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ABSTRACT. We prove a convergence result for a family of Yang-Mills
connections over an elliptic K3 surface M as the fibers collapse. In
particular, assume M is projective, admits a section, and has singular
fibers of Kodaira type I1 and type II. Let Z¢, be a sequence of SU(n)
connections on a principal SU(n) bundle over M, that are anti-self-dual
with respect to a sequence of Ricci flat metrics collapsing the fibers of
M. Given certain non-degeneracy assumptions on the spectral covers

induced by 85%, we show that away from a finite number of fibers, the
curvature Fz, is locally bounded in C", the connections converge along
a subsequence (and modulo unitary gauge change) in L} to a limiting
L? connection Zg, and the restriction of Zo to any fiber is C'® gauge
equivalent to a flat connection with holomorphic structure determined
by the sequence of spectral covers. Additionally, we relate the connec-
tions Z¢, to a converging family of special Lagrangian multi-sections in
the mirror HyperKé&hler structure, addressing a conjecture of Fukaya in
this setting.

1. INTRODUCTION

The adiabatic limit of anti-self-dual connections on 4-manifolds has been
extensively studied by many authors, with various interesting applications
to problems in gauge theory, geometry, and physics. In [22, 23], Dostoglou
and Salamon proved the Atiyah-Floer conjecture (see [5]) by showing that
the adiabatic limits of self-dual connections on the product of R and the
mapping cylinder of a principal SO(3)-bundle over a compact Riemann sur-
face of higher genus (greater than one) produce holomorphic curves in the
moduli space of flat connections on the SO(3)-bundle. Later, the behav-
ior of anti-self-dual SU (n)-connections along the adiabatic degenerations of
the product of two compact Riemann surfaces of higher genus was studied
in [11] and [60] respectively, which gave mathematical rigorous proofs of
the reduction from the 4-dimensional Yang-Mills theory to 2-dimensional
sigma models discovered by physicists (cf. [9]). Based on previous works
of gauge theory on higher dimensional manifolds [21, 65|, [12] generalized
the 4-dimensional case to complex anti-self-dual connections on products of
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Calabi-Yau surfaces. The Atiyah-Floer conjecture was studied in [25] for
principal PU (n)-bundles.

Another motivation for the study of adiabatic limits of anti-self-dual con-
nections arises in the context of the mirror symmetry. In [64], Strominger,
Yau and Zaslow proposed a conjecture, called the SYZ conjecture, for con-
structing mirror Calabi-Yau manifolds via dual special Lagrangian fibra-
tions. Gross, Wilson, Kontsevich, Soibelman and Todorov [45, 54, 55] pro-
posed an alternative version of the SYZ conjecture by using the collapsing
of Ricci-flat Kéhler metrics. Motivated by the study of homological mirror
symmetry, a gauge theory analogue of the collapsing of Ricci-flat Kéhler
metrics was conjectured by Fukaya (Conjecture 5.5 in [34]), which relates
the adiabatic limits of anti-self-dual connections on Calabi-Yau manifold-
s to special Lagrangian cycles on the mirror Calabi-Yau manifolds. This
conjecture was studied in the preprints [31, 58] for Hermitian-Yang-Mills
connections on 2-dimensional complex torus, and in [14] for the case of
Hermitian-Yang-Mills connections on higher dimensional semi-flat Calabi-
Yau manifolds. The present paper proves a version of Fukaya’s conjecture
for anti-self-dual connections on elliptically fibered K3 surfaces.

Let M be a projective elliptically fibered K3 surface, f : M — N =
CP!, admitting a section ¢ : N — M. Let a be an ample class on M,
ar = ta+ ffe1(Ogpr(1)), t € (0,1], and let w; € ay be the unique Ricci-
flat Kahler-Einstein metric in this class (from [77]). We denote by g; the
corresponding Riemannian metric of wy, which is a HyperKéahler metric. The
limit behavior of w; as ¢ — 0 was studied by Gross and Wilson in [45], for
K3 surfaces with only type I; singular fibers. This was generalized to any
elliptically fibered K3 surface in [66, 41, 43]. More precisely, if Ny C N
denotes the complement of the discriminant locus of f, i.e. for any w € Ny
the fiber M, = f~!(w) is a smooth elliptic curve, then it is proved in [41]
that w; converges to f*w in the locally C*°-sense on My, = f~1(No), where
w is a Kéhler metric on Ny with Ricci curvature Ric(w) = wyp (obtained
previously by [62, 66]), and wy p denotes the Weil-Petersson metric of the
fibers of f. Furthermore, (M, w;) converges to a compact metric space Y
homeomorphic to N in the Gromov-Hausdorff sense [43].

Assume that f : M — N has only singular fibers of Kodaira type Iy
and type II. Let P be a principal SU(n)-bundle on M, and (V, H) be the
smooth Hermitian vector bundle of rank n obtained by the twisted product,
ie. V= P x,C" where p is the standard SU(n) representation on C".
Assume that there is a family of anti-self-dual connections =; on P with
respect to g¢, for t € (0, 1]. This is equivalent to the curvature Fz, satisfying

Fz, ANwp =0, and FEt/\QZO,

where 2 is a holomorphic symplectic form on M. For each ¢t € (0,1], =,
induces a holomorphic structure on V, and we denote the resulting holomor-
phic bundle of rank n as V;.
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Under some non-degeneracy assumptions on the behavior of V4, the main
result of this paper, Theorem 3.1, asserts that for any sequence t; — 0,
there exists a Zariski open subset N° C Ny such that ug(Z;,) converges
subsequentially to Z¢ in the locally C%*-sense on Mpyo, for some sequence
of unitary gauge transformations u; on P. Furthermore, the restriction of
the limit = to any fiber is unitary gauge equivalent to a smooth flat SU (n)-
connection induced by a holomorphic curve in M, which can be regarded
as a multi-section of f. Furthermore, = is the Fourier-Mukai transform of
a certain flat U(1)-connection on the multi-section. We refer the reader to
Theorem 3.1 and Theorem 3.2 for more precise statements. By perform-
ing the HyperKahler rotation, we can use this result to show a version of
Fukaya’s conjecture, relating the connections =, to a converging family of
special Lagrangian multi-sections in the mirror HyperKé&hler structure.

In comparison to previous results on the adiabatic limits of anti-self-dual
connections, including, for example [22, 11, 60, 32|, one essential difficulty
we encounter is that the moduli space Mg(n) of flat SU(n)-connections
on a smooth elliptic curve is not smooth, and actually, the whole Mg (n) is
degenerated, i.e. there is no smooth point (cf. [59]). Specifically, since every
flat connection is gauge equivalent to a reducible connection, Poincaré type
inequalities may not follow, creating immense analytic difficulties. The same
issue also appears for the case of T% = C2?/Z* as in [31, 58]. To overcome
this, we take a totally different approach from [31, 58|, which is inspired by
the study of collapsing of Einstein 4-manifolds [1, 15]. In addition we adapt
some of the arguments from [22, 23], as suggested in [34].

Fortunately, in the literature there is a very satisfactory theory about
the moduli spaces of semi-stable holomorphic bundles of rank n on elliptic
curves in algebraic geometry. In the proof of Theorem 3.1, we utilize the
well understood results of holomorphic bundles on elliptic fibered surfaces in
[30, 29, 28], as opposed to the pseudo-holomorphic curve theory in symplectic
geometry used in [22, 58]. Additionally, in the course of our analysis, we
obtain a Poincaré type inequality for the curvatures of SU(n)-connections
on smooth elliptic curves, which relies on the earlier work of the first two
named authors (cf. [17]). This enables us to generalize certain arguments of
[22] to the present case. Finally, the small energy estimates for sufficiently
collapsed Einstein 4-manifolds developed in [1] can be adapted to the case
of Yang-Mills connections on collapsed 4-manifolds, which is used to finish
the proof of the main theorem.

Here we outline the paper briefly. Section 2 reviews the background no-
tions, and preliminary results, which are needed for the main theorem. We
recall the standard background on gauge theory in Section 2.1, and the the-
ory of holomorphic vectors bundles on elliptic curves in Section 2.2. Section
2.3 reviews the previous work about the gauge fixing on elliptic curves by
the first two named authors, which is one essential ingredient in the proof
of the main result of the present paper. Section 2.4 recalls the work of



Friedman-Morgan-Witten [30, 29], where the relationship between holomor-
phic bundles and spectral covers on elliptic surfaces is established. This
work is the algebro-geometric input needed to overcome the difficulty of
non-smoothness of the moduli spaces of flat connections. In Section 2.5, we
set up some notations for the collapsing of Ricci-flat Kahler Einstein metrics
on K3 surfaces, and leave more detailed discussions to the Appendix. Sec-
tion 2.6 reviews the notion of Fourier-Mukai transform. We adapt the small
energy estimates for sufficiently collapsed Einstein 4-manifolds by Anderson
[1] to the present case in Section 2.7.

Section 3 is devoted to the main theorems of this paper. We state the main
theorems, and in Section 3.1, we apply the main theorems to the SYZ mirror
symmetry for K3 surfaces, which proves a version of Fukaya’s conjecture in
[34]. Section 4 contains the proof of Theorem 3.1 assuming some important
a priori estimates, which are established in the sections that follow. Section
5 contains the key analytic result of the paper, namely the Poincaré type
inequality mentioned above. In Section 6, we obtain a C%-bound for curva-
ture under the assumption of a certain decay rate of curvatures as the fibers
collapse. Section 7 studies the relationship between the energy of curvature
and the spectral covers. In Section 8, we use a blowup argument to prove
the desired curvature decay rate, thereby completing the proof of Theorem
3.1. Section 9 proves Theorem 3.2.

Finally, the appendix has some results of independent interest, where we
study the collapsing rate of Ricci-flat Kahler-Einstein metrics on general
Abelian fibered Calabi-Yau manifolds. Here we improve on the previous
results of [41, 43, 69].

Acknowledgements: We would like to thank Mark Haskins for introduc-
ing the authors to the question, and some valuable comments. The work
was initiated when the second and the third named author attended the
First Annual Meeting 2017 of the Simons Collaboration on Special Holono-
my in Geometry, Analysis and Physics. We thank the Simons Foundation
and the organisers of the meeting for providing this opportunity. We also
thank Simon Donaldson, Mark Gross, Valentino Tosatti, Yuuji Tanaka, and
Michael Singer for some discussions.

2. PRELIMINARIES

In this section, we review the various notions, and preliminary results,
which are needed for the main theorem. Although there is quite a bit of
background to cover, we find it necessary to provide all the important details
before we can state our results.

Let M be a projective, elliptically fibered K3 surface. Denote the fibration
by f: M — N = CP!. Assume f admits a section o : N — M, and
furthermore assume f has only singular fibers of Kodaira type I; and type
I1. Let I denote the holomorphic structure on M for which f is holomorphic.
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We denote by Sy the discriminant locus f, and Ny = N\Sy the regular
locus. The preimage of the regular locus is denoted by My := f~1(Ny).
For any point w € N, the fiber over this point is written M, := f~(w).
Additionally, for any subset U C N, we use the notation M := f~1(U).

Let P be a principal SU(n)-bundle on M, and V be the smooth vector
bundle of rank n equipped with an Hermitian metric H induced by P, i.e.
VY = P x, C", where p is the standard unitary representation of SU(n) on
C™. Note that first Chern class of V vanishes, i.e. ¢1(V) = 0.

For computing norms it is convenient to use a fixed Kéhler form w on M,
which lies in a fixed K&hler class a. Unless otherwise specified, all norms
are computed with respect to w and H. We let (-,-),, denote the inner
product of the space of forms induced by w|z,, on the fiber M,,, and || - ||,
the respective L?-norm on M,,.

Throughout the paper, we let C denote constants, which only depend
on fixed background data, whose value may change from line to line. The
constants may depend on a compact or open sets contained in IV, and this
dependence is either explicitly stated, or clear from context.

2.1. Anti-self-dual connections. We begin by recalling the standard back-
ground on anti-self-dual connections, and readers are referred to texts [6, 20,
27, 52] for details.

Given the definition of P above, let = be a connection on P, or an SU (n)-
connection of V. If the curvature F= satisfies

3’2 =0, or equivalently Fz = FEl’l,

then = induces a holomorphic structure on V. We denote the resulting holo-
morphic bundle as Vz, and 9= the corresponding Cauchy-Riemann operator.
Specifically, we can write the covariant derivative dz : C*°(ANT*M ®@ V) —
C®(NTIT*M @ V) as dz = 0= + 0=, and the Cauchy-Riemann operator
is the (0, 1)-component. By construction = is the unique Chern connection
induced by H and O=.

Let AM! be the space of all unitary connections with vanishing (0, 2)-
component of curvatures on P, so for any = € AY!, we have FEO’2 =0.Ifg
denotes the unitary gauge group, i.e. the space of unitary automorphisms
of V covering the identity on M, then G acts on A by

u(E) = E+u"(dzu),

for u € G and = € A, The G-action extends to an action of the complex
gauge group Gc, which consists all automorphisms of V covering the identity
on M, on AY! by

9(8) =E+ 97" (9=9) — (97" (9=9))",
for g € G, where (+)* denotes the conjugate transpose. Any two connections
Z; and Z» € A induce isomorphic holomorphic structures on V if and only
if 2 = g(Es) for a certain g € Ge. Therefore the quotient space A% /Ge

parameterizes the holomorphic structures on V.
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Note that if ¢ € Gc¢ is an Hermitian gauge, i.e. g = g%, then for any
E € AYL, the curvature transforms via

Fyz)y = Fe+0=2(9 ' (9=29)) — 0=((0=9)9")

+0=29920=9 — g~ '0=90=99"",
where Fyz) is the curvature of the connection g(Z). The transformation of
Z to ¢g(Z) by a Hermitian gauge g is equivalent to fixing the holomorphic
structure on a bundle V', and then changing the Hermitian metric (see [19]
for details).
Given a Kahler class a on M, choose a Kahler form w € a, and let g be
the corresponding Riemannian metric.

Definition 2.1. An SU(n)-connection E is called anti-self-dual with respect
to the Kdhler metric w if = satisfies the equation

(2.1) *gFE = —FE,

where g denotes the Hodge star operator of g.

For any anti-self-dual connection, Chern-Weil theory gives

(2.2) /M |Fs2w?® = — /M tr(Fz A Fz) = 872ca(V).

Furthermore, anti-self-dual connections are absolute minima of the Yang-
Mills functional on P, and thus satisfy the Yang-Mills equations

dEFE = 0, and d*EFE = 0.
This implies the following Weitzenbock formula for the curvature of =
(2.3) 0=Agfs = V*EVEFE + R, #F= + F=#F=.

Here R, denotes the Riemannian curvature of w, and S#T denotes some
algebraic bilinear expression involving the tensors S and T', where the exact
form is not important for the present paper.

In complex dimension 2, a connection E is anti-self-dual if and only if it is
Hermitian-Yang-Mills [20], which is given by the following set of equations

(2.4) F2'Aw=0, and F2? =0.

Thus an anti-self-dual connection = induces a holomorphic structure on V,
and we denote the resulting holomorphic vector bundle as V=.

For a given Kéhler class a on M, a holomorphic vector bundle V is called
a-stable (respectively a-semi-stable), if for any proper torsion-free coherent
subsheaf F, the following inequality holds

a(F)-a calV) «
rank(F)  rank(V)
Fundamental work of Donaldson, Uhlenbeck, and Yau, asserts the equiva-
lence between stability and the existence of Hermitian-Yang-Mills connec-

tions (cf. [19, 72]). In particular, we state the following Theorem, restricted
to the SU(n) case.

(respectively <).
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Theorem 2.2 (Donaldson [19], Uhlenbeck-Yau [72]). Let (V, H) be the s-
mooth Hermitian bundle induced by a principal SU(n)-bundle P, « be a
Kahler class on M, and w € o a Kahler metric. If the holomorphic bun-
dle V determined by a Ge-orbit O in AY is a-stable, then O contains an
anti-self-dual connection (equivalently a Hermitian- Yang-Mills connection).
Furthermore, this connection is unique up to unitary gauge transformations.
Conversely, if 2 is an anti-self-dual connection with respect to w, and the
holomorphic bundle V= induced by = is irreducible, then V= is a-stable.

Note that if w is a Ricci-flat Kéahler-Einstein metric, then the correspond-
ing Riemannian metric g is a HyperKéahler metric, and (w, Re(2),Im(2)) is
a HyperKahler triple (cf. [42]), where © is a holomorphic symplectic form
such that

w? =Re(Q)? =Im(Q)?, wAQ =0, and Re(Q)AIm(Q) = 0.

Complex structures making g HyperKihler are parameterized by S?, and
any anti-self-dual connection = with respect to g is also a Hermitian-Yang-
Mills connection with respect to any such complex structure. In the Hyper-
Kéhler case, the anti-self-dual equation (2.1) and the Hermitian-Yang-Mills
equation (2.4) are equivalent to the following system

(2.5) FeAnw=0, and FeAQ=0.

For the remainder of the paper, we mainly work with the above equations,
as they are the most applicable to our setup.

The above equations (2.5) are given with respect to the complex structure
I making f : M — N holomorphic. By the HyperKahler rotation, we have
another complex structure J such that the holomorphic symplectic form
Qy = Im(Q) + iw, and the Kéhler form w; = Re(Q2). If = is an anti-self-
dual connection with respect to g, then = also satisfies Fz A wy = 0, and
F= A Qy; = 0. Thus = induces a holomorphic bundle structure on V with
respect to the complex structure J, denoted as V= ;, and = is a Hermitian-
Yang-Mills connection on Vz ;.

We conclude this section by recalling Uhlenbeck’s compactness theorems,
which are divided into the cases of weak and strong compactness.

Theorem 2.3 (Uhlenbeck [71, 75]). Let K be a compact subset of M.

i) [Weak compactness] If Zj is a sequence of unitary connections on
Pl such that ||F=, ||1» < C, for p > 2, then there exists a sequence
of unitary gauge transformations uy € G*P so that uy(Z) converges

. p p . . p:
along a subsequence in Ll,loc to a Li-unitary connection 2 on K,

where G>P denotes the space of LE-unitary gauge changes.

ii) [Strong compactness] If we further assume that Zj is anti-self-dual
with respect to a Riemannian metric g, and g, converges smoothly
to a smooth Riemannian metric g, locally on K, then ug(Zg) con-
verges to Zso in the locally C°-sense, and Z is anti-self-dual with
respect 10 goo-



2.2. Gauge theory on elliptic curves. While working with bundles over
M, we need several preliminary results dealing with the restriction of a
bundle to a fixed elliptic fiber, which we detail here.

Fix a point w € Ny, and consider the fiber M,, = E, a smooth elliptic
curve with period 7, i.e. E = C/Spany{1,7}. Equip F with the flat metric
wk .= ilm(7)"'dz A dz. Let V be a holomorphic vector bundle of rank
n with trivial determinant line bundle A"V = Og, let d be the Cauchy-
Riemann operator, and fix a Hermitian metric H on V. Let A., be the
unique Chern connection determined by the holomorphic structure and the
Hermitian metric H, i.e. A., = (OH)H ! under a certain local holomorphic
trivialization. Recall that || - ||, denotes the L? norm on E.

Proposition 2.4. There exists a 6 > 0, dependent only on E and V', so
that if A is in the complexified gauge orbit of Ac, and satisfies |Fallw < 6,
then the holomorphic bundle V is semi-stable.

Proof. This proposition follows from the fact, proven by Rade, that the crit-
ical values of the Yang-Mills functional (the L? norm of the curvature) are
discrete, and that in real dimension 2 and 3 the Yang-Mills flow converges in
L2 [61]. If A satisfies || Fall, < 6 for & sufficiently small, then the Yang-Mills
flow starting at A must converge to a flat connection Ay, by discreteness
of critical values. Thus [[Fy)|lw — 0, where A(t) denotes the flow of con-
nections. Furthermore, the Yang-Mills flow preserves the complex gauge
equivalence class of A, so A(t) all define isomorphic holomorphic structures
on V. As a result, V admits an approximate Hermitian-Einstein structure,
and is semi-stable [52]. O

Although the Yang-Mills flow preserves the complex gauge equivalence
class of A, it is not immediately clear whether the limiting flat connection
Ay is contained in the complexified gauge orbit, or only strictly in the closure.
To better understand this, we turn to Atiyah’s classification of semi-stable
bundles on an elliptic curve.

Let 0 € E the identity of the group law. Denote the trivial line bundle
by Op, and given a point g € E, let Og(q—0) be the line bundle associated
to the divisor ¢ — 0. Define Z, inductively, with Z; = O and Z, the unique
nontrivial extension of Z,,_1 by Og.

Theorem 2.5 (Atiyah [4]). Any semi-stable bundle V' over E with trivial
determinant bundle is isomorphic to a direct sum of bundles of the form
Op(q—0)®Z,, ie.

4
V= @OE(QJ‘ —0) ®I7nj.
J=1

Definition 2.6. A semi-stable bundle V' is called regular if it is of the form
l
V=@ Op(q; — 0) ® L, with q; # q; for any j # i.
j=1
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Now, in our setting one (and only one) of two things can happen. Either
V' is isomorphic a direct sum of line bundles V' = ®Og(q — 0), and the
limiting flat connection Ag is in the complex gauge orbit of A, or V is
isomorphic to a direct sum of bundles of the form Og(q — 0) ® Z,, with at
least one r > 1. In the latter case, Og(q — 0) ® Z, is strictly semi-stable,
since Og(q —0) C Og(g —0) ® Z, has degree zero but Og(q — 0) ® Z, does
not split holomorphically. As a result V does not admit a flat connection,
and so A is not complex gauge equivalent to Ag.

l

Note that if V = @ Og(q; —0) ® I, then V is S-equivalent to the flat
j=1

L
bundle @ Og(g; —0)#"7 (see [28] for the precise definition of S-equivalence).
=1

J
4

Every S-equivalence class corresponds to a divisor ) rj¢; in the complete
j=1
‘
linear system |n0|. Conversely, any divisor ) 7;g; € |n0| on E induces an
j=1
S-equivalence class of semi-stable bundles with trivial determinant, which

J4
contains @ Og(g; — 0)®". Therefore, the moduli space of S-equivalence
j=1
classes of semi-stable bundles with trivial determinant is given by the com-
plete linear system |n0| = CP"~ !,

Furthermore, the moduli space of flat line bundles on F is the dual torus
E =~ H%Y(E)/HY(E,Z), and we identify F and F by q — Og(q—0). Another
way to state this is that a point ¢ € E corresponds to a flat connection
7(Im7) "1 (qdz — Ggdz) on the trivial Hermitian bundle E x C. Therefore the

n

flat bundle structure of @ Og(g; — 0) is given by the flat connection
j=1

(26) AO = W(ImT)_l(diag{QIa o 7qn}dz - diag{‘jla T ,qn}dZ),

n
where ) ¢; € [n0|. Note that the above connection has this form in a global

j=1
unitary frame for V. Let Mpg(n) denote the moduli space of flat SU(n)
connections on V', which is naturally identified with |n0|, the moduli space

of S-equivalence classes of semi-stable bundles with trivial determinant.
We note that from the perspective of algebraic geometry, the linear sys-
tem |n0| is a well behaved object. On the other hand, from the perspective
of symplectic geometry, the moduli space M g(n) is quite complicated. In
particular, any flat SU(n)-connection on E is degenerate, the virtual dimen-
sion of Mg (n) is zero, and the whole space Mp(n) is regarded as singular,
i.e. there is no smooth point (cf. [58, 60]). If we let A denote the space of
all unitary connections on the trivial bundle on E, and G the unitary gauge
group, then following Atiyah-Bott [6], one can construct M g(n) as the sym-
plectic reduction Mg(n) = {A € A|F4 = 0}/G. Using this construction
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Mp(n) is in the singular locus of A/G. Such ill behavior of Mg (n) prevents
us to generalize the arguments in [11, 22, 32, 59] directly, where the moduli
space of flat connections on Riemann surfaces of higher genus are considered.
Instead we follow an algebro-geometric approach combined with estimates
for the above non-linear partial differential equations.

2.3. Gauge fixing. In this section we continue to work on a single elliptic
curve (E,w). Let V be a regular, semi-stable, holomorphic vector bundle of
rank n which admits a flat connection Ay, equipped with a Hermitian metric
H. Suppose A is another connection in the complex gauge orbit of Ay, i.e.
A = g(Ap) for some g € Ge. It will be important for us to know under
what conditions we have control over the C° norm of ¢g. Since the action
of a fixed unitary gauge transformation will not affect this norm, without
loss of generality we assume that A = e®(Ap) for a trace free Hermitian
endomorphism s.

In general it is not reasonable to expect direct control of s. For example,
if e® were a diagonal matrix of constants c, ..., ¢, in the trivial frame, then
e®(Ap) will also be a flat connection. However, one eigenvalue ¢; can be
arbitrarily large while still preserving the condition that s be trace free, so
s cannot be controlled. What does end up being true is that under a small
curvature assumption, there exists a normalized endomorphism §, which
may be distinct from s, that nevertheless gives the same connection under
the complexified gauge group action, and is uniformly controlled in C°. The
key result of the first two named authors is as follows.

Theorem 2.7 (Datar-Jacob [17]). Let e*(Ap) be a connection on'V given by
the action of a trace free Hermitian endomorphism s. There exists constants
€o > 0, and Cy > 0, depending only on w, Ag, and H, so that if

||F65(A0)H%’U(E) < €0,

then there exists another trace free Hermitian endomorphism § satisfying
that 5 is perpendicular to the Kernel of da,, in addition to

€S(A0) = eg(Ao) and H§HCO(E) < C().

We remark that the assumptions that V' be regular and admit a flat con-
nection are critical, as they imply that the holomorphic automorphism group
of V' is precisely n dimensional [30]. The idea of the proof is that the lin-
earization of the complex gauge group action of a Hermitian endomorphism
on Ap is xda,s. Restricting to endomorphisms perpendicular to the Ker-
nel of dy,, a Poincaré inequality gives that the linearized map is invertible
with bounded inverse. Thus, if e*(A4p) is sufficiently close to Ay, via the
contraction mapping principle the results of the theorem hold. In order for
the theorem to hold under the small curvature assumption, a connectedness
argument is applied. We direct the reader to [17] for further details.
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2.4. Spectral covers. We now discuss holomorphic vector bundles over our
elliptic fibration M, as opposed to a single elliptic curve.

We assume that f : M — N has only singular fibers of Kodaira type I;
and type II. Then M coincides with the Weierstrass model f : M — N,
ie. M =M and f = f (cf. Definition 18 of Chapter 7 in [28]). Let V be
a holomorphic vector bundle V' of rank n on M such that the determinant
line bundle A"V is trivial, i.e. A"V = Oy;. If the restriction of V' on the
generic fiber of f is regular semi-stable, then a multi-valued section of f is
constructed in [30], which is called the spectral cover associated to V. More
precisely, we have the following theorem.

Theorem 2.8 ([30]). Assume that the restriction of V' on the generic fiber
of f is semi-stable and regular. Then there exists a divisor

Dy € |no(N) +mil,

called the spectral cover associated to V, where | denotes effective divisor
class of the fibers of f, m € Z satisfies 0 < m < co(V'), and for a generic
w € Ny,

l l
Vi, = @(’)Mw(qj -0)®Z,, DynNM,= erqj € |no(w)].
j=1 j=1

We recall the construction in [30]. Since h°(M,,, On, (no(w))) = n for
any fiber M, the push forward f.Op;(no) is a vector bundle of rank n on
N, and more precisely,

f*OM(nU) = ON @L_Q ®--- @L_n7

where L~! = 0*O)(0) by Lemma 4.1 of [30]. We denote p : P,,_1 — N the
projection bundle, so P,_1 = Pf.Opr(no) (cf. Section 4.1 of [30]). For any
w € N, the fiber p~!(w) is the complete linear system |no(w)| = CP" !,
i.e. p~(w) = |no(w)], and is identified as the coarse moduli space for semi-
stable bundles of rank n on M, (cf. Section 1 of [30]). Since the restriction
of V to the generic fiber is semi-stable, there is a non-empty Zariski open
subset N’ C N such that for any w € N, V|, is semi-stable, which defines
a point (V) € |no(w))| by Theorem 1.2 in [30]. Then Lemma 4.2 of
[30] defines a section

Ay N' = p ' (N), by Ay(w)=0(V|m,),

and by Lemma 6.1 in [30], Ay extends to N as a section of P,_1, denoted
still by Ay : N — Pp_1.

Section 4.3 in [30] constructs an n-sheeted branched covering ¢ : T —
P,_1, which admits a CP" 2fibration r : 7 — M. For any smooth fiber
My, T = 7~ Y(My) — M, coincides with the construction in Section 2.1 of
[30] as follows. Let II,, C MZ™ be the subset such that (g1, ,qn) € Il
if and only if the divisor q; + - - - + ¢, is linearly equivalent to no(w). If S,
denotes the symmetric group, and S,,—1 C S, is the subgroup fixing the last
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element, then S, acts on II,,, and the quotient II,,/S, = |no(w)| = CP* 1.
Also Ty = Iy /Sn—1, |7, : Tw — M,y is given by (q1, -+ ,Gn—1,qn) — qn,
and o|7, : Tw — |no(w)| is a branched n-sheeted cover such that |7, is
unbranched over ¢ + --- + ¢, € |no(w)| if and only if ¢; # ¢; for any

i # j. Clearly, 7|7, (o7 (q1 + -+ @) = {q1, -+ ,qu} C M, for any
@+ -+ gn € Ino(w)).

The spectral cover Dy is defined as the scheme-theoretic inverse image of
Ay (N), i.e. Dy = o }(Ay(N)), which is a subscheme of T, and po g|p,, :
Dy — N is finite and flat of degree n (cf. Definition 5.3 in [30]). By
Lemma 5.4 of [30], r|p,, embeds Dy in M as an effective Cartier divisor,
and for|p, = poog|p,. Therefore, we always regard Dy as a divisor
of M in the present paper. Furthermore, Lemma 5.4 in [30] shows that
OM(Dv) = OM<TLU(N)) ® f*Ly where Ly = A#{/Opnil(l). Thus

Dy € ‘nJ(N) —i—ml!,

where [ denotes the effective divisor class of the fibers of f, and m = degLy €
7.
The arguments in Section 6.1 of [30] show that

(2.7) 0<m =degLly < co(V),

which is sketched as follows. Since the restriction of V' to the generic fiber
is regular semi-stable, there are only finite possible fibers such that the
restrictions of V' are unstable. Lemma 6.2 of [30] proves that by preforming
finite allowable elementary modifications to V', one obtains a new bundle
V' such that the restriction of V' to any fiber is semi-stable. Furthermore
ca(V') < ¢e9(V), and equality holds if and only if V' = V| i.e. there is no
elementary modification preformed.

The proof of Corollary 6.3 in [30] shows that there is a coherent sheaf
Vb, whose restriction on any fiber is regular semi-stable, and a morphism
¥ : Vo — V', which is an isomorphism on f~(U) for a nonempty Zariski
open set U C N. The cokernel coherent sheaf @) is a torsion sheaf supported
on finite fibers, and admits a filtration by degree zero sheaves. Consequently,
c2(Vp) = c2(V’). Note that Vj is isomorphic to V on f~1(U’) for a nonemp-
ty Zariski open set U’ C N, as the above two processes only change the
restrictions of V' on finite fibers. Therefore we have Ay, = Ay, Dy, = Dy,
and Ly, = Ly. By Proposition 5.15 of [30], degLly;, = c2(V)), and we obtain
the inequality (2.7).

The spectral cover Dy gives a criterion of V' being stable.

Theorem 2.9 (Theorem 7.4 of [30]). If Dy is reduced and irreducible, then
V is stable with respect to f*ci(Ocpr (1)) + tar, for all 0 <t < (%@(V))_l,
where « is an ample class on M.

This theorem can be used to construct stable bundles on M as follows. If
D € |no(N) + ml|, m > 2n, is an effective reduced and irreducible divisor,
then Lemma 5.4 in [30] asserts that D is the spectral cover of a unique
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section A of P,_1, which satisfies m = degA*Op, ,(1). A holomorphic
vector bundle V' is constructed from A (cf. Definition 5.2 in [30]) such
that the restriction of V on every fiber is regular semi-stable with trivial
determinant line bundle, and D is the spectral cover of V', i.e. Dy = D.

We recall the construction in Section 5.1 of [30] by assuming that D is
smooth, and does not intersect with any singular set of the singular fibers
of f. If M = D x y M denotes the base change, which is smooth, then there
are morphisms f : M — D and vp : M — M such that fovp = flp o f.
We regard M =D XNy M C M xyx M via the natural embedding D — M.
Then ¥Xp = vj,0 and A = M N Ay are divisors, where Ay is the diagonal of
M xn M. For any w € Ny, and gj(w) € M, N D, we have ]\Zf(w’qj(w)) = M,,
>p mM(w,qj(w)) = {o(w)}, and AmM(w,q]-(w)) = {qj(w)}. Lemma 5.5 of [30]
asserts that the push forward (vp).O; (A —Xp) satisfies that its restriction
on every fiber is regular semi-stable with trivial determinant line bundle.
Furthermore, for any line bundle L on D, (D)« (O (A —Xp) ® f*L) also
satisfies the required conditions.

Conversely, if V' is a holomorphic vector bundle whose restriction of V' on
every fiber is regular semi-stable with trivial determinant line bundle, and
D is the spectral cover of V', then

V = (vp) (O (A —Ep)® f*L)

for a certain line bundle L on D by Proposition 5.7 in [30]. Now, since
degL = —0? = 2, Proposition 5.12 of [30] asserts that one can choose V via
a suitable L on D such that the first Chern class ¢1(V) = 0, and therefore, V
has trivial determinant line bundle on M. Now Theorem 7.4 of [30] shows
that V is stable with respect to f*ci(Ogpi(1)) + tar for 0 < t < 1. In
summary, we have

Theorem 2.10. If D € |no(N) + ml|, m > 2n, is an effective reduced and
irreducible divisor, then there exists a holomorphic vector bundle V' of rank n
with ¢1 (V') =0 on M such that the restriction of V' on every fiber is reqular
semi-stable, and D is the spectral cover of V, i.e. Dy = D. Furthermore,
V' is stable with respect to f*ci(Ocpr (1)) + tar, for all 0 <t < (%cz(V))_l,
where a is an ample class on M.

2.5. Collapsing of Ricci-flat Kéhler-Einstein metrics. We now intro-
duce some preliminary results on our family of collapsing base metrics on
M, and highlight a new decay estimate necessary for our main theorem. The
reader is directed to Appendix A for a proof of this particular asymptotic
decay.

Let « be an ample class on M, oy = tae+ f*c1(Ogpr(1)), t € (0,1], and
wt € oy the unique Ricci-flat Kéahler-Einstein metric, which satisfies the
complex Monge-Ampere equation

wi = it A Q.
13



Here (2 is a holomorphic symplectic form on M, and ¢; tends to a positive
number ¢y when ¢ — 0.

For any t € (0, 1], there exists a family of Kahler metrics wp* on My, such
that w¥| )z, is the flat metric in the class tapz,. Such metrics are called
semi-flat, and we recall their construction here. Note that My is obtained
by the quotient of the holomorphic cotangent bundle 7% Ny by a lattice
subbundle A. More precisely, we have a covering map p : T*Ny — My,
so that p(A) = o(Np), and the pull-back p*Q2 is the canonical holomorphic
symplectic form on T*Ny. If U C Ny is a small open disk, we can choose
a holomorphic coordinate w on U so that A NT*U = Spany{dw, 7(w)dw},
where 7(w) is the period of the elliptic curve M,,. Under the trivialization
T*U =2 U x C given by zdw — (w, z), we see p*Q2 = dw A dz. Note that the
(1,1)-form

SF
t

i00Tm (1)~ (Im(2))? W (dz 4 bdw) A (dz + bdw)

1
T2
is invariant under the translation of any local constant section of A (cf.
Section 3 in [41]), where

Im(z) o1

Im(7) Ow’

Thus the above (1,1)-form can be regarded as living on f~(U). The semi-
flat metric is defined as

W = Im(r) ™! and b=—

2.8) Wi = % <tW(dz + bdw) A (dz + bdw) + W dw A dw) .

For simplicity we denote w*F := w{¥', which we use as a fixed base metric.
We denote
(2.9) 0 = dz + bdw.

We now state our decay result for w; as ¢ — 0, which is contained in
Theorem A.1 (see Appendix A below). Given U C Ny, [41] asserts that
there exists a local section o such that for any ¢ > 0,

SF
| T5,we — w; ||c(foc(MU,w§F) =0,

when ¢ — oo, where T}, denotes the fiberwise translation by o¢ (cf. Lemma
4.7 in [41]). Theorem A.1 shows that there is a (1,1)-form y; satisfying
Xt — 0in C* as t — 0, so that T, w; approaches to wPF + f*x; faster than
any polynomial rate, i.e.

T3 we = wif + f*xe +o(t2),

for any v > 1.

In the proof of the main theorem we need a slightly stronger statement.
The difference between T7 w; and wP can be written out in components in
the fiber and base directions:

Ty wp — wit' = @ zdz A dZ + orwpdw A do + @ pzdw A dZ + ¢ pdz A d.
14



We need the following important lemma, which is a direct consequence of
Lemma A.2.

Lemma 2.11. For any v > 1 and £ > 0, there is a constant Cy, > 0 such
that on My, U' C U,

H‘Pt,wﬁ) - Xt,wﬁ)HCO < CO,I/t%7
0 0 v
||£@t,ww“cé + ||£90t,ww”c@ + letzzlloe + et zmllor + ltwzlloe < Cept?,
and Xtww — 0 in the C*°-sense when t — 0. Here x; = Xt,wadw A dw, and
the C*-norms are calculated using the fized Kihler metric wS" on M.

In this section we also recall the blow-up limit of ¢t~*w;, which shows up
in the analysis to follow. Let ¢, — 0 and w — wo in U C Ny. By [41],

_ [ L=
(Mt wiy s i) = (C X My, weo = w,fjo + §W Ywo)dib A di, po),

in the C*°-Cheeger-Gromov sense, where wy, = f(px), pr — Po € My, wgo
is the flat Kéhler metric representing a\MwO, ie. wgo = wSF|MwO, and W
denotes the coordinate of C. More precisely, if D, = {w € C||w| < r}, we

define smooth embeddings ®4, : D, x M,, — My by
(W, a1 + asm(wo)) — (Wi + VW, a1 + a7 (wy, + VEgw)), ai,a2 € R/Z,
where we identify My with (U x C)/Spany{1,7}. If z = a3 + as7(wp), then
a1 + ao7(wy + VW) = z + hy, where
hy, = i(2lm (w)) ™ (2 — 2) (7 (wy + VEkw) — 7(wo)),
which satisfies that ||hg||c¢c — 0 when ¢ — 0. Therefore
®; .(dz + bdw) = dz + dhy, + /(b — Imhy, (Im7) 9y 7)did — dz,

in the C*°-sense. Clearly, d@;i[ d®y, — I, where I is the complex struc-
ture of M and I, denotes the complex structure of C x M,,,, and

(210)  ®f b7 Wl = w = % (W (wo)dz A dz + W (wo)diis A dii) ,
in the C*°-sense on D, x M,,. Furthermore,

(2.11) (Tog © Pre) "ty 'y, = O 5 T we, — woo,

in the C*°-sense, on D, X M,,,, when t; — 0 by [41].

2.6. Fourier-Mukai transform. In this section, we recall a notion, called
the Fourier-Mukai transform (cf. [7, 56, 14, 13] etc.), and we present a
little variant of the standard construction for the convenience of the proof
of Theorem 3.2.

Let N° C Ny be a Zariski open subset, and D° C Mpyo be a smooth
curve such that f|po : D° — N is a unbranched n-sheets cover. Note
that the moduli space of flat U(1)-connections on D° is the cohomology
group HY(D°, U.(1)) = HY(D°,U(1)), where Ue(1) is the U(1)-valued locally
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constant sheaf. For any © € H'(D° U.(1)), the Fourier-Mukai transform
takes the pair (D, 0) to a unitary gauge equivalent class FM(D°, O) of
U (n)-connections on Mpyo. We review the construction as the following.

If M° = D° x yo Myo is the base change, then the prOJectlon f MO —
De° is a fibration with the fiber M = My, and vp . MO — Mpo is a

unbranched n-sheets cover satlsfymg fovp = flpoo f We embed M° =
D° X no Mpyo < Myo X no Mpyo via the natural inclusion D? < Myo. Let
¥ =vjhoand A = M°NAy, where A denotes the diagonal of Mo X o Mpo.

For any x € N°, and ¢(z) € M,ND°, we have M(x o(z) = = M,, EﬁM( a(z) =

{o(z)}, and AN M(O%q(x)) = {q(z)}. We regard X as the zero section of f,
which is used to identify the fibers with elliptic curves, and view A as the
pull back the multi-section D?, which is a section of f .

There is a U(1)-connection A° on the smooth trivial line bundle M® x C,
which is obtained by the restriction of the Poincaré line bundle (cf. [7]) on
Mpyo X no Mpyo by identifying Mpyo with the Jacobian Mpyo. We exhibit A°
explicitly.

If U C D is an open disc such that f|y : U — f(U) is biholomorphic, we
choose the coordinate w such that M = T*U/Spany{dw, 7dw}, where 7(w)
is the period of M2. Here the section ¥ = 0 under this identification. If 2
denotes the coordinate on the fiber, then the holomorphic symplectic form
vH§) = dw A dz, and AN M(‘} is given by a holomorphic function g = g(w)
on U, ie. ANMG = {(w,q(w))} € U x C/Spang{1,7}. We have the
U(1)-connection

(2.12) A% = n(lm(r)) " (¢f — g9),

on Mg, where 0 is defined by (2.9).

If y; and yo are real functions defined on U x C by z = y1 4+ 7y, then dy;
and dyo are well-defined 1-forms on MU Note that MU is diffeomorphic to
U x(R/Z)?, and we can regard y; and y» as the angle coordinates of R/Z. We
have the decomposition of the cotangent bundle T* M, { = Spang{dy1,dy2} @
Spang{dz1,dzs}, where w = x; + ixe. Since dz = dyi + Tdys + yodr,
2iIm(7)y2 = z — Z, we have 0 = dy; + 7dys. If we write ¢ = ¢1 + 72, then

(2.13) A? = 2mi(g2dyr — q1dy2).

If we choose another basis of the lattice Spany{1, 7}, and let y] and vj be
the corresponding angle coordinates, then y; = > cjiy; and q; = >~ cjigi
with det(cj;) = 1 and ¢j; € Z. A direct calculation shows that A° is in-
dependent of the choice of the basis, and therefore A° is a global defined
U(1)-connection on the trivial line bundle M® x C.

Let ¢; and g be the dual coordinates of y; and y2 on the dual space (R?)*,
i.e. if we view (R?)* as the cotangent space, then ¢; and ¢ are coordinates
with respect to the basis dy; and dys. We identify R?/Z? with the dual
torus (R?)*/(Z?)* via the symplectic form w = dya A dy1, i.e. v = w(v,-).
Then q = (q1,¢2) € R?/Z? is mapped to ¢ = (g2, —q1) in (R?)*/(Z*)*. The

16



Poincaré line bundle is a line bundle on U x R?/Z2 x (R?)*/(Z?)* with the
U(1)-connection
Ap = 2m’(g)1dy1 + deyg).

Thus A% = Ap|yxr2/z2x{g), Which coincides with the constructions [7, 56].

Let {Ux|A € A} be alocally finite open cover of N such that any intersec-
tion Uy, N---NU,, is contractible. On any U}, there are holomorphic func-
tions qi, - - - , qn, such that D°N My, = {(w, q1(w)), -, (w, gn(w))|w € Uy}.
Furthermore, D° N My, = U)\1 U---UUY is a disjoint union of open sets bi-
holomorphic to U, where Ug; = {(w, ¢j(w))}, and {U{\)\ eNj=1--,n}
is an open cover of D° such that any intersections are contractible.

If © € HY(D° U.(1)), then we let {g”l} € Cl({Uj} U.(1)) be the cocycle

representing ©, where U, ‘N U]Z # (), and g”l are U(1)-valued constant
i ik

functions on UZ N UJ If UZ N U] NUF # ), then ngAgiygl]ff\ =1 We
identify f*gjf)’\ = gM, and regard 9 Ui as U (1)-valued constant functions on
Mg, N Mgii' Note that (g,4)" leg;fj\ (95)7dg = A°. If Le denotes
the line bundle on M® given by the cocycle {(MO N M[‘}]Z,gff)’\)}, then A°
induces a U(1)-connection on Lg locally given by (2 12) denoted still by A°.

The pushforward (vp).Le is a rank n bundle on My given by the transi-
tions g, = dlag{gu’]l,‘ 7gu’)\]"} on My, N My,, where U, MU’ # . There
is a natural U(n)-connection = on (vp).Le induced by A" given locally by

E|MUA = diag{(VD)*AolM(oﬂ,”'7(VD)*A°|M{}”}
bY A

= w(Im(r))""(diag{qr,--- ,¢n}0 — diag{q,--- , 3 }),
which satisfies g;/\lE|MUMgM>\ + g;)}dgw\ = E|my, - I {g'”l} is an another
cocycle representing O, then there is a cycle {s}} € CO({UJ} Uc(1)) such
that gZifsA = Mg 7\ when UZ N UJZ # (0. If we define s, = diag{s}, -, sV}
on My, , then ¢/ IASA = Sudpus and {S)\‘)\ € A} induces a unitary gauge change
of (vp)«Le.

Definition 2.12. The Fourier-Mukai transform FM(D°,0) of (D°,0) is
defined as the unitary gauge equivalent class [Z] of the U(n)-connection Z
n (vp)«Le, i.e.
FM(D°?,0) = [=].

For any t € (0, 1], the semi-flat metric wy* is HyperKéhler, and by us-
ing the HyperKéahler rotation, we can find a new complex structure and a
symplectic form such that D° is a special lagrangian submanifold. In [56],
it is shown that the connection obtained by the Fourier-Mukai transform of
a special lagrangian section satisfies the deformed Hermitian-Yang-Mills e-
quation, and in the case of dimension 2, the standard Hermitian-Yang-Mills
equation. In the present case, the bundle (vp).Le with the connection =
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splits locally, and therefore, it is a corollary of [56] that = is an anti-self-dual
connection. We give a direct calculation proof of this assertion.

Proposition 2.13. If © € HY(D° U.(1)), then for any E € FM(D°,0),
= is an anti-self-dual connection with respect to the semi-flat HyperKdhler
structure (W™, Q), t € (0,1], i.e. the curvature F= satisfies that

FeAw?F =0, and FEAQ =0.

Proof. Since the anti-self-dual equation is unitary gauge invariant, we only
. . - L ol . ol
need to verify the split case, i.e. E|y,, = diag{A |MLOI>1\, A ‘M;};L }, where

we identify My, and M{‘}i via vp. The curvature

Fz|my, = diag{FAO!M;}lw" s Faclypo 1
bY A

and thus we need to prove that Fao satisfies the anti-self-dual equation.
By 07 = 0, we have 0 = 011 + i0m, where 7 = 7 + i1, and OpT =
OgT1 — 10579 = —2i0g72. Thus
Fgf = 70(7y *qf) = 'q OpTdZ N\ dw +Z ('9 TodZ N\ dw = 0,
217'2 2
which is equivalent to Fio A Q = 0. By (2.13),

Fpo = dA° = 2mi Z (835].(]26193]‘ Ady; — (%quda;j VAN dyg),

j=1,2
and by (2.8),
E=tdy, A dys + W tday A dos.
Thus
Fyo A wa =0,
and we obtain the conclusion. O

Finally, we remark that the split = obtained by the Fourier-Mukai trans-
form is T?-invariant, and thus reduces to solutions of the Hitchin equation
[49] and the Poisson metric equation [16] on the base N°.

2.7. Small energy estimates on collapsed K3 surfaces. Finally, we
review small energy estimates for curvatures of anti-self-dual connections
with respect to collapsed metrics.

As above, for t € (0,1}, let w; € ay = ta+ f*c1(Ogp1(1)) be the unique
Ricci-flat Kéhler-Einstein metric in oy, and consider Z;, a family of anti-
self-dual connections on P with with respect to ws.

For any p € M, and r > 0, we define the local energy of the curvature
Iz, as

7,,4
21 Elr) - [N
By, (p,7)

Vol,, (B, (p,7))
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This energy is a continuous function of p and r. By the Bishop-Gromov
comparison Theorem, for r; < 7y it holds

gt(pa Tl) < gt(pa TQ) and gt(p> O) = 0.

We have the following small energy estimate for curvatures of anti-self-
dual connections, which is essentially Theorem 4.4 in [1].

Lemma 2.14. There exists a universal constant € > 0, independent of t,
such that if

gt(par) < g,

for p and r satisfying p € Mg and By, (p,r) C Mg+ (for fized compact
subsets K C K' C Ny), then
1
C 1E2
Sup ‘FEt’wt S L
By, (p,r/2)

for a constant Cgr > 0.

Proof. By Lemma 4.4 of [41], the curvature R,, is bounded by a uniform
constant cxs on Mgs. The Weitzenbock formula (2.3) implies the Bochner
formula

Awt ’FEt|Wt > _’FEtE;t - CK"FEt ’wt'

One can now carry over the exact argument from [1], consisting of Moser
iteration with the local Sobolev inequality

Cs Bw D7)\ %
3(}(4))4H§!L4<wt> < ldellzz e

for any compactly supported function £ on By, (p, ), where cg is a universal
constant (cf. (4.1) and Theorem 4.1 in [1]). If we keep track of the extra
ck term, because this term is of lower order, it does not affect the choice
of the uniform constant 7, which is thus independent of K and K'. ([l

Choose ¢ < 1 such that C’Klaé < 4. This allows us to make the following
definition.

Definition 2.15. For any t € (0,1], we define Ri(p) > 0 be the minimal
number such that

Er(p, Re(p)) = €.

In particular, for any compact set K C Ny, and p € M, as long as R;(p)
is small enough, it holds

(2.15) |l (p) < 4Ri(p) 2,

and for any r > Ry(p),
E(p,r) > €.
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3. THE MAIN THEOREMS

In this section, we present the main theorems of this paper, and demon-
strate its applications to SYZ mirror symmetry of K3 surfaces.

Theorem 3.1. Let M be a projective elliptically fibered K3 surface with
fibration f : M — N = CP'. Assume f has a section o : N — M, and
assume it has only singular fibers of Kodaira type Iy and type I1. Let ) be a
holomorphic symplectic form on M, and let w; € oy be the unique Ricci-flat
Kdhler-Einstein metric in a = ta + f*c1(Ogp1(1)), t € (0,1], where o is
an ample class on M. Let P be a principal SU(n)-bundle on M, and let V
be the smooth vector bundle of rank n equipped with a Hermitian metric H
induced by P, i.e. V =P x,C".

Assume there ezists a family of anti-self-dual SU(n)-connections =y on P
with respect to (w,$2), i.e.

F=s, Awy =0, and F5, NQ =0,
with t € (0,1]. Let V; denote the holomorphic bundle of V equipped with the
holomorphic structure induced by Z;. Furthermore, assume:

i) The restriction of Vi to a generic fiber of f is semi-stable and regular.
ii) Let Dy € |no(N) + ml| be the corresponding spectral cover of Vi,
where 0 <m < ca(V). Ast — 0,

Dy — Dy in |no(N)+ ml|.
iii) The limit Dy can be written
Do = D§ + D,

where D§ € |no(N) + m'l| is reduced, for some 0 < m' < m, and
D{ € |(m — m/)l| consists of all irreducible components of Dy sup-
ported on fibers.

Then the following holds:

i) For any sequence tp — 0, and any p > 2, there exists a Zariski
open subset N° C Ny, a subsequence (still denoted ty), a sequence
of LY unitary gauge changes uy € G*P of Plyry., and a LY SU(n)-
connection Zg on P|yy, so that on Myo

Uk (Etk) — E()

in the locally LY sense. Here the norms are calculated using a fived
Kdhler metric on M, and the Hermitian metric H on V.

ii) The curvature thk of Ey, s locally bounded, i.e. for any compact
subset K C N°, there exists a constant Cx so that

1Fz,, lco(ary) < Ck.

iii) For any w € N° and 0 < a < 1, there is a CY® unitary gauge
Uoo 0N My, so that us(Zo|ar,) is a smooth flat connection. This
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limiting connection satisfies that the bundle V|, equipped with the
holomorphic structure induced by uso(Zo|prs,,) s bi-holomorphic to

D Ou.lg-ow).

qeD§NM,y,

Remark 1. We remark that D}, € |(m — m’)l| is supported on fibers over
a finite number of points, and we refer to these fibers as type III bubbles,
which is the terminology used in the previous relevant works [22, 58, 60].

Remark 2. There is a topological constraint on V built into the above
theorem, namely that

(V) >2n— 2.

To see this, note that if o(IN) is not an irreducible component of D§, then
D§-o(N) = —2n+m’ > 0. Otherwise, (D§—o(N))-0(N) = —2n+2+m’ > 0.
In both cases, we have m’ > 2n — 2, which implies the inequality for the
second Chern number.

Let us demonstrate a case in which the hypotheses of Theorem 3.1 hold.
For a given m € N and s € (0,1], let Dy be a family of effective reduced
irreducible divisors in the complete linear system |no (V) + ml| such that as
s — 0,

Dy —Dy=D§+Y»_ D; in |no(N)+mi|,
j

where D§ is reduced and irreducible, D§ € |no(N) 4 m/l| for some m’ < m,
and 3 Dj € [(m —m/)l|. For example, we can take Dy = D for some fixed
divisor. By Theorem 2.10, we can construct a family of holomorphic bundles
Vs of rank n satisfying ¢;(Vy) = 0, the restriction of V to any fiber M, is
semi-stable and regular, and D is the spectral cover of Vs. Furthermore,
Proposition 5.15 of [30] asserts that ca(Vs) = m, and therefore, all of V
are smoothly isomorphic to the same smooth bundle, since SU(n) is simply
connected. Now, Theorem 7.4 of [30] shows that for any s the bundle V; is
stable with respect to f*c1(Ogp1(1)) +ta for 0 <t < 1 and t < s. As a
result, by Theorem 2.2 (and taking a diagonal sequence) we obtain a family
of anti-self-dual connections =;, for which the hypotheses of Theorem 3.1
are verified.

Theorem 3.2. Under the setup of Theorem 3.1, the unitary gauge equiv-
alent class of the limit connection =g is the Fourier-Mukai transform of a
© € HY(D§ N Myo,U(1)), i.e.

2o € FM(DSN Myo,0),

where U.(1) is the U(1)-valued locally constant sheaf.
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3.1. Strominger-Yau-Zaslow mirror symmetry with anti-self-dual
connections. We now apply Theorem 3.1 to Fukaya’s Conjecture 5.5 in
[34], which relates the adiabatic limits of anti-self-dual connections to special
Lagrangian cycles on the mirror Calabi-Yau manifolds. While describing the
mirror symmetry background, we first consider the more general setup where
M is any projective elliptically fibered K3 surface admitting a section.

We normalize oy by multiplying a constant, so that the normalized class
&y satisfies @7 = [ReQ))? = [ImQ)%. Let &y € & be the Ricci-flat Kihler-
Einstein metric in this class, and so (@, Re2, Im€?) is a HyperKéhler triple.
Using the HyperKahler rotation, we have a family of complex structures J;
with corresponding Kéhler form and the holomorphic symplectic from

wy, =ImQ and Qj = @ + iRefd.

Using Q| = 0 and Q[,(n) = 0, under J; the fibration f becomes a special
Lagrangian fibration, and the section ¢ is a special Lagrangian section with
respect to wy, and € j,.

Mirror symmetry for K3 surfaces is well understood (cf. [3, 18, 44, 40, 2]),
and in particular the SYZ mirror symmetry of K3 surfaces was studied in
Section 7 of Gross [40] and in Gross-Wilson [44]. For the reader’s conve-
nience we elaborate further on this setup. Let [o] denotes the class of the
section o(N) in H?(M,Z) and I the fiber class. Then we have the following
intersection pairings:

I? = 0, [U] =1, [0]2 = -2, [th] ’ [O—] =0,

ImQy,] - [o] =0, [wr]-1=0, and ImQy,]-1=0.
Now, the SYZ construction from Section 7 of [40] uses the choice of a B-
field B € I+/l ® R/Z. However, Gross’ assumptions are slightly different
than those of the present paper. Namely, Gross assumes the K3 surface M
is generic, i.e. the Picard group Pic(M) = Z, while in our case we have
dim Pic(M) > 2. Nevertheless, the proof of Theorem 7.3 of [40] shows that,
in our case, if we further assume that [0] + (1 + 3[w,,]?)! is an ample class
on M, and the B-field B vanishes, then the SYZ mirror of (M, Qy,) is
f : M — N equipped with the HyperKahler structure (@,€)) and the
B-field B, satisfying

] = (l'[ReQJt])*l([UH(H%[wt]2)l—i[wt})7 [e] = (I[Re€2,]) ™ Im€,],

and By = (I [Re2,]) ' [Re2,] — [o] + mod(l),
on the cohomological level.

We study the case that [0]+ (14 3 [wy,]?)! is not necessarily ample. Recall
that the Weierstrass model f : M — N of f : M — N is obtained by
contracting the irreducible components of singular fibers of f, which do not
intersect with the section o (cf. Chapter 7 in [28]). Denote by m: M — M
the contraction morphism. Since 7 contracts finitely many (—2)-curves, M

has only orbifold A-D-E singularities.
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Proposition 3.3. Normalize Q so that [ImQ]?> = 4. The SYZ mirror of
(M, wy,,$,,) with vanishing B-field is (M, (I - &) ra, (1 &) ~1Q) with the
B-field B;, where

QO =7"wy —idmQ, & =ReQ, and

By = (1-a) ta; — [o] + mod(1).
Here wy; is the Ricci-flat Kdahler-Einstein metric, possibly in the orbifold
sense, such that ™ wy; € c1(Op(o(N) + 31)).

Proof. Firstly, note that ([o] + 3[)2 = 4 > 0. Now, let D be an irreducible
curve such that ([o] +3[) - [D] < 0. If [D] -1 > 0, then [¢] - [D] < 0. Thus
D =0, and ([0]+3l)-[D] = 1 > 0, which is a contradiction. We obtain that
[D] -1 <0, and D is an irreducible component of a fiber. Thus [D] -1 =0,
and [o] - [D] < 0, which implies that [o] - [D] = 0, and D is an irreducible
component of a singular fiber of f which does not intersect with o. Therefore
[0] 4 31 is nef and big, and an irreducible curve D satisfies ([o]+3l)-[D] =0
if and only if D is an irreducible component of a singular fiber of f which
does not intersect with o. There is an ample class a; on the Weierstrass
model M such that [o] + 3] = 7*a,;, and by [53], there exists a unique
Ricci-flat Kéhler-Einstein metric w,; € aj; on M in the orbifold sense.

Since [m*wy)? = ([o] + 30)? = [ImQ)? = [ReQ)?, (m*wy;, ReQ, ImQ) is
a HyperKihler triple on 77 1(M,e,). By using the HyperKihler rotation,
we can find new complex structure K, and define a family of HyperKé&hler
structures

Q= (1 a&) (mwyy —mQ), @ = (- &) 'Re,
which satisfy
(] = (1 [ReQ])) 7 ([0] + 31 — ifwy,]), and [@] = (I [ReQy,]) ™" [Imy,].

By letting
B; = (1- [ReQy]) ' [ReQy,] — [0] + mod(l),

the proof of Theorem 7.3 in [40] shows that (M, &y, Q) with By is the SYZ
mirror of (M,wy,,Qy,), ie. (f : My, — No,w, ) is the dual special
Lagrangian fibration of (f : My, — No,wy,,§2J,). O

We now assume that M satisfies the hypotheses of Theorem 3.1, which
gives M = M and = is the identity. We can now see how Theorem 3.1
applies to Conjecture 5.5 in [34]. In our setup, the anti-self-dual connection
=: and the complex structure J; induce a holomorphic structure on V for
any t € (0,1], and Z; satisfies the Hermitian-Yang-Mills equation

F=z, Nwy, =0, and Fs, AQy, =0.

The spectral cover D; and the limit Dy are special Lagrangian cycles with
respect to the mirror HyperKéhler structure (@, €2). We now rephrase The-
orem 3.1 and Theorem 3.2 in the context of SYZ mirror symmetry.
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Theorem 3.4. Under the assumptions of Theorem 3.1, for any sequence
tr — 0 and any p > 2, there exists an open dense subset N° C Ny, a
subsequence (still denoted ti,), a sequence of LY unitary gauge changes uy, of
P, and a LY SU(n)-connection 2y on P|pr. so that

uk(Etk) — E()

in the locally LY sense on Myo. Here the norms are calculated by using a
fixed metric on M.
For any w € N°, the restriction of Zg to the fiber M,,, denoted Zg|ypr,, , s
CY gauge equivalent to a smooth flat SU(n)-connection
7r

too(Zo0ln1,,) = T (7) (diag{q1(w), - -+, gn(w)}dz—diag{q (w), -, gn(w) }d2),

where us € GVY(My), My = C/A., A, = Spany{l,7}, o(w) = 0, and
z denotes the coordinate on C. As w wvaries, {q1(w), -+ ,qgn(w)} C My
forms a special Lagrangian multisection of f~1(N°) — N° with respect to
the SYZ mirror HyperKdhler structure (@, Q), and its closure D{ is a special
Lagrangian cycle, i.e.

@|pg =0, and ImQ|D8 = 0.

The family of special Lagrangian submanifolds Dy with respect to (&, €2) con-
verges to D on f~1(N°) in the locally Hausdorff sense. Furthermore, the u-
nitary gauge equivalent class of the limit connection Zq is the Fourier-Mukai
transform of a flat U(1)-connection © on D§ N Mo, i.e.

EQ S .FM(DS mMNo,@).

Conversely, if D is a smooth special Lagrangian submanifold with respect
to (@, Q) on M such that D represents n[o]+ml € Ho(M, Z) for some m € N,
and © is a flat U(1)-connection on D, then D is a smooth holomorphic curve
in M. The argument in Section 3.1 shows that there is a stable bundle V
of rank n with respect to f*c1(Ogpi(1)) + ta for 0 < ¢ < 1. The anti-
self-dual connections Z¢ on V are also Hermitian-Yang-Mills with respect to
(th’ QJt)'

In the context of mirror symmetry, a special Lagrangian submanifold
with a flat U(1)-connection is called an A-cycle, and a Hermitian-Yang-Mills
connection on a complex submanifold is called a B-cycle (cf. [56, 51, 73]).
The correspondence between B-cycles and A-cycles is motivated by the study
of homological mirror symmetry via the SYZ construction in [7, 33, 34], and
the extended mirror symmetry with bundles [56, 73]. Theorem 3.4 says that
in the current case, the adiabatic limit of B-cycles is corresponding to an
A-cycle on the mirror K3 surface.

3.2. Remarks. We conclude this section with a few more remarks.

Remark 3. Note that the Levi-Civita connection of the Ricci-flat Kéahler-
Einstein metric w; is an anti-self-dual connection. However Theorem 3.1 does
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not apply to this case due to the following. If M, is a smooth fiber, then
the restriction of the tangent bundle of M satisfies a short exact sequence

0—TMy — TM|py, — ffTwN — 0,

and T'M |y, is S-equivalent to Opy, @ Opy,,- Thus the special cover of TM
is Dpyr = 20(N), and is not reduced. Consequently, the hypotheses of
Theorem 3.1 are not satisfied.

The curvature F=, in Theorem 3.1 behaves very differently from the cur-
vature of the Ricci-flat Kéhler-Einstein metric ws. In the metric case, the
curvature R, of w; is bounded away from the singular fibers along the
collapsing of wy, i.e.

sup ’th ’wt < CK;

Mk
for any compact subset K C Ny, by [45, 41]. Furthermore, there is a more
general result in [15] that asserts the boundedness of curvatures of sufficient-
ly collapsed Ricci-flat Riemannian Einstein metrics g on 4-manifolds away
from finite metric balls. The readers are referred to [15] for details.

In Theorem 3.1, it is shown that the curvature Fx, is bounded with respect
to any fixed metric on M. However, Fz, can not be bounded with respect
to the collapsed metric wy as the following demonstrates. If it were bounded,
then Proposition 7.1 of Section 7 shows that on any U C N¢,

3 10n Avilideidz < €O aqug o+
7j=1,2
< C’(Sup|FEt\ZtVolwt(MU)+t)
My
< Ct—0,

where x1 and zg are coordinates on U, which implies 9,,49 =0, j = 1,2.
Thus &,,(Im(7) *gi(w)) = 0, j = 1,2, and ¢(w) = ci(r(w) — 7(w)) for
constants ¢; € C, 7 =1,--- ,n. Note that g;(w) is holomorphic, and 7(w) is
not constant as the fibration f is a Weierstrass fibration. We have ¢; = 0
and ¢;(w) = 0,47 =1,--- ,n. Hence D§ N My = no(U), which contradicts
the assumption of Df being reduced.

Remark 4. Theorem 3.1 is a compactness result, i.e. the convergence of =
occurs along subsequences t;. The convergence along the parameter ¢ may
hold under certain stronger assumptions, for example the following. For any
t < 1, we assume that Vi, is regular semi-stable for any w € N. As in
Section 2.4, Proposition 5.7 of [30] shows that

Vi = (vp,)« (O (A — Ep,) ® f*Ly)

for a line bundle f)t on D;. If we assume further that Et converges to a f)o
on Dy as divisors along the convergence of D; to Dy, then we expect that =;
converges away from finite fibers without passing to any subsequence, which
would be left for the future study.
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Remark 5. There are many more questions that the authors would like to
investigate in the future. Firstly, we would like to understand what are the
corresponding algebraic geometric descriptions of the type I and type I1
bubbles in the proof of Proposition 4.1. Secondly, we like to have an explicit
formula for the second Chern number c3(V) via the bubbles and the limit
special cover Dg. Here a certain bubble tree convergence is expected.

Finally, we like to study the metric geometry of the moduli space of anti-
self-dual Yang-Mills connections on collapsed K3 surfaces, inspired by the
F-theory /heterotic string theory duality as in [29]. For any 0 < ¢ < (%30)*1,
let My (n, ¢) be the moduli space of anti-self-dual connections on V with re-
spect to the HyperKéhler structure (wy, ), where ¢ = ¢o(V), which is not
empty (cf. Theorem 2.9). By Theorem 7.10 in [52], (w¢, 2) induces a Hy-
perKéhler structure (won ¢, Qon+) on the regular locus My (n, ¢)® of My (n, c).
Furthermore, it is expected that there is a holomorphic lagrangian fibration
f:My(n,c)® — U C |no(N)+ ml| (cf. Section 2.4 of [29]). For example, if
D € |no(N) + ml| is smooth, then the fiber f~1(D) is the Jacobian J(D) of
D, which parameterises the flat U(1)-connections on D. We would like to
investigate the degeneration behavior of (wan ¢, Qon) when ¢t — 0 in future
study.

4. THE PROOF OF THEOREM 3.1

In this section we prove Theorem 3.1, assuming some important estimates
which will be proved in the subsequent sections. We begin with a bubbling
result, which gives a decay estimate for curvature away from a finite set.
This set may depend on the chosen sequence of times t; — 0.

Since we are interested in the behavior of the restriction of the connections
Ey, to a fiber M, we use the notation Ay, (w) = =, |m,. In general we
write this fiberwise connection as Ay, , as the dependence on w is clear from
context.

Proposition 4.1. If =; is a family of anti-self-dual connections on P with
respect to (wy,$2), then for any sequence t, — 0, there is a Zariski open
subset N1 C Ny, and a subsequence (still denoted ty), so that the curvature
Fz, satisfies

€k

123

on any compact subset K C Ni. Here the constants € may depend on K,
and satisfy e — 0 as k — oo. Consequently, for any w € K and ty, < 1,

?\};}I() ‘FEtk ’wtk <

HFAtk ”CO(OJSF|]\/[w) — 07
and Vi, |, s semi-stable.

Note that the above assumptions are slightly weaker than those used in
Theorem 3.1. To prove the proposition, we follow a bubbling argument
similar to arguments seen previously (for example [22]), however we present
the details here for completeness.
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Proof. Suppose that there exists a sequence of points py € M so that
f(pr) = w in Ny, and furthermore

(4.1) liminf ty|Fz,, |w,, (Px) > 0.
k—o0 k

We claim that there is a universal constant € > 0 such that for any neigh-

borhood U, of w,
w2
>
/MUw |F "k |wtk t, = &

for k£ > 1. Once this is demonstrated, by (2.2) there can only be a finite
number of such w.
By [41], for some p € M,, we have

(M, t;lwtk,pk) — (My x C,weo = wh + EW_I(w)dﬁ) A di, p)

in the pointed C*°-Cheeger-Gromov sense, where w? is the flat Kiihler metric
representing a/|yz,, i.e. wt = w5 |y, and @ denotes the scaled coordinate
of C (see Section 2.4). More precisely, if D, = {w € C||w| < r}, there are
smooth embeddings ®, , : M,, x D, — My such that

O

—1
by Wi, — Woo, O IDy v — Lo,

tE,T
in the C*®-sense on M,, x D,, where I (resp. I ) denotes the complex
structure on M (resp. M, x C).

We have two cases. In the first case, for any compact subset K C M, x C,
there is a constant C'x > 0 such that

‘ utk’t 1wt tk’ Ety, |wt < CK7

on &, ,(K), r > 1. By passing a subsequence, Uhlenbeck’s strong com-
pactness theorem shows that there is a sequence of unitary gauge transfor-
mations u i, and an anti-self-dual SU(n)-connection =, on M, x C such
that ug x(®f, ,Zr,) converges to Zo in the locally C'*°-sense on K. Thus,
in the C%sense on K,

(Dtk,’f“F —> |F'_'oo|woo7 a‘nd ‘F'_'oo‘woo( ) > 0

I

By [74], there is a constant u = pu(n) depending only on the group SU(n),

such that
[N
M, xC

Furthermore if n = 2, we know u(2) = 472, This is called the bubble of
type II in [22]. By choosing K large enough,

2 +72,,2 I
/ | Ety, wtkwtk Z/ | ~tk| Lo k Wiy, > 57
My, Dy, r(K) k

for k> 1.
The second case is that there are pj, € M such that

Y, (pr,p)) < C < oo, and, t Fz, fu, (pf) — oo,

27



when k — oo. In order to perform the bubbling argument, recall the follow-
ing point choosing lemma.

Lemma 4.2 (Lemma 9.3 in [22]). Let (Y,dy) be a complete metric space,
and ¢ be a continuous non-negative function. For any y € Y, there exist
y €Y and 0 < p <1 such that

dy(y,9') <1, sup ¢ <2¢(y), and 2p¢(y') > ((y).
Bay (y'.p)

We apply this lemma to ( = |Fg,, ‘t* wi ' Y= P}, and obtain ¢’ = p} and
0 < p < 1. We further rescale the metric, and (M, |F5,, |wt (P} )wey , D)) con-

verges to the standard Euclidean space (C2,wg,0) in the smooth Cheeger-
Gromov sense by passing to a subsequence. The same argument as above
shows that =, smoothly converges to an non-trivial anti-self-dual SU(n)-
connection Z._ on C? by passing to certain unitary gauge changes and sub-
sequences. We now have

LBt >

where 7 is the constant in Lemma 2.14. This is called a bubble of type I, and
is standard in the study of Yang-Mills fields on 4-manifolds (cf. [20, 27]).
Just as above,

2 T
| =N ’w wt Z / | =N 1 tk wt 2
/MUw PR O k(K g : 2’

for k > 1, where K satisfies that pj € ®x (K). We obtain the claim by
letting & = § min{y, 7}.

Let S1 be the set of points z € Ny for which there is a sequence pr, € M
such that f(px) — w in Ny, and (4.1) is satisfied. By (2.2)

87T2CQ(V) = lim | ‘—’tk‘wtkw?k > ﬁ(Sl)&

k—o00 M

and as a result S is a finite set. Therefore N1 = Ny\S; is a Zariski open
subset, and for any compact subset K C Ny,

supty|Fz, |u, < ex — 0,
M
when k — oo.

Since ®F .t 1wtk converges smoothly to we, on M, € C for w € K, we
have

tr,r

P oniur < 20Fag oot ) < 2500 1P L, = 0
By Proposition 2.4, Vi, |, is semi-stable, where as above V;, denotes V
equipped with the holomorphic structure induced by Z, . ([l
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Restricting to a fiber M,,, by the above proposition, weak Uhlenbeck
compactness gives that for any p > 2, there exists a sequence of unitary
gauge u, k such that along a subsequence of times, w,, ,(A;, ) converges in
L’f to a flat L’l’—connection Zoo,w O My,. In other words, we have fiberwise
convergence of =;, up to gauge changes. However, it is not clear yet that
=t, has any limit when ¢, — 0 on Mpg. For this, we need the stronger
assumptions in Theorem 3.1, and further results and estimates.

We now work under the setup of Theorem 3.1, and consider a sequence
of connections Z;, where t;, — 0 as k — oco. Before we turn to the key
estimates, we need to describe the explicit form of the holomorphic structure
of the bundle V; in a local trivialization.

Note that f|ps : D§ — N is an n-sheeted branched covering. If Spg
denotes the subset of Df consisting all singular points of D and all branch
points of f|pg, then f(Spg) is a finite subset of N. We define a Zariski open
subset

(4.2) N® = Ni\(f(Do — Dg) U f(Spg))-

On N°, flpg : f\Bé(NO) — N° is an n-sheeted unbranched covering,
since Dy is reduced. For any w € N°, D§N M,, consists n distinct points in
My, ie. D§N My ={q, - ,qn} where g; # g; for any i # j. The trivial
bundle V|, equipped with the holomorphic structure induced by D§ N M,,
is isomorphic to the flat holomorphic bundle

Om, (@1 —o(w) @ -+ & O, (gn — o(w)).

Since Dy converges to Dy and Dy—D§ € |(m—m’)l| is supported on fibers, for
any compact subset K C N° we have that f : DiN Mg — K is an n-sheeted
unbranched covering for ¢t < 1. For any w € K, Dy N\ My = {q1+," - ,qnt}
such that ¢;; # g; for any 7 # j, and ¢;; — ¢; when t — 0. Furthermore,
Vi|a,, is semi-stable, which implies that V;|ys, is regular by Proposition 6.4
in [30], and

Vila, = Onm,(qre — o(w) @ -+ © Oy (gt — o (w)).
For any t < 1, there is a Zariski open subset NY D K such that Vi|as,,,
w € Ny, is regular semi-stable. Proposition 5.7 of [30] asserts that
Vilatyy = VD)« (Opy, (At — Ep,) ® [*Ly)
t
for a certain line bundle I~Lt on D; N M Ne. Here, as in Section 2.4,
Vp, : MN;) = Dy X NP M — MN;’,

Yp, =vp,0, and Ay = MN;’ N Ag for the diagonal Ag of M X o M via the
natural embedding MN;) = Dy XNy M — M Xno M.

Let U € K C N{ be an open subset biholomorphic to the unit disk,
and w be a coordinate on U. Then My = (U x C)/A for lattice subbundle
A = Spany{1, 7}, where 7 = 7(w) varies holomorphically and is the period
of the elliptic curve M,,. Furthermore under this identification the section
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o satisfies 0 = 0. If z is the coordinate on C, we define real functions 1
and y2 on U x C by z = y; + 7y2. Then dy; and dys are well-defined 1-
forms on Mp, and we have the decomposition of cotangent bundle 7™ My =2
Spang{dy1, dys } ®Spang{dxi,dxs}, where w = x1 +ixy. Let 6 = dy; +7dy2,
whose restriction 6|y, = dz on any fiber M,,. Note that or =0, dr = 0r
and 0 = Or + i0m, where 7 = 7| + i1o. Thus dz = dyr + Tdys + yodrT,
2iToys =z — Z, and 0 = dz — ;l_é wTdw = dz + bdw.

We fix the trivializations P|y,, = My xSU(n) and V|, = My xC™. The
unitary gauge group consists of SU(n) valued functions, in other words G =
C*(My, SU(n)), and the complex gauge group is Gec = C*°(My, SL(n,C))
under this trivialization. The respective Lie algebras are g = C*°(My, su(n))
and gc = C°(My,sl(n,C)). Note that there is the decomposition gc =
g @ ig induced by sl(n,C) = su(n) + isu(n), and if s € g¢ is Hermitian
(given by s* = s), then s € ig. Therefore any complex gauge g can be
written as g = exp (v + s), for a certain v € g and an s € ig.

Note that D§ N My (resp. Dy N Myr) is given by n distinct holomorphic
functions ¢;(w) (resp. ¢;:(w)), and for any j, gj+(w) — ¢;j(w) in the C>°-
sense as t — 0. Thus D; N My consists of n distinct unit disks, and because
f/t] D,nM,, is holomorphically trivial, we obtain

Vilary = @D Omy (g;4(U) — o(U)).
=1

We define the background connections on the trivial bundle V|,
(43) Ao,t = ﬂ(Im(T))_l(diag{QLt, e ,Qn,t}é - diag{‘jl,tv e 7(7n,t}0);

(4.4) Ay = 7(Im(7)) " (diag{qr, - , ¢, }0 — diag{q,--- , G, }0).
Thus Ags — Ao in the C*°-sense when ¢ — 0, V4|, is isomorphic to V|,
equipped with the holomorphic structure induced by the flat connection

n
Ao t| ., , and Ag|ar,, induces the holomorphic bundle structure €@ Oy, (gi(w)—
i=1
o(w)).

Lemma 4.3. The unitary connection Aoy on V|, induces the holomorphic
structure isomorphic to Vt’MU-

Proof. In general, if L is a holomorphic line bundle, and h determines a
Hermitian metric on L in a local holomorphic trivialization, then the unique
Chern connection is given by A = dlogh. If p is a local unitary frame,
ie. |p|2 = hlp|* = 1, then we have smooth trivialization of L via p — 1,
and under such trivialization, Ay, is transformed to A = dlogp — dlogp. A
different choice of p gives a unitary gauge transformation of A.

Note that the holomorphic line bundle Oy, (¢j:(U) — o(U)) is given by
the multiplier {e; =1, e, = exp (—2mig;(w))}, i.e. Ony,(ge(U) —o(U)) is
obtained by the quotient of U x C x C via

(wvzaé) ~ (w,z + 1761€)’ (w’zvg) ~ (w,z +, 67’5)
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(cf. Section 6 in Chapter 2 of [38]). On U x C, if we let
h= expr(Im(r) ™" (2 = 2)(gje — i),

then h(w,z+ 1) = h(w,2) and h(w, 2+ 7) = |exp (27ig;+(w))[*h(w, z), and
thus h defines a Hermitian metric on Oy, (¢j:(U) — o(U)). If

p = exp ( — wIm(7) "' (2 — Z)qj}t)’

then hlp|> = 1, p(w, z + 1) = p(w, z) and p(w, z + 7) = e;p(w, z). Thus p is
a global unitary frame, and under the trivialization induced by p, the Chern
=10 , =0,1 =10 _ =01

connection Zoy j = =, + 5 B, = —&] and

is given by

-1

Eg’l =dlogp = WIm(T)*qudi —m(z — 2)g;:Olm(r) "' = TrIm(T)*lq]~7t§,

by
— z—2Zz z—Z
=dzZ — ———— 15_ 0 = dz - @I 0.
0 =dz QiIm(T)a Tdw = dz + Im(T)a m(7)dw
We obtain the desired conclusion. O

Since = and Ap; induce the same holomorphic structure on V|ys, over
My, there is a complex gauge g € G such that g(Z;) = Ags. Note that gg*
is Hermitian, and gg* = €% for some s; € C°°(My,sl(n,C)) with s} = s;.
If we let u = e~Stg, then u* = u~!, i.e. u is a unitary gauge, and g = e*tu.
Therefore, by a further unitary gauge change if necessary, we assume that

(4.5) e (Z¢) = Aoy

for a Hermitian gauge e on M.
In order to prove the main theorem, we need to improve the curvature
estimates of Proposition 4.1.

Proposition 4.4. For any compact set K C N°, there exists a constant Ck
such that )

sup [Fz, |w, < Cktr 2.
My

The proof of this proposition can be found in Section 7. This implies the
subsequence of connections Z;, satisfies (6.3), which is the main assumption
of Proposition 6.1 in Section 6. Thus we can apply Proposition 6.1 to =,
and achieve uniform C° control of the curvature, from which we conclude:

Proposition 4.5. Along the sequence of connection =y, , there exists a con-
stant C1 > 0 such that

”FAtkHCO(Mw) < City, and ||F5tkHCO(MK) <(y,

for any w € K. Consequently, for any p > 2, by the weak Uhlenbeck com-
pactness theorem [T1] there exists a subsequence (still denoted ty,), a sequence
of unitary gauge transformations u;, € G*P, and a limiting LY connection
Zoo, SO that
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in LY (Mf). Here all norms are calculated by using a fized Kdhler metric on
M.

In order to prove Theorem 3.1, we also need a generalization of Theorem
1.1 in [17], which is a direct consequence of Lemma 5.4.

Proposition 4.6. For any w € K and 0 < a < 1, there exists a constant
Cy > 0 so that

||A,5,C — AU,tkHCoﬁa(Mw) < Coty,.
Granted these three propositions, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. By Proposition 4.5 and the Sobolev embedding the-
orem, there exists u;, € G1* and a limiting C%®-connection Zg, so that

uk(Etk) — Eo

in C%Y(My). Thus, for any w € K, the restriction Zg|ys, of Z is a C%-
connection on M, and uy(Zy, )|, converges to Zg|pr, in the C¥%sense.
Proposition 4.6, along with the fact that Ag; — Ag in the C*°-sense, gives

Atk — AO,

on M, in the C%“-sense, where Ay is given by (4.4).
Since

duy, = upZt, a1, — uk(Er, )|, Uk
and the uy are unitary, we have a C'-bound for g, i.e. |luglciar,) < C.
As a result, the C%“-convergence of ux(Zs,)|as,, and =y, |ar, imply the C1-
bound of ug, i.e. |lug|cte(r,) < C'. Thus by passing a subsequence, for

o < a we have uy, converges to a C1® -unitary gauge uq in the CL sense,
which satisfies that us(Z0|ar,) = Ao. This concludes the theorem. O

5. A POINCARE INEQUALITY FOR Fa,

We continue to work under the setup of Theorem 3.1, and choose a se-
quence of connections Z;, . We work on the fiber M,, over a point w € N°,
which is away from the discriminant locus of f, the bubbling points, and the
ramification points and singularities of the spectral cover. As above we let
Ay, denote the restriction of the anti-self-dual connection Z;, to the smooth
fiber M,,. The goal of this section is to derive a Poincaré type inequality for
the curvature Fy, , when Fj, is sufficiently small in the CY-sense. The fol-
lowing proposition is the key analytic input to overcome the difficulty of the
non-smoothness of the moduli spaces of flat connections on elliptic curves.

For notational simplicity we drop the subscript k, and denote our connec-
tions by A;. We do this because, aside from being used to define N°, the
explicit sequence of times t; does not have any bearing on the results in this
section.
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Proposition 5.1. For any compact set K C N°, there are constants ex > 0
and Cx > 0 such that if

1Fallco(ar, wsry < €x
for a certain t € (0,1] and w € K, then
[Fallw < Crellda, Fayllw-

We begin by recalling part of our setup, as described in Theorem 3.1. Fix
an open subset U C N° biholomorphic to a disk in C, satisfying f~(U) =
(U x C)/Spang{1, 7}, where 7 is a holomorphic function on U. Fix trivial-
izations P|yr, = My x SU(n) and V|, = My x C". In Section 4 we define
the connections Ag; = diag{a1, -+ ,0qn} and Ay = diag{ao,1, -~ ,a0n}
associated to the spectral covers, where

arj = wlm(7) " (gje(w)f — gja(w)8), ao; = wlm() " (g;(w)d — g;(w)9),
and 0|ys,, = dz. Here all points vary holomorphically in the base, and satisfy

Z gjt(w) =0, Z ¢j(w) = 0.
Jj=1 j=1

We also have that g;; converges to ¢; as ¢ — 0 as holomorphic functions.
Furthermore, for any w € U,

¢it(w) # gj(w)mod(Z + 7(w)Z), ¢i(w) # ¢j(w)mod(Z + 7(w)Z)
if i # j. The connections da,, and da, act on n € C°°(My, sl(n,C)) via

dA()’tT] - d?7 + [AO,IH TIL dAon = d77 + [A07 77]

Note that if da,,n = 0, then dn;; = 0 and dn;; + (or; — asj)nij = 0,
which implies that n;; = 0 for ¢« # j, and 7;; are constants. Therefore
kerda,, = {diag{n1, - ,m.} € sl(n,C)}, and the same argument gives also
ker dAO = {diag{nlv U 77771} = 5[(71, (C)}

Since Ao is flat (Fa,, = d%,, = 0), we have a de Rham complex

0 dAO t oo (% dAO L ~oo [ A 2%
C*®(My,sl(n,C)) — C®(T*My ®sl(n,C)) —> C®(AT* M, ®@sl(n,C)).
Furthermore, there is a well behaved Hodge theory (cf. [6]). If %, denotes
the Hodge star operator with respect to the flat metric w’ := w5, , then
dj‘%’t = — %y dAO,t*w is the adjoint of dAo,t’ and dzo,tdAo,z + dAo,tdilo,t is
the Hodge Laplacian. If we denote ’H?% ,(My, sl(n, C)) the space of sl(n, C)
valued harmonic ¢-forms, the Hodge theory asserts an orthogonal decompo-
sition

C®(NT* My, @ sl(n,C)) = HY  (My,sl(n,C)) ®© Imda, , © Imd} ,,

ot
for ¢ =0,1,2.

If we replace sl(n,C) by the subalgebra su(n), then we have the sub-
complex (C*(AIT*M,, ® su(n)),d4,,), the harmonic space of su(n) valued
g-forms Hioyt(Mw,su(n)), and the respective Hodge decomposition. Note
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that we have the connection A; € C*(T*M,, ® su(n)) and the curvature
Fa, € C®(A’T*M,, ® su(n)). The virtual dimension of the moduli space
My, (n) of flat SU(n)-connections on M, is zero due to the Euler num-
ber of the complex (C*°(AYT*M, ® su(n)),d4,,) vanishing, and thus the
whole My, (n) is regarded as degenerated, which causes many difficulties
in the global analysis. However, the flat connection Ay belongs to the reg-
ular part of My, (n), and HLOt(Mw,gu(n)) is the tangent space at Ag;.
The infinitesimal deformation sbace under the action of the unitary gauge
group is Imda,, N C°(T*M, ® su(n)), and by using the decomposition
sl(n,C) = su(n) @ isu(n), the space Imd N C>®(T*M,, ® su(n)) is identi-
fied with the infinitesimal deformation space induced by Hermitian gauges.
The readers are referred to [59] for details of the above discussion.

We denote by Ay, = —d}, ,d4,, the Laplacian operator acting on
C*°(My,sl(n,C)), and have ker Ay, = kerdy,,, ImA,,, = Imd} ,, and
ker Ay, LImd} by the Hodge decomposition. We need a uniform estimate
for the lower bounds of the first eigenvalue of Ay, ,.

Lemma 5.2. For any w € U and t € (0,1], if Ay + is the first eigenvalue of
—A4x,, on the fiber My, then there is a constant C1 > 0 independent of t
and w such that

)\w,t > Cl-

Proof. 1f the above bound does not hold, there are sequences wy and t; such
that tx, — to in [0, 1], wp — wo in U, and

)‘wk:tk —0

when k£ — oco. Let ¢, € C°(M,,,sl(n,C)) be a normalized eigenvector of
Angy s e Aug, e = —Awy, 1, ¥k and [[¢y/[w, = 1.

We regard M,, as the 2-torus T? equipped with the complex structure
I,,, and the Kihler metric wf as a metric on T2 with respect to I,,. Since
T(wy) — 7(wo), we have that I, — Iy, and wh — wl in the C*-sense.
Note that Ao — Aoy, in the C*°-sense, and if tg = 0, then Ag;, = Ap.
Standard elliptic estimates show that ||¢g|cc < Cp for constants Cy > 0
independent of k, where the C’norms are calculated by using any fixed
metric on 72. By passing to a subsequence, we have that 1, — 15, smoothly
on T2, |[thoo|w, = 1, and AAo,t0¢m = 0. Thus 9 € kerAAO’tO and can be
represented as diag{ni, - ,n,} € sl(n,C).

Since ¢ Lker Ay, , for any 1 € ker Ay, =ker Ay,, we have

0= Yk, V)w, = (Yoo, V)wy-

S0 (Yoo, V) = 0 yet ||¥oo|lw, = 1. This is a contradiction, and we obtain
the conclusion. g

Again restricting our attention to a single fiber M, for w € U, we can
compute the norm of the fiberwise component of the curvature F4, with
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respect to the semi-flat metric

1
HFAt ||é0(Mw7w%SF) = t—2||FAt ||é0(Mw,wSF).

Because the error terms relating w; and wy'™ decay fast enough (see Theorem
A1), we have

1FA NG00y w5y < CENFANE 0010y < CENF=NEO (1100

We assume that there is a constant 0 < € < 1, which is determined later,
such that for a certain ¢ small enough it holds

(5.1) HFAtHCO(MW,wSF) <6
for w € U. By Proposition 4.1, there is a sequence t; — 0 such that

||FAtk HéO(Mu“wSF) < CtiHFEtk H%O(Mwywtk) < € — 0.

Here we used that U is away from the bubbling set. Therefore, for any fixed
e > 0, if we take ¢ to be some time ¢, < 1 such that e, < ¢, then (5.1) holds.
Recall by (4.5) that there exists a Hermitian gauge transformation e™*
so that e™¢(A;) = Aoy. Although given above, we include the definition of
this action here to emphasize that we are working exclusively on a fiber:

(5.2) e (Ap) = Ap + e 5 0a,e% + (€75 a,e%)".

Given inequality (5.1), the assumptions of Theorem 6.1 from [17] are sat-
isfied, which yields a new sequence of Hermitian gauge transformations e
which are perpendicular to the kernel of dga,,, bounded in C° and define
the same connection e % A; = Ap .

For the remainder of this section we work on the fiber M,,, and so we
may drop it from adorning norms when it is clear from context. Similarly,
all norms in this section are computed with respect to H and wf; .

Lemma 5.3. Given (5.1), for every w € U the Hermitian endomorphism
8¢ satisfies

(53) HétHCO(Mw,wSF) S CQE
for a uniform constant Cs.

Proof. To begin, we use that 8; is uniformly bounded in C°. Following
Appendix A of [50], the fact that Ag; is flat, along with a standard formula
for curvatures related by a complex gauge transformation, yields

(5.4) —Aldef? < —|0ag 82 + Tr (e - FAte_§t§t> ,

where A,, is the Laplacian with respect to the flat Kiihler metric w!. Inte-
grating the above equality over M,,, and using Lemma 5.2 along with the
fact that 8; is perpendicular to the kernel of da,,, gives

1521% < Clldag, 3ellf < Cell3elw.

Therefore ||3]|,, < Ce. Now we argue [|5¢||co(az,) is also bounded by Ce.
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Note that (5.4) implies
—Ayl8e)? < Célyl.
Now, suppose the desired bound does not hold, so we can find a sequence

of constants Cy — 00 80 [|3¢]|co > Che. Set ¢y = |8:]2/||8¢[|%,. For ¢ small

enough it holds

Ceal - C )

18el70 — Ce —

If y; denotes the point in M, realizing sup |3;|2, in a fixed neighborhood of
radius a of y; we see ¢; is a C? function satisfying —A,¢; < 1,0 < ¢y < 1,
and ¢¢(y;) = 1. Let u; be a C? function satisfying both A,u; = —1 and
ut(y;) = 1. By making a smaller if necessary we can guarantee that wu; is
strictly positive on By(y;), and this choice will only depend on w?f. Thus we
have —A(¢r — uy) < 0 and ¢ (y¢) — w(y:) = 0. Applying the mean value

inequality to ¢y — u; gives
0< / (P — ue).-
Ba(yt)

By the positivity of u;, there exists a constant 6 > 0 independent of ¢ so

that
o S/ Uy S/ Ot
Ba(yt) Ba(yt)

Rearranging terms gives

. 1 .
2o <3 [ JaP <
B, Yt

which is our desired bound. O

_Aw¢t S

13¢5 < €€,

S| =

The above lemma has some strong consequences, which we now detail.
First we need a few key formulas on M,,. The complex gauge action by a
Hermitian endomorphism (5.2) gives

A = efon,t = Ao + eétngyte_ét + <e§t5 Ao’te_ét)* .
For a given s define ads := [s,-], and let Y(s) € End(End(V%)) denote the

power series

eads . & _1\m
T = ooy CD gy,

ads A= (m+1)!

Note that the first term from the power series Y($;) is the identity, allowing
us to write Y(8;) = Id + Y(8;). Now, recall the standard formula for the
derivative of the exponential map

€% 0ay,e” % = =T (8:)0a,., 5t-
Following Appendix A in [50] we see
A = Aot —0ag, 8t + 040,80 — T(8)0ay, 8t + T(=51)0a, , 51

(55) = Agjt —1 *w dAO,tgt + O(gt, vAo,tét)a
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and
Fa, = Fay, +Y(—58:)04,,040,5t — Y(5:)0a,,04,,5t
(5.6) +040, T (—8¢) A Oag, 8t — 04, Y (5) A Day, 3¢
—Y(—81)Da9,8t A Y(51)04,, 8¢ + Y(8¢) 00,8t A Y(—5¢)0a,, 81-

This formula, along with the fact that Ag; is flat, leads to the following
characterization of the curvature Fly,

(5.7)  Fa, = —iday, *w dag, 8t + T1(31, Vi, 80) + T2(0ag, 81,0, , 51).
Thus we conclude
*wFAt = _'L.AAo’tét + T+ 15
where the tensors 17 and 715 satisfy
(5.8) Ty < CelVE, 5] and  |To| < [Va,, 5/
Lemma 5.4. Given (5.1) and (5.3), the following bound holds
(59) HAt — AO,tHCO’D‘(Mw,wSF) < 036, ”VAO,télfHCO’D‘(Mw,wSF) < 036
for any 0 < a < 1, by choosing € small enough. Here the constant Cs
depends on U C N°.
Proof. We begin the proof with the standard elliptic a priori estimate (cf.
[36, 10])
< O ([Angelle + 115¢]le)
< C(IFallze +1Tallze + (| T2llze + 18¢]l 20)
< Cle+|[Tllze + I T2 zv)

where we have used (5.1) and (5.3) in the last inequality. We also use the
assumption that Ag; — Ao smoothly, and therefore all derivatives of Ag;
are bounded independent of t. Thus all constants in the above inequality
are independent of t.

The necessary bound for Tj follows immediately [|T1|z»r < Ce|5|z. For

el

T, we use the interpolation inequality for tensors from [46] (see also Section
7.6 in [8])

1 1

P P

(/ yvAo,tgtpp) < (V24 2p — 2)||44]| o (/ IViOﬁtP’) .
My, My

This implies || T2z < Ce||3¢| 2. Thus

el g < C (e + elellzg )
and for e small enough
(5.10) 15|z < Ce.
By Morrey’s inequality, for large enough p we can conclude

IV 40.,8tllco.e < Ce,
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and the proof follows from (5.5). d

Comparing this lemma to Theorem 3.11 of [59], the bound of (5.9) is

stronger, i.e. we have € instead of e%, due to our assumption that Ap; and
Ag are regular.
We now turn to the proof of the main proposition of this section.

Proof of Proposition 5.1. Once again we begin with the standard elliptic a
priori estimate

13ell 2z < C (1A aq, 3ellw + [I3¢llw) -
Since 8; is perpendicular to the the kernel of d4,,, we have a stronger in-
equality
15ell 2z < CllAAq, Stllw
(cf. [36, 10]). Again we use the fact that all derivatives of Ap; and Ay are
bounded independent of t.

Next, we recall (5.8). Applying the the interpolation inequality for tensors
from the previous lemma for p = 2, we have

1Ty + Toflw < Cel[3el| 2 < CellAng, 5tlw-

Let FY denote the projection of x,,Fa, onto the kernel of Ay, ,, and set
Ff- = %, Fa, — F. Because Ay, 3 is perpendicular to the kernel of Ay, ,,
we can conclude

1

1A 0, 8ellw = 15 = Aag,Sellw

= JAn8tlw = (T + T2) lw
(1= C)lAa,, 5t

v

Y

1 .
S118 051l

We take € small enough such that Ce < %
Now, since (A4, ,5t)° = 0, we also have

1EY llw < (Tt + T2)°llw < Cel| Any, 3tllw < 20€| |,

which implies

< NF o+ 1F o
< (1+20)|F [lw
< 2)|Ff -

[ |

Thus, applying the Poincaré inequality to F;- and Lemma 5.2, we can con-
clude

1
[Fallw < 20F [lw < Clld, , Fayllw-
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The proposition now follows from Lemma 5.4, which allows us to bound the
difference between the connections A; and Ao,

[Falle < Cllda, Fallw
Clld, Fa,llw + Cl|As — Aotllco || Fa[lw
Cllda, Fa,llw + Cel| Fa,[lw-
We choose further that Ce < %, and obtain
[1F 4 llw < 2C|d%, Fa, |lw-

For any K C N°, we cover K by finite open disks Ug, i.e. K C |JUg C N°,
and apply the above arguments to any Ug. By letting ex = min{e} over the
covering, and Ck the maximum constant over the covering, the proposition
is proved. O

<
<

A corollary is the following Sobolev inequality.
Corollary 5.5. For any p > 2, there exists a cosntant C), so that
1E Al e vy < Cplldia, Fa,llw-
Proof. In dimension two we have the Sobolev inequality
1€llzr < Co(IV a0 &l + [1€llw) < Cp(IVa,Ellw + [[(At = Ao.t)Ellw + [1€]]w),

for any smooth section £ of End(V) and some constant C), independent of
w € U and t. Applying this to & = %, F4,, we obtain

HFAt”LP < Cp(Hd;ltFAt”w + (1 + 6)HF:‘Lus) < 2CPCK||df4tFAtHﬂH
by Proposition 5.1. O

6. C° BOUNDS ON CURVATURE

The main goal of this section is to prove Proposition 6.1, which establishes
C? control for the curvature of a family of connections. It is a conditional
result relying on assumption (6.3). To avoid confusion, we note that this
result is applied twice. In Section 8, in the proof of Proposition 4.4, it
is applied to a family of connections in scaled coordinates, for which (6.3)
can be verified directly. Once Proposition 4.4 is established, assumption
(6.3) holds for our main sequence of connections =, from the statement of
Theorem 3.1, and so Proposition 6.1 can be used to establish Proposition
4.5.

As above, let U CC N° be an open subset, compactly contained in Ny,
and biholomorphic to a disk in C. We have f~1(U) = (U x C)/Spany{1, 7},
where the period 7 is holomorphic on U. Let w denote the complex coordi-
nate on U, and z the coordinate on C. Furthermore, we fix a trivialization
Py, = My x SU(n) and V|p, = My x C". Under such trivialization,
the Hermitian metric H is the absolute value | - |, the connection Z; is a
matrix valued 1-form, and the curvature Fxz, is a matrix valued 2-form, i.e.
Zy € C°(T* My, su(n)) and F=, € C®(A2T* My, su(n)).
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Define real coordinates (z1,x2) on U satisfying w = x1 + ixe, and recall
that we have the decomposition T* My = Spang{dy;, dys } &Spang{dz1, dxs},
where z = y; + Ty2, and z is the coordinate on C. In these coordinates we
write

(61) Et == At + Bt71dl‘1 + BtygdSCQ,

where A; is a connection on the restriction to the fiber V|y,,, and By; is a
section in T'(U, Q°(M,,, su(n))) for i = 1,2. Given this decomposition, the
curvature can be written as

(6.2) Fz, = Fa, — ki1 Ndzy — Keo Adxg — Fpdxy A dao.

Here Fy, is the curvature of A, the mixed terms are given by

0
7At - dAtBt,i for 1= 1,2,

Kti =
t,t 81’1
and the curvature in the base direction can be expressed as
0 0
Fpy=—Bi1 — —Bso — |Bi1, B o).
Bt Brg tL T By b2 [Bt1, Bt 2

Because of the uniform equivalence
C[}lwa <w < Cpwt, and Wity = tw |,

the norms of the different curvature components satisfy

|Faluse = tFa,lusr,  |keilose = Vilseilyse,  |Fpilose = [Fpalse.

We now state the main assumption of this section. Assume that there is
a constant Cy > 0, so that for a t € (0, 1] it holds

(6.3) sup | Fz, |u, < Citz.
My

This implies

sup |Fa,| 57 < Citz, sup |ktil,sr < Ch, sup|Fpyl,sr < Cite,
My My My

We assume that ¢ < 1 small enough such that Clt% < €x, where ex is
the small constant controlling the curvature in Proposition 5.1, and U C K.
Thus by Proposition 5.1, we see that the curvature Fy4, satisfies the Poincaré
type inequality

(6.4) [Eallw < Collda, Fayllw-

This inequality, along with assumption (6.3), are instrumental in the follow-
ing:

Proposition 6.1. Let V,, = 0,, + B;; for i = 1,2 denote covariant dif-
ferentiation in the base direction. If (6.3) and (6.4) hold for t < 1, for
U’ cC U we have the following inequalities:

i)

HFAtHCO(MU/,wSF) < Cst, HFB»t
40

00 (My wSF) < Cs,



ii)
IV, Fot 22y w5y < Cst?,
iii)
HFEt”CO(MU/,wSF) < Cs,
where the constant C3 may depend on the distance from U’ to OU, but is
independent of t.

As above let x,, denote the Hodge star operator on the fiber M,, with
respect to the flat metric wk = wF |y, = ilm(7) "' dzAdz. Then %2 = —1,
*wdz = —idz and *,dZ = idZ. We write the anti-self-dual equation under
the decomposition (6.2).

Lemma 6.2. The curvature of Z; satisfies

(65) *whkt 1 = Kt2
and
2
(6.6) 71 (14 Go+ G1) *w Fa, — (W + Go)Fpy = >k j#Gs,

j=1
where G1, G, G3 are smooth functions depending on t such that
_v 0 0
t2 (HGlHCO(wSF)JrH&GlHcl(wSF)JFHgGchf(wSF)Jr > Gl sry) = 0,
=23

for any v € N, and Gy is a function on U such that ||Go|lcery — 0, when
t—0.

Proof. We first demonstrate that (6.5) follows from FEOf = Fg;o = 0. Note
that

2(keq Ndxy + Ko A dxg) = (ki1 — ik 2) A dw + (K + ik 2) A do.
This implies, using x,dz = —idz and x,,dz = idZz, that
* (K1 — Tk 2) = 1(Ke1 — Tke2) = ikl + K2
and
* (K1 + ik 2) = —i(Keq + iKe2) = —ike1 + K 2.
Adding these two equations together proves (6.5).

We now concentrate on (6.6). Using Fz, A w; = 0, along with the decom-
positions (2.8) and (6.2), we see

0=Fz, Awy = Fz, Awll' + Fz, NidOg;
i
= 5(W—l + 20t ww) Fa, A dw A dio

—%(tW + 201 22)Fprdry Adza AO NG
+(ke1 Ndzy + ko Adzo) AN1m (24 zdw A dZ) .
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Next, note that 0 = dy; + 7dys = dz + bdw,
dzy A das = %dw Ado  and  Fy, = %(*wFAt)WQ A G

Thus, dividing out by the volume form dz A dw AdZ Adw = 0 Adw A0 A dw,
the above equation can be rewritten as

0 = (1420t waW)*w Fa, — W 4+ 204 .2) Fp s
2
+ Z Kti # (Pt 0 + Prwz) -
i=1

We set Gg = 2Xt,wu7W7 Gi1 = 2(3015,11)12) - Xt,ww)W, Gy = Zt_lwt,zia and
G3 =t (¢t + Prwz). The proof now follows from Lemma 2.11. O

Next we turn to a Bochner type formula for Fgu,.

Lemma 6.3. If we denote A = 02, + 92

T2’

then

1 O
AlFal > ~ IV, Fa,ll2 + 1 d, Fa, |12
4i—12 t

—Cyt( Y gy ke, + )

j=1,2

| 5
2 4 Z HVZ’ZFAtH?v + ;”dAtFAtH?u — Cyt,
=12

for constants § > 0, Cy >0 and C} > 0.
Proof. Note we can write the mixed and base curvature terms as
Vi da, —da, Ve, = k1, Vayda, —da,Vae, = K2,  [Va, Va,] = Fiy.
By the Bianchi identity d=z, Fz, = 0, and so
dAtFt,B =V Kt2 — meﬁm, Vi, Fa, = dAth,L and Vi, Fa, = dAtlit,z-

Recall that x,dz = —idz, *,dz = idZ and *W%Wdz ANdz = 1. Also, %, is
independent of w when acting on 1-forms, and 9,,%y, = —W (9, W )%y, in
the other cases. By the above formulas, we derive

(v?cl + vgzcg)FAt = vmdAt"ft,l + vﬂ:sztK/t,Q
= da,(Vaykien + Vakr2) + Y [Re ki)
j=12
By (6.5), we also have
v:cl Rt1 = — *y vxl Kt,2, and vxglft,Z = *wvxg’{'t,l-
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Hence, using (6.6), we obtain a Weitzenbock type formula for Fy,:
(6.7)(V2, + V2,)Fa, = da, *w (Vaskieg — Ve ko) + Y [, ke ]
7j=1,2

= —da, *wda,Fpt+ Z (K55 ]
j=12

= —t7da, *wda (Gaxw Fa,) + D [k kiry)
j=1,2

tda, w da, (Y kei#Gs),

i=1,2
where
Gy = (W + GQ)_l(l + Go + Gl), and G5 = (W + Gg)_1G3.

Note that for any differential form o, da,a = dfa, where df denotes the
differential along the fiber direction, i.e. d/ = 9,,(-)dy1 + Oy, (-)dy2, and
Vg0 = Oy, 0.

Since || Fa, |2 = [ s, TFA, AxwFa,, a direct calculation shows

Oz N Falli = Ve Fallf, + 2Re(V2, Fa,, Fa)w + T,
where the term T; arises from derivative on the fiber metric, and satisfies

il < O, *w IV FallwllFallo + 107, %w [I1Fa,lI5)

IN

1
§||Vx¢FAtHfU + | Fa, I3

Using the notation ||V, Fa,|? = Ve, Fa, %, the above calculations
=1

i=1,2
give

AllFa, |17 = IVaFally + 2Re((V3, + V3, Fa,, Fa)w + T1 + To.
To this equality, we can now apply (6.7). Using d}, = — %y da,*w, We see
Re((VZ + V2 )Fa,, Fa)w = t 'Re(Gadly, Fa, d%,Fa,)u

+Re< Z [’%t,ja Ht,j]a FAt>w
j=1,2

—t " Re(xy (A G4) % Fa,, dy, Fa,)w

+Re<*wd,4t( Z /‘Gt,z‘#G5)7 dZtFAt>w'
i=1,2

Next, note that for a constant § > 0, we have

Re<G4dZtFAtv dZtFAt>w > 85”d*AtFAz ||121)
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Using (6.3) to bound the mixed terms, and the Poincaré inequality (6.4),
we have

1OY (e kgl Fagdwl <0 C O sty el Fagllw
j=1,2 j=1,2
< C > ke fegllhwlldi, Fagllw
=12
)
< Ot Y kg, kgl + ;Hd*AtFAtlli-
j=1,2

Because d/W =0, d/Gy = 0, and d/ G4 = o(t") for v > 1, it follows that
|t Re(r (4 Ga) % Faps di Fawl < ClFa,llwlldiy, Fagllw

0
< CtlFalle + I, Falle-
Finally, |df G|, sr = o(t") for any v > 1, and so
|kwda (D kei#Gs), di, Fa)wl < Clldi, Fallw(® + ) ldayssillw)

i=1,2 i=1,2
= Clldi, Fallw( + > IVaiFa,llw)
i=1,2
< OtV + ||V F H2)+§Hd* Fa,|?
> LA [lw t AL A llw-
Putting everything together
45,
Re((Vil + vfcg)FAﬁFAt>w > ?HdAtFAtH?U - Ct(tl} + HFAtHIQU + HVICFAtH?u
+ 3 st mg]ll),
j=1,2
which implies
46
AllFal = HVxFAtIIfUJr?I

—Ct{t" + | Fa 1% + IVaFa %+ > Neg, segll)-
§=1,2

1
@l — IV, 3 — 20 a1

The Poincaré inequality (6.4), along with Young’s inequality, gives

1 0
Al|Fa, |7 > EHVxFAtIIfU + ;HdAzFAtIIfU — Ct( Y ke, wegllle + ).
j=1,2

O

We need the following elementary lemma, and we include the proof for
the reader’s convenience (cf. Sublemma 6.48 in [32]). As in the previous
lemma, let A = 2, + 02, denote the coordinate Laplacian in the base.
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Lemma 6.4. Let ( be a non-negative real valued function satisfying
)
N

on a disk U C C. Then for an open subset U' CC U, there exists a constant
C's, which depends on the distance from U’ to OU, such that

sup |¢| < Cst?.
U/

Proof. For any point wy € U’, let d = sup{|w — wo|lw € U}, and let a
be a positive number such that 4a?d? + 4a < §. Consider the function

&= Cexp (—%). If € achieves its maximum w; on OU, then

alwy — wo|? ar?

((wo) = &(wo) < &(wr) = ((wr) exp (= i )SCeXP(—%)v

where r is the distance from wgy to OU. For t small enough the right hand
side is smaller than Ct%.
Otherwise, at an interior maximum w;, we see

a(u71 — ’LT)()) a\wl — w0|2)
Vit Vit ’
and 0g&(w1) = 0. Furthermore, since A = 20,05, at this maximum point
0 > A&(wr)

0= 8w§(w1) = (— C(wl) + 8wC('UJ1)) exXp (_

2 o 2 _ 2
_ 2(awaw<<w1>—“ w1 ) *“ﬁ«wl)) exp (12 eb
) 2 72 _ 2
> (et - 255 gl - ) exp (-2 0b,
) o 2
> (ot - ) exp (- ZtE,
Thus
E(wy) < C(wr) < 26717,
and so

C(wo) = &(wo) < &(wr) < 26712,

Lemma 6.5. For any w € U' cC U,
1
| Ea,llw < Cot, and ||inFAtHL2(U/7w3F) < Cgt2,
for a constant Cg > 0 independent of t and w.

Proof. Lemma 6.3 and Lemma 5.2 imply
1 0 o
Al = JIVaFa 3 + S5, Fal — Ot 2 ZIFalit - Ct.

Thus by Lemma 6.4,
1Fa, 1% < CE2.
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Let ¥ be a smooth non-negative function on U such that ¥ = 1 on U’,
and U’ C supp(¥) C U. By Lemma 6.3,

1
/4||VIFAt||§,d:c1dx2 < /19A||FAt|fde1dx2+Ct
U’ U

< / max{0, A9} | Fa, |2, derdes + Caot
U
< O([ 1FaBdndsy +1)
U
< Ct,
and we obtain the second estimate. O

Proof of Proposition 6.1. Firstly, we prove the C%-estimate of Fly,. Assume
that there is a sequence t; — 0 such that
t; ! sup | Fay, Jwsr — 00,
Wi
where wy, — wq in U’.
In Section 2.4, we saw that for D, = {w € C||w| < r}, one can define
smooth embeddings @, : D, x M,, — My by

(0, a1 + as7(wo)) = (Wi + VEpw, a1 + asT(wg + VtxW)), ai1,as € R/Z,
using the identification of My with (U x C)/Spang{1,7}. We also demon-
strated that d®, lldék r — I, where I is the complex structure of M, and
I denotes the Complex structure of C x M,,,. Furthermore, as t; — 0, we
have both

5 7,tk wtk —weo and (T, 0 Op ) t lwy, = (I)Z,'rtlle;owtk — Woo

in the C*-sense on D, x M,,. For any tj, we identify D, x M,, with
Oy, (Dy x My,) by ®p. We have the curvature bound

| ~tk|t‘1 sF <C’tk, and |F B, . <2Ctk,

by (6.3).
Since Z;, is Yang-Mills, by the strong Uhlenbeck compactness theorem
(cf. Theorem 2.3), there exists a subsequence and a family of unitary gauges
Ug, , such that
E;k = Uy, (Etk) — Eoo
in the locally C*°-sense on D, x M,,,, where E is a flat SU(n)-connection.
Note that FE;5 =, F=, ut_kl, and so
’FEQk |t;1thF = |F"

1 1
Ety, ’t 1 E;CF S Otlz and |FE;]€ ’woo S 201513
Furthermore we have | Fz; [[¢ce(, )y — 0 for any ¢ > 0, when t;, — 0. Now,
“k
recall the Weitzenbock formula
0= Aggk Fggk = VEék Vggk FEék + Rtk:_lwtk #FEik + FE{% #FEQk’
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which is an elliptic partial differential equation with smooth coefficients.
The LP-estimate for elliptic equations (cf. [36], and the appendix of [10])
gives

1
12 18w < CllFE Il < O,

for any p > 2.
We have w — wy, =/t through @y, .., and let @ = &1 + iZ2. By (6.7),
(Vi + Vi), = —tiday *uday (Gaxw Fay )+ Dt ifts,
(]
(6.8) tday *oda () ki, #G5),

i=1,2
where Vy; = 0y, + By, ;, Ga= (W + Gy) Y1+ Go+ Gy) and G5 = (W +
G2)71G3. Recall
IGrllco + 14/ Ghllor + [1Gjllce < CH

= 8gj + A By the

for v > 1. Let z = g1 + 1¥2, and set VAQ th,d*
kj 9.

7y]
Weitzenbock formula,
do d% Fo =V Vy Fyo +Fy #F4 .
A, Ay Fay a, Vay Fa Ay #Ea
The connection Laplacian above is given by
% _ yr—-lio2 2
Vig Vg, =-W" (Va5 +Vay g

since [0y, |2 sp = W.
We want to bound terms on the right hand side of (6.8). Scaling gives
By dz; = /1By, ;di; and K} ;dv; = \/tgk;, ,dT;, in addition to

tr,t
FB,tkdxl Adxry = tkzFB,tkdjl A dZs.

This leads to the following control of the mixed terms

1
Wikt ilww <2017, VL, illctwe) = 0,
and )
VR il 18 o) < 172, 18 (00) < Cti-
Additionally, writing Vz; = 0z, + /& Bj,_;, we have
V2 4+ Vi, =t,(V2 +V2,).
The bound |85jG5| < C gives
1 1
[tgda; *wday ( >k i#G) o) < O
i=1,2
for any p > 2. Furthermore
1) it st jllcoa) < C.

ij
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Now, if we write G4 = W~1(1 + Gy) + G, then

1. _

i Nwo) < Gy <2W ™ (wo), |05, G| < CtY,
and

* _ * f

dAgk dA{fk G4FA£/¢ = G4dA£k dA;k FA’,% +d GG#VAQIC FA;k
2
+ 05,5, GottFa -
We define the operator
_ 2 2 * o2 2 -1 2 2
Dk- = Vil + Viz - G4VA;)€ VAQIC — Vj;l + Viz + W G4(V ék’?jl + VA;k’gQ)’
which is a uniformly elliptic operator of order two. Then Fy, satisfies the
k

following elliptic equation

(6.9)  DpFay —d'Ge#Va, Fay — 055 Go#Fay
= GuFy #Fu + b Yt b o+ ey xo day (3 i #G5)
ij i=1,2

= Gy.
By the LP-estimate for elliptic equations, for any p > 2,
1Ea; 28D, x Mgy < CUF 22D, x00g) + Gl (D1 x M) )
for a ' < r. We obtain
1, 28D, xMuy) < Oty
since
2
G2l Lr (D x M) < C(HFA;k lco, xat,y) +tr) < Cti,
and
1P, ooy = [ 1P [dirdiy < 1
by Lemma 6.5. The Sobolev embedding theorem gives
1, llove(n, xatug) < Ctis
and thus
1Fa,, oo, ) = HFA;kHcO(ka) < HFA;kHCLa(Dr,xMwO) < Cty,

which is a contradiction.
Therefore we obtain the C’-estimate, i.e.

|Fallooar, , wsry < Ct,
for a constant C' > 0, and
HFB,tHCO(MthSF) < C(tilnFAtHCO(MU/,wSF) + H"ithCO(MU,,wSF)) <C,

by (6.6). O
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7. FURTHER ESTIMATES FOR SMALL FIBERWISE CURVATURE

We continue our discussion of the previous section, and prove further esti-
mates under the exact same setup. Let U CC N? be an open subset, biholo-
morphic to a disk in C, and My = (U x C)/Spany{1, 7}. Fix a trivialization
Plpr, =2 My x SU(n) and V|, = My x C™. Under such trivialization, the
Hermitian metric H is the absolute value | - |, the connection =; is a matrix
valued 1-form, and the curvature Fz, is a matrix valued 2-form. Assume
that for t < 1, (6.3) and (6.4) hold, and thus all conclusions of Section 6
hold.

Recall that a fiberwise flat connection

(71) AO,t - W(Im(T))_l(diag{ql,h e 7Q’I’L,t}é - diag{ql,tv e 7Qn,t}0)

is induced by D;NMy (see Section 3.3),1i.e. DyNMy, = {qi¢(w), -+, qn(w)}.
The goal of this section is the following proposition, which shows the rela-
tionship between the energy of curvature and the spectral covers. Here, as
above, the coordinate derivative in the base is computed in our fixed frame.

Proposition 7.1. If (6.3) and (6.4) hold for t < 1, we have the following
inequalities. For U' cC U,

1F= 1201, ) oy < Cl(t+/U, > 110w, Aot dzrdas),  and
=12

||FEtH%2(MU/,wt) = 011(/(]/ Z ||al’jA0,t||%udx1d$2 - t)?
J=1.2

where the constant Cy may depend on the distance from U’ to OU, but is
independent of t.

The proof rests on several important lemmas.
Lemma 7.2. There exists a constant Co such that for all t < 1,
1
sup |V a,,Fa,|osr < Cat2.
My '

Proof. By (5.9), it suffices to prove the above bound for V 4, F4,. We argue
by contradiction. Let t; — 0 such that
1
klgglo ty 2 sup |V, Fa, |,sr = oo.
U/
Let pr, € My be the points where the supremum is attained, and in addition
let f(px) == wp — wo € U. As in Section 2.5, we consider the rescaled
metrics Wy = t,;lwtk and the embeddings ®y,, : D, x M,,, — My defined by

(W, a1 + aa7(wp)) — (Wi + VW, a1 + asm(wy, + VW), a1,a2 € R/Z,

where D, = {w € C||w| < r}. We have seen that if I is the complex structure
of M, and I, the complex structure of C x M,,,, then d@;i[d@m — I,
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and in addition
@ZvrtlzlwiF — Weo and Py = weo
in the C*°-sense on D, X M,,,. Here wy, is a flat Kahler metric on D, X My,.

Denote by Z) the pull-back of Z;, by ®; ,, and identify D, x M,, with
O (Dy x My,) via @y . By our hypothesis,

N

(7.2) sup

’vékFék ’woo = 00,
DT><MwO

while by (6.3) we have the curvature bounds

1 1
’Fé 1“’2ng S Ct,g and ‘Fék’@k S QCtlg.

k ‘t;
Since @y, is equivalent to a fixed metric, standard Yang-Mills theory gives
the first derivative bound |V Fz [g, < C (for instance see [76]), but this is

of course not enough to obtain a contradiction. So following [76], as in the
proof of Lemma 2.14, we consider the the Bochner formula

0= Ay, |Fs |3, — 2V Fe |2, + Fe, #Fs #Fs_+ R, #Fz #Fx .

We have seen that the curvature of the base metric satisfies | R, fjt <Cona
compact subset of Ny, and scaling only improves this bound | Ry, f}k < Ctz.

Rearranging terms, and multiplying by a positive function y yields

2X’VékFék 2 < XALZ)k F- |% 2, +X‘Fék gjk + CX‘Fék

W — Sk w2

2

Wi *

If n is a positive bump function supported in D, » and satisfying n = 1 in
D, 4, we specify x = f ~1(n). Integrating the above inequality gives

. 1 .
/ |vékFék g}sz < / A@kX|Fék g}sz +C (7
Dr XMy, Dr XMy, D1 XMy,
0 2 0 0
1 2 2

where the constant C' depends on r, which again we take to be fixed.
We next turn to the higher order Bochner formula for Yang-Mills connec-
tions:

A N 12 2 12 . . . A .
0=Ag, Ve, Fe |3, —2IVE Fz 2, + Ve, Fe, #Vz, Fz #F2,
+ R, #Vz, Fo #V2 Fz + Vo, R #Fz #VFz .

Since |V@kak|@k < tk|thk R"th |wtk < CUtk, we have

1 3
2 3 2 3
o SCWRIVe, Fe |G, +151Ve P,

w

—Ag,

Va F-
Sk Zk

Set
2
)

— N A . .
V= |Vg Fz |5,/ sup [Vz Fz

Sk Sk

7“><Mw0

The above Bochner formula, in addition to our hypothesis (7.2), gives

1
—Ag e S C(t] +t) <1,
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for K > 1. We now follow the argument used in Lemma 5.3. Let p; be
the pullbacks of the points p; via ®;,. These are the points realizing the
supremum of \VékFék ‘%k, so that ¥ (pr) = 1. Now construct a sequence of

functions wy, solving Ag, up = —1 and ug(pr) = 1. Working on a small ball
B, (P, 70), we can assume that uy > g for some £ > 0 independent of k.
Then since —A(Yr — ug) < 0, by the mean value inequality, there exists a
0 > 0 depending only ¢g and rg such that

0 </ Uk S/
B (ﬁk”’o) B

where the final inequality follows from (7.3). This contradicts (7.2), com-
pleting the proof. O

Csty,

(Brosro) Dy 4% M, L5 Ve Fe g,
T wO

Dk Dk

Next, we have a Cl®estimate for A;.
Lemma 7.3. For allw € U’, and for allt < 1,0 < a <1,
1 . 1
||At - AOJHCLQ(MH,) S Cth and HV%OJStHCO,a(Mw) S C4t2,
for constants Cs and Cy independent of w and t.

Proof. We begin by recalling inequality (5.10), which follows from Proposi-
tion 6.1, and properties of §;

8¢l 2 (ar,) < CL

We would like to extend the above estimate to the case of p = oo. To
accomplish this, we turn to the higher order elliptic a priori estimate

lsilzang < € (1840 8llzon) + I3 )

< C (1Al poan,) +1) -

Taking one fiber derivative of (5.7), and using the fact that 5[ co(ay,,) and
|V 40, 5tllcoar,,) are controlled by ¢, we see that

[1A40. 8¢ 22 (1) < VAo FacllLean,) + tSell o an,) + tl3ell 2z (ar,)-
Thus, for ¢t small enough
. 1
I8¢l Lo ary < CUE+ IV ag Faclliem,)) < Ct2.

By Morrey’s inequality we have

2 A 1
(74) ”vAmtstHCO’o‘(Mw) < Ctz.
g
If we let 2 = e5(Z;), then =95z, = Aoy, and we write
2} = Ao+ By dei+ Blodwy, and Fzg = —k) dey—kp ydws — Fp ydwi Adas,

where
0 0
Kpj = Oy Aot — dag, By j-
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Note that we still have Fgé2 = 0, which implies
t

(7.5) *whp1 = Ko,

and thus
0 0
*warl AO,t - aIQAO,t = *wdAo,tBt,l - dAo,tBt,Q'

Since

0 0
*Op, Aot =0z, Aoy € ker An,, da,,Byy € Imda, ,, and *yda,, By € Imd}y

we have %,0;, Aot = Oz, Ao, and dAo,thj = 0 by the Hodge decomposition.
As a result we obtain

(7.6) ki ;= Oy, Aoy
A direct calculation shows
(7.7) Rt,j — /igj = 8% (At — AO,t) — dAtBt,j

= V(A — Aoy) — [Brj, Ar — Aoyl
—day,Btj + [Aot — At, By j
= V(A — Aot) — day, By
Now, by (6.5), (7.5) and (7.7),
*wVay (At — Aot) — Vi, (At — Aoyt) = *wday, Biy — dag Bt 2,
and since xwday,Br1lday,Bia, i-e. (xwda,,Bi1,da,,Bi2)w = 0, we have

I dao, Brjllw < D Vi (Ar = Ao )|l
i=1,2

for any w € U. Consequently, for j = 1,2
(7.8) ke = KEille <23 V(A = Aog)llu-
i=1,2

Furthermore, if we decompose B ; = By, + ij, where By ; € kerdy,, and

BtL’jJ_ kerdy,,, then

(7.9) 1Bl < Clldag, Bejllw < C Y~ [Vai(Ar = Ao ) lw,

i=1,2
by Lemma 5.2. We need one more Lemma before we are ready to prove
Proposition 7.1.

Lemma 7.4. On U’ CcC U, we have
|3 19a, A = Aapldordes < €6 + [ 3 Vs, P drdos),
Uj=12 Uj=1,2
for a constant C5 > 0. Consequently, by ii) of Proposition 6.1,
/ Z H’%t,j - ngH?udwldiL'Q < CGt.
U .

7=1,2
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Proof. We denote two important terms by

A= Z Hvlj(At_AO,t)Hwﬂ 0= Z Hvl'jFAtHw'

j=12 j=1,2

First, for j = 1,2, we decompose Va8t = Vg, 87 + ijéf, where széf-
is perpendicular to the kernel of dga,,,and V.57 € kerda,,. Recall that
kerda,, = {diag{n1, -+ ,m.} € sl(n,C)}, and as a volume form wF[);, =
dv is independent of w under the identification M, = T2?. For any n €
ker da,,, since [ng,n] =0,

szn = 8LU]T] + [Bt,jﬂ?] = [Btj,_]777]
Thus
0 - 8l3j <§t7 77>w - <v1‘j§t7 77>w + <§t7 szmw - <v$j§?7 77>w + <§t7 [B1§J:]777DUJ7
and by (7.9)
V2,87l < Cll3elloo || Bisjllw < CHA.

Along with Lemma 5.2, this implies
IVa;8ellw < CUIVa, 87 [l + tA) < Clldag, Vay3ellw + tA).
Since
da,Ve;88 = da, Va3t + [At — Aoy, Vi8¢, and || Ay — Aogellco < C,

we obtain

Hvl’j§t”w < C(”dAtij§t||w + tA)

Next, take the derivative of (5.5) in the base direction to see
IVa, (Ar = Ao)ls, < 20IVa, (T(30)da,3elli + 21T (36) Ve, (da, 30) 13-

We concentrate on the two terms on the right hand side above separately.
By Lemma 5.4 and Proposition 6.1, 8¢, V4,,5: and Ay — Ag+ are bounded
in C° by ¢, and so the first term satisfies

IV, (Y (3))da 313 < E2CNVa;5el% < PO(IIda, Vi, 3ell% + E2A%).

To bound the second of the two terms, note that x;; is bounded, and
Va;da, —da,Va; = ki . Thus

HT(gt)vﬂig (dAtét)H?y < CugtH?u + 2HdAtv33j§tH121) < Ct2 + 2HdAtv96j'§tH12m

from which we conclude

A <2 Ve (A= Ao)ll2, <6 > llda, Vay b2, + CF2.

j=1,2 j=1,2

Therefore it suffices to bound [|d4, V3|2,
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Integration by parts, along with Lemma 5.2, gives

/ |da, Vo, 8w < / V80| A a, Vi, 51|05
Moy, My,
< HvljétHwHAszwjgtHw
< O(lda, Va;8tllw + tA) | Aa, Vi, 8t w
and so
(7'10) ”dAtvxjgtH%U < C||AAtva‘§tH120 + tA°.

Thus we obtain

A? <O A4 Va il +1).
j=1,2

In order to bound Ay, V3, we turn to the equality (5.6) for the curva-
ture of A, using the fact that Ay, is flat,

Fa, = ida, *wda,di — Y(3:)04,04,5t + T(—51)04,04, 5t
—éAtT(ét) AN 8At§t + aAtT(—&‘/) A 5At§t
—T(§t)6,4t§t A T(—gt)é,qt§t =+ T(—§t)8At§t A\ T(§t)aAt§t.

We take the derivative of this equation in the base direction, and calculate
Vo, Fa,. Firstly,

va:j dAt *w dAt‘gt - dAtvCCj *w dAtgt + K/t,j#dAtét
dAt *w dAt VJDJ‘ §t + dAt [*’w’%t,j’ ét] + Kt,j#dAt §t
dAt *w dAtvxj §t + [vxiFAt7 <§t] + K/t,j#dAt ‘§t

by Vg, Fa, = da,kt; = £da, *u kt,j, which implies

|ijd,4t *w dAtgt — dAt *w dAtvxj§t|
< C(IVag, el + [Ae — Aoxll3e] + [V, Fa, l|3e]),

<Ct(1+ > |V, Fa,)).
i=1,2

As a result, we have
HVdeAt *uw da, 8¢ — da, *w dAthj§t||w < Ct(l + @).
Secondly, note that V4, = Va,, + (A; — Aoy), and

V,24t = v1240,t + (A — A07t)#VAo,t +Vag, (A —Aoy)+ (A — Ao ) #(Ar— Aoy).
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A direct calculation shows
1V2; (Y (36)04,04,51) [
< C(IVa; 8ellwl VA, 8tllco + [V 04,04, 3¢ lwll 3¢l o)
< Ol Vay3ellw (Vi 3t llco + 14 = Aosllcnl|Bellcr)
+ C([A4,Va;8tllw + 1+ tO) |8t co
< C(t]|AA, Va1l + 12|V, 8t o + £+ 120)
< C(t7]| A, Va8t llw + t + tA + 20),

where we used Lemma 7.3. For the later terms, we have

1V, (04, T (3) A 0a,30) o + IV (T(50) 0,36 A T(=3)04,30) o
< C(IVaidilleo + 11Ae = Aoellcoll3ellco) 1V, 8¢l
Fllda, Va8t llw + 115t |w)

< Ot +t]| A4, Va, 5t llw + t2A).
Returning to (7.10), we put everything together to see

. ) L )
|Va; Fa, —ida, % da,Va$tllw < C(#2]|A4, Vi, stllw + A +10 + 1),

A4, Va,5¢llw < C(O +t + tA),
and

1da, Ve, 5tllw < C(O© +t+1tA).

Thus we conclude
A2 <C(©% +1?),

proving the lemma. O
Now, we are ready to prove Proposition 7.1.

Proof of Proposition 7.1. Note that we have

1F= 1720, o) < 2/M (M Ea s + D [k 2sr + HFB 4 2sr) ()2,
o j=12

By (6.6), we have

t|FB,t|Z,SF < C(t7 Y| Fa, ZSF +1 Z ’fit,jﬁsz«“),
=12
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which in turn implies

1P 3oy < C /U EHEIE + S gl
j=1,2

< C<t+ Z/ Hﬁtuj_ﬂg,jui)dxldx2
j=1,2"U"
+ Z/ "arjAO,t“?udwldl'Q)
j=1,27U"
< Clt+ Z/ 10, Ao 4|2 da1 dza)
j=1,2"U"

For the second inequality above we used ||Fy, ||z, < Ct* and k) ;= 0z; Ao
Finally,

1
1P Brrtyy = 3 ), 3 Irnalidardes

j=1,2
1
> 50 [ 10n Aol dorda,
j=1,2"U
=3 [ g o8 R dendaa)
j=1,2"U"
> C(Z/ 182, Ao |2 da1dis — 1),
j=12"U’
and we obtain the conclusion. O

We finish this section by a lemma that is needed in the proof of Theorem
3.2.

Lemma 7.5.

Z H[Kt,ja Ktvj]H%Q(MU/,wSF) < C7t7
Jj=1,2

for a constant C7 > 0.

Proof. Recall that &) ; = 9,; Ao by (7.6), and thus

[mgj,mgj] =0, j=1,2.

We have
[ty ke g] = 2068 4, e — K 4] + [Keg — KL, keg — i),
and by |k ;| < C,
|[Kgs gl < Cley — kY]
Lemma 7.4 shows that

Ft,gs ot j 1w @T10T2 = Ktj = Kt jllw@T10T2 = CT.
I |5 da1des < C I billhdzides < Ot
Uj=1,2 v
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We obtain the conclusion. O

8. PROOF OF PROPOSITION 4.4

Now, we have the tools to verify assumption (6.3) along our main subse-
quence of times t;, which is chosen in Proposition 4.1.

Proof of Proposition 4.4. We work via contradiction, and assume the Propo-
sition is false, in other words assumption (6.3) fails for our sequence Z;,. By
passing to a subsequence, there exists a sequence of points pj. € My so that

1
(8.1) ti1Fe,, lwy, (P}) = 00,

and f(p),) converges to a point x € K, as t;, — 0.

Applying Lemma 4.2, we can pick new points near p; to carry out our
argument. Specifically, if r = %distw(:z:,N \K), there exists a sequence of
real numbers 0 < pr < r and a sequence p; € M so that dwtk (pr, D)) <,

sup ‘ Ety, |wtk < 2|FEtk |“’tk (pk)a
Buy, (Prspr)

and
20k|Fzy, lwn, (Pk) 2 7| F5,, w, (PF)-

1
If we set 0y :=t; *|Fz,
0 — 0, and

];tlk (pk), then (8.1) and the above inequalities give
-1 3 /
pidy = Tt | Fay, fwy, (Dr) = 00
Furthermore, define
fk = tkék_Q = tkz‘FEtk ’itk (pk) S 6% — O,
which goes to zero as t; — 0 by Proposition 4.1.
We now consider the scaled metric Wy, = (5,;2wtk, and claim that Wi,

satisfies the same collapsing properties of wy, . If w = 6,;110 denotes the
scaled coordinate on D, = {|w| < rd;} = {|w| < r}, where f(py) is given by
w = 0, then

S 2wiF = (ka(dz + bdw) A (dz + bdw) + W Ldiw A d@) :

2
where b = —%2% ggj. For a certain fiberwise translation 7,,,, we write
Ty 03 2wy, — 0, 2wiE = 63201, 22dz A dZ + o4y wpdd A did

+5]g_180tk,w2d7j) ANdZ + 5;190tk,ij,dz A dib.
By Lemma 2.11, for v > 1,

1057 rszllor 4+ 167 0n walloe + 105 e wellr < Calf

and
8 8 iy N
H&‘Ptk,ww”q@m + ”g‘ﬂtk,wwucﬁm < City, [ th,wwucg)c < Coty.
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Here we used t;, < fj, and that Xtp,ww 15 @ function on D, that satisfies
Xtp,ww — 0 in the C*°-sense as ¢t — 0. The CloC norms are calculated in
coordinates z and .

Working in the scaled metrics, we have that d“’fk (PrsP) < prby; ! for any
p € By, (Pk, pi), so the radius of the disk approaches infinity. In particular

this implies that on B~t.k (Pk, pk(s,;l), we have the bound

-

| _‘tk‘wt = 614:‘ Ety, ’wtk < 251@‘ Zty, |Wtk (pk) = 2tk | Htk‘wtlk (pk) = 25];2'
Now, because the energy &, (p, Ry, (px)) is scale invariant,

g = Stk(plﬁRtk (pk:))
5];4Rtk (pk’)4 / | ’
VOI(Bcng (Pk 5;€1Rtk (Px))) B@Ek (pk,ts;:Rtk (Pr)) = Wt

Additionally, note that

1
5 Rtk (pk) = ti2 ’ Ety, |wtk (pk)Rtk (pk) < 4tk| Ety, |wtk (pk) = 4tl:1;7

since |Fx, |w,, (Pk) < 4Rt,c (px) by (2.15). Thus, on B, (Pk, P07 1) we have

[SIES

and
44,
(83) €= : | Fs, |3 @2
1 Bl 37, W,
Vol(Bz, (pk,4t})) 7 Bag, (prdli)

Inequality (8.2) gives assumption (6.3) for our connections in scaled coordi-

nates (with scaled parameter #). Also (6.4) is also satisfied since the scaling

does not effect the fiber direction. Thus Proposition 6.1 holds in scaled

coordinates, which in turn allows us to conclude Proposition 7.1 as well.
To achieve our contradiction, we show these bounds force the energy on

the right hand side of (8.3) to go to zero. We continue to use the notation

|~ Mlw = Il - | z2(az, @57 since scaling does not affect the fiber direction.
Applying Proposition 7.1, on any K C D, we have

1Pz, Bouna) < C+ [ 3 105, Aag, 3dindac)
7j=1,2

for a uniform constant C', where 1 4 i%2 = @w. Since Ag;, — Ap in the
(C*°-sense on My, we have

10z, Aot ||% = 0210w, Ao, ||% < CF,
and thus

| F Bty ||L2(MK,;Jt.k) < C(ty + 5;% /Kdi"ldfcg).
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!
Because the radius ¢;; grows slower than the injectivity radius of the elliptic
it -
fibers in the metric w;, (which is roughly ¢?), we see that for ¢, small enough
tr < Ct, _C
Vol(Bg, (p,4t}))

tg

~ 1= 1
iz 2

1
Also B, (pr,4t;) C Mp,. Thus, returning to (8.3), we have

44, Y
© L P52, 62
Vol(Ba, (pr,4ty)) 7 Bag, (prdtio)

2%

C . 1
— (B + 6¢1})

<
ty
< C 1)
The right hand side above goes to zero, a contradiction. ([

9. THE PROOF OF THEOREM 3.2

At last, we prove Theorem 3.2 in this section. Under the same setup as
in Section 6, the first lemma shows that for any fixed p > 2,

1Bt o (ayy wsFy — 0
when t — 0.
Lemma 9.1. If (6.3) and (6.4) hold for t < 1, for any p > 2, we have the

following inequalities

141
| Fa, wSF) < CyttP) and HFthHiP(MU,wSF) <Oyttt

P
HLP(MU =
where the constant C1 is independent of t.
Proof. By Lemma 6.3,

0
AllFa e = S1Fally = CtZe,

where

Zi =Y st gl + 1,
j=1,2
for » > 1 and a constant C' > 0. Lemma 7.5 implies that

/ Zidridre < Ct.
U

Let 1 be a smooth function such that 0 <7 < 1 and supp(n) C U. Then

/ | Fa, || deydas to ! / | Fa, |12 Andzydzy + t2C / nZydxidxy
U U U

IN

IN

téa—l/ ]FAtHZ)dxldxg—i—tQC/ Zydzids,
U U
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for a constant C' > sup An. Thus for ¢t < 1,
U

/ | Fa, |2 dzydzy < CH2.
U
For any p > 2,
1Eall g sry < C0 [ 1FalBdnrdes < CoH,
’ U

by Lemma 6.5, and

P 14+
| F ¢ LP(My wSF) <Ct v,

by (6.6). O

Recall that for any sequence ¢, — 0, a subsequence of Z;, L N Coe
converges to a L} NC%-connection Zg by preforming certain further unitary
gauge changes if necessary on Mg in Theorem 3.1, where K C N°. Thus
the curvature FE% LP-converges to F=, on M.

On any open disc U C K, we have the decompositions

=0 = Ao + Boyldxl + BOQde’Q, and

FEO FAO — /%0’1 Adxri — I~€072 A dxg — FB,del A dxo,

where ko, = %Ao —d AOBOJ' By Lemma 9.1 and the convergence, we
obtain that
FAO = 0, FBO = 0, and *w f%071 = f~£072.

Thus Z is an anti-self-dual connection with respect to (w3, ), i.e.
Fe, Aw’F =0, and Fg, AQ =0.

It is standard (cf. Theorem 9.4 of [75]) that by preforming a further unitary
gauge change if necessary, we can have that =g is smooth.

Lemma 9.2. There is a unitary gauge u such that
’LL(E(]) = AO
on My, where Ag is given by (4.4).

Proof. By Theorem 3.1, for any w € U, there is a unitary gauge u,, on
M., such that w,(Z0|ar,) = Aolam,, and wu,, is smooth since both Zgar,
and Ag|az, are smooth. We claim that one can choose u,, depending on w
smoothly.

Note that M, = T? and P|y;, = M, x SU(n). Let AP be the space of
LY SU(n)-connections on the trivial bundle on 72, £ > 1, and G** be the
L}, unitary gauge group. We have identifications AbP = LP(T? sl(n)) and

GiHLp — L§+1(T2’ SU(n)) under the trivialization, and G‘*P acts on AP
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by u(A) = u 'Au + v~ tdu. If we denote the orbit O, = {u(Zo|pr,)|u €
GLPY  AYP for any w € U, then Ag|yz, € Oy. Define the orbit map

UG x U= | 0y C AP, by U(u,w) = u(So|u,)-
wel

For a fixed wo € U, let gy : Oy — Oy, by A — v(Ao|n,,), where
v(Ao|a,) = A for a unitary gauge v. If v’ is an another unitary gauge such
that v'(Ao|az,) = A, then v'v=1(Aglas,) = Ao|n,, and thus v'v=! € T 1 C
SU(n), i.e. a diagonal matrix. Since Ag|n,, is a diagonal matrix valued
1-form, we have v(Ao|n,,) = v'(Aolr,, ), and gy is well-defined.

Let ¥/ = g0 : GIHLPx U — Oy, be the the composition. Note that the
tangent space Ty Mug Ow, = Im(dy, Mwo), and the first partial derivative
of ¥ at (u,w) such that ¥'(u,w) = Ao|nm,, is D1¥" = —daq|yy,, - Thus
Aolm,, is a regular value of ¥', and UL (A M,,) 18 a smooth submanifold.
Furthermore, the projection G“*?xU — U induces a 7" '-bundle structure
on W'=Y (Agln,,, ) with fiber 7"~ C SU(n).

Ifu:U — \If’_l(A0|Mw0) is a smooth section, then @(w)(Zo|as,,) = Aol ,
and we can regard 4 as a smooth unitary gauge change on M. Therefore
we have
w(Z0) = Ao + By,1dx1 + B 2dxa,
which still satisfies

. 0 .
*wko,1 = Ko,2, With ko = 7—Ao —da,Boj, j=1,2, and

81‘j
0 0
0= Fpg=—~—DBo1 — —Boa — [Box, Boal.
BO = g 01— 5 P02 [Bo,1, Bo,2]
Note that %Ao € kerAy,, j=1,2, on any M,, and
* iA - iA = *uwda,Bo1 — da,B
W 0T gy 0 T Fwlao Dot — dao Do

By the Hodge decomposition, ker A 4, Im(d’ ) and Im(d4,) are orthogonal
to each other. Thus
dAoBO,j = 0, ] = 1,2,

on any My, and By j|um, is a diagonal matrix in sl(n). If we write By ; =

idiag{bj1,--- ,bjn}, then 3%230,1 = 8%1302 implies that there are real
functions ¥y on U such that by ¢dx1 + by edre = —dy, £ = 1,--- ,n. If
0 = diag{exp (i01),- -, exp (i¥,)}, and we regard ¢ as a unitary gauge

change on My, then
v(u(=Zp)) = Ao.
We obtain the conclusion by letting u = v - @. ]

Proof of Theorem 3.2. Let {Ux|A € A} be an open cover of N° such that

any intersection Uy, N --- N U,, is contractible. For any Uy, D§ N My, =

U){ U---UUY is a disjoint union of open sets biholomorphic to U, and
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{U{|]x € A,j = 1,---,n} is an open cover of D§ N Mpo such that any
intersections are contractible.

On any My,, there is a unitary gauge wy such that uy(Z) = Ao by
Lemma 9.2. Recall that

Ap = diag{aq, -+ ,an}, Qj = W(Im(T))_l(Qje__ ‘73'0)7

where {(w,q;(w))} = Ui is one component of D§ N My,, and «; is not
unitary gauge equivalent to «; if j # i. On any intersection My,ny,, Ao =
uy, - uyt(Ag). Thus uy, - uy |y, € T C SU(n) for any w € Uy N U,.
We can write u, - u;l = diag{gllg\l, ., ,gZi"}, where ng;\ is a U(1)-valued
function on Uy N Uy, and is the unitary gauge change between a; on My,
and o, on My,. Hence we have that Uﬁ NUY # 0, and dloggfﬁ =0,
which implies that ggj\, i=1,---,n, are U(1)-valued constant functions on
UxNU,. By regarding gffj\ as a function on UZL N Uff, we obtain a 1-chain
{(ULNTS7, g;53)} € CH{US Y, Ue(1)) for the U(1)-valued locally constant sheaf
Uc(1) on D§ N Mye.

IfUﬁﬂUf\ﬂUf # 0, then U, NU\NU, # 0, and by u, - uy' - uy -

u, o, u;l = Id, we obtain that ngkgf\igl’fz = 1. Therefore {(Ulﬁ N

U ii, gif)‘\)} satisfies the cocycle condition, and defines a cohomological class
O = [{(UiNUL, g} € HY(D§N Mye,U(1)), which is equivalent to a flat
U (1)-connection on D§ N Myo. From the construction in Subsection 2.6, it
is clear that =y € FM(D§N Myo, ©). O

APPENDIX A. COLLAPSING RATE OF RICCI-FLAT KAHLER-EINSTEIN
METRICS

Here we study the collapsing rate of Ricci-flat Kéahler-Einstein metrics
on general Calabi-Yau manifolds, which is used in the proof of the main
theorem.

Let M be a Calabi-Yau m-manifold, i.e. M is projective with trivial
canonical bundle Ky = Ops. Assume M admits a holomorphic fibration
f: M — N, where N is smooth projective manifold with n = dim¢ N < m.
As above, let Sy denotes the discriminant locus f, and Ny = N\Sy the
regular locus. For any w € Ny, the smooth fiber M, = f~!(w) is a Calabi-
Yau manifold of dimension m —n. Let a be an ample class on M, and o an
ample class on N. Then for ¢t € [0,1), ay = tar + f*a is a family of Kéhler
classes. Denote by w; € oz the unique Ricci-flat Kéhler-Einstein metric,
which satisfies the complex Monge-Ampére equation

m2 —
wi' =ct" " (=1) 2 QAQ.

Here € is a holomorphic volume form on M, and ¢; has a positive limit when
t— 0.
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The behavior of w; when t — 0 has been studied intensively in the liter-
ature (see cf. [45, 66, 41, 43, 47, 67, 68, 69, 48], among others). We briefly
recall some of the important developments, and refer the readers to the
above sources for details. Under the assumption that M is an elliptically
fibered K3 surface with only singular fibers of Kodaira type I1, Gross-Wilson
first proved that (M, wy) converges to a compact metric space homeomorphic
to the sphere S? [45]. In the case of general fibered Calabi-Yau manifolds,
Tosatti proved that w; converges to f*w in the current sense [66], where w
is the Ké&hler metric on Ny with

Ric(w) = WwPpP

obtained in [66, 62, 63], and wyy p is the Weil-Petersson metric of the fibers
on Ny.

If M is an Abelian fibered Calabi-Yau m-manifold, then Gross-Tosatti-
Zhang improved the convergence of w; to C*° away from the singular fibers
[41]. More precisely w; converges smoothly to f*w on f~!(K) for any com-
pact K C Ny when t — 0, and additionally the curvature of w; is local-
ly uniformly bounded on f~!(Ng). The Gromov-Hausdorff convergence of
(M,w;) is obtained in [43] for the case of one dimensional base N, which
generalizes the Gross-Wilson’s result to any elliptically fibered K3 surface.
In a recent paper of Tosatti-Zhang [69], the Gromov-Hausdorff convergence
of (M, wy) is generalized to the case when M is a holomorphic symplectic
manifold admitting a holomorphic Lagrangian fibration, and w; is a Hyper-
Kahler metric.

However, despite this later progress, one important property is still miss-
ing for the general cases of Calabi-Yau manifolds that appears in the orig-
inal work of Gross-Wilson. In their setting they show that w; approaches
a semi-flat Kéhler metric exponentially fast on compact subsets away from
the singular fibers. This behavior is expected in general. In fact, motivated
by physics, Gaiotto-Moore-Neitzke propose a construction of complete Hy-
perKéhler metrics on certain compactifications of complex, completely inte-
grable systems, which asserts the exponential approximations by semi-flat
Kéhler metrics [35]. In particular, the asymptotic behavior of HyperKéhler
metrics on the Hitchin moduli spaces are studied in several recent papers
[57, 24, 26].

The goal of this appendix is to study the asymptotic rate of w; for any
Abelian fibered Calabi-Yau manifolds. From now on assume any smooth
fiber M,, is an Abelian variety. For an open subset U C Ny biholomorphic to
a polydisk, f : My — U is a family of Abelian varieties, which is isomorphic
to f: (UxC™ ™) /A — U, where A — U is a lattice bundle with fiber
Ay =2 7272 50 that M, = C™"/A,. We denote the universal covering
map p : U x C"™™™ — My, which satisfies that f o p(w,z) = w for all
(w,z) e U x C™™ ™.

For completeness we recall the construction of the semi-flat Kahler metric
on My (cf. [37,41]). Note that the ample class a gives an ample polarization
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of type (dy,...,dmn—p) of the fiber M,,, where d; € N and dy|da| - |dm—n-
Then A, is generated by die1,...,dn—m€m—n, Z1,s..., Zm—n € C™ ™, where

€1,...,em_n denotes the standard basis for C™™", and the matrix Z =
[Z1,..., Zm—n] is the period matrix of M,,, which satisfies the Riemann
relationship

Z=2"' and ImZ > 0.
If 21, -+, z;m_n denote the coordinates on C™~", then on the fiber M,,, the
flat Kahler form
7 Z(ImZ),;lldzk Adz
k.l

represents oy, . Using the notation Wy, = (ImZ),;!, by Section 3 in [41], if
n(w,z) = —3 > Wii(w)(zk — ) (2 — &),

then i00n is invariant under translation by sections of A, and therefore,
defines a semi-positive (1, 1)-form on M. The semi-flat metric is defined as

(A1) wiF = itddn + f*w,
for any ¢ € (0,1], which satisfies that wy¥'|y, is the flat metric in the class
taly, . Again w € op is the Kahler metric on N whose Ricci curvature is

the Weil-Petersson metric of fibers on the regular part.
The main result of the appendix is the following;:

Theorem A.1l. For any v € N, there is a constant C, > 0 such that
SF v
|T5,we — wi™ — f*XtHCﬁ)C(MUvW%SF) < Cyt2,

for a certain local section oq, where xy is a (1,1)-form on U such that x; — 0
in the C*°-sense when t — 0, and Ty, is the fiberwise translation by oy.

Note that wF + f*y; is still a semi-flat metric for 0 < ¢ < 1. Thus this
theorem asserts that as ¢ — 0, wy approaches a semi-flat metric faster than
any polynomial rate. We remark that this decay rate is not as fast as the
one demonstrated by Gross-Wilson (Theorem 5.6 in [45]), where

_c
Trwi = wi + [ xi +o(e” VF)
is obtained. However a sufficiently high polynomial decay rate is enough for
the proof of the main theorem of the present paper. We leave the exponential
rate for future study.

Proof of Theorem A.1. By Proposition 3.1 in [41], for any Ké&hler metric
wpr € «a, there is a holomorphic section og : U — My such that
w+ twy = ngothF +i00&;.

Thus
T wi = w + tT5 war +i00¢; o Tpy = wi' + 00y,
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where ¢y = (¢ + &) 0 Ty, If we denote Ay : U x C™™™" — U x C™™" the
dilation given by A\ (w, z) = (w,t_%z), then \!itd0n = i00n, and

Np*wit = idon + frw.
By Proposition 4.3 in [41],
NP Therller < Co

for constants Cy > 0, and by Lemma 4.7 in [41] (also Proposition 3.2 of
[69]),

NPTy we — 1000 + ffw
when ¢ — 0, in the locally C*°-sense.
1
If we denote 1 = ¢ 0 po A, then v is t2 A-periodic, i.e.
bi(w, 2) = Pr(w, 2 + £2 (a + bZ))

where a + bZ = (ardrer + 0121, am—ndm—n€m—n + bym—nZm—n) for any
aj,b; € Z. By the above we can write

AP T wy = i00n + w + 100y,
and note that Hi@&/}thz < Oy, and 09y, — 0 ast — 0, on U x C™ ™.

Lemma A.2. Denote

A T RN i
owrow;” T 92,07 bate = g Oy

For any v € N and £ > 0, there is a constant Cj, > 0 such that

¢t,wku‘)l -

”wt,’wkﬁ)l - Xt,kl”c’ﬁ)c S C(/),yt%7

and

azj

where x¢ 1 are functions on U.

v
wt,wkﬂ)z HC]@OC + Hd}t,zkiz HCl‘v’oC + ||¢t,zku71 ”leoc < Cé,ut27

Proof. For any t € (0,1], let h; be a v/tA-periodic real function on U x C™~"
such that

}851""152(7n—n) ht‘ < Cﬁ?

where
°h
alg 18 ht = t
1,5 B2(m—n) OBt Y1 652(m—")y2(m7n)

9

and z; = Y;j + Ym-n+jZj, B = B1+ -+ + Bapm—n), and Cz is independent
of t. For w € U, let Dy, C {w} x C™™ be the fundamental domain of the
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VtA-action. For any p; and py € Dy, if we denote by v C D, the line
segment connecting p; and po, then

|a§17“' 752(771—71,) ht (pl) - 8517'“ 752(m7n) ht (p2)|

< ’[y87851’”,’BQ(m_n)ht('y(s))dS

2(m—n)
<CVEt )y sup ‘ayjaglv'” p—
7j=1
Since h; is periodic we can choose py to be a local maximum of aﬂl_ —1 L B2(m— )ht’

which implies a? .y )ht (p2) = 0. Thus for any k& > 1, we obtain

sP2(m—
- v 8 v
|ht — ht] < Cpt2, and ’8517---,52(m_n)ht’ < Cgt2,
for constants Cp, independent of ¢, where h; = sup hy is a function on U.
ZEDw

_ The first inequality in the lemma is obtained by letting hy = ¢, w, and
ht = Xtk,1, and the second inequality follows by taking

_ 0"y
aelyl . 852(1%771,) yQ(m—n)
for any £ > 1. O

hy

We obtain the desired conclusion by letting x¢ = ¢ ) X gdwy A dw;. Note

kl
that the convergence in Lemma A.2 is slightly stronger than Theorem A.1,
and we use Lemma 2.11, a simplified version of Lemma A.2, in the proof of
Theorem 3.1. O
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