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Abstract 

In this paper, the constraints on the homogeneous surface belonging to a certain rational 
surface are derived which are both necessary and sufficient to ensure that the rational 
surface is nth-order geometric continuous. This gives up the strong restriction that requires 
the homogeneous surface to be as smooth as the rational surface. Further the conditions for 
the rectangular rational BEzier patches are developed, and some simple and practical 
sufficient conditions are presented which might give a valid means for the construction of 
GC" connecting surfaces. 

Keywords: Rational surfaces; BEzier patches; Geometric continuity: Total differential vec- 
tors; Connecting functions; Parameter transformation 

I. Introduct ion 

In recen t  years  geome t r i c  cont inu i ty  be tween  p a r a m e t r i c  surfaces  has been  
receiv ing cons ide rab le  a t t en t ion  in the  f ie ld of  c o m p u t e r  a ided  geomet r i c  design 
( C A G D )  (Barnhi l l ,  1985). T h e r e  was much r e sea rch  done  on the geomet r i c  
con t inu i ty  cond i t ion  and its appl ica t ions .  Mos t  of  the  work  concerns  the  sufficient  
cond i t ions  of  t angen t  p lane  cont inu i ty  or  curva ture  cont inui ty  for B6zier  surfaces  
based  on cer ta in  s impli fying a s sumpt ions  (Boehm,  1988; Far in ,  1982; Kahmann ,  
1983; V e r o n  et al., 1976). 

O n e  effor t  to gene ra l i ze  this is the  s tudy of  necessary  and suff icient  condi t ions  
for t angen t  p l ane  cont inu i ty  (Liu,  1986, Liu and Hoschek ,  1989). D e g e n  (1990) 
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deduced explicit representations for GC 1 and G C  2 continuity between adjacent 
B6zier patches. However, for some special applications such as finite element 
analysis and ship hull design, higher orders of geometric continuity are needed. 
Therefore  another generalization is the work on the geometric continuity of order 
n. Hahn (1989) described the characterization of geometric continuity in terms of 
diffeomorphism. Liang (1990) gave a theoretical foundation for the geometric 
continuity of arbitrary order. 

In geometric modeling, rational surfaces, such as rational B6zier surfaces, are 
widely used. This is due in part to the fact that they possess many nice properties, 
one of which is the capability of describing exactly the conic surfaces which are 
commonly used in engineering. Nonetheless, very little previous work has been 
done on the rational surface of geometric continuity (Vinacua and Brunet, 1989; 
DeRose,  1990; Liu, 1990; Zheng et al., 1992). In general, the geometric continuity 
of rational surfaces is often ensured by requiring the associated homogeneous 
surfaces to possess the same continuity. However, it is only sufficient. DeRose and 
Liu, respectively, presented a system of necessary and sufficient conditions to 
ensure tangent plane continuity (DeRose, 1990; Liu, 1990). (Zheng et al., 1992) 
discussed curvature continuity between rational B6zier patches and its solutions. In 
this paper, we will derive the necessary and sufficient conditions of nth-order 
geometric continuity for the rational surface which are represented by its associ- 
ated homogeneous surface and the so-called connecting functions. Then the 
conditions for rational B6zier patches and smooth connection are further analyzed. 
The main idea is using homogeneous coordinates for rational surfaces to make 
derivations simple, as for rational B6zier curves in (Degen, 1988; Hohmeyer and 
Barsky, 1989). 

2 .  P r e l i m i n a r i e s  

This section introduces some terms used in the rest of the paper. 
Let E m be the Euclidean space of dimension m, and a be a region in E 2. A C n 

surface of E m is defined as an n-times continuously differentiable mapping 
r : A ~ E m, and is expressed by 

r = r ( u ,  v)  ~ C " ( A ) .  (2.1) 

In this paper, a surface r of E 3 is always assumed to be regular, i.e. 

~r ~r 
- -  × - -  4= O. ( 2 . 2 )  0u ~c, 

Assume that r(u, v) and ~(~, P) are two C n surfaces of E 3, and curve CB is the 
intersection curve of r and f which is also C ". We call CB the common boundary 
curve of r and ~. CB responds to edge El(S) = {u(s), v(s)} in domain A l of r and 
edge E2(s) = {~(s), ~(s)} in domain A 2 of ~ respectively. 
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Fig. 1. Geometric interpretation of geometric continuity. 

Definition 1. Let r(u, c) and ~(fi, P) be two surfaces possessing a common 
boundary curve CB. If  there exists a C"-diffeomorphism q~: 

{ ~ = ~ ( u ,  t~,) c n E (2.3) 

such that 

0~r c B -  0'(f___=_o =~P) (, , i = 0 , . . . , s ,  s = 0 , . . . , n  
0/gi~]t!s i OUt~U s t 

then r and ~ are said to meet  along CB with geometric continuity of order n or 
GC". Meanwhile the diffeomorphism ~ is called the parameter  transformation of 
GC" between r and ~. 

The definition has an intuitive geometric meaning (see Fig. 1). It expresses that 
if surfaces r and ~ meet  along CB with GC n, then there exists a transformation 
(2.3) so that in the neighbourhood of every point P~/ along CB, any point P in 
surface r (or ~) and its corresponding point P in surface ~ (or r )  under the 
transformation satisfy 

IlePII 
lira 0, 

where order n is the measure  of contact between r and ~. 
By differential geometry, it is possible to show that this definition accords with 

tangent plane continuity for n = 1 and curvature continuity for n = 2. 
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Definition 2. The first-order total differential vector of  surface r is defined by 
d r = r ,  du +G, dr. The total differential vectors of  higher order are defined 
recursively by d°r = r, and dkr = d(d k-  lr). 

Lemma 1. We have d°r = r, and 

d S r  = ~ E A s k h  " d r l u  " ' "  drhbl  d r h + ' v  " ' "  d r k V  " 
r I . . . r k 

k = l r l +  . . .  + r k = s h =  0 

s>~l ,  

w h e r e  r i a r e  p o s i t i v e  integers, and 

s !  
A skh  = 

~1 . . . .  k h ! ( k _ h ) ! r l ! . . ,  rk [ 

O k r  

O u h O v k - h  , 

(2.4) 

Proof. Formula (2.4) is obviously true for s = 0, 1. Assume it holds for s (s >1 1), 
then 

dS+lr = d(dSr) 

= E E A s k h  " d r l u  " ' "  d rk v 
F 1 . , .  r k 

k _ l r l +  . . .  + r k = s h =  0 

o k + l  r 0 k + l  r ) 

" O u h + l O u k _ h  d u  -t- O u h O v k _ h + l  d v  

k ~k r k 

+ E E A s k h  " " E (  d r l u  " ' "  d~i+l " ' ' d r k V )  
r l . . . r k  O u h O v k - h  

k = l r l +  " "  + r k = s h = O  i = 1  

s + l  k i ) k r  
= ~ ~_, Y'~h .Askh " du" drzu . . .  drkV • 

~ X l r 2 . . . r  k 
k = 2 r 2 +  . . -  + r k = S h =  1 O u h ~ v  k - h  

s + l  k - 1  

+ E E E - h) .A skh r 1 . . .  r k_ l l  
k = 2 r l +  . . -  + r k _ l = s h _  0 

O k r  
" d r l u  " " " d r k - l v  " d v  • 

o~lhov  k - h  

k k O k r  

+ E E E r A skh • d~lu "" d~kv • i r I . . .  r k 
k =  l i=  l rl + . . .  + r k = s  + l h=O OuhOu k - h  

ri> 1 

s + l  k k ~k r 

= E E E E rA'kh  "dr'u " " & k v "  
l r 1 . . ,  r k 

k = 2 i = l r l +  " . .  + r k = s + l h = O  O u h O v k - h  

ri= 1 



J. Zheng et al. / Computer Aided Geometric Design 12 (1995) 111-129 

k k Okr 
+ E E 5-'. rAskh, r, ... r k " d r ' u  " ' ' d r k V "  OuhOvk-h  

k = l i = l r l +  . . .  + r k = s + l h =  0 
r~> 1 

s + l  k k 
= E E E E r ASkh " 

1 r I . . .  r k 

k = l i = l r l  + . . .  +rk=s+ lh=O 

dr~u • . . d rkv  . 
Okr 

~uhOv k - h  

s + l  k 

(s + 1). E E EA 
t" 1 . . .  r k 

k = l r l +  . . .  +rk=S+lh= 0 

• dr~u . . .  d r ~ v .  
ok r 

OuhOv k - h  

s + l  k i)kr 
Y'~ 3-" A(s+l) kh • d,~u . . .  d,kV. 

- -  r 1 . . .  r k 

k = l r l +  .--  +rk=s + l h= 0 OuhOu k - h  " 

By induction, the formula (2.4) is obtained. [] 
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By (2.4), the total differential of r to the sth-order is given by the partial 
derivatives of r and the total differentials of du, dr ,  all of which up to the 
sth-order. 

Definition 3. Rational parametric surface r(u, v) is defined as 

r(u ,  v) = n ( u ,  v)/~o(u, v) ,  (u ,  v) EA 

where R(u, v) is a surface of E s, w(u, v) is a function A -->E 1. 

(2.5) 

The rational surface r can be thought of as the composition of a surface Q(u, v) 
of E 4 with a projection function p, where 

p : (  R, w) ~ R/og, (2.6) 

Q(u,  v) =p(u ,  v ) (  R(u ,  v),  w(u ,  v) ) .  (2.7) 

We refer to Q as the homogeneous surface associated with r and surface r as the 
projection of Q. In general, we take p - 1 and suppose that Q(u, v) is C". 

Lemma 2. I f  the rational surface r of E 3 is regular at point (u, v), then Q(u, t,), 
Q~(u, v) and Q~.(u, v) are linearly independent, i.e., there exists at least one i 
(1 ~< i ~< 3) such that (Q, Q,, Qv)i  ~ 0 at (u, v), where the notation ( . , . , .  >i means 

1 [ R i + l  S i+ l  Ti+ l  1 
(R ,  S, T ) i =  ( - 1 )  i+ lde t IRi+2 S,+2 Ti+ z , i = 1 , 2 , 3 , 4 .  (2.8) 

LR,+3 
R, S, T are arbitrary vectors in E 4. R i denotes the ith component of R. I f  i > 4, 

R i  = Rmod(i 1,4)+ 1" 
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3. G C  n necessary and sufficient condition for rational surfaces 

3.1. A general form o f  rational GC ~ conditions 

As pointed out in (DeRose, 1990), rational functions are much harder  to 
differentiate than polynomials. Since the geometric continuity of higher order 
involved the higher-order partial derivatives, it is difficult to deal with the geomet- 
ric continuity of arbitrary order for rational surfaces. To do that, we attempt to use 
the homogeneous surface instead of the rational surface itself as in (Degen, 1988; 
Hohmeyer  and Barsky, 1989) with respect to rational Bdzier curves. Our objective 
is to determine the exact conditions imposed on the associated homogeneous 
surfaces to ensure that two rational surfaces are GC n continuous. This is given in 
the following theorem which is apparent from projective differential geometry 
(Bol, 1950). 

Theorem 1. Let r(u,  v) and ~(Ft, ~) be two regular rational surfaces which possess a 
common boundary curve CB. Then r and ~ meet with GC ~ if  and only if  there exist a 
C~-diffeomorphism q) :(u, v ) ~  (~, ~) and a scalar function e(u, v) such that 

dk(L) o p ) l c B = d k ( e ( u , v ) Q ( u , v ) ) l c ~ ,  k = O  . . . . .  n (3.1) 

holds for any dJu, dJv, where Q and Q are the homogeneous surfaces associated with 
r and ~ respectively. 

In particular, if we let e(u, v) -- 1, then condition (3.1) becomes dk(Q o ¢)1CB 
= dkQlcB,  i.e. Q(~, ~) and Q(u, v) are GC" continuous along CB. This shows 
that if the homogeneous surfaces are GC n then the rational surfaces themselves 
will have the same continuity, but the converse is not true. 

Theorem 1 just gives a descriptive condition. In the following we derive the 
explicit geometric continuity condition and show how to determine its solution. 

Theorem 2. Suppose that rational surfaces r(u, v) and ~(E, ~) are regular. Then r 
and ~ are GC n along their common boundary curve CB: r (El(s) )  = ~(E2(s)) i f  and 
only if, for  every set o f  ~i(s), ~i(s), i = 1 . . . . .  n, satisfying 

OE O-g 4= O, 

Os Os 

there exist scalar functions Co(S), ci(s), Pi(S) and qi(s), i = 1 . . . .  , n, satisfying 

Pl ql 

~u Ov 4= O, 

Os Os 
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such that  

Q(K, ~) I c/~ = C o ( S ) Q ( u ,  v) I ct~, 

k o k O  CB E E Amkh " P r  I " ' "  Prhqr j +, " '" qr k " 
k = l r l + ' "  + r k = m h = O  r l ' " r k  ~ " o ~ l h o ~ k  h 

=CmQ c B + j  Cm-j (S)  E E E Ajkh r I . , . r k 
k = l r t +  . - .  +rk=jh= 0 

~kQ cB' 
"Prt " " " Prhqrh+l " " " qrk" OuhOb, k h m = 1 . . . . .  n .  (3.2)  

Proof. With the given Pi(s) ,  ~i(s), we construct  a pa ramete r  t ransformation:  

r t  - -  i • 

Ft = ~t( S) + S p i  t / l ! ,  

~/q: i=ln (3.3) 

[ ~ = • ( S )  + ~ q i t i / i ! .  
i=1  

The  t ransformat ion qq is non-singular  because of  the condit ion 

~ OF ~ O. 

If ~ meets  r with G C  n along CB,  by T h e o r e m  1, there  exist a pa ramete r  
t ransformat ion q~: ~ = ~ ( u ,  v), ~ = ~ ( u ,  v) and a function e(u ,  t~) such that  
dm(Q ° q~)[ c8 = dm(e  "Q)  IcB. This gives us that  

Q(~ ,  ~ )1c8  = C o ( S ) Q ( u ,  v) [ c , ,  Co(S ) = e ( u ,  t:) [ c , ,  

d " ( Q  ° q~ ) [cn=  ~ ( m ]  d m _ J e l c "  d J O l c B  ' m =  l . . . . .  n .  
j=O \ J ]  

Composing the t ransformat ion r = q~ ~ o ~01 : (s, t)  --+ (u, v), which is also non-sin- 
gular, we have 

o m ( a  ° ~b') CB= ~ ( 7 )  Om-j(e  ° 7) CB Oj (o  ° 7) CB" atm j=0 Ot"---7--~ ~t; (3.4)  

Let  c,~(s) = Oi(e o z ) / O t i l c . .  In terms of L emma  1, we obtain 

O~t~n C B  = L ~  E E Amkhr 1 . . .  r k " f i r  I " " " P r  l, " q r ,  , " ' "  #rl~ 

k = l r l +  -- .  +rk=:mh= 0 

OkO c ,  
• m = l ,  . , n .  ( 3 . 5 )  

o ~ l h o ' ~ k  h ' ""  
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If Pi = O i u / / O t i l c B ,  q i  = Oiu/OtilcB are set, then 

P~_~ q~_[ 
0u 0c' =~ 0. 

Therefore (3.2) will be arrived at by substituting (3.5) into (3.4). 
We now turn to prove the sufficiency. Define two non-singular transformations 

~01 and ~b2: ~b 1 is expressed by (3.3), and ~b 2 is expressed by 

~1 i "V = u ( s )  + p i t / t . ,  

~2: i=n (3.6) 
i 'y v ( s )  + E q i t  / l . .  

1=1 

For ci(s), it is easy to construct a function e(u, v) such that 

0i(e0t i-° q'2) c8 = ci(s)" (3.7) 

Thus from condition (3.2) and expression (3.5), 

Om(Q ° ~tl) CB = ~ (m] Ore-J( e °  if/2) cBOJ(Q ° ~2) CB 
-~m j=0\ J J 0t~ -j 0t-) 

:  m((eQ) m cB" 

Taking the partial derivatives of both sides of the above expression with respect to 
s, yields 

om+J(.__~O ° ~1) om+J((eQ) ° t/t2) 

Ot mOs j CB = Ot mOsJ CB" 
As m and j are arbitrary, we have 

d m ( Q . ° ~ , ) ] c . = d m ( ( e ' O ) ° 0 2 ) l c . .  

Therefore r and ~ are GC n continuous along CB, and ~b 1 o ~by 1 is the parameter 
transformation of GC n between r and ~. [] 

From the above proof, we can also obtain the following result. 

Theorem 3. Suppose that the regular rational surfaces r(u, v) and ~(F~, -~) share a 
common boundary curve CB: r (E l (S ) )=  ~(E2(s)). I f  equations (3.2) hold for one 
system of  functions/Si(s), cTi(s), i=  1 . . . . .  n, satisfying 

Ou Ov ~ O, 

Os 
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then they hold  f o r  any other  system o f  ~ i ( s )  , ~i(s) ,  i = 1 . . . . .  n, satisfying 

Ou Oc 4= O, 

Os Os 

with new scalar func t ions  ci(s) ,  Pi(S) and  qi(s)  obtained by the corresponding 

parameter  t rans format ion .  

Generally, the scalar functions ci(s) ,  p i ( s )  and qi(s)  are called the connecting 
functions of r and f. They are the solutions of differential equation (3.2). In order 
to determine them, we rewrite (3.2) as 

9_IcB=Co(S)QIcB, 
cmQ l c~ + CoPmQ. I CB + CoqmQ,, I CB = F m 

where 

k ak~ 
F m  = E E ~ - - m k l  -- 

k = l r l +  . . .  +rk=mh= 0 CB 

-- Co(S) E E Amkh q . . . rk 'Pr l  "" " P~flrh+l "'" qr, 
k = 2 r l +  . . .  +rk=mh= 0 

o k o  , 
. _ Cm_~(S) m oHhOu k h j 1 j E E M : k . h . . r  k 

k = l r l +  ""  +rk=jh=O 

OkQ CB' "Pr~ " " " Prflrh+j " " " qrk " OUhOvk-h 

m = 1 . . . . .  n. (3.8) 

Then F m are functions of s, pi, q~, pj and % ( i = 1  . . . . .  m; j = l  . . . . .  m - l ) .  
According to Lemma 2, Q, Q,,  Q, are independent. Thus we can verify whether 
equations (3.8) have solutions or not by recursively solving a set of linear equa- 
tions. And further the solutions ci, p~, qi can be found if they satisfy (3.8). So far 
the problem of checking the geometric continuity conditions can be simplified to 
solve a system of linear equations. 

Example. Consider two surfaces r and ~ given by the equations: 

1 
r = - - { u ,  t,, 0}, 

1 + v  
1 

1~ 2~1(~  2Iv) 3 1 + ~ + 5 c + ( 1 +  

{ 1= 1 _ 3  _ 1 + + + - X ~ ? - r + l +  - - ~ - 
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It  can be verif ied that  they are connec ted  with G C  3 continuity along the c o m m o n  
bounda ry  CB: El(s) = {1, s} and e2 ( s )  = {s//2, s}. I f  we choose Pl  = 0.5, ql = - 1 
and ~fii = qi = 0 for i > 1, then  the connect ing funct ions are  c o = 1, c 3 = 6, Pl  = 1, 
Cg = p j  = q~ = 0 for  j > 1, k > 0 and i ~ 0, 3. Af te r  the p a r a m e t e r  t ransformat ions :  

~01. ( ~ =  ½(s+t )  and I//2: ( u = t + l  
= s - t  s ' 

surfaces  r and ~ b e c o m e  

1 
r o s ,  0)  

1 
o ~01= l + s + ( l + s + t ) t 3 { l + t + t 3 ,  s + t 3 ( s - s i n t ) ,  5stS}. 

We  have 
1 

r o ~ 2 l t = o = ~  o ~,  I , = 0 =  ] ~ - s  {1 ' s, 0}, 

a ( r  Ot ° 62) t = o -  a(FOt ° ~0~) t=o 

_Ok( r0t  k° 02) t=0 0k(~0t k ° 0,) ,=0={0' 0, 0}, k = 2 , 3 .  

Thus  r o ~2 and ~ o 01 are C 3 cont inuous  (see Figs. 2 and 3). 

3.2. A simple form of GC" conditions 

Note  that  there  are very few restr ict ions on the c o m m o n  bounda ry  curve CB in 
the p reced ing  sections. H e r e  we consider  a s imple case in which the pa ramet r i c  
r ep resen ta t ions  of  the c o m m o n  bounda ry  in the  domains  of  r and ~ are respec-  
tively u = l ,  v = v  and ~ = 0 ,  ~ = v .  Meanwhi le ,  we take - o l = l ,  P i = q j  = 0  
(i = 1 , . . . ,  n; j = 0 . . . . .  n). Clearly, the condi t ion 

OF OF ~ 0 

Os Os 

is preserved.  In this case, GC n condit ions of  r and P can be simplified. 

T h e o r e m  4. Regular rational surfaces r(u, v) and ~(~, ~) meet with GC n along their 
common boundary curve CB: ~(0, ~ ) =  r(1, v) (~ = v) if and only if there exist 
functions Co(V), ci(v), Pi(V) and qg(V) (Pl vs O) such that 

_ _  S 

a'Q = csQ I cB c ,_j( v ) OFt s j 

J k CB ' × E E ~'AJ~h okO 
r l . . . r  k "Pr I " " " Prhqrh+ 1 " ' "  q r  k " O u h O v k - h  

k = l r l +  . . .  + r k = j h =  0 

s = 0 . . . . .  n.  (3 .9)  
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Fig. 2. Isoparametric lines of  a surface consisting of patches r and P. 

Since parametric  continuity is a special  case of  geometr i c  continuity which 
requires the transformation (2.3) being an identical  mapping,  we  know p ~ =  1, 
Pi = qj = 0, i = 2 . . . . .  n; j = 1 . . . . .  n from the proof  of  T h e o r e m  2. Thus we  have 

Corollary.  Regular rational surfaces r (u ,  v) and ~(~,  ?) are C n parametric continu- 
ous along CB: ~(0, P) = r(1, v)  (~ = c )  iff there exist scalar functions ci(c),  i = 
0 . . . . . .  n such that 

. . . . .  

j = l  OU j [(~B 
(3.1o) 

Fig. 3. Cross sections of the same surface. 
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Now let us give the first few geometric continuity conditions. 

s = 0 :  O. IcB=Co(V)QIcB, (3.11) 

s = 1: O~ I cB = clQlcB + coPlQu [CB -}- CoqlQv [CB, (3.12) 

s = 2: ~ Ic8 = c2Qlcn + (2clpl + CoP2)Qu lOB + (2clql + Coq2)Qv Ion 

+Cop2Quu [CB -F 2coPlqlQuv I cB q- Coq2Qvv I cB. (3 .13 )  

It can be shown that the above formulas include many analogous conditions 
occurring in the computer  aided geometric design literature as their special cases. 
In (Liu, 1990), the conditions are (3.11) and (3.12) with c0 (v )=  1 which is due to 
the fact that its position continuity is defined as "C O continuity". In this paper, the 
position continuity is defined as "GC ° continuity" which belongs to the second 
definition presented in the "Remark"  of (Liu, 1990). Therefore  we have obtained 
more general results. 

In fact, if we let c o = 1 and c~ = 0 for i >I 1 then rational geometric continuity 
reduces to simple geometric continuity. On the other hand, if Pl = 1 and p~ = qj = 0 
for i >/2 and j >/1, then rational geometric continuity reduces to the rational 
parametric continuity. Finally, if c~, Pi and qi are all specified as above, the 
rational geometric continuity conditions reduce to simple parametric continuity 
conditions. 

4. G C  n condition for rational polynomial patches 

In CAGD applications, rational BEzier surfaces belong to the most widely used 
surfaces. Other rational polynomial surfaces can be converted into rational B6zier 
form. In this section we only discuss the geometric continuity for rational BEzier 
surfaces. 

Suppose that the rational BEzier surfaces r of degree m × l and ~ of degree 
× l are expressed in homogeneous coordinates by 

r: Q ( u , v ) =  EO.jB?(u)Bf(~), O ~ u , ~ l  
i = 0 j = 0  

1 
~: Q(r~,v)= E EQ,jB?(rOB~(-5), O~<u,v~<l  

i=oj=o 

where 

Qij=(e i jo ) i j ,  (-oij), Q i j : ( e i j ~ ) i j ,  ~ij) 

Pij, P/j are control points, w/j, ~/j are weights. 

B[( t )= (1) t i (1- t ) l - i  are Bernstein polynomials of degree l. 

In general, if Q~j are found, then P/j, O)ij will be determined. 
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4.1. GC ~ necessary and sufficient condition 

The  GC ~ necessary and sufficient condit ions for general  rational surfaces have 
been  given in Section 3. Here  we concern  ourselves with the rational B6zier 
surfaces and show that  their connect ing  functions are rational polynomials.  

Theorem 5. A necessary and sufficient condition for GC ~ continuity between two 
adjacent rational Bdzier patches r of  degree m x l and ~ of degree ~ x l along CB: 
r ( l ,  t,) = ~(0, ~) (0 ~< v = ~ ~< 1) is that 

G ( z ' ) Q = H ( t , ) Q ,  G ( v ) H ( v )  4=0, 

,D2s- IHs- 1 asO s k 
0~" - c ' Q +  E E E A ' k h  "Gk-  'Dk 'P, "'" 

r l  . .  • r k  _ 1 ~ r h  

k = l Q +  . . .  + r k = S h =  0 

akQ d s - 1  k 

r I . . .  r / ,  

d = l  k = l Q +  " ' "  +rk=dh=O 

akQ 

"GkDkpq " ' '  Prhqrh+l "'" qrk" auhauk h 

gives 

DO_.u I CB = ClQ l cB + p lQu  I CB + qlQ, I CB 

s = l  . . . . .  n (4.1) 

hold at every point of CB, where G, H, D, c i, Pi, qi are all polynomials of c. 
D(v)  !~ O, pj ~ O, their degrees are as follows: 

G, H D c_i, Pi qi 

degrees  ~< l 3 l -  1 ( 2 i -  1 ) ( 3 l -  1) ( 2 i -  1 ) ( 3 l -  1) 
+ ( i -  1)l + ( i -  1 ) l +  1 

Proof.  First, assume that  r and ~ are GC" continuous.  Then  by Theo rem 4, there 
exist c0(v), c i (v ) ,p i (v )  and qi(v), i = 1 . . . . .  n, such that (3.9) holds. 

W h e n  n = 0, Q[CB = coQlcB implies 

RIcB=CoRIcB  and ~ [ c B = C o W I ( ' B  . 

If  H =-- YalcB, G = w I cB are set, then GO_. = HQ, and c o = H / G .  
W h e n  n = 1, 

Qu I cB = ClQ l cB + CoplQ. [ CB + CoqlQ,. l cB. 

In terms of  Lemma 2, there exists i (1 ~< i ~ 3) such that  (Q, Q., Q,) i l  .... 1.,= 15/= 0. 
Taking 

D ( t ; ) = ( Q ,  Qu, Qt,)ilcB, C l = ( Q ~ , Q u ,  Qc)iIcB, 

Pl (v )  = (Q, 0.~, Qv)ilCB, q , ( v )  = (Q, Q, ,  O_.r,)ilcB (4.2) 
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and 

cl = DCl, Pi  = DcoPl ,  ql = Dcoql.  

Obviously,  the  deg rees  of  D,  Cl, P l ,  ql a re  not  l a rger  than  3 l -  1, 3l - 1, 3 1 -  1 
and  3l respect ively.  Now suppose  t-hat t h e  necess i ty  has been  p roved  for n ~< s - 1. 
T h e n  when  n = s, 

OsQ-'OF~ s CB = c,Q I cB +Cop,  Qu I CB + Coq,Q~, I cB + a (4 .3)  

whe re  

k ~kQ 
6 = E g'~ A skh c . . . .  rl . . .r  k o ' P q  qr k OuhOuk-h 

CB k = 2 r l +  . . .  +rk=sh= 0 

s - 1  d k 

--rl...r~'P~l " "" Prfl~h+l " "" qr~ 
1 k = l r l +  . . .  +rj,=dh=O 

OkQ CB" 
ouhoL, k - h  

Let  

~ = D 2 S - 2 H S - l t  Os~ --(~) 

= D 2 S - 2 H S - l ( c s Q [ c B  +Cop,  Qu I cB + CoqsQ~, loB). 

W e  have 

D2S 2 H S -  10sQ E ~ Askh : ~ r I . . . .  k "Gk-lDk-2p-q " '"  qrk 
0 ~ s  k = 2 q +  ' "  +rk=sh=O 

• °kO c, ~(v) E }2 Y',A e~h 
i)uhOuk-h d = l  k = l r l +  . . .  +rk=dh=O q...r~ 

OkQ ce" "GkDk-l_Pq "''_Prflrh+l "'" qrk" ouhouk-h  

It  is easy to show tha t  ~ is a curve of  deg ree  not  l a rger  than  s(7l - 2) - 6l  + 2. If  
we let  

c, = ('6, Q , ,  O~,)i l c , ,  

q . ( v )  = (Q ,  Q . ,  ~>ilcB 

then 

ps(t') = (Q, g, Q, )ilcB, 

(4 .4)  

Cs-- c D 2 S - I H  s-1 1"-12s -- ILls - 1 Ps = CoPs~ "" , 
• r ~ 2 s - - 1  r r s - - I  

qs = CoqsU H , 

(4 .5)  
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and 

D ' - 6 = c , Q I c B  + p ,Q ,  IcB + q,Q~ IcR. 

The  deg ree s  of  c , ,  Ps, qs are  not  l a rger  than  (2s - 1)(31 - 1) + (s - 1)1, (2s - 1)(31 
- 1) + (s - 1)l anff  (2s  - 1)(3l - 1) + (s - 1)I + 1 respect ively,  and  the second  
equa t ion  of  (4.1) holds  for n = s. Thus  the  necess i ty  is fulf i l led by induct ion.  

On  the  o the r  hand,  t ake  c 0 ( t , ) =  H(L,) /G(v) ,  and assume that  D ( c )  has j zero  
poin ts  t'j . . . .  , ~,j in [0, 1]. F r o m  Eq. (4.5), we know tha t  c l . . . . .  cj are  also the  roots  
of  _c,, p,, q, with mul t ip l ic i ty  2s - 1. These  zero  factors  can be e l imina ted  by 

D = D / V J ,  c i = c _ i / V J  2 i - I  , ~ i = P i / V j 2 i  1, 

q i = q i / V J 2 i - l ,  i=  l , . . . , n ,  

where  VJ = (v - L ,O. . .  ( c -  vj). 
It is c lear  tha t  D ~ 0, v ~ [0, 1] and  (4.1) still holds  if D, c~, p~, qi are  r ep l aced  

by D,  c~, p~ and  qi respect ively.  Thus  the  sufficiency follows immed ia t e ly  if we take  

c, = ~ # ( b ~ ' - ' H ' - ' ) ,  p~ = G E / ( ~ * - I H ' ) ,  

qi  = G q i / (  ~ 2 i  1 H i )  • [] 

Note  tha t  t he re  is no loss of  genera l i ty  by assuming  the deg ree  of  r with respec t  
to v to be equal  to tha t  of  ~ with respec t  to ? in T h e o r e m  5 because  of  the  
e leva t ion  formula .  

W e  now dea l  with two special  cases. 
Case 1. If  the  pos i t ion  cont inu i ty  of  r and  ~ a long CB is de f ined  as " C  c~ 

cont inu i ty"  of  (Liu, 1990), i.e. 01 cB = Q I ce ,  then % = 1. W i t h o u t  loss of genera l -  
ity, t ak ing  H = G = 1, cond i t ions  (4.1) b e c o m e  

O I c s = a l c B ,  

CB ~ k D2~ ' OsO-" = CsQ l c ,  + E E A',-~:'..r, 
~)~s k = l r  I+  --" + r k = s h = O  

k 1 O k_O 
"D _Pr, " "  q_"k" OUhOt, k-h CB 

s - 1  d k 

l,,,,,a - -  r I ... r k 
d = l  k =  l r  I+ " "  +r k = d h = O  

0kQ C/3 
" D k p r ,  " ' ' _Prhq , , ,+ l  " ' "  q rk"  O u h O l , k - h  ' 

A f t e r  an ana logous  discussion,  we obta in  

s = l , . . . , n .  

(4 .6)  

Coro l l a ry  1. I f  regular rational B&ier surfaces r of  degree m × 1 and ~ of  degree 
× I satisfy " C  o continuity" along their common boundary curve CB, then they 

meet with GC n iff there exist some polynomials D(l ' ) ,  c i (v) ,  pi(v), qi(v), whose 
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degrees are respectively not larger than 3 l - 1 ,  ( 2 i -  1 ) ( 3 l - 1 ) ,  ( 2 i -  1 ) ( 3 l - 1 ) ,  
(2i - 1)(3l - 1) + 1, D ( v )  ~ 0, pl (v)  ~ 0 such that (4.6) hold. 

Case 2. I f  surfaces  r and ~ are integral  B6zier surfaces,  then it is a na tura l  
choice tha t  H = G = 1. For  any s >/1, O%/OuhOv s-h = 0, and (4.1) imply 0 = csw + 
0 = c s. Thus  condit ions (4.1) b e c o m e  

~lCB = r l c B ,  
~ s k O~r 

D 2 S - 1  = E ~ E Askh  " " 
~ CB rl .... k" Dk l_prl "" q rk OuhOvk-h CB" k=l r l+  "'" +rk=sh=O 

(4.7)  

Similarly, the degrees  of  D,  Pi, qi must  be  p roper ly  adjusted. 

Corol lary  2. Bdzier surfaces r of  degree m × l and ~ of  degree ~ × l are GC" 
continuous along CB: ~(0, ~) = r(1, v) (0 ~< ~ = v ~< 1) iff  conditions (4.7) hold, 
where D(v)  ( ~ 0), pi(v)  (p l ( v )  ~ 0), qi(v), i = 1 . . . . .  n, are all polynomials of  v with 
degrees not larger [-han 2 / - -  1, (2i - 1-')(2l - 1) and (2i - 1)(2l - 1) + 1. 

4.2. Some practical sufficient conditions 

One  appl icat ion of geomet r i c  continuity is the construct ion of  smoothly  connect-  
ing surfaces  by using the continuity conditions.  In general ,  as shown in (Zheng  et  
al., 1992), condit ions (4.1) provide the des igner  numerous  coefficients while they 
include a system of constra int  equat ions  which these  coefficients have to satisfy. In 
pract ice,  too many  free coefficients will confuse  the designer  and the compl ica ted  
constra ints  will give rise to difficulties for  C A G D  application.  For  this reason,  we 
reduce  the degrees  of  the connect ing  functions,  and let the posit ion continuity be 
" C  o continuity".  Thus  some GC ~ sufficient condit ions are obta ined.  

Theo rem 6. Regular rational Bdzier surfaces r of  degree m × l and r of  degree ~ × 1 
are GC ~ along CB: ~(0, ~) = r(1, v) (0 ~< ~ = v ~< 1) if  conditions (4.6) hold, where D 
( ~ 0), c i, Pi (Pl ~ 0), qi are all polynomials of  v respectively with degrees not larger 
than o-, ( 2 - / -  T)tr, (2i -- 1)~r, (2i - 1)tr + 1. The number or is an integer ranging from 
0 to 3l - 1. I f  tr = 3l - 1, the condition is also necessary. 

As an example ,  consider  the case of  o- = 0. Then  D, c i, Pi are constants,  and qi 
are  l inear  polynomials .  Assume  that  D(v)  = 1, c i = 3'i, _Pi = ~i, q_i =/3/0( 1 - v) +/31{. 
T h e n  condi t ions (4.6) b e c o m e  

= Q 

3s~ S 
o~ ~ ¢B =YsQ~IcB+ d %-d (V)  E E E Adkh r I ... r k 

d=l k=l r l+  "'" +rk=dh=O 

× ( O d r l ' ' '  Olrh" (/3r0+1(1--V) -}-/3)~+ v ) " " "  ( /3 r0 (1 -  V) + /3 IV)}  

OkO CB' 
X Ouh~uk_h 

s = l , . . . , n .  
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A f t e r  some calcula t ions ,  it is poss ib le  to ob ta in  the  first (n + 1)-columns of  the 
cont ro l  poin ts  of  surface  ~ which mee t s  r with GC" along CB: 

Qoi=Qmi, i = 0  . . . . .  l, 

-  L'iq ' Q,,i = --  :0[j]( - 1) Qji 

L d 

X %Qmi + E 

( ~  -s)! 
+ 

k l - k + h  1 1 

E E E E E 
d = l k = l Q +  "-  + r k = d h = 0  j = 0  ih=l=(I ' ' '  i~=0 

i-ih+l+ .. .  +ik=i 

×[S]Aakh rn! l! 
~d] ", .... ~ ( m - h ) !  ( t - - k  +/ , ) !  

• j % - , t ° l , ' ,  ' " ' c%, /3~ , , . ,  *" , ' , "  1 - , _  - h Q , , , - h i  

s =  1 . . . .  , n  (4.8)  

whe re  

Vl Qij = O,+ ~) 

V2Qij  = Qii+ 1 

-o,,, v('e,,: Vl(W 'e,,), 
-oi,, v2(v# 'e,). 

and Yi, %, /3~), /3] ( %  =# 0) are  f ree  coeff ic ients  which are  somet imes  ca l led  shape  
p a r a m e t e r s  in the  l i t e ra ture .  

Fu r the r ,  suppose  that  r and  ~ are  bicubic,  tha t  is m = l = N = 3. If we choose  
the  first two co lumns  of  the  cont ro l  po in ts  of  ~ as follows, then  ~ mee t s  r with 
GC i cont inui ty .  

O_oi=Q3i, i=O . . . .  ,3, 
- -  0 

Q,o = yiQ30 + oq(Q30 - Q20) +/31 (Q~I - Q30), 

2/3o/Q _ 1 1 
Q l l  ~ TIQ3I  + 3am(Q31 - Q21)  + 5 i t 32 Q31) + 5/3 ( Q 3  - Q 3 0 ) ,  

- -  1 / ~ l )  / " I 
Q,2 = TlQ32 + 3 a l ( Q 3 2  - Q22) + 5t-'l t Q33 - Q32)  + 3/31(Q32 - Q 3 1 ) ,  

Ql3 = T1Q33 + ozl(Q33 - Q23)  + / 3 1 ( Q 3 3  - Q32).  

5. Conclusion 

This p a p e r  has p r e s e n t e d  a set of  necessary  and  suff icient  condi t ions  of  G C "  
cont inui ty  for  two ad jacen t  ra t iona l  surfaces  a long a gene ra l  in te rsec t ion  curve, 
which do not  r equ i re  the  h o m o g e n e o u s  surfaces  to be smooth .  These  condi t ions  
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are  r e p r e s e n t e d  by the  assoc ia ted  h o m o g e n e o u s  surfaces  and a set of  connec t ing  
funct ions.  Thus  they  can be  fu r the r  t r e a t e d  l ike in tegra l  surfaces.  Specifically,  for 
r a t iona l  B6zier  surfaces,  it can be  shown tha t  these  condi t ions  can be  conver t ed  
into  a ser ies  of  cons t ra in ts  r e p r e s e n t e d  by the cont ro l  po in ts  and  weights  as in 
( Z h e n g  et  al., 1992). This  is conven ien t  for  cons t ruc t ing  the connec t ing  surfaces  
and examining  by a p r o g r a m  if two given ra t iona l  B6zier  pa tches  are  G C  n. 

This  p a p e r  has  also shown tha t  geome t r i c  cont inu i ty  is, in essence,  the  exis tence 
of  a r e p a r a m e t e r i z a t i o n .  If  two given surface  pa t ches  are  G C  n, t hen  t r ans fo rma-  
t ions (3.3) and  (3.6) p r e sen t  a m e t h o d  to r e p a r a m e t e r i z e  the  two surfaces  so that  
they  are  C n. This  is an i m p o r t a n t  f ea tu re  in some C A G D  appl ica t ions .  
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