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Abstract

Through the theory of Lie bi-algebroids and generalized complex struc-
tures, one could define a cohomology theory naturally associated to a holo-
morphic Poisson structure. It is known that it is the hypercohomology of
a bi-complex such that one of the two operators is the classical d-operator.
Another operator is the adjoint action of the Poisson bivector with respect to
the Schouten-Nijenhuis bracket. The hypercohomology is naturally computed
by one of the two associated spectral sequences. In a prior publication, the
author of this article and his collaborators investigated the degeneracy of this
spectral sequence on the second page. In this note, the author investigates
the conditions for which this spectral sequence degenerates on the first page.

Particular effort is devoted to nilmanifolds with abelian complex structures.

1 Introduction

It is well known that complex structures and symplectic structures are examples
of generalized complex structures in the sense of Hitchin [8, 9, 10]. It is now also
known that holomorphic Poisson structure plays a fundamental role in generalized

geometry [1]. Since a key feature of generalized geometry is to put both complex
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structures and symplectic structures within a single framework, its deformation
theory is of great interests [5] [6] [11]. An understanding of cohomology theory of
generalized geometry in general and holomorphic Poisson structures in particular
becomes necessary. On algebraic surfaces, there has been work done by Xu and
collaborators [12] [13]. For nilmanifolds with abelian complex structures, there are
recent work done by this author and his collaborators [2] [3] [7]. A common feature of
these work is to recognize the cohomology as the hypercohomology of a bi-complex.

In computation of hypercohomology of bi-complex, theoretically one could apply
one of the two naturally defined spectral sequences to complete the task. In the case
of a holomorphic Poisson structure, the first page of one of the spectral sequences
consists of the Dolbeault cohomology of a complex manifold with coefficients in the
sheaf of germs of holomorphic polyvector fields. As the Dolbeault cohomology is a
well known classical object, it is natural to determine when this spectral sequence
degenerates fast. In [2] and [3], we have seen situation when the spectral sequence
degenerates on the second page. We push our analysis in the past and investigate
the possibility when degeneracy on the first page occurs.

In particular, as a corollary of our Theorem 6 in this article, we could formulate

a result as below.

Theorem 1 Let M = G/T" be a 2-step nilmanifold with abelian complex structure.
Let ¢ be the center of the Lie algebra g of the simply connected Lie group G, and t
its quotient. Let g° = t'0 @ !0 be the space of invariant (1,0)-vectors. Assume
that dim ¢'0 = 1. Let 5 span ¢ . Suppose that Ay is in t°° @ 0. Then,

e A; is a holomorphic Poisson structure.
o The spectral sequence of its bi-complex degenerates on the second page.

e [fin addition, dp is a non-degenerate (1,1)-form, the spectral sequence degen-

erates on the first page.

We will develop a proof leading to the above result and provide examples to

illustrate whether one could relax the constrains to attain the same result.



2 Complex and Generalized Complex Structures

In this section, we review the basic background materials as seen in [3] to set up
notations.

Let M be a smooth manifold. Denote its tangent bundle by T'M and the co-
tangent bundle by T*M. A generalized complex structure on an even-dimensional
manifold M [8] [9] is a subbundle L of the direct sum 7 = (T'M & T* M )¢ such that

e L and its conjugate bundle L are transversal;
e [ is maximally isotropic with respect to the natural pairing on T;

e and the space of sections of L is closed with respective to the Courant bracket.

Given a generalized complex structure, the pair of bundles L and L makes a
(complex) Lie bi-algebroid. The composition of the inclusion of L and L in 7 with
the natural projection onto the summand 7T M¢ becomes the anchor map of these
Lie algebroids. It is denoted by ¢. Via the canonical non-degenerate pairing on the
bundle 7, the bundle L is complex linearly identified to the dual of L. Therefore, the
Lie algebroid differential of L acts on L. It extends to a differential on the exterior
algebra of L. For the calculus of Lie bi-algebroids, we follow the conventions in
[15]. In particular, for any element I' in C*°(M,AFL) and elements ay, ..., a1 in
C*>(M, L), the Lie algebroid differential of T' is defined by the Cartan Formula as

in exterior differential algebra, namely

k+1
(ELF)(CLI’ s 7ak:+1) - Z(_1>T+1¢(ar)<r(al) s 7d7‘7 s 7ak+1)>
r=1
(=0T ([ar, agdy ar, s, apg). (1)

r<s
The space of sections of the bundle L is closed if and only if 9, 0 91, = 0.

Typical examples of generalized complex structures are classical complex struc-
tures and symplectic structures on a manifold. In this section, we focus on the
former.

Let J : TM — TM be an integrable complex structure on the manifold M.
The complexified tangent bundle 7"M¢ splits into the direct sum of bundle of (1,0)-
vectors TM'Y and bundle of (0, 1)-vectors TM%!. Their p-th exterior products are
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respectively denoted by TMP° and TM%?. Denote their dual bundles by T M*®0)
and TM*OP) respectively.

Define L = TM'" T M*®Y . One gets a generalized complex structure. Its dual
is its complex conjugate L = TM%' @ TM*10, When one restricts the Courant
bracket from the ambient bundle 7 = (T M @ T*M )¢ to the subbundles L and L,
then one recovers the Schouten-Nijenhuis bracket or simply known as the Schouten
bracket in classical deformation. The Schouten bracket between (1,0)-vector fields
is the Lie bracket of vector fields; the Schouten bracket between a (1, 0)-vector field
and a (0,1)-form is the Lie derivative of a form by a vector field. The Schouten
bracket between two (0, 1)-forms is equal to zero. These brackets are extended to
higher exterior product by observing the rule of exterior multiplication [15].

With respect to the Lie algebroid L, we get its differential 0 as defined in (1).

0:C®(M, L) — C®(M,NL). (2)
It is extended to a differential of exterior algebras:
0: C®(M,NL) — C®(M,N'"'L). (3)

It is an elementary exercise in computation of Lie algebroid differential that when
0 is restricted to (0,1)-forms, it is the classical d-operation in complex manifold
theory; and

0 : C(M, TM* VY = C>=(M, TM*?)
is the (0,2)-component of the exterior differential [18]. Similarly, when the Lie
algebroid differential is restricted to (1,0)-vector fields, then

9: C®(M, TM"") — C=(M, TM* "V @ TM");
and it is the Cauchy-Riemann operator as seen in [4].
By virtue of L and L being a pair of Lie bi-algebroid, the space C°°(M,A®L)
together with the Schouten bracket, exterior product and the Lie algebroid differ-

ential 0 form a differential Gerstenhaber algebra [15] [17]. In particular, if a is a

smooth section of Al L and b is a smooth section of AL, then

dla,b] = [0a,b] + (—1)19+ ]a, Db]; (4)
d(anbd) = (Ja) Ab+ (—=1)1a A (OD), (5)
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Since 0 0 @ = 0, one obtains the Dolbeault cohomology with coefficients in
holomorphic polyvector fields. Denote the sheaf of germs of sections of the p-th

exterior power of the holomorphic tangent bundle by O, we have
H‘(M, /\.@) g @p’qZOHq(M, ®p>

In subsequent computation, when p = 0, ©P means to represent the structure sheaf
O of the complex manifold M.

Due to the compatibility between 0 and the Schouten bracket [—,—] and the
compatibility between 0 and the exterior product A as noted above, the Schouten
bracket and exterior product descend to the cohomology space H*(M,©*). In other
words, the triple (H®*(M, A*T M), [—, —], A) forms a Gerstenhaber algebra. When
we ignore the exterior product, we call it a Schouten algebra. For example, by center
of the Schouten algebra, we mean the collection of elements A in H*(M,©®) such
that [A, B] = 0 for all B in this space.

3 Holomorphic Poisson Bi-Complex

A holomorphic Poisson structure on a complex manifold (M, J) is a holomorphic
bi-vector field A such that [A,A] = 0. The corresponding bundles as generalized

complex structure for A are the pair of bundles of graphes Ly and L, where
Ly={l+A():0cL}. (6)

While the pair of bundles Ly and L, form naturally a Lie bi-algebroid, so does
the pair L and L, [14]. From this perspective, the Lie algebroid differential of
the deformed generalized complex structure L, acts on the space of sections of the
bundle L.

Any smooth section of the bundle L is the sum of a section v of T*°M and a

section @ of T*®V M. Given a holomorphic Poisson structure A, define ad, by
adp(v +w) = [A, v +W]. (7)

Proposition 1 See (Proposition 1) in [7]. The action of the Lie algebroid differen-
tial of La on L is given by

Op =0 +ady : C°(M, L) — C°(M,N*L). (8)



The operator 0, extends to act on the exterior algebra of T'OM @T*OV M = L.

From now on, for n > 0 denote
K" =C*(M,N\"L). (9)

For n < 0, set K™ = {0}.
Since A is a holomorphic Poisson structure, the closure of the space of section
of the corresponding bundles Ly is equivalent to 0y o 9y = 0. Therefore, one has a

complex with 05 being a differential.

Definition 1 For all n > 0, the n-th holomorphic Poisson cohomology of the holo-

morphic Poisson structure A is the space

" kernel of 9, : K™ — K"+!
HE (M) = - A .
image of 0y : K1 — K7

(10)

Given Proposition 1, the identity ) o 9, = 0 is equivalent to a system of three.
000=0, Ooady+adyod=0, adyoady =0. (11)

The first identity is equivalent to the complex structure J being integrable; the
second identity is equivalent to A being holomorphic, and the third is equivalent to
A being Poisson. Define AP = C°°(M, TMP® @ TM*©9), then

ady 1 APT — APYL G APT 5 AP and KT =@y, AP (12)

Therefore, we obtain a bi-complex. We arrange the double indices (p, ¢) in such a
way that p increases horizontally so that ad, maps from left to right, and ¢ increases

vertically so that 0 maps from bottom to top.

Definition 2 Given a holomorphic Poisson structure A, its Poisson bi-complex is
the triple {AP?, ady, 0}.

It is now obvious that the (holomorphic) Poisson cohomology H} (M) theoretically
could be computed by each one of the two naturally defined spectral sequences. We

choose a filtration given by
FPK" = EBpUrq:n,p/ZpAp/’q-
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The lowest differential is 0 : AP? — AP9+1 Therefore, the first sheet of the spectral

sequence is the Dolbeault cohomology
EY? = HY(M,0P). (13)

The first page of the spectral sequence is given as below.

— — —
H"(M,0) — H"(M,0) — H"(M,0?% —
— — —
HY(M,0) — HY(M,0) — H'Y(M,0?) —
H°(M,0) — H°(M,0) — H(M,0% —
The differential on this page is
= ady : HY(M,0P) — HY(M, 0Pt (14)

Question 1 When will the spectral sequence of a Poisson bi-complex degenerates

on the first page? In other words, when will ady = 0 for all p,q?

Prior to us investigating non-trivial sufficient conditions for spectral sequence
to degenerate on the first page, we consider necessary conditions. For instance, we
should derive the necessary conditions for the d;-map on the first row and the first
column vanishes.

Given the definition of d; in (14), the following observation regarding the first

row of the first page in the spectral sequence is trivial.

Proposition 2 Suppose that the bi-complex of a holomorphic Poisson structure A
degenerates on the first page, then for any holomorphic polyvector fields Y, i.e.
elements in ®,>oH®(M,O7), [A, Y] = 0.

Note that the restriction of the Schouten bracket from the full cohomology space
B, HY(M,OPF) to the subspace of holomorphic polyvector fields @,50H°(M, ©P)
turns the latter into a subalgebra. The above proposition means that A is in the
center of the Schouten algebra @,>0H®(M, 7).



The observation above immediately demonstrates that the spectral sequence of
well known holomorphic Poisson structures will not degenerate on its first page.
Complex projective spaces are the cases at hand. On the other hand, if the space of
holomorphic polyvector fields is abelian with respect to the Schouten bracket, then
the obstruction from the first row to degenerate vanishes.

Next, we consider the d;-map on the first column.
d)?" = ady : HY(M,0) — HY(M,©). (15)

Suppose @ represents a class in H9(M, O), then ads (@) represents the zero class in

H9(M, ©) if it is 0-exact. Therefore, we have the following observation.

Proposition 3 Suppose that the bi-complex of a holomorphic Poisson structure A
degenerates on the first page, then for any 0-closed (0, q)-form @, there exists I' €
C®(M, T"°M @ T4V such that

ady (@) = o(T). (16)

Given the obvious necessary conditions by observing the d;-map on the first row
and the first column on the first page, we now could post a question to guide our

investigation.

Question 2 Suppose that A is in the center of the Schouten algebra of the holo-
morphic polyvector fields ©,5oH°(M,OP) and that for any 0-closed (0, q)-form @,
ady (@) is O-ezact. Is it necessarily that di? = 0 for all p,q?

In the rest of this paper, we find answers to these questions on a class of nilman-

ifolds.

4 2-step Nilmanifolds

A compact manifold M is a nilmanifold if there exists a simply-connected nilpotent
Lie group G and a lattice subgroup I' such that M is diffeomorphic to G/T". We
denote the Lie algebra of the group G by g and its center by ¢. The step of the

nilmanifold is the nilpotence of the Lie algebra g. A left-invariant complex structure
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J on G is said to be abelian if on the Lie algebra g, it satisfies the conditions
J o J = —identity and [JA,JB] = [A, B] for all A and B in the Lie algebra
g. If one complexifies the algebra g and denotes the +¢ and —i eigen-spaces of J
respectively by g'¥ and g®!, then the invariant complex structure J is abelian if and
only if the complex Lie algebra g' is abelian.

Denote A*gh0 and A*g*®D respectively by g and g*®*). We will use the
following notation.

BPI = g"l g g*(O,q)‘

Assume that the Lie algebra g is 2-step nilpotent, i.e. [g,g] C ¢. In such a case,
we call the manifold M = G/I' a 2-step nilmanifold [16].
On the nilmanifold M, we consider g&* as invariant (k, 0)-vector fields and g*(**)

as invariant (0, k)-forms. It yields an inclusion map
B s AP = C°(M, TP M @ T**9)).

When the complex structure is also invariant, 0 sends BP? to BP9t Given an
invariant complex structure and an invariant holomorphic Poisson structure A, ad,

sends B4 to BPT14. Restricting 0 to BP4, we then consider the invariant cohomol-

ogy. -
kernel of 0 : BP4 — BPatl

q(qP0) —
H(e") = image of 0 : Bra—1 — Bpra’

(17)

The inclusion map yields a homomorphism of cohomology:
H(g"") — H(M,©P).

Theorem 2 (See [2] and [3]) On a 2-step nilmanifold M with an invariant abelian
complex structure, the inclusion BP? in AP9 = C®°(M, TP'M @ T* %D M) induces

an isomorphism of cohomology. In other words,
HY(g") 2 HO(M, 07).

Given any element A in BP9 | it acts on BP? by the Schouten bracket. We denote
its action by ady. i.e.
ada(B) = [A, B].



An element A is in the center of the Schouten algebra @, ,B" with respect to the
Schouten bracket [—, —] if and only if ad4 = 0. Similarly, an element A in H(g"°)
is in the center of the Schouten algebra @, ,H4(gP") if ad4(B) is equal to zero on

the cohomology level for any B in @, ,H(g"°).

Let t = g/c. Below are some facts shown in Sections 2 and 3 of [16]. Since g is
2-step nilpotent, tis abelian. As a vector space, gt = 19 ¢, and g*0) = (L0 g
¢*(19) " The only non-trivial Lie brackets in g'* @ g®! are of the form [t'0 %] C
L0 @ (01,

Explicitly, there exists a real basis { Xy, JXj : 1 < k < n} for t and {Z,, JZ, :
1 < ¢ < m} areal basis for ¢. The corresponding complex bases for t'? and ¢!'? are

respectively composed of the following elements:
1 , 1 .
Tk = §(Xk - ZJXk) and Wg = §(Zg - ZJZ(). (18)
The structure equations of g are determined by
— — —
711 = Y B W= S BT, 19)
¢ ‘

for some constants Eﬁj. Let {w* : 1 < k < n} be the dual basis for t*:0) and let
{p®:1 < €< m} be the dual basis for ¢*(*9). The dual structure equations for (19)

are

dp* = Z Efzwl AW and  dw = 0. (20)
.3
Equivalently,
dp® = — ZE?M AT and dw = 0. (21)
.3
It follows that
—¢ —¢ ¢ Tt i
[75.7°] = Loyp° = trydp :_ZE]'@W~ (22)

By Cartan Formula (1),
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The consequence of the above computation is twofold. One is about the struc-
ture of Lie algebroid differential d on A*(gc @ gi). Another is about structure of
Schouten bracket on the same space. On differential, the above computation could

be summarized as below.
Lemma 1 g% @ ¢'0 C kerd and 0¢'° C OV © 0. Moreover,

In subsequent presentation, we suppress the notations for the vector spaces, and
simply keep track of the quadruple of indices to indicate the composition of the
components involved. In particular, every element in the Schouten algebra @, , B
decomposes into a sum of different types according to their indices (k, ¢; a,b), with
k+/¢=pand a+b=q.

With this notation, Lemma 1 above is summarized as

Ak, l;a,b) C (k—1,041;a+1,b). (24)
Note that in our notations, whenever anyone of the four indices (k, ¢; a, b) is less than
zero, we mean the trivial vector space {0}. Due to the assumption that dim ¢*? = 1,
the space (k — 1,{+ 1;a + 1,b) is trivial when ¢ > 1.

Next, we turn our attention to the structure of the Schouten bracket. In partic-
ular, we are interested in the adjoint action of elements in ¢ and t'°. Since the
complex algebra g'? is abelian, it is clear that for any W in ¢''?, the action of ady on
g is identically zero. Since for any @ € OV, dw = 0. It follows that ady@ = 0.
For any p € OV dp € ¢V, it follows that adyp = 0 as well. Therefore, the

*(0 (0,1).

action of adyy on g*(®1) is identically zero; and subsequently ady, = 0 on g'* @ g*

For future reference we summarize our observation on the central vector field W in

a lemma.
Lemma 2 The space ¢ is in the center of the Schouten algebra (D, ,>0BP4, [—, —]).

Similarly, for any T' € ', the restriction of ady on g'® @ (%1 is identically

zero, and the image of ady acting on ¢*(®V) is contained in ¢V,
Lemma 3 For any T € ', g @ t*OV C kerady, and adp(c*(OV) C ¢<(O1),
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Lemma 4 See also [3, Lemma 7|. Suppose that Ay = W AT and Ay = Ty ATy where
Wed0and T, T, To € t'°, then

adp, (k,¢;a,0) C (k04 1;a+1,0—1). (25)
ada,(k,0;a,b) € (K+1,6a+1,0—1). (26)

Proof: Whenever V;, V5 are in g and ® in BP9, then

The lemma in question now follows the previous two. [ |

In particular, for any p € ¢*(Ob,

[A1,7] € @D and Ay, 7] € 0@ O, (27)

5 Computation of the map ds

Now on a 2-step nilmanifold M with abelian complex structure, if dim ¢'® = 1, then
g2 = (110 @ (10) @ 20,
Therefore, an invariant bi-vector A decomposes into a sum of two types.
A=A+ A

where A; € 90 ® ¢} and A, € t20. Since the complex structure is abelian, [A, A] =
0. Therefore, all bi-vectors are Poisson. In subsequence computation, we assume
that A is holomorphic.

For completeness we quickly review a computation of the map ds [3]. Recall that

_ kernel of ady : H9(g"") — H?(g"*"")

Epvq — . 2
2 image of ady : H1(gr—1.0) — Ha(grV) (28)

An element in E5? is represented by an element T € g?* @ g*(®? such that it
is in H9(g"°) and in the kernel of ady. Equivalently, T is 0-closed and ad,Y is
0O-exact. Therefore, there exists I' € gP*t1? @ g*(®9=1 such that

0T =0 and ad,Y =0rI. (29)
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By definition, ds[Y] is represented by ad,I'.

When dimg ¢''? = 1, the space (k,/;a,b) is equal to the zero set except when
b€ {0,1} and ¢ € {0,1}. Under this assumption, we consider the components of T.
By Lemma 4, its component in (k, ¢;a,0) is mapped to zero by ad,. In such case,
I' could be chosen to be zero, and hence dy maps this component of T to zero.

The non-trivial case is when T has a component in (k, ¢;a,1). By (25) and (26),

ada(T) is contained in the direct sum of the following two types of subspaces
(k. 0+ 1;a4+1,0),  (k+1,4a+1,0).

By Lemma 1 or equivalently Identity (24), for I to be a solution of (29), it must

come from the direct sum of the following two types of subspaces.
(k+1,¢;a,0), (k+2,0—1;a,0).

By (25) and (26), elements of these types are in the kernel of ad,, and ady,. We

conclude that adyI' = 0, and hence dy[Y] = 0. So we recover a theorem in [3].

Theorem 3 [3, Theorem 2] Suppose that M is a 2-step nilmanifold with an abelian
complex structure. Suppose that the center of the Lie algebra of the simply connected
covering space is real two-dimensional, then for any invariant holomorphic Poisson

structure, the spectral sequence of the Poisson bi-complex degenerates on the second

page.

6 Computation of the map d;

Next, we push the work in the previous section to study first page degeneracy. First
of all, we explore the necessary condition for the spectral sequence of the bi-complex
of A = A; + As to degenerate on the first page.
Consider the adjoint action of A on the zero-th row on the first page of the
spectral sequence.
ady : HO(gh°) — HO(ghth0).

Since the complex structure is abelian, this map is identically zero. As A = A+ Ay,

by linearity of the Schouten bracket ady = ad, + ada,.
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Since 7 is O-closed, it represents an element in H'(C). If ad, is identically zero,
then in particular, ady,p + ad,p is O-exact.

With respect to the type decomposition (k, ¢; a,b), p is type (0,0;0,1). By (25),
ada, p is type (0,1;1,0). By (26), ada,p is type (1,0;1,0). As ady,p and ads,p are
of different types, ada,p + ada,p is O-exact if and only if ada,p and ady,p are both
0-exact.

However, by Lemma 1 or equivalently Identity (24) the image of the d-operator
is of type (k,1;a,b). A type (1,0;1,0) element such as ad,p could be d-exact only
if it is identically zero.

By Lemma 4 and Formula (26), Y @ 10 @ ¢! is in the kernel of ady,. If
ady,p = 0 in addition, then ad,, vanishes on g“®% @ g0, It follows that the action

of ady, on BP9 is identically zero for all p,q > 0.

Lemma 5 If the spectral sequence of the bi-complex of A = Ay + Ay degenerates on
the first page, then Ay is the center of the Schouten algebra &, ,BP1.

Now we proceed by assuming that A, satisfies the necessary condition in the last
lemma. In particular, ady = ady, + ady, = ady,.

Since ¢ is one-dimensional, A; = W AT for some T € t"°. ad,, is 0-exact
if there exists V in t° such that [A;,p] = V. Under this condition, we compute

adAl.

Lemma 6 Suppose that ada,p is O-exact, then the map ady, sends any element in

H(gP?) to a O-exact element.

Proof: Given the dimension constraint on ¢'?, (25) shows that the action of ady, is
non-trivial only possibly when it acts on components of type (k,0;a,1). Therefore,
if T represents a class in H9(g"?), ady, could possibly be non-trivial only when T
is of type (p,0;¢ —1,1).

0,g—1

Given such T, there exist finitely many ﬁj in t*( ) and the same number of

0; in Y such that
T=pA) (AO;).

J
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Therefore, [A1, Y] is equal to
[MBAD (G AE) =W AIT,BAD (G A0)] =T AW, pAY (A0
J J J

By Lemma 2, the last term on the right hand side is identical zero. By Lemma 3,

the first term on the right hand side is equal to

WAIT,PIAY (Q70;) =W AT, Pl AY (Q;76;)

J J

If ady,p is O-exact, then there exists V in t'° such that [W AT, 5] = [A1,p] = 9V.

Therefore,
A YT =W AT BIADY (A 6;) =0V A (Y (Q16))). (30)
J J
Given that p is O-close,

T =0pNAY (A6;) =-pAI> (U AS;)). (31)

J J
Since 9(Y_,(€; A ©;)) is contained in (9 @ 710 @ ¢'0, the exterior product on
the right of the equality (31) is equal to zero only if 9(> i (Q;A6;)) = 0. Therefore,
T is O-closed if and only if > i (Q; A ©;) is O-closed. Tt follows that Identity (30) is

further transformed to
[ALYI=0(VAY (Q76;)). (32)
J

It shows that the image of any O-closed element via ad,, is 0-exact when ady,p is

O-exact. [ ]

As a consequence of the last two lemmas, we conclude that for the nilmanifolds
and complex structures as specified, the necessary condition for the bi-complex of

A to degenerate on the first page is also sufficient.

Theorem 4 Let M = G/T" be a 2-step nilmanifold with abelian complex structure.
Let ¢ be the center of the Lie algebra g of the simply connected Lie group G. Let
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gt = Y9 @ 10 be the space of invariant (1,0)-vectors. Assume that dim¢'? = 1.
Suppose that A = A1 + Ay is an invariant holomorphic Poisson bivector with Ay €
90 @ 10 and Ay € 20, Let p span OV, The spectral sequence of the bi-complex
of A degenerates on the first page if and only if

e ady,p is O-ezact; and

e Ay isin the center of the Schouten algebra @, ,BP.

7 Condition for 0-exactness

In this section, we explore deeper in the situation when there exists V' such that

[W AT, p] =0V. (33)
On the left of the equality above,
[WAT,p] =W AT, 0] =W A vrdp. (34)

To compute OV, we applies the Cartan Formula to evaluate OV on a generic element

T in t*! and on p.

oV(p,T) = =V([p.T]) = V[T, pl) = V(izdp)

= dp(T,V) = —dp(V,T) = —(wydp)(T).

Therefore, 9V = —W A 1ydp. Now comparing (33) with (34), we obtain a rather
simple identity below.
tpdp = —uydp. (35)

Since the complex structure J is abelian, dp is a type (1, 1)-form. So is dp. We

could treat their contractions with elements in t° as linear maps.
dp, dp "0 — O, (36)

Suppose that dp has a non-trivial kernel and tpdp = 0. In such case, adwyrp = 0.
However, since dw’ = 0 for all j, adyarw’ = 0. As the complex structure is abelian,

then the adjoint action of W AT on g'? is identically zero. Therefore, adyr is
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identically zero on B for all p,q > 0. It yields the trivial situation when both adj,,
and ady, on BP? are identically zero. In such case, the action of ad, is trivial and
hence as action on BP9, 9, = 0+ ady = 0. The Poisson cohomology is simply the

direct sum of Dolbeault cohomology.
HY (M) = @p+q:an(9p’0) = @p+q:an(M7 or).

On the other hand, dp(t'?) is a proper subspace of t“®V) if dp degenerates. If
T is not in the kernel of dp but trdp is in the complement of dp(t'?) then the
equation (35) does not necessarily have a solution. In the next section, we will
present an example to demonstrate that such situation does occur. We summarize

our discussion when dp degenerates as below.

Theorem 5 Let M = G/T" be a 2-step nilmanifold with abelian complex structure.
Let ¢ be the center of the Lie algebra g of the simply connected Lie group G. Let
b0 = 10 @ M0 be the space of invariant (1,0)-vectors. Suppose that dim ¢'0 = 1.
Let W span ¢'° and p be its dual. If dp degenerates and T is in its kernel, then
A=W AT is a holomorphic Poisson structure such that the spectral sequence of its

associated bi-complex degenerates on the first page.

If dp is non-degenerate, so would dp. Therefore, for any T the equation (35)

always has a unique solution.

Theorem 6 Let M = G/T" be a 2-step nilmanifold with abelian complex structure.
Let ¢ be the center of the Lie algebra g of the simply connected Lie group G. Let
gh? = 19 @ 10 be the space of invariant (1,0)-vectors. Assume that dimc'? = 1.
Suppose that A = Ay + Ay is an invariant holomorphic Poisson bivector with Ay €
0@ 10 and Ay € 0. Let p span ¢*OV . The spectral sequence of the bi-complex of
A degenerates on the second page. If in addition, the map dp is non-degenerate and

(07

if Ay is in the center of the Schouten algebra &, ,g"° @ g* 9 the spectral sequence

degenerates on its first page.

By setting As = 0 in Theorem 6, we derive Theorem 1 as given in the Introduc-

tion.
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8 Examples

As seen in Theorem 6, invariant holomorphic Poisson structure A has two compo-
nents A; and As. If we requires the spectral sequence to degenerate on the first
page, the action of ad,, is identically zero. Therefore, in this section we focus on
the case when Ay = 0, and hence A = A} = W AT where W € ¢! and T € t}°,
As the complex structure is abelian, it is obvious that [W AT,W AT] = 0. In
addition, since OW = 0, OA = —W A JT. By (22), T is in ¢** @ t*(®Y. When
dim ¢'? = 1, W AOT = 0. Therefore, for any T' € t', the bivector A = W AT is an
invariant holomorphic Poisson structure. We now focus on this type of structures,

and present concrete examples to illustrate Theorem 5 as well as Theorem 6.

When dim ¢! = 1, the dual structure equations in (20) and (21) are simplified
as below.
dp = ZEﬁwi AW, and dp= —ZEijwi AT
i,j 1,7

Example 1. Consider a one-dimensional central extension of the Heisenberg algebra
Bant1 of real dimension 2n+1. Let {X;,Y;, Z, A: 1 < j < n} be basis with structure
equation

[X,,Y;] = —[V;, X;] =2, forall 1<j<n. (37)

7=

The real center ¢ is spanned by Z and A. Define an almost complex structure by

JX;=Y;, JY;=-X

VR

JZ=A, JA=-21.

It is an abelian complex structure. Let W = 1(Z —iA) and T; = (X, — iY;), then

the complex structure equation becomes

[75.T;] = —§(W +W).

Therefore, E; = —

for Theorem 6.

3 = —Fy. Hence dp is non-degenerate and serves as an example

Example 2. On the direct sum of two Heisenberg algebras ho,, 11 @ hapi1, choose
a basis {X,,Y;, Z, Ay, Br,C;1 < j <m,1 <k < n} so that the non-zero structure
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equations are give by
[X;,Y;] =—1Y;, X;]1 =2, [Ak, Bi] = —[Bx, Ak] = C. (38)
Define an almost complex structure J by
JX;=Y;, JA, =Dy, JZ=C.

We get an abelian complex structure. Let

1 1 1
W = 5(Z —iC), S;= §(Xj —1iY;), Ty = §(Ak —iBy).

0

¢!V is spanned by W. It follows that the non-zero complex structure equations are

given as below.

[5,.5,] = —5(W+ W), [T0.Ti] = 5(W W),

Then the structural constants

E--:—E:—E

J 2 ]]7

1 _
and  Ey, = 3= Eyy,

forall1 <j<mand 1<k <n. Itis now obvious that dp is non-degenerate and

serves as example for Theorem 6.

Example 3. Consider a real vector space Wy, 1 spanned by
{Xaps1, Xawyo, Xawss, Xapga, Z1, Z2;0 <k < n}.

Define a Lie bracket by
1 1

[Xart1, Xapys] = —521, [Xar1, Xagra] = _5227
1 1
[Xakrz, Xaes] = _5227 [Xakr2, Xarys] = §Z1.

One could define an abelian complex structure J by

TXukr1 = Xagro, T Xapys = —Xuppa, JZ1= —2Zs.
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For 0 < k < n, define

1 . 1 . 1 .
W = 5(21 +1Z5), Topt1 = §(X4k+1 — i1 Xgpt2), Topio = §(X4k+3 + i X4 ra)-

It is now a straightforward computation to show that the non-zero structure equa-

tions are

1 — 1—
[Tok41, Torso] = _§I/Va [Toks2, Tors1]— = §W' (39)

Except when
1
Fopti12k42 = 5 forall 0<k<n,

all other structure constants are equal to zero. In particular,

1 - 242 o —2k+1 1 - 2U+1 5 —2k42
dp——agw AW , and d,o—§§w AW .

Treating dp and dp as maps from t"° to t%!, their image spaces are transversal.
Therefore, given T' € t1Y such that there exists V' € t4° with t7dp = —ty-dp only if
trdp = 0. It is possible only when 7" is the complex linear span of {15, ..., Togro, ..., Tont2},
which is the kernel of dp.

In this case, it simply means that [T, 5] = 0, and hence ady, = 0. This example

llustrates the situation in Theorem 5.

Example 4. Consider a real vector space Py, s spanned by
{ Xarr1, Xawyo, Xanrs, Xawya, Z1, Z2;0 < k < nj.

Define a Lie bracket by

1 1 1
[ Xags1, Xagio] = —§Z1, [ Xags1, Xagra] = —522, [ Xakro, Xagts] = —522-

Define an abelian complex structure J on Py, o by
J X1 = Xagro, S Xapys = —Xappa, JZ21 = —2s.
Define
1 : 1 . 1 ,
W= 5(21 +iZy), Tokrr = §(X4k+1 — iXapr2),  Topyo = §(X4k+3 + i Xapya)-
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The non-zero structure equations in terms of complex vectors are

1 — — 1
[Tors1, Torsa] = Z(W + W) [Torgr, Torso] = _Z(W - W).

Hence ]

1 > 1 > 1
" 2k+12k+2 = — 7 2k+2,2k+1 = — -
4’ 4’ 4

It follows that dp is non-degenerate, and hence (35) is solvable. We have an example

Eopt1,0k41 =

for Theorem 6 again.
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