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1. Introduction

In the theory of dynamical systems, i.e., the study of the asymptotic behavior of
orbits {T™(z)}nen (denoted by Orb(z)) when T : X — X is a continuous map of
a compact metric space X and x € X, one may say that two fundamental prob-
lems are to understand how to partition different asymptotic behavior and how the
points with same asymptotic behavior control or determine the complexity of sys-
tem 7.

Topological entropy is a classical concept to describe the dynamical complexity. In this
paper we are mainly to deal with a certain class of dynamical systems and show that
various subsets characterized by distinct asymptotic behavior all carry full topological
entropy. To make this more precise let us introduce the following terminology. T : X — X
is a continuous map of a compact metric space X.

Definition 1.1. For a collection of subsets Z1, Zs, -+, Z;, € X (k > 2), we say {Z;} has
full entropy gaps with respect to Y C X if

hiop(Ty (Zix1 \ Z;) NY) = hyop(T,Y) forall 1 <i <k,
where hyop (T, Z) denotes the topological entropy of a set Z C X.

Often, but not always, the sets Z; are nested (Z; C Z;11). Remark that for any system
with zero topological entropy, it is obvious that any collection {Z;} has full entropy gaps
with respect to any Y C X. Notice that if X is a finite set, then any system on X is
simple and carries zero entropy. Thus in present paper, we always assume that

X is a compact metric space with infinitely many points.

Given z € M, let wr(x) denote the w-limit set of z, let M, (T") be the limit set of the
empirical measures for x and let C = {J,¢ M,(T) S, where S, denotes the support of
measure v. In this paper, we consider the following subsets of X according to different
asymptotic behavior:

Per(T) := {periodic points of T},
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Fig. 1. Q(T).

Most of notions in above considered sets are well-known. The notions of periodic, re-
current and non-wandering can be found in [59], the notion of almost periodic or
minimal can be seen in [6,21,20,22,33] and others, for example, see [62,61,64,63]. We
will recall their definitions, equivalent statements and relations in Section 3. Such sets
are all T-invariant and they satisfy Per(T) C A(T) C W(T) C V(T) C QW(T) C
Rec(T) C Q(T). Fig. 1 is a simple Venn diagram illustrating the containment be-
tween various sets {Per(T), A(T),W(T),V(T),QW(T), Rec(T),Q(T)} (simply, writing
{Per, A, W,V,QW, Rec,} in the figure).

A point € X is generic for some invariant measure p means that M,(T) = {u}
(or equivalently, Birkhoff averages of all continuous functions converge to the integral
of u). Let G,, denote the set of all generic points for p. Let M (T, X), Men(T, X) and
M, (T, X) denote the set of all T-invariant measures, T-ergodic measures and T-periodic
measures respectively. We also consider

QR(T) := {quasiregular points of T} = U,enr(r,x)Gps
I(T) := {irregular points of T} = X \ QR(T),
QRery(T) := {points generic for ergodic measures} = U,cnr,,,(1,x)G >
QR4(T) := {points of density in QR(T)} = U en(r,x)(Gp N Sy),
R(T) := {regular points of T} = QR4(T) N QRery(T) = Upenr,,,r,x)(Gp N Sy)-

Such sets are all T-invariant and remark that
R(T) CQR4(T)UQR.y(T) CQR(T) =X\ I(T).
Most notions except irregular point are from [39] (for quasiregular point, also see [15])

and the notion of irregular point can be found in [41,2,53,4] etc. We will recall them
more precisely in Section 4.
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Fig. 2. QR(T) U W(T).

() (D9

Fig. 3. I(T) U W (T).

Fig. 2 is a simple Venn diagram illustrating the relations between various sets
{Per(T),A(T),W(T),QR(T)} (simply, writing {Per, A, W,QR} in the figure). Fig. 3
is a simple Venn diagram to illustrate the relations between the following various sets
{Per(T), A(T), WD), V(D)\W(T),QW(IT)\W(T),I(T)} (simply, writing { Per, A, W,
Q',Q, I} in the figure where Q' = V(T)\ W(T), @ = QW(T) \ W(T). Remark that
Q C I(T), see Theorem 5.1). Precise discussions will appear later.

1.1. Main results

Now we start to state our main theorems. We need two conditions called g-almost
product property and uniform separation property which are introduced in [43] and we
will recall them later in Section 2.

Theorem 1.2. Let T be a continuous map of a compact metric space X with g-almost
product property and uniform separation property. If the periodic points are dense in X

(i.e., Per(f) = X ) and the periodic measures are dense in the space of invariant measures
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(i.e., My(T.X) = M(T, X)), then {A(T) U R(T),QR(T),W(T),V(T),QW (T),I(T)}
has full entropy gaps with respect to X.

Theorem 1.2 seems to require too many very strong conditions, but they are satis-
fied by many examples, including all topological mixing subshifts of finite type and all
B-shifts, etc. (see Section 1.2).

Given a continuous function ¢ : X — R, let

n—1
1 .
R4(T) := {x € X | Birkhoff averages — E @(T*(x)) converge as n — +00}.
n
i=0

For convenience, we call R4(T") to be regular set with respect to ¢ (simply, ¢-regular
set). Define the ¢-irregular set I4(T) = X \ R4(T). These two sets describe different
asymptotic behavior under the observation of continuous functions.

Theorem 1.3. Let T' be a continuous map of a compact metric space X with g-almost
product property and uniform separation property. If the periodic points are dense in X

(i.e., Per(f) = X ) and the periodic measures are dense in the space of invariant measures
(i.e., Mp(T,X) = M(T, X)), then for any continuous function ¢ : X — R,

(1) {A(T)U R(T),QR(T), W (T),V(T),QW(T),I(T)} has full entropy gaps with re-
spect to Ry(T);

(2) if I,(T) # 0, then {QR(T), W(T),V(T),QW(T),I(T)} has full entropy gaps with
respect to Iy(T).

Recall that for a certain class of dynamical systems (including mixing subshifts of finite
type, mixing hyperbolic systems and [-shifts etc.), I(T') (or nonempty I4(T)) carries
full topological entropy, for example, see [41,4,13,2,54,57]. Theorem 1.2 and Theorem 1.3
refine such prior results.

For any continuous function ¢ : X — R and any a € R, let

Remark that

Ry(T) = |_| Ro.a(T),

a€R

where LI denotes disjoint union. The sets of Ry (T") refine the asymptotic behavior of
R4(T). There are lots of classical results for Ry (1), for example, see [43,54,38]. Define
the domain of the multifractal spectrum for Birkhoff averages of ¢,

Ly = fnf{ [ odul & MT.X)}, sup( [ ol € M (T, X))
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Let Int(Ly) denote the interior of Ly. That is,

ni(Lg) = Gut{ [ odul o € M. X0}, sup{ [ oaul p € M(T, X)),
Remark that if I,(T) # 0, Int(Ly) is a nonempty open interval, see (4.26) below.

Theorem 1.4. Let T be a continuous map of a compact metric space X with g-almost
product property and uniform separation property. If the periodic points are dense in X
(i.e., Per(f) = X ) and the periodic measures are dense in the space of invariant measures

(i.e., Mp(T,X) = M(T, X)), then for any continuous function ¢ : X — R satisfying
I,(T) # 0 and for any a € Int(Ly),

{A(T) UR(T), QR(T), W (T),V(T),QW(T),1(T)}
has full entropy gaps with respect to Ry o(T).

Theorem 1.4 refines prior multifractal results on Birkhoff averages, for example, see
[54,38,3,19] etc.

Remark that Theorem 1.3 (1) implies Theorem 1.2, since Ry(T) = X if taking ¢ to be
a constant function. We will prove Theorem 1.4 in Section 7.2 and then use it to prove
Theorem 1.3 (1). We will prove Theorem 1.3 (2) in Section 7.1. The key tool for all the
proofs is Theorem 1.1 from Pfister and Sullivan’s paper [43], which is stated here as
Lemma 2.8, and allows the entropy estimates to be reduced to the problem of describing
the various gap sets in terms of M, (T).

Remark that the assumption of density of periodic points can be replaced by existence
of an invariant measure with full support.

Theorem 1.5. Let T be a continuous map of a compact metric space X with g-almost
product property and uniform separation property. If the periodic measures are dense in
the space of invariant measures (i.e., Mp(T, X) = M(T, X)) and there exists an invariant
measure with full support, then all results of Theorem 1.2, Theorem 1.3 and Theorem 1.4
hold.

Let us explain why Theorem 1.5 holds. Under the assumption of density of periodic
measures, Per(T) = X & 3u € M(T,X), S, = X (see Proposition 6.5 below). So the
assumptions of Theorem 1.5 are equivalent to the ones of Theorem 1.2, Theorem 1.3 and
Theorem 1.4 and thus Theorem 1.5 is valid.

Recall that from [43] g-almost product property is weaker than specification property
and from [15], we know that for any dynamical system with Bowen’s specification prop-
erty, the periodic points are dense in X (i.e., Per(f) = X, see Proposition 21.3 [15]) and
the periodic measures are dense in the space of invariant measures (i.e., M,(T,X) =
M (T, X), see Proposition 21.8 [15] or see [49]). So we have a following result as a conse-
quence of Theorem 1.2, Theorem 1.3 and Theorem 1.4.
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Theorem 1.6. Let T be a continuous map of a compact metric space X with Bowen’s
specification property and uniform separation property. Then all results of Theorem 1.2,
Theorem 1.3 and Theorem 1.4 hold.

Moreover, we have a following result when the system is expansive.

Theorem 1.7. Let T be an expansive continuous map of a compact metric space X with
Bowen’s specification property. Then all results of Theorem 1.2, Theorem 1.3 and The-
orem 1.4 hold. Moreover, Theorem 1.2 and Theorem 1.3 (1) can be stated for

{A(T), A(T) U R(T), QR(T), W(T), V(T), QW (T), I(T) }.

Let us explain why Theorem 1.7 holds. It is known that expansiveness is stronger than
uniform separation property, see [43]. By Theorem 1.6, Theorem 1.7 is valid except R(T)\
A(T). Recall from [15] (see Chapter 22) that for any system with Bowen’s specification
property and expansiveness, it has unique maximal entropy measure and this measure has
full support. So R(T')\ A(T) having full entropy can be deduced from Theorem 5.4 below
which shows that for any dynamical system, if there is an ergodic measure with maximal
entropy and non-minimal support, then R(T') \ A(T) has full entropy. Remark that
R(T)\A(T) C R(T) C QR(T) C R4(T) for any continuous function ¢. So {A(T"), R(T)}
has full entropy gaps with respect to X and Ry4(T).

1.2. Applications to standard examples

1.2.1. Mixing subshifts of finite type

Recall from [15] (Proposition 21.2) any topological mixing subshift of finite type satis-
fies Bowen'’s specification. As a subsystem of full shift, it is expansive. So by Theorem 1.7,
we have

Theorem 1.8. Let T be a topological miring subshift of finite type. Then all results of
Theorem 1.7 hold.

1.2.2. B-shifts

Let us recall the definition of S-shift (6 > 1) in [59] (Chapter 7.3). If § > 2 is an
integer, (-shift is the full shift of S symbols. So we only need to recall the definition
in the case that 3 is not an integer. Consider the expansion of 1 in powers of 571, i.e.
1 =35 a,8" where a; = [8] and a,, = [3" — 32" ;"] Here [t] denotes the
integral part of t € R. Let k = [§] + 1. Then 0 < a,, < k — 1 for all n so we can consider
a = {a,}$° as a point in the space X = [[[°]Y where Y = {0,1,---,k — 1}. Consider
the lexicographical ordering on X, ie. x = {z,}7° < y = {yn}7° if z; < y; for the
smallest j with z; # y;. Let f : X — X denote the one-sided shift transformation. Note
that f"a < a for all n > 0. Let
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Y :={z={z,}{°|z € X and f"(z) <a forall n>0}.

Then X3 is a closed subset of X and f(¥g) = Y. Let 05 := f[s,. Then (X3, 05) is
one-sided [-shift. One can obtain the two-sided S-shift by letting

+oo
o= {z={x, )% |z e H Y and (24,241, --) € g for all i € Z}.

400

n=—oo

Then 2,3 is a closed subspace of ] Y invariant under the two-sided shift

+oo +o0o
f+ I v- ]I v
n=-—00 n=-—o00
The topological entropy of S-shift (8 > 1) is log 8 (see Page 179 of Chapter 7.3 in [59]).
Remark that by Variational Principle, there is an ergodic measure with positive entropy.
Note that the Dirac measure supported on the fixed point z = {0}5° € X3 has zero
entropy. So every (-shift is obviously not uniquely ergodic.

Theorem 1.9. Every -shift (5 > 1) satisfies all results of Theorem 1.7.

Let us explain why Theorem 1.9 holds. By definition every -shift (5 > 1) is a subsys-
tem of full shift on [3] + 1 symbols and so every (-shift is expansive (which is stronger
than uniform separation property, see [43]) and satisfies g-almost product property from
[43] (see the Example on p. 934). It is known that the unique maximal entropy mea-
sure of S-shifts always carries full support (see [58], Theorem 13 (ii)). Furthermore,
it was proved in [50] that the periodic measures are dense in the space of invariant
measures (i.e., M,(T,X) = M(T,X)). So the hypotheses of Theorem 1.5 hold for all
B-shifts and then Theorem 1.9 is obtained except R(T) \ A(T). The set R(T) \ A(T)
can be deduced from Theorem 5.4 below which shows that for any dynamical system,
if there is an ergodic measure with maximal entropy and non-minimal support, then
R(T) \ A(T) has full entropy. Remark that R(T) \ A(T) € R(T) C QR(T) C R4(T)
for any continuous function ¢. So {A(T),R(T')} has full entropy gaps with respect
to X and Ry(T). So Theorem 1.9 is valid. In particular, we point out that one can-
not use Theorem 1.7 to prove Theorem 1.9, since from [12] the set of parameters of
for which Bowen’s specification holds, is dense in (1, 4+00) but has Lebesgue zero mea-
sure.

In particular, for full shifts on finite symbols, we have a following result that contains
more observations.

Theorem 1.10. Let T be a full shift on k symbols (k > 2). Then Theorem 1.2 and
Theorem. 1.3 (1) can be stated for

{Per(T), A(T), A(T) U R(T), QR(T), W(T), V(T), QW(T), I(T) }
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Let us explain why Theorem 1.10 holds. By Theorem 1.9, one only needs to consider
A(T) \ Per(T). This can be deduced from Theorem 5.2 below which shows that for full
shifts of finite symbols, R(T) N A(T) \ Per(T) has full entropy. Since R(T) N A(T) \
Per(T) C QR(T)NA(T)\ Per(T) C Rs(T)NA(T) \ Per(T) for any continuous function
¢. So {Per(T), A(T)} has full entropy gaps with respect to X and Ry(T).

1.2.3. Hyperbolic systems and Lyapunov exponents

From the classical uniform hyperbolicity theory, every subsystem restricted on a topo-
logical mixing locally maximal hyperbolic set (called basic set or elementary set) satisfies
specification property (for example, see [49]) and satisfies expansiveness. So by Theo-
rem 1.7, we have

Theorem 1.11. Let f : M — M be a C' diffeomorphism of a compact Riemannian
manifold M. Let T be a subsystem restricted on a topological mixing locally mazimal
hyperbolic set. Then all results of Theorem 1.7 hold.

In particular, this result can be applicative to all topological mixing Anosov diffeo-
morphisms. Remark that similar results can be stated for topological mixing expanding
maps (for example, T : St — S, 2+ kx mod 1 for an integer k > 2).

Moreover, we can use Lyapunov exponents to observe the “periodic-like” recurrence.
Let f : M — M be a C' diffeomorphism of a compact Riemannian manifold M. Let
E C TM be a D f-invariant subbundle. Define the (maximal) Lyapunov exponent of F
at a point x € M by

.1 n
lim —log || Df"|g,|
n—oo n

if the limit exists. Such points are called Lyapunov-regular. Otherwise, the points
are called Lyapunov-irreqular. Denote the sets of all Lyapunov-regular and Lyapunov-
irregular points by Rpry.(f) and I1,.(f) respectively. Let A C M be a compact invariant
set. The subbundle FE is called conformal on A, if for any z € A, n > 1

n—1
1Df" e = [T 12115, I

=0

Let ¢(x) = log||Df|g,|, if E is a continuous subbundle then it is a continuous func-
tion. Thus, for subsystem T = f|a, using this ¢ in Theorem 1.3 and Theorem 1.4 we
have

Theorem 1.12. Let f : M — M be a C' diffeomorphism of a compact Riemannian mani-
fold M. Let T : A — A be a subsystem restricted on a topological mizing locally mazimal
hyperbolic set A and let E C TaAM be a continuous conformal D f-invariant subbundle
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on A. Then Theorem 1.3 and Theorem 1.4 hold for the function ¢(x) = log||D f| gzl
(replacing Ry(T) and I4(T) by Rrya(T) and Iy, (T) respectively).

In other words, we can use the “eyes” of Lyapunov exponents to distinguish different
“periodic-like” recurrence. Remark that similar results can be stated for topological
mixing conformal expanding maps.

1.8. An answer for Zhou and Feng’s question

There is an open problem in [63] by Zhou and Feng that whether the set

{QW(T)\ W(T)[3u € My(T)s.t. S, = Cy} # 07

This is the set V' \ W(T') according to the definition of V' at the beginning of the paper.
It has been solved positively by constructing examples, see [37,25,60] etc. From Theo-
rem 1.2, for a certain class of dynamical systems (including topological mixing subshifts
of finite type, all 8-shifts, systems restricted on mixing locally maximal hyperbolic sets),
VAW (T) is not only nonempty but also has full topological entropy (and so does its com-
plementary set in QW (T')\ W(T)). In other words, V'\ W (T') has very strong dynamical
complexity which reaches the complexity of dynamical system itself. In particular, we
know that positive topological entropy implies V' \ W (T') has uncountable elements. So
our Theorem 1.2 can be as a strong answer for Zhou and Feng’s open problem, provided
that the given system has positive entropy.

1.4. Layout of the paper

The remainder of this paper is organized as follows. In Section 2 we will recall the
notions of entropy, g-almost product property, uniform separation and recall some clas-
sical results including saturated property and entropy-dense property. In Section 3 we
will recall the notions of various ‘periodic-like’ recurrence and introduce some simple
observation. In Section 4 we will recall the notions of regularity and irregularity and in-
troduce some simple facts. In Section 5 we will coordinate ‘periodic-like’ recurrence and
(ir)regularity and give some basic discussion. In Section 6 we recall and introduce some
useful facts and lemmas. In Section 7 we divide our main theorems into several propo-
sitions to prove and in this process we state every proposition for possibly applicative
to more general dynamical systems, in particular some results can be applied for time-¢
maps of mixing hyperbolic flows. In Section 8 we give some similar results involving the
set of transitive points. Finally, in Section 9 for generic systems or systems with Bowen’s
specification, we give some topological or geometric characterization of various subsets
with distinct asymptotic behavior.
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2. Entropy, g-almost product property & uniform separation
2.1. Entropy

Let T : X — X be a continuous map of a compact metric space X. Now let us to
recall the definition of topological entropy in [10] by Bowen.

Let € X. The dynamical ball B, (x,¢) is the set

By (z,¢) == {y € X| max{d(T?(x),T?(y))|0 <j <n—1} <e}.

Let £ C X, and §,(E,€) be the collection of all finite or countable covers of E by sets
of the form B,,(z,€) with m > n. We set

C(E;t,n,e,T) :=inf{ Z 27 C e Fn(E, e},

B (z,6)€C
and
C(E;t,e,T) := nll_{rolo C(E;t,n,e,T).
Then

hiop(E,€,T) :=inf{t: C(E;t,e,T) =0} =sup{t: C(E;t,e,T) = oo}
and the topological entropy of E is defined as
hiop(T, E); = lg% hiop(E,€,T).

In particular, if £ = X, we also denote hiop(T, X) by hiop(T). It is known from [10]
that if F is an invariant compact subset, then the topological entropy hie, (T, E) is same
as the classical definition (for classical definition of topological entropy, see Chapter 7
in [59]).

Let us recall some basic facts about topological entropy. From [10] for any subsets
Y1CY; CX,

htop(T7 Yl) < htop(T7Y72)- (21)

If one considers a collection of subsets of X: {Y;};2°°, from [10] we know that the topo-
logical entropy satisfies

—+o00
htOP(T7 U Yl) = sup htop(T;Yi)- (2.2)

i=1 i21
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Let M(X) denote the space of all Borel probability measures supported on X. Let
E=A{Vili =1,2,---,k}, be a finite partition of measurable sets of X. The entropy of
v € M(X) with respect to £ is

(€)= = 3 w(Vi) logu(Vi).

Vieg

We write TV := ViyeaTF€. The entropy of v € M (T, X) with respect to € is

hT,v, &) := lim lH(u,TV’Lg),

n—oo N

and the metric entropy of v is

hy(T) := sup (T, v, §).
3

More information of metric entropy, see Chapter 4 of [59].
Let us recall some relations on metric entropy and topological entropy. By classical
Variational Principle (Theorem 8.6 and Corollary 8.6.1 in [59]), we know that

hiop(T) = sup h,(T)=  sup  h,u(T). (2.3)
pEM(T,X) HEM ey (T, X)

From Theorem 1 in [10] for any ergodic measure p and any subset Z C X, if u(Z) =1,
then

h(T) < hiop(T, Z). (2.4)

Moreover, every set with totally full measure (i.e., being full measure for all invariant
measures) carries full topological entropy, that is,

Theorem 2.1. Let T be a continuous map of a compact metric space X. If Y C X is a
set with totally full measure, then

htO;D(Tv Y) = htop(T)- (25)
Proof. Let Y C X be a set with totally full measure. By (2.1), (2.3) and (2.4),

htop(Ty Y) S htop(Ta X) = htup(T) = sup h,u (T)
pEM(T,X)

= sup hu(T) < hiop(T,Y).
HeMerg(Tvx)

This means that Y carries full entropy. O
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2.2. g-Almost product property

Firstly we recall the definition of specification property which is stronger than g-almost
product property, see [15,49,9,11,8,56]. Let T be a continuous map of a compact metric
space X.

Definition 2.2. We say that the dynamical system T satisfies specification property, if the
following holds: for any € > 0 there exists an integer M (€) such that for any k > 2, any
k points x1,- -+, z, any integers

a1 <by <ag <by---<ap <by
with a;41 — b; > M(e) (2 < i < k), there exists a point z € X such that
d(T?(z), T (x;)) < €, fora; <j<b,1<i<k. (2.6)
The original definition of specification, due to Bowen, was stronger.

Definition 2.3. We say that the dynamical system T satisfies Bowen’s specification prop-
erty, if under the assumptions of Definition 2.2 and for any integer p > M (¢) + by, — a1,
there exists a point z € X with T?(z) = z satisfying (2.6).

Now we start to recall the concept g-almost product property in [43] (there is a slightly
weaker variant, called almost specification, see [57]). It is weaker than specification prop-
erty (see Proposition 2.1 in [43]). A striking and typical example of g-almost product
property (and almost specification) is that it applies to every S-shift [43,57]. In sharp
contrast, the set of 8 for which the S-shift has specification property has zero Lebesgue
measure [12,48].

Let A, = {0,1,2,---,n — 1}. The cardinality of a finite set A is denoted by #A. Let
2 € X. The dynamical ball B, (x,¢) is the set

By (z,¢) == {y € X| max{d(T?(z),T? (y))|j € A} < ¢e}.

Definition 2.4. Let ¢ : N — N be a given nondecreasing unbounded map with the
properties

g(n) <n and lim 9(n) =0.

n—oo n
The function g is called blowup function. Let € X and € > 0. The g-blowup of B, (x,¢)

is the closed set

B,(g;7,¢)
i={y € X|3A C Ap, #(An \ A) < g(n) and max{d(T’(z), T (y))|j € A} <e}.
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Definition 2.5. We say that the dynamical system T satisfies g-almost product property
with blowup function g, if there is a nonincreasing function m : RT — N, such that

for any k > 2, any k points z1,---,x, € X, any positive €1,---,e, and any integers
ni > m(er), -+, ne = mieg),
k
ﬂ T_Mjianj (g;xjugj) 7é (2)3
j=1

where My :=0, M; :==n1+---+n;,t=1,2,--- k—1.
2.8. Uniform separation

Now we recall the definition of uniform separation property [43]. For x € X, define

n—1
1
To(z):= - Z 073 ()
=0

where d, is the Dirac probability measure supported at y € X. For § > 0 and € > 0, two
points  and y are (0, n, £)-separated if

#{j:d(Tiz,Ty) > ¢, j € A} > on.

A subset F is (6, n, )-separated if any pair of different points of E are (4, n, €)-separated.
Let F C M(X) be a neighborhood of v € M (T, X). Define

Xnr={zeX|YT,(x) e F},
and define
N(F;d,n,e) := maximal cardinality of a (d, n,e) — separated subset of X,, .

Definition 2.6. We say that the dynamical system T satisfies uniform separation property,
if the following holds. For any n > 0, there exist §* > 0, ¢* > 0 such that for p ergodic
and any neighborhood F' C M(X) of y, there exists nf. , ., such that for n > n% , .

.Z\[(.F7 6*’,”’ 6*) > 2n(h“(f)_n).

Now let us recall a basic relation between expansiveness and uniform separation in
[43].

Theorem 2.7. (See Theorem 3.1 in [453].) Let T be a continuous map of a compact metric
space X. If T is expansive (or asymptotically h-expansive), T satisfies uniform separa-
tion.
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2.4. Variational Principle for saturated sets

Let T be a continuous map of a compact metric space X. Recall the definition that
T,(x) = %Z;L:_Ol Ori(z)- Let M,(T) be the limit set of the empirical measures for z,
i.e., the set of all limits of Y,,(z) in weak* topology.

Now we recall a result from [43]. The system T is said to be saturated (or T has

saturated property), if for any compact connected nonempty set K C M (T, X),
hiop(T', Gic) = inf{hu(T) | € K},
where G = {zr € X|M,(T) = K}.

Lemma 2.8 (Variational Principle). (See Theorem 1.1 in [43].) Let T be a continuous
map of a compact metric space X with g-almost product property and uniform separation
property. Then T is saturated.

Remark that Lemma 2.8 is the key tool for all the proofs of our main results in present
article. It allows the entropy estimates to be reduced to the problem of describing the
various gap sets in terms of M, (T') (precise proof details will appear in Section 7).

On the other hand, from [43] if one does not have uniform separation property,
then the saturated property just holds for any singleton K. For convenience to com-
pare saturated property, we give a following notion called single-saturated property. We
say T is single-saturated, if hyop(T,G,) = h,(T) holds for any p € M(T,X), where
Gu = {o € X| M,(T) = {u}}.

Lemma 2.9 (Variational Principle). (See Theorem 1.2 in [43].) Let T be a continuous map
of a compact metric space X with g-almost product property. Then T is single-saturated.

Remark that for any continuous map 7' of a compact metric space X, there is a
general fact (see Theorem 4.1 (3) in [43]): for any compact connected nonempty set
K C M(X,T),

hiop(T,Gr) < inf{h,(T)|p € K}, where Gg ={z € X|M,(T)=K}. (2.7)
In particular, for any u € M(X,T), we have
hiop(T,Gp) < hy(T), where G, ={z € X|M,(T) = {u}}. (2.8)
2.5. Entropy-dense property
Now let’s recall the entropy-dense property of Theorem 2.1 in [42] (or see [43], also see

[17] for similar discussion). Roughly speaking, any invariant probability measure p is the
limit of a sequence of ergodic measures {p, }22 ; in weak™ topology such that the entropy
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of 11 is the limit of the entropies of p,. Recall M(X) and M (T, X) denote the space of
all Borel probability measures and the space of invariant measures, respectively. Here we
further require S, # X in this property (whose statement is a little stronger than usual
entropy-dense property). More precisely, we say T has entropy-dense property, if for any
v € M(T,X), any neighborhood G C M (X) of v and any h, < h,(T), there exists an
ergodic measure u € G N M(T, X) such that S, # X and h,(T) > h..

Lemma 2.10. Let T be a continuous map of a compact metric space X with g-almost
product property. Suppose that M (T, X) is not a singleton. Then T has entropy-dense
property.

Proof. Here this lemma is slightly stronger than Theorem 2.1 in [42], since we further
add S, # X. Now let us explain this more precisely. Let v € M (T, X) and G C M(X)
be a neighborhood of v. Since M (T, X) is not a singleton, then we can take an open ball
G' C M(X) such that v € G’ C G’ C G and M (T, X)\ G’ # . Note that M (T, X)\ G’
is open in M(T, X).

From the proof of Proposition 2.3 (1) of [42], one construct a closed invariant set
Y and there exists ng: € N such that hy,(T,Y) > h. and for any y € Y and any
n > ng, Tn(y) € G'. So for any m € Mc.(T,Y), by Birkhoff ergodic theorem there
is y € Y such that T,(y) converge to m in weak* topology and thus m € G’. In other
words, Me.(T,Y) C G'. By convex property of the ball G’ and Ergodic Decomposition
theorem, M(T,Y) C G’. Then Y # X, since M (T, X)\ G’ # (). By Variational Principle,
for 0 < & < hiop(T,Y ) —hs, take a pp € Mepg(T,Y) such that b, (T) > hiop(T,Y)—€ > h.
Then 4 is the measure we need. For more details, see [42]. O

3. Periodic and periodic-like recurrence

One important way to partition points with different asymptotic behavior is according
to the recurrence property.

In the classical study of dynamical systems, an important concept is non-wandering
point. A point x € X is called wandering, if there is a neighborhood U of = such that the
sets T~"U, n > 0, are mutually disjoint. Otherwise, x is called non-wandering. Let Q(T")
denote the set of all non-wandering points, called non-wandering set. The interesting
action of T takes place in Q(7T) and recall that from Theorem 5.6, Theorem 6.15 and
Corollary 8.6.1 in [59] Q(T') is always invariant, compact, carries totally full measure and
owns the whole complexity of the system

hiop(T) = hiop(T, AT)).
So in general one can always consider the subsystem T : Q(T) — Q(T') to replace the

original system 7" : X — X. It is interesting to ask for general dynamical systems, how
about the dynamical complexity of X \ Q(T")? Unfortunately, in this paper the systems
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studied is the case X = Q(T), since we require that the periodic points are dense in X
in our main theorems (Theorems 1.2-1.4).

The set Q(T) consists of those points with a weak recurrence property. Now let us
recall the concept of recurrent point. It is known that recurrent points play important
roles in the ergodic theory of dynamical systems. Given & € X, let wr(x) denote the
w-limit set. We call x € X to be recurrent, if

x € wy(z).

Let Rec(T) denote the set of all recurrent points. By definition, it is obvious that
Rec(T) C U(T).

Theorem 3.1. For any continuous map T : X — X of a compact metric space X, the
recurrent set Rec(T) has full topological entropy.

Proof. It is known that from Poincaré recurrent theorem recurrent set Rec(T) has totally
full measure (see Remark on Page 157 of [59]) so that by Theorem 2.1 we complete the
proof of Theorem 3.1. O

In the study of (smooth or topological) dynamical systems, many people pay attention
to refine recurrent set according to the ‘recurrent frequency’. A standard and important
kind of recurrent point with same asymptotic behavior is periodic point, which returns
itself through finite iterates. Let Per(T) denote the set of periodic points. Then

Per(T) C Rec(T).

A fundamental question in dynamical systems is to search the existence of periodic
points. For system with Bowen’s specification (such as topological mixing subshifts of
finite type, topological mixing uniformly hyperbolic and topological mixing expanding
systems), it is well known that the set of periodic points is dense in the whole space (for
example, see Proposition 21.3 in [15]) and moreover, if the system is expansive, then the
periodic set is countable and thus has zero entropy. Here we give a basic observation on
the topological entropy of periodic set for general dynamical systems, admitting existence
of uncountable periodic points.

Theorem 3.2. For any continuous map T : X — X of a compact metric space X, the
periodic set Per(T) either is empty or has zero topological entropy.

We emphasize that the topological entropy we used is Bowen’s version of entropy [10],
as a critical point a la Hausdorff dimension, rather than the capacity version of entropy
as a growth rate (see Chapter 7.2 of [59]).

Proof of Theorem 3.2. Notice that Per(T) = J,5, Pu(T), where P,(T) = {z €
X|T"(x) = x}. By (2.2), we only need to show that for any n > 1, P,(T) carries
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zero entropy. Note that for any fixed n > 1, P,(T) is an invariant closed (compact)
set, every ergodic measure p supported on P, (T) is periodic and so p has zero metric
entropy. Applying classical Variational Principle (Corollary 8.6.1 in [59]) for subsystem
T|p, (1), we have

htop(T7 Pn(T)) = Sup hll«(f) =0.
HEMeTg(Tan(f))

This ends the proof of Theorem 3.2. 0O

From Theorem 3.2, the periodic set has no dynamical complexity in the sense of topo-
logical entropy. However, a classical interesting result states that for expansive systems
with Bowen’s specification (which implies topological mixing), the topological entropy
can be characterized by the exponential growth of periodic points with same period (for
example, see Proposition 22.7 in [15]). More precisely,

1
hiop(T) = lim —log #Pu(T)

where P, (T) = {z| T"(z) = 2} and # A denotes the cardinality of the set A (more better
characterization of entropy and the growth of periodic points, see Proposition 22.6 in
[15]). Roughly speaking, periodic points have same complexity as the system itself from
the viewpoint of two different ways to interpret complexity. This result holds for Axiom
A diffeomorphisms in any dimension (see [11]), but this is a somewhat special situation.
It is well known that Axiom A diffeomorphisms are not dense in Diff! (M) (the space of
all diffeomorphisms on a compact Riemannian manifold ). Kaloshin [28] showed that
in general # P, (T) can grow much faster than entropy. Moreover, it is well known that
for C' generic diffeomorphisms, all periodic points are hyperbolic so that countable and
they form a dense subset of the non-wandering set (by classical Kupka—Smale theorem,
Pugh’s or Mafié’s Ergodic Closing lemma from Smooth Ergodic Theory, for example, see
[31,51,45,44,34]). For C'*® nonuniformly hyperbolic systems, many people studied the
existence of periodic point by showing closing lemma, for example, see [29]. In particular,
an interesting result from [29] is that any C1*T< surface diffeomorphism with positive
entropy always carries a lot of periodic points. All in all, periodic points have been
studied more and more in the research of modern dynamical systems.

In general, it is well known that there are lots of topological dynamical systems without
periodic points. The standard example is irrational rotation. So many generalizations of
periodic points are introduced. One such kind ‘periodic-like’ point is almost periodic
point. A point x € X is almost periodic, if for every open neighborhood U of z, there
exists N > 0 such that f¥(z) € U for some k € [n,n + N] and every integer n > 1.
Let A(T') denote the set of all almost periodic points, called almost periodic set for
convenience. It is well-known from [6] that a point x is almost periodic if and only if
x is minimal, i.e., * € wy(z) and wr(z) is minimal (see [21,20,22,33] for more related
discussions in the sense that the space X is more general, not necessarily being compact
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metric space). Here an invariant set £ C X is called minimal, if for every point y € E,
wr(y) = E. In particular, if X is minimal, we say the system T to be minimal. Remark
that the almost periodic set A(T) can be written as the union of all minimal sets.

Remark that for any uniquely ergodic system, the support of the unique invariant
measure must be minimal. However, there are minimal invariant sets which are not
uniquely ergodic [39]. Note that £ C X is a minimal invariant subset if and only if the
support of any invariant measure supported on E coincides with E. By Zorn’s lemma,
one can show that any dynamical system contains at least one minimal invariant subset.
So different from periodic points, almost periodic points naturally exist and thus played
important roles in the study of all topological dynamical systems. Moreover, construc-
tions of minimal examples are studied a lot by many researchers. For homeomorphisms,
there are many examples of subshifts which are strictly ergodic and has positive en-
tropy [23,24]. For systems on manifolds, from [46] there are minimal homeomorphisms
on 2-torus with positive entropy and it was proved in [5] that any compact manifold of
dimension d > 2 which carries a minimal uniquely ergodic homeomorphism also carries
a minimal uniquely ergodic homeomorphism with positive topological entropy. M. Her-
man asked whether, for diffeomorphisms, positive topological entropy was compatible
with minimality or strict ergodicity. It was constructed in [26] a 4-dimensional example
of a minimal (but not strictly ergodic) diffeomorphism with positive topological entropy.
An interesting fact is that any C1T® surface diffeomorphism with positive entropy is not
minimal, since there are lots of periodic points, see Corollary 4.4 in [29]. For general
non-minimal systems, we have a following observation.

Theorem 3.3. For any non-minimal continuous map T : X — X of a compact metric
space X, if there is an ergodic measure p with full support, then u(A(T)) = 0.

Proof. By contradiction, wu(A(T))>0. By ergodicity and invariance of A(T),
w(A(T)) = 1. Let S, be the support of  and by assumption X = S,. By ergodic-
ity and full support of y, it is known that the set D := {z € X| Orb(z) = X} has p full
measure (for example, see Theorem 1.7 or Theorem 5.16 in [59]). So p(A(T)ND) =1
and thus we can take z € A(T) such that the orbit of z is dense in X. z € A(T) implies

that z € wp(z) and the closed invariant set wy(z) is minimal. z € wp(z) implies that

wr(z) = Orb(z). Then X = Orb(z) = wr(z) is minimal, contradicting that T is not

minimal. O

Notice that for systems such as topological mixing Anosov systems, mixing subshifts
of finite type, the unique measure with maximal entropy is ergodic and its support is not
minimal. Thus, by Theorem 3.3 if one wants to find some kind of “periodic-like” points
with totally full measure, we need to generalize almost periodic point to be more general.
Zhou etc. (see [61,64,63]) introduced such two more general concepts of “periodic-like”
points which have totally full measure for all dynamical systems.



X. Tian / Advances in Mathematics 288 (2016) 464—526 483

One is called weakly almost periodic and another is more weaker called quasi-weakly
almost periodic. Different ‘recurrent frequency’ determines different asymptotic behavior.
If E C X is nonempty and z € X, define

n—1 n—1
1 ) — 1 .
P,(B) :=liminf ;:0: xe(TH(z)) and P.(E) := lirrlnﬁsotip - ; xe(T"(z)).

In other words, recalling the definition of Y, (z) = + Z;Z()l 073 (2>

n

PL(B) = liminf Y, (2)(E), Pa(E) = linsup T, (2)(E)

If P,(FE) = P,(E), we denote by P,(E), which means the probability of the orbit of x
enters in E. Let V_(x) denote e-neighborhood of z, i.e., Vo(x) = {y € M |d(z,y) < £}.

Definition 3.4 ((Quasi-)weakly almost periodic). We call x to be a weakly almost periodic
point, if for any € > 0,

x is called to be a quasi-weakly almost periodic point, if for any € > 0,
P.(Vo(x)) > 0.

Let QW(T) and W(T') denote the sets of all weakly almost periodic points and all
quasi-weakly almost periodic points, respectively. Remark that

QT) 2 Ree(T) 2 QW(T) 2 W(T) 2 A(T) 2 Per(T). (3.9)

We have known Q(T), Rec(T) both have full measure for any invariant measure. Now
we show that QW (T') and W(T) also both have full measure for any invariant measure.

Theorem 3.5. For any continuous map T : X — X of a compact metric space X, QW (T)
and W (T') both have full measure for any invariant measure. In particular, each one of
QW(T) and W(T) carries full topological entropy.

Proof. For any ergodic measure u, let G(u) denote the set of all points satisfying that
T, (x) converges to p in weak* topology. By Birkhoff ergodic theorem G(u) is of p full
measure. Let S, denote the support of u, meaning that S, is the smallest closed invariant
set with p full measure. So S,NG(u) is of p full measure and every = € S,NG(u) satisfies
T,(x) = p in weak* topology. By weak* topology for open sets (see Remarks (3) (iii)
on Page 149 of [59]), we have for any x € S, N G(n), € > 0,

P, (V.()) = lim inf Ty () (Ve (&) > V() > 0.

Z x it
n—oo
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That is, for any ergodic measure p, p a.e. z belongs to W(T'). Thus by Ergodic Decom-
position theorem, W(T) has full measure for any invariant measure. By (3.9) QW (T)
also has full measure for any invariant measure. By Theorem 2.1 we complete the
proof. O

Remark that by (3.9) the proof of Theorem 3.5 also can be as an alternative proof to
show that Q(T), Rec(T) both have full measure for any invariant measure.

There are some equivalent statements of weakly almost periodic point and quasi-
weakly almost periodic point. Firstly we need to recall some notions (see [62], for
the case of flow see [36]). A set F is said to be a center of attraction of T with re-
spect to Xg C X, if F is a closed invariant set, and for any z € Xy and € > 0, the

limit
1 n—1 )
Po(V(E,2) = lim — ZO Xv (g (T (z))

exists and equals to 1, where V(F,¢) denotes the e-neighborhood of E, i.e., V(E,¢) =
{y € X|d(E,y) < €}. A set E is called minimal center of attraction relative to Xy if
F is a center of attraction relative to Xg but no proper subset of E also is. The mini-
mal center of attraction always exists and is unique (this is a basic fact and it follows
from Lemma 3.6 which comes soon). Denote by C'(Xy) the minimal center of attraction
relative to Xy. In particular, let

C, :=C({z}), z € X.

Let M,(T) be the set of all limits of T, (x) in weak® topology. Recall that S, de-
notes the support of a measure p (that is, the smallest closed subset of X with u
full measure). Let Mx,(T) = Ugex,Mz(T). From [62,61,64,63] we know some basic
facts:

Lemma 3.6. Let T : X — X be a continuous map of a compact metric space X. For any
XoC X, ze X,

C(Xo) = LW, in particular Cyp = Upenr, (1)Sm: (3.10)
VaeeX, Cp Cwr(x); (3.11)

For any recurrent point x € Rec(T),

reW(T) e Cp=58,,Vue M(T) & wr(x)=S5,, Yue M (T); (3.12)
reQW(T) e xeC, s wr(z)=Cr < wr(x) = Uen, (1)Su- (3.13)

If C, = X, then by (3.11) wr(z) = X > z so that € Rec(T) N C,. By (3.13),
x € QW (T). That is, we have the following corollary.
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Corollary 3.7. Let T : X — X be a continuous map of a compact metric space X. For
any z € X,

Co=X=2ecQW(). (3.14)

For convenience of readers, we prefer to introduce some classical equivalent definitions.
Let S C N, define

d(S) :=limsup#(SN{0,1,---,n—1})

n—oo

and
d(s) = lirginf#(S n{0,1,---,n—1}).

These two concepts are called lower density and upper density of S, respectively. If
d(S) = d = d, we call S to have density of d. A set S C N is called syndetic, if there is
N > 0 such that for any n > 1,

Sn{n,n+1,---,n+ N} #0D.
Let U,V C X be two nonempty open subsets and = € X. Define sets of recurrent time
NUV)={n>11Un f™(V) #£0}
and
N(z,U) :={n > 1| f*(x) € U}.
Then it is easy to check that for any = € X,

x is almost periodic < Ve > 0, N(z,V.(z)) is syndetic,
x is weakly almost periodic < Ve > 0, N(z, Vc(x)) has positive lower
density,
x is quasi-weakly almost periodic < Ve > 0, N(z, V.(z)) has positive upper
density,
x is recurrent < Ve > 0, N(z, Ve(x)) # 0,
x is non-wandering < Ve > 0, N(V(z), Vc(x)) # 0.
Remark that from these equivalent statements, for recurrent and non-wandering points
it is not required positive upper or lower density and for almost periodic points it
is required not only lower density but also some uniformly good order. Thus, these

“periodic-like” recurrences essentially reflect different “recurrent frequency”. A natural

question arises:
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How much difference are there between these “periodic-like” recurrences?

One fundamental way is to consider non-emptiness of gap-sets. Recall that A(T)
maybe not have totally full measure (for example, mixing subshifts of finite type and
B-shifts) but W(T') has totally full measure, thus the concepts of weakly and quasi-
weakly almost periodic is more general than almost periodic from the probabilistic
perspective. Moreover, many people pay attention to which system has nonempty gap
between two “periodic-like” sets (see [63,37.25,60] etc.), QW (T) \ W(T). For generic
diffeomorphisms and systems with Bowen’s specification such as topological mixing
subshifts of finite type and topological mixing hyperbolic systems, we will prove that
QW (T)\W(T) always contains a dense G subset (see Proposition 9.6 and Theorem 9.9
below). This is a characterization from topological or geometric perspective so that the
concept of quasi-weakly almost periodic is more general than weakly almost periodic
point. However, note that the sets QW (T) \ W(T) and Rec(T) \ QW (T) have zero
measure for any invariant measure. So we need to find another way to characterize the
difference.

As said in the beginning of the paper, it is known that topological entropy is a better
and deeper tool to study dynamical complexity than non-emptiness. Now let us firstly
consider some simple observation for general dynamical systems.

Theorem 3.8. For any continuous map T : X — X of a compact metric space X and a
set Y C X with totally full measure,

Y \ Per(T) either is empty or carries full topological entropy. (3.15)

In particular, W(T) \ Per(T) either is empty or carries full topological entropy and by
(3.9) so does QW (T') \ Per(T) and Rec(T) \ Per(T).

Proof. Suppose Y \ Per(T) # (. For Y1 = Per(T) and Y2 = Y \ Per(T), by (2.2) and
Theorem 3.2 Y \ Per(T) should carry full topological entropy. In particular, W (T \
Per(T) carries full topological entropy and by (3.9) so do QW(T) \ Per(T), Rec(T) \
Per(T) and Q(T) \ Per(T). O

Note that

W(T)\ Per(T) = (W(T) \ A(T)) U (A(T) \ Per(T)),

where U denotes the disjoint union. By the discussion of W(T') \ Per(T') in Theorem 3.8
and (2.2),

Theorem 3.9. For any continuous map T : X — X of a compact metric space X, at least
one of W(T)\ A(T) and A(T) \ Per(T) carries full topological entropy.
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4. Regularity, quasiregularity and irregularity

Another important way to observe points is from Birkhoff Ergodic theorem, called
quasiregular points (for example, see [15,39]), regular points (see [39]) and irregular points
(for example, see Chapter 8 in [2]).

Firstly let us recall the definition of generic point and quasiregular point (see Chapter 4
n [15]). A point z € X is said to be generic for a measure p € M(T, X), if for any
continuous function ¢ : X — R, the limit

n—1
#() = lim > §(T(x)
i=0

exists and equals to [ ¢du. Let G, (or G(p)) denote the set of all generic points for p,
called generic set of p for convenience. By weak* topology,

rxeG, & ILm Th(z)=pe M(T) ={p}. (4.16)

Remark that for different p # v € M(T,X), G, NG, = 0. Recall a classical result (see
Theorem 3 in [10]) that for any continuous map T : X — X, every ergodic measure
€ Merg(T, X) satisfies that

hu(f) = hu(Gu)- (4.17)

By Birkhoff ergodic theorem, for any ergodic measure p € Meo(T,X), G, is of u
full measure. Thus, by Ergodic Decomposition theorem, for any invariant measure
ne M(T, X),

,U(UVEMM(T,X)GV) =1

This implies for any invariant measure u € M (T, X) \ My(T, X), G,, either is empty
or satisfies that

H(G,) = 0.

A point z € X is called quasireqular with respect to T', if it is generic with respect to
some invariant measure. Denote by QR(T') the set of all quasiregular points with respect
to T, called quasiregular set for convenience. By definition,

z€QR(T) < Ipe M(T,X), € G, & My(T) is a singleton. (4.18)

For convenience, for any € QR(T'), denote by p, the invariant measure for which x is
generic. Now let us introduce another concept, called ¢-regular, and then we use it to
give more equivalent statements of QR(T'). Let ¢ : X — R be a continuous observable
function. A point € X is called to be quasiregular for ¢ with respect to T (simply,
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¢-regular), if the limit lim, oo £ 37" 01 (T (x)) exists. Define the ¢-regular set to be
the set of all ¢-regular points, that is,

Ry(T) :={x € X|z is ¢-regular}.

Let CY(X) denote the space of all continuous functions on X. Then by definition and
weak™ topology,

Theorem 4.1. For any continuous map T : X — X of a compact metric space X,

QRT) = |J Gu (| Re(T

WEM(T,X) $eCO(X)

Proof. The first equality is from definition. For the second equality, by definition, the
relation “C” is obvious and so we only need to prove the relation “2”. By contradiction,
there is some x € X such that x is ¢-regular point for any continuous function ¢ : X — R,
but z is not in QR(T). From (4.18) YT,,(z) do not converge to a unique measure, then
this sequence has at least two different limit points p and v. By weak* topology and the
definition of ¢-regular point, for any continuous function ¢ : X — R, the limit of

n—1

1 i
S HT@)
=0
equals to [ ¢(z)dp and [ ¢(z)dv. In other words, [¢(z)du = [ ¢(x)dv holds for any
continuous functions. By weak™® topology this implies y = v, which is a contradiction. O

Now we start to recall the concept of regular point (see [39]). A point © € QR(T)
is called a point of density, if p,(U) > 0 for every open set U C X containing z. Let
QR4(T) denote the set of all points of density in QR(T) and for convenience in present
paper QR4(T) is called density set. It is easy to check that for any x € QR(T),

r€QRq(T) &2 €8,,. (4.19)
Thus
QR(T)= |J (GuNnSy). (4.20)
ueM(T,X)

Let QRerg(T) := Upenr,,,(r,x)Go- In [39] the point in QRery(T) is called transitive, but
in present paper transitive point means that its orbit is dense in the whole space X. To
avoid confusion, in this paper points in QRe.(T) are called ergodic-transitive and the
set QRerg(T) is called ergodic-transitive set. A point « € X is called regular, if it belongs
to the set R(T) = QRa(T) N QRcry(T) (called regular set). Remark that

RT)= |J (GuNSu) CQRuT)UQRey(T) C QR(T). (4.21)

HWEMerg (T, X)
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By Birkhoff Ergodic theorem and Ergodic Decomposition theorem, R(T") has to-
tally full measure (see [39] for a proof) and so does QR(T') and every ¢-regular set
R4(T). Thus, by Theorem 2.1 regular points (resp., quasiregular points or ¢-regular
points) essentially determine the dynamical complexity of any system T : X — X.
That is,

Theorem 4.2. For any continuous map T : X — X of a compact metric space X, R(T)
carries full topological entropy and so does QRq(T'), QRerg(T'), QR(T) and every Ry (T)
(Vo € CO(X)).

Let I(T') denote the complementary set of quasiregular set, that is I(T) = X\ QR(T).
This set is called irregular set and its element is called irregular point (for example, see
Chapter 8 in [2], also called point with historic behavior in [47,53] and called ‘non-
typical’ point in [4]). In other words, a point € X is irregular if and only if there
is some continuous function ¢ : X — R such that the limit limj,_,o = S (T ()
does not exist. Note that every irregular point is observed by at least one continuous
function and so let us recall a concept called irregular point for the Birkhoff averages of
a function (for example, see [4,57,56]). Let ¢ : X — R be a continuous function. A point
x € X is called to be irregular for the Birkhoff averages of ¢ (simply, ¢-irreqular), if
the limit limy, o0 = Z?;Ol (T (z)) does not exist. Remark that I4(T) = X \ Ry(T). By
Theorem 4.1,

I(T)=X\QRT)= (] (X\Gh= |J X\R(D= |J LD

pnEM(T,X) peCO(X) PpeCO(X)
(4.22)

Thus by (4.18) we have
x € I(T) & M, (T) is not a singleton < T, (x) does not converge. (4.23)

From Theorem 4.2, QR(T) has totally full measure. Thus by (4.22) I(T) has zero measure
for any invariant measure and so does every I4(T).

However, in recent several years many people have focused on studying the dynamical
complexity of irregular set from different sights, for example, in the sense of dimension
theory and topological entropy (or pressure) etc. Pesin and Pitskel [41] are the first to
notice the phenomenon of the irregular set carrying full topological entropy in the case
of the full shift on two symbols. Barreira, Schmeling, etc. studied the irregular set in
the setting of subshifts of finite type and beyond, see [4,2,54] etc. Recently, Thompson
shows in [56,57] that every ¢-irregular set I (1) either is empty or carries full topological
entropy (or pressure) when the system satisfies (almost) specification, which is inspired
from [43] by Pfister and Sullivan and [54] by Takens and Verbitskiy. For convenience of
readers, let us recall a result from [57].
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Theorem 4.3. (See [57].) Let T be a continuous map of a compact metric space X with
almost specification (slightly weaker than g-almost product property). Then for any con-
tinuous function ¢ : X — R, the ¢-irreqular set 14(T') either is empty or carries full
topological entropy.

I(T) contains any ¢-irregular set so that it has similar results in a certain class of
dynamical systems such as [4,2,54,56,57| etc. For example, by Theorem 4.3 we have

Theorem 4.4. Let T be a continuous map of a compact metric space X with almost spec-
ification. Then the irregular set I(T') either is empty or carries full topological entropy.

For the case of specification, a separate proof of this result can be found in [13]
(irregular point is called divergence point there). Moreover, if further assuming that the
system is not uniquely ergodic, we have

Theorem 4.5. Let T be a continuous map of a compact metric space X with almost
specification. If T is not uniquely ergodic (equivalently, M (T,X) is not a singleton),
then the irreqular set I(T) is not empty and carries full topological entropy.

To prove Theorem 4.5, we need a following fact from [57] that

Lemma 4.6. Let T be a continuous map of a compact metric space X with almost spec-
ification (which is a little weaker than g-almost product property). Let ¢p : X — R be a
continuous function. Then

inf /w(x)d,u < sup /w(x)d,u & Iy (T) # 0.

HEM(T,X) neM(T,X)

Proof. For the case of ‘«<’, it is the fact (4.27). For the case of ‘=’ see the paragraph
behind of Lemma 2.1 in [57], as a corollary of Lemma 2.1 and Theorem 4.1 there on
Page 5397 (for the case of specification, see Lemma 1.6 of [56]). O

Proof of Theorem 4.5. By assumption, there are two different invariant measures p1, po.
By weak* topology, there is a continuous function ¢ : X — R such that

[ odus # [ o

Then

inf /(b(x)du < sup /¢(m)d,u.

HEM(T,X) pEM(T,X)

By Lemma 4.6 this implies I4(T) # 0 and so does I(T). Thus by Theorem 4.4 we
complete the proof. O
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Some classical results are known on multi-fractal analysis of Birkhoff averages, for
example see [43,54,38]. More precisely, firstly let’s recall Ry (T) which denote the set
of points whose Birkhoff average by ¢ equal to a, that is,

n—1

Roa(T) = {z € X| lim =3 o(T(x)) = a}.

n—oo N 4
Remark that

Ry(T) = || Ry,a(T),

a€R

where U denotes the disjoint union. Let us state some basic facts as follows. For ¢ €
C°(X) and a € R, by the continuity of ¢ and weak* topology,

n—1

P € Roall) & Jim 307 e) = D) S ol [odp=al (421
So by (4.24)
v € Ry(T) = 3aeR, M(T)C{p /(;Sdp —a). (4.25)
Thus one has
2 € I,(T) & 3 p1, pp € My(T) such that / bdpy # / bdys. (4.26)
In particular,
(1) # 0 = int( [ odul i € M(T, X)) < sup [ 6dulw € M(T, X)) (1.27)

Recall Ly = [inf{ [ ¢du|p € M(T,X)}, sup{ [ ¢dp|p € M(T,X)}], and let Int(Ly)
denote the interior of Lg. That is,

Int(Le) = (int{ [ oaul p & ML)}, sup{ [ odul p € M(T. X)),

Remark that if I,(T) # 0, by (4.26) Int(Ly) is a nonempty and open interval.
Now let us recall a result of [43] about variational principle on Ry (7).

Proposition 4.7. (See Proposition 7.1 of [43].) Let T be a continuous map of a compact
metric space X. Suppose that T is single-saturated. Let ¢ : X — R be a continuous
function. Then for any real number a € Lg,

hion(T. R (1)) = sup{hy(T)] p € M(T,X) and [ 6dp =)
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For uniformly hyperbolic maps and Hoélder continuous functions, Barreira and Saus-
sol [3] established similar result as Proposition 4.7. The study of multifractal analysis
for arbitrary (that is, non-Hoélder) continuous functions was initiated in the symbolic
dynamics setting by Olivier [38], Fan and Feng [18,19]. Similar results for maps with
specification can be found in [54] (for pressure, see [55]).

Let us consider the entropy map ¥ : Ly — R:

a > sup{h,(T)| p e M(T,X) and /¢dp =a}.

Proposition 4.8. Let T be a continuous map of a compact metric space X with positive
entropy. Let ¢ : X — R be a continuous function with I,(T) # 0. Then U is a positive
function on the interval Int(Ly).

Proof. Take a w € M(T, X) with positive entropy. If [ ¢dw = a, then

sup{h,(T)| p € M(T, X) and /¢dp= a} > hy,(f) > 0.

Otherwise, without loss of generality, we assume [ ¢dw > a. By definition of L, and
connectedness of M (T, X), we can take a measure o € M (T, X) such that [¢do < a.
Then we can choose suitable £ € (0,1) such that v = fw + (1 — £)o satisfies [ ¢dv = a.
Remark that h,(T) > &h,(T) > 0. So sup{h,(T)| p € M(T,X) and [¢dp = a} >
h(T)>0. O

Moreover, we point out a result on the continuity and concave property of entropy
function.

Proposition 4.9. Let T be a continuous map of a compact metric space X. Let ¢ : X — R

be a continuous function with I,(T) # 0. Then the entropy map ¥ : Ly — R is a concave
function and thus continuous on Int(Ly). In particular, hiop(T) = SuP,em(r,) ¥(a).

Proof. For any ay,as € Ly, 0 € [0,1],
Osup{l(f): [ ola)di=ar} + (1= O)sup{l(): [ ola)du = az)
= sup (B (1) + (1= ) (1) [ Ol)ds = as, i =1,2)
= sup{hgu, +(1-0)u> (f) : /d)(w)dui =a;, i=1,2}
<sup{h,(f): [ éla)du=bar + (1 6)aa).

By classical convex analysis theory, convex function is always (locally Lipshitz) contin-
uous over interior subset of the domain.
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Fix € > 0. By Variational Principle, we can take one u € M (T, X) such that
hy(T) > hiop(T) — €.

Then by (4.27) there is another v € M (T, X) such that

[ odn [ oav.

Take 6 € (0,1) close to 1 such that
he(T) > hiop(T) — €,

where w = 0y + (1 — 0)v. Remark that the value of [ ¢dw is between [ ¢dp and [ ¢dv
so that if a = [ ¢dw, then a € Int(Ly) and

U(a) = sup{h,(T)| p € M(T,X) and /¢dp =a} > h,(T) > hiop(T) — €.

Now we complete the proof. O

For higher smoothness of the concave function V¥, it may be worth mentioning here
that regularity of ¥ depends on the form of the pressure function ¢t — P(¢¢), of which
¥ is the Legendre transform. Although the fact that the two are related by a Legendre
transform is most well-known when the system is uniformly hyperbolic or has specifica-
tion or some such other hypothesis, in fact it holds for any continuous map on a compact
metric space; for example, see Proposition 2.9 (specifically (2.20)) of [14]. The notation
there is different and the proof is for rather more general multifractal objects, but in
particular it implies the first part of Proposition 4.9, concavity of ¥, and shows that as
one expects, non-differentiability of ¥ corresponds to intervals of ¢ on which P(t¢) is
linear. Thus one can easily construct examples where ¥ is non-differentiable.

5. Overlap of regularity and periodic-like recurrence

Regularity and recurrence are two different “eyes” to study asymptotic behavior. In-
spired from above analysis, a natural idea is to consider the recurrence and (ir)regularity
simultaneously. Roughly speaking, under the observation of two “eyes”, we aim to obtain

more deeper results. In this section let us first deal with some simple relations.

Theorem 5.1. For any continuous map T : X — X of a compact metric space X,

R(T) S W(T)NQR(T), Rece(T)NQR(T) S W(T), QW(T)\W(T) C I(T).
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w

Fig. 4. W (T).

Proof. We prove the three relations respectively as follows:

(1) If x € R(T), by definition x € QR(T'). Now we start to prove x € W(T'). Recall y,
denotes the ergodic measure for which z is generic. Then by definition of regular point,
it is a point of density so that for any € > 0, u(Vz(x)) > 0. By weak* topology for open
sets (see Remarks (3) (iii) on Page 149 of [59]),

P, (Vi) = liminf T, () (Va(e) = (Vi () > 0.
Sox e W(T).

(2) If © € Rec(T) N QR(T), then there is p € M(T, X) such that € G, (the set of
all generic points of x). So M, (T) = {u} and by (3.10) Cy = Upen, (1)Sm = Su. Then
by (3.12) z € Rec(T) and C, = S,, Vv € M, (T) imply x € W(T).

(3) Let x € QW(T)\ W(T). Then by (3.9) z € Rec(T). If x € QR(T), by the second
statement « € W (T'), which is a contradiction to z € QW (T)\ W(T). DO

Fig. 4 is to illustrate the relations between R(T'), W (T'), Per(T), A(T) (simply, writing
R, W, Per, A respectively in the figure).

Note that obviously one has Per(f) C R(T). From (3.15) for any dynamical system,
R(T) \ Per(T) always carries full topological entropy, since R(T') always has totally
measure. Now we deal with R(T") and A(T). For full shifts on finite symbols, R(T)NA(T)
has full topological entropy.

Theorem 5.2. For full shift on k symbols (k > 2), R(T) N A(T) \ Per(T) carries full
topological entropy and so does A(T) \ Per(T). In particular, the almost periodic set
A(T) carries full topological entropy.

Proof. It is not difficult to prove. Denote the set of all ergodic measures of all uniquely
ergodic minimal subshifts with positive entropy by M, (T, X). Then
U sSu= U GunS.CRT)NAT)\ Per(T)

peMz= (T,X) peMz (T,X)

erg erg
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*

and for any p € M, (T, X), by classical Variational Principle (Theorem 8.6 and Corol-
lary 8.6.1 in [59]) for T'[s,,,

h(T,S,) = sup  h,(f)=hu(T).
VEM_ry(T,S,,)

Recall a result from [23,24] that for any full shift on finite symbols, there exist uniquely
ergodic minimal subshifts with any given entropy. This implies that

hiop(T) = sup  hu(T) = sup  h(T,S,).
pEM;, (T, X) HEM, (T, X)

erg erg

Thus by (2.1),

htop(T7 R(T) n A(T> \ Per(T)) S htop(Ta X) = htop(T)

= sup  AW(T,S,) < hip(T, R(T) N A(T) \ Per(T)). (5.28)
ueMy (T,X)

erg

We complete the proof. 0O

Remark that even for full shifts on finite symbols, it is still unknown the non-emptiness
of A(T)\ R(T) and its entropy estimate (to the best of my knowledge).

Now we consider R(T) \ A(T). Firstly let us give some simple observation as fol-
lows.

Lemma 5.3. For any continuous map T : X — X of a compact metric space X, if there
is an invariant measure pi with non-minimal support, then G, N A(T) = 0.

Proof. By contradiction, there is x € G|, N A(T). Then wp(x) is a minimal compact set
and z € wy(z). Thus wr(x) = Orb(z). We claim that p(wr(z)) = 1. More precisely, by
weak™ topology for closed sets (see Remarks (3) (ii) on Page 149 of [59]), T, (z) — p

implies that

1 =limsup Y, (z)(Orb(z)) < limsup Yy, (x)(Orb(z)) < u(O0rb(z)) = p(wr(zx)).

n—oo n—oo

So p(wr(z)) =1 implies S, C wr(z), contradicting that S, is not minimal. O

Theorem 5.4. For any continuous map T : X — X of a compact metric space X, if
there is an ergodic measure p with maximal entropy and non-minimal support, then
R(T)\ A(T) carries full topological entropy.

Proof. Since 1 is ergodic, by Birkhoff ergodic theorem G, is of p full measure. Then
G, NS, also has full measure, since S, has full measure. Since p has maximal entropy,
then by (2.4) hiop(Gu N'S,) > hu(f) = hiop(T). By non-minimal assumption of S,
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and Lemma 8.1 A(T)N G, = 0. By ergodicity, G, NS, € R(T) and thus G, NS, C
R(T)NG, C R(T)\ A(T). Then by (2.1) hyop(R(T)\ A(T)) > hiop(Gp N Su) > hiop(T).
We complete the proof. O

From Theorem 5.1, R(T) C QR(T)NW(T) and thus R(T)\ A(T) C QR(T)NW(T)\
A(T). So by Theorem 5.4 we have a following consequence.

Theorem 5.5. For any continuous map T : X — X of a compact metric space X, if
there is an ergodic measure p with mazimal entropy and non-minimal support, then
QR(T) N W(T) \ A(T) carries full topological entropy and so does QR(T) \ A(T) and
W(T)\ A(T).

Remark that Theorem 5.4 and Theorem 5.5 are applicative to all the examples in
Section 1.2, since each example is non-minimal and the unique maximal entropy measure
is ergodic and has full support.

6. Some useful facts and lemmas

Firstly let us recall two basic properties of invariant measures with full support from
[15]. Let Mp,;(T, X) denote the set of all invariant measures with full support.

Lemma 6.1. (See Proposition 21.11 in [15].) Let T : X — X be a continuous map on a

compact metric space X. Then the set My (T, X) is either empty or a dense Gs subset
in M(T, X).

Lemma 6.2. (See Proposition 21.12 in [15].) Let T : X — X be a continuous map on a
compact metric space X . If the periodic points are dense in X, then the set Mp,u(T, X)
is a dense G5 subset in M (T, X).

A direct corollary of Lemma 6.1 is the following.

Lemma 6.3. Let T : X — X be a continuous map on a compact metric space X. If there
is an invariant measure with full support, then the set My, (T, X) is a dense Gs subset
in M(T, X).

Moreover, we discuss the relation between periodic points, periodic measures and
measures with full support.

Proposition 6.4. Let T : X — X be a continuous map on a compact metric space X. If
there is an tnvariant measure p with full support and a sequence of periodic measures

Wy such that p, converges to p in weak® topology. Then the periodic points are dense
in X.
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Proof. By weak* topology for closed sets (see Remarks (3) (ii) on Page 149 of [59)),

1 = lim sup pn, (Per(T)) < p(Per(T)).

n—oo

So S, C Per(T) and then X = Per(T'), since p has full support. O
By Proposition 6.4 and Lemma 6.2, we have a following consequence.

Proposition 6.5. Let T : X — X be a continuous map on a compact metric space X.
Suppose that the periodic measures are dense in the space of invariant measures. Then

Per(T)=X & 3pe M(T,X), S, =X.
For non-ergodic measures, we have a following result.

Lemma 6.6. Let T : X — X be a not uniquely ergodic continuous map on a compact
metric space X. Then the set of non-ergodic measures M (T, X )\ Merg(T, X) is a dense
subset in M (T, X).

Proof. One can use Ergodic Decomposition theorem to prove, here we give a constructed
proof. In fact, we only need to prove for any given p € M.4(T, X ), pt can be approximated
by non-ergodic measures. More precisely, by the assumption of not uniquely ergodic, take
another ergodic measure v # pu. Let v, = %I/ 4+ (1 — £)p. Then v, converges to p in
weak™® topology. Remark that obviously v, are all not ergodic. O

Now we start to consider the number of periodic points in open sets.

Proposition 6.7. Let T : X — X be a continuous map on a compact metric space X . If the

periodic points are dense in X (i.e., Per(f) = X ) and the periodic measures are dense
in the space of invariant measures (i.e., M, (T, X) = M(T, X)), then for any nonempty
open set U C X, there are infinite periodic points in U. In particular, every nonempty
set U is not finite.

Proof. By contradiction, there is some nonempty open set U C X such that U contains
at most finite periodic points. This implies that

A :={x € Per(T)| Orb(z)NU # 0}

is an invariant set with at most finite elements and thus closed. By assumption of density
of periodic points, the open set U contains some periodic point. Thus A is a nonempty

finite, closed invariant set. Take p := #LA > e Oz It is a finite convex sum of all periodic

T€EA
measures supported on A and thus p(U) > 0.
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Since in present paper X is assumed infinite, then by assumption, the number of peri-
odic points are infinite. Then we can take a periodic measure v whose orbit is contained
in X\ U. Sov(A) =0. Let w = %u + %I/. Then by assumption, there is a sequence of
periodic measures w,, such that w,, converges to w in weak™ topology. By weak* topology
for open sets (see Remarks (3) (iii) on Page 149 of [59]),

1
lini)infwn(U) >w(U) = §M(U) > 0.
Then we can take a large Ny such that for any n > Ny, w,(U) > 0. So the periodic orbit
S, is contained in A and thus w,(A) = 1. On the other hand, using weak* topology

for the open set X \ A,

liminfw,(X \ A) > w(X \A) >

n—oo

I/(X\A):%>O.

DN | =

Then we can take a large integer N > Nj such that wy(X \ A) > 0. This contradicts
wN(A) =1 O

Given ¢ € C%(X) with Int(Ly) # 0 and R C M(T, X), we say that R has Prop-
erty (P) w.r.t. ¢, if for every v € M(T, X), there is ¢ € R such that [ ¢do # [ ¢dv,
and if moreover, for any n € Z* and a € Int(Ly), there is py,p2, -+, pun € R and
V1,V Uy € R such that

/qi)(x)dun << /(b(x)dm <a< /¢($)dV1 <o < /qﬁ(x)duw

By (4.27) I4(T) # 0 = Int(Ls) # (. By weak® topology and the continuity of
¢ € C°(X), it is easy to see that if R is a dense subset of M (T, X), then

([ sl v e R}
is dense in Lg. This implies that

Lemma 6.8. Let T : X — X be a continuous map on a compact metric space X and let R
be a dense subset of M(T,X). Let ¢ € C°(X) with 1,(T) # 0. Then R has Property (P)
w.r.t. ¢.

In particular, by Lemma 6.8 we have a following consequence.

Lemma 6.9. Let T : X — X be a continuous map on a compact metric space X. Let
¢ € COX) with I1,(T) # 0. Then

(1) if Mp(T, X) is dense in M (T, X), then M,(T, X) has Property (P) w.r.t. ¢. More-
over,
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Int(Ly) C {/ ¢dp | pe M(T, X), S, is composed of at most two periodic orbits};

(2) if there is some invariant measure with full support, then My, (T, X) has Prop-
erty (P) w.r.t. ¢. Moreover,

Int(Lg) C {/¢du|u€M(T7X)a Sp =X}

(3) if Merg(T, X) is dense in M(T,X), then Meyy(T, X) has Property (P) w.r.t. ¢;

(4) if there is some invariant measure with full support and Me.,(T, X) is dense in
M(T,X), then Mevg(T, X) N Mpu(T, X) has Property (P) w.r.t. ¢;

(5) if there is some invariant measure with full support and M,(T,X) is dense in
M(T, X), then Mepg(T, X) N Mpyy(T, X) has Property (P) w.r.t. ¢;

(6) M(T,X)\ Mery(T, X) has Property (P) w.r.t. ¢. Moreover,

Int(Le) € { [ édul p € M(T,X)\ Mo (T, X)),

Proof. (1) Letting R = M, (T, X), by Lemma 6.8 we only need to prove
Int(Ly) C {/ ¢dp|pe M(T, X), S, is composed of at most two periodic orbits}.

Take two periodic measures 1, v4 such that [ ¢(z)dps < a < [ ¢(z)dvi. Then we can
choose some suitable 6 € (0,1) such that [ ¢dw = a, where w = Oy + (1 — 0)v;. Remark
that S, is composed of at most two periodic orbits.

(2) By Lemma 6.3 My, (T, X) is dense in M (T, X). So by Lemma 6.8 we only need
to prove

Int(Lg) € { [ odu| e M(T,X), S, = X).

Take two invariant measures g, v; with full support such that [¢(z)dur < a <
J ¢(z)dvy. Then we can choose some suitable § € (0,1) such that [¢dw = a, where
w=0u; + (1 — 0)vy. Remark that S, also has full support.

(3) It is obvious just letting R = My, (T, X) in Lemma 6.8.

(4) It is well-known that M..4(T, X) is a non-empty G5 subset of M (T, X) (see Propo-
sition 5.7 in [15]). Thus, by assumption and Lemma 6.3, Meno(T, X) and Mypu(T, X)
both are dense G5 subsets of M (T, X). So Merg(T, X) N Mpuy(T, X) is also dense G5 in
M (T, X). Then Lemma 6.8 implies that (4) is true.

(5) Note that M,(T,X) C Mey(T,X). So by assumption, Me,,(7T, X) is dense in
M (T, X) and thus (4) implies (5).

(6) From (4.27) I(T) # 0 implies that the system is naturally not uniquely ergodic. By
Lemma 6.6, M(T, X)\ Merg(T, X) is dense in M (T, X). Let R = M(T, X )\ Merg(T, X)
and then by Lemma 6.3, we only need to show
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nt(Lo) € { [ o |1 € M(T,X)\ Moy (T, X)),

Take two non-ergodic measures pq, v1 such that [ ¢(z)dpr < a < [ ¢(x)dvy. Then we
can choose some suitable § € (0,1) such that [ ¢dw = a, where w = Ouy + (1 — 0)v4.
Remark that w is not ergodic, since it is known that every ergodic measure is extremal
point in M (T, X) (for example, see Proposition 5.6 in [15]). O

7. Proofs of main results
7.1. Proof of Theorem 1.3 (2)

In this section we divide the proof of Theorem 1.3 (2) into several proposi-
tions, for which the system is just assumed saturated. Recall from Section 2.4 that
a system T is called saturated, if for any compact connected nonempty set K C

M(T, X),

hiop(T, Gic) = inf{h,(T) | € K},
where Gx = {z € X|M,(T) = K}. By Theorem 2.8 we know that g-almost product
property + uniform separation gives that the system should be saturated. So Theo-
rem 1.3 (2) can be deduced from the following several propositions. They are stated for
possibly applicable to more general systems (for example, it is possible to apply partial

results in some partially hyperbolic systems, see Section 7.3).

Proposition 7.1. Let T' be a continuous map of a compact metric space X. Suppose that
T is saturated and there is some invariant measure p with full support (i.e., S, = X).
Then for any ¢ € CY(X), either 1,(T) =0 or

hiop(T, W(T)\ QR(T)) N 15(T)) = hiop(T, 16(T)) = htop(T).

Proof. Suppose I,(T') # 0 and fix £ > 0. By classical Variational Principle (Theorem 8.6
in [59]), we can take p € M (T, X) such that

hu(T) > hiop(T) — €.
By Lemma 6.9 (2), we can take v € M (T, X) such that S, = X and [ ¢dv # [ ¢du.
Then we can choose two different numbers 0 < 67 < 65 < 1 close to 1 enough such that
for w; = 0;i+ (1 — 6;)v, i = 1,2, one has

hoo, (T) = 03,0 (T) + (1 — 02 (T) > 0 (T) > haop(T) — €, i =1,2.  (7.29)

Remark that 61 # 62 and [ ¢du # [ ¢dv imply
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[otin 2 [ odon (7.30)
and S, = X implies
S =S, U8, =X,i=12 (7.31)
Let
K ={rw; + (1 —71)ws| T €[0,1]}.
Then by (7.31) and (7.29) for any m = 7wy + (1 — T)ws € K,
Sm =X, hp(T) > min{he, (1), hu, (T)} > hop(T) — €.
Since T is saturated, then
hiop(T, G ) = inf{h,(T) |m € K} > hiop(T) — &,
where G = {r € X|M,(T) = K}.
To complete the proof, we only need to prove Gxg C I4(T) N W(T). On one hand,

for any x € Gk, notice that wy,ws € K = M,(T) and thus by (4.26), (7.30) implies
x € I;(T). On the other hand, by (3.10) the equality

C, = UneMx(T)Sn = Ukex Sk =X =S,

hold for all m € K = M,(T). By (3.11) z € X = C; C wr(z) and thus z € Rec(T). So
from (3.12) one has x € W(T). O

Proposition 7.2. Let T' be a continuous map of a compact metric space X . Suppose that
T is saturated, has entropy-dense property and there is some invariant measure with full
support. Then for any ¢ € C°(X), either I4(T) =0 or

hiop(T, In(T) N V(T)\ W(T)) = hitop(T, Is(T)) = hiop(T).

Proof. Suppose I,(T) # () and fix € > 0. By classical Variational Principle (Theorem 8.6
in [59]), we can take ug € M(T, X) such that

Ry (T) > hiop(T) — €.

By entropy-dense property we can choose p € Meyy (T, X) (close to pio) such that S, G X
and

h(T) > higp(T) —&.
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By Lemma 6.9 (2), I4(T) # 0 implies that we can take v € M(T, X) such that S, = X
and [ ¢dv # [ ¢dp. Then we can take 6 € (0,1) close to 1 such that hy,(T') > 6h,(T) >
htop(T) — € where w = 0 + (1 — 0)v. Remark that S, =5, U S, = X and

/ bdw # / ddy. (7.32)
Let
K={rw+ (1—-7)u|r€][0,1]}.
Then for any m = 1w+ (1—7)u € K\ {u}, S =X and forany m =rw+(1—71)u € K
hon(T) = min{ho (T), hu(T)} > huop(T) — =.
Since T is saturated, then
hiop(T, Gr) = inf{hy,(T) |m € K} > hyop(T) — &,

where G = {zr € X|M,(T) = K}.

To complete the proof, we only need to prove G C I(T)N{z € QW (T)\W(T)|Fw €
M, (T)s.t.S, = C,}. In fact, fix x € Gx. On one hand, notice that w, u € K = M,(T)

and thus by (4.26), (7.32) implies © € I4(T"). On the other hand, by (3.10) one has the
following equality

C: = UmEMT(T)Sm = UnerxSm = X.

By (3.14) x € QW/(T). Thus by (3.9) z € Rec(T). Notice that y € M,(T) and C, =
X # 5, so that from (3.12) x € X \ W(T'). Recall that w € K = M,(T) and S, = X.
Sox € Iy(T)N{z e QW(T)\W(T)|B3w € My(T)s.t. S, =Cr}. O

Proposition 7.3. Let T be a continuous map of a compact metric space X. Suppose
that T is saturated and has entropy-dense property, the periodic points are dense in X

(i.e., Per(f) = X) and the periodic measures are dense in the space of invariant

measures (i.e., M,(T,X) = M(T,X)). Then for any ¢ € C°(X), either I4(T) = 0
or

hiop(T 1o (T) NQW(T) \ V(T)) = hiop(T, 15(T)) = htop(T).

Proof. Suppose I4(T) # () and fix e > 0. By classical Variational Principle (Theorem 8.6
in [59]), we can take g € M (T, X) such that

huo (T) > hyop(T) — €.
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By entropy-dense property, we can choose p € Me,y(T, X) (close to o) such that S, G X
and

hu(T) > hiop(T) — €.

Since X and M (T, X) are compact metric spaces, by assumption we can take a count-
able dense subset P; C Per(T) and a countable dense subset My C M,(T,X). Then
Upenr, S U Py is still a countable dense subset of Per(T'), denoted by {z;}$2,. Moreover,
U.ep, Mz U My is countable and dense in M(T, X), where m, denote the T-invariant

measure supported on the periodic orbit of z. So {m;}$2, = M (T, X), where m; denotes
the T-invariant measure supported on the periodic orbit of x;.
Take a strictly increasing sequence of {6;] 6; € (0,1)}22, such that

1——+o00
and
Bn(T) > 0,1, (T) > oy (T) — €

where v; = ;4 (1 — 0;)m;, © = 1,2,3,---. Remark that for any 4, S,, =S, USy,,.

By Lemma 6.8, if let R = {m;}2,, then I,(T) # 0 implies that we can take one
periodic measure m;, such that [ ¢dm;, # [ ¢dp. Without loss of generality, we can
assume mp = m;,. Then

/¢d1/1 #* /gﬁdp. (7.33)
Now we consider

K= U{TI/Z (1 —=7)vg1| 7 €10,1]} U {u}

i>1

Remark that K is a nonempty connected compact subset of M (T, X) because v; — p in
weak™ topology. Since T is saturated, then

hiop(T, G ) = nf{hpn(T) |m € K} = min{}g{{hw (1)} hu(T)} = hiop(T) — &,

where G = {z € X| M, (T) = K}.

To complete the proof, we only need to prove Gx C I4(T)N{z
My(T)s.t. Sy # Cy}. Fix € Gi. Recall that vq,u € K = M,
(7.33) implies x € I,(T). Clearly by (3.10)

€ QW(TN\W(T)Vm e
(T') and thus by (4.26),

Cz = UmeM, (1)Sm = Umek Sm 2 Ui>15,, = Ui>1(Sm, U S,) 2 Uis1{zi} = X

So C, = X. By (3.14) z € QW(T). By (3.9) « € Rec(T). Notice that C;, = X # 5, and
w € M, (T) so that from (3.12) z € X \W(T). For any m € M, (T) = K, by definition of
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K there is some 7 such that Sy, C S, USp, USn, . Note that X'\ S, is a nonempty open
set so that by Proposition 6.7 X'\ S, is not a finite set. But S,,, US,,,,, is just composed
of two periodic orbits and thus is a finite set. Hence 5., g X=C;. le, S, #C,. O

Proposition 7.4. Let T be a continuous map of a compact metric space X. Suppose that
T is saturated and has entropy-dense property, the periodic points are dense in X (i.e.,

Per(f) = X ) and the periodic measures are dense in the space of invariant measures

(i.e., M,(T,X) = M(T,X)). Then for any ¢ € C°(X), either 1,(T) =0 or
hiop(Ts 1o (T) N I(T) \ QW(T)) = hiop(T, 16(T)) = htop(T)-

Proof. Suppose I4(T) # () and fix e > 0. By classical Variational Principle (Theorem 8.6
in [59]), we can take o € M (T, X) such that

By (T) > hyop(T) — €.

By entropy-dense property, we can choose p1 € Mepy (T, X) (close to pg) such that S, & X
and

hy(T) > hiop(T) — €.
Since X \ S, is nonempty and open, by density of periodic points
B:={ve My,(T, X)| S, \S,#0}#0.

Now we will construct an invariant measure x such that the set S, \ S, is composed

[ oin [ odu.

More precisely, if there is a periodic measure v € B such that f odv # f ¢dp, then take
x = v and remark that S, \ S, = S,. Otherwise, for any v € B, [¢dv = [ ¢du. Take

such a measure v. By Lemma 6.9 (1), M, (T, X) = M(T,X) and I4(T) # 0 imply

of one periodic orbit and

Y :={7] /¢d7’ # /(bd,u, T € My(T, X)} #0.

Then we can take v/ € Y such that [ ¢dv’ # [ ¢du. Remark that in this case Y N B = ()
so that S,/ \ S, = 0. Then S,» C S,,. So if we take k = %(V + '), then [ ¢dk # [ ¢pdp.
Note that S,, =S, US, and S, \ S, = S,.

Take 6 € (0,1) close to 1 such that w = 6u + (1 — 0)x satisfies he,(T) > 0h,(T) >
hiop(T) — €. Then w also satisfies that [ ¢pdw # [ ¢dp. Remark that S, = S,US,US, =
S,uS,. Let K ={7p+ (1 —7)w|7 €0,1]}. Since T is saturated, then
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hiop(T, Gr) = inf{hy(T) |m € K} > min{h,(T), ho(T)} > hiop(T) — ¢,

where G = {z € X| M, (T) = K}.
To complete the proof, we only need to prove

Gk € 1s(T)\ QW(T).

For any = € Gk, recall that w,u € K = M,(T) and [ ¢pdw # [ ¢pdp. Thus by (4.26)
x € Iy(T). If . € QW(T), then by (3.9) « € Rec(T) so that by (3.13) x € Cp = wr(z).
Then by (3.10)

z e wT(x> =0 = UmGMI(T)Sm = Upmek Sm = Su usS,,

which implies z € S, or S,. So by invariance of S, and S,, one has Orb(z) C S, or
Orb(xz) C S, and thus by compactness of S, and S,,, we have wr(z) C S, ; S, us, =
Ce = wr(z) or wp(z) € 5, & S, US, = Cp = wp(x). That wr(z) & wr(z) is a

=
contradiction. Hence, z is not in QW(T). O

Proof of Theorem 1.3 (2). By Lemma 6.2, there is some invariant measure with full
support. By Lemma 2.8, T is saturated. By Lemma 2.10, T has entropy-dense property.
So Theorem 1.3 (2) can be deduced from Propositions 7.1-7.4. O

7.2. Proofs of Theorem 1.5 (1) and Theorem 1.}

We divide Theorem 1.4 into several propositions and then use it to prove The-
orem 1.3 (1). Here we will state every proposition for possible more general sys-
tems.

Proposition 7.5. Let T' be a continuous map of a compact metric space X . Suppose that
T is single-saturated. Let ¢ : X — R be a continuous function with 14(T) # 0. Then for
any real number a € Int(Lg),

(1) {QRry(T), QR(T)} has full entropy gaps with respect to Ry o(T).

(1') {R(T),QR(T)} has full entropy gaps with respect to Ry o(T).

(2) If there is some invariant measure such that its support is not minimal, then
{A(T)U QRerg(T),QR(T)} has full entropy gaps with respect to Ry o(T).

(2) If there is some invariant measure such that its support is not minimal, then
{A(T)UR(T),QR(T)} has full entropy gaps with respect to Ry o(T).

Proof. Since R(T) C QRery(T), (1) implies (1') and (2) implies (2) so that we only
need to prove (1) and (2). Remark that from (4.27) I,(T) # 0 implies that the system
is naturally not uniquely ergodic.

Fix a € Int(Ly) and let ¢t = sup{h,(T)| p € M(T,X) and [ ¢dp = a}. For any € > 0,
we can take p € M(T, X) such that [ ¢dp = a, h,(f) >t —e.
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(1) By Proposition 4.7, we only need to show that

Biop (T, R aT) N QR(T) \ QRery(T)) > t.

If p is non-ergodic, then take m := p. Otherwise, p is ergodic, by Lemma 6.9 (6), take
a non-ergodic measure o such that [ ¢do = a. Take ' € (0,1) close to 1 such that
m = 0'p+ (1 — 0')o satisfies h,,(f) > 0'h,(f) > t — e. Remark that [¢dm = a and
m is not ergodic, since o is not ergodic. Since T is single-saturated, then h(T,G,,) =
hm(f) >t —e.

We only need to prove that G, C Ry o(T)NQR(T)\ QRery(T). By construction of m,
it is easy to see that Gy, € QR(T) \ QRery(T). For any € G, My(T) = {m} so that
M,(T) C{9| [ ¢d¥ = a}. By (4.24) x € Ry o(T). Now we complete the proof of (1).

(2) Take same m as in (1). If Sy, is not minimal, then we claim that (2) can be deduced
from Gy, € Ryo(T) N QR(T) \ (QRerg(T) U A(T)). Otherwise, there is z € G,,, N A(T).
Then wy(z) is a minimal compact set and z € wr(z). By (3.10) and (3.11) S,, = C, C
wr(z), contradicting that Sy, is not minimal.

Now we face the case that S, is minimal. By assumption there is some invariant
measure £ with non-minimal support. Then m # p. Let b := [¢du. If b = a, take
w = p. If b # a, without loss of generality, we can assume b > a. By definition of Ly
and connectedness of M (T, X), we can choose some v such that ¢ := [ ¢dv < a. In this
case we can take suitable 6 € (0,1) such that w = 6u+ (1 — 0)v satisfies that [ ¢dw = a.
So in any case, w satisfies that [ ¢dw = a and S, O S, is not minimal. Take ¢’ € (0, 1)
close to 1 such that 7 := 0'm + (1 — 6")w satisfies h(f) > 6'hp,(f) > t — €. Remark that
J ¢dr = aand S; = S,US,, 2 S,, is not minimal, and S,, is minimal implies that m # w
and so 7 is non-ergodic. Since T is single-saturated, then h(T,G.) = h.(f) >t —e.

We need to prove G C Ry o(T) N QR(T) \ (QRerg(T) U A(T)). Similar as the proof
of (1), it is easy to check that G, C Ry o(T)NQR(T)\ QRerg(T). Now we start to prove
G, N A(T) = 0. Otherwise, there is z € G, N A(T). Then wr(z) is a minimal compact
set and = € wy(z). By (3.10) and (3.11) S; = C, C wr(x), contradicting that .S; is not
minimal. Now we complete the proof of (2). O

Proposition 7.6. Let T be a continuous map of a compact metric space X . Suppose that T
is single-saturated and there is some invariant measure with full support. Let ¢ : X — R
be a continuous function with I,(T) # (0. Then for any real number a € Int(Ly),

(1) {QRerg(T), QR4(T)} has full entropy gaps with respect to W(T) N Ry o(T).

(') {R(T),QR4(T)} has full entropy gaps with respect to W(T') N Ry.o(T).

(2) If further the system T is not minimal, then {A(T)UQRery(T), QR4(T)} has full
entropy gaps with respect to W(T) N Ry o(T).

(2 ) {A(T)UR(T),QRa(T)} has full entropy gaps with respect to W(T) N Ry o(T').

Proof. Since R(T) C QR.ry(T), (1) implies (1’) and (2) implies (2') so that we only need
to prove (1) and (2).
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Remark that from (4.27) I,(T) # () implies that the system is naturally not uniquely
ergodic. By Lemma 6.9 (2) there is some invariant measure £ with full support such that
J ¢d€ = a. Fix a € Int(Ly) and let t = sup{h,(T)| p € M(T,X) and [ ¢dp = a}. Fix
€ >0,

(1) Take m same as in the proof of Proposition 7.5 (1) such that m is not ergodic,
[ ¢dm = a, hy(f) >t —e. Take o € (0,1) close to 1 enough such that the measure
m’ = am+(1—«a) such that hy, (f) > ahpm(f) > t—e. Remark that m/ is not ergodic, has
full support and [ ¢dm’ = a. Since T is single-saturated, then h(T, Gy/) = hp (f) > t—e.

We only need to prove that G,y € W(T) N Rg.o(T) N QRq(T) \ QRerg(T). By con-
struction of m/, it is easy to see that G,y € QR(T) \ QRerg(T). Now we start to show
that G,y C QR4(T). In fact, S,y = X implies G,y = G,y N Sy and thus by (4.20)
Gy € QRy(T). For any x € Gy, My(T) = {m'} so that M,(T) C {p| [ ¢dp = a}.
Thus by (4.24) z € Ry o(T). Moreover, for x € G, My(T) = {m’} implies that
Cy = Sy = X 3 2. By (3.11) & € Rec(T) and then by (3.12) x € W(T'). Now we
complete the proof of (1).

(2) By non-minimal assumption the measure m’ in (1) satisfies that S, = X
is not minimal. Similar as the proof of Proposition 7.5 (2) it is easy to check that
G (VA(T) = 0. Thus by (1) Gnr € W(T) N R a(T) N QRa(T) \ (A(T) U QRery(T)).
Then we can follow the proof of (1) to complete the proof of (2). O

Proposition 7.7. Let T be a continuous map of a compact metric space X . Suppose that T
is saturated, there is some invariant measure with full support and Meqo(T, X) is dense

in M(T,X). Let ¢ : X — R be a continuous function with I4(T) # 0. Then for any real
number a € Int(Ly),

htop<T7 R¢,a (T) N W(T> \ QR(T)) = htOP(Tﬂ R¢,a(T))'

Proof. Fix a € Int(Ly) and let ¢t = sup{h,(T)| p € M(T,X) and [¢dp = a}. By
Proposition 4.7, we only need to show that

Riop(T, Ry o(T) N W(T) \ QR(T)) > .

Fix € > 0. We need to construct two measures as follows, which are also useful to prove
other propositions.

Lemma 7.8. Let T be a continuous map of a compact metric space X . Suppose that T is

saturated, there is some invariant measure with full support and Me.,(T, X) is dense in

M(T, X). Then there are two different measures w,w’ € M(T, X) (w # ') such that
min{h, (T), hy (T)} >t —¢

and [ ¢dw = [ ¢pdw’ =a, S, = S, = X.
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Proof. By Lemma 6.9 (4) we can take three different ergodic measures of u; (i =0,1,2)
with support X such that

[oino<a< [ o < [ e

Then we can choose suitable 6; € (0,1) (i = 1,2) such that v; = ;0 + (1 — 6;)11; satisfy

/gzﬁdui:a,i:l,l

Remark that by ergodicity of y;, v1 #1v2 and S, =S, U S, =X, i1=1,2.

By definition of ¢, we can take p € M (T, X) such that [ ¢dp = a and h,(T) >t —e.
Then we can choose 0 < 6 < 1 close to 1 such that w = O+ (1—0)v1, W = Ou+(1—0)1
satisfy

ho(T) = 0hy(T) + (1 = 0)he, (T') = 00y (T) >t — ¢,
hoy (T) = Oh, (T) + (1 — O)hyy (T) > 0h,(T) > t — ¢

Remark that [ ¢dw = [ ¢dw’ = a, S, = S,y = X and vy # vp implies w # w'. O

Now we continue the proof of Proposition 7.7. Let K = {rw + (1 — 7)w'| 7 € [0,1]},
then for any m = 7w+ (1 — 7w’ € K,

Sn = X, Tn(T) = min{ho,(T), hor (T)} > ¢ — &, /¢>dm —a
Since T is saturated, then
hiop(T, G ) = inf{hy,(T)|me K} >t —¢,
where Gx = {z € X|M,(T) = K}. We only need to prove Gx C Ry o(T) N W(T) \
QR(T).
Fix € Gg. Then M,(T) = K so that for any m € M,(T), [¢dm = a. Thus

M,(T) C{p| [¢dp=a} and so by (4.24) x € Ry o(T). Notice that for any m € M,(T),
by (3.10)

C, = UmEMw(T)S =UmerSm =X = Sp.

By (3.11) z € X = C; C wp(z) and thus x € Rec(T). So from (3.12) one has x € W(T).
Since M, (T) = K is not a singleton, by (4.23) z € I(T). O

Proposition 7.9. Let T' be a continuous map of a compact metric space X . Suppose that
T is saturated and has entropy-dense property, the periodic points are dense in X (i.e.,
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Per(f) X ) and the periodic measures are dense in the space of invariant measures
(i.e., My(T,X) = M(T,X)). Let ¢ : X — R be a continuous function with I(T) # 0.
Then for any real number a € Int(Ly),

hiop(T', Ro,a(T) NV(T)\ W(T)) = hiop(T, Rg,a(T))-

Proof. Fix a € Int(Ly(T)) and let ¢ = sup{h,(T)| p € M(T,X) and [ ¢dp = a}. By
Proposition 4.7, we only need to show that

hiop(T, Rs.o(T) NV (T)\ W(T)) > ¢

Fix € € (0,t). We need to construct a measure as follows, which is also useful to prove
other propositions.

Lemma 7.10. Let T be a continuous map of a compact metric space X. Suppose that T
is saturated and has entropy-dense property, the periodic points are dense in X (i.e.,

Per(f) = X ) and the periodic measures are dense in the space of invariant measures
(i.e., Mp(T,X) = M(T,X)). Then there is a measure w € M (T, X) such that

ho(T) >t —¢ and /(bdw:a, S, G X.

Proof. Take a v € M(T,X) such that h,(f) >t—% and [ ¢dv = a. By Lemma 6.9 (1),
take two periodic measures v; (i = 1,2) such that by := f odvy > a > f ¢dvs =: by. Let
0 > 0 small enough such that

b1 —a a— by t—e
> .
b1—a+5’a—b2+5} — 2

min {

Then by entropy-dense property, we can take one ergodic measure p close to v enough
(in weak* topology) such that S, & X and

|/<¢>du—a\ |/¢du /¢>dz/\<5h f) > t__

If [¢du = a, then take w = p. Otherwise, [ ¢dp # a. Without loss of generality, we
assume [ ¢dp < a. Take

bl—a

bi — [ ¢dp

bl—a

= b Jeat T

2}

Then [ ¢dw = a, hy(f) > blﬁlfﬁhu(f) > g8=4sh,(f) > t — e Recall that S, is a

finite closed set but X \ S, is nonempty, open and thus by Proposition 6.7 it is not a
finite set. So S, =S, US,, #X. O
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Now we continue the proof of Proposition 7.9. By density of periodic points and
Lemma 6.2, there is some invariant measure with full support and by density of peri-
odic measures, Me.(T, X) is dense in M (T, X). Then one can construct w’ same as in
Lemma 7.8 such that

h (T) > t—e,/¢dw’ =a and S, = X.
Clearly S, # S, and thus w # w'.

Let K = {7w+ (1 — 7)w'| 7 € [0,1]}, then for any m = 7w + (1 — 1)’ € K \ {w},
Spm =X and for any m =7w+ (1 — 1)’ € K,

hon(T) > min{hoy(T), hor (T)} > ¢ — &, / bdm = a.
Since T is saturated, then
hiop(T,Gr) = inf{h,,(T)|m e K} >t —¢,
where G = {x € X| M,(T) = K}. We only need to prove
Gk C Ry o(T)NV(T)\ W(T).

Fix € Gg. Then M,(T) = K so that for any m € M,(T), [ ¢dm = a. Thus

WMD) € (| [ odp=a)

and so by (4.24) x € Ry o(T). Notice that by (3.10)

C, = UmEMT,(T)Sm = UmerxSm = X.

So by (3.14) C = X implies € QW (T). By (3.9) « € Rec(T). Then from (3.12) C,, =
X #8, and w € M, (T) imply x € X \W(T). Recall S,y = X and w’ € K = M,(T). So
© € Ryo(T)NV(T)\ W(T). O

Proposition 7.11. Let T' be a continuous map of a compact metric space X . Suppose that
T is saturated and has entropy-dense property, the periodic points are dense in X (i.e.,

Per(f) = X ) and the periodic measures are dense in the space of invariant measures

(i.e., Mp(T,X) = M(T,X)). Let ¢ : X — R be a continuous function with I4(T) # 0.
Then for any real number a € Int(Ly),

hiop(T's R,o(T) NQW(T)\ V(T)) = htop(T, Rg,a(T))-
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Proof. Fix a € Ly(T) and let ¢ = sup{h,(T)| p € M(T,X) and [ ¢dp = a}. By Propo-
sition 4.7, we only need to show that

hiop(T, Rs.a(T) N QW (T)\ V(T)) > .

Fix ¢ > 0. Firstly, by assumption we can take same w as in Lemma 7.10 such that
J ¢dw = a, hy,(f) >t —cand S, # X.

By density of periodic points and density of periodic measures, we can choose {x;}° ;
and {m;}>2 ; same as in the proof Proposition 7.3. They are composed of periodic points
and periodic measures and {z;}°, = X, {m;}2, = M(T,X), Ui>15m, = {x:}2;.

Let

Ky = {m| /¢dm >a, me{m;};2,},
Ko = ] [ odm <a,me fmie)

and
Ky o= ] [ odm = a, m e {m}ie, ).

By Lemma 6.9 if let R = {m;}32,, then it is easy to see that K7 and K are countable.
Remark that K3 may be empty, finite or countable. Without loss of generality, we can
assume K; = {mgl)};?';h i =1,2,3. Then we can choose suitable 6, € (0,1) such that

mjp = Hj’kmgl) (1- Gj,k)m,(f) satisfies [ ¢dm; ; = a. For any n > 1, let

[ Dith=n Mgk + my
n — n b

then [ ¢dl, = a. Remark that every S, is composed of finite periodic orbits and
U,>1 51, = {zi}p2, is dense in X.

Take an increasing sequence of {0;] 6; € (0,1)}32, convergent to 1 such that h,, (T) >
t — e where w; = 0w + (1 — 0;)l;. Remark that S,, = S, U.S;,. In particular, for all i,
[ ¢pdw; = [ ¢pdw = a.

Now we consider

K = {w}u | J{rwi + (1 = Pwina| 7 € [0,1]}.

i>1

Then K is nonempty connected compact subset of M (T, X) because w; — w in weak*
topology. Since T is saturated, then

hiop(T, G ) = inf{h,(T) |v € K} = min{}g{{hwi (M)} ho(T)} >t —e,
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where G = {z € X| M, (T) = K}. We only need to prove
Gk C{x € Ry o(T)NQW I\ W(T)Vm € My(T)s.t. S, # Cy}.

Fix € Gk. Note that for any m € M,(T) = K, [¢dm = a. Thus M,(T) C
{p| [#dp = a} and so by (4.25) x € Ry (T). Notice that by (3.10)

Cr = Umem, (1)Sm = Umer Sm 2 Ui>150, = Ui>1(S, U Sy) 2 Uis1{z;} = X.

So X = C,. From (3.14) one has z € QW(T). By (3.9) € Rec(T). Notice that from
(3.12) Cp = X # Sy, and w € M, (T) imply x € X \ W(T). For any m € M,(T) = K,
there is some 4 such that S,, € S, U S, US,,, g X = (. This is because S, U S5;,,
is a finite set but X \ S,, is nonempty, open and thus by Proposition 6.7 it is an infinite
set. Hence S,, # C,. O

Proposition 7.12. Let T be a continuous map of a compact metric space X. Suppose that
T is saturated and has entropy-dense property, the periodic points are dense in X (i.e.,

Per(f) = X) and the periodic measures are dense in the space of invariant measures

(i.e., Mp(T,X) = M(T,X)). Let ¢ : X — R be a continuous function with I4(T) # 0.
Then for any real number a € Int(Ly),

hiop(T, Rg,o(T) N I(T)\ QW(T)) = hiop(T, Rg.a(T))-

Proof. Fix a € Ly(T) and let ¢t = sup{h,(T)| p € M(T,X) and [ ¢dp = a}. By Propo-
sition 4.7, we only need to show that

hop(T. Roo(T) N I(T)\ QW(T)) > t.

Fix € > 0. Firstly, by assumption we can take same w as in Lemma 7.10 such that
[ ¢pdw = a, hy,(f) >t —c and S, # X.

Let B :={m € M,(T,X)| Si\S. # 0}. Since X \ S,, is nonempty, open and invariant,
by density of periodic points, B # 0. If there is m € B such that [ ¢dm = a, take pp = m.
Otherwise, for any m € B, [ ¢dm # a. Take one py € B. Then [ ¢dpy # a. Without
loss of generality, we assume f ¢dpy < a. By Lemma 6.9 (1) we can take a periodic
measure o such that [ ¢dps > a. Then we can choose suitable 6 € (0,1) such that
p = 0p1 + (1 —0)ps satisfies [ ¢pdu = a. Remark that S, \ S, is composed of one periodic
orbit or two periodic orbits containing S, .

Take 6" € (0,1) close to 1 such that ' = 0w + (1 — 8")u satisfies h,(T) > t — e.
Remark that [ ¢dw’ = a and S, \ S, = S, \ S, is composed of one periodic orbit or two
periodic orbits. So S, \ S,, is nonempty, finite, invariant and compact and thus w # w'.

Let K = {rw+ (1 — 7)u'| 7 € [0,1]}, then for any m € K,

hon(T) > min{hoy(T), hor (T)} > ¢ — &, / dm = a.
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Since T is saturated, then
hiop(T,Gr) = inf{h,,(T)|m e K} >t —¢,

where G = {z € X|M,(T) = K}. We only need to prove Gxg C Ry o(T)NI(T)\
QW (T).

Fix ¢ € Gg. Since K is not singleton, by (4.23) « € I(T). Note that for any m €
M,(T) =K, [¢dm = a. Thus M,(T) C {p| [ ¢dp = a} and so by (4.25) x € Ry o(T).
If 2 € QW(T), by (3.9) € Rec(T). By (3.13) z € C, = wp(z). Then by (3.10)

S WT(‘T) = Cz = UmEMz(T)Sm = UmGKSm = Sw u (Sw’ \Sw)

Soz €S, or S, \ Sw. Recall that S,,, S, \ S, are both compact and invariant. One has
Orb(xz) € S, or Orb(z) € S.r\ S, and thus wr(z) € Sy G S, U(Sw \S,) = Cp = wr(z)
or wr(z) € (Su \ Su) G Su U (Swr\ Sy) = Cp = wr(z). That wr(z) G wr(z) is a
contradiction. Hence, z is not in QW (T). O

Proof of Theorem 1.4. Since every periodic measure is ergodic, by density of periodic
measures, ergodic measures are dense in the space of invariant measures. Since X is
assumed infinite in this paper, by density of periodic points, X is not a minimal set (in
other words, T is not minimal). By density of periodic measures, ergodic measures are
dense in the space of invariant measures. By Lemma 6.2, there is some invariant measure
such that it has full support and in particular, the support is not minimal. By Lemma 2.8,
T is saturated. By Lemma 2.10, T has entropy-dense property (which also implies density
of ergodic measures). So Theorem 1.4 can be deduced from Propositions 7.6, 7.7, 7.9,
7.11,7.12. O

Remark 7.13. In Theorem 1.4, we require a to satisfy

inf{/¢d,u|u EM(T,X)}<a< sup{/¢du|u e M(T, X)}.

For full shifts of finite type, let us give an example why we do not choose a from extreme
points. More precisely, firstly recall a result from [23,24] that for any full shift on finite
symbols, there exist uniquely ergodic minimal subshifts with any given entropy. Then we
can take an ergodic measure p with positive entropy such that S, is minimal, S,, # X and
1 is the unique invariant measure supported on S,,. By density of periodic points, take a
periodic measure v such that S, C X \ S,. Since S, and S, are two disjoint closed sets,
we can take a continuous function ¢ which restricts on the set .S, with value 0 and on the
set S, with value 1 respectively, and the values of other points are in the open interval
of (0,1). Take a = 0, let us show that Ry ,(7') is nonempty and has positive entropy but
Ry.o(T)NI(T) = 0. More precisely, on one hand, by (4.24), Ry o(T) 2 G,,. By ergodicity
of pand (4.17), hiop(T,Gp) = hyu(f) > 0. S0 hiop(T, Rp.a(T)) = hiop(T,Gy) > 0. On
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the other hand, observe that p is the unique invariant measure with integral by ¢ equal
to a. So by weak* topology, Ry .(T) = G, and thus Ry o(T) does not contain irregular
point.

Proof of Theorem 1.3 (1). Step 1. Firstly we consider the case of I4(T") # (). That is, we
need to prove that

{A(T) U R(T), QR(T), W(T), V(T), QW(T), I(T)}

has full entropy gaps with respect to Ry (7).
Fix € > 0. By Proposition 4.9, we can take a number a € Int(Ly) such that

hiop(Ty Ry o(T)) > hiop(T) — €.

Recall that

Ry(T) = || Rys(T).

beR
So by Theorem 1.4,
ht(,p(T, R¢(T) n 5) 2> h’tOP(T7 Rqﬁ,a(T) n 5) = h’tOP(T7 R(b,a(T)) > htOP(T) -5
where
§ = QR(T)\ (A(T) UR(T)),W(T)\ QR(T), V(T) \ W(T),
QW(M)\V(T), I(T) \ QW (T).

By arbitrariness of €, we complete the proof of Step 1.

Step 2. The case that I4(T) is empty. That is, Rg(T) = X.

Since X is assumed infinite in this paper, by density of periodic measures, M (T, X) is
not a singleton. Take two invariant measures py # po. By weak™ topology, there is some
continuous function ¢ : X — Rsuch that [ @dus # [ pdus. Since T has g-almost product
property (which is a little stronger than almost specification, see [57]), by Lemma 4.6,
we have I,(T) # 0. By Step 1 for the function ¢,

{A(T) U R(T), QR(T), W(T), V(T), QW(T), I(T)}
has full entropy gaps with respect to R,(T). Since R,(T) C X = Ry(T'), then
{A(T) U R(T), QR(T), W(T), V(T),QW(T), I(T) }

also has full entropy gaps with respect to Ry(T).
Now we complete the proof of Theorem 1.3 (1). O

Remark that Step 2 also can be as a proof of Theorem 1.2.
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7.3. Time-t map of hyperbolic flows

Let f : X — X be the time-t (¢ # 0) map of a topologically mixing Anosov flow
of a compact Riemannian manifold X. In this case, f is partially hyperbolic with one-
dimension central bundle. Then f is far from tangency so that f is entropy-expansive
(see [32] or see [16,40]). Recall that from [35] entropy-expansive implies asymptotically
h-expansive and from Theorem 3.1 of [43] any expansive or asymptotically h-expansive
system satisfies uniform separation property. Recall that the unique maximal entropy
measure of the flow has full support and note that the invariant measure of the flow is
also invariant for the time-t map. On the other hand, as said in Section 4.3 of [56], the
time-t map f satisfies specification property (even though possible not Bowen’s specifi-
cation) which is stronger than g-almost product property. So f satisfies entropy-dense
property which implies density of ergodic measures in the space of invariant measures.
Thus, f satisfies the assumptions of Propositions 7.1, 7.2, 7.6 (2) and 7.7 and so we have
a following result.

Theorem 7.14. Let f : X — X be a time-t map (t # 0) of a topological mizing Anosov
flow of a compact Riemannian manifold X (in this case, f is partially hyperbolic whose
central bundle only has zero Lyapunov exponents). Then

(A) {A(T)UR(T),QR(T),W(T),V(T)} has full entropy gaps with respect to X ;

(B) for any continuous function ¢ : X — R, {A(T)U R(T),QR(T),W(T)} has full
entropy gaps with respect to Ry(T);

(C) for any continuous function ¢ : X — R satisfying I,(T) # 0, {QR(T), W(T),
V(T)} has full entropy gaps with respect to I4(T);

(D) for any continuous function ¢ : X — R satisfying I14(T) # 0 and for any a €
Int(Ly), {A(T)UR(T),QR(T),W(T)} has full entropy gaps with respect to Ry o(T).

Proof. Recall from above analysis, f satisfies specification and uniform separation, and
there is an invariant measure with full support. Now we start to prove.

(C) Since f satisfies the assumptions of Propositions 7.1, 7.2, then (C) is valid.

(D) Since f satisfies the assumptions of 7.6 (2) and 7.7, then (D) is valid.

(B) One can follow same idea as the proof of Theorem 1.3 (1) to show that (D)
implies (B).

(A) If take ¢ = 1, then Ry(T) = X and thus (B) implies (A) except V(T') \ W(T).
Notice that Anosov flow carries periodic orbit. Take a periodic measure for flow, then
it is also invariant (even though not ergodic) measure for time-t map f. This measure
is just supported on one periodic orbit of flow and thus is different from the maximal
entropy measure which has full support. In other words, f is not uniquely ergodic. By
weak™ topology, there is a continuous function ¢ : X — R such that

inf )/gb(:c)du < sup /gb(a:)du.

HEM(T, X pEM (T, X)
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So by Lemma 4.6 I(T) # 0. By (C), {W(T),V(T)} has full entropy gaps with respect
to I4(T'). From Theorem 4.4 we know that I4(T) carries full topological entropy. So
V(T)\W (T) also carries full topological entropy and thus the proof of (A) is finished. O

Theorems 17.6.2 and 18.3.6 in [30] (originally due to Anosov) ensure that the geodesic
flow of any compact connected Riemannian manifold of negative sectional curvature is
topologically mixing and Anosov. So Theorem 7.14 can be applicative to the time-t map
of the geodesic flow of any compact connected Riemannian manifold of negative sectional
curvature.

8. Transitive points
Let D(T) denote the set of all transitive points, i.e. the points whose orbit is dense in

the whole space (see Chapter 5.4 of [59]). In other words, D(T') = {z € X| Orb(z) = X }.
If T is a minimal system (for example, irrational rotation on the circle), it is obvious

that D(T) = A(T) = X. Now we consider non-minimal systems.

Firstly we state some simple observation. For any dynamical system which is not
minimal, D(T') does not contain any periodic points and almost periodic points. Here
we admit D(T) is empty set (for example, the system of rational rotation on the circle).

Lemma 8.1. For any mon-minimal continuous map T : X — X of a compact metric
space X, A(T)ND(T) = 0.

Proof. By contradiction, there is some x € A(T') such that the orbit of x is dense in X.
x € A(T) implies that € wy(z) and the closed invariant set wr(x) is minimal. z € wr(x)

implies that wr(z) = Orb(z). Then X = Orb(x) = wr(x) is minimal, contradicting that
T is not minimal. O

We will coordinate D(T') with R(T) \ A(T) together.
Theorem 8.2. For any non-minimal continuous map T : X — X of a compact metric
space X, if there is an ergodic measure p with mazimal entropy and full support, then
D(T)NR(T)\A(T) carries full topological entropy. In particular, each one of R(T)\ A(T),
D(T)=D(T)\ A(T) and R(T) N D(T) carries full topological entropy.

Before proof let us first give some simple observation as follows.
Lemma 8.3. For any continuous map T : X — X of a compact metric space X,

{r e X|C, =X} CD(T).

In particular,
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(1) for any nonempty connected compact set K C M(T,X), if Uyex S, = X, then
Gk C D(T), where Gx = {x € X|M,(T) = K}.
(2) for any invariant measure p € M(T,X), if p has full support, then G,, C D(T).

Proof. Fix a point z € X such that C, = X. By (3.11), 2 € X = C, C wr(z). So
Orb(z) = X, ie., x € D(T).

In particular, for any nonempty connected compact set K C M(T, X), if Lm =X,
by (3.10) G C {z|Cy = X} and thus Gx C D(T). This implies (1). For the case (2),
it is obvious from (1) by taking singleton K. 0O

Proof of Theorem 8.2. Since p is ergodic, by Birkhoff ergodic theorem G, is of p full
measure. Since S, = X, from Lemma 8.3 we know that G, NS, = G, € D(T).
Remark that G, = G, NS, ND(T) C R(T)ND(T) = R(T) N D(T) \ A(T), since
by non-minimal assumption and Lemma 8.1 A(T)N D(T) = @. Then by (2.1) we obtain
that D(T) N R(T) \ A(T) carries full topological entropy. We complete the proof. O

From Theorem 5.1, R(T)) € W(T') and thus
D(T)NR(T)\ A(T) C D(T)NnW(T)\ A(T).
So by Theorem 8.2 we have a following consequence.

Theorem 8.4. For any non-minimal continuous map T : X — X of a compact metric
space X, if there is an ergodic measure p with maximal entropy and full support, then
D(T)n(W(T)\ A(T)) carries full topological entropy and so does W (T') \ A(T).

Remark 8.5. Remark that Theorem 8.2 and Theorem 8.4 are applicative to all the exam-
ples in Section 1.2, since each example is non-minimal and the unique maximal entropy
measure is ergodic and has full support.

Now we consider D(T') under same assumption of our main theorems in the first
section.

Theorem 8.6. Let T be a continuous map of a compact metric space X with g-almost
product property and uniform separation property. If the periodic points are dense in X

(i.e., Per(f) = X ) and the periodic measures are dense in the space of invariant measures
(i.e., M,,(T,X) = M(T, X)), then

(A) {A(T) U R(T),QR(T),W(T),V(T),QW(T)} has full entropy gaps with respect
to D(T);

(B) for any continuous function ¢ : X — R, {A(T)U R(T),QR(T),W(T),V(T),
QW (T)} has full entropy gaps with respect to D(T) N Ry(T);

(C) for any continuous function ¢ : X — R satisfying I,(T) # 0, {QR(T), W(T),
V(T),QW(T)} has full entropy gaps with respect to D(T) N I14(T);
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(D) for any continuous function ¢ : X — R satisfying I5(T) # 0 and for any a €
Int(Ly), {A(T)UR(T),QR(T),W(T),V(T),QW(T)} has full entropy gaps with respect
to D(T) N Ry,o(T).

Remark 8.7. Remark that Theorem 8.6 holds for all the examples in Section 1.2. However,
for the results of QW (T) \ V(T') and I(T) \ QW(T), it is still unknown.

Proof. Since X is assumed infinite in this paper, by density of periodic measures, X is
not a minimal set (in other words, T' is not minimal). By Lemma 6.2, there is some
invariant measure such that it has full support and in particular, the support is not
minimal. By Lemma 2.8, T is saturated. By Lemma 2.10, T has entropy-dense property.

Case (C). Observe that from the proofs of Propositions 7.1, 7.2 and 7.3, each con-
structed K satisfies U,ex S, = X, and thus by Lemma 8.3, G is contained in D(T).
Then we can follow the proof of Propositions 7.1, 7.2 and 7.3 to complete the proof
of (C).

Case (D). Observe that from the proofs of Propositions 7.6 (2), 7.7, 7.9 and 7.11, each
constructed K (or a single measure) satisfies U,exS, = X, and thus by Lemma 8.3,
G is contained in D(T). Then we can follow the proof of Propositions 7.6 (2), 7.7, 7.9
and 7.11 to complete the proof of (D).

Case (B). One can follow same idea as the proof of Theorem 1.3 (1) to show that (D)
implies (B).

Case (A). Take ¢ =1 in (B), then Ry(T) = X and thus (B) implies (A). O

In particular, for full shifts of finite symbols, we also have some more observations.

Theorem 8.8. Let T' be a full shift on k symbols (k > 2). Then {Per(T), A(T), A(T) U
R(T),QR(T),W(T),V(T),QW(T),1(T)} has full entropy gaps with respect to X\ D(T).

Proof. By Theorem 1.10, A(T) \ Per(T) has full entropy. Since T is not minimal, by
Lemma 8.1 A(T)ND(T) = 0. Then A(T) \ Per(T) also has full entropy with respect to
X \ D(T). Now we start to consider other cases.

Recall a classical result in §7.3 of [59] that for full shift T of k symbols, T" has proper
subshifts (that is, subshifts not equal to the full shift) with topological entropy equal to
any given positive real number less than the topological entropy of the shift itself. The
constructed subshift is in fact the well-known S-shift (8 > 1). Recall that any (§-shift
is not minimal (which contains a fixed point) so that it is not uniquely ergodic. For
convenience to explain, denote the subshift by T3 and the subspace by ¥z ; X.

Note that for 8 < k, & = I(T)\ QW (T),QW(T) \ V(T),V(T) \ W(T),W(T) \
QR(T),QR(T)\ (R(T) U A(T)), R(T) \ A(T),

§N3g CEN(X\D(T)).
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By Theorem 1.9, we have hyop (T, ENYEg) = log § and thus hip,(T,£N(X\D(T))) > log B.
Let 8 1 k, then every set £ N (X \ D(T)) carries full topological entropy of logk. O

Roughly speaking, with the help of various “periodic-like” recurrence and (ir)reg-
ularity, for a certain class of dynamical systems (including mixing subshifts of finite
type, mixing hyperbolic systems and S-shifts etc.), we obtain a refined classifica-
tion of transitive points and each one carries full topological entropy. In particular,
for full shifts of finite symbols, we have a similar classification for non-transitive
points.

9. Geometric characterization of gap-sets

Under the assumption of Bowen’s specification property, we will show that the gap-sets
of Theorems 1.2, 1.3 and 1.4 are all dense in the whole space. For convenience of making
these more precise, we introduce a concept as follows. Let T : X — X be a continuous
map of a compact metric space X.

Definition 9.1. For a collection of subsets Z1, Zs, -+, Z; C X (k > 2), we say {Z;} has
dense gaps with respect to Y C X if

(ZH_l\Zz)ﬁY:}_/ foralll§i<k’.

Often, but not always, the sets Z; are nested (Z; C Z;11).
Now we state the geometric characterization as follows.

Proposition 9.2. Let T be a continuous map of a compact metric space X with Bowen’s
specification property. Then

(A) {A(T), A(T)UR(T), QR(T),W(T),V(T),QW(T),I(T)} has dense gaps with re-
spect to X ;

(B) for any ¢ € C°(X), {A(T), A(T)UR(T),QR(T),W(T),V(T),QW(T), I(T)} has
dense gaps with respect to Ry(T);

(C) for any ¢ € CO(X), if In(T) # 0, then {QR(T),W(T),V(T),QW (T),I(T)} has
dense gaps with respect to I(T);

(D) for any ¢ € CYX), if I,(T) # 0, then for any a € Int(Ly), {A(T) U
R(T),QR(T),W(T),V(T),QW(T),I(T)} has dense gaps with respect to Ry o(T).

Remark that Theorem 9.2 can be applicative to all topological mixing subshifts of
finite type, systems restricted on topological mixing locally maximal hyperbolic sets.

We need some classical properties of Bowen’s specification property, see [15] (also see
[49,9,11]).

Lemma 9.3. (See Propositions 21.3 and 21.8 in [15].) Let T be a continuous map of a
compact metric space X with Bowen’s specification property. Then
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(1) the set of periodic points is dense in the whole space X ;
(2) the set of periodic measures is dense in the set of T-invariant measures.

Lemma 9.4. (See Propositions 21.9 and 21.12 in [15].) Let T be a continuous map of a
compact metric space X with Bowen’s specification property. Then there is a dense G
subset R of T-invariant measures such that for any u € R, u is ergodic and S, = X
(also saying p has full support).
Lemma 9.5. (See Proposition 21.14 in [15].) Let T be a continuous map of a compact
metric space X with Bowen’s specification property. Then for any compact connected
nonempty set K C M(X,T),
Gk ={r e X|M,(T)=K}

(called saturated set of K) is nonempty and dense in X. In particular,

Gras = {:E S X| MJC(T) = M(X7 T)}
is monempty and contains a dense Gy subset of X.

Now let us start to prove Proposition 9.2.

Proof of Proposition 9.2. Notice that under the assumption of Bowen’s specification,

by Lemma 9.3 the periodic points are dense in X (i.e., Per(f) = X) and the periodic
measures are dense in the space of invariant measures (i.e., M,(T,X) = M(T, X)).
Moreover, by Lemma 2.10, T has entropy-dense property, since specification is stronger
than g-almost product property.

(C). Observe that the constructions of K in Propositions 7.1-7.4 all did not use the
saturated property. So for such K, by Lemma 9.5, we complete the proof of Proposi-
tion 9.2 (C).

(D). Observe that the constructions of K in Propositions 7.6, 7.7, 7.9, 7.11, 7.12 all
did not use the saturated property. So for such K, by Lemma 9.5, we complete the proof
of Proposition 9.2 (D).

(B). Firstly we prove that {A(T) U R(T),QR(T),W(T),V(T),QW(T),I(T)} has
dense gaps with respect to Ry(T). We need two steps, since (D) just holds for func-
tions with I (T") # 0.

Step 1. If I14(T) # 0, then Int(Ly) is nonempty and we can take a € Int(Ly). Observe
that Ry o(T) C Ry(T) and thus (D) implies that {A(T) U R(T), QR(T),W(T),V(T),
QW(T),I(T)} has dense gaps with respect to Ry (T).

Step 2. If I,(T) = 0, then Ry(T) = X. Similar as Step 2 in the proof of The-
orem 1.3 (1), there is some continuous function ¢ : X — R such that I (T) # 0.
Then by Step 1 we have {A(T) U R(T), QR(T), W (T),V(T),QW(T),I(T)} has dense
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gaps with respect to R,(T). Notice that R,(T) € X = R4(T), then {A(T) U
R(T),QR(T),W(T),V(T),QW(T),I(T)} also has dense gaps with respect to Ry (7).

Secondly let us consider the gap-set R(T') \ A(T). By Lemma 9.4, we can take an
ergodic measure p with full support. Remark that G, = G, N X =G, NS, C R(T).
Notice that T is not minimal so that by Lemma 5.3 S, = X implies that G, NA(T) = 0.
So G, € R(T) \ A(T). By Lemma 9.5, G, is dense in X and thus R(T) \ A(T) is also
dense in X. Now we complete the proof of Proposition 9.2 (B).

(A). Take ¢ =1 in (B), then Ry(T) = X and thus (B) implies (A). Now we complete
the proof of Proposition 9.2. O

In particular, we have a better characterization for the set of V(T') \ W(T), that is,
Li(T)N{z e QW) \W(T)|Fw € My (T)s.t. S, = Cy},
which is to answer the open problem in Section 1.3 from different sight.

Proposition 9.6. Let T be a continuous map of a compact metric space X with Bowen’s
specification property. Let

ICO(X) = {6 € COX)| I,(T) # 0}
Then the set

(| Io(T)n{z € QW(T)\W(T)|3w € My(T) 5.t. Sy = Cu}
PpeICO(X)

contains a dense Gs subset of X (called residual in X ).

Proof. By Lemma 9.5, Gpop = {x € X| M,(T) = M(X,T)} is residual in X. So we only
need to prove for any ¢ € IC°(X),

Gman C Io(T) N {z € QW(T)\ W(T)Bw € My(T)st. So = Cy ).

Since ¢ € ICY(X), then I,(T) # 0 and thus by (4.27) there are two invariant measures
w, i € M(X,T) such that they have different integrals for ¢. Fix 2 € G q,. Remark that
M(T,X) = M,(T) and so u,w € M,(T). By (4.26) x € I4(T). By density of periodic
points (Lemma 9.3),

Co= |J Sm= U Sm2 U S =X

meM, (T) mEM(T,X) mGM(T,X) is periodic measure

(remark that C;, = X can be also obtained from the existence of invariant measure with
full support by Lemma 9.4). By (3.14) X = C, implies x € QW (T). By (3.9) « € Rec(T).
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By Lemma 9.3, one can take a periodic measure v € M (T, X) = M, (T) whose support
Sy G X = C,, then by (3.12) € X \ W(T). Take an invariant measure p with full
support X by Lemma 9.4, then yp € M(T,X) = M,(T) and S, = X = C,. We complete
the proof. O

Remark that G,q.; has zero topological entropy from (2.7), since K := M(T,X)
contains periodic measures which have zero entropy. By (2.2) and Theorem 1.6 we know
that

Theorem 9.7. Let T be a continuous map of a compact metric space X with Bowen’s
specification property and uniform separation. The complementary set of G ez,

{z e Iy (T)NQW(T)\ W(T)|F3w € My(T) s.t. Sy = Cz} \ Gmags
has full topological entropy. This complementary set is just dense but not residual in X.

Proof. Full entropy can be deduced from (2.2) and Theorem 1.6. Density can be seen
from Lemma 9.5, since the choice of K in the proof of Proposition 7.2 is a proper subset
of M(T,X) and 50 Gx NGaz = 0. O

Recall from [57] that for any system with almost specification (not necessarily satis-
fying uniform separation), every ¢-irregular set either is empty or carries full topological
entropy. Together with the observation of Proposition 9.2, a natural question arises for
systems with Bowen’s specification property (not necessarily satisfying uniform separa-
tion):

Question 9.8. Let f be a continuous map of a compact metric space X with Bowen’s
specification (or almost specification). Whether all the results in Theorems 1.2, 1.3 and
Theorem 1.4 hold? If not, which results hold, which results do not hold and how to
construct such a counterezample?

Let us give some simple observation for Question 9.8 in the case of Bowen’s speci-
fication. Since Bowen’s specification is stronger than g-almost product property, then
by Theorem 2.9 f is single-saturated. By Lemma 6.2, there is an invariant measure
with full support. So we can use Proposition 7.6 (2) to obtain {A(T) U R(T),QR(T)}
has full entropy gaps with respect to Ry o(T) (resp., Ry(T) and X). For other results
of Theorems 1.2, 1.3 and Theorem 1.4, from the proofs of such results the considered
K C M(T, X) is not singleton. So single-saturated property is not enough. Moreover, let
us recall another possible idea by Thompson [57], one needs to take two needed ergodic
measures and then use these two measures to construct a set F' C I,(T) such that the
topological entropy of F' is larger than hy,,(f) — €. In this process, Entropy Distribution
Principle plays an important role. One can see [56,57] for more details. The constructed
measures are required ergodic. However, the constructed measures in present paper are
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not all ergodic so that we are not sure the idea of [56,57] works. So Question 9.8 is still
open except the case for {A(T) UR(T),QR(T)}.

Remark that if the answer of Question 9.8 is positive, then it can be as a generalization
of Theorem 1.6. In particular, if Question 9.8 is true, it would be applicative to all
topological mixing interval maps, since it is known from [7,12] that any topologically
mixing interval map satisfies Bowen’s specification. For example, Jakobson [27] showed
that there exists a set of parameter values A C [0,4] of positive Lebesgue measure
such that if A € A, then the logistic map fi(z) = Az(l — z) is topologically mixing.
From Proposition 21.4 of [15] we also know that the factor of a system with Bowen’s
specification has Bowen’s specification.

At the end of this section, we show that Proposition 9.6 holds for a larger class
of systems, such as C'! generic (volume-preserving) diffeomorphisms, which means the
open problem of [63] by Zhou and Feng is solved for generic systems. Let M be a
compact Riemannian manifold and m be a volume measure on M. Let Diff'(M) and
Diff} (M) denote the space of all C* diffeomorphisms on M and all volume-preserving
C" diffeomorphisms on M respectively. If f: M — M and A is a compact subset of M,
let

ICP(A) = {¢ € CO(N)| Io(f) # 0}.

Theorem 9.9. (1) Let A be an isolated non-trivial transitive set of a C' generic diffeo-
morphism f € Diff'(M). Then the set

() L(H)N{z e ANQW () \W(f)Fw € My(f) st S = Cu}
PEICT(A)

contains a dense G subset of A (called residual in A).

(2) Let f € Diffl (M) be a C generic volume-preserving diffeomorphism. Then the
set

N () n{z e QW(H\W()EFw e Mu(f) s.t. S = Ca}

$EICY(M)
contains a dense G5 subset of M.
Proof. For the first case, by the main result of [52]
Gimaz = {x € A| My (f) = M(f,A)}
is residual in X. Recall Theorem 3.5 of [1] that generic invariant measures have full

support. Thus, forward the proof of Proposition 9.6, one can replace Lemma 9.4 by
Theorem 3.5 of [1] to prove.
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For the second case, it is known that generic f € Diff} (M) is transitive so that we
can take A = M. Notice that Theorem 3.5 of [1| and the main result of [52] also can be
stated as the volume-preserving case. Then the proof is similar as above. Here we omit
the details. O

Inspired by Theorem 9.9, it is possible to ask

Question 9.10. Let A be an isolated non-trivial transitive set of a C' generic diffeo-
morphism f € Diff! (M) or let [ € Diff,ln(M) be a C' generic volume-preserving
diffeomorphism. Then whether {W (f),V(f)} (resp., {W([f),QW(f)}) has full entropy
gaps with respect to A or M ?

Recall that uniformly hyperbolic systems are not dense in the space of all diffeomor-
phisms. So we cannot use Theorem 1.11 to answer this question.

Moreover, it is unknown whether we can use our main theorems (Theorems 1.2-1.4)
to answer this question. From [1] periodic points are all hyperbolic and dense in A
and periodic measures are dense in the space of all invariant measures supported on A.
However, we do not know whether g-almost product property and uniform separation
hold for generic diffeomorphisms. So Question 9.10 seems to be nontrivial.
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