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Restriction for general linear groups:
The local non-tempered Gan—Gross—Prasad
conjecture (non-Archimedean case)

By Kei Yuen Chan at Shanghai

Abstract. We prove a local Gan—Gross—Prasad conjecture on predicting the branch-
ing law for the non-tempered representations of general linear groups in the case of non-
Archimedean fields. We also generalize to Bessel and Fourier—Jacobi models and study a pos-
sible generalization to Ext-branching laws.

1. Introduction

In 1990s, Gross and Prasad [22] formulated conjectures which determine when an irre-
ducible generic representation of SO, _;(F') appears in a quotient of an irreducible generic
representation of SO, (F), where F is a local field. The conjectural answer is in terms of
symplectic root numbers, providing deep connections with number theory. About ten years
ago, Gan, Gross and Prasad [18] generalized the conjectures to other classical groups. For
p-adic groups, the local generic conjectures in orthogonal, unitary and symplectic-metaplectic
cases have been respectively settled by Waldspurger [43], Mceglin and Waldspurger [32], and
by Beuzart-Plessis [8], Gan and Ichino [20], and by Atobe [4]; and for real groups, the uni-
tary cases for tempered representations and independently for discrete series are settled by
Beuzart-Plessis [9] and H. He [25], respectively. We remark that the generic case for general
linear groups has been known long from the work of Jacquet, Piateski-Shapiro and Shalika [27].

Recently, Gan, Gross and Prasad [19] have formulated new conjectures for certain non-
tempered representations arising from a local component of an automorphic representation.
The main goal of this paper is to prove one of those conjectures for general linear groups over
a non-Archimedean local field and study related generalizations.

1.1. Local non-tempered Gan—Gross—Prasad conjecture. We begin with a precise
formulation of the non-tempered conjecture. Let G;,, = GL,, (F), the general linear group over
alocal field F. Let W be the Weil group of F'. The Weil-Deligne group WD F of F is defined
as
Wg x SLy(C) if F is non-Archimedean,

WDr =
{ F if F is Archimedean.
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The set of Langlands parameters of G, is the set of equivalence classes of homomorphisms
¢ :WDp — LG = GL,(C),

under conjugation by elements in GL,, (C), and the restriction to the factor of SL,(C) in WF is
algebraic. The local Langlands correspondence for GL,, (F') is now known by [24,26,31,37,44].
Define the Arthur parameters [3] as the set of L G -orbits of maps

¥ : WD x SL,(C) — LG

such that ¥/ |wp . has bounded image, i.e. has tempered Langlands parameter, and the restriction
to the SL,(C) factor is algebraic. For each Arthur parameter ¥, one assigns an L-parameter

given by
_ 'z 0
Py (w) =y (w, 0 w2))

Let Sym* (C2) be the unique (k + 1)-dimensional irreducible representation of SL;(C).
The Arthur parameter, as a finite WD x SL,(C)-representation ¥/, takes the form

(1.1) Mg =) M;®Sym?(C?),
d

where each M is a representation of WD £ such that ¥/ |wp,. has bounded image, i.e. each M;
corresponds to a tempered representation. It gives rise to a Langlands parameter M as described
above, and gives a G,-representation denoted by 73s. Any irreducible smooth representation
of G, associated to the Langlands parameter ¢y, coming from an Arthur parameter is called
a representation of Arthur type.

A key notion in [19] is the relevant pair which governs the branching law of representa-
tions of Arthur type:

Definition 1.1 ([19]). For any n,m € Zx¢, two Arthur parameters M4 and Ny for
respective G, and Gy, are said to form a relevant pair if there exists WD g -representations

M(;" s M My, ..., Mg (possibly zero) corresponding to tempered representations such
that
r N
(1.2) Mg=> Mf®Sym’(C) @ Y M;®Sym? (C?
d=0 d=1
and
r s
(1.3) Na= Y MF®Sym?’ '(C) @ > M; ®Sym?(C?).
d=1 d=0

We remark that in the above definition, the dimensions of the Arthur parameters M4 and
N4 are not required to be of corank 1.

We regard G, as a subgroup of G, 41 via the embedding g > diag(g, 1). A non-tempered
Gan—Gross—Prasad conjecture predicts which Arthur-type representations of G, appear in the
quotient of an Arthur-type representation of G, 41, in terms of relevant pairs.

Conjecture 1.2 ([19, Conjecture 5.1]). Let F be a local field, and let s and 75 be
Arthur-type representations of GL, 41 (F) and GL, (F'), respectively. Then Homg,, (mpr, wn)
is non-zero if and only if their respective associated Arthur parameters M4 and N4 are relevant.
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The main result of the paper is to prove the conjecture for non-Archimedean field F'. Pre-
viously, for non-Archimedean F, certain cases including when the Deligne SL,(C) in WDF
acts trivially are proved in [19], and M. Gurevich [23] proves the only if direction. We shall
give another proof for the only if direction in this paper. Recently, Gourevitch and Sayag [21]
have results towards the Archimedean case. The unitary restriction problem is studied in [42]
by Venkatesh.

Theorem 1.3. [f F is non-Archimedean, then Conjecture 1.2 holds.

1.2. Representation-theoretic reformulation. From now on, we assume F is non-
Archimedean. Let Alg(Gy,) be the category of smooth G, -representations. We first reformulate
the problem into a representation theory setup.

For representations ; in Alg(Gp;) (i = 1,...,k)andn = ny 4 --- + ny, we define the
product

7wy X -+ X 7 € Alg(Gy)

to be the normalized parabolic parabolically induced module from 7y X --- X . For more
detailed notions of Zelevinsky segments and product, see Section 2.4. For an irreducible unita-
rizable cuspidal representation p of Gy, let

Ap(m) = [p= "= D/2p, (= D/2 ]

be a Zelevinsky segment. Any square integrable representation is known to be isomorphic to
St(Ap(m)) for some such Zelevinsky segment A,(m) (see [44]). Any tempered representa-
tion is isomorphic to a product of some square-integrable representations, and corresponds to
a WD g -representation ¥ with bounded image v (WDF).

Let vy(m, d) be the unique irreducible quotient of the product

Stw@ D2 A 5 (m)) x -+ x St~ @2 A (m)),

which is so-called a Speh representation and is unitarizable. Each factor M; ® Symd (C) in
(1.1) corresponds to a product of Speh representations of the form

(1.4) Vp,(my,d + 1) x -+ x vy (mp,d +1).

Any Arthur-type representation is a product of some Speh representations. It follows from
[5,41] that such a product is irreducible, and is independent of the ordering of Speh represen-
tations.

The notion of a derivative is defined in [44] (see Section 2.1 for the detail). For an
irreducible 7 € Alg(G,), let T be the highest derivative of 7 and let 7~ = /2% where
v(g) = |detg|F. A key observation in [19] is that

(1.5) vp(m,d + 1) = vp(m,d)
(when d = 0, we regard v,(m,0) = 1) and so
(1.6) (vp,(m1,d + 1) x---xvp.(mp,d + 1)) Zvp (m1,d) X+ X V. (My,d),

which is also a motivation for the notion of relevant pairs in [19]. The isomorphism (1.5)
follows from the well-known highest derivative of Zelevinsky [44] (and its translation to the
Zelevinsky classification via [41]).

Thus combining Definition 1.1, (1.4) and (1.6), we have the following reformulation.
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Reformulation of Conjecture 1.2 in the non-Archimedean case. Let I be a non-
Archimedean local field. Let mps and 7wy be Arthur-type representations of GL,41(F) and
GL, (F), respectively. Then Homg,, (mas, mn) # O if and only if there exist Speh representa-
tions 7y 1,...,mp and my 1, . .., g s such that

— X T

M = Tp,1 X+ X Tpp X Ty q X o 7.

and

TN ST, X oo X T, X g1 X oo X Ty s

b4

1.3. Generalizations. The first generalization is on Bessel and Fourier—Jacobi models
(Theorem 5.12). Such a generalization is also expected in [19]. The strategy for proving general
cases is connecting those models functorially via Bernstein—Zelevinsky theory (Corollary 6.3)
and then using the reduction to basic case similar to [18]. The functorial connection is a key
difference of our study from the one in [18]. We remark that we also deduce the equal rank
Fourier—Jacobi case from the basic case of restricting G, 41 to G, representations, which dif-
fers from that some results (such as multiplicity one theorems, e.g., [39]) are proved separately
for equal rank Fourier—Jacobi models.

In more detail, let

g X
HER = 1 v'|:g€Gr, x eMatyyuy), v F" " uecUpy CGpy,

r

u

where Uj,—, is the subgroup of unipotent upper triangular matrices. It is sometimes referred to a
Rankin—-Selberg subgroup. Let ¥ be a non-degenerate character on a subgroup Uy,—, x F"™7,
extending trivially to HrR (also see Section 5.2). We show that the restriction problem for
a Bessel model or a Fourier—Jacobi model is equivalent to the problem of determining the
corresponding Rankin—Selberg model (Corollary 6.3), i.e. determining if

Homy x (MY p=(=r)/2, 72) # 0,

where 71 and 7, are respective irreducible G, and G, representations.
The second generalization is on Ext-branching laws. The generic case for Ext-branching
law is simpler: for respective generic irreducible representations w1 and 7 of G,41 and Gy,

Homg,, (71, m2) = C

and .
Extg (w1,7m2) =0 fori > 1.

The Ext-vanishing part is conjectured by D. Prasad [36] and proved in [16], and the Ext-result
also extends to standard modules in [12]. One may consider an analogous problem of Ext-
branching laws for Arthur representations. However, there is no such general Ext-vanishing
result for Arthur representations, and we do not have a way predicting non-vanishing Ext at
the moment.

Nevertheless, we formulate a conjecture in Section 7.1, which reduces computations of
Ext-groups for branching laws to computation of Ext-groups of derivatives. The conjecture
is partly based on the derivative approach in [19], as well as some examples computed in
this paper.
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1.4. Outline of the proof of non-tempered GGP. We shall consider the reformulated
problem in Section 1.2. Let

(1.7) M = Tp X X7y € Alg(Gpa),
and
TN = g1 X X 7g5 € Alg(Gy),

where each 7, ; and 7y, ; is an (irreducible) Speh representation.

The proof is on the induction of the total number of factors 7, ; and 74, ; which are not
cuspidal representations. The basic case is that all factors are cuspidal representations. Then the
associated Arthur parameters M4 and N4 are automatically relevant. Since the representations
mp and m are generic in this case, we always have Homg,, (mar, ) # 0.

The strategy of the general case is to find a suitable filtration on |G,

0> A—npmlg, >w—0
such that
(1.8) Homg, (w, nN) = Exthn (w,mny) =0

and Homg, (A, ) can be transferred to another Hom space computable from the inductive
case. Now a long exact sequence argument gives

Homg,, (JTM|G’1,7TN) =~ Homg,, (A, TN)

and so one concludes the former from the latter one. The way to find such filtration is based
on a combination of Bernstein—Zelevinsky filtration and Mackey theory, and (1.8) would fol-
low from comparing cuspidal supports on w and 7. A more systematic filtration is given in
Proposition 5.13.

In more detail, an Arthur-type representation mpy is written as a product of Speh repre-
sentations in (1.7). Now we write 7, x = vy, (mg, di) for all k. As shown in Proposition 4.1,
there is a duality between the original restriction problem Homg,, (a7, mn) # 0 and the dual
restriction problem

Homg,, ,, (0" x 7wy, 7mp1) # 0,

where ¢’ is a certain unitarizable cuspidal representation of G,. With the commutation of the
Speh representations in the product, we may assume that m1 + d is the largest among all Speh
representation factors in mwps and 7. Such arrangement allows one (easily) finds a suitable
filtration to obtain the vanishing (1.8).

Now some cuspidal support consideration in the filtration reduces to the study of the
bottom layer (of the filtration):

(1.9) Homg, ,, (v~ x (IT X 7)[G, ), 7w),

for some Gy, where v = v, (my,dy), &' = wp 2 X -+ X 7p ,, I1 is the Gelfand—Graev repre-
sentation and X indicates the mirabolic induction considered in Section 3. A key here is that
a Gan—Gross—Prasad-type reduction can be used to transfer the study of (IT X 7) to (o x ') |G,
for some suitable choice of a unitarizable cuspidal representation o. (Here o x 7’ is an irre-
ducible Gy 41-representation.)
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Now o x 7’ is still Arthur type and so induction can be applied. It is clear that if A is
a quotient of (o0 x 7")|g,, then v~ x A is still a quotient of v~ x ((¢0 x 7’)|g, ), which basi-
cally deals with the if direction. The converse of the statement is not true in general, but holds
under suitable assumption that fulfills our purpose. For which, we have to study the product
with 7, preserves extensions in some situations (Corollary 9.4), which handles the only if
direction. We also need some product preserving irreducibility results from [30].

1.5. Remarks. For irreducible generic quotients of G, appearing in an irreducible
generic representation of G, (also known as generic GGP conjecture for GL-case), it is
shown by Rankin—Selberg integrals [27,35]. In [16], G. Savin and the author give another proof
for the generic case using variations of Bernstein—Zelevinsky filtrations. We also remark that in
the above outline, one may replace the mirabolic induction IT X & with certain Rankin—Selberg
model discussed in Section 5. Such interpretation is later motivated by the approach in the
generic case of orthogonal groups by Mceglin and Waldspurger [32].

Our method for Arthur-type representations is again a variation of Bernstein—Zelevinsky
filtration method which exploits the product structure of Arthur representations. To illustrate
how the refinement gives more information, we consider respective representations in GL5(F)
and GL4(F) in [19, Remark 5.6] with A-parameters:

My = 1®Sym?(C?)®Sym?(C?)®1®Sym®(C?)®Sym®(C?)®1®Sym?(C?)®Sym®(C?)

and
N4 =1® Sym®(C?) ® Sym'(C?) ® 1 ® Sym'(C?) ® Sym®(C?).

(Here 1 is the trivial representation of the Weil group and the first Symk factor is the irre-
ducible (k + 1)-dimensional representation of the SL(C) in the Weil-Deligne group.) Their
respective representations take the form

= (v L)) x1x1 and mp = ([v_l/z,vl/z]) X St([v_l/z, vl/z]).
(Here 1 is the trivial character of F*.) Now the Mackey theory gives two layers on 1 |g,:
(w7202 x (A% Dig,) and (w7201 2)) x (U, x 1% Dg,)-

Set T = ([v~1/2,v1/2]). A key difference of our method from the one in [19] is to use transfer
in (1.9) to deduce that 7 x ((1]ps, % 1 x 1)|g,) has a quotient of 7>, as G4 representations. The
above filtration is coarser than the full Bernstein—Zelevinsky filtration, but has the advantage
of using transfer and induction as mentioned before. It can also deal with an obstruction in
[19, Remark 5.6].

An irreducible cuspidal representation of G, restricted to the mirabolic subgroup is iso-
morphic to the Gelfand—Graev representation, which is an essential step in our proof. This
classical fact plays crucial roles, and is generalized to essentially square-integrable representa-
tions when restricted to G,—1 via Hecke algebra realization [14—16] (also see [13] for further
generalization to representations restricted to be projective), but we do not critically need any
Hecke algebra technique in this paper. We also remark that such fact also plays important roles,
for example, in the reductions in [18] and in proving the Ext-vanishing theorem in [16].

Our approach in only if direction only requires a study of producting with one Speh
representations (rather than several generalized Speh representations), compared with the study
of multiple products of generalized Speh representations in [23]. We also work directly in the
p-adic group without passing to other categories, and so the method is different from [23]. We
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show under some conditions on cuspidal supports that producting with a Speh representation
preserves extensions and is a fully-faithful functor. This improves one of results of Lapid and
Minguez [30] which shows producting with Speh representations preserves irreducibility under
a related condition.

1.6. Summary of results and structure of the paper. We summarize the key results
of this paper below:

(1) A proof of Conjecture 1.2 in the case of a non-Archimedean field (Theorem 4.5).

(2) Generalize Conjecture 1.2 to Bessel, Fourier—Jacobi and other mixed models (Theo-
rem 5.12).

(3) A filtration as a tool to study restriction problem for parabolically induced modules
(Proposition 5.13).

(4) Product with a Speh representation preserves indecomposability and is a fully-faith func-
tor under some conditions (Theorems 8.1 and 9.1).

In Section 2, we set up notations and recall some results such as properties of Speh
representations. In Section 3, we study parabolically induced modules restricted to mirabolic
subgroups. In Section 4, we prove Conjecture 1.2 for non-Archimedean case. In Section 5,
we generalize results to general cases including Bessel models and Fourier—Jacobi models. In
Section 6, we establish connections between models. In Section 7, we study Ext-branching
laws for Arthur-type representations. In Sections 8 and 9, we prove Theorems 8.1 and 9.1.

Acknowledgement. This project grows out from discussions with Dipendra Prasad,
and the author would like to thank him for helpful discussions and comments. He would also
like to thank Gordan Savin for discussions on various topics and helpful comments. The author
would also like to thank Max Gurevich for helpful correspondences on the preprint. The author
would like to thank the referee for careful reading and useful comments.

2. Notations and Preliminaries

2.1. Bernstein—Zelevinsky functors. For a connected reductive group G, let Alg(G)
be the category of smooth (complex) representations of G. Let G, = GL,(F). All representa-
tions in this paper are smooth and we usually drop the term “smooth”. For a representation 7
of G, setny, = n.

Let G = Gy,. For a closed subgroup H of G and a representation 7 in Alg(H ), let Indg b4
be the space of smooth functions f : G — 7 satistying

f(hg) = 8(h)'*h.f(g).
where § is the modulus function of H. The G-action on Indgn is given by

(g.f)(go) = f(gog) foranyg,go€G.

Let indgn be the subrepresentation of Indgn containing all functions with compact support
modulo H. We shall use ¥ind and “Ind for corresponding unnormalized inductions of ind
and Ind, respectively. Those functors Ind, ind, ¥Ind, *Ind are exact [7, Proposition 2.25 (a)].
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Let M, be the mirabolic subgroup of G, i.e. My is the subgroup of G, with all the
matrices with the last row (0, ..., 0, 1). We shall also regard G, —; as a subgroup of M,, via the

embedding
§= ¢
1

1=Go=M,C---CMy_1 CGy_1 CM, CGy.

Thus we have a chain of subgroups:

For = € Alg(G,), we may simply write 7| for the restriction 7|y,

Let V = V,,_; be the unipotent radical of M,. Let ¥ : F — C be a non-degenerate
character. Let ¥ : V — C by ¥ (v) = ¥ (vy—1), where v,_1 is the last entry in v. Note the
action of M,_; stabilizes ¥ : V' — C. For a character A of V' and a representation 7= of M,,,
define

Ty = 8_1/271/(v.x —Av)x:veV xemn),

where § is the modulus function of M. When A = 1 (respectively, A = ), we regard 7y ; as
G, —1-representation (respectively, M, _1-representation).

Define 6 = 0, : G, — G, by 0(g) = g, the Gelfand—Kazhdan involution [7, Sec-
tion 7]. For any irreducible representation 7w of G, 0(7w) = V.

Define

Ot : Alg(M,) — Alg(My,,11), Ut Alg(Gy) — Alg(Myy1).
Ot Alg(Mpy1) — Alg(Mp), V™ : Alg(Myy1) — Alg(Gp).

o*(n) = indy" S w Ry, WH(n) = indg 'y n R 1,

O () = my, .y, V() =my,.1.
In particular, U is just an inflation of representations. Some major properties of the
functors [6, Proposition 3.2]:

(1) All the above functors are exact.
(2) @ is left-adjoint to @1 and W™ is left-adjoint to &,
3) @ ¥T=0and ¥~ =0
(4) There is an exact sequence:
0— dTd™ - 1d— vHe™ — 0.
(5) All the irreducible representations of M,, are isomorphic to (®+)K~1W+ () for some k
and some irreducible smooth G,,_g-representation.

(6) [7, 5.18] For any cuspidal representation o of Gy, o|ps, = (®T)*~1(1). Here 1 is the
1-dimensional representation of M.

Denote, the Gelfand—Graev representation,
I, = ()" 1(1) € Alg(M,).

Letv = v, : G, — C be a character given by v(g) = |det(g)|r. For & € Alg(Gy), the
k-th right and left derivatives of 7 are respectively defined as

7® = v (@) x|y, ©x=0606m)%).
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and the k-th shifted right and left derivatives of 7 are defined as

L 2 ) K 12 k)

Let k* be the largest integer such that 7*™) = 0. We shall call 7*") to be the highest
derivative of 7, and k™ to be the level of 7. We also set 7~ = k],

2.2. Parabolic induction and Jacquet functors. Let U, be the subgroup of G, con-
taining all unipotent upper triangular matrices. Let N; be the unipotent subgroup of G, con-
taining matrices of the form

1 n—i u
I;

for any (n —i) x i matrices u over F. We regard G,—; x G; as a subgroup of G, via the
embedding (g1, g2) +> diag(gi, g2). Let P; be the parabolic subgroup (G,—; X G;)Nj.
For 1 € Alg(Gy—;) and m, € Alg(G;), define the product of 71 and 7, as

Ty X Ty = Ind?G” . xG)xN; T X, K 1.
For a family of representations ; € Alg(Gy;) (i =1,...,k), define
Ty X oo XA =71 X (oo X (g X TR+ ).

The parabolic induction is an exact functor [7]. For more properties for parabolic inductions,
see [30].

Let N~ = Nl-’ be the opposite unipotent subgroup. For & € Alg(Gy,), we shall denote by
nn; and 7wy~ the corresponding normalized Jacquet modules, as G,—; x G;-representations.
They are also exact functors. Since the parabolic induction has usual and opposite Jacquet func-
tors as left and right adjoint functors respectively, parabolic induction also preserves injective
and projective objects.

For an irreducible representation 7w of Gy, there is a unique set (with multiplicities) of
cuspidal representations p1, ..., pr such that 7 is a composition factor of p; x --- x p,, and
we denote the multiset

cupp() = {p1,-..,pr}
and denote the set .
cuppz () = {v'pjiez,j=1,..r-

2.3. Bernstein—Zelevinsky filtrations. Since Bernstein—Zelevinsky filtration [6, Sec-
tion 3.5] (and its variations) is a main tool in this article, we recall in this section.
Let 7 be in Alg(Gp+1). Then 7|, admits a filtration

O=nmp41 Cmpy C--- Cmy C o =7lg,

such that
o K] Gk
M1/ = okl x 1ndU:7111/fk,

where 1 is a non-degenerate character on Uy _;. Note that indg]’:: Vi = g 416, - There is
a “left” version of the filtration (see [16] and [12]), while we do not need this in this article.
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2.4. Speh representations and Zelevinsky segments. Let p be an irreducible cuspidal
representation of G,. For any a,b € C with b —a € Z>, a Zelevinsky segment

A = [vep,v7p]

is the set {v%p, vaH1p, ... vPp}, and we denote a(A) = v?p and b(A) = v?p. Denote by (A)
(respectively, St(A)) the unique submodule (respectively, quotient) of v¥p X - x pb p.
A Zelevinsky multisegment is a multiset of Zelevinsky segments. For a Zelevinsky mul-
tisegment
m = {Al,...,Ar},

denote by (m) the unique irreducible subrepresentation of (A1) x --- x (A;,), and denote by
St(m) the unique irreducible quotient of St(A1) x --- x St(A,), where Ay, ..., A, are ordered
in the way as in [44, Theorem 6.1]. We also denote the parabolic induction (A1) x --- x (A;)
by {(m).

Let Irr¢ (G ) be the set of all (isomorphism classes of) irreducible cuspidal representa-
tions of Gy, and let Irr® = |_|; - Irr®(Gyg). Let Irr* (G ) be the set of irreducible unitarizable
cuspidal representations of G. Let Irr-¢ = | | k>0 It (Gg).

Let p € Irr¢(G ). For a positive integer d, define

Ap(d) = [~ TD2p, v (=02,
For a positive integer m, define
up(m,d) = (=" D2AL ), .. vTIRAd))).

When p is unitarizable, we shall call those representations to be Speh representations, and they
are unitarizable [5, Section 8] (see [41]).

In Section 1.2, we also introduce the notion v,(m, d). The two notions coincide (and
here we do not assume p to be unitarizable):

Lemma 2.1 ([41, Theorem A10]). Forany p € Irt°(Gy), any d,m > 1,

vo(m,d) = uy(m,d).

The above result can also be deduced from Meeglin—Waldspurger algorithm.
Explicit derivatives of a Speh representation are particularly simple to describe, and one
refers to [29] (also see [15, Section 7]). We collect some useful information for our study:

Lemma 2.2 ([29, Theorem 14]). Let m = u,(m, d) be a Speh representation.
(1) The level of 7 is npm.

(2) If k is not the level of m and w1kl = 0, then the cuspidal support of 7%l contains
pd+m=2)/24+1/2

(3) Ifk is the level of 7, then 7~ = k] ~ upy(m,d —1) and 7 &) ~ v_l/zup(m,d —1).
2.5. Weakly relevant condition for general branching law. For a segment A, set

[OJA = v=1/2A and Al = p1/2A. For a segment A = [v%p, vPp], set A~ = [V%p, vP~1p]
and ~A = [v4t1p, vPp]; and set Al = V1/2A= and FIA = v=1/2. A,
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Let mt and n be two Zelevinsky multisegments. We say that m and n are weakly relevant
if there exists segments
Ap’l,...,Ap,r, Aq71,...,Aq,s

and
Agi, . Daks Dpas....Apy
such that
m={Ap 1o Apr AT A UG A O A
and
n= {[_]Ap,la L] [_]Ap,ra Aq,l» ceey Aq,s} U {[O]Aa,lv ey [O]Aa,k, Ab,l’ ) Ab,l}

While we do not need the following result, it gives one guiding principle in general
smooth branching law. One may also compare with an Archimedean result [21] in terms of
wavefront sets. We remark that the converse is not true in general (for example, see the quotient
branching law for the Steinberg representation in [16]).

Proposition 2.3. Let w1, my be irreducible smooth representations of Gp4+1 and Gy,
respectively. Let wt and 1 be their associated Zelevinsky multisegments. If Homg,, (11, m2) # 0,
then mt and n are weakly relevant.

Proof. Since Homg, (71, 72) # 0, we have that Homg, (6({(m))Y, £(n)) # 0. (We
remark that 6(¢(m))Y has a quotient of (m) as 6({m))Y = (m).) Let {; = 6({(m))" and
{» = {(n). Now using Bernstein—Zelevinsky filtration (Section 2.3, also see [16, Lemma 2.4]
and [13, Lemma 2.1]), we obtain that, for some i,

Homg, ,, , (¢ Dgy) 2 0.

Write mt = {Ay,...,Ar} and n = {Zl, . Zl} For convenience, we also set the notion
A% = A and °A = A (i.e. no effect on A) Using the geometric lemma on {; (with suit-
able arrangement of segments, see for example the proof of [13, Lemma 6.3]), we obtain
a filtration on § i 11 Whose successive quotients are 6(¢(p)Y) with p taking the form

p:{vl/zAﬁ,. 1/2A#}
and similarly a filtration on (i)é‘z whose successive quotients are ¢ (q) with g taking the form
q = {"A1.... *Ap),
where each # = — or = 0. Now the previous non-vanishing Hom implies that

Homg,, (0(¢(p)").£(q)) # 0

for some p and g of the form. The ordering [44, Theorem 7.1] of Zelevinsky classification
implies that a non-zero map in Homg,, (9({(p)"). {(q)) factors through the Zelevinsky sub-
module of {(g) and hence P=gq for some p and g taking the above form. In other words, we
have foreach] vl/zA = A or vl/zA = 1 (as Go-representation), or A; = y1/2. _A, ,
or vl/2A; = Al , or 12 A= ; A for some i ;. These conditions give the weakly relevant
condition on the pair (1, nn). m]
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2.6. Ext-vanishing on cuspidal supports. The following result is standard. Since we
shall frequently use the following result, we give a proof on it.

Lemma 2.4. Let 7y be an irreducible G,—;-representation and let o € Alg(G;) (not
necessarily admissible). Let w be an admissible G, -representation. Suppose that for any simple
composition factor t of 7w, cupp(t) N cupp(mwy) = @. Then, for all i,

ExtiGn (m1 X, 7) =0

Proof. It suffices to prove for 7 to be irreducible. One first applies Frobenius reciprocity,

for any i,
Extg, (m1 X w2, ) = Extg, g, (m1 B w2, 7N-).

Since 7y~ is admissible, it suffices to check the Ext-vanishing for each simple composition
factor 7/ of N7 Now we write v/ = raE 1 for simple G,—; and G; representations 7,
and 13, respectively. Now we have that Exthi (1, t4) = O since, by using the cuspidal support
condition, one can find an element in the Bernstein center which acts by a different scalar on
1 and 7,. Now we conclude ExtiGn (71 x 72, ') = 0 by Kiinneth formula. D

3. Mirabolic induction

In this section, we discuss inductions involving mirabolic subgroups, which will be used
in Sections 4, 5 and 6.

3.1. Mirabolic induction. Let v € Alg(M,,) and let &7 € Alg(G,). Define two types
of mirabolic inductions, similar to [6, Section 4.12].

(1) Type l: Let Q = Py N My C Gy, €.

m

Let e : O — C be the identity.
(2) Type2:Let Q = P}, N\ My4m C Gpym, ie.

g
0= u h v :geGn,ueMatm_Ln,heGm_l,veF’"—1
1

Lete: O :— C givenby € = p1/2,

For type 1 (respectively, type 2), extend 7 X 7 trivially to Q. Define the M}, 4,,-represen-
tation 7w X T (respectively, T X ) to be the space of smooth functions f : Myt — 7 X T

satisfying f(qg) = €(¢)8(q)"/%q. f(g) forany ¢ € Q and g € My, and f is compactly-
supported modulo Q, where § is the modulus function of Q.
In type 1, when restricting to G, 4+m,—1, we have

(3.1) (T %X DGy = 0271) % (2G,)):

where the isomorphism is given by f + (g — f(diag(g, 1))). Here we naturally identify
7 R and (v/27) K (t]G,,_,)- We may also sometimes simply write x for X.
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3.2. Associative property. The following lemma follows from an inspection. We omit
the details.

Lemma 3.1 ([44]). Let my € Alg(Gp,). Let mp € Alg(Gp,). Let T € Alg(M;). Then:
(1) (11 X 1) X 13 = 711 X (T X 712),
(2) (my X m) Xt =m X (w2 X 1),
3) (t Xmy) Xmp =t X (711 X m2).

3.3. From parabolic to mirabolic induction. The appearance of mirabolic inductions

comes from the study of parabolic inductions when restricting to the mirabolic subgroup via
Mackey theory. The following lemma will be used several times.

Lemma 3.2 ([6, Proposition 4.13]). Let 7y and ny be Gy, and Gy, -representations.
Then (71 X 72)|pm admits a short exact sequence

0— mi|p X w2 — (11 X m2) |y — 71 X (m2|pm) — 0.
3.4. Connection to Bernstein—Zelevinsky functors.

Lemma 3.3 ([6, Proposition 4.13]). Let w € Alg(Gyp). Let T € Alg(My). Then:
() ¥ (txm) =V (1) xm,
20> (1)xm > P (X)) > V(1) X (|p) = 0.

The following result is standard. We omit the details.

Lemma 3.4. Form € Alg(Gy),

(@ W (1) = 7 X Mgy

It is also convenient to define another functor:
A Alg(Gp) — Alg(Mp11)

by
A(r) = ”Indg:“v_l/zn.

By definitions, A(x) = 1|, X 7. When n = 0, then A defines an isomorphism between vec-
tor spaces.

Proposition 3.5. Letr > 0. Let w € Alg(G,). Fors > 0,
M1 X 7w 2 (@) (A(m)).
Proof. Recall that [Ty = (®1)%(1) (and 1 is the trivial representation of M) and so,

by W~ o ®T =0, U™ (IMyy,_x) =0 fork =0,...,s — 1. This with Lemma 3.3(2) implies,
fork =0,...,5s — 1,

(%) O (Myqq—k X7) = @ (Mg q4) X = g X 7.

Here in the last isomorphism, we use Il = (®1)5k(1) for any k and ®~ o @+ =~ Id.
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Now, for0 <k <s—1,
(%) (W) (Mg X 7) = 0,

where the equality follows from Lemma 3.3 (1) and above discussions.

Now repeatedly using Bernstein—Zelevinsky theory [6, Proposition 3.2] (see property (4)
of the functors in Section 2.1) on g4 X7 (k =0,1,...,5 — 1) with (%) and (xx*), we
have

Mg X7 dT (M x7w) =--- = () (IT; X 7).

The last isomorphism simply yields

M1 X7 2 (1) (A(0)). D
3.5. A transfer lemma. We shall need the following transfer or reduction:

Lemma 3.6. Let 11 € Alg(Gy) and my € Alg(Gy). Let w3 € Alg(Gy) withn > | + k.
Leta = n+1—(k+1). Then, for any o in Irt (G, 41—k +1)) such that o ¢ csuppyg (v"127y),
and for any i,

Exty (m1 % (0 X 72)|G,_). m3) = Extg (1 % (Ta X 72)|G,,_;)- 73).

Proof. Again Lemma 3.2 gives a filtration on (o X 73) |

n+1—k as

0— 0|y X2 = (0 Xm2)|m — 0 X (m2|p) — 0.
Restricting to G,,_, this gives the filtration
0— (0|l X m2)|G,_x — (0 xm2)|G,_x — (vl/za) x (m2|G,_,) = 0.
With I1, = o], producting with 77 gives the exact sequence

(3.2) 0 — my X (Ig X m2)|G,_x) = 71 X ((0 X m2)|G,_4)

1/2

— m X (v'/70) x (m2|G,_,) = 0.

The standard argument using second adjointness of Frobenius reciprocity and comparing
cuspidal support at v1/2q gives that, for all 7,

ExtiGn (1 % (vl/za) x (m2lG,_,). m3) = 0.

Thus long exact sequence from (3.2) gives that, for all i,

Exty (m1 x (T X 72)|G,_). m3) = Extg (1 X (0 X 72)|G,,_;)- 73). O
3.6. A lemma on Speh representation.

Lemma 3.7. Let w = u,(m,d) be a Speh representation. Let 7" be in Alg(Gy). Let
n+1=ny + k. Let 7" be an irreducible representation of G, such that v/2(v+d=2/2p)
is not in cupp(z”’). Then there exists a short exact sequence, as Gy -representations,

0> K — (7|l Xn)|g, > 0 —0
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such that, for all i,
Exthn (0, 7'[”) =0
and
K = (v up(m,d = 1) X My % 7')6, = up(m,d —1) x (Tp X )64 1),
where p = npm, and
Exty (K.7") = Exty ((rly % 7')lg,.7").

Proof. From the bottom piece of Bernstein—Zelevinsky filtration (Lemma 2.2), 77 |37 has
the submodule (see Section 2.1 and Lemma 3.4)

K :=vY2y,m,d — 1) % 1,

and (7|pr)/ K’ admits a M -filtration whose successive quotients isomorphic to A ;j for
Jj < p (see similar discussions in Section 2.3). Let G = G,,. Now taking mirabolic product is
exact and so one would have, by a long exact sequence argument,

Extly (| % 7')|g. 7") = Exti; (K’ % 7')|g, 7")
if we can show that, for all 7,
Extg ((|a)/K' % 7'|G.7") = 0
To show the last Ext vanishing, it suffices to show that for each piece of Bernstein—
Zelevinsky layer t = ) x IT; (j < p)appearing in (7|p)/ K,
Extl ((t X )|, ") = 0
for any i, which indeed follows from:
Ext’b(((ﬂ(j) x M) xn')|g, 7"

= Bxt (v'?7Y) x (T % 7')[6; 45 1)- ")

= Extg, xgy o, (0P R(T <), ()N, )

~ 0,
where the first isomorphism follows from Lemma 3.1 (1) and (3.1), the second isomorphism

follows from Frobenius reciprocity, and the last isomorphism follows from Lemma 2.2 (2) with
comparing cuspidal supports. The last isomorphism follows from Lemma 2.4. |

4. Proof of Conjecture 1.2 (non-Archimedean)

The main goal of this section is to prove Conjecture 1.2 (non-Archimedean) modulo
Proposition 4.1 and Proposition 4.2. Roughly speaking, Lemmas 3.6 and 3.7 reduce to a bottom
layer in a filtration and then Lemma 4.4 reduces the computation of the bottom layer to an
inductive case. One also needs a Gan—Gross—Prasad-type reduction (Lemma 4.3) to transfer
the study to the inductive case.
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4.1. Dual restriction.

Proposition 4.1. Let w1 and wy be irreducible representations of G, +1 and Gy, respec-
tively. For o € It (G2) such that o is not in cuppy, (v_l/znf’) U cuppy, (12), and for all i,

Extg, (71lG,. 7)) = EthGnH (12 X 0)|Gpyr» 1)

The proof of Proposition 4.1 will be postponed to Proposition 5.5, where we will prove
a more general statement. Note that the additional cuspidal support condition o ¢ cuppy (72)
(cf. Proposition 5.5) guarantees that 0 X 7w, = mp X o, while it is not critical in the proof of
the GGP conjecture.

4.2. Product preserving quotients .

Proposition 4.2. Let p € Irt*“. Fix m, d. Let 1 be a (not necessarily admissible) rep-
resentation of Gy. Let p = npmd. Let w3 be an irreducible representation of G+ p such that
any cuspidal representation in cupp(,) is either

(1) lying in cupp(up(m,d)) = (p-lm+d=2)/2,  ,m+d=2)[2\
(2) not lying in {p"v™m+tD/2p\

Then if
Homg,,  ,(up(m,d) x w1, m2) # 0,

then there exists a non-zero irreducible quotient w of wy such that wy = u,(m,d) x w, more-
over, if my is an irreducible Arthur-type representation, then such w is also an irreducible
Arthur-type representation.

Proposition 4.2 will be proved as a special case of Corollary 9.4. Proposition 4.2 is only
needed for the only if direction.

4.3. Proof of non-tempered GGP. Recall that Irr*:°(Gy,) is the set of irreducible uni-
tarizable cuspidal representations of Gy.
The following two lemmas are the keys for reductions to an inductive case.

Lemma 4.3. Let , and g be Arthur-type representations of Gn+1 and Gy, respec-
tively. Write
Tp = Tp 1 X" X Mpyp, Tg=7Tg1 X XTgs

for some Speh representations mwp i, g, ;. Write mp; = up, (m;,d;) and ng,; = ug;(l;,e;).
Suppose m1 + dy > m; +d; andmy +dy > 1 +e; foralli, j. Then

Homg,, (7p, g) # 0
if and only if for any 6 € Irt"**(Gn,,,,, ) such that G ¢ cuppz,(7p) U cuppz (v"V27,),
Homg, (up, (m1,d1 — 1) x (G x 7p)|G,). 7q) # O,

where Jr;, =Tpa X+ Xpranda =n—npmy(d; —1).
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Proof. By Lemma 3.2,

4.1) 0 — mp1lm X 7w, = 1wyl — 7p1 X (M) — 0.

Letn; =np dymy andn’ = n —ny. Now

Extly ((mp,1 X (1) |m))|G,. ) = Extly (027p1) x (n)]6,,). 7q)

=~ ExtiGnl <G, ((v27p1) B (mp|6,)- (T Ny,
=0,
where the first isomorphism follows from (3.1) and Lemma 3.1 (1) and the second isomorphism
follows from second adjointness of Frobenius reciprocity and the third isomorphism follows
by comparing cuspidal support at pl/2y(ditm—-2)/2 01.
Thus long exact sequence argument on (4.1) gives that, for all 7,

4.2) Extg, ((p1lm X 7))|G,. Tq) = Exty, (7p]G, - 7q)-

Setu' = m, = up (my,dy —1)andu” = v~1/2/ Now Lemma 3.7 gives that

(4.3) Extg, (" % 1) x 7y)|c, 7q) = Bxtg, ((7p,11m X 7)), 7),

where IT = H”mml'
For any ¢ € Irr*¢ (Gn,,, m,) not appearing in cuppz (17,) U cuppy, (v_l/znq),

(4.4) Exty, (' x (@ x 7))lG,). mq) = Exty (' x (I X 7))lg,). 7q)
=~ ExtiGn (" X II) x 7,)| G, 70q).

where t = n’ + n,,my. Here the first isomorphism follows from Lemma 3.6 and the second
isomorphism follows from Lemma 3.1 (1) and (3.1),

By equations (4.2), (4.3) and (4.4) at the case that i = 0, we obtain the following equiv-
alent statements:

(1) one has Homg, (7p|G, . 74) # 0,

(2) one has Homg,, (up, (m1,d1 — 1) x (6 x 7p)|g,), 74) # 0 forany o € It (Gn,y my)
not appearing in cuppyz (7,) U cuppz (v_l/zyrq). |

Lemma 4.4. We keep using notations in the previous lemma. We still assume that
mi+dy > m; +d; andmy +dy > l; 4+ e; foralli, j. Then

Homg,, (7plG,. 7q) # 0
if and only if there exists k such that
gk = up (my,dy —1),
and for any ¢ € Irr**(Gp,, m,) with G ¢ cuppgz (1) U cuppg, (v_l/znq),
Homa,, (@ x ))[g,. 7}) # 0.

wheren' =n —npmi(dy — 1) and 7wy = 7,1 X =+ X g g1 X Tg 1 X+ X Mg
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Proof. We first consider the “if” direction. To this end, let & € Irr*“(G, pymi) NOt
appear in cuppz () U cuppy, (w1 274). By the hypothesis of the “if” direction, & x JTI/, has
a quotient né (where n,; is defined as in the lemma). Hence, by exactness of parabolic induc-
tion,

up, (m1,dy — 1) x (G x )
has a quotient

/
Tghk X Tg = Up (m1,d1 — 1) X 7, = 74,

/
q
Thus, by the “if”” part of Lemma 4.3, we obtain

Homg, (7plG,. 7q) # 0.

We now consider the “only if”” direction. Suppose Homg,, (75|G,,, 74) # 0. By using the
“only if”” part of Lemma 4.3, we have

Homg, (up, (m1,d1 — 1) x (@ x 7)|G,). 7q) # O
for some 7 € Irr”’c(anlm) not in cuppy () U cuppy, (v_l/znq). Here
t=n—npmi(d —1).

From the condition on m + dj, one checks the conditions in Proposition 4.2 and so we
can apply it to obtain that
Ty = up (my,dy —1) xw

for some irreducible Arthur-type quotient @ of (¢ x JTI/,) |G,. Now by uniqueness of factoriza-
tion of Arthur-type representations in terms of Speh representations, there exists some k* such
that

Tghx = Up (my,dy—1), g1 X oo X Tgpr_1 X g prqq X oo X Tgs = 0.

This proves the only if direction. m]
Theorem 4.5. Conjecture 1.2 holds for non-Archimedean field F.

Proof. We shall prove the reformulated problem in Section 1.2. Let 7, and 7, be
Arthur-type representations of G,4+1 and G, respectively. We can write as the product of
Speh representations, i.e.

Tp =Tp1 X+ Xmp, and 7y =mg1 X+ X g5

such that each m,; (respectively, 7y, ;) is an (irreducible unitarizable) Speh representation
up, (m;, d;) (respectively, Ug,; (lj.ej)). Let N(mrp, my) be the total number of factors 7, ; and
mp,; which are not cuspidal representation. The basic case is that all 7, ; and 7y, ; are cuspidal
representations, i.e. N(1p, my) = 0, and so , and 7, are generic. In that case, it is well known
from [18,27].

By [41, Theorem 7.1], we may and shall assume thatfor 1 <i <r,1 <j <y,

my+dy>m;+d; and [1+e;>1j+e;.

We may also assume that mj + dy > 2 or /1 4+ e1 > 2, and so either 7,1 or 7y, 1 is not
cuspidal. Otherwise, it is the basic case.
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We now consider two cases:

Casel: my +dq > 11 + e1. Then
mi+dy—2 1 li +e —2
- _|_ _ —
2 2 2
for all 7, and so vl/zv(d1+m1_2)/2p1 isin cupp(vl/znpﬁl), but is not in the cuspidal support of
any mg ;. Let
Jrl/, =Tpo X o X Tpr.
Letu = mp1 = up, (my,dr).
We first prove the “only if” direction and assume that Homg,, (1, 74) # 0. Using Lem-
ma 4.4, there exists 0 € Irr**(Gyn, m,) with o ¢ cuppgz, (v_l/znq) and k* such that

g h+ = u~  and HomGt(G X ﬂl/,a né]) 7& 0,

where 7[[1 = g1 X X g gr—1 X Tg g1 X+ XTgsand t =n—npmy(dy — 1). Since

o X Jrl’) is also an Arthur-type representation with
/ / / /
N(o x 7, 7y) = N(np, ) < N(7p, 7q),
we can apply inductive hypothesis to obtain

/N DY - oo -
0 X7, =1Tp1 X X Tpk X T X X T,

q
and
Ty =Ty X X T X Tg 1 X X Ty
for some Speh representations tp,1, . .., Tp k» Tq,1, - - - » Tg,1- Since the product is uniquely deter-

mined by the factors of those Speh representations [41] and o ¢ cuppy, (w1 2715’1), we must

have 7, ;+ =~ o for some i*. Since the products between Speh representations commute, we
may simply set i* = 1. With 7,1 = 1, now we have

~ I~ e - e -
Tp =UXTT, =UXTp2 X er,erq,lx th,l

p
and
Mg U X Ty 2 U X Ty X X Ty X Tg 1 X X Tg g,
as desired.
Now we prove the “if”” direction and so we consider

Tp = Tp1 X X Tpf X T Xooo X T
and

Jrqgflzlx---xr;erq,lx---xrq,l
for some Speh representations 7.1, ..., Ty k. Tq,1, - - - » Tg,/- From our choice of 7,1 and the

assumption for Case 1, we must have that, by reindexing if necessary,
Tp,l = 7[1;,1 .
Then 7, | = up, (m1,d; — 1). This implies that

p— — ~ _ [
Tp2 X - X Tp e X Ty g X oo X T ) ZTpo X oo X Tpp = T,
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by unique factorization of Speh representations [41]. Since
N(o % JTI/,,JT(/]/) = N(n;,, né/) < N(np,ng) < N(mp, myq),
induction gives that for any o of Irr**“(Gn,, m, ).
Homg,, (0 x 1, ;) # 0,

where

A

//N - N LY - CECIY
g =0 X Tpo X X T g XTg 1 Xoos X Tg .

Lemma 4.4 implies that Homg,, (75|, . 74) # 0, as desired.

Case2: 1y +e1 >mq +dy. Then

[ +e1—2 1 mi+dy—2
_— o> =
2 2 2

There are infinitely many unitarizable cuspidal representations of G, and we can find one
satisfying the hypothesis in Proposition 4.1 so that

Homg,, (4 X 0|G,,,,7p) # 0 <= Homg, (nI;/|Gn,n;/) #0
<= Homg, ,(7plG,.7q) # 0
— HomGn+1(np|Gn, mq) # 0.

Here 7,4 are complex conjugate representations of m,, g, respectively, and so the last
“if and only if” implication is immediate. The first “if and only if”” implication follows from
Proposition 4.1 and the second one follows from that ), 77,4 are unitarizable and so Hermitian
self-dual.

We also have that 7, X o is still an Arthur-type representation. Note that

N(mg x 0,71p) = N(mp, q).

We now use the argument in Case 1 and inductive hypothesis to prove this case, where the role
of w4 1 replaces the one of 7, ;. O

5. General cases: Bessel, Fourier-Jacobi and Rankin-Selberg models

In this section, we shall generalize the non-tempered GGP to other models of general lin-
ear groups. We study some connections between models, which will be continued in Section 6.
We also improve some previous multiplicity results for Bessel and Fourier—Jacobi models to
the Ext versions.

5.1. Equal rank Fourier-Jacobi models. Let S(F") be the space of Bruhat—-Schwartz
functions on F". For a character u of G, let w,, o (respectively, o w,0) be a G, -representation
with underlying space S(F") and the G,-action given by

(g.f)(w) = n(g) f(g'v) (respectively, (g./)(v) = u(g) f(g"v)).
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Let w € Alg(Gp). Since Gp \ Mp41 = F" as topological spaces, and @,,,~1/2 g @ 7
can be viewed as the space of smooth compactly-supported functions f : F" — ;u)_l/ 2
with G, acting by (g.f)(v) = g.f (g~ 'v), we have

H® NG, = 01208

via the natural map for f € A(x),

G ()]

Set ¢F = w,—1/2 g and set ¥ =@ ,1/2 4.

Proposition 5.1. Let 7w, 7’ € Alg(Gy,). Then there exists a character x of F* such that
x & cuppy (v""21") and, for all i,

Exty ((x x 7)|g,. ') = Extg (r ® F. 7).

The assertion also holds if we replace for ¢F by /EF .

Proof. By Lemma 3.2,
(5.1 0— xlmy xm— (xyxn)|m = x x (M) — 0.

Then y|p, X @ = A() by the definition of mirabolic induction. By using the above identifi-
cation, we have

(5.2) tla, X =n k.

On the other hand, via Frobenius reciprocity, due to the condition that y ¢ cuppZ(v_l/ 25"y,
Lemma 2.4 implies that for all 7,

(5.3) Extg ((x % (lp))le,. 7') = Exty (v'/*y) x (n]g,_,). 7') = 0.
Now standard long exact sequence argument on (5.1) with (5.2) and (5.3) gives, for all i,
ExtiGn (y xm, ') = Ext"Gn ((xlpm, X Mg, 7') = Extgn (r ® {F, 7).

The proof for EF is similar. ]

Remark 5.2. From Proposition 5.1, one can deduce explicit restriction for equal rank
Fourier—Jacobi model from the basic restriction from G, to G,. One may also compare with
the method using theta correspondence to deduce Fourier—Jacobi models from Bessel models
in [20] and [4].

5.2. Bessel, Rankin—Selberg and mixed models. Let m,m5,r > 0. Recall that 1} is
a choice of a non-degenerate character on F'. Let

Ui x y _
H={(""hz):u1 € Uny 2 € Uy h € Grr, X € Matyyxr).
us

Z € Mat(r+1)><m2, y € Matmlxm2} C Gm1+m2+r+1
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and
Gry1 = {diag(l, g) : g € G;}.
We shall also write HZ or HB for H.

mi,ma,r
Let ¢, : U, — C be a non-degenerate character on Uy, . For example, one may take

on(u) = Y2+ + Un_1,n).
Let ¢ : H — C such that

uip X y
¢ gz || = emi 0)m )V (o )Y (21,0)0(g) 27D/,
Uz

where x,,, 1 (respectively, z1,1) is the (m1, 1)-(respectively, (1, 1)-)coordinate of x (respec-
tively, z). We shall also sometimes write ¢Z for ¢. Note that v™27"1 is the modulus function
of H (i.e. a normalizing factor).

Let U’ be the unipotent radical of the group H. The orbit by the conjugation action
of (Tyn,+1 X Gy X Tj,)U’ on ¢ is the unique dense orbit on the character space of U’, where
Tin, +1 (respectively, T;,,) be the subgroup of diagonal matrices of Gy, 41 (respectively, Gy, ),
and as subgroup of H via embedding to the upper (respectively, lower) corner.

Remark 5.3. The Bessel subgroup defined in [18, Sections 12 and 13] is conjugate

to Hnlf’m,r, where r = n — 2m, for some m. When m1 = 0 or m, = 0, the model is sometimes

called a Rankin—Selberg model [17,21]. We shall also write

HR =HP,, and (R=(5
(The matrix H,,If,r is conjugate to the one in Section 1.3.) When r = 0, the model is Whittaker
[38], and when m; = m, = 0, it is related to the restriction from G, 41 to G, in [1].

There is another formulation of Bessel models, using Bernstein—Zelevinsky functors.

Proposition 5.4. Let w be a G,-representation, which extends to an H -representation
trivially. Let n = my + my + r + 1. Then there exist natural isomorphisms:

uindg’:gl L (8 @ vmm) & @ Py, % )6,

= (@)D (A ()6,

o “indG”R TR {R ® pmitme,
Hm1+m2,r

Proof. The second isomorphism follows from Proposition 3.5. Note that the last iso-
morphism is a special case of the first isomorphism. It remains to prove the first isomorphism.

Let
=di I
w 1a, , .
g Imip1 O ma+1

Using induction in stages, the subgroup from which

(@)™ (M, 41 X 7))]g,
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is induced, takes the form

g *
, ¥ m ok ok

Q= 1 x|’
u

where g € G, m € Gy, and u € Uy,,, and so

17, B
w Qw—Hml,mz’r.

The conjugation by the element w then defines a map I from “indg" T QB @ymm
to (®T)™2T1(11,,, 41 X 7))|g, . as vector spaces, given by

o)

Restricted to the unipotent subgroup U’ of HZ, T'(f) is copies of character ¢, while a func-
tion in (®T)™2T1(T1,,, 11 X ) restricted to U’ is copies of another character in the same
B’-orbit as 8, where B’ contains matrices of the form diag(/,, T;U;), where | = m1+ma+1.
Hence there exists b € B’ such that the map

(e e ()
is a Gp-isomorphism.

We also remark that the character v'/2 arisen when restricted to G, cancels with the

character v1/2 arisen from the mirabolic induction in IT mi4+1 X 7. O

The following result is proved by a similar method as in [18], also see [17].

Proposition 5.5. Let 7y, wy be representations of G, and Gy, respectively. Let
miy+my+r+1=n.

For any irreducible cuspidal representation 6 of Gpm,+m,+2 such that o ¢ cuppy, (v_l/zn;/),
and for all i,

Ext,

B _ v\ ~ i v
H’ﬁ],n‘lz,r(nl ®§ 77[2) = EXth (U X 7'[2’7'[1 )

Remark 5.6. Proposition 4.1 is a particular case of Proposition 5.5 form; = 0,m, = 0
andr =n—1.

Proof. By Lemma 3.2 again,
0— 0|y X7y = (0 Xm)|m — 0 X (m2|p) — 0.
Since o is cuspidal, we have 0|y = I, 4+m,+2. Now with Propositions 3.5 and 5.4,

”indgnz ® 8 = (o|y % m2)lG,-
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Again the cuspidal condition guarantees that, for all i,
j 1/2
Exty; ((v'/%0) x (12]6,_,). 1)) = 0.
Now similar argument with the proof of Proposition 5.1, one reduces to, for all 7,
Extg (0 X 72, ) = Extg ((0|pm X m)l6,,71)
o~ ExtiGn (“indg” m ® LB @umaTm gy

~ ExtiGn (1, “Indg" (m2 ® ¢B)Y)  (taking duals)

~ Extiq (1, (m2 ® ¢ B "Y) (Frobenius reciprocity)
o~ Extsq (M1 ® (B, 7)) (taking duals).
For the last three isomorphism, also see [36]. O

5.3. Fourier-Jacobi models. Let S(F") be the space of Bruhat-Schwartz functions
on F". Let W = F" and let K, be the Heisenberg group, i.e. K, is the group isomorphic to
F & W & WV with the multiplication

(a,v,w)- (@ vV, w)=(@a+d +wv, v+, w+w).

Define
a

H! = g v|:vweF ,aeF, geiG,

and so H] =~ G, x K,. Here we identify W and W with F" so that y(x) = y’x forx € W
and y € WV.
Fix a character p of G,. Let A be a non-trivial character on F. The Weil representation

w5 of K associated to A is the representation with underlying space as S(W) with the action
of K, given by: for f € S(W) = S(F7"),

((a,v,w). f)(x) = Aa —w'x —w'v) f(x +v).
and for f € S(WV) = S(F"),
(@, v,w). )(¥) = Aa + y'v) f(y + w).

This extends w,, 3 to an H,-representation @, » (respectively, @, ») given by: for g € G,
and f € S(W) (respectively, f € S(WV)),

(8./)(x) = pu(g)- f(g~".x) (respectively, (g./)(y) = u(g) - f(g" ).
Lemma 5.7. Let © € Alg(G,), extend trivially to H]. Then
5 - u-ndHr’ B 1/2y.
n®a)ﬂ’w i H(f].,’un@)@ RV'?)

Proof. 'We can identify p~1/2

TR O o with the space of smooth compactly supported
functions f : F" — v~1/2

7 with the action given by

&) =g.f(gy).
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Since Hol,;1,r \ H/ =~ F" as topological spaces, the identification gives a map
. ~ u; HJ B, 1/2
Fin@w,,;— de(fl,rWT ® (C7v'/9)
given by
1 !
FHY) =1 Iy : =

Now we consider general Fourier—Jacobi models. Let m,my > 1. Let H (respectively,
Up ) be the subgroups of G, 4-m,+r containing all elements of the form

upr X y ui X
h z respectively, Irir =z
Uy Uz

with entries u1 € Uy —1, U2 € Upp—1, h € Hr’, x € Maty,,—1,r42, ¥ € Matyy, —1,m,—1 and
z € Maty 42 m,—1. We shall also write H,ffl mor OF HF for H. Note that H =~ H!x Ug.In
the case that m; = my = 1, it recovers the notion for H,.

We now extend the representations w,, 5 of H] to be a representation of H, still denoted

w5 by abuse of notation, whose underlying space is S(F") with the action, for f € S(F"),

u; x y
h V4 f = §0m1(u1)(pmz(u2)(hf)
Uz

We similarly define the representation @, 1.

Set
§= é‘nI;,mz,r,)L =¢F = V(ml_mZ)/zajv—]/z,A
and
E = Ziﬁumz,r,k = ?F = v(ml_mZ)/za)\vl/z,k'

Again when m; = m,, it is the original notion of Fourier—Jacobi model in [18, Section 15].
The restriction problems involving ¢F (and ¢¥) (i.e. Hompg (7711 ® ¢F', 5)) do not depend on
a choice of A.

Proposition 5.8. Letn = my + mo + r withmy,my,r > 1. Let m € Alg(Gy). Then

uindGn T® CB ® 1)mz—mrl-l ~ uindGn TR é-F ® pma—mi.

B F
Hml—l.mz,r Hml.mz,r

Proof. From constructions, ¢8|y, = ¢F|y,,. Note that H] normalizes Uy and the
conjugation action of H; on ¢ F |uy, is trivial. One can extend the identification in Lemma 5.7
to, as H F -representations,

TR® (Z-\F ® V—I/ZV(mz—ml)/Z) ~ ulndz;]’[ ® (é-B ® v(mz—m1+1)/2)'

Now applying induction from H ¥ to G, an induction by stages gives the lemma. o
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In view of Propositions 3.5, 5.4 and 5.8, we can prove in a similar way as in the proof of
Proposition 5.5 (also similar to the proof of Proposition 5.1). We omit the details.

Proposition 5.9. Let my,my,r > 1. Letn = my + my + r. Let w1 € Alg(Gy,) and let
o € Alg(Gy). Then, for any cuspidal representation o of Gy+1—r that does not appear in
cuppz (2) U cuppy (v=2xY), and for any i,

Ext. . (1 ®/§\F,n£’) ~ ExtiG (0 x 72, 71)).
Hml,mz,r n

Now we give a connection of the two notions £ and ¢¥.

Proposition 5.10. Letmy,mp,r > landletn = my; + mp + r. Let 11 € Alg(Gy,) and
let mp € Alg(Gy). Forall i,

Extyy (m1 @ ¢F, my) 2 Bxt (0(m1) @ £F, 0(72)"),

where H = Hrfz,ml,r = wl(H)w™. Here w is the matrix with all 1 in the antidiagonal and

0 elsewhere.

Proof.  Let 8% be the action of 6 followed by the conjugation of w. We use the same
6" for the induced map on representations. Note that 0% (71) = 6(;r1) as G,-representations,
0% (y) = 0(my)) = O(m2)" as G,-representation, and 9“’(@‘{) ~ {f_l. O

5.4. Restrictions. We state the multiplicity one and finiteness for the general cases
(cf. [18]):

Corollary 5.11. Let (H, () be any pair described in Sections 5.1, 5.2 and 5.3. Let m;
and 1y be irreducible representations of G, and G, respectively. Then

dimHompg (71 ® {, 1) < 1

and for all i, '
dim Exty (71 ® §, m2) < 00

Proof.  Proposition 5.5 reduces to the case that restricting from G, 1 to G,, which is
proved in [1] for Hom and follows from [2, 36] for higher Ext. D

Theorem 5.12. Let (H, ) be any pair described in Sections 5.1, 5.2 and 5.3. Let mpy
and 1w be Arthur-type representations of G, and Gy, respectively. Then

Homg (mpr ® ¢, tn) # 0

if and only if their associated Arthur parameters M4 and N4 are relevant.

Proof. When r = 0, the model is Whittaker and it is well known. Assume r > 1. For
the Bessel models, this follows from Proposition 5.5 (in which we choose o to be a unitariz-
able cuspidal representation) and Theorem 4.5. For the Fourier—Jacobi models, using Propo-
sitions 5.9 and 5.10, it is equivalent to show that 8(mps) and 6 () have relevant Arthur
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parameters. By the Gelfand—Kazhdan isomorphism [7], 6 (rar) = 7y, and 6(7ry) = 7y,. Thus
now the statement follows from that mps, 7y have relevant Arthur parameter if and only if
75y 7y have relevant Arthur parameter. O

5.5. A filtration on parabolically induced modules. The notion of those models also
provide a convenient way to state the following filtration, which can be regarded as a systematic
tool for studying restriction of parabolically induced representations (e.g. [12]). For example,
one may use it to replace some arguments in Lemmas 3.6 and 3.7.

Proposition 5.13. Let m; € Alg(Gy,) and let my € Alg(Gy,). Let ny +ny =n + 1.
Then there exists a filtration on (71 X 72)|gG,

0Ct, Ctpy—1 C---C11 C190 =71 X2

such that
/11 = (v/%my) x (malG,,_,)
and
T1/T2 = N{H x (m2 @ ¢F),
and for k > 2,

(K]

. .G - _
T /Tk+1 = 77 x “ind 2t e, @ ER @ vk 2,

R
Hk72,n2

Proof. This is a consequence of Lemma 3.2, Bernstein—Zelevinsky filtrations (for some
details, see Lemma 3.7), and Proposition 3.5. O

5.6. Consequence on Ext-branching law. We also deduce the Ext-analog resultin [16]
for Bessel and Fourier—Jacobi models.

Corollary 5.14. Let (H, ) be any pair described in Sections 5.1, 5.2 and 5.3. Let m;
and 7y be irreducible generic representations of G, and G, respectively. Then, for all i > 1,

Ext;I (m1 ® ¢, ) = 0.
Proof. The case of the Bessel model for r = n — 1 is proved in [16]. The general case
now follows from the case in [16] and Propositions 5.1, 5.5, 5.9 and 5.10. (We remark that for
a suitable choice of 0 € Trr*“, ¢ x 7y is still generic.) O

6. Fourier—Jacobi models and Bernstein—Zelevinsky theory

In Section 5, we apply Bernstein—Zelevinsky theory to obtain isomorphisms of models.
In this section, we further investigate the isomorphisms, and a goal is to obtain Corollary 6.3.

6.1. Fourier-Jacobi model and its dual. Recall that {F and EF are defined in Sec-
tions 5.1 and 5.3. We first consider the equal rank case.

Proposition 6.1. In the equal rank case, ¥ = ¢F as G,-representations.
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Proof. Leta € F*.For f € S(F"), define the Fourier transform

6.1 70 = [ eyt e ax

which is still smooth and compactly supported, and so in S(F"), and we regard it as a map
from {F to ¢ . It is straightforward to check well-definedness of the map. One can define the
inverse similarly. O

The above proposition can also be proved by considering the Hecke algebra realization
at each Bernstein component, and deduced from left and right filtrations in [13, 16].

Proposition 6.2. We use the Fourier-Jacobi models in Section 5.3 and the Fourier
transform defined in (6.1). The map Q : S(F™) — S(F") by f +— (y — f(—a~'y)) defines

’ F °F
an H\-map from Cl,l,m/_f to gl,l,ml_f'

Proof. It follows from a straightforward computation as in the previous proposition. We
omit the details. m)

‘We summarize the identifications as follow:

Corollary 6.3. Let 7 € Alg(G,). Formy,ma, 1 > 1,

“ind®n. g eF @umTm ~uindf gz eF @ ymm
Hﬂ”ll,mz,r Hml,mz,r

~ U: G

= 1ndH”B

my—1,mp.r

TR é-B ® vmz—ml-i-l

. G
=~ "ind ",
HmlfH»mz,r

TR é—R ® vm1+m2—1.

Proof. Proposition 6.2 implies that, as H,ff | mo,r-TEPTESENLAtiONS,
rtf2retf

and hence we obtain the isomorphism. Now the remaining isomorphisms follow from Proposi-
tion 5.4. m)

Remark 6.4. As we have seen, there is a more direct connection via (5.8) and the first
isomorphism of Proposition 5.4

(6.2) UindGn 7 ®¢F @™ =~ (oYM, % 1))lg,.

F
Hm1 .my.r

and similarly, we can obtain

(6.3) “indJr  w @ F @M (@)™ (M, 41 % 7)),
my.mo.r
The left-hand side of (6.2) and (6.3) are connected via Fourier transform in Proposition 6.2,
while the right-hand side of (6.2) and (6.3) can be directly connected via Bernstein—Zelevinsky
theory (Proposition 3.5).
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Corollary 6.5. Let my,ma,r > 1. Let w1 € Alg(Gm,+m,+r) and let my € Alg(Gy).
There are natural isomorphisms

Ext’ F (n1®§F,n5/)gExti F (711®/§\F,71£/)
Hml.mz,r Hml.mz.r

~Bxly,  (m®fy)
mjp—1l.mp.r
gExt;IR (ﬂ1®§R,ﬂ;)-
my+mp—1.r
Example 6.6. We consider the equal rank Fourier—Jacobi model. For a generalized
Steinberg representation St(A) of G,, we expect that St(A) ® ¢F is projective and is iso-
morphic to the Gelfand—Graev representation of G, (cf. [13-16]).

7. Ext-branching laws

7.1. Conjecture on Ext-branching laws. We formulate the following question about
Ext-branching laws stated in the form of a conjecture, which gives a possible generalization of
some observations in [19].

Conjecture 7.1. Let mp; and 7wy be Arthur-type representations of G,4; and Gy,
respectively. Then, for any i,

: ' k _
Extg, (Tm . TN) = @Ext’Gn+l_k (71[ ] Dy).
k

It would be an interesting question to give a more precise formulation on predicting non-
vanishing Ext-groups of Arthur-type representations (see [19, Proposition 5.7, Remark 5.8]).

We remark that the appearance of left derivatives in the second spot comes from the
second adjointness property of an induction in the Bernstein—Zelevinsky filtration (see e.g.
[16, Lemma 2.4]). We shall give few examples of the above conjecture below.

7.2. Hom-branching.

Example 7.2. Let mps and 7y be generic Arthur-type representations of G, 41 and Gy,
respectively. Then 7ps = St(mn) and 7w = St(n) for some multisegments m and . A compu-
tation via comparing cuspidal support gives that, fori # 0 or k # n,

ExtiGn (ngﬂ], (k)nN) =0.
Then
Homg,, (mpr. 7N ) = HomGO(JTI[‘Z+1], (")nN) ~ C.

This recovers the Ext-vanishing theorem [16, 36] and the multiplicity one theorem [1,40] in
this special case.

We remark that the same formulation of Conjecture 7.1 for arbitrary respective generic
representations wps and 7wy of G, 41 and Gy, is not true.

Example 7.3. Let )y and 7t be Arthur-type representations of G, and G, respec-
tively. Suppose their associated Arthur parameters are relevant. Write those Arthur parameters
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My and N4 as (1.2) and (1.3), respectively. Then Conjecture 7.1 for Hom-case follows from
(Theorem 4.5 and) the following:

r N
(7.1) Homg,,_ (g 0. ®ny) £0 &= k= dimM; —1= dimM;.
d=0 d=0
The direction “<=" is easy. For the “="" direction, one may hope to compute the Hom of those
derivatives directly while it seems it have not been done so far. We shall sketch how to modify
the proof of Theorem 4.5 to see (7.1). We use all the notations in the proof of Theorem 4.5, and
in particular, write

TM =Tp =Tp1 X+ XTpyr, and 7Ny =g = mg1 X+ X Tgs.

The basic case is again all 7, ;, 74 ; are cuspidal, which is included in Example 7.2. Since
taking duals behaves well with derivatives, Case 2 (in Theorem 4.5) follows from Case 1.
We only consider Case 1. Again, we use the short exact sequence

0 — mp1lm X 7w, = 1wyl — 7p1 X () — 0.

Note that any Bernstein—Zelevinsky layer of 7,1 x (”1/) |ar) cannot contribute a non-zero Hom
with mo, by comparing cuspidal support. With similar consideration as in Theorem 4.5, the
only Bernstein—Zelevinsky layer that can contribute non-zero Hom with 771 takes the form

(v_l/znl,_,l) x (IT x 71;)),

which can then be transferred to study the layers in (v_l/ znp_ 1) X (o x JTI/,)| Mm). Now one
applies induction on the unique layer in (o X Jr;,) |s that can contribute non-zero Hom with 7,
which gives the required integer in (7.1).

7.3. Generic representations. An irreducible representation 7 of G, is generic if it
admits a Whittaker model or equivalently ™ = 0. The classification of generic representa-
tions of G, in terms of segments is obtained in [44, Section 9]. We now treat the case that
when one of Arthur-type representations is tempered and hence is generic. Compared to the
Hom-case (also see [23, Theorem 5.1] and [13, Corollary 2.8]), a wider class of Arthur-type
representations can be paired to obtain non-vanishing higher Ext-groups.

Theorem 7.4. Let 7, and gy be Arthur-type representations of Gy +1 and Gy, respec-
tively. Suppose at least one of mp or my is generic.

(1) Then there exists at most one integer j* such that
: S i*—1
Exty (r/1U" V) #£0
for some i and furthermore if 7, (respectively, q) is not generic, then j* (respectively,
J* —1) is the level of ) (respectively, my); and if both wp and 7y are generic, then
J¥=n+1
(2) Suppose mp is generic. Then such j* in (1) exists if and only if 7, = ngen x ', where
ngen is the generic representation with same cuspidal support as 7w, and 7' is some

irreducible generic (tempered) representation.

(3) Suppose my is generic. An analogous statement holds by switching the role of mp, and 1y
in (2).
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Proof.  We first consider (1). Assume that , is not a generic representation and 7y is
a generic representation. Let

Tp = Tp,1 X+ X Tprs g = Tg,1 X" X Tlg.s,

where each 7, ; is a Speh representation and each g ; is 1s0m0rphlc to St(Ag,;) for some
segment A, ;. Then the i-th derivative 771[7] takes the form, fori; 4+ --- + i, =1,

vl/z(nl()l;ll) e (lr))

For each representation w, we call the cuspidal support cupp(w) is:

(1) G-positive (respectively, G-negative) if for each irreducible unitarizable cuspidal repre-
sentation o and for all positive (respectively, negative) integer @, the multiplicity of v¢o

in cupp(w) is at least that of v™ %0,

(2) balanced if cupp(w) is both G-positive and G-negative.

Write 7, j = up(m, d). Note that for any i such that & ( ) is non-zero,

cupp(v!/27 ) = cupp(r,, ;) + cupp(St(A))

for A = [pm—d)/2+k+1/2, 1, (m+d=2)/241/2 1 " \yhere k = z/np Since cupp(rr,, ;) is bal-

anced and cupp(St(A)) is G-positive, it follows that v!/2sx p’ j is G-positive for any i and is
balanced only if i is the level of 7, ;.

On the other hand, since 7y, ; is a generalized Steinberg representation, it follows that
=Dy, i is G negatlve for all i and is balanced only if i = 0 or i is the level of 74 ;. Thus we
have (:upp(n1 ) = cupp(“~D,) only if i is the level of 71 as desired.

Other cases are similar, or one may use Lemma 4.1.

We now consider (2). The above discussion proves the only if direction by the cuspidal
support consideration. It remains to prove the if direction. From above discussion, it suffices to

show that Ext’G (Jrgen n_) = 0 for some i. Since ngen is generic, we can write ngen as

g™ = St(A1) x -+ x St(Ag),

where each A; = [v™%p, v¥p] for some a and some unitarizable representation p. For simplic-
ity, set 7’ = ;. Thus via Frobenius reciprocity, it suffices to show

(%) E; := Ext' (St(A1) ®--- K St(Ag), wy-) # 0,

where N~ is the opposite unipotent radical associated to the parabolic subgroup in the prod-
uct St(Ap) x -+ x St(Ag). Now the Jacquet module of 7, is computed in [28]. In order to
describe the composition factors of ), which contribute non-zero Ext take the form, we need
some more notations: For a Speh representation © = u,(m, d), we associate with a collection
8,m,d of “hook-shaped multisegments”:

{[U—(m+d—2)/2p]’ o [v(m—d)/Z—l (m—d)/2p’ U(m+d_2)/2p]},

ol [v
(m—d)/2—1

(- m+d=2/2+1 (m=d)/2p (mtd=2/2=1pp

pl,.... v el [v ps v
It ends in a segment depending on m, d: if m > d, the last multisegment takes the form

(= m=D2p) L =2
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and, if m < d, the last multisegment takes the form
{[U—(m—d)/Zp’ U(m—d)/2p]}
and if m = d, the last multisegment takes the form [p].
Now we arrange the segments Ay, ..., Ag such that if A; N A; # @ and i < j, then

A; C Aj. For a Speh representation u,(m, d), define X(u,(m,d)) = (m —d)/2. We shall
arrange the Speh representations in

/_ T = - LR -
T =Ty =Ty X X Ty

such that X(n;l) <= X(mg )
Using the Kret-Lapid description of Jacquet modules of Speh representations [28], we
have the following key properties of u,(m, d) - (for some r):

* up(m,d)n- is semisimple,
» for any irreducible composition factor w1 Xwy of u,(m,d) N, pm=d)/2 5 s in cupp(wy).
In order to compute (x), we first consider Ext of the form
(%) Ext’ ((St(A1) x -+ x St(Ag_1) K St(Ag), why-)
and so we have to compute 7, _. By the geometric lemma, a composition factor takes the form
X (w1 X -+ X wyg),
where each w; comes from an irreducible composition factor § X w; in some Jacquet functor

(nq_ ;)N~— for some opposite unipotent subgroup N . We claim the following.

Claim. Leto € Ay. Suppose
(%% %) Ext' ((St(A1) x -+ X St(Ag_1) K St(Ag), T K (w1 X -+ X wg)) # 0.

Then the sequence cupp(wi), ..., cupp(ws) satisfies a descending pattern, which means that,
for any v¢p € cupp(wy) and vip € cupp(wy) with x <y, we have ¢ > d.

Proof of Claim. In order to have (xx*x*) to be non-zero, by Kiinneth formula, we must
have that Ext’ (St(Ay), w1 X -+ X wg) # 0 for some i’. Now one applies Frobenius reciprocity,
and the corresponding Jacquet functor on St(Ay ) is known (see Section 8.2 below). The claim
then follows by comparing cuspidal support. O

Recall that the Speh representations in 7’ is specially arranged, and so the claim with the
second bullet of the key properties above implies that there is exactly one w; is not the trivial
representation of Gy.

Now we also recall that the Steinberg representations in ngen is specially arranged with
Ay satisfying certain maximality condition. Such arrangement actually forces that the under-
lying multisegment of w; is a hook-shaped multisegment, which comes from m,; and the
corresponding composition factor in 7}, _ takes the form x X w;, where

K=Tg1 X XTg]-1XTg] XTg 41 X XTg,s,

and 7, ; is a Speh representation such that 77, ; X w; is a compaction factor of 7).
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Now, rearranging the Speh representations in « if necessary, one proceeds similarly and
inductively for Ag_j, ..., Ay to find a composition factor in 7}, _ contributing a non-zero E;.
Hence, the composition factor of 7}, _ that could contribute a non-zero Ext is isomorphic
to objects taking the form
|Z|p,m,d |Z|meu80,m,d (m),

where p, m, d runs through all the data that u,(m, d) is a factor in the Arthur-type representa-
tion 77, counting multiplicities. Now using Kiinneth formula, the computation of Ext' follows

from
(o) D & & Extomd(suar ), (m)),

Y kpma=ipm,dmeS, ; a

where A&®"(m) is the segment with the same cuspidal representations as (m), and p, m, d run
over all data as above. Then when p = 1, it follows from [34] that for each set of data p, m, d,
there is at least one k such that

Ext* (St(AZ" (m)), (m)) % 0

and one can deduce the general case from a transfer argument of Hecke algebra. We pick the
smallest such integers k and denote the sum of those integers k by k*. Such a k* is the smallest
integer such that Ext of the form

Extk*(® QR swarrm), @ X (m))

,O,m,d me’sp,m,d pymyd megllm.d

is non-zero. The hook-shaped multisegments obtained above (see () and (%)) come from
all Speh representations {7y 4} _, possibly in different orders, but any simple composition
factors in nj\,_ obtained above will still give the same (o) after Kiinneth formula. Thus, a long
exact sequence argument can conclude that Ex+ # 0.

Assertion (3) is similar to (2). We omit the details. O

Remark 7.5. For some other related computations of Arthur-type representations, e.g.,
see Ext-groups of tempered representations [33] and Speh representations from Koszul resolu-
tion [10].

7.4. Another example. One can obtain different information from various filtrations
on restricted representations [13,16,35] such as left and right Bernstein—Zelevinsky filtrations
[13,16]. We shall see another example below using combinations of filtrations:

Example 7.6. Let A[d] = [v~(@—1/2 ,(d=1/2] For ¢ > 3, let

w1 = (Ale]) x St(Ale — 2]) x o,

and let
my = St(Ale — 1]) x (Ale —1]),

where o is a ramified character. We first investigate possible Bernstein—Zelevinsky layers
contributing non-zero Ext-groups. Consider the derivatives

D (Ale]) x @st(Ale —2]) x @ and  St(Ale — 1)UV x (Ale —1])V2)
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and, by comparing cuspidal supports, we must have i1 = 1. Then we have the following two
possibilities: either

(1) ji=e—1,0r
@) jo=1.

In the case j; = e — 1, by comparing cuspidal support, we have j, = 0, and theni, = e — 2.
In the case j, = 1, we have two possibilities:

1) j1=0,i2=0.
(2) j1=€—2,i2=€—2

Now we find a cuspidal representation ¢’ as in Proposition 4.1 to consider the represen-
tation 7 X o’. Now we observe that there is two layers (72 X 0”)|ps that contribute non-zero
Ext-groups (after restricting to G): Now (j1, j2) = (e — 1, 0), it contributes one layer

A= (Ale —1]) x ey
and (j1, j2) = (0, 1), it contributes one layer
Az := St(Afe — 1]) x (vV2Afe —2]) x 3
and (j1, j2) = (e — 2, 1), it contributes one (reducible) layer
Azi=A= W V2A[e—2]) x v€D2 x T,y ;.
We remark that A3 is indecomposable as (v1/2A[e — 2]) x v™(¢~1/2 j5 indecomposable.
We now consider the dual restriction problem in Proposition 4.1, and so we consider the

restriction for 7, x o’ for some cuspidal representation o’ of G,.
Using the following short exact sequence (Lemma 3.2):

0 — (Ale —1])|m X (St(Ale —1]) x 0”) — (w2 x o) |m
— (Ale — 1) X ((St(Ale — 1]) X 0")|mr) — 0,
and letting
X* = (Ale — 1])|pm % (St(Ale —1]) x &),
X* admits a filtration, in which there is one successive quotient isomorphic to A, and another
successive quotient isomorphic to A3.
Using Bernstein—Zelevinsky filtration, we obtain a filtration on (72 x 0”)|ps of the form
0=Y2 CYpe1 C---C Yo = (2 XO/)|M
so that
(1) Ye/Yeyr = (2 x 0"+ X M1, and

(2) Ye41 is a simple module which is not isomorphic to any simple composition factor of
A1,A2, A3, and

(3) Ye/Yeyq1 admits a filtration with one quotient isomorphic to A1 and another quotient
isomorphic to A3.

The key of two filtrations is to obtain the following filtration, as M,, 4>, and the direct
sum in the quotient roughly contributes the direct sum of Ext-groups in Conjecture 7.1:

01— X*+Ye > X*/I®Y.)I — 0,



Chan, Non-tempered Gan—Gross—Prasad conjecture 35

where I = X*NY,. Let
B = (v V2Ale — 2], v D2} x Ty,

which has multiplicity one in 7, x ¢’|3s. With the above information on X* and Y., we can
obtain further structure on /. The multiplicity forces that / contains the unique composition
factor B, but the indecomposability of A3 also forces I contains the composition factor 8, and
a count on multiplicities gives that other composition factor of I is not isomorphic to A1, A
or B (those are all the possible factors contributing non-zero Ext). Thus, we have that, for all &,

k k
EXth—i—l (1|Gn+l’ ) = EXth-H (/\3|G,1+1,7T1) =0.

Then we have
EXt]én+l (]TZ X OJ’ 7'[1) = EXt’énJrl ((X* + Y€)|Gn+1 ’ 7T1)
~ Extg, , (X*/1.m) ®Extg  (Ye/I.m)
~ Ext’& (2, 1) ® Bxtl oy 1, m1)
~ Extk ((Jt[l] (2)771) ® EXtG e [e 1 (e)nl)

The first isomorphism follows from that the quotients by X* + Y, has zero Ext by looking at
the possible composition factors and some computations on comparing cuspidal supports. The
fourth isomorphism follows from the adjointness of the functors (see [16, Lemma 2.1] for more
discussions).

Since 7)" = 7y and ;" = 7, taking duals and using Proposition 4.1 gives that

(2,0 [e] (e-1)

Exth (1, m2) = Extlé ) D Exth+1 L, 72).

The last isomorphism follows from [16, Lemma 2.2].

8. Product preserving extensions

A motivating example in this section is the following. Let o be an irreducible cuspidal
representation of G,. Let 1 and 7, be two admissible representations of Gy such that the
cuspidal supports of irreducible composition factors of 7; and 7 do not contain o. Then
a simple application of Frobenius reciprocity and geometric lemma gives

Homg,, (0 x 1,0 X m3) = Homg,, (0,0) X Homg, (71, m2) = Homg, (1, m2).

Our goal is to generalize the above isomorphism to a larger class of examples in a functorial
way, which is Theorem 9.1.

8.1. Preserving extensions. Let € C Irr¢. Define Alge (G1,) to be the full subcategory
of Alg(Gy,) whose objects 7 have finite lengths and satisfy the property that for any simple
composition factor " of 7, and for any o € cupp(r’), o lies in €.

Theorem 8.1. Let p € Irr°(Gyg). Let € = €y, (a,m)- Let w € Alge(Gp) with length 2.
Then 1 is indecomposable if and only if up(m,d) x m is indecomposable.

We will prove Theorem 8.1 in Section 8.5. We expect to prove a more general result
elsewhere using some ideas from [11] (see Section 9.2) as well as the case mentioned here.
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The idea of the proof is to first prove for a large Speh representation (in the sense of Sec-
tion 8.3). In such case, one can compute via some simpler computations of Jacquet modules and
standard modules. The general case is deduced from “truncating” large Speh representations to
the desired one.

Remark 8.2. In general, a product does not preserve extensions even if it preserves
irreducibility of composition factors. The standard example is that v x (1 x v), which is of
length 2. In this case, v x ([1, v]) and v x St([1, v]) are both irreducible, but 1 x v is indecom-
posable and v x (1 x v) is semisimple.

8.2. Jacquet functors. Recall that N, is the subgroup of G, containing all matrices

I,)

where u € Mat,_p, ,. Let A = [v9p, P p] be a Zelevinsky segment. Let m = n p- Then, by
[44, Propositions 3.4 and 9.5], the Jacquet modules are

(AN, = v, v ol B [P p, 0P,

(AN, = (v p,vPpl) B ([, v*+ 1)),
SUA)N,,; = S p, vPp]) B St([vp, v F ! p]),
SUA)w,, = SV p.v" T pl R SUP T v p)).

Note that computing 77y~ is equivalent to first computing 7y, to obtain a G; x G,—;-repre-
sentation, then twisting by the action by the element

0 I

8.3. Fully-faith product for large Speh. For p € Irr°(Gy), d,m € Z>1, let

to obtain a G,,—; x G;-representation.

Ao(d. k) = [p=@=D/2p \,(d=D/2+k 5
We first consider
wy(m,d, k) = (W= =D2K (g Ky, DR o).

Letu,(m,d k) = (m,(m.d, k)), which is sometimes called essentially Speh representation
as it is a Speh representation twisted by a character. In particular, %, (m, d,0) = u,(m,d) if p
is unitarizable.

Lemma 8.3. Let 71, 75 be admissible representations of Gy,. Fix p € Irt® and integers
d,m € Z>y. For any k > 0, set uy =u,(m,d, k). For k large enough, we have a natural
isomorphism
Homg,, (71, m2) = Homg,, , , (g x 71, Uk X 72),

where p = npym(d + k). Here naturality holds when the isomorphism holds, for both 7y and
75 for the same k.
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Proof. We set k large enough such that pd—m)/2+k p is not in the cuspidal supports of
any irreducible representation of 71 and 5.
Let m = mi,(m,d, k) and letw =u,(m, d, k). By using the injection

U Xy = (m) X mp <> {(m) X 73,
the left exactness of Homg,,, ,( x 71, ) gives
(8.1) Homg,,, ,( x 71, {(m) x m3) <> Homg,,  , (& X 71, U X 73).
Let A = [pCd+m)/2, \,(d+m=2)/2+k 5] Since ¢(m) = (A) x ¢(m \ {A)}),
Homg,,, , ({m) x 71, {(m) x m2) = Homg,, , , ({mt) x 71, (A) x "),

where 7/ = {(m \ {A}) X 7.
Let g = npm. Now Frobenius reciprocity gives that

Homg,, , ,({m) x 71, (A) x ') = Homg, %G, ,_, () X T1) N,y s (A) K ).

Note that p(@+m=2)/2+k p does not appear in the cuspidal support of irreducible factors of 7.
With some analysis on Jacquet module from the geometric lemma (see, for example the proof
of Lemma 8.6 below for more details), the only composition factor in ({(m) x 71)n,,,,_, that
has the same cuspidal support as (A) X 7’ is

(A) B (m\ {A}) x 71.
Thus we have

Hom((m) x 71, (A) x ') = Hom({m \ {A}) x 71, ')

= Hom((m') x 71, { () x 72),
where m/ = m \ {A}, and so
Hom({(m) x 71, &(m) x m3) = Hom({m') x w1, {(m') x 7).

Since v@+m=2)/ 2+k—1p does not appear in the cuspidal support of 7’ (when k > 2,
otherwise we are done), we can repeat the similar process by replacing m \ {A} with m.
Inductively (which works by our choice of large k), we obtain

Homg,, , ,((m) x 71, {(m) x 73) = Homg,, (71, 72).
With (8.1),
(8.2) Homg,, (71, 72) <> Homg,,, , ( X 1, U X 72).

Viewing ux as a functor and using the faithfulness of 7x (see Section 9.1 below), we
have

(8.3) Homg,, (71, m2) < Homg,, , , (& x 71, U X 73)

Since we are dealing with admissible representations, the injections in (8.2) and (8.3) must be
isomorphisms. Hence, we have

Homg,, (71, m2) = Homg,,, , (U X 71,% X 72). i
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Remark 8.4. We remark that the above lemma does not require 1 and 7, to be in
Alge(Gp). Insuch case, u,(m, d, k) x 71 may have more complicated structure. For example,
when 771 has unique quotient, the cosocle of 1, (m, d, k) x = may not be irreducible. We give
an example here.

Let A = [v'/2,v¥] for sufficiently large k. Let 7 = v~'/2 x v1/2, which is reducible
with length 2. Then

(A x 7
has the quotient ([v_l/z, vk]) x v1/2 gince (A) x v~1/2 has quotient ([v_l/z, vk]), and has
the quotient (A) x St([v='/2,v1/2]), which is irreducible (deduced from similar way as in
[13, Appendix]), since 7 has the quotient St([v—1/2,v1/2]).

8.4. Product for irreducibility. We use the notations introduced in the previous sub-
section.

Lemma 8.5 ([30]). Fixm,d and p € Irr€. Let mi; and my be multisegments with each
segment A satisfying that any cuspidal representation in A is in '€y, n,q). Then, for any k > 0:

(1) up(m,d. k) x (m;) (i =1,2)is irreducible.
(2) Up(m,d k) x (my) =uy(m,d, k) x (my) if and only if my = my.
(3) Up(m,d. k) x (m;) = (w;) xup(m,d. k), fori =1,2.

(4) Let w be an irreducible representation of Ga+p. If y(m,d k) R 7 is an irreducible
quotient of wy, then @ =U,(m,d, k) x w. The statement also holds if we replace wy
by wn- as well as replace quotient by submodule.

Proof. Assertions (1) and (2) follow from [30, Corollary 6.7]. We only sketch how to
deduce from [13, Appendix]. Using a modified version of a lemma in [13, Appendix], we have
0 @p(m,d k) + ;)Y — up(m,d, k) x (w;) — {(@p(m,d, k) + w;),

which forces thatu,(m, d, k) x (m;) is the unique submodule of { (11, (m, d, k) + m;). Asser-
tion (4) follows from Frobenius reciprocity and (1). Finally, assertion (3) follows from the
Gelfand-Kazhdan involution. ]

8.5. Proof of Theorem 8.1. We fix p, d, m. For simplicity, set uy = u,(m,d, k) for
k>0. Let Agyy = [pO=D/2+k+1, ,0n+d=2)/24k+1 5] [ et € be as in Theorem 8.1 for
such p, d and m.

Lemma 8.6. Ler p = nym. Let i’ be an irreducible representation in Alge(Gp'). Let
n=n"+(d + k + )mn,. There is a unique irreducible composition factor @ in
(St(Ag41) XU x )Ny,
which is isomorphic to St(Ag41) X t for some irreducible T of G, —p, and moreover,
w = St(Agqq) X (g x ).

Proof.  For simplicity, set A = % x 7/, which is irreducible by Lemma 8.5. Note that
v(m"'d_z)/z"'k“p is not in the cuspidal support of 4y, x 7’. To compute (St(Ag 1) X AN
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we first compute
(St(Ag4+1) X ),

(see discussions in Section 8.2), and then twisting the action by an element. Then geometric
lemma on (St(Ag11) X A)n, yields a filtration successive quotients of the form

St p, vPp)) x w B St([v?p, v']) x o',
and this gives a filtration on (x X St(Ag+1)) N,—, With successive quotients taking the form
(8.4) St([v¢p, vl p]) x o' B St(w! 1 p, 1P p)) x w.

Here w and o’ are representations whose cuspidal supports do not contain plmt+d=2)/2+k+1 p.
It follows that an irreducible composition factor y of (St(Ag41) X A)n,-, can take the form
St(Ag+1) X 7 only if / = b in (8.4). In such case, the successive quotient from geometric
lemma is irreducible and is isomorphic to y == St(Ag4q) K A. ]

Lemma 8.7. There exists a surjection from St(Agy1) X Uy 10 Ug 1.

Proof. Let A = Ag4q. It follows from Lemma 2.1 that there is a surjection
7 1= St(A) x St TA) x -+ x St @TOA) S T,

and similarly, 7/ := St(v "' A) x --- x St(v~"@+5) A) — %} . By uniqueness of the irreducible
quotient for t, we then also have that St(A) x . has the same unique irreducible quotient as .
This gives surjections

T = St(A) x T/ = St(A) X U —> Ug4q. O

Lemma 8.8. Let K be the kernel of the surjection in Lemma 8.7. Then, for any w
in Alge(Gp) and any 7" in Alge (Gp),

Hom(K x m, U4 x ') = 0.
Proof. Let A = Ag4;. We have the short exact sequence
0 — K — St(A) xup — U1 — 0,
which gives the short exact sequence

0—> K xm— St(A) XU X7 = Uy X7 — 0.

Let N™ =N, . d+k) The Jacquet functor is exact and so we have another short exact
0
sequence
(8.5) 0— (K xm)y— — (St(A) Xup x m)N— = (g1 X 7T)N— — 0.

Now, by second adjointness of Frobenius reciprocity, we have a map

St(A) ® (g x w) = (Ug41 X T)N--
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The map is indeed injective. This follows first from the case that 7 is irreducible by using
irreducibility of u; x 7 (Lemma 8.5), and then lift to the general case by an inductive argument
using functoriality of Frobenius reciprocity. (One can also prove the map is injective by directly
computing the composition factors of (11 X 7) - taking the form St(A) X z, see the proof
of Lemma 8.6.)

Now by Lemma 8.6 and counting on composition factors, all irreducible composition
factors of the form St(A) X  in (St(A) X U x 7))y~ are mapped onto (Uyq X 7)xy— under
the surjection map in (8.5).

Thus there is no irreducible composition factor of (K x )y taking the form St(A) X t.
On the other hand, for any irreducible 7/, (141 X 7))y~ has irreducible composition factor
of the form St(A) X 7z, which can be deduced by an argument using Frobenius reciprocity.
Hence, following from the exactness of Jacquet functor (and Lemma 8.5 (1)), we must have

Hom(K X 7,41 x 7') = 0. O
Proof of Theorem 8.1. 'We keep using the above notations. Let = € Alge(Gy) be of
length 2. The if direction is easy and so we now consider the only if direction. Suppose 7
is indecomposable. We shall use backward induction to prove that, for any k > 0, 4} X 7 is
indecomposable, and moreover 1y, x 7 has unique irreducible quotient. When k is sufficiently
large, Lemma 8.5 implies that % X 7 has length 2, and Lemma 8.3 (and Lemma 8.5 (2)) imply
the uniqueness of the quotient, which also then implies the indecomposability.
Let 1 and 7, be the two irreducible composition factors of 7. Let A; = Uy x m; for

i = 1,2. Note that A1 and A, are irreducible, and 711 = 7, if and only if 11 = A, by Lemma 8.5.
Suppose %y x 7 is not indecomposable. Let A = Ay ;. This gives an isomorphism

U XT = A @ Ay,
and so there exists surjections, by Lemma 8.7,
St(A) x U x 7 2= St(A) x A1 & St(A) X Ay = Ug 41 X 71 DUk 41 X 72.
This implies that:
(1) If Ay 2 Ay, then for bothi = 1,2,
Homg (St(A) x Uy X 7, U1 X 7)) # 0.
(2) If A1 = A,, then
dim Homg (St(A) X U X 7, up4q X 71) > 2.
On the other hand, we have the following short exact sequence from Lemma 8.7:
0—> K xm— St(A) XU X7 = U1 X7 — 0.
By Lemma 8.8, Hom(K x 7,441 X ;) = 0 fori = 1,2. Hence we have
Hom(uy 1 X 7, U1 X ;) = Hom(St(A) X Uy X 7, U411 X 7).

However, by induction hypothesis and the irreducibility of %y X 7;, the former Hom has
dimension one for both i =1 or 2 if A1 = A5, and has dimension one for precisely one of
i =1,2if Ay 2 A,. This gives a contradiction to (1) or (2) above. Thus %} X 7 is indecom-
posable as desired, and since %y x 7 has length 2, it also has unique irreducible quotient. This
completes the proof. m)
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9. Product functor of a Speh representation

9.1. Fully-faithful product. For an irreducible cuspidal representation p of some Gy,

define cuppz (p) = {v"p},ez-
Let w € Alge(Gp). Define the functor

Xpe = Xgen - Alge(Gn) — Alge(Gn+p)
as
Xre(@) = xw,

and, for amap Q : w1 — w3 in Alge(Gy),

X, e () (f)(g) = (Idx K 2)(f(g)).

where f € u,(m,d) X w1 is a smooth function f : G4, — up(m,d) X w; (Section 2.2).
Note that since X, ¢ is exact and sends a non-zero object to a non-zero object, it follows that
Xz ¢ 18 faithful. We may sometimes simply write X, for X, ¢.

For an irreducible representation 7, we define a stable cuspidal set € of 7 as

€x = cupp() U (Irr° \ cuppg; ().

(Here we regard cupp(sr) as a set.) A motivation for the term stable cuspidal set is in the case
that for m = u,(d, m), and for any p € €, p x m is irreducible. (However, this is not true for
general r. We avoid some complications for the generality in our study for branching laws.)

Theorem 9.1. Let d, m be positive integers, and let p € Tt (Gy,). Let

'6 - Eup(m’d)
Then the functor Xy ,(m,a),e is fully-faithful.

Proof. Tt suffices to check the conditions in Lemma A.1 in Appendix A. It follows
from definition that Alge (Gy) is Serre. Condition (1) is automatic. Condition (2) follows from
Theorem 8.1. Conditions (3) and (4) follow from Lemma 8.5 (see [30]). O

As mentioned in introduction, a key input for the above result is the irreducibility of
parabolic induction due to Lapid-Minguz [30]. It is possible to modify the proof of Theorem
8.1 to give another proof of Theorem 9.1 without deducing from the length 2 case while the
length 2 case is simpler.

Let p = npmd. For w € Alge(Gn+p), define Ry (m,q) () = Homg, (up(m,d), 7N, ),
which is regarded as a G,-representation by (g. f)(u) = diag(1, g).(f(u)), and is an object
in Alge (Gy). Using adjointness, one checks that X, on,q) is left adjoint to Ry, ) (m,q4)-

Corollary 9.2. Letu = u,(m,d). Let w be in Alge(Gp). Then
-~ Rup(m,d)(up(m,d) X JT).

Proof.  Since Ry, (m,q) 1s right adjoint to Xy (m,q), it follows from Theorem 9.1 that
Ry, (m,d) © Xu,(m,d) 1s isomorphic to the identity functor (see e.g. [45, Lemma 4.24.3]). O
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Corollary 9.2 also gives the following:

Corollary 9.3. Let 7’ be in Alge(Gp). Suppose that 7w is an irreducible quotient of
up(m,d) x n'. Then w = u,(m,d) X w for an irreducible quotient w of '.

Proof. By Frobenius reciprocity, o’ < Ry ,(m,a) () for some irreducible composition
factor @’ of ’. Since @’ is also in Alge (G,,), we have
T =uym,d)x o
(see Lemma 8.5). Applying the Frobenius reciprocity on the quotient map from u,(m, d) x =’
tor = up(m,d)x @’ and Corollary 9.2, we have a non-zero map from 7’ to @', as desired. o

We need a stronger variation for Corollary 9.3:

Corollary 9.4. Let € be as in Theorem 9.1. Let w1 be a (not necessarily admissible)
representation of Gy. Let w5 be in Alge (G4 p), where p = npmd. Then if o is a quotient of
up(m,d) x my, there exists a non-zero quotient @ of my such that

Ty = up(m,d) X w.
In particular, if wy is irreducible, then
T Zup(m,d) xw

for an irreducible quotient w of wy. If 7wy is an irreducible Arthur-type (respectively, unitariz-
able) representation, then

My = upy(m,d) X

for some irreducible Arthur-type (respectively, unitarizable) representation w.

Proof. Letu = u,(m,d). By adjointness, we have
0 # Homg,, | ,(u x 1, 72) = Homg,, (1, Ry (772)).

Let f be the map in Homg,, (71, Ry (72)) corresponding to the surjection from u,(m, d) x my
to m».

Now using adjointness, we have the following commutative diagram:

HomGn+p(u X w,n2)<—HomGn+p(u X T, 7T2) <—HomGn+p(u X T,72)+—0

) : :

Homg, (®, Ry (m2)) «— Homg,, (11, Ry (72)) «— Homg,, (t, Ry (72)) +— 0,
where the two horizontal rows are exact from the short exact sequence
0O—->w=ker f > —>1t=im f — 0.

In particular, we have im f embeds to Ry, (7).
The image of the embedding under the leftmost bottom horizontal map is zero by defi-
nition and by the commutative diagram, it comes from an element in Homg,, , , (v X 71, 72)

with zero image by the leftmost top horizontal map. Thus when adjointness back, we get back
the surjective map

UXT—> g,
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and the injection
im f = 1< Ry,(m).

Since w3 is in Alge(Gn4p), it follows that 7 is also in Alge(Gp). Thus the first surjection
implies that the number of composition factors in 5 is at most that of t by Lemma 8.5. By
Corollary 9.2, for each irreducible 7’ € Alge (Gp+p), Ry(n') is either irreducible or zero.
Thus with the fact that Ry, is a left exact functor, the number of composition factors of 5 is
at least that of composition factors of Ry (7). Hence, the second injection implies that the
number of composition factors in 7, is at least that of z. This implies the coincidence on the
numbers and so the surjection must be an isomorphism, i.e. ¥ X T & 5.

It remains to prove the last statement. Suppose 72 = u,(m,d) x w is an Arthur-type
representation. Then 75 and u,(m, d) being Hermitian self-dual implies that

@ xup(m,d) =7, ~m 2uy(m,d) xo=wxuy(m,d).

This implies that ®¥ =~ @ by Lemma 8.5 and so it is Hermitian self-dual. Thus w is unita-
rizable by a result of Bernstein [5, Corollary 8.2]. Now the classification [41] of unitarizable
representations and unique factorization give that @ is an Arthur-type representation. The proof
for the assertion for unitarizable representation is similar. |

9.2. Generalizations. While our result of Theorem 9.1 is for a special class of repre-
sentations, one can generalize to a larger class of examples as long as an analogue of Theo-
rem 8.1 is established.

In [30, Proposition 5.1], it describes a criteria which 7 x {A) is irreducible for an irreduc-
ible representation 7 and a segment A. For a fixed irreducible representation 7, let Alg, (G,)
be the full subcategory of Alg(G,) which contains objects of finite length with simple com-
position factors t satisfying the property that 7 x (A) for any segment A in the associated
multisegment m of 7. We expect that if 7 is Alg, (G,) is an indecomposable representation of
length 2, then v x 7 is also indecomposable of length 2.

A. Some homological algebra

Let A = Alg(Gy). Let 8 = Alg(Gy,). Via Yoneda extension, any element in Ext}A’ (X,Y)
corresponds to a short exact sequence in +, and zero element corresponds to the split sequence.
Then, for an additive exact functor &, ¥ sends a short exact sequence to a short exact sequence,
and this defines a map from EXti& (X,Y)to Extz%, (F(X), FY)).

Lemma A.1. Let € be a full Serre subcategory of A = Alg(G;). Let B = Alg(Gyp)
and let D be a Serre full subcategory of B. Let ¥ : € — D be an exact additive functor. We
also regard objects in € as objects in A via the inclusion. Assume that:

(1) any object in € is of finite length,

(2) forany simple objects X, Y in the subcategory €, the induced map of ¥, from Ext}& (X.,Y)
to Ext}%, (F(X), F(Y)) is an injection,

(3) F(X) is a simple object in D if Xis simple in €,
(4) for any simple objects X andY in €, ¥ (X) = F(Y) ifandonly if X = Y.
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Then for any objects X, Y in €, the induced map from Exti‘) (X,Y) 1o Ext}@ (F(X),FY))is
also injective, and ¥ : € — D is fully-faithful, i.e.

Homg (¥ (X),F(Y)) =~ Homgp(F (X),F(Y)) = Home(X,Y) = Homyu (X, Y)

for any objects X,Y in €.

Proof. Let X and Y be objects in €. When both lengths of X and Y are 1 in €,
Homg (F(X), ¥ (Y)) = Home(X,Y), Exty(X,Y) < Exth(F(X),F(¥))

are guaranteed by (2), (3) and (4). We first fix the length of X to be at most some 7. We shall
prove the statement for arbitrary ¥ by induction on the length of Y.
For an object Y in €, let Y7 be an irreducible quotient of Y. Then we have a short exact
sequence
0—-Y,—-Y—>Y —0.

Since € is Serre, it follows that Y7 and Y, are in €.
Note that we have the following commutative diagram:

Hom 4 (X, Y;) ——— Ext}, (X, Y2) ———— Ext}, (X, Y) ———— Ext}, (X, Y1)

| | |

Homg (F (X), ¥ (Y1)) — Exti(F (X), F (Y2)) = Exth(F (X), F (Y)) — Extx (¥ (X), F (1)),

where the horizontal maps come from long exact sequences, in which the connecting homo-
morphism is the Yoneda product, and vertical maps for Ext! are described in the beginning of
this section, and the vertical map for Hom is the map induced from the functor.

We have the first vertical arrow is isomorphism and the second and forth vertical arrows
are injections by induction hypothesis. Then it is direct to check that the third vertical arrow is
also an injection.

Now we consider another commutative diagram:

0 —— Homy(X,Y;) —————— Homyu (X,Y) ————— Homy (X, Y2) —>Ext‘k(X, Y1)

| | J J

0 — Homg(F (X), ¥ (Y1)) — Homg(F (X), F (Y)) — Homg (¥ (X), F (Y2)) — Exth (F (X), F (11)).

The first and third vertical arrows are isomorphisms by induction and the last vertical arrow is
an injection by induction again. Thus we have that the second vertical arrow is an isomorphism.

Now we switch the role of X and Y, and use similar argument to prove that the assertion
is true for X and Y of arbitrary finite length. m]

Remark A.2. The above lemma is also valid for arbitrary abelian categories + and B
which are Schurian k-categories, where k is a field, i.e.

Homy (X, X) =~k and Homg(Y,Y) =k

for any simple objects X and Y in + and B, respectively.
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