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Abstract

This paper first shows how the Bézier coefficients of a given degree n polynomial are per-
turbed so that it can be reduced to a degree m (< n) polynomial with the constraint that con-
tinuity of a prescribed order is preserved at the two endpoints. The perturbation vector, which
consists of the perturbation coefficients, is determined by minimizing a weighted Euclidean
norm. The optimal degree n — 1 approximation polynomial is explicitly given in Bézier form.
Next the paper proves that the problem of finding a best L,-approximation over the interval
[0, 1] for constrained degree reduction is equivalent to that of finding a minimum perturbation
vector in a certain weighted Euclidean norm. The relevant weights are derived. This result is
applied to computing the optimal constrained degree reduction of parametric Bézier curves in
the L,-norm.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Degree reduction of polynomial curves and surfaces is a common process in com-
puter aided geometric design. It amounts to approximating a polynomial by a lower
degree polynomial. This process is useful for many tasks in geometric modeling, such
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as data exchange, data compression, data comparison, Boolean operations and ren-
dering [9,13]. For example, degree reduction is needed when data are transferred
from one modeling system to another and these systems have different limitations
on the maximum degree of polynomials. Degree reduction can also be used to gen-
erate a piecewise continuous lower degree approximation to a given curve or surface
so as to simplify some geometric or graphical algorithms like intersection calculation
or rendering.

There have been many methods developed for degree reduction. Forrest [6]
and Farin [5] considered the inverse of degree elevation and obtained two sets
of control points. A simple convex combination of these two sets of control
points was used to generate the control points for the degree reduced curve. This
approach is easy to compute, but not optimal in the usual L,-norm for any
p=1,2 ..., 400. Since degree reduction is a problem of approximation in nature,
methods in the classical approximation theory can be employed. In particular, the
optimal approximations with respect to the L, or L, metric are of interest.
Watkins and Worsey [13] used the Chebyshev economization to produce the best
L.-approximation of degree n — 1 to a given degree n polynomial. This best ap-
proximation, however, does not interpolate the given curve at the endpoints. The
endpoint constraints that guarantee a prescribed order of continuity are fre-
quently required in many applications and especially when degree reduction is
combined with subdivision to generate continuous, piecewise approximations. A
modified economization procedure was proposed by Bogacki et al. [1] which
could achieve the best uniform approximation with endpoint interpolation. La-
chance [8] and Eck [3] investigated in depth the Chebyshev economization for
the best L -approximation with continuity constraints at the boundaries. In gen-
eral, as pointed out in [4], computing a CF-constrained (k > 1) best degree reduc-
tion in the L.-norm needs a lot of implementation effort, and it seems that there
is no explicit formula for the degree reduced curve. These deficiencies can be
avoided by using the L,-norm. The endpoint constrained degree reduction algo-
rithm that minimized the L,-norm was analyzed by Eck [4]. His method opti-
mized Forrest’s convex combination. The optimal degree reduction with respect
to various norms was studied by Brunnett et al. [2] who also focused on separa-
bility of degree reduction into the different spatial components.

In CAGD the Bézier form of a polynomial is a popular representation for
curves since the control polygons capture many geometric properties of curves.
It is thus tempting to perform degree reduction based on just the control points,
rather than the polynomials. Recently, Lutterkort, Peters and Reif [9] discovered
a surprising coincidence: finding a best L,-approximation over [0,1] from poly-
nomials of degree m to a given polynomial p of degree n (> m) is equivalent
to finding the best Euclidean approximation of the vector of Bézier coefficients
of p from the vectors of Bézier coefficents of polynomials of degree m raised
to degree n. This result can be extended to the multivariate case [10], but does
not hold if degree reduction is subject to additional constraints like endpoint
interpolation [9]. For example, Fig. 1(a) shows a degree four polynomial
(solid):
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Fig. 1. Examples of degree reduction.
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and its best L,-approximation of degree three (dashed):

—x3 _2x2+§x+ﬁ
14 7 140°
This best degree three polynomial can be obtained by minimizing the Euclidean
norm of the perturbation vector of the Bézier coefficients. However, if some end-
point interpolations (C° at t = 0 and C! at ¢ = 1) are enforced, the Bézier coefficients
based Euclidean approximation method results in a non-optimal polynomial:
87 5 3 , 40 1
T BT T T
which is shown as the dotted line in Fig. 1(b), where the dashed line represents the
best constrained L,-approximation:
73 5 13, 39 1
—Ex —|—§x +1—6x—|—§.
This paper extends Lutterkort et al.’s discovery and analysis to the constrained degree
reduction case. We prove that finding the best L,-approximation for degree reduction
with endpoint constraints (the continuity order could be different at the two endpoints)
is equivalent to finding the best constrained approximation of Bézier coefficients under
a certain weighted Euclidean norm. For instance, if the weighted Euclidean norm with
the weights {1, 20/3, 9, 1, 1} is used in the above example, we can get the polynomial
displayed as the dashed line in Fig. 1(b). These weights are derived from Eq. (24) later in
the paper by using k = 1, [ = 2 and n = 4. Furthermore, in computing the best degree
reduced polynomial, unlike the approach in [9] that took use of the degree-raising
matrices, we directly perturb the Bézier coefficients of the given polynomial so as to
impose an exact degree reduction on the perturbed polynomial. In this way, we can
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easily get the explicit formula for the degree reduced polynomial. Since it has been
shown in [2] that for any L,-norm, the optimal degree reduction where the norm is
applied to the Euclidean distance function of two curves is identical to the optimal
component-wise degree reduction, the result obtained in this paper can be applied to
computing the degree reduction of parametric Bézier curves.

The paper is organized as follows. Section 2 gives a review on how the best con-
strained L,-approximation can be solved by the classical method in approximation the-
ory, which will be used in Section 4. Section 3 proposes a new degree reduction
algorithm. This algorithm is based on Bézier coefficients. The explicit formulas for
the new Bézier coefficients are derived. Section 4 proves that under a certain weighted
Euclidean norm, the method developed in Section 3 produces the same output as the
method based on the L,-norm does. The relevant weights are derived. Finally in Section
5 some practical issues are discussed and a few examples are presented.

2. Constrained L,-approximation

We begin with the constrained approximation problem: Given a degree n polyno-
mial f(¢), find a degree m(< n) polynomial g(¢) such that
e g(¢) and f(¢) have the same first k — 1 derivatives at = 0 and the same first / — 1

derivatives at ¢t = 1, i.e.

g2(0) = f9(0), i=0,...,k—1;
[+k<m (1)

g (1) =f91), j=0,...,1—1;
e g(¢) minimizes the Ly-error E = ( fol (f(t) — g(1))*dr)"? for all such possible poly-

nomials of degree < m that satisfy the endpoint constraints (1).

This problem can be solved through two stages. In the first stage, we construct a
degree k + [ — 1 polynomial F(¢) interpolating f(¢) at t = 0 up to the (k — 1)th order
continuity and at # = 1 up to the (/ — 1)th order continuity. This polynomial can be
written as

k=1 I-1

F(i)y = fOO)H" 1)+ Y OG0, (2)

i=0 Jj=0

where H}"'(¢) and Gj-"‘(t) are the degree k£ + [ — 1 polynomials satisfying

dHN@O| 1, =i a0
d  |_, 10, otherwise’ |, 3)
l.,j:(),...,k—l7 h:O’.._7l_l7
and
dGre)| 1, j=i dGro)
d/ |_, |0, otherwise’ dit |_, )

i,j:O,...,l—l, h:O’__.’k_l’
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Both H'(¢) and Gﬁ-’k(t) have k + I degrees of freedom, and & + / constraints as well.
It is easy to show that they are uniquely determined (see Fig. 2 for the case of k = 2
and / = 3). Usually these functions are called Hermite basis functions.

The second stage is then to determine g(¢) — F(¢) (or equivalently g(¢)). Note that
the polynomials f(¢) — F(¢) and g(¢) — F(¢) have k-fold zeros at t = 0 and /-fold ze-
ros at = 1. A common factor #(1 —¢)' can be factored out from f(¢) — F(¢) and
g(t) — F(¢). Thus, the settings of f(t) — F(t) = (1 — t)'F,__,(t) and g(t) — F(t) =
#(1 —1)'G,__i(t) with a degree n—k —1I polynomial F,_,_,(f) and a degree
m — k — [ polynomial G,,_;_,(¢) are appropriate. Next we use the least squares meth-
od to evaluate G,,_;_;(¢).

In least squares problems, choosing proper basis functions often simplifies the
computation. It allows the coefficients of the approximant to be determined directly,
without solving a linear system. In our case, the appropriate basis functions should
be orthogonal over the interval [0,1] with respect to the weighting function
241 — t)zl . The Jacobi polynomials that have been thoroughly studied in the past
[11,12] are just such a set of orthogonal polynomials. Denote by J;(¢) the Jacobi poly-
nomials of degree i with respect to the weighting function (1 — t)2/, (k,1=0) on
the interval [0, 1]. They are defined by Rodrigues’ formula

-2 il
dr
and Jy(7) = 1. The first few polynomials are Jy(¢#) = 1, J;(¢) =2(k + 1+ 1)t—(2k + 1)

and L) = (k+1+2)2k+21+3)2 = 2(k+1)(2k + 21+ 3)t + (k+ 1)(2k + 1).
These Jacobi polynomials satisfy the orthogonality relation

i+ 2k
1 2%

s = S gy

- [tz“"(l - z)z”’} for i=1,2,... (5)

1 o
/ PH = P (1) de = § T (i ary T (6)
0
2k
0 i i),
g mmmmmmm oo mm o - .
2 ng :
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|
|
|
H23 :
|
— |
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G?.z

Fig. 2. The graphs of H** and G~
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Now coming back to our problem of determining G,,_;_,;(¢), we assume F,_;_;(¢) is
expressed:

Foji(t) = aoJo(t) + - + ani-1Jusi(1), (7)
where the coefficients ¢; can actually be evaluated by

i+2k+ 21

(2i+2k+21—|—1)( o

i+2k
2k

We also write G,_4,(tf) in terms of Jacobi polynomials symbolically:
Guii(t) = boJo(t) + - -+ + by_i_1Jm_s_i(t) Where the b; are the coefficients to be de-
termined.

Consider the square of the L,-error

a; =

) | #a =o' -roma

Differentiating it with respect to the coefficient b; gives

6E2 1 5 m—k—1 n—k—1
- - _ 2k — .
%, 2/0t(1 ) <Z( b)J, )+ )dr

i=0 i=m—k—I+1

To minimize E, we equate this derivative to zero. Upon invoking the orthogonality

relation, we obtain b; = a; for i =0,...,m —k — [. Thus, the best degree m con-
strained L,-approximant is
g(t) = F(0) + (1 = 0)'[aoo(t) + -+ + i T 4-1(0)]- (8)
Eq. (8) shows that if the decomposition
F(0) = F(t) + (1 = 0)'[aodo(t) + - - - + aus—iTpi—1(1)] (9)

for a given polynomial f(¢) is available, the constrained L,-approximation of degree
m can be immediately obtained by just removing the last » — m terms in the square
bracket of (9). This implies that a single multidegree reduction is equivalent to step-
by-step reductions of one degree at a time.

3. Weighted least squares perturbation

Instead of pursuing the decomposition (9) for degree reduction, in this section
we perform degree reduction directly based on the Bézier coefficients of the given
polynomial. A similar idea was also used in [7].

A degree n — 1 Bézier polynomial g(r) = 3"~} ¢;B7'(¢) can always be degree
elevated to a degree n Bézier polynomial
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()= pB(0) (10)
i=0
with the new Bézier coefficients py = qo; p; = (i/n)qi1+((n —i)/n)qi,i=1,--- ,n—1;

P» = q.—1. However, the converse is generally not true unless the coefficients p;
satisfy

> 1()n=o (1)

This is because

z":(_l)f<,:>pi _ % d"dftgr)

i=0

is the coefficient of the nth degree term of f(¢) or the nth forward difference of the
Bézier coefficients. It is also easy to prove by induction that under the condition (11),
we have (see [3])

ql(fl%i(j)pj, i=0,...,n—1. (12)

J=0
1

Therefore we hope to perturb the coefficients of the given polynomial f(¢) so that the
perturbed polynomial can be degree reduced and meanwhile the perturbation is as
small as possible in some measure. More specifically, given f(¢) as in (10) we want to
find a perturbation vector (e, €y, . ..,€,) such that the perturbed polynomial

£ =3+ B (13)
i=0

satisfies 37 (—1)'( ’: )(pi + &) = 0 and the sum > w;e? is minimized for a given set
of positive weights w;. This is demonstrated by Fig. 3 where ¢y = ¢, = 0 and the
polylines stand for the control polygons.

This formulation is very convenient for imposing the continuity conditions on the
endpoints. If f.(¢) is required to match f(¢) up to the (k — 1)th order continuity at
t=0, just set ¢ = --- = _; = 0. Similarly, €,_,.; = --- =€, = 0 guarantees C'!
continuity between f. and f(¢) at t=1. In the following we derive the explicit
formula for ¢; under such constraints.

Introducing a Lagrange’s multiplier 4 and including the constraints into the objec-
tive function, we obtain a single unconstrained objective function:

n—I n n—1
Llcy--enis2) = 3 wiel — /lZ(—l)’(’z)p,- - AZ(—l)i(’;)e[.
i=k i=0 i=k

Taking the partial derivative of L with respect to ¢; and setting the derivative equal to
zero lead to
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(a) f(t) (solid) and f(t) (dashed) (b) Reduce fe(t) to degree 3

Fig. 3. Coefficient perturbation for C’-continuous degree reduction.

In addition,
oL u i n A
5= (§)e- (] )a-o0
Combining this with (14), we have
()
n ; n—I[ i
p=23 e (e [ A (15)
i=0 - Wi

Thus, we obtain the perturbed Bézier coefficients

(_1)i<};>2;0(_21)j<;)pj, i=k...on—1. (16)
Wi (,) /i

With such perturbed coefficients, the degree of f,(¢) is less than n. Substituting (16)
n—1

into (12), we have the polynomial in degree n — 1 Bézier form: f,(¢) = >, ¢:B"'(¢),
with the Bézier coefficients ¢; explicitly given by

pite&=pi—
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1y i i N .
qi:ﬁz,-_a—w(j)m 0k,
i

' i i N —1) i J .
-y (o Ry B ot
i

N GV ot VR, _ S _
qi (n—l)zf"( 1) <j—|—1 D1, i=n—1+1,...,n—1,
i

(17)
where / is given by (15).

Remark. (1) When the polynomial f'(¢) is of degree < n, A and thus all ¢; are equal to
zero, which implies f;(¢) = f(¢). That is, the accurate solution can be obtained using
the perturbation method whenever the exact degree reduction exists. (2) Note that
the above approach reduces the degree only by one. If we would like f,(¢) to be of
degree m (<n — 1), n — m constraints

i(—l)"({f )o +mi'il‘/)<—1>f<{ ) 0

i=0 i=k

for j=m+1,...,n should be put in. Construct the objective function by intro-
ducing n — m Lagrange multipliers 4, ..., 4, ,:
L(Ek, P A N }vl, ceey ;Ln_m)
n—1I s n j ) ] min(n—1.j) ) j
— ZW,@. = | D (1) <l.>pi+ Z (—1) (l.)e,].
i=k Jj=m+1 i=0 i=k

Then solving the minimization problem:
minimize L(eg, ..., €15 415« oy Aum)

gives the perturbation coefficients ¢; and thus the degree reduced polynomial f;(¢).
Compared to the case of m = n — 1, ¢; are unlikely to have simple explicit formulas
for m < n — 1. Nevertheless, with the special choice of the weights, the multidegree
reduction can be decomposed into several reductions of one degree at a time that
have explicit formulas. This will be discussed in Section 5.1.

4. Equivalence of two methods

The L,-norm of the polynomials and the weighted Euclidean norm of the co-
efficients are in general different. It is not surprising that minimizing these two
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norms in degree reduction leads to different results. However, under some
circumstances, we can expect the same solution. Lutterkort et al. [9] have studied
the case of unconstrained degree reduction. In this section we analyze the
constrained case.

Let P, denote the linear space of polynomials in ¢ of degree less than or equal to n.
We also introduce four notations: (,),, (,);., (,)r and (,),,. (,), stands for the
L,-inner product on P,:

<ﬂ@p=41vmmw (18)

and (,),, stands for the weighted L,-inner product with respect to the weighting
function (1 — 1)

L+

U&Mp:AlWI*N7®ﬂ0¢- (19)

(,) 1s a map from P, x P, to the real number field R:
(pa Q>E = ZWI‘PMh p(t)vq(t) € H:Dm (20)
=0

where p; and ¢; are the Bézier coefficients of the polynomials p(¢) and g(¢) when they
are expressed in the degree n Bézier form, and the weights w; are given positive
numbers. With the same weights, (,),, is a map from P, ;_; x P,_;_; to R:

n—k—1\
= i—k
P ) g, = Wi ————5"—Dikqi—k, P(),q(t) € Py, (21)

=)

where p;_; and g; , are the Bézier coefficients of the polynomials p(¢) and ¢(¢) ex-
pressed in the degree n — k — I Bézier form. Obviously, (,), and (,)., are inner
products on P, and P, ,_,, respectively.

Now we consider a polynomial f(¢) € P, It has been shown in Section 2 that 1'(¢)
can be expressed as

F@O)=F@) + 1 =0 fusat),  frai(t) € Pui, (22)

where F(¢) is a degree k + / — 1 polynomial defined by (2). Furthermore, any degree
m polynomial g(#) that matches f(¢) up to the (k — 1)th order derivative at + = 0 and
up to the (I — 1)th order derivative at + = | must have the decomposition

E+

gt) =F(t) + (1 =)' guict(t),  uoss(t) € Puic. (23)

The perturbation method is actually to find the polynomial g(¢) with minimum
(f —g,f —g)p among all possible polynomials having the form of (23). The
following lemma shows that this is equivalent to finding g, s ,(¢) through an
unconstrained minimization procedure.
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Lemma 4.1. Given a polynomial f(t) € P, expressed by (22), the equality
(f—g.f — 85 = nhet — Guot—ts froit — Gm-i—1)p, holds for any polynomial g(t)
having the form of (23).

Proof. Assume f, _;(t) = S0+ a;B"*!(¢). Degree elevate g,_4_,(f) to n—k— 1
and let g, (1) = S0 b;B7*!(1). Then

A=) Fraca) = i) = 3 (a0 (" e

i=0

(n —k— Z)

n—1[ i—k

= @k —bjs) AT L),
=k

0

which implies

(aj—k —b,/k)(nj_'fl: Z)/<’J1)

is the jth Bézier coefficient of polynomial # $1 — ) (fooks () — gms—s(1)) in the de-
gree n Bézier form. So if g(r) = F 4+ #*(1 — ¢)' g,——i(1), we have

(f —g.f =8y = (1= (frket = Gust) 0 =) (foacks — Guit)) i
n—k—1\*
()

()

= (fumk=1 — Gm—t—1> Jr—k—1 — gm7k71>15+~ O

I
(@4 = bjs)’
j=k

The constrained L,-approximation method is to find the polynomial g(¢) with
minimum (f — g, f — g), among all possible polynomials in the form of (23). In a
similar way, we can easily prove.

Lemma 4.2. If polynomials f(t) and g(t) are expressed by (22) and (23), respectively,
then the following equality holds:

f—af—8r=nr1—8&nitrfnr1— gm7k71>L+-

Before developing our main result, let us recall one nice property of Bézier coef-
ficients. That is [9].

Lemma 4.3. A polynomial p(t) =Y " ,piB!(t) is of degree <k if and only if there
exists a polynomial q(t) of degree <k such that the Bézier coefficients p; = q(i).

We are now ready to derive the particular weights w; that enable the inner pro-
ducts (,),, and (,),, to define the same orthogonal complements.
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Theorem 4.1. The orthogonal complements of P,,_;_; in P,_;_; with respect to the
weighted L,-inner product (,), . and the weighted Euclidean inner product of the Bézier
coefficients (,) .. are equal if the weights w; are chosen to be
W__(i+k)---(i+1)(n—i—|—l)~--(n—i+1)
i ikt D)m—i) - (n—i—1+1)
for k<i<n-—1L

Proof. Let P,t_k_ , denote the orthogonal complement of Pm,k,, in P,_;_; with respect
to the weighted Euclidean inner product, and let £y, ..., E,_,, be some basis of this
complement space. By equality of dimensions, it sufﬁces to show that Py , | is
contained in the orthogonal complement of P, ; ; in P, ;_; with respect to the
weighted L,-inner product (,), .. That is, the polynomials Ej,, (1 </ <n —m), have
to be orthogonal to all polynomials in P,,_,_, with respect to (,),,:
1
(Ep, 1), = / A1 =) Eddt=0, 0<i<m—k—1I
0
Let £, = 31~y a;B"*!(¢). Then

n—k—1[

1
(Ept)y, = > /0 (1= 1) a;Br ! (1) dt
=0
k1 1
_ Z a// ( f_ 1)(1 _ t)n—k+/—xt/+2k+idt
J=0 0
n—k—1

n—k—1 n+k+1+i
F0n+k+l+p+1 J k+i+j )

The last equality is due to the identity fol Bi(t)dt =1/(n+ 1). Comparing with the
inner product (,),., we further rewrite

(n—k—1)2 (n—k—l)
. i—k i~k :
<Eh, tI>L+ _ W, J J aj_k

! 2\ > n+k+l+i\n+k+I1+i+1
Jj k+i+j

2
n
()
Wi (n—k—1\"
i—k
2

3
|

1
L

X

I
=



J. Zheng, G. Wang | Graphical Models 65 (2003) 351-368 363

2
n
y o 1 1 (;)
T kA litlw (ntk+1+i\(n—k—1\
( k+idtj )( j—k )
0<i<m—k—1, k<j<n—1

where

orfori=0,... m—k—1,j=0,....n—k—1,

n 2
b — 1 e <j+k)
P nt kit lwiy (n+k+I4+0\ (n—k—1
(oo )5
(n—k—j+0)-(n—k—j+1)(+2k+i)(G+k+1)
Gtk G+ D=k (n—j—k—1+1)
xnl/(n+k+1+i+ 1) (n—k—1)wiy.

So if

_(+k) (4 )n—it D) (n—it1)
Yo (i—k+Dn—i)(n—i—1+1)"

then
b n!
T Ak 1+ D) (n—k =)

is of degree i in j. Thus, by Lemma 4.3, p(t) = S/-0"" ;B *!(¢) is a polynomial of
degree <i. By assumption, we have

<Eh)ti>L+ = <Ehvp(t)>5+ =0. O

G+2k+i)---(j+2k+1)

Since the best approximation problem is closely related to the orthogonal decom-
position of the space, combining the previous results, we have

Theorem 4.2. If the weights satisfy

1, i=0,....,k—1or

Wi = n—I1+1,...,n, (24)
(k) (i) (it 1) (=it 1) .
ikt D) () (n—i—1+1) 0therw1se,

then for a given polynomial f(t) € P,, the constrained approximation problem
mingep, |f () —g(t)||  subject to g?(0)=fD0) for i=0,....k—1 and
gV (1) = f9) for j=0,...,1 — 1 has the same minimizer for the norm || - || induced
either by the Ly-inner product (,), or the weighted Euclidean inner product {, ).
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Proof. Let f(t) = F(t) + #*(1 — 1)'f,_s_,(¢). From Theorem 4.1, we know that the
polynomial f, ;_;(¢) € P,_;_; can be decomposed uniquely according to

ﬁt*kfl(t) = gmfkfl(t) +g$—k—/(t)> m—k—1 S mekfla gi—k—[ S P,tfkf/'

Thus, by orthogonality, Lemma 4.1 and 4.2, g(¢) = F(¢) + #(1 — t)lgm,k,l(t) is the
best approximation for both norms induced by (,); and (,),. O

Let us look at two simple cases. The C° continuity at the two endpoints cor-
responds to £k =1[/=1. The weights for achieving the best L,-approximation in
this case are

o [w= e,
wo=w, =1

The C! continuity at the two endpoints corresponds to k = [ = 2 and in this case the
weights are

o { Wi = (i+%)(i+1)(n-ij—i)(;1+1—i)7 i£0,1,n—1n

i(i—1)(n—i)(n—1—i)
Wo =W =W, | =W, =

5. Discussion

In this section we discuss some practical issues related to the L,-degree reduction,
such as the stepwise degree reduction, approximation error and the combination of
degree reduction and subdivision.

5.1. Stepwise degree reduction

In order to reduce the degree of a polynomial from » to any m < n, Section 3
includes n — m constraints on the objective function and solves a complex minimi-
zation problem. An alternative approach is to recursively apply the procedure of
reducing the degree by one at each time. If in each step the weights are chosen ac-
cording to (24), then each degree reduction based on the perturbation method is a
constrained L,-degree reduction. By the property of the constrained L,-approxima-
tion mentioned at the end of Section 2, the best approximation property with
respect to the L,-norm still holds for this stepwise approach. Note that this is
non-trivial to prove directly in the discrete weighted Euclidean norm. Besides the
best approximation property, the continuity at the endpoints also remains the same
after performing this stepwise degree reduction. Fig. 4 illustrates an L,-degree re-
duction of a quintic to degree 4 and degree 3 polynomials with C° continuity at
t =0 and C! continuity at t = 1. The quintic polynomial is with Bézier coefficients
[1/4,7/4,0,1/2,1,1/5]. The best approximating quartic and cubic polynomials are
defined by the Bézier coefficients [1/4,367/200,-9/10,6/5,1/5] and [1/4,271/
480,23/15,1/5]. The weights used to derive these polynomials are {1, 5, 5, 8, 1,
1} and {1, 20/3, 9, 1, 1}.
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(a) Degree 5 (solid) to degree 4 (dashed) (b) Degree 4 (dashed) to degree 3 (dotted)

Fig. 4. Stepwise L, degree reduction with C° at t =0 and C' at t = 1.

5.2. Error estimation

From the weighted least squares perturbation approach, we can also estimate the
Ly-error. In fact, consider the error between f(¢) and f.(¢), where f(¢) and f.(¢) are
defined by (10) and (13):

70— £.0] = B (1)
s (_1);@3?”) () Z(Q

In practical applications, the continuity orders at the two endpoints are often the
same, i.e., k = [. In the following we estimate the maximal approximation error for
the L,-degree reduction with such C* endpoint constraints. Since the weights w; for
the L,-degree reduction are given by (24), thus in this case

() o= () )

Using the binomial identity [4]:

(Hn—k> <,-fk> - <n3n2k>’

j:
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we have

S > ol )| PV G| G J

L) 17 ()

Thus, the maximal error depends on the estimation of

ef0.1] ik(_l)i<ifk>n<i—tk>3?(1)~
e

Eck [4] used numerical methods to obtain several tight upper bounds for M, ;, M, »,
and M, ; with n < 30. If a precise bound is not required, the convex-hull property of

Bézier form can provide a simple upper bound:
n n
i—k)\i+k

s (7)n
max |£(6) — £.(1)] < /

1€[0,1] ( 2n ) kgl‘lilgnxik (n>
n—2k i
([n}n—k><[n]’_1|_k> " .

2 n 2}1 (_1)1 . 1

([%])(n22k> =0 <]>p

In the case of the stepwise degree reduction, i.e., the degree of a polynomial is re-
duced more than one, the bound on the approximation error can be estimated by add-
ing up all the maximal errors appearing in each step. But this bound is usually excessive.

5.3. Degree reduction with subdivision

When the approximation error between f'(¢) and f.(¢) is larger than the prescribed
tolerance, we can subdivide the interval [0, 1] and perform constrained degree reduc-
tion on each subinterval. Since C* continuity is preserved at the two endpoints, we
finally get a continuous, piecewise approximation to f(¢). Observe that in (25) the
maximal error consists of two parts:

/()

depends only on degree n and integer k; and

> -1/ (4)e

/=0

depends on the polynomial. So the process of subdivision only changes the value of
the second part. For example, if we subdivide f(¢) at 2 — 1 equidistant parameter
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(a) Degree 5 (solid) to degree 4 (dashed) (b) Degree 5 (solid) to two degree 4 (dashed)

Fig. 5. C' degree reduction with subdivision.

valuest;, =i/h (i =1,...,h — 1), then the second part corresponding to each segment
is decreased by a factor of 1/A". This can be used to determine s—the number of
segments such that the approximation error between each segment and the original
polynomial is within the given tolerance.

It is worth mentioning that the techniques developed in the paper are also valid
for degree reduction of parametric Bézier curves if the Euclidean distance function
between curves is considered. Refer to Fig. 5, for example. Fig. 5(a) shows a degree
5 Bézier curve and its degree 4 approximation They are C' continuous at both end-
points. The maximal approximation error is 0.33829. If we split the degree 5 curve
at t = 1/2 and perform the C'-degree reduction on each segment, we obtain two
degree 4 Bézier curves. The maximal approximation error between these degree 4
curves and the original degree 5 curve is 0.01057. The result is illustrated in Fig.
5(b).

So far we have shown two different methods for approximating a polynomial by a
lower degree one. These different approaches yield the same L,-approximation and
thus provide more insights to the constrained L,-degree reduction problem. More-
over, the perturbation method proposed in Section 3 not only produces the con-
strained L,-approximation, but also presents a family of degree reduction methods
that depend on the choice of the weights. Therefore how to choose appropriate
weights so as to achieve various approximation efforts is an interesting problem that
warrants further study.

Acknowledgments

This work was supported by the National Natural Science Foundation of China
(69973042) and Foundation of State Key Basic Research 973 Development Pro-
gramming Item (G1998030600).



368 J. Zheng, G. Wang | Graphical Models 65 (2003) 351-368

References

[1] P. Bogacki, S.E. Weinstein, Y. Xu, Degree reduction of Bézier curves by uniform approximation with
endpoint interpolation, Computer Aided Design 27 (1995) 651-661.
[2] G. Brunnett, T. Schreiber, J. Braun, The geometry of optimal degree reduction of Bézier curves,
Computer Aided Geometric Design 13 (1996) 773-788.
[3]1 M. Eck, Degree reduction of Bézier curves, Computer Aided Geometric Design 10 (1993) 237-252.
[4] M. Eck, Least squares degree reduction, Computer Aided Design 27 (1995) 845-851.
[5] G. Farin, Algorithms for rational Bézier curves, Computer Aided Design 15 (1983) 73-77.
[6] A.R. Forrest, Interactive interpolation and approximation by Bézier polynomials, The Computer
Journal 15 (1972) 71-79.
[7] S. Hu, J. Sun, T. Jin, G. Wang, Approximate degree reduction of Bézier curves, Tsinghua Science and
Technology 3 (1998) 997-1000.
[8] M. Lachance, Chebyshev economization for parametric surfaces, Computer Aided Geometric Design
5 (1988) 195-205.
[9] D. Lutterkort, J. Peters, U. Reif, Polynomial degree reduction in the L,-norm equals best Euclidean
approximation of Bézier coefficients, Computer Aided Geometric Design 16 (1999) 607-612.
[10] J. Peters, U. Reif, Least squares approximation of Bézier coefficients provides best degree reduction in
the L,-norm, Journal of Approximation Theory 104 (2000) 90-97.
[11] M.J.D. Powell, Approximation Theory and Methods, Cambridge University Press, UK, 1981.
[12] G. Szego, Orthogonal Polynomials, AMS Colloquium Publications, Providence, RI, No. 23, 1975.
[13] M.A. Watkins, A.J. Worsey, Degree reduction of Bézier curves, Computer Aided Design 20 (1988)
398-405.



	Perturbing Be&acute;ziercoefficients for best constrained degree reduction in the L2-norm
	Introduction
	Constrained L2-approximation
	Weighted least squares perturbation
	Equivalence of two methods
	Discussion
	Stepwise degree reduction
	Error estimation
	Degree reduction with subdivision

	Acknowledgements
	References


