled by all the above solutions whenever' runs over an interval containing �=2.7. Symmetry Group U(2)For the proof of the Main Theorem, the last remaining case is that of an ef-fective action of G = U(2) on M4 such that M=G = [0; `]. The principal or-bits are �nite quotients of S3 = U(2)=U(1), where U(1) = f diag(exp(i�); 1) g.As the only one-dimensional subgroups of U(2) containing U(1) are U(1) �Zk =f diag(exp(i�); exp(2�i`=k) g, the principal orbits are thus the Lens spaces L(k; 1).The possible special orbits are given in Table 3.H, G=H K, G=K Boundary conditionsU(1), S3 U(2), � f; f 00; h; h00; �; �0 = 0, f 0; h0 = 1U(1)�U(1), CP1 h > 0, f; f 00; h0; �; �0 = 0, f 0 = 1U(1)�Z2, RP3 f; h > 0, f 0; h0; �0 = 0U(1)�Zk, L(k; 1), k > 2U(1)�U(1), CP1 h > 0, f; f 00; h0; �; �0 = 0, f 0 = 1U(1)�Z2k, L(2k; 1) f; h > 0, f 0; h0; �0 = 0Table 3. Principal orbits G=H, special orbits G=K and boundaryconditions when G = U(2).Theorem 7.1. Let M be a compact four-dimensional non-exact Einstein-Weylmanifold of cohomogeneity one under G = U(2). Then either M=G is a circleand M is a �nite quotient of S1 � S3 or M=G is an interval and M is given inTable 4.As in the case of S1�SO(3)-symmetry we �rst look at the problem topologically.However, in this case we can not deduce so much and will have to rely on the moreinvolved analysis of the di�erential equations.



Einstein-Weyl Manifolds 13G=H G=K1 G=K2 M Einstein-WeylS3 � � S4 one-dimensional family� CP1 CP2 one-dimensional family andan isolated solution� RP3 RP4 one-dimensional familyCP1 CP1 CP2#CP2 one-dimensional familyCP1 RP3 CP2#RP4 one-dimensional familyL(2j; 1); j > 2CP1 L(4j; 1) S2 �RP2 one-dimensional familyCP1 CP1 S2 � S2 one-dimensional familyL(2j + 1; 1); j > 2CP1 L(4j + 2; 1) CP2#RP4 one-dimensional familyCP1 CP1 CP2#CP2 one-dimensional familyTable 4. Topology of and Einstein-Weyl structures on four-manifoldsM of cohomogeneity one under G = U(2), with principalorbit G=H and special orbits G=K1, G=K2. Note that the samedi�eomorphism type can appear as several di�erent G-manifolds,see Remark 7.3.When M=G is a circle, then M is obtained from G=H � [0; `] by identifying the�bres over the endpoints via an isometry �. Topologically the resulting manifoldscorrespond to the elements of NG(H)=H. Taking an n-fold cover of the circle yieldsthe manifold obtained using the identi�cation �n. However, in our case this lattergroup is �nite, so we can �nd n such that �n 2 H and topologically M is �nitelycovered by G=H � S1. Now G=H is itself a �nite quotient of S3, so M is a �nitequotient of S1 � S3. As before, [20, 7] imply that the Einstein-Weyl structure isstandard.Now consider the case when M=G is an interval.Notation 7.2. We will write M (k) for [ CP1 j L(k; 1) j CP1 ] and M (k)=Z2 for itsZ2-quotient [ CP1 j L(k; 1) j L(2k; 1) ].Remark 7.3. The above notation was used in [22],M (k) is the S2-bundle over CP1built from the circle bundle P (k) = L(k; 1) ! CP1. The di�eomorphism typeof M (k) depends only on the parity of k: if k is even then M (k) is di�eomorphicto S2 � S2; for k odd, M (k) is CP2#CP2. This is proved by calculating the in-tersection form of M (k) (see [5, p. 4]). However, the equivariant di�eomorphismtypes of M (k) are distinct for all k > 0. This is re
ected in the (non-)existence ofEinstein-Weyl structures: M (2) andM (3) have no solutions, whilst for all other k,the family of U(2)-invariant Einstein-Weyl structures on M (k) is one-dimensional.Thus S2�S2 and CP2#CP2 have countably in�nitely many one-dimensional fam-ilies of solutions.From the topological point of view, two cases that can be excluded easily fromthe Einstein-Weyl classi�cation are RP4#RP4 = [RP3 j S3 j RP3 ] and its Zk-quotients [L(2k; 1) j L(k; 1) j L(2k; 1) ]. We claim that RP4#RP4 and its Zk-quotients can not be Einstein-Weyl. The space RP4#RP4 has oriented doublecover S1 � S3, where Z2 acts by (exp(it); p) 7! (exp(�it);�p). However, this



14 A. B. Madsen, et al.action does not preserve dt and hence the Einstein-Weyl structures on S1 � S3 arenot Z2-invariant and do not descend to the quotient.We now turn to the analysis of the di�erential equations. The manifolds L(k; 1)are circle bundles over S2. Write gFS for the Fubini-Study metric on S2 = CP1 andnote that 4gFS = gcan = rFS. Let !FS be the K�ahler form on CP1 and let � be theconnection one-form on � : L(k; 1)! CP1 such that d� = 2k��!FS. Proposition 5.1implies that the Einstein-Weyl structure takes the formg = dt2 + f(t)2�2 + h(t)2gFS; ! = �(t)�; (7.1)where f , h and � are smooth functions on [0; `] with f; h > 0 on (0; `).The Einstein-Weyl equations now take the form�f 00f � 2h00h = �; (7.2)�f 00f � 2f 0h0fh + 2k2 f2h4 + 12 �2f2 = �; (7.3)�h00h � h02h2 � f 0h0fh + 4h2 � 2k2 f2h4 = �; (7.4)�0 � 2� f 0f = 0; (7.5)where � is some function. The boundary conditions at 0 are given in Table 3 andthose at ` are the same, except that the value 1 is replaced by �1. Our choiceof gFS instead of gcan is partly motivated by the simple form of these boundaryconditions.We commence by �nding the general non-exact Einstein-Weyl solutions, beforeimposing the boundary conditions. Formally this has many similarities to theprevious case with S1 � SO(3)-symmetry, but various details di�er.Equation (7.5) implies that 
 := �=f2 is a constant and since our structure isin the Gauduchon gauge, non-exactness implies 
 6= 0. Eliminating � from theremaining equations givesh00h � f 0h0fh + k2 f2h4 + 14
2f2 = 0; (7.6)f 00f � h02h2 � 3k2f2h4 + 4h2 � 14
2f2 = 0: (7.7)Multiplying (7.6) by 2hh0=f2 shows that � := 14
2h2�(k2=h2)+(h02=f2) is constant.Let A = 2�=
2 and B = (2pk2
2 + �2)=
2 > 0, then we have14
2f2(h2 � A+ B)(A + B � h2) = h2h02:If we rescale the metric by a homothety g 7! �2g, then 
 7! 
=�2, � 7! �=�2,A 7! �2A and B 7! �2B. Thus we may rescale to have B = 1 and hencef2 = (1�A2)h2h02k2(1� (A� h2)2) : (7.8)Note that A < 1, so h0(t0) = 0 for some t0 2 (0; `) if and only if h(t0)2 = 1 + A.Equation (7.6) and Rolle's Theorem imply that h0 has at most one zero on (0; `).Putting H(h) := h02 and substituting (7.8) into (7.7) gives�H + 3(1�A2 + h4)h(1� (A� h2)2) _H+ h8 + 2Ah6 + (7� 9A2)h4 � 8A(1� A2)h2 � 2(1�A2)2h2(1 � (A � h2)2)2 H = � 8h2 : (7.9)



Einstein-Weyl Manifolds 15The homogeneous equation has a solution H0(h) = (1� (A � h2)2)3=2=h4 and thegeneral solution of (7.9) is H(h) = v(h)H0(h), where v satis�es_v = 2h3(2 + qh2)(1 � (A � h2)2)�3=2; (7.10)for some constant q.Let '0 = � sin�1A 2 (��=2; �=2) and write h2 = A+sin' with ' 2 ['0; ��'0].Then we have 1� (A� h2)2 = cos2' and we may solve (7.10) to getv(') = �V (') + c�;where � is the sign of �=2� ',V (') = (2A+ (1 +A2)q) tan' + 2(1 + Aq) sec'� q';c+ = v(0) � 2(1 +Aq) and c� = v(�) � 2(1 + Aq)� q�. These expressions are notde�ned at �=2, but we may assume that '0 > 0 on (0; `), as before.If h0(t0) = 0, we need to have that f = pk�2(1�A2)v(')jcos'j=(A+ sin') isof class C2 and strictly positive at ' = �=2. Nowlim'!�=2 v(')jcos(')j = (1 + A)(2 + (1 +A)q);so f(t0) > 0 implies q > � 21 +A: (7.11)Looking at the �rst derivative we haved(f2)d' = 1� A2k2(A+ sin')2 �(2 + q(A + sin'))(A + sin')2 sec'� �(1 +A sin')v(')�! k�2(1� A)(q �2 � �c�)as ' ! �=2. Since the limits from the left and right should agree, we have c+ =�c� =: c. Continuity of f 00 at t0 imposes no further restrictions.We now haveh02 = k2 cos2'(A+ sin')(1� A2)f2; '0 = 2k(1 �A2)1=2 f;f 0 = k(1�A2)1=2 h� cos'A + sin'f2+ 1�A2k2(A+ sin') fA(2 +Aq) cos'� c sin'+ q' sin'gi;f 00 = 2k21�A2 h sin'A + sin'f2 + 2 cos2'(A + sin')2 f2� 2(1�A2) cos'k2(A+ sin')2 fA(2 + Aq) cos'� c sin' + q' sin'g� 1� A2k2(A + sin') �(2A � (1� A2)q) sin'+ c cos'+ q' cos'	i;2hh00 + 2h02 = 2k(1� A2)1=2 f 0 cos'� 4k21�A2 f2 sin';� = � 2k(1�A2)1=2 f2; �0 = � 4k(1� A2)1=2 ff 0:The Einstein-Weyl structure is given byg = d'2W + 1� A24k2 W�2 + (A + sin')gFS; ! = � (1 �A2)1=22k W�; (7.12)



16 A. B. Madsen, et al.whereW = '02 = 4A + sin' �(2A+ (1 + A2)q) sin' + (c � q') cos'+ 2(1 +Aq)� :Regarding k as being given by the topology, we see that the Einstein-Weyl structurethus depends on the �ve constants A, q, c, '(0), '(`) with the constraint (7.11)which only applies if �=2 2 ('(0); '(`)). Using the above expressions, the boundaryconditions are now given byLemma 7.4. Let " be 1 if t = 0 and �1 if t = `. The boundary conditions at t areequivalent to the following:(a) special orbit � (implies k = 1): sin' = �A and c = q('+sin' cos')�2 cos ';(b) special orbit CP1: if ' = �=2, then q = �2=(1 +A) andc = �"�1 +A1�A�1=2 k � �1 +A;whereas for ' 6= �=2 we havec = �(2A + (1 +A2)q) tan'� 2(1 +Aq) sec '+ q';q = �" k cos'(1 �A2)1=2 � 2� 1A + sin' ;(c) special orbit L(2k; 1): ' = �=2, c = q�=2, q > �2=(1 +A).This immediately implies that there are no solutions when both special orbitsare L(2k; 1). We now consider the other �ve cases in turn.Case 1: S4 = [ � j S3 j � ]. The boundary conditions imply '(`) = ��'(0) and,writing  = �=2� ' and D =  (0),q = � 2 sinDD � sinD cosD ; c = � � sinDD � sinD cosD:Hence, the Einstein-Weyl structure is given by (7.12) withW = 8(D + sinD cosD � (D cosD + sinD) cos �  sinD sin )(cos � cosD)(D � sinD cosD) :Case 2: RP4 = [ � j S3 j RP3 ]. Noting that in the S4 solutions we hadc = q�=2, we see that all the solutions on S4 descend to RP4, and we obtain thesame expressions, except that ' runs over ['(0); �=2] instead of ['(0); � � '(0)].Case 3: CP2 = [ � j S3 j CP1 ]. Write D = '(0) and E = '(`). Note thatsinE � sinD is h(`) and so is strictly positive. There are two cases to considerbecause of the di�erent form of the boundary conditions.Case 3a: E = �=2. From the boundary conditions we haveq = � 21 � sinDc = �1� sinD1 + sinD�1=2 � �1� sinD= (D + sinD cosD)q � 2 cosD:Substituting the �rst equation into the last, writing �(1� sinD)=(1 + sinD)�1=2 =cosD=(1 + sinD) and multiplying through by cos2D, leads to3 + sinD1 + sinD cosD + 2D � � = 0:



Einstein-Weyl Manifolds 17The left-hand-side of this equation F (D) has derivative F 0(D) = sinD cos2D=(1+sinD)2, which vanishes only at 0. Also F (�=2) = 0 and F (D) tends to1 asD tendsto ��=2. As F (0) equals 3�� which is negative, we deduce that F has precisely onezero in (��=2; �=2) and hence there is one solution to the Einstein-Weyl equationswith E = �=2.Case 3b: E 6= �=2. The boundary conditions implyq = �� cosEcosD + 2� 1sinE � sinD ;c = (D + sinD cosD)q � 2 cosD= (2 sinD � (1 + sin2D)q) tanE � 2(1� q sinD) secE + qE:Equating the last two expressions, substituting for q from the �rst and multiplyingthrough by cosD cosE(sinE � sinD) leads to�(E �D)(cosE + 2 cosD) + 2(sinD � sinE) + cosD sin(D �E)	 cosE = 0:(7.13)However, we have assumed E 6= �=2, so cosE 6= 0 and the �rst factor in (7.13)must vanish.Introduce new variables � = (E � D)=2 and � = (D + E)=2. Equation (7.13)then implies tan � = (2 + cos2�) sin�� 3� cos�sin�(�� sin� cos�) : (7.14)The variables D and E lie in the region speci�ed by1. D 2 (��=2; �=2),2. sinE > sinD and3. if E > �=2, then cosE=(1� sinE) < �2 cosD=(1� sinD).The latter condition is equivalent to E < � � E0 where E0 2 (��=2; �=2) satis�escosE0=(1� sinE0) = 2 cosD=(1� sinD) or equivalentlysinE0 = 3 + 5 sinD5 + 3 sinD :Note that this is stronger than condition 2.In terms of � and � these constraints become1. � > 0,2. � � � > ��=2 and3. sin� < 3 cos �.Note that one boundary of this region is f (�; �) : � = 0; � 2 (��=2; �=2) g andthat expanding (7.14) for small � shows that there are indeed solutions. A sketchof the region and the curve (7.14) is provided in Figure 1 and shows that there is aone-dimensional family of solutions. It is easily checked that the solution obtainedin Case 3a does not have the property that the �rst factor of (7.13) vanishes andso does not lie in this family.Case 4: M(k)=Z2 = [ CP1 j L(k; 1) j L(2k; 1) ]. The boundary condition at `implies '(`) = �=2 and hence '(0) < �=2. Writing D = �=2� '(0), the boundaryconditions become(D sinD + (1 +A2) cosD + 2A)q = �2A cosD � 2;q = � k sinD(1�A2)1=2 � 2� 1A + cosD;q > �2=(1 +A):
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��=2Figure 1. A one-dimensional family of Einstein-Weyl solutionson CP2. The curve (7.14) is sketched within the region speci�edby the constraints on � and �.Write A = � cos� with � 2 (D;�]. Then eliminating q from the boundary condi-tions leads tok(D sinD + (1 + cos2 �) cosD � 2 cos�) � 2 sin�(D � cos� sinD) = 0;k cot(D=2) > 2 cot(�=2):Putting � = tan(�=2), we haveG(D; � ) := k��4(D sinD + 2 cosD + 2) + 2�2D sinD+ (D sinD + 2 cosD � 2)�� 4��D � sinD + �2(D + sinD)�= 0;� > 2k tan D2 :Lemma 7.5. G(D; � ) is monotone increasing in � in the region � > 2 tan(D=2)=k.In the following it will be convenient to write � = tan(D=2). We will refer tothe line � = 2�=k with � 2 (0;1) as the critical line. The region � > 2�=k we willrefer to as the region above the critical line.Proof. Now (@4G=@�4)(D; � ) = 24k(D sinD+2 cosD+2) which is strictly positive.On the critical line @3G=@�3 is 24G1(D)=(1+�2), where G1(D) := (3�2�1)D+6�. However, G01(D) = 3(1 + �2)�D + 6�2 + 2 > 0 and G1(0) = 0, so G1 > 0 onthe critical line. Hence @3G=@�3 > 0 on and above the critical line.Consider @2G=@�2, which equals 8G2(D)=(k(1 + �2)) on the critical line, whereG2(D) := k2�D+6�[(�2�1)D+2�]. The function G2 satis�es G002 > 0, G02(0) = 0and G2(0) = 0, so we conclude that G2 > 0 on the critical line. Thus @2G=@�2 > 0on and above the critical line.Finally, on the critical line @G=@� = 4G3(D)=(k2(1 + �2)), where G3(D) :=(13�4 + 3k2�2 � 3�2 � k2)D + 26�3 + 2k2�. This has G03 > 0 and G3(0) = 0,so we conclude that @G=@� is strictly positive on and above the critical line, asrequired.



Einstein-Weyl Manifolds 19The lemma implies that zeros of G, and hence Einstein-Weyl solutions, abovethe critical line are in one-to-one correspondence with points on the critical linewhere G is strictly negative.On the critical line we haveG(D; 2�=k) = 2(k2 � 4)�k3(1 + �2)G4(D);where G4(D) := (k2 + 4�2)D � 2k2�. We thus conclude that for k = 2, there areno Einstein-Weyl solutions.The functionG4 satis�es G04(D) = 4�(1+�2)D+(4�k2)�2, G04(0) = 0,G004(0) = 0and 2G0004 (0) = 12� k2. Thus for k > 4, G04 is initially negative, whereas for k 6 3it is initially positive.We claimG04 has precisely one zero in (0; �) if k > 4, and has no zero if k 6 3. Toprove this note that zeros of G04 correspond to solutions of k2� 4 = 4G5(D), whereG5(D) := (1 + �2)D=�. Now G05(D) = (1 + �2)G6(D)=(2�2), where G6(D) :=2�+(�2�1)D. But G06(D) = 2�2+(�2+1)�D is strictly positive, and hence G5 ismonotone increasing. However, G5(D) ! 2 as D ! 0 and G5(D)!1 as D ! �,so G04 has the properties claimed.Thus for k = 3, the function G4, and hence G, is strictly positive and there areno Einstein-Weyl solutions. On the other hand for k > 4, G4 is initially negativeand its derivative has one zero, so G4 is strictly negative on an open interval andwe obtain a connected one-dimensional family of Einstein-Weyl solutions. Finally,for k = 1, G4 remains strictly positive, but G contains the factor k2 � 4 on thecritical line, so one obtains an Einstein-Weyl solution for each D 2 (0; �).Case 5: M(k) = [ CP1 j L(k; 1) j CP1 ]. We claim that the only cohomogen-eity-one Einstein-Weyl structures onM (k) are the pull-backs of those onM (k)=Z2.In particular, there is a one-dimensional family if k > 4 or k = 1 and no solutionsfor k = 2 or 3.Without loss of generality we may assume '(0) < �=2 and '(0) < '(`). LetD = '(0), E = '(`), � := ('(`) � '(0))=2 and � := ('(`) + '(0))=2. WriteA = � sin � with � 2 (��=2; �=2).Lemma 7.6. Either E = �=2 or E = � �D, and in the latter case the Einstein-Weyl structure is Z2-invariant.Proof. Assume that E 6= �=2. The boundary conditions implyq = �k cosDcos� � 2� 1sinD � sin� = ��k cosEcos � � 2� 1sinE � sin�:Multiplying through by cos�(sinD � sin�)(sinE � sin�) givesk(cosD sinE + cosE sinD) = k(cosD + cosE) sin�+ 2(sinE � sinD) sin �:In terms of � and � this implies that either cos � = 0 orsin � = cos� sin�+ 2k sin� cos�: (7.15)If cos � = 0, then E +D = � and the boundary conditions reduce to the equationsfor the case M (k)=Z2.If (7.15) holds, substitute this expression into the second boundary conditionat ` to get q = ��k cosEcos � � 2� 1sinE � sin� = � k cos�cos � sin�:



20 A. B. Madsen, et al.Now using the boundary conditions on c, we have0 = �(2A + (1 + A2)q)(tanD � tanE)� 2(1 +Aq)(secD � secE) + q(D � E):Multiplying through by (cosD cosE)=2 and writing in terms of �, � and � gives0 = (�2 sin�+ (1 + sin2 �)q) sin� cos�+ 2(1� q sin�) sin� sin �� q(cos2�� sin2 �):Substituting (7.15) into this equation gives0 = 1k tan� �4k sin� sin� cos�+ cos�(4 sin2�� k2 cos2�)� (tan�� �):Thus either � = tan� or tan� = k2 � 4 tan2 �4k tan� : (7.16)Now D lies in (��=2; �=2) and E lies in (D; 3�=2), so � is in (0; �). Thus � = tan�has no relevant solutions.If (7.16) holds, thensin� = k2 � 4 tan2�k2 + 4 tan2� and cos � = 4k tan�k2 + 4 tan2�:Substituting these expressions into (7.15) gives sin � = cos�, so � = �=2 � � andeither D = �=2 or E = �=2. But we have excluded the former and so are leftwith E = �=2.It now remains to show that there are no solutions when E = �=2. The boundarycondition for q givesq = � 21 � sin� = �k cosDcos� � 2� 1sinD � sin�;which simpli�es to k cosD1� sinD = 2 cos�1� sin�;or equivalently k cot�12 ��2 �D�� = 2 cot�12 ��2 � ��� : (7.17)The boundary condition for c gives�2 �D = (1 � sin�)3=2(1 + sin�)1=2k + k2 �1� sin�cos� � (1 + sin�)= k2 �1� sin�cos � � (3� sin�):Thus (7.17) impliescot�k4 �1� sin�cos� � (3� sin�)� = 2k cot�12 ��2 � ��� :Substitute x = k2 (1� sin�)= cos� = k2 tan((�=2� �)=2) to getcot(xy) = 1=x; (7.18)where y = (3 � sin�)=2 is strictly greater than 1. Note that x is bounded belowby 0 and above by the requirement that 2xy = �=2 � D < �. Thus, we needto show (7.18) has no solutions for 0 < x < �=(2y). However, cot is monotonedecreasing, so cot(xy) < cot(x). But cot(x) < 1=x, since tanx > x on (0; �=2).Thus there are no Einstein-Weyl solutions with E = �=2.
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