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Abstract. We generalize the Kodaira Embedding Theorem and Chow’s Theorem
to the context of families of complex supermanifolds. In particular, we
show that every family of super Riemann surfaces is a family of projective
superalgebraic varieties.

1. Introduction

In the past few years there has been a great deal of mathematical activity concerning
supermanifolds, both real and complex. While much of this work may seem
unrelated to the physical motivations of the field, it must be remembered that the
subject came into being when physicists realized that it is perfectly consistent to
introduce spaces with anti-commuting coordinates [2]; their original train of
thought was inextricably linked with the Fermi statistics of quantum field
theory, and soon resulted in the formulation of supersymmetric field theories
(e.g. [16,20,26]). It is therefore perhaps not surprising that the deformation theory
of complex supermanifolds has now, with the growing prominence of superstring
theory [9,12], proved to be germane to current physics.

The calculation of amplitudes in superstring theory [9] is supposed to involve
integration over the moduli space [6, 15] of super Riemann surfaces. Unfortunately,
this is a rather unruly object, and, in particular, its non-compactness tends to make
such integrals ill-defined [23]..On the other hand Mumford [18] has given us a
beautiful compactification of the moduli space of Riemann surfaces by treating
them as algebraic curves, and Deligne [4] has announced that the same can be
done for super Riemann surfaces. In order to carry out such a program, it is first
necessary to show that families of complex supermanifolds of dimension 1|1 can
always be thought of as families of projective superalgebraic varieties. In this paper,
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we will explain why this is so, while at the same time deriving results of much
greater generality.

A famous result of Whitney [25] asserts that any smooth compact manifold
M" can be realized as a submanifold of Euclidean space of R?"; indeed, there is a
canonical embedding of M into the infinite dimensional vector space (C*(M))* of
distributions on M, given by

X0y,

where 3, is the Dirac delta measure centered at x, and this gives rise to a
finite-dimensional embedding M < V* by restricting to almost any subspace
V < C*(M) of dimension > 2n, or by restricting to a somewhat more carefully
chosen subspace V of dimension 2n. There is even an easy extension of this to the
setting of supermanifolds: a smooth supermanifold M"!™ can be always be smoothly
embedded in R?*'™*" But for complex manifolds, life is not so simple, because a
holomorphic function on a compact complex manifold is necessarily constant
(by the maximum principle). A way around this is to look for projective embeddings,
for which purpose sections of a line bundle over our complex manifold may be
used in place of holomorphic functions. In 1953, using this idea and a powerful
cohomological vanishing theorem he had recently proved by Hodge theory and
the Bochner method, Kodaira [13] gave an intrinsic characterization of those
complex manifolds which can be holomorphically embedded in complex projective
space. But several years earlier Chow [3] had proved that the only compact complex
submanifolds of complex projective space are those defined by a finite number of
polynomial equations; thus the image of Kodaira’s embedding map is always
perforce an algebraic variety! Thus in many contexts it can be deduced that a
given compact complex manifold-—globally defined in some transcendental terms,
for instance by a collection of holomorphic transition functions—is actually
something completely describable in terms of elementary algebra, and algebraic
geometric methods can then be brought to bear on further understanding the given
space, often with stunning consequences. One might hope that, wherever this
remarkable reduction from analysis to algebra is echoed in physics, there will be
a strong tendency for the corresponding theory to be both better behaved and
more full analyzable than one would otherwise be wont to expect.

In this paper we will discuss the projective embedding problem for complex
supermanifolds. We begin, in Sect. 2, by giving a characterization, in terms of
positive rank one locally free sheaves, of those complex supermanifolds admitting
superholomorphic embeddings into complex superprojective space. In Sect. 3,
this is translated into an obstruction theory involving classical cohomological
invariants, which are then computed for some concrete examples. In Sect. 4, we
give a supermanifold generalization of Chow’s theorem and an analogue of the
Segre embedding theorem. Finally, in Sect. 5, we prove a projective embedding
theorem for families. In particular, we show that a family of complex supermanifolds
of dimension 1|m is necessarily a family of projective algebraic varieties. From the
standpoint of physical applications, the last is perhaps the most important result
proved in this article, since it applies, in particular, to families of super Riemann
surfaces.
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2. The Kodaira Embedding Theorem for Supermanifolds

We shall use Manin’s book [17] as a general reference for the theory of
supermanifolds, and we shall summarize the most important definitions here in
order to establish terminology and notation. A complex supermanifold is a ringed
space (M, .»7), where M is a topological space, and .« is 2 sheaf of supercommutative
rings on M such that, if we let 4" be the ideal of nilpotents in 7, the following
conditions are satisfied:

1. (M, 0) is a complex manifold, where 0= o/ /A",
2. &= N|N? is locally free over 0
3.  is locally isomorphic to the Z,-graded exterior algebra A, é&.

We denote the complex supermanifold (M,.«7) simply by M when there is no
confusion with the underlying topological space—just as one does in classical
complex manifold theory. Similarly, the sheaf o7 is called the structure sheaf of
the complex supermanifold M, and will be denoted, when necessary, by .o/,,. The
complex manifold underlying the supermanifold M is its so-called reduction, defined
as (M, 0), where O = o//./", and denoted by M. The next classical object that
naturally arises in the theory of complex supermanifolds is a holomorphic vector
bundle over M,, whose sheaf of sections is the locally free sheaf &:= A4/ A2 of
(-modules. We call & the characteristic sheaf of the complex supermanifold M. A
split complex supermanifold (M, o/) is defined by the property that o/ =~ A’&, ie.
the supercommutative sheaf of rings is simply given by an exterior algebra
(Z,-graded and supercommutative in the obvious manner) over a locally free sheaf
on the underlying complex manifold; the latter sheaf then becomes the characteristic
sheaf of the split supermanifold. Note that not every complex supermanifold is
split (cf. [5,17,22]). A family of simple but important examples of complex
supermanifolds is given by the superprojective spaces.

Definition 1. Complex superprojective n\m-space is the supermanifold
[FDn|m = ([pm A'(Cm ®C@( - 1)))9

where O(— 1) is the sheaf of sections of the tautological (¢, = — 1) line bundle over
complex projective space P,,.

The motivation for this definition is as follows: a “holomorphic function” on
P,m should surely be a function of total homogeneity 0 in n+ 1 even variables

(z°%....2") ard m odd variables (0',...,0™). Such a function could be uniquely
represented as

Z Z fil...ik(Zo,...,Z”)()il...gik,

k=0 1Zi1< - <ig=m

where f;, ...;, has homogeneity — k. But this is precisely what is meant by a section
of the Grassmann bundle A*(C"® O(— 1)).

Notice that P,, is a split complex supermanifold. The characteristic sheaf of
Pojm is, of course, C"® O(— 1).
Let us also recall that a (superholomorphic) mapping

My, )~ (M, o ,)
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between complex supermanifold is a pair consisting of a holomorphic mapping
fra:(My,0,)~> (M3, 0)
and a pull-back morphism
frifal ot~

of sheaves of Z,-graded rings extending the puli-back morphism for holomorphic
functions. Such a map is called an embedding if, in addition:

1. f.4is an embedding, and
2. [* is a sheaf epimorphism.

In the presence of 1,2 is equivalent to:
3. the induced vector bundle morphism

fl)'l:j:EZ_)Elﬂ

is surjective, where E; — M, is the holomorphic characteristic vector bundle of M;
defined by

OE)= &= N JN?E, i=12

This latter formulation is easier to verify in practice, and will be the one we
will really use.

Let us now recall the statement of the usual Kodaira embedding theorem
[13,24]; this states that a compact complex manifold M can be holomorphically
embedded in some complex projective space if and only if it admits a positive
holomorphic line bundle L— M. Here a holomorphic line bundle is called positive
if and only if it has a Hermitian structure for which the curvature is a Kahler form,
for M a Riemann surface, this amounts to requiring that | ¢,(L) > 0. A locally free

M

rank one sheaf % is of the form @(L), where L is a holomorphic line bundle. We
say that such an & is positive if L is a positive line bundle. The correct analog of
this notion in the Z,-graded case is as follows.

Definition 2. A locally free rank one sheaf of of-modules on a supermanifold (M, s7)
is said to be positive if its restriction ¥4 to the underlying complex manifold is a
positive rank one sheaf.

Here, the restriction of a sheal # of o/-modules from the supermanifold (M, /)
to the underlying complex manifold (M, ¢) means the sheaf & 4= /A F of
(¢-modules. _

Using the definition we have the following result.

Theorem 1. A complex supermanifold M with compact reduction can be embedded
in some superprojective space P, if and only if it admits a positive rank one sheaf
of of y-modules.

Proof. One direction is trivial. If f:M & P,,, is an embedding, then
& = f*0(1)®,A(C"®0(—-1)))

is a positive rank one sheaf on M. The converse will be proved by showing that
some power of any positive line bundle is precisely of this form for some f,
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Thus, we now assume that there exists a positive rank one sheafl £, on M4
which extends as a rank one locally free sheaf % of «/-modules. Let L— M, be
the positive line bundle defined by £, = O(L), and let E — M be the characteristic
vector bundle defined by O(E) = &. For keN, let #*= ¥ ® ,--- ® , & be the k-fold
tensor product of ¥ with itself, and let £f:= L*/ A" £* Thus

(0) - (O(L®k)

"g(l) - 2(0)®((O @f),

L6 =% jzrankE.
More generally, we have the exact sequence

0— Loy @A'E > L~ L _1,—0. )
Lemma 1. Therestrictionmap I'(M, £*)— I'(M, £%,,) is surjective if k is sufficiently
large.
Proof. From-1 we have exact sequences
H°M, £4) > HO(M, &% _ )~ H (M, Z% ® A'6).

But by Grauert’s vanishing theorem [8], the positivity of L implies that
H'(M, £5® A'€) =0 for any fixed I, provided that k is sufficiently large. For k
sufficiently large we therefore have

H'(M, £ @ A')=0, for 1=1,2,...,rank E.
It then follows by induction that I'(M, ¥*)»I'(M, &%)} is onto. W

Let .#, < O denote the ideal sheaf of xe M. Then .# is a coherent analytic sheaf,
and we can again conclude by the Grauert vanishing theorem that, for k sufficiently
large,

H'M, S, 5,8 %%)=0
and
H'(M,f, Q60 L5 =0

for all x, ye M. But we also have the short exact sequences (where J'F is the vector
bundle of 1-jets of any vector bundle F)
0-5,05,0 L > P> DL,
0->I2Q F* > F* (UK, -0,
0- S, RERQL*>ERLE-E, QLE-0,
so the evaluation maps

(M, %% L LY, )
(M, £5-J'L,, 3
I'(M, QI —E L, @

are all onto. Let sq,5,...,5, be a basis for I'(M, £%), and let ¢,,...,t,, be a basis
for I’ (M & ®IF). By Lemma 1, these may be respectively extended as even sections
00,015, 0, (M, AL,,) and odd sections 74, ...,7,el (M, £*,,) of F*.
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To obtain our embedding, let us first define f.:M — P, by
frd(x) = [<So(x)s ex>s <Sl(X), ex>a ey <Sn(X), ex>],

where e, is any basis for (L%)* = C. The surjectivity (2) guarantees that at least
one component of our expression for f,,(x) is non-zero, so that f,, is a well-defined
holomorphic map. The surjectivity (3) also says that e, and e, define linearly
independent functionals I'(M, o/ (L)) - C, so that f,:M — P, = P(I"(M, O(I¥))*)
is injective. Finally, the surjectivity (4) guarantees that f,4 is an immersion.

To extend this (usual Kodaira embedding) map to a map of supermanifolds,
we simply need to specify /* on a set of generators. We may do this by defining

z/ o,
# 2 V_0%i
/ (Zk) Oy
& T
wf TS
! (Zk> o

where z%...,2z" and 6,...,0™ are the usual homogeneous coordinates on Py,
that is to say the standard basis for I'(P,, 0(1) ® ,A"(C" ® O(— 1))).

To conclude, we need to check that f* is an epimorphism, or, equivalently,
that the induced map

and

[EC"®0(—1)- O(F)
is surjective. But this is precisely the surjectivity assertion (4). W

Corollary 2. Any split complex supermanifold M whose reduction M4 is projective
algebraic is superprojective.

Proof. A split supermanifold M is of the form (M, A&) where & is the characteristic
sheaf. Since @ injectively embeds in o/, = A& we have a natural projection
n:M — M_4. Thus, if % is a positive rank one locally free sheaf on M4, then n*%
is a locally free sheaf of rank one on M with the property that (n* %), = £, and
hence is positive on M. By Theorem 1, M is superprojective. M

We shall see less trivial applications in later sections.

We note at this point that the embedding provided by the proof of the theorem
is not typically optimal, in the sense that if a complex supermanifold of dimension
r|s admits an embedding into some P, it always embeds in P3,,},+, One can
do this by dropping a certain number of odd and even coordinates after a linear
transformation. To see, for instance, that one can always eliminate an odd variable
if m>r+s, notice that the pull-back map C"® ¢(—1)—& induced by an
embedding gives rise to a map E*(— 1) C™ whose image is a complex cone. The
total space of E*(— 1)— M has complex dimension r + s, so if r + s < m the image
of E¥(— 1) C™ has measure 0, and consequently there exists a one-dimensional
subspace C = C™ which meets the image of E*(—1) only at 0; projecting to a
complementary C™~* then gives rise to a map (M, /)~ P,,,—;, which is, by
construction, an embedding. Reducing n to 2r+1 is similar and completely
standard.
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We close this section by mentioning a result of Penkov [19] which gives
a necessary and sufficient condition that a complex super Grassmannian is
embeddable in complex superprojective space. Following Manin [17], we let
G(r|s;n + r|m + s) denote the super Grassmannian manifold of free regular sub-
modules of C**"!™*s of rank r|s. This set can be endowed with a topology and
with a structure sheaf to make it a complex supermanifold of dimension rn|sm. In
general a super Grassmannian is rot a split complex supermanifold [17], and inore
generally, Penkov shows that the super Grassmannian manifold G(r|s;n + r|m + s)
can be embedded in superprojective space if and only if r=00ors=0orn=0or
m = 0. In particular the simplest example of such a nonembeddable manifold is of
the form G(1}1;2|2). As we see above (2), all split supermanifolds admit projective
embeddings, and thus for example G(1]1;2|2) is not split. Nonetheless, as we shall
see in the next section, many interesting non-split supermanifolds do embed in
super projective space.

3. Classical Invariants and the Embedding Problem

According to Theorem 1, a supermanifold is projective iff there is a line bundle
on the supermanifold M such that its restriction to the reduced space is a positive
line bundle in the classical sense, ic. iff there is a positive invertible @-module
which can be extended to be an invertible </ ,,-module on M. In this section, we
will therefore be able to describe the obstruction to embedding M in superprojective
space in two different, albeit equivalent, ways.

Suppose that M is a supermanifold with projective algebraic reduced space
M., and characteristic vector bundle E— M. Thus, there is, by assumption, a
very ample invertible sheaf £, of ¢-modules on M,,. In fact, by passing to a
tensor power of a given positive line bundle, we can take %o, to be sufficiently
ample so that £, ® A*& is generated by its global sections for all n =1, k=0
and H'(M, L}, @ A*€)=0foralln=1, k=0, and r = 1. Let ¢4:M,; > P, be the
embedding defined by the sections of 2 ;); we will call such an embedding very
ample. Then ¢FO(1) = &£ o), where we let O(1) be the sheaf of holomorphic sections
of the hyperplane line bundle on P, (so that ¢, (0(1)) = 1). As £, ® & is generated
by global sections, one has a surjection:

Fly—6-0,
where # = @™0(— 1), because O(— 1)|yy = pFO(— 1) = L ;.

Theorem 3. Let (M,.«¢) be a complex supermanifold with compact reduction My,
and let ¢o: M4 P, be a very ample projective embedding. Then the obstructions to
extending ¢, to an embedding ¢:M P, are elements of H*(M,q, A*&), for
k=1,2,...,[rank E/2].

First Proof. Up to isomorphism, a line bundle on (M, /) is given by an
element of H'(M,.of ,.,..), Where o/ xeven 1S the multiplicative sheaf of even
invertibles. Let &, be the normal subgroup of elements of the form 1 + «, where
ae N we define o o = yoven/F 20e+ 1)- Then of o = 0, the sheaf of non-zero
holomorphic functions, and o, ,, = o .. if 2k >g. We have exact sequences



440 C. LeBrun, Y.-S. Poon and R. O. Wells, Jr.

0->A%*E > o 5> A y24-1,—0 so an element of H'(M,,0,) extends to an
element of H'(M, o ,...,,) if and only if a sequence of obstructions vanish, where
these obstructions are elements of H*(M,4, A%*¢). R

Second Proof. Let M® = (M, o/ //*) be the k™ neighborhood of M4 in M. One
then has a natural sequence of embeddings of ringed spaces:

My=MOcMVPg...c M Vg M?=M.
We extend the embedding

. ,
PO MO, P, Py,
to
pO:MYs P,

by induction. Thus, assume that we have an embedding for [ = k — 1. Locally, there
is no obstruction to extending this map to a map for /=k, but there are
many ways of making such an extension, the choices being parametrized by
($* D ® A*E)yen, Where 2 denotes the sheaf of derivations of the sheaf of algebras
AZ |, on P,. Hence the obstruction to making a consistent global choice is an
clement of H*(M,q,(¢*D ® A*E)eyen)- On the other hand,

¢*9;¢*9’®¢*9¢'*,
where 4 is the tangent sheaf of P,. Therefore, when k is even, the obstruc-
tion is in H'(M,q,¢*7 ® A*#); and when k is odd, the obstruction ds in
HY (M, ¢*F* ® A*8).
However, ¢*F * is a finite (direct) sum of the very ample invertible sheaf £ ).
By our choice of Z ), the last cohomology group vanishes. Therefore, there is no

obstruction when k is odd.
On the other hand, one has the Euler sequence on P,:

050012 5 7 0.
Pulled back by ¢ onto M and then tensored by A*&, this yields
0 A*E > A*E R p*O(1)®" V5 A E R $* T -0,
or, in other words,
0> AE > N EQRLE Y » N E® P*T 0.
By our choice of &, this exact sequence induces an isomorphism:
HY(M,,, A*¢ ® p*T) = H*(M, A*&).
Therefore, the only obstruction of extension is in this second cohomology when
kiseven. M

Remarks.

e Classical analogues of the above proofs arise when one attempts to extend
analytic objects off a complex submanifold M, ;e M by power series. For example,
the standard obstruction theory of Griffiths [10] then tells us that the obstructions
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to the extension of a map are in the first cohomology with values in the tensor
product of the tangent sheaf and the symmetric powers of the conormal bundle
&*, while the obstructions to extending a line bundle are in the second cohomology
with values in the symmetric powers of the conormal bundle. In the category of
supermanifolds, we have simply remarked that these principles still work, with the
proviso that symmetric products are to be replaced with alternating ones. On the
other hand, since the resulting obstructions now terminate after a finite number
of steps, one is not confronted with the delicate convergence problems arising in
the classical case.

e Notice that the first proof actually gives a criterion for extending any line bundle,
not just a poisitive one.

o The obstruction theory of the second argument is sufficiently general to also,
for example, show that one can always embed a supermanifold with Stein reduction
in C*™ as a closed submanifold; the generality of the method stems from the fact
that it is more closely tied to the idea of a map. As another example of this same
method in another setting, consider what happens if one replaces the superprojective
space P,,, by the space M,y and the map ¢, by the identity map; one rediscovers
in this the obstructions to splitting the supermanifold M, which are elements in
H'(M.,4, T, ® A*&). The classical analogues are the obstructions to finding a
holomorphic foliation transverse to a complex submanifold [10].

e These arguments also work in the ¢ category, as all vanishing theorems can
be replaced by the more elementary fact that € sheaves are fine. Of course, all
smooth supermanifolds admit not only superprojective embeddlngs but as
previously noted, affine embeddings as well.

Corollary 4. Any supermanifold of dimension 1|m is superprojective.

This follows from the fact that H*(M, %) = 0 for any coherent analytic sheaf #
on any Riemann surface M simply because 2 > dim. M.; cf. [11]. By contrast, for
the super Grassmannian G(1|1;2|2) the obstructions are not trivial.

We close this section by giving some higher dimensional examples of complex
supermanifolds which do not split, but which admit a superprojective embedding.

Example. Suppose that & is a rank 2 locally free sheaf of @-modules with
determinant bundle %,. Let (M, A’&) be a split supermanifold. A theorem of
Rothstein [22] states that, for any k > 2, if H*(M, Der®® A*€) = {0}, then there is an

analytic family of supermanifolds parametrized by H!(M, Der® A*&/Der®® A ),
where

DertPA'¢= 5  Dery A6

J=2ks=n

IIA

and Y is an element in Der, A*¢ if locally with coordinates (z%,...,2™ 6%,..., 6",
Y= fo(?z,- + gkagk,

where f7 and g* are U-sections of A"¢ with degree I and [ + 1 respectively.
Now, since & has rank 2 and the highest degree of A°& is 2,

Der A*¢ =0,
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and
Derf? A = A26 R T,
where & is the tangent sheaf of the manifold (M, 0).

Therefore, every class in H'(M, ¥ o, ® J) determines an isomorphism class of
supermanifolds with characteristic sheaf &. An isomorphism class consists of split
manifolds iff its orbit under the action of

HM,A*6Q )
contains the origin. Thus, for example, there certainly would exist non-split
deformations if,
h'(M,4, A26®T)#0
and
h°(M,4, A26®T)=0.
Yet all such deformations would be superprojectivity embeddabile if, at the same
time,
h* (M4, £ o)) =0.

To find such example, let’s take M,y =P, x P,. Let £ o, = O(p, q) be the line
bundle of bidegree (p,q), and assume that p=gq. Since I = 0(2,0)® 0(0, 2), the
Kiinneth formula yields

h (M., T ® % o)

="' (M., 02 + p,q)) + h' (M,a, 0(p, 2+ q))
=ho(P1, 02 + p)h'(P1,0(@) + h'(P1, 02 + P)h°(P1, 0(9)
+ hO(P1, O(P)h'(P1, OQ2 + 9)) + B (P1, O(p)h°(P1, 02 + 9))
=h°(Py, 02 + pYRO(P1, O(— 2 — @) + h°(P1,0(— 4 — P)R°(P1, 0(9))
+ (P, O(p)RO(P1, O(— 4 — @) + h°(P1, O(— 2 — p))h°(P, 02 + )
#0 if pz-224
Meanwhile, if p > — 2 = g, Serre duality then implies that
(M., Loy = (P, x Py,0(—2—p, —2—¢q)=0.
Therefore, given the above constraint on the bidegree, one can deform the split
manifold to a projective non-split manifold.

Example. In this paragraph, we shall study the borderline case of the last example.
M is again the P, x P,, & is the sheaf O(— 1, — 1)@ ¢(— 1, — 1). The space M has
acovering {U;:j = 1,2, 3,4} given by the product of the standard affine coordinates
on the projective line. Let (X, Y;) be such coordinates on Uj; then

(Xlﬂ Y1)=(X27 Y’;l):(X?:19 Y3)=(X4Tl) Y4TI)

Rothstein’s deformation theory (cf. also [5]) then tells us that the deformation space
of the split supermanifold (P, x P, A*&)is a two dimensional linear space. In fact,
if one uses super coordinate (x;,y;,(;#;) over U; such that x; 4= X, y;a=Y;
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then a supermanifold can be defined by the following coordinate change:

(e ¥ Com) =0 —sy2 ' ottan ¥ ' —y2 700, ¥7 11,)

=(x3 ", ys + x5 {313, %3 ' s, —X3'13)

=(ca ' +5xa2ye e Yot — 1 Y2 2 atas —Xa 1 y3 as —xa v ),
for (s,t)eC? We shall denote by M(s,f) the supermanifold defined by the

deformation with parameter value (s, ). Thus M(0, 0) is the split model, and M(1, 1)
is the supergrassmannian G(1|1,212).

Proposition 5. The locally free sheaf O(p,q) on P, x P, can be extended to be a
locally free sheaf on M(s,t) if and only if sp + tqg = 0.

Note that this proposition gives us a complete picture of the Picard group of
the supermanifold M(s,t). As a consequence, one can easily find supermanifolds
that are not split but embeddable, e.g. when (s, ) = (1, — 1), or that are not split and
not embeddable, e.g. when (s, t) = (1, 1). ‘

The proof of this proposition is simply a standard computation of Cech
cohomology; cf. [17]. For example, one may begin with the extension defined by

912X, Y1) = y%,9:3(Xy, Yy) =4,
914(X 1, Y1) = x5¥%, 923(X 5, Yy) = x8y4,
924(X 2, Y2) = x5, 934(X 5, Y3) = 4.

The obstruction to extension as a locally free sheaf is an element of
H*(M,4, 7 @ A26)= C and is represented by the number sp + rq. In fact, when
this obstruction is equal to zero, there is a unique way to write down the extension,
namely,

912X 1, Y1) =1, 95X, Y1) = x§,
914X 1, Y1) = Xy +tgx3 1 yi ™ ymy,
923(X 2, Vo) = x5y5 + tgx5 ™' y3 ™ {1,
924(X 3, Y3) = x5, 934(X5, Y3) = 4.

4. Chow’s Theorem and the Segre Embedding Theorem

The complement to the classical Kodaira embedding theorem is the celebrated
result of Chow which asserts that any embedded submanifold of projective space
is defined by algebraic equations [3]. We now want to show that the image of a
super projective embedding is a superalgebraic variety.

Let us begin by recalling that a homogeneous polynomial of degree 4 in n + 1

even variables z°,...,z" and in m odd variables 0',...,0™ is, by definition, an
element of

@D [Ereh)eACm)].

ptq=d

Thus, such a polynomial has a unique representation as

d
p(ZO’“"Zn’Gl,‘”’Om)z Z z p{i1

q=0 1Zi1<---<igZm

iq}(ZO,. .. ,Zn)gi1 "'Hiq, (5)
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where py,, (2% ...,2")is a homogeneous polynomial of degree d — g (in the usual
sense); the polynomial py(z°,...,2z" corresponding to ¢=0 is, in particular, a
homogeneous polynomial of degree d, and we will henceforth refer to it as the
reduction p.q of p.

Such a polynomial has another incarnation, which is central for our purposes.
Consider the line bundle

L(d):=0d)®,A(C"Q O(— 1))

over P,;,.. Then every global section of /(d) is given by a unique homogeneous
polynomial p(z°,..., 2" 6%,...,0™) of degree d, and every such polynomial conversely
defines a global section of < (d). The importance of this result stems from the fact
that every line bundle over P, n = 2, is necessarily isomorphic to /(d) for some d.

Remark. By contrast, here are non-trivial continuous deformations of any line
bundle over Py, m = 2. Indeed, as noted in the first proof of Theorem 3, rank
one locally free sheaves of any supermanifold are classified by H YA geven)- AS
before, this may be analyzed via the exact sequences

0> A%*g —2— ﬂ*Zk_’ﬂ*z(kﬂ) —1,

where o yop = A yeven/€Xp H 26+ and & is the characteristic sheaf of M:= A7/ A"2.
The claim follows from the fact that

HYP,, AC"Q@0O(—1)))#0 if m2kz=2.

In a similar vein, using standard obstruction theory (cf. [5]), one may easily
see that P, is rigid for n=2, while P, ,, has nontrivial deformations for m = 3.
These examples should serve as a warning to those who naively expect every result
to remain true whenever the word “super” is inserted in all appropriate places.
Nonetheless, enough does continue to be true so that this naive faith needn’t be
considered imbecilic.

Now suppose that we have a collection p’,...,p", depending on n+ 1 even
variables z°,...,z" and in odd variables 6°,...,0™ Assume, moreover, that each of
the given polynomials is of definite parity, meaning that, when represented as in
(5), nonzero coefficients occur either only for ¢ even or only for g odd. We can
then produce an ideal £ = {p!,...,p"> = & = #(0) by taking . to be generated,
for 27 #0, by p¥/(z?)*. Such an ideal will be called a superalgebraic ideal. Associated
to this ideal is the graded ringed space (X, (#//.#)|x), where X < P, is the algebraic
variety on which «/.# is supported. Such a graded ringed space will be called a
complex superalgebraic variety.

Theorem 6. Let (M, o) be a complex supermanifold such that the underlying complex
manifold M.,4 is compact. Suppose that f:(M, )= Py, is an embedding. Then the
image of [ is a complex superalgebraic variety. More precisely, the kernel of
;“d:f'ltszfpnlma‘sf is of the form f~'#, where jcdpnlm is a superalgebraic
ideal, and f therefore induces an isomorphism between (M,of) and the complex
superalgebraic variety defined by #.

Proof. Suppose that we are given an embedding f:(M, & ) S Py, In particular,
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we have an embedding f,,:M c P, and the classical Chow Theorem [3] says that
there are a finite number of homogeneous polynomials pl,...,p% of (z%...,2"),
whose common zeros locus is f,4(M) and which generate the ideal ¢ of f, (M) < P,,.
Notice, moreover, that we may choose the degrees of these polynomials to be
larger than any given integer | by replacing p¥; with (z/)'p%; as necessary.

Now each of these polynomials defines a section of O(d;) = .«/(d;) so that
F*@L)el (M, £%) where & is the pull-back of /(1) to M. As was observed above,
we may take d, =d for all k, where d is as large as we like. Now we are faced with
the problem of modifying p¥; by terms involving 6%,...,6™ so that the modified
homogeneous polynomials p* satisfy f*(p*) =0 for all k. We do this by using the
following result:

Lemma 2. Let uel'(M, NV £4,), where N <ol is the subsheaf of nilpotent
elements, and where L= LN 1 L% Then there is some hel(P,,0(d)®
@ AYC™ ® O(— 1)) whose restriction is u, at least for sufficiently large d. If u has

q>0
definite parity, & may also be chosen to have definite parity.

Proof. We do this by induction on k. If k=1, then u is an element of I' (M, O(L/Q E)),
and we may consider the pair of exact sequences,

0—>@M(L"®F1)—>@M(L"®(C"‘®L‘1))—»(9M(L"®E)—>0,
0—>j®(9p"(d)®(€"‘®(9p“(—— 1)—)(9Pn(d)®<[l"'®(9(—— 1)
—O0u(L'®C"®L™1))-0,

concluding that, if d is large enough so that, as predicted by Grauert’s vanishing
theorem, HY(M,O0(I’® F,))= H'(P,, # C"®0(d — 1))=0, then there is an
element

4el' (P, Od)®C"Q O(- 1) = I'(P,, 6(d) @ A'(C" ® O(— 1))

whose restriction is u.

Now suppose that the statement holds for k = 1, and that we are given an element
uel'(M, ¥ L,). By restricting u, we obtain an element u,_,el"(M, 4 L)
which, by hypothesis, extends as a “nilpotent” section #,_, of «/(d) on P,.
The restriction of #,_; to I'(M, /"%, differs from u by an clement v of
I'(M, 0(I’ ® A*E)). We have exact sequences

05O (L@ F) - Oy (I @ AHC™" Q@ L™ 1)) » O (I ® A*E) -0
and,
0-F @0, ()@ AC"® O (— 1))~ 0, (DR AHC"® O (— 1))
>0 ('@ AHC"® L 1)-0
and, taking d large enough so that
H'(M,0(L'®F,))=0,

and

HY(P,, # ®0(d —k)® A*C™) =0,
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we conclude that v extends as an element
beHO(P,, 0(d)® AHC"® O(— 1)) = I (P,, #(d)).

Then 4 =1,_, + 0 is the desired extension.
To maintain the parity of u when extending as 4, just consider either the odd
or the even projection of &, as appropriate. B

To finish our proof of Theorem 6, we will need to apply Lemma 2 twice. The
first application is to modify each pf; so as to produce a new homogeneous
polynomial with identical reduction but whose restriction to the embedded
supermanifold (M, </,,) vanish. We may do this by letting

r"e]"([P’,,, Od)® P AC"® O(— 1)])
q>0

be the constructed extension of f*(pk,), and letting p*:= p¥ — r*. Notice that we
may take the polynomials p* to all be even.
As our second application, let us first consider the exact sequence

0-IAEQRL) >0 (E®L)—E,QLL—0

of sheaves on M, where xeM is any point, and where .# < @ is the ideal sheaf of
the point x. For d sufficiently large, we have that

H'(M, S (ERLY))=0,
so that elements of I'(M,O(E® L)) = I'(M, /" £},,) extend as odd homogeneous
polynomials if 4 is large. Thus we may find odd polynomials p¥**,...,p" in the
ideal which generate the fibers of E® I’ In conjunction with p?,...,p", these

polynomials constitute generators of the ideal, showing that .# is superalgebraic.
This then concludes the proof of Theorem 6.

Example (Segre Embedding). Consider the super projective spaces Py, = (P,,, A8)
and P, ; = (Py, AF), where £ = @"0(— 1) and # = @' O(— 1). Their product space
is the split manifold

I]:Dmln X Pkll = (Pm X Pk:A(@n(O(_ 130)(‘91(9(07 - 1))7

where the bundie ¢(—1,0) or 0(, —1) is the puliback of a bundle from the first
and second factor respectively. As it is a split manifold, according to Corollary 2,
this supermanifold is superprojective and according to Theorem 6, it is super-
algebraic. To find an embedding, let’s follow the procedure in the proof of Theorem
3 and choose the @-module 0(1,0)® 0(0,1) on the reduced space. This is a very
ample invertible sheaf. Its associated map is exactly the Segre embedding from
P, x Py, into Py imiz+1. SiNCE

(O(1,00® 00, 1)) ®(B"O(— 1,0)D' (0, — 1)) = (@"0(0, 1) ®(&'¢(1,0)),
this locally free sheaf is generated by global sections. In fact, one has
@+ Dm0~ 1,0)® 00, — 1)) » ®"O(— 1,0)®'0(0, — 1) 0.
Let @ be the Segré embedding and ¢(1) the hyperplane bundle on P™**™***1, the
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above exactly sequence can be expressed as
@+ MV 1) @, (@"0(— 1,00 0(0, — 1))~O.
In terms of supermanifolds, we have an embedding

Pojn X Pryt = Prokm 4k 1 e+ 1)+ tom+ 1)-

To express the above map in coordinates, we take homogeneous coordinates
(20,2155 Zm; 01, 05,...,0,) on P, and (g, wy, ..., W34, 15,...,7;) on Py, Then
the “image” of the product in homogeneous coordinates, will be (z,w;, w;0,,1,2;)
where i=0,1,...,m; j=0,1,....k; a=1,2,...,n; f=1,2,...,1 Obviously, this is
an embedding. However, this is not the Segre embedding which can be described
algebraically as in the classical Segre embedding by the tensor product of
submodules. In fact, given the “homogeneous” coordinates as above, they represent
rank (1]0) regular, i.e. nonnilpotent, submodules in C™* 1" and C** V! respectively.
Their tensor product is a regular rank (1|0) submodule in Ct+ D+ D+ allnte+ 1) +iom+1)
In coordinates, the Segré embedding sends the product to (z;w;, — 0,145 w;0,,1,2,).
Note that, at this level we are writing down the sheaf morphism and this is not a
point set mapping. Let us study the products of P;,; with itself. We have

D:Pyyy x Py o Py
given by coordinates as
(205215 0) % (wo, W)= (2oWo, ZoW1, 21 Wo, 21 W1, — 0115 201, 2117, Owy, Ow,).
From this map one sees that the reduced map is from
P, xP,->P,
given by
(20,21) X (Wo, W1) = (ZoWo, ZoW1, 24 Wo, 2y W1, 0),
and when (xg,X;,%,,%3,X45 1, &5, &5, E,) represent coordinates on P44, the
sheaf morphism ¢* is defined by
P*xg=2zoWo, O*X;=2zoWy, P*xy=z1Wo, ¢*X3=12z;w,, P*xy= —On;
and
O*ey=zon, ¢*E =2y, PFEi=0w,, ¢*E,= Bw;.
As a superalgebraic variety, this product of superprojective spaces can be defined
by the equations
XoX3 —X1X; =0, Xox4—&183=0, xyx,~&,&, =0, X2X4 — 583 =0,
X3X4 —&,84 =0,
and
X2 — %28, =0, X084 —x,&3=0, x;&—x,& =0, X384 —x383=0.
Finally, the algebraic definition of Segre embedding can be generalized to show

that the product of any super Grassmannians can be embedded into a super
Grassmannian. As any flag manifold is submanifold of the product of Grassmannians,
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any flag manifold can be embedded into a grassmannian. In view of the fact that
some super Grassmannian manifolds are not superprojective, one can raise the
issue of embedding into super Grassmannians. In the category of manifolds and
supermanifolds, one can simply say that a supermanifold can be embedded into
a supergrassmannian if and only if there is a locally free sheaf of .«/-module which
is generated by global regular sections. Such a sheaf is certainly an extension of a
locally free sheaf of ¢-module which is generated by global sections. However,
when we go through the same argument of the proof of Theorem 3, we find that
the obstruction to the extension for an appropriately chosen sheaf of ¢-modules
from the reduced space to the ambient supermanifold consists also of elements in
cohomology analogous to those described as in Theorem 3.

5. A Superprojective Family Embedding Theorem

We have seen that, for dimensional reasons, a supermanifold with dimension 1|m
is always superprojective. However, it is more important to find out whether a
family of such supermanifolds is necessarily projective in a suitable sense, since it
is only in the context of families that the theory of super Riemann surfaces [6]
becomes interesting.

Remark. A family of super Riemann surfaces is defined as a proper regular projection
from a supermanifold (X, o/ 4) onto another supermanifold (Y, .«/y) such that the
relative dimension is equal to 1|1 and equipped with a rank 0|1 locally free
subsheaf 9 of the vertical tangent sheaf J y, with the property that the map
[L]1+:9®9—J /9 is an isomorphism

D= T yy/D.

As a result, the reduced sheaf of @ restricted to any fiber is simply a choice of the
square root of the anticanonical bundle of the underlying Riemann surface. Let
% be 9 " for some positive even integer, then & is a locally free rank one sheaf
such that its restriction onto every fiber is positive.

This motivates the following definition:

Definition 3. Let (X, oy) —(Y,4y) be family of complex supermanifolds with
compact reductions—i.e. we assume that 7.4 is proper and that m is submersive. A
relatively positive line bundle & on (X, oly) is a locally free rank one sheaf of
o y-modules whose restriction to each fiber X ;.= 741 (), yeY is a positive line bundle.
We now establish a version of the direct image sheaf theorem of Grauert
([17]; f. [14).
Lemma 3. Let % be arelatively positive line bundle for the family (X, o ) —> (Y, </y).
For sufficiently large I, H*(X,, &%) is locally independent of y.
More precisely, for any y, there is a neighborhood U of y and an integer N such
that for 1> N the natural restriction

RO:H(n (U), £ - H(X,, £)

is surjective for all yeU.
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If, for such a neighborhood U, { is an element of H*(n~*(U), &) such that R9{ = 0
for all yeU then [ =0.

Proof. We have the exact sequence of sheaves of & y-modules:
0 NHFHL 4k ARE 0.
Tensoring with &, one has
0o NP SN P S AER L 0.

Note that the o/ y-module A*& ® & is just the Oy-module A*¢ ® £,; and when
k=n, the odd dimension of (X, /), then #™*1 ¥ =0. Therefore, we have

0> N* LSNP S NEQR Ly —0, 0Zk=Zn—1, (6)
0> N"L >N ER L,y —0. ()
For any given y, choose an [ so large that for j>1 and for all k,
H/(X,, A*¢,® L) =0.
For each k, as the set
Aj, ={yeY:dim H/(X,, A*¢, @ (Ly),) = 1}
is an analytic subset ([17,14]), one can choose a neighborhood U of y such that

for all yeU, and for all k,
HI(X,,A*¢,®(ZL14),) = 0.

Then one can also deduce that H°(X,, A*&,®(£",),) is also independent of y for
all y in U. By the Riemann—Roch formula on X, we know that, for sufficiently
large I, such cohomology groups are independent of y and that any higher
cohomology are actually equal to zero. Restricting (6) and (7) onto any fiber X,
we see from the induced cohomology exact seqence that the dimension of
H/(X,, #') is independent of y.

e From now on, we shall simplify our notation by using % to denote our
suitable positive line bundle £

As a consequence of the classical result of Kodaira and Grauert, the restriction
map

RI:Hi(n YUY A6 @ L10) > HI(X,, N*E,®(ZL1a),)

is surjective and if { is an clement in H/(n™'(U), A*6 ® #,,) such that Ri({)=0
for all yeU, then { = 0. In particular, H(z~'(U), A*6 ® &,4) =Oforallkand j = 1.
It follows that H’(n~!(U), A*6¢ ® £) = 0. Then from (7), one can deduce that

Hiz~YU), /" #)=0 forall j=1.
Taking the induced exact sequence of (6), we have
Hi(n~Y(U),/*#)=0 forall n=k=0.

Then the induced long exact sequences of (6) and (7) over =~ *(U) and over a fiber
X, will yield the following exact sequences of cohomology:

0- Ho(n U, /' #) > HOn ™ U, /* %) > HO(n ™ U, A*¢ ® &) -0
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and
0->H(X,, (V"1 9))>H(X,, (JV",?),,) ->H%X,,(A*¢ ® £),)—0.
Moreover, the natural restrictions

REHOY ™ Y(U), A6 ® L) H(X,, (A6 ® &),) for all k
and
Ry;:H(n~"(U), /" &) > H(X,, (N Z),)
are surjective.
Again, induction will show that R) is surjective and that if { is an clement
in H(n~*(U), &) such that RY{ =0 for all yeU, then {=0. The proof of the
lemma is completed. H

As a consequence, we have the following!:

Theorem 7. If (X, o/ x)— (Y, o) is a family of supermanifolds such that the space
(X, o) has relatively positive line bundle, then for any point yeY, there is a
neighborhood U of y such that the family over the patch U can be embedded into
Poim % (U, y(U)) such that the following diagram is commutative:

Xly——U x Py
! !

id

U — U

Proof. The lemma guarantees that, for a sufficiently positive power of the given
line bundle, the embedding map from a fiber to P,, can be extended to a
neighborhood in X. Taking the product with the projection to U gives a map
which is an embedding on some neighborhood. W

Remark. If the base manifold is superprojective, it is now not difficult to use our
generalization of Segre embedding to conclude that the total space of the family

is also superprojective.
We now outline a version of the Chow theorem which is applicable in the

present context of families. Suppose that we have a family
(X, A x) (Y, Ly)

which is embedded in (Y, /y) x Py, in a manner consistent with the projections
so that the diagram
(X, ) L= (Y, A y) X Py

! l
(Y, oly) ——  (Y,ty)

is commutative. We may then ask whether the image of f may be defined by a
finite number of homogeneous polynomials with coefficients which are elements

! In the case of supér Riemann surfaces, Rabin and Topiwala [21], have independently formulated a
similar result in a recent preprint
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of o/, ie., by functions of the form
P20 =) fi,(3)e',
[If+|J)=k

where (z, 6) are homogeneous coordinates on P,,,, and k is a positive integer. We
shall see that this is locally true in Y.

Definition 4. Let (X, % x) be a complex supersubmanifold of (Y, fy) x Py, such
that the projection (X, of x)— (Y, oy) is a family of complex supermanifolds with
compact reduction. We say that (X, of x) is projective superalgebraic over <y if Y
has an open covering {U,} such that on each U,, there is a finite collection of
superfunctions {grn,} such that the ideal of (X, o x) < (Y, y) X Py, is generated
by the functions

_ InJ
P = ngaz 7,
7

where |I{ + |J| = constant for each (I, ).

Theorem 8 (Relative Chow Theorem). Let (X, Ay)—(Y, o) be a proper family of
complex supermanifolds, and let f:(X, o x) = (Y, o y) X Py, be an embedding of this
Sfamily so that the diagram

(X, y) Lo (Y, ty) X Py

l l
(Y, oly) —  (Vly)

commutes. Then (X, o y) is projective superalgebraic over /.

Proof. Let us first notice that this is true if (X, s/ x) and (Y, o/y) are just complex
manifolds. For instance, if X < Y x P,,, has codimension one and Y is Stein and
contractible, the fact that H(Y x P,, @) = 0 implies that the divisor line bundle of
X is a power of the hyperplane bundle; the case of higher codimension then follows
over a sufficiently small subset of ¥ by projecting to generic hyperplanes, and the
general case follows by covering Y with small Stein sets.

Let us now consider the general case. Let us remark that any section of ¢(d)
on Y x P, is a homogeneous polynomial with coefficients depending on Y, and
the analogous statement is true for «/(d) on (Y,.y) x Pym- By shrinking Y as
necessary we may assume that X < Y x P, is defined by a finite number of global
sections of ¢(d), and we may also assume that Y is Stein. We now may consider
our sections as sections of #/(d), and seek corrections terms so that these sections
vanish on (X, /). As in the proof of Lemma 2, the obstructions to doing this are
in HY(X, %, ® 0(d)) for a finitec number of coherent analytic sheaves &,. Thus the
cohomology of such sheaves will vanish on a fiber X, for d large by the Grauert
vanishing theorem, and by semicontinuity, we may take this vanishing to occur
for every fiber X, by shrinking Y as necessary. This being done, it follows that
H' (X, %, ® CO(d)) 0, as needed. We can thus extend our defining sections of 0(d)
to even global sections of o/(d) over (Y, o/y) x P.» which vanish on (X, .o/ ).
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We now ask for odd polynomials to adjoin to the above generators so as to
generate the entire ideal of (X, .o/y). We do this in the same manner as before.
First we need some sections of & ® O(d), where & is the characteristic sheaf of
(Y, oy) x P,,., which define (X, «x) to first order, and then we wish to extend
this to all orders. Again, the obstructions are in H'(X, ¥, ® 0(d)) for a finite
number of coherent analytic sheaves &,. Taking d to be large and Y to be small,
these cohomology groups vanish, and we arc done. W
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