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ABSTRACT

Spontaneous emergence of cell polarity intrinsically lies at the localization of signaling molecules on a
particular region of cell membrane. Such a process necessarily contains a positive feedback loop to am-
plify the localized cluster. To describe the polarizing process and explore different feedback functions in-
volved, deterministic and stochastic models with non-local kinetics are discussed in this paper. Stochastic
Simulation Algorithm (SSA) is used to numerically simulate the polarizing behavior and analytical anal-
ysis by the power spectrum is applied to approximate the parameter regime for the spontaneous emer-
gence of cell polarity. Compared to the results from the deterministic model, we can understand how
the stochastic effect extends the parameter regime for achieving cell polarization under different types of
feedback, including the forms of quadratic function, linear function, and Hill function. Both deterministic
and stochastic methods fail to yield the polarity at a low number of molecules. Our results suggest that
the parameter region for cell polarization under the Hill function feedback is smaller than that with the
quadratic function feedback.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Cell polarity is a crucial attribute of cellular functions for en-
suing directed growth, locomotion, and differentiation. It intrinsi-
cally lies at the localization of signaling molecules on a certain re-
gion of cell membrane [1]. Budding yeast has been proved to be
a powerful model system for studying the mechanism of cell po-
larity establishment. In a yeast cell, the budding process funda-
mentally depends on the signaling protein Cdc42. When a yeast
cell received the indication of intracellular or extracellular cues,
Cdc42, which consists of guanosine triphosphate (GTP) and guano-
sine diphosphate (GDP) bound forms, in the cytoplasm will be re-
cruited to the membrane. Such recruitment involves the exchange
of signaling molecules, feedbacks by molecular interactions, molec-
ular transportation and diffusion. During the process, the positive
feedback loop by local activation of Cdc42 plays a vital role in gen-
erating a cluster of concentrated Cdc42 at the cell membrane [2-
4]. Moreover, a negative feedback loop has also been investigated
and concluded to enhance the robustness of polarity [5,6]. Without
guidance from the spatial cue, cells can spontaneously go through
the polarizing process, namely symmetry breaking [7,8].
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Mathematical modelings through deterministic and stochas-
tic systems have been used to study cell polarization in many
studies [2,6,9-14]. Based on deterministic reaction-diffusion equa-
tions (RDEs), Turing mechanism and wave-pinning mechanism
have been applied to explain symmetry breaking of yeast polar-
ization [2,10,14-16]. Another way to understand symmetry break-
ing is through stochastic modeling. Altschuler et al. [9] showed
that a stochastic model with linear positive feedback is sufficient
to achieve symmetry breaking. Walther et al. [17] considered dis-
crete molecular distribution with local recruitment in the wave-
pinning model and concluded that the polarizing phenomenon was
lost due to stochastic fluctuations. Pablo et al. [13] applied particle-
based simulations to find that molecular-level fluctuations can fa-
cilitate cell polarization. A stochastic neutral drift polarity model
was proposed in [16] which predicted that below a critical density
of signaling molecules, positive feedback maintained an off state
robustly and, over this critical threshold, it switched on the re-
current emergence of localized clusters. These studies were mainly
restricted to their own settings of feedback function but not com-
pare the polarizing behaviors under different forms of feedback.
Therefore, we are motivated to answer the following questions
in this paper: What are the polarizing behaviors in deterministic
and stochastic models with different forms of feedback? How does
stochastic fluctuation affect the parameter regime for achieving cell
polarization? Is this behavior affected by different feedback func-
tions?
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The paper is organized as follows. In Section 2, determinis-
tic and stochastic models incorporating a general feedback form
for the spontaneous emergence of cell polarity are introduced. In
Section 3, we apply the linear noise approximation on the stochas-
tic model to derive power spectrum. In Section 4.1, deterministic
and stochastic behaviors of cell polarization with quadratic feed-
back function are illustrated. Parameter regimes predicted by Tur-
ing instability analysis, Stochastic Simulation Algorithm (SSA), and
power spectrum are compared. Our results demonstrate that the
parameter regime predicted by the power spectrum fits well with
that obtained by SSA. In Sections 4.2 and 4.3, comparisons of pa-
rameter region obtained with feedback in the form of linear func-
tion and Hill function are discussed, respectively. And then the
comparison of localization behaviors with different limitations of
recruitment is given in Section 4.4. Finally, the main results are
concluded in Section 5.

2. Mathematical models
2.1. The deterministic model with general feedback form

A continuum model is developed to describe the dynamics of
polarized signaling molecules on the cell membrane in this section.
We use a system of RDEs to model the cell polarization process.
Here the main factors in this process include the membrane-bound
signaling molecules in active GTP-bound and inactive GDP-bound
forms (“active” form indicates that only this form is functional
to induce the downstream cellular responses, although the “inac-
tive” molecules are also important in the cycling of molecules).
Besides the membrane-bound molecules, the cytoplasmic inactive
form molecules are also implicitly involved through the conser-
vation of total molecules. The change from an active form to an
inactive form is initiated by hydrolysis and is reversely regulated
by guanine nucleotide exchange factors (GEFs). When the signal-
ing molecules are in an inactive form, guanine nucleotide disasso-
ciation inhibitors (GDIs) bind to the molecules and release them
from the cell membrane to cytoplasm. Synthesis and degradation
of signal molecules are excluded since the timescales are slower
compared to the dynamics of polarization [4].

The domain in our model is the membrane surrounding a well-
mixed cytoplasmic region, which is a sphere in two-dimension, or
for simplicity, it could be the cross-section of the cell, which is
a circle in one-dimension. Two variables, a(x,t) and b(x,t), are
used to represent active and inactive membrane-bound signaling
molecules and to avoid confusion, they also denote the corre-
sponding particle concentrations [9]. Dynamics of a and b are thus
governed by a reaction-diffusion system which is regulated by a
positive feedback function F(-):

aa

o = DnV?a + F(a)b — kysfa, (1a)
db 5 JU

5 D Vb —F(a)b+ kosra+ gon (N —d — b)Q(a, b) — g, H.1b)

where (N—d—b) is the non-local function with & = Ja dS and
b= /b dS respectively representing the total numbers of a and b
over the cell membrane. The first term on the right-hand side in
(1a) and (1b) represents the diffusion of species a and b with the
lateral surface diffusion rate Dy, and the Laplacian operator V2 on
the cell membrane. Here we consider the same diffusion coefficient
Dy, for a and b [2,18].

In our model, the non-local kinetics of recruiting inactive
molecules from the whole cytoplasm are considered and the re-
cruiting rate is gon. We assume that the total number of active and
inactive signaling molecules in the whole cell is conserved to be
N where synthesis and degradation are excluded. Along with the
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fact that @ and b represent the total number of the membrane-
bound species, we obtain that (N — @ — b) stands for the amount of
cytoplasmic inactive signaling molecules. Since the transportation
of cytoplasmic molecules is relatively fast, we assume that the re-
cruitment of inactive signaling molecules from the cytoplasm to
the membrane is proportional to the amount of cytoplasmic in-
active signaling molecules. To match with the definition of N, the
initial value for @+ b needs to be less than N. If there is an upper
limit for the particle density at a local position on cell membrane,
we define the function Q(a, b) as

a+b

o
where the parameter 2 is the carrying capacity for measuring the
maximum particle concentration at a local position on cell mem-
brane; if not, i.e.,, 2> (a+b), then we can set Q(a,b) =1 to re-
move the limit on the recruitment of inactive signaling molecules
from the cytoplasm. In the last term of Eq. (1b), goff is the rate at
which inactive signaling molecules are extracted from the mem-
brane into the cytoplasm and this process is facilitated by GDIs.
The constant k,s; is the deactivation rate coefficient of signaling
molecules from an active form to an inactive form.

In (1a)-(1b) system, feedback regulation occurs through the
function F which represents the activation rate of signaling
molecules. By assuming that active signaling molecules form a
feedback loop to promote activation, the function F is thus posi-
tively correlated with the particle density of a. Experimental stud-
ies [2,18,19] have suggested that two forms of positive regulations
enable the active signaling molecules to localize and induce the
cell polarity. One is that the activation of Cdc42-GTP is mediated
by GEFs in a positive quadratic or linear feedback function form
Goryachev and Pokhilko [2], Lo et al. [18]:

Q(a’ b) =1-

F(a) = ki + kppa", (2)

where kq; represents the basal activation rate of Cdc42, kq, repre-
sents the activation rate from the feedback loop, and the degree
of cooperativity n =1 or 2 corresponds to linear or quadratic feed-
back loop. This function form is direct cooperative feedback de-
pending on the local density of active molecule a, which has been
used in many Turing type systems [15,20]. Another case is that the
activation of Cdc42-GTP can saturate and it obeys a Hill function
[19]:
n

F(a) = ka1 + kn (3)

a
n n’
kis+a

where kp; is the activation rate, ky, is the magnitude of self-
activation, and k3 represents the saturation constant. Kinetic in
Hill form is a critical feature for the wave-pinning mechanism
which requires the bistability [10]. This form shows a locally in-
creasing recruitment rate at a low Cdc42-GTP density, but the
rate is bounded at a high Cdc42-GTP density. Feedback regulations
(2) and (3) include multi-step cooperative interactions such as re-
cruitment and binding. These multi-step cooperations are modeled
through the term a” with n > 2. The parameters used in the model
are listed in Table 1.

We apply Turing stability analysis to identify rules of choosing
parameters for achieving symmetry breaking. Here the cell mem-
brane is treated as a circle with radius R um (length of the whole
membrane L = 27 R um and x € [0, L]) in a one-dimensional spatial
domain, so that the curvature effects will be ignored. The details of
Turing stability analysis can be found in Appendix A. Cell polarity
establishment relies on the instability of the homogeneous steady
state. The eigenvalues of Jacobian matrix evaluated at the homoge-
neous steady state yield the following two conditions for achieving
cell polarity:
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(i) If the perturbation is spatially homogeneous, the homoge-
neous steady state (a*, b*) is stable and the real parts of all
eigenvalues of the Jacobian matrix are negative.

(ii) For the positive wavenumber k, at least one eigenvalue is
positive, which means the instability of the homogeneous
solution only occurs with positive wavelengths. A perturba-
tion will grow and may lead the solution to an inhomoge-
neous state from the homogeneous steady state.

These two conditions imply that wave functions perturbed from
the homogeneous state are moving toward another steady state
for and only for positive wavelengths. If there exists the critical
wavenumber k. such that for any positive integer k < k¢, Turing in-
stability holds if system (1a)-(1b) satisfies the following two con-
ditions

Zon I 4 g5,QL

F'b* — kypr — S F <0, (4)
of f gDnMﬂTm + 8onQL + 8o ¢
and
oD N-a’L-b'L
01Dy + F'b* — kypy — —omom + 8o~ g F=0. (5)
of f D N—a"L—b-L
OmUm +8m—¢q—— + 8off

2.2. The stochastic model and the master equation

For simplicity, we consider the cell membrane as a one-
dimensional domain with length L and the domain is par-
titioned into K identical compartments with uniform length
h, where h=L/K. The subsystem in each compartment is
assumed to be homogeneous. Same types of molecules in
different compartments are treated as different species, de-
noted by {A],...,Ak,...,AK,Bl,...,Bk,...,BK}, where Ak
and B, are the active and inactive membrane-bound sig-
naling molecules in the kth compartment, respectively. In
this section, index k will be used to indicate the kt_l;l com-
partment. The system state is denoted by X(t)=(X,Y)=
X (E)s o X (), X (8), Y1 (E) -, Vi (E) . Y (£)), where X (£)
and y, (t) are the numbers of active and inactive membrane-bound
signaling molecules in the kth compartment, respectively.

Only molecules in the same compartment can react. Thus in
each well-mixed compartment, there are four types of reactions:
activation, deactivation, recruitment, and dissociation. We have the
following

Vi1 Yi2

Ri1 : By — Ay, Ry 1 Ay = By,
Rk3 ] E) Bk, Rk4 . Bk ﬁ) ?,

where @ represents chemical species which are not further in-
volved in following process; y;; (j=1,2,3,4) is the reaction rate
constant of reaction Ry; in the kth compartment. Ry, is the ac-
tivation process and y,; = F(x,/h); R, is the deactivation pro-
cess and yj; =koss; Ry is the recruitment process and y;; =
Zon(N — X" (X + y))Q(x /h, yr/h); Ryy is the dissociation process
and yy4 = go5f- The propensity functions «y; for reactions are de-
fined as:

Riq t o1 (X, t) = Yiayi(®), Rz : i (X, ) = Viaxi (0),
Ris : o3 (X, t) = Y43, Ria : g (X, t) = YiaYi (0).

Diffusion is treated as a reaction in which a molecule jumps
to one of its neighboring compartments at a constant rate. With
periodic boundary conditions, diffusive jumps obey the following
chain reactions:

v ¥

A=Ay = Az = A=A,
v v v ¥
¥ ¥ y

By =B, = B3--- = By = B.
¥ ¥ ¥ ¥
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where, y = Dp,/h2. If considering no-flux boundary conditions, left
jump of A; or B; and right jump of Ak or Bg will stay in its original
compartment. Thus the propensity functions for diffusions are:

ora, (X, t) = yx(0),
ag, (X, t) = yyi(t),

The system transfers from one state to another through reaction
firing or diffusion jump. The net change vector of the state caused

by one occurrence of reaction Ry; is denoted as V; and then we
have

and opa, (X, t) = yx,(t), for 1
and ogp, (X, 1) = yyi(t), for 1

Rklzﬁklz 0,..‘,0, 1 ,0,..‘,0,...,0, -1 ,0,.. .01,
kth (K+k)th

Ry :Pp=|0,....0, =1.,0,...,0,...,0, 1 ,0,....0].
kth (K+k)th

Rs:Vps=10,...,0, 1 ,0,....,0],

k3 k3
(K+K)th

Ru:Vu=1|0.....,0, =1.,0,...,0
(K+K)th

Similarly, we denote the net change vector of state induced by
diffusign jump ;lLAk’ Jra, of Ay as ﬁLAk and ﬁRAk, and Jip,, Jrp, of
By as vip, and Vgp,. We now develop a chemical master equation
(CME) which corresponds to system of reactions and diffusions
presented above:

K
%P(X, t) = Z[_“Mk (X, OP(X, t) + apa, (X + Vg, OP(X + Vg, t)]

k=2
K
+ Z[—Olusk (X, )P(X, t) + otpp, (X + Vpg,, )P(X + Vg, , )]
k=2

K-1
+ ) [—ara, (X OPX, £) + otga, (X + Dpa,.. O)P(X + Vs, 1)]
k=1
K-1
+ Z[—WRB,, (X, t)P(X, t) + otgg, (X + Vgg,. t)P(X + Vgg,. )]
k=1
K 4
+ ) T (X DOPX, ) + o (X + Dy, OP(X + D, 1))
k=1 j=1

(6)

where P(X, t) is the probability density function.

3. Analysis for stochastic model

To analytically investigate the stochastic effect, the intrinsic
noise in cell polarization process will be studied through approx-
imating the power spectrum. Analytical power spectrum can be
used to find the frequency distribution and predict the behavior of
inherent fluctuations near the deterministic steady state [22-24].
For example, the linear noise approximation and the power spec-
trum have been used to investigate the stochastic oscillations of
intracellular calcium and showed the intrinsic noise can derive the
emergence of stochastic waves [24].

In this section, we first apply linear noise approximation to
obtain a Langevin equation for chemical reactions and diffusions.
Then Fourier transform is utilized to derive the theoretical approx-
imation for the power spectrum.
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3.1. Langevin equation derivation by linear noise approximation

Here we approximate the number of molecules in the kth compartment as follows:

Xk ~ ék
A~ a0+ S (7a)
Yk

b"“”«/K (7b)

where A is the volume of each compartment; the functions a,(t) and bj(t) are the macroscopic parts of the concentration of active
and inactive molecules in the kth compartment; the terms &, and 7, are real random numbers, which measure the fluctuations around
a,(t) and by (t), respectively. The fluctuations are assumed to have a zero mean and the covariances will be determined by the equation
provided later. The corresponding transition probability of each reaction and diffusion will be scaled by A. In the following calculation,
we use a function G(x,/A,y,/A) to represent gon(N — > (Xi + ¥i))Q (X /A, i/ ).

Recall that we aim to capture the dynamics of fluctuations and thus the probability distribution is expressed in terms of (&, ny,t) by
T (& ks £) = AK2P(x (i (£), &), Yi (b (), M), £). By making the systematic expansion of the master Eq. (6) and scaling the time variable
by t = At to balance the terms on both sides, we obtain

K K
dIl 1 oIl 1 . JI1T 1 .
;(EHA_%JX 871\/»,() ’;[A+B+C+D] (8)
where
— = k,sray — Fb)T1
= e
d 1 92 92 0 0
(7 )[koff%_k (Fny + F'&by) T + ﬁ(rﬁi + T&'kz - 237] 85;' )(koffak + Fb)II,

N

1
73 (&of bk — G)IT
1

N

aG aG 1
[goff’?k (Takfk-l- Tm’?k)]n 28 9y 2(G+goffbk)n

|

9
% E )(ak a)Tl

92 92 a 0

9
an
C:y 21: (
)(ék E])H+21A(—+— 2>(ak+aj)H],
(

(i
9y
D=y |:
jelk—
02 02 d

1 d d 1
+X(3nk B Tm)(”"_""m*ﬁ(ﬁﬁ* anz ~ 2om )(”"”’ )H}

and F’ is the derivative of positive feedback function evaluated at g;.
Comparing the two sides of Eq. (8) with same order of 1/+/A, it contributes to the mean-field equations

»—A-_
\w ﬁ%

(=5
J‘n~

j 8{.:2 8Ek a%-k agk

0

ol
— )b —bpmn

§\~

dk h2 Aak + Fbk — koffak,

by = h2 o- Aby, — Fby + ko 0y + G — os by

which agrees with aforementioned deterministic system (1a)-(1b). Comparing the two sides with order of 1/A, it leads to the Fokker-
Planck equation [25]:

2 k+1 9

)y 1
a.[:Z|: Za¢r (Z]rmk¢mkn) ZZ Z a¢1k3¢k( r,]kl_[)j| (9)

k=1 m=1 rl=1 j=k—

where (¢ . $2x) = (k. Mk); Jrmk» Which is the element of the 2 x 2 matrix J,, is given by

J (F/bk—koff-i-)/A F )
k= _F/bk+koff+a%ck —F—goff+§—£+yA
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where the discrete Laplacian operator works as Aay = a,_; — 24y + a;,¢ in one-dimensional space and the 2 x 2 block matrix My, is defined
as

—y (@ + ag_1) if j=k—1,
Myjjp = ¥ Qag+ Qg + Qpr) + (Fby + kogpar)  if j =k,
=y (a4 Ayy1) if j=k+1,
=y (be +br_1) ifj=k—1,
My = ¥ by + by_1 + biy1) + Fby + koppar + G + 8op by if j =k,
—=¥ (b + bry1) if j=k+1,
0 ifj=k—1,
Mygji = § —(Fby +kopap) if j=k,
0 ifj=k+1,

M21j.k = M12j,k for j=k—-1,k k+1.

Although Fokker-Planck Eq. (9) provides the information of probability distribution, it is not so powerful for analysis. Therefore, we

consider the corresponding Langevin equation [25] which formulates with actual stochastic variable ¢, for r=1,2 and k=1,2,...,K:
d 2
a7 Pri(0) = D Tk (T) + i (0), (10)
I=1

where i, (t) is a noise term having a Gaussian probability distribution with the first and second moments: (i, (7)) =
0, and (., (7), uy j(t")) = Mp;j8(t — t’). In the second moment, M,;, measures the strength of the noise and the delta function claims
that no correlation exists between two distinct time t and t’, that is, the Fourier transform of this correlation function is frequency-
independent.

3.2. Power spectrum estimation of fluctuation

Langevin equation in (10) allows us to take Fourier transform conveniently and a power spectrum of fluctuation can be deduced after
the transformation [26]. In Langevin Eq. (10), both J, and M, are time-dependent and space-dependent. Here we focus on the fluctuations
around homogeneous steady state, and thus J; and M, will be evaluated at (a*,b*) and we let them be J; and M;. Therefore, elements

T with 1 and | referring to molecule species in matrix J; are as follows: J, | = F'b* —kosr + VA, Jox=F b= —F'b* +kosp + 37(5

By o= —F — 8o + g—,i + Y A. From now on, F, F/, gTG’ and f?TG, are the values evaluated at (a*, b*) and entries in M are defined similarly.
N K K

With the definition of My, given in (9), matrix M; has the following compact form:

N 0 1
Hik =MD 0 +MP 8 1. (11)
where
MO — 4ya* + (Fb* + kosra*) —(Fb* + kosra*)
—(Fb*+koffa*) 4yb*+Fb*+l<0ffa*+G+goffb* '
MO — —2ya* 0 ’
0 -2y b*

s |1 =
"7 10 otherwise.

Here we take the temporal and spatial Fourier transform of a generic function f(.) with fh(a))=,0+°O f(t)e @t dt and f(ko)z

+00 . -
3 f(x)e~koX where (-) stands for Fourier transform. Thus, after applying spatial and temporal Fourier transform to Eq. (10), it gives
x=0

2
iwer (ko, ) = Z]fl (ko) (ko, @) + fir(ko, w), (12)
1=1
where (i (w) i (w)) = Mjl. ko is the angular frequency which is continuous and lies in the [0, 2] and w is the frequency emerging from
temporal Fourier transform. For the elements A:l, the discrete Laplacian A is changed to A. In a one-dimensional space, discrete Laplacian

is transformed to A = 2(cos(kg) — 1) [27] and thus the matrix in Eq. (11) is replaced by the form:
M- = (M@ +2MD) + MDA,

where the elements are My, = (Fb* + koppa*) — 2y a*A, My, = My, = —(Fb* + kop;a*), My, = Fb* + kopsa* + G + g, b* — 2y b*A. Note that,
for simplicity, we have denoted (¢ y, @5 ) = (&, ni). We are now in position to present the power spectrum of the Fourier-transformed
fluctuations (ﬁl (kg, w) and (f)z (kg, w). Analytical power spectra for active molecule a and inactive molecule b are defined by

Pi (ko, ) = (|1 (ko, ®)[2),  P>(ko, @) = (|2 (Ko, ) |?).

Based on the definition, the explicit form of P; (kg, @) and P, (kg, @) can be derived and detailed derivations are provided in Appendix B.
After some algebraic manipulations, it yields the following explicit forms

5



Y. Liu and W.-C. Lo

C1 (ko) + MT] w?

Py (ko, ) = @ — @97 1 [a?’
Gy (ko) + Mz, ?
Pz(ko, w) = (6()2 — @2)2 jzl_,zwz s (13)
where
O =+/det(*), T =—tr (),

Ci (ko) = M3, (5,)% + M3, (5,)% = 2M5, 1055

G (ko) = Mz, (J5)% + M3, (5,)% — 2M3, 05,05,
The profile of power spectrum gives information about the dis-
tribution of fluctuation at different frequencies. Therefore, in the
following section, we will use the expressions of power spectrum

in Eq. (13) to analyze and predict the conditions for pattern forma-
tion.

4. Numerical results

To verify the aforementioned models, some numerical simula-
tions for the system of RDEs and SSA are studied here. In the sys-
tem of RDEs, we adopt a second-order central difference approx-
imation for the Laplacian operator, Riemann sum for the definite
integrals, Adams-Moulton predictor-corrector method with adap-
tive step size for the temporal discretization, and periodic bound-
ary conditions for the boundaries. Note that we also employed the
no-flux boundary conditions and no major differences were ob-
served on the results compared to periodic boundary conditions.
For SSA, a detailed algorithm for stochastic simulation is proposed
in Appendix C. Experimental observations [28] demonstrate that
a critical event marking the success of cell polarity is the local-
ization of signaling molecules to the specific region of the mem-
brane. In our numerical simulations, the emergence of cell polarity
is determined by whether 15% of the continuous interval contains
> 50% active signaling molecules on the membrane [16]. For one-
dimensional simulations, the number of spatial points is 200 and
the temporal step At is 1 x 10-3 min. Initial conditions for sim-
ulations are defined as a(x,0) =0 and b(x,0) =0.3(1+0.2n(x))
where 7n(x) is a function of uniformly distributed random number
from O to 1.

4.1. Feedback in the form of quadratic function

Fig. 1 ABC shows the distribution profiles of active molecules
obtained by solving RDEs. In the simulations of Fig. 1AB, the stable
localization of active molecules can be achieved within 120 mins,
which indicates the emergence of cell polarity; in the simulation of
Fig. 1C, the solution becomes homogeneous at the end and thus it
fails to exhibit the polarization. Stochastic simulations are also ob-
tained by performing SSA and the results at t = 120 mins are dis-
played in Fig. 1DEF. The corresponding spatio-temporal dynamics
are shown in Fig. 2BC. Although distribution profiles show much
noisy localization at 120 mins, it is remarkable that the stochastic
system still produces localization at 2 =93, N =481 (see Fig. 1F
and C) where RDEs fail (see Fig. 1C).

The discrepancy at parameter setting 2 =93, N =481 (Fig. 1C
and F) indicates that the parameter regimes for achieving cell
polarity are different in deterministic and stochastic systems. It
is consistent with the observations from some previous studies
[13,17,29]. Therefore, we further investigate the effect of fluctuation
on polarity establishment by analyzing the Turing stability in the
deterministic system and power spectrum in the stochastic system.

According to the derivation of the power spectrum, we know
that the frequency w mainly affects the term e~ Therefore, the
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power spectrum is periodic regarding @ with a period 2. More-
over, due to the property of even function, the information in
the range [0,m] is sufficient for analysis. To measure the rela-
tive change of the power spectrum, P(kg,w) is normalized by
P(0,0). In the analysis of power spectrum, the profile captured
by P (kg, w) or Py(kg, w) is utilized to measure the effect of ran-
dom fluctuations [23,30]. It gives a complete representation of how
the variance of fluctuation is distributed at different frequencies. If
there is no order of fluctuations, the profile will be flat or have a
peak at wavenumber zero (see Fig. 3AB); otherwise, it will have
at least one peak at non-zero wavenumber kg # 0 and zero tem-
poral frequency w = 0 (see Fig. 3CD). Here non-zero wavenumber
indicates the non-trivial spatial structure. In contrast, if the power
spectrum presents a peak at zero wavenumber kg =0 and non-
zero temporal frequency w # 0, it represents the global oscillation.

The parameter region for achieving cell polarity predicted by
the power spectrum is shown in Fig. 4A. It is a phase diagram
of carrying capacity €2 and the total number of molecules N. The
power spectrum analysis suggests that when the total number of
the molecules is small (less than 93), the localization loses. As the
amount increases, larger carrying capacity is needed to ensure the
onset of localization. Moreover, in comparison with the simulation
results of SSA (see Fig. 4B), the parameter range obtained by SSA
is mostly in accordance with the prediction of the power spectrum
in spite of variations observed at the boundary (the blue region in
Fig. 4B).

To see the difference of parameter regimes between determin-
istic and stochastic systems, Fig. 4C compares the results predicted
by RDEs and SSA where stochastic method leads to a broader pa-
rameter region for the emergence of cell polarity. This result sup-
ports that existing intrinsic noise increases robustness during the
polarization process. In this analysis, we observe that an analytical
expression of the power spectrum provides an efficient and accu-
rate method to investigate the parameter region for achieving the
Turing pattern instead of the time-consuming SSA.

4.2. Feedback in the form of linear function

Here we also consider a simple feedback form, the linear feed-
back function, which means that function (2) has no cooperativity:
F(a) = kq1 + kqpa. Altschuler et al. [9] have proposed that the lin-
ear positive feedback is insufficient to establish localization in the
deterministic model. Our theory based on linear stability analysis
provides the conditions which support the failure in the determin-
istic system (see Appendix D and [21]).

In the stochastic model, we set =093, N=200, ki =
20min~", varied ki, and other parameters are used as Table 1.
With weak feedback strength, ki =0.987min~' and ki =
10min~", it fails to establish cell polarity. Whereas with much
stronger strength kj; =40min~' and ki = 100min~", active
molecules successfully produce the pattern (see Fig. 5 left column).
More importantly, prediction by power spectrum method is consis-
tent with this observation. Specifically, it displays peak profiles at
non-zero wavenumber when ki =40min~! and kqy = 100 min~"
and no peak profile is observed when ki, = 0.987 min~! and kiy =
10min~! (see Fig. 5 right column). Thus this verifies that even with
a linear feedback regulation in polarizing process, the prediction
by power spectrum could be useful to determine the condition for
achieving symmetry breaking.

4.3. Feedback in the form of Hill function

With the feedback function in Eq. (2), the amplification strength
increases fast with the increasing concentrated cluster, whereas the
saturation which represses the recruiting strength may exist in the
feedback loop. Therefore the feedback regulation is described as a
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Hill function (3) and considering n = 2

kzzaz
2 2
kss +a

where the saturation constant k,3 is introduced. When the density
of Cdc42-GTP is high, recruiting power will be limited and the re-
cruiting strength will saturate to a maximal level at ko;.

Based on the linear stability analysis and analytical power spec-
trum, we will explore how this saturation in recruitment will affect
the parameter regime for polarity establishment. With the above
derived Turing instability criteria, the sufficient and necessary con-
ditions for achieving pattern formation are as follows:

F(a) = ky +

2kpokdar | K
¥ — Poff
(k2 + a*2)?

N—a*L—b*L 2
N—a —=bL L *
_ ﬁom i & (k + lf”“ *2> <0, (14)
Son—q — +gonQL+goff K33 + 0
and
2k22k§3a* .
01D (k2. + a2)2 of f

I<22a*2
+ k2 s > 0.

N—a*L-b*L
01Dm + on——— (k (15)

01Dpy +gonw + 8off

Conditions for the emergence of cell polarity in (14)-(15) are
made use of to disclose the dependencies on the carrying capac-
ity and total number of molecules (see Fig. 6). It can be seen
that the available parameter region in the system with Hill func-
tion (in yellow) is completely covered by the one with quadratic
feedback function (see Fig. 6A). It implies that the limit on local
recruitment of active signaling molecules results in a smaller pa-
rameter region for pattern formation. In comparison with power
spectrum prediction in Fig. 6B, that localization only occurs in the
stochastic regime is also witnessed although this available range
(in turquoise) is narrow. In particular, the region for the Turing
pattern predicted by the power spectrum only extends a little
bit along the boundary. Repression due to Hill function could not
help to amplify the fluctuation such that only a rather small dif-
ference is observed. Two points, 2 =93, N=351 and Q =193,
N = 426, are chosen from this gap area and their corresponding
power spectrum profiles are illustrated in Fig. 6CD. The peak pro-
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files at nonzero spatial frequency confirm the existence of random
fluctuation, which indicates the emergence of cell localization.

4.4, Comparison of localization behaviors with different limitations of
recruitment

If there is no constraint on the recruitment of cytoplasmic in-
active signaling molecules, carrying capacity on membrane is large
enough (Q =1 as 2 — +o0). In this case, Turing instability condi-

tions will be

—01Dm +

2kyk2,a*
(k3 + a*2)?

and

01
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Table 1

Parameters used in the model; the diffusion rate, recruitment rate and dissociation rate of inactive molecules,
and deactivation rate of active molecules are taken from Lo et al. [21].

Parameter  Value/Unit Description

a mol um=2 Concentration of active molecules

b mol pum=2 Concentration of inactive molecules

Dp, 0.15 m? min~' Diffusion rate of molecules

R 2 um Yeast cell radius

Zon 20 pm=2 min~! Recruitment rate of inactive molecules
8of f 9min~' Dissociation rate of inactive molecules
kos s 10 min™" Deactivation rate of active molecules

n lor2 Degree of cooperativity

k1 20 min™" Basal activation rate of Cdc42 in Eq. (2)
k12 0.987 [mol Mmfz]*"min’1 Activation coefficient through cooperative feedback in Eq. (2)
ka1 5 min~! Basal activation rate in Eq. (3)

kas 200 min~" Feedback activation coefficient in Eq. (3)
ka3 40 mol pum=2 Saturation parameter in Eq. (3)

N - Total number of molecules

Q - Local carrying capacity on cell membrane

Based on these conditions, numerical simulation results (which
are not given here) demonstrate that if the system incorpo-
rates with quadratic feedback form, the total amount of signal-
ing molecules N has to be larger than 76 to yield Turing pattern.
In contrast, if the system is equipped with Hill function, the to-
tal amount of signaling molecules N should be higher than 171.
Furthermore, in previous section considering the local carrying ca-
pacity as Q(a,b) =1 — %b, the least number of molecules ensur-
ing Turing pattern is around 76 and 171 in system with quadratic
function and Hill function respectively when € is larger than 90
(see Fig. 6A). In a word, this reveals that the existence of recruit-
ing limitation does not influence the lower bound of the num-
ber of molecules for obtaining a pattern. On the other hand, the
limitation on recruitment inhibits the magnitude of concentrated
Cdc42-GTP cluster (see Fig. 7 upper panel). Without the limitation
on recruitment, i.e.,, Q = 1, the localized cluster is much sharper
than the case incorporating Q(a,b) =1 — %” Hence, when the re-

10

cruitment of active signaling molecules is limited by saturation, the
lowest number of signaling molecules for achieving polarity may
not be affected but the magnitude of the localized cluster is re-
pressed.

5. Conclusion

In this paper, we formulated deterministic and stochastic mod-
els with non-local kinetics to describe the cell polarization pro-
cess. Our model consists of active and inactive signaling molecules
where the recruitment of inactive molecules from the whole cy-
toplasm is taken into account. Parameter regime and localization
behavior were compared and discussed for the models with differ-
ent positive feedback forms. We used numerical method SSA and
the analysis of the power spectrum to approximate the parame-
ter ranges and compared the results obtained by Turing instability
conditions.



Y. Liu and W.-C. Lo Chaos, Solitons and Fractals 144 (2021) 110620

Our results suggest that the stochastic fluctuations in the model with quadratic or Hill function form feedback can extend the parameter
regime for achieving cell polarization. A good agreement between the prediction of the power spectrum and the simulations of SSA
was observed, and this result allows us to use the power spectrum to effectively predict the regimes instead of implementing the time-
consuming SSA. Also, the model with Hill function feedback form yields a smaller parameter regime than that with quadratic feedback
function. Moreover, considering systems with and without local carry capacity on recruiting signaling molecules, Hill function feedback
might repress the magnitude of localization. The differences in feedback function illustrate that Turing and wave-pinning mechanisms
react distinctly even with the intrinsic fluctuation, which is also one of the contributions of this paper.

The simplified model used by assuming the cell as a circle while unintentionally neglecting the cell shape or curvature may bring some
limitations to this study as the cell geometry also affects the pattern formation, as pointed out by recent studies [14,31]. Therefore, our
next work is intended to explore the polarization process in a system with varied cell geometries.
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Appendix A. Turing instability analysis

First, in homogeneous system with uniform density over whole space, the diffusion terms V2a and V2b vanish. Only reaction terms
are remained and also balanced for a and b. Note that since a* is homogeneous over space, a* = [a* dS=a*L and b* = [ b* dS=b*L in
one dimension. The steady state solution (a*, b*) of this system can be induced from following equations:

0= F(a*)b* — koffa*,
0= —F(a*)b* + kyppa* + gon (N — a*L — b*L)Q (a*, b*) — gofsb*.

To access the stability of homogeneous steady state with respect to small perturbations, we define a(x,t) and b(x,t) as slightly per-
turbed functions from the homogeneous steady state:

a(x,t) =a*+ea;(x,t), (A.2a)

b(x,t) = b* +eb;(x, 1), (A.2b)

where the perturbation amplitude € « 1 is much smaller than a* and b*. After substituting (A.2a) and (A.2b) into the model (1a)-(1b) and
applying Taylor expansion at a* with the first order approximation, F(a) = F(a*) + F/(a*)(a — a*), the leading term satisfies the following
system:

aait] = DnV?ay + F(a*)by + a1b*F' (a*) — kopsay, (A.3a)
ab \ T a;+b
871'1 :DmV2b1 — F(a*)b; — a1b*F'(a )+k0ffa1 _gon¥

x (N —a*L —b*L) — g (a7 + b1)Q(a*, b*) — gossb1. (A3b)

where F’(a*) denotes the derivative evaluated at a*. Here we consider a particular spatially periodic perturbation
ay(x, t) = ae*®E (x),
by (x,t) = B E (%),

where o and 8 are non-zero parameters determined by Fourier expansion of the initial conditions in terms of E,(x), A (k) is the eigenvalue,
k is a non-negative integer which represents the wavenumber, and Ej(x) is the kth non-zero eigenfunction of Laplace operator. On the
domain x € [0, L] in a one-dimensional section with periodic boundary, we then have

—V2E((x) = K’Eg(x),  for  Ey [x—o= Ey |x=1

which is solved by Ej; (x) = amcos(zm%). Here m =0, £1, £2, --- and ay; are constants determined by the initial perturbation. To determine
the unstable state, we analyze the stability of the homogeneous steady state points by evaluating the eigenvalues of Jacobian matrix.
System (A.3a)-(A.3b) becomes

1
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NE —omDm + F'b* ~ koff ) F . o (A4)
B —-F'b* + kogr — gonm gonQLS (k) —omDm—F— gonw 8onQLS (k) — 8off B)

where for simplicity, F(a*) and F’(a*) are written in F and F’. §(k) is a Dirac function, namely, §(k) is zero everywhere except at k =0
where §(k) = 1 and the eigenvalues

o — m?/R?  for a one-dimensional cross section,
™~ 12m?/R? for a two-dimensional spherical surface,

If we define the Jacobian matrix on the right-hand side of (A.4) as J, then Eq. (A.4) becomes

(6)-16)

Therefore, A is an eigenvalue of J, and («, 8)T is the corresponding eigenvector. Eq. (A.5) has a nonzero solution («, 8) if and only if
det(J — AI) = 0, which means A should be a root of the following characteristic polynomial:

N —a*L — b*L
A2 — )L(ZUmDm +F'b*—F 7g°"T 7g0n8(k)QL —8off — koff)

N — a*L — b*L
+ G,%Dzm + 0mDpy <F +gonT + gond (k)QL + 8off — F'b* + koff)

N—a*L —b*L
— (F'b* — kogs) <gonQ + 8ond (K)QL +goff>
N—a*L —b*L
+ F<gonQ +gon8(k)QL> =0. (A.6)

Together, these two conditions imply that wave functions perturbed from the homogeneous steady state are moving toward another
steady state for and only for positive wavelengths. The first condition is equivalent to that when k = 0, hence o, =0 and 6(k) = 1, the
trace of J is negative and the determinant of J is positive:

F’b*—F—gonN_#L_b*L — 8onQL — gopf — kogs < 0, (A7)
and
—(F'b* — ko) (gonNa*éb*L + 8onQL +goff) + F(gonNa*éb*L +gonQL> > 0. (A8)
Inequality (A.8) can be rewritten as
F'b* — kg — f"aﬁﬂ el g (A9)
on 5= + ZonQL + &of ¢

It is easy to show (A.9) implies (A.7), and therefore one only needs to check the inequality (A.9) for condition (i). The second condition
is equivalent to the conditions that for some positive k, hence §(k) = 0, the trace of J is positive or the determinant of J is negative:

N —a*L — b*L
—20mDp -i-F/b>k —F —gonT _goff — kfo > 0, (A]O)
or
2D2 +O'mDm F/b*—{—F—l-gonN a‘L— bL+goff+koff) (An)
—(F'b* —kogy) gonN a*L-b*L +goff) + Fgon M <0, k>1. ’
Inequality (A.11) can be rewritten as
oD N— a*L b*L
—OwDn + Fb* — kg — —mm T8 — g g (A12)
OmDm +gonaT + 8osf

It can be observed that inequality (A.10) implies (A.12). So it suffices to check the inequality (A.12) for condition (ii). Moreover, if there
exists the critical wavenumber k. such that for any positive integer k < k., the second condition can be reduced to the inequality (A.14)
below. Finally, we summarize that Turing instability exists at a homogeneous solution (a*, b*) if the system (1a)-(1b) satisfies the following
two conditions

Zon 2L 4 QL

F'b* — kypr — F<o, (A13)
o on M +gonQL+goff
and
—_a*L—b*
oDy + Fb — Ky — — OmDm 8 (A14)
e off Nal bl : :
OmDm + &on Q + 8off

12
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Appendix B. Derivation of power spectrum

Some details of derivation of power spectrum given in Eq. (13) are shown here. The power spectra of stochastic fluctuations in active
molecule and inactive molecule correspond to P; (kg, @) and P, (kg, @) where just let the species index r =1 and r = 2 in general form of
power spectrum formula. According to the definition of power spectrum of stochastic fluctuation, it gives

Pr(ko, @) = (| (ko, @) [?) = (¢r(ko, @)r(ko, @)
where (-) denotes conjugate. To solve q?)r(ko, ) by (10), we introduce ®,;(kg, @) and it yields
2
br(ko, @) = @1 (ko, w) 1y (Ko, @),
=1

where {(fir(@)fim(@)) = Mz, &, (k. ) = iwl, —fr,(ko, ) and [,; is 2 x 2 identity matrix. Since q3r Zz 1 o1 1 A in above equation, here
for simplicity (kq, @) was omitted, so the power spectrum becomes:

2
Py (ko, w) = Z(Dl MI(Z r%ﬂm)

m=1

2
=Y > o ()
2 2 .
ZE:E:qQme(¢4>%.

where ()M is the conjugate transpose. Here ® is a 2 x 2 matrix, and the inverse ®~! and its conjugate transpose (@‘])” would be

formulated by the components of & as following:
o1 — 1 Dy —Pp
Oy Py — PPy \—P1 P )

<¢71)H _ 1 Op  -Pp
D1 Py — PPy \— P2t P

Py =iw—-J5, Pu=-Jp

where

Dy = 3. Dy = i — J3,.
Py = —iw —ﬁp Dy = —ﬁz’
TZ] = —f;lv ¢722 = —iw —f;z- (B.1)

Active molecule corresponds to r = 1 and its power spectrum P; (kg, @)

2 2
Py (ko. ) = ZZ@W%*)m
1=1

m=1

= @ity (07 )i + ot (@7 ) + 03ty (97 ) + o (271 )1

_ @221\7[’;1@722 _ CI)ZZMTZCDIZ
(PP — P2®2) (P11 P2y — P12P21) (PP — P12 P21) (P11 P2 — P12Pay)
DM, Dyy D1, M3, Py

(P Dy — Py Do) (B Do — <I>12<I)21) (P11 P — P12DP2) (P11 P2y — P12P21)
_ DM, Dy — DM, D1y — @M, P + q>12M22cI>12
(P11 P22 — P12 P21) (P11 P2z — P12P21)

Substitute the value in (B.1) into the above equation, the power spectrum of active molecule can be written explicitly:
M, U50)* + M3, (35)° — 2M5,J 1005, + My, “’2‘
[0? = ()5, =S50 P + U7y +155)°@?

Analogously, we can easily derive the expression for inactive molecule in Eq. (13) with the same manner.

Py (ko, w) =

13
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Appendix C. Stochastic Simulation Algorithm

The chemical master Eq. (6) provides exact description of the stochastic process. It can be accessed numerically by SSA. Instead of
focusing on concentration of molecules at local area, SSA is based on the number of molecules in discrete space. Consider X(t) as a
variable with respect to x, the probability that a reaction R or a jump J will happen in the next time interval [t, t + dt) is «a(t)dt where o
is the propensity function corresponding to the reaction or the jump at time t. In SSA, two random numbers r; and r, that are uniformly
distributed in [0,1], are generated for determining time and index of next reaction, respectively. The time for next reaction is t + 7, with

_ Inry
ot

where o (t) is the sum of all propensity functions:

K [ 4
ag(t) = Z (Z ayj(t) + aga, (t) + aga, () + agp, () + ogs, (f))-

k=1 \ j=1

The index of the next reaction is obtained by finding the smallest m and q such that

q-1 4 m
ZZakj—i-Zaqj = 0 (C1)
k=1 j=1 =1
K 4 q
or ) ) a0t =T (C2)
k=1 j=1 k=1

k=1 \j=

K [ 4 q
or Y ( o +amk> + ) o, = a0 (C.3)
1 k=1

K 4 q
or Z Z Oj+aa, + s, | + Z A, = Qo (C4)
k=1 \ j=1 k=1
K 4 q
or Z Zakj+amk + Oga, + 1B, JrZOlRBk > . (C.5)
k=1 \ j=1 k=1

If the condition (C.1) is satisfied, then reaction Rgn happens and the state of system is updated as Xt+1)=X(®) + vgm; or if the
condition (C.2) is satisfied, then diffusion jump Ji4, happens and the state of system is updated as X(t+1)=X({t)+ V14, or the condition

(C.3) is satisfied, then diffusion jump Jrag happens and state of the system is updated as X(t + 1) = X(t) + VRag; OF if the condition (C.4) is
satisfied, then diffusion jump Jip, happens and the state of system is updated as X(t+1)=X(t)+ vig,; or the condition (C.5) is satisfied,
then diffusion jump Jgg, happens and the state of system is updated as X(t+1)=X(t)+ VRB,-

Appendix D. Linear feedback loop

Here the linear positive feedback form means that the local positive feedback function (2) has no cooperativity: F(a) = k11 + kipa. Next
we will show this kind feedback form is unable to provide spontaneous onset of cell polarization based on the linear stability analysis we
have studied above. With the linear feedback function, we obtain the following

0= (k]l + klza*)b* — knffa*,
We can obtain that

kiab* —kosy = _kHE'

Since the parameter kq; and the steady state solution a*, b* are positive, the left-hand term ki;b* — ks is obviously negative. Consid-
ering the condition (5) with linear feedback function,
01Dm +gon%m

01Dm +gonNi%Lib*L + 8of s

_U]Dm+k12b*_’<off_ F > 0.

This necessary condition for symmetry breaking can not be satisfied with the induced conclusion that ki;b* — k,s; < 0. Therefore, linear
positive feedback will be insufficient to lead to spontaneous cell polarization.

Stochastic method by performing SSA with weak feedback strength, (a): ki = 0.987min~! and (b): k; = 10min~", is insufficient to
establish localization. Nevertheless, with much larger feedback strength, (c): k1 = 40 min~" and (d): ky = 100 min~ !, signaling molecules
display a clear localization profile.
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