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0. Introduction

0.1. Let p be a prime and k = F,, be an algebraic closure of the field with p elements.
Let G be a connected reductive algebraic group over k, which is defined over the finite
field F, C k, where ¢ is a power of p. Let F' : G — G be the corresponding Frobenius
map, and GF' = {g € G | F(g) = g}. Fix an F-stable maximal torus 7" and an F-
stable Borel subgroup B containing 7. Let ® be the root system of G with respect to
T, and II C ® be the set of simple roots determined by B. Let ®* (resp. ®~) be the
set of positive (resp. negative) roots with respect to II. For each o € ®, there is an
homomorphism z,, : k™ — G, u — z,(u), which is an isomorphism onto its image, and
satisfies two(u)t™! = zo(a(t)u) for all t € T and u € k. Set U, = {xq(u) | u € k*}.
Then G = (T, Uy (a € ).

Let g be the Lie algebra of G. Let dyz, : g — @ be the differential of z,, and
0o = dozo(g). Then there is a direct sum decomposition of g:

g:t@@gav

acd

where t = Lie(T) is the Cartan subalgebra of g.

0.2. When p is a good prime for G, Kawanaka defined a representation I'c of G¥',
associated to each unipotent G¥-conjugacy class C in G¥', see [6-8]. If C' consists of
regular unipotent elements, then I'c is a Gelfand-Graev representation, as defined in
[11]. Thus T'¢ is called a generalized Gelfand-Graev representation (GGGR for short) for
an arbitrary conjugacy class C.

The original purpose for Kawanaka to define GGGRs was to prove Ennola’s con-
jecture. Far beyond this proof, GGGRs have been applied to many other areas of
representation theory of finite groups of Lie type, see a survey given by Geck in [2,
§1].

When p is a bad prime for G, one can not expect good definitions of GGGRs for all
unipotent elements in G according to some easy examples. However it seems reasonable
to restrict oneself to those unipotent classes which “come form characteristic 0”. In the
paper [2], Geck proposed a guideline to a good definition of GGGRs which we will explain
briefly in the following.

0.3. Let A be the set of weighted Dynkin diagrams. Any Dynkin diagram d € A is
a map d: ® — Z satisfying:
(a) d(—a) = —d(«) for all @ € ® and d(a+ 8) = d(«) + d(B) for all a, 8 € @ such that
a+ped.
(b) d(a) € {0,1,2} for every simple root « € II.
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Let d € A. For i € Z, we set @4, := {o € @ | d(a) =i} and define

gd(l) — @aecbw gOé lfl 7é 07
t® Bpeg,, 0o fi=0.

Furthermore we define Uy ; = (Uy | v € ®g; for all j > 4). Then put Py = (T,U, | o €
®,4; for all i > 0), which is a parabolic subgroup of G.

The coadjoint action of G on the dual vector space g* of g is denoted as g - £, and
defined by (g-€)(y) = £(Ad(g~ 1) (y)) for g € G, £ € g* and y € g. Let T : g — g be an
opposition F,-automorphism, as defined in [5]. It will induce a map : g* — g*, defined
by £7(y) =&(y") for § e g” and y € g. Let Ge = {g € G | g- £ =€} for € € g™

For d € A and given a homomorphism A € Homy(g4(2), k), we obtain an alternating
form oy : g4(1) x ga(1l) — k. Following [2], we call A € Homy(gq(2),k) in sufficiently
general position, if the following conditions (K1) and (K2) hold.

(K1) Gyt C Py, where A is regarded as an element of g* whose restriction on gq4(¢) is
zero for all 4 # 2.
(K2) If g4(1) # {0}, then the radical of oy : g4(1) X ga(1) — k is zero.

For d € A, if there exists A € Homg(gq(2), k) in sufficiently general position, then the
GGGR I'y 5 can be defined through the process described in [2, §2.8]. Thus the existence
of X in sufficiently general position becomes the key point in defining a GGGR.

By the arguments in [2, Remarks 3.6-3.7], we have the following properties:

(A1) the set of A € Homy(gaq(2), k) satisfying (K1) is open dense in Homy(g4(2), k);
(A2) the set of A € Homy(gq(2), k) satisfying (K2) is open in Homy (g4(2), k).
Consequently,

(A3) there exists A € Homk(gq(2), k) in sufficiently general position if and only if there
exists A € Homyg(gq(2), k) satisfying (K2).

On the existence of A € Homy(g4(2), k) satisfying (K2), Geck proposed several con-
jectures which we will prove in this paper.

0.4. Let € be the set of unipotent classes coming from characteristic 0, as defined
in [2, §3.1]. Then € can be identified with A. Let €gpec be the set of special unipotent
orbits, and Agpec be the subset of A which is identified with Cgpec.

For any positive integer n, there exists a canonical map

W, : Irr(GF") — {F™ — stable unipotent classes},
sending an irreducible representation of GF" to its unipotent support, see [9, §13.4], [10]

and [2, §4.1]. By [4, Remark 3.9], the image of this map is contained in €. So the map
¥,, induces a map

U, : Ir(GF") — A.
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Let Ay = U Im,,.
neZ 4

Conjecture 0.5. [2, Conjecture 4.9] Let d € A. Then d € Ay if and only if either gq(1) =
{0}, or there exists A € Homy(gq(2),k) satisfying (K2).

When p is good for G, we have A = Ay, and there always exists A € Homy(g4(2), k)
in sufficiently general position (see [2, Remarks 3.5, 4.2(b)]). Thus Conjecture 0.5 holds.
By [2, Corollary 5.11], Conjecture 0.5 holds for G of exceptional type Ga, Fy, Eg, E7 or
Es. Now we are going to prove Conjecture 0.5 for G of classical type B,,, C,, or D,, and
p being bad for G.

0.6.  Geck also formulated another conjecture [2, Conjecture 4.10] to determine the
special weighted Dynkin diagram which can be regarded as an integral version of Con-
jecture 0.5.

Let Gg be a connected reductive algebraic group over C of the same type as G and
let go be its Lie algebra. For d € A and i = 1,2, put

0z,4(1) = (ea | d(a) = i)z C go.

Given a homomorphism A € Homg(gz 4(2),Z), we obtain an alternating form oy :
9z.4(1) X 9z.4(1) = Z and then we may consider its Gram matrix

Gax = (M[ea,ep]))a,ped, ;-

If this matrix ¢, » has determinant £1, then we say that oy is non-degenerate over Z.
We often say A is non-degenerate if there is no confusion.

Conjecture 0.7. /2, Conjecture 4.10] Let d € A. Then d € Agpee if and only if either
9z.4(1) = {0}, or there exists a homomorphism A : gz 4(2) — Z such that oy is non-
degenerate over Z.

As explained before, we only have to prove Conjecture 0.5 under the assumption
that G is of classical type B,, C, or D,, and p is bad for G. Under this assumption,
according to [2, Proposition 4.3], we have Ax = Agpec. We formulate the following
theorem (Theorem 0.8) which implies Conjecture 0.5 and Conjecture 0.7 for G of classical
type A,, By, C, or D,. Note that type A,, for Conjecture 0.5 is already valid, but it is
of independent interest for Conjecture 0.7.

Theorem 0.8. Assume that G is of classical type A,,, B,, Cp or D,. Let d € A.

(1) If d € Agpec, then gz qa(1) = {0}, or there exists a non-degenerate A\ €
Homz(9z,4(2),Z).
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(2) If d ¢ Agpec and chark = 2, then det¥; » = 0 for any A € Homy(gq(2), k).

With Conjecture 0.5 proved, we complete Geck’s definition of GGGR in bad charac-
teristics.

0.9. This paper is organized as follows. Section 1 contains some preliminaries, as
well as some reductions of Geck’s conjecture. Section 2 deals with the determinant of
certain symmetric matrices over a field with even characteristic. In Section 3 we give
the proof of Geck’s conjecture in the type A case. To deal with the type B, C, D cases,
we introduce the notion of faithful maps and show that the proof can be reduced to
considering the faithful maps. Then Sections 5 to 8 are devoted to the proof of Geck’s
conjecture through case by case discussions. In the last section we give some remarks.

Notations: (1) Let a,b € Z. We write a = b if a — b € 2Z.

(2) If a < b, then we denote the set {i € Z | a < i < b} as [a, b].

(3) Write B € @ as B =) koo for k, € Z, then kq is the multiplicity of o € Il in f3,
denoted as [§ : a].

(4) Let £, be the set of partitions of n, for any positive integer n.

(5) For r € R, we denote |r] the maximal integer less than r.

1. Preliminaries
1.1. Root system

We always follow the notation and definitions given in [2]. As defined in Section 0,
there is a direct sum decomposition of g:

g:t@@gav

acd

where t = Lie(T) is the Cartan subalgebra of g. For each simple Lie algebra we can fix
a choice of simple roots II and positive roots ®*. In this paper we consider the simple
Lie algebra of classical types A,,, B,, C, and D,,. So we list their root systems here for
convenience.

(1) The fundamental system of type A, is

O O............O—O
€1 — €2 €2 €3 En—1 —En En —En41

Then the positive roots with the above fundamental system is
T ={e;—¢j, 1<i<j<n+1}L

(2) The fundamental system of type C,, is
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€1 — €9 €9 —E3 En—1— En 2e,

Then the positive roots with the above fundamental system is
Ot ={e;+¢e;,1<i<j<n; 2e,1<k<n}

(3) The fundamental system of type B,, is

O O OOiO

€1 — &2 €2 —€&3 En—1—"En En

Then the positive roots with the above fundamental system is
<I>+:{€i:|:£j,1§i<j§n; ep, 1 <k <n}.

(4) The fundamental system of type D,, is
En—1 —En

€1 — &2 &2 —E&3 En—2 —En-1

En—1tTEn

Then the positive roots with the above fundamental system is
¢)+={Eiﬁ:5j, 1§Z<]§TL}
1.2. Weighted Dynkin diagram

Let Gg be a connected reductive algebraic group over C of the same type as G and let
go be its Lie algebra. Then by the classical Dynkin-Kostant theory, the nilpotent Ad(Gy)-
orbits in gg are parameterized by weighted Dynkin diagrams. If G is a simple algebraic
group, then the corresponding set A of weighted Dynkin diagrams is explicitly known in
all cases. For convenience, we put here, the descriptions of the set A of weighted Dynkin
diagrams of classical types, and the set Agpec of special weighted Dynkin diagrams of
types Bp,Cp and D,,, which are given in [1, §13.1].

Type A,: The weighted Dynkin diagrams are parametrized by 2,1 when the group
Gy is simple of type A,,. Let u = (u1, o, ..., pr) € Pny1. For each elementary division
i, we take the set of integers pu; — 1, u; — 3,...,3 — u;, 1 — p;. We take the union
of these sets for all elementary divisors and write this union as {&,&s, ..., &1} with
& > & > -+ > &q41. Then the corresponding weighted Dynkin diagram is
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O O............() ()
§1—& &L—& §n1—&n &n—&npt

Type C,,: The weighted Dynkin diagrams are parametrized by the pairs of partitions
(1,v) with |p| + || = n where v has distinct parts. For such a partition (u,v),
write u = (p1,p2, - , k), v = (v1,v2, -+ ,1;) and consider the elementary divisors
J1s [41s fhoy fho, - - - 5 [k, [k, together with 24, 21, ... 2. Arrange them as an ordered se-
quence 0 = (my,ma,...), where m; < mg < ---. For each elementary divisor m in 0, we
take the set of integers m—1,m—3,...,3—m,1—m. We take the union of these sets for
all elementary divisors and write this union as {£1,&a,...,&a,} with & > & > -+ > &y,
Then the associated weighted Dynkin diagram is

o Qv vrren e O=E=0
G —&% &—& §n-1— & 26n
Denote this weighted Dynkin diagram as d € A. Then d is special if and only if the
following condition is satisfied:
(#¢) Between any two consecutive odd elementary divisors 2i+1, 25+ 1 in 0 with ¢ < j,
there is an even number of even divisors, and after the largest odd divisor there is an
even number of even divisors.

Type B,: The weighted Dynkin diagrams are parametrized by the pairs of partitions
(u,v) with 2|u| + |v| = 2n + 1 where v has distinct odd parts. For such a partition
(1, v), write u = (p1, p2,- -+ , k), v = (v1,v9,- -+ ,v;) and consider the elementary di-
VISOTS fi1, [41, f2, [h2, - - - 5 [k, [k, tOgether with v, 1o, ..., v, Arrange them as an ordered
sequence 0 = (my,ma,...), where m; < my < ---. For each elementary divisor m in
0, we take the set of integers m — 1,m — 3,...,3 — m,1 — m. We take the union of
these sets for all elementary divisors and write this union as {&1,&s,...,&an+1} with
& > & > -+ > €apr1. Then the associated weighted Dynkin diagram is

§1—& &—& Cn-1— & &n
Denote this weighted Dynkin diagram as d € A. Then d is special if and only if the
following condition is satisfied:

(# ) Between any two consecutive even elementary divisors of d there is an even number
of odd divisors, and after the largest even divisors there is an odd number of odd divisors.

Type D,,: The weighted Dynkin diagrams are parametrized by the pairs of partitions
(1, v) with 2|u| 4+ |v| = 2n where v has distinct odd parts. For such a partition (u,v),

write p = (p1, o, -, k), v = (v1,v9,+--,14) and consider the elementary divisors
W1y 41y fhoy [ho, . - .y [k, bk, together with 1y, vs,... 1. Arrange them as an ordered se-
quence ? = (my,ma,...), where m; < mg < ---. For each elementary divisor m in 0, we

take the set of integers m—1,m—3,...,3—m,1—m. We take the union of these sets for



8 J. Dong, G. Yang / Advances in Mathematics 377 (2021) 107482

all elementary divisors and write this union as {£1,&2,...,&a,} with & > & > -+ > &y,
Then the associated weighted Dynkin diagram is

§n-1—6n (1.2.1)

O O O... e e e ee e
§1—& & —&3 En—2—&n_1
gn—l +€n
or
En—1+&n (1.2.2)
O O... s e s s o o e
S1-& L& En2 —&no1
gnfl _gn

If there is some odd part in (u,v) then &, = 0 and so the diagrams are the same. If v
is empty and all parts of p are even then £, # 0 and we obtained two weighted Dynkin
diagrams associate to the same (u, v).

Denote this weighted Dynkin diagram as d € A. Then d is special if and only if the
following condition is satisfied:

(#p) Between any two consecutive even elementary divisors of d there is an even number
of odd divisors, and after the largest even divisor there is an even number of odd divisors.

1.3. Gram matriz

Let d € A and assume that g4(1) # {0}. (So gz.4(1) # {0}.) Given a linear map A :
g4(2) = k (resp. A : gz,4(2) — Z), we obtain an alternating form o : gq(1) x g4(1) = k
(resp. o : 9z,4(1) X gz.4(1) = Z), and as in Section 0, we denote its Gram matrix as
gd,X

Write ®41 = {f1,02,..., 0k} and g2 = {7y1,72,...,7m}- The entries of ¥, are
given as follows. We set x; := /\(em) for 1 <1 <m. For 1 < i,5 <k, we define an
element v;; € k (resp. v;; € Z) as follows. If §; + 3; ¢ ®, then v;; = 0. Otherwise,
there is a unique I(¢,j) € {1,2,...,m} and some v;; € k (resp. v;; € Z) such that
les, e;] = vijey,, ;- Then we have

Gan)is = ox(esnres,) — Ty Vi if Bi + B;
0 otherwise.
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For convenience of later computation, we can choose e, in g, for each a € ®, which
satisfies:

0 ifatpdo,
[60”65] = .
t(r+1)eats fa+ped,

where r is the greatest integer such that 8 — ra € ®. For the type A case, such integer
r is always zero. For other classical cases (types B, C, D), such integer r € {0,1}.

1.4. Reduction of the main theorem

To prove Theorem 1.5, we do some reduction first. Put A° = {d € A | max d(e) =1}
(¢S

The elements in A° are called odd weighted Dynkin diagrams. We show that to prove
Theorem 0.8, it is enough to consider the odd weighted Dynkin diagrams.

For a fixed simple root system IT of classical type and given a partition (type A) or a
bipartition (type B, C, D) associated to a unipotent class, we have a corresponding set
of elementary divisors 9. Then we can construct a weighted Dynkin diagram d € A from
0. Now we assume that d € A\ (A°U0), i.e. d(a) = 2 for some « € II.

Suppose that 0 = (1™12™2 .. .r™r) with m, # 0. Since d € A\ (A°U0), the maximal
integer s < r such that m, # 0 has to satisfy s <7 —1. Then we set t = r — 2|5 | and
my = m,. Now we consider a new set of elementary divisors ?' = (1™12M2 .. g™Mst™t),
By its construction, it is not difficult to check that the set of elementary divisors ?’ comes
from an appropriate partition (or a bipartition). Thus 0’ also gives a weighted Dynkin
diagram d’ € A’ of a simple root system whose rank is smaller than the original simple
root system. Therefore to study the Gram matrix ¢, » can be reduced to study the Gram
matrix ¥y n where X is the restriction of A. Moreover d € A is special if and only if
d’ € A’ is special. Such reduction process can go on until d becomes an odd weighted
Dynkin diagram or d(II) = {0}. When d(II) = {0}, d is special and g4(1) = {0}. Thus
Theorem 0.8 will be implied by the following Theorem.

Theorem 1.5. Assume that G is of classical type A,, By, Cyn or D,. Let d € A°, which
implies that g4(1) # {0}.

(1) If d € Agpec, then there exists a non-degenerate A € Homg (9z,4(2),Z).
(2) If d ¢ Agpec and chark = 2, then det 9, » = 0 for any A € Homi(gq(2), k).

In the following sections we will prove Theorem 1.5 through case by case discussions.
For (1), we will construct a non-degenerate A € Homgz/(gz. 4(2),Z) explicitly when d €
Agpec- For (2), we need to calculate the determinant of symmetric matrices over k when
char k = 2; the properties of this type of matrices will be given in the next section.
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2. Matrices over a field of even characteristic

The only bad prime is 2 for classical groups of types B, C' and D. So in this section we
study the determinant of certain symmetric matrices over a field of even characteristic.
Throughout this section, we assume that chark = 2.

For A € My,xn(k) and B € Mjx,(k) with m < [, we denote the rows of A by
Ay, As, ... A, and the rows of B by By, Bs,...,B;. Denote A < B if there exists an
injective map 7 : [1,m] — [1,1], satisfying A; = B, ;) for i € [1,m].

We give the following lemma, whose proof is easy, and thus omitted here.

Lemma 2.1. Let m € 2N, and A € M, (k). Assume that A is symmetric with all diagonal
elements zero and that det A = 0. Let X = {z € k™ | A'z = 0}. Then dim X > 2.

Proposition 2.2. Let n,N € Z, and T' € {2n,2n 4+ 1}. For r € [1,N], let k. € Z,
m, € [1,2n], and A, € M, «r(k). Assume that m, < ms and A, < Ag forr < s in
[L,N]. Let Ei>} € Mr(k), forr,s € [1,N], i € [1,k.], j € [1,ks], which is of the form

rep
( 0 ey ) ifT = 2n,

i b
0. 9
0 0 € In if I =2n+1,
0 el 0
where ;7 = e € k. Let
0 Ai,l 0 0 v .n 0 0
tAi,l 0 i 0 Ei:’z ...... 0 Eiﬂkl
0 0 0 Aioi.. ... 0 0
0 Eﬂ PAi o - i 0 E;lk
Sii = : : : o : : fori € [1,N],
0o 0 {0 0 f.. .. 0 A
0 B0 B, ‘Aip 0
0 O O 0 ... 0 0
l’j i:j 1,7
0 Ey7 0 Epy 0 By
0 0 i0 0 i...... 0 O
0 B3 0 Bypie- ... 0 Eyj
Sig= . oo oi fori#j in [1,N],
0 0 {0 0 {...... 0 0

i i : i
0B 0 Byly o 0 BTy



J. Dong, G. Yang / Advances in Mathematics 377 (2021) 107482 11

where A, ; = A, fori € [1,k.], and S be the blocked matriz (S; ;); jen,n)- Then det S =0
if one of the following conditions is satisfied:

(1) T' = 2n, m, is even for r € [1,N] and there exists o € [1,N] with k, odd and
Mo < 21,

(2) T = 2n, and there exits o € [1, N] with m, odd;

(3) T'=2n+1, and m, is even for some o € [1, N].

Proof. Let Z be a row vector of proper size, satisfying St!Z = 0. It is enough to show
that Z can be taken nonzero.

(1) For r € [1,N] and i € [1,k,], write A,; = (X4, Yri), where X, Yo € My, «n(k); as
A, ; = A,, we can denote X,;, Y, ; as X, Y, respectively. Write Z = (Z1,--- , Zn), with

Z’r = (T’I’la U’l‘l; V’r‘17 e ;T’r‘,k7-7 U’r‘,k:,.7 Vl",k,.)7

where T,; € K", U,;,V,; € kK™ are row vectors, for r € [1, N] and i € [1,k,]. It is clear
that, S*Z = 0 is equivalent to the following system of linear equations:

X,itUpi + Y0i' Vi =0
X, T+ Y e (Vi) = 0

= (2.2.1)
Wl Thi+ Y 3 (tUy) = 0

5.

for r € [1, N] and ¢ € [1, k,]. Without loss of generality, in the following we assume that
o is the minimal integer such that k. is odd and m, < 2n.

We let
ELL ... Elo
E=1{ ... ... e
Eol ... [Eoo
where
N
o €11 €1k;
ig— | .. L e
E - .. .. )
i i,3
ki1 Chik;

for 4,5 € [1,0] and e;; = 0 for ¢ € [1,0],1 € [1,k;]. Since m, < 2n, there exist row
vectors U,, V,, € k™, not both 0, such that X,'U, + Y,'V, = 0. Since k, is odd, F is a
symmetric matrix of odd degree with diagonal elements zero. As chark = 2, there exists
a Nonzero row vector

ki+---+k
W: (U}ll,"' 7w1,k13"' awo',lv"' 7wo',k70) ek vkt 07
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satisfying E*W = 0.
Now we set

TTvi:O forTG[I,NLZ-G[l,kT],
Ui =Vri=0 forr € [o+1,N],i € [1,k,],
Uri =wyiUs, Viy =w,;V, forrel[l,ol,iell k]

The vector Z thus obtained satisfies Z # 0 and S*Z = 0.

(2) Completely as in (1), we get the equivalence between S*Z = 0 and the system of
linear equations (2.2.1). Since X,'Y, +Y, !X, is a symmetric matrix with diagonals zero,
and its rank m, is odd, there exists a nonzero row vector H, € k™ such that

(X,'Y, +Y,'X,)'H, = 0.
We set
Upi=U, =H;Y, and V,; =V, = H, X, for i € [1,k;].
If U, =V, =0, then set

T,;=0 for r € [1, N],r # o0,i € [1, k],
T,,=H, for i € [1,k,],
U=V, =0 forrell,N)iell, k]

s

The matrix Z thus obtained is nonzero and satisfies S*Z = 0.
If U, # 0 or V, # 0, then put

1,1 1,0
Ea—l,l .. Ea’—l,a
where
] 2J
. €11 €1k;
Eb — -
] ]
€hil T Gk

for i € [1,0 — 1] and j € [1,0]. Since E is not of full column rank, there exists
W = (wl,la T 7w1,k17’ o ,’(1)071, T awa,kd) € kk1+m+ko

satisfying W # 0 and E*W = 0.
Let dri = 3" c1.0]je[ihy) Gy Ws,y for 7 € [0, N] and i € [1,k,]. For r € [0, N], since
A, < A, through adding a certain number of 0’s in the end of H,, we can get a vector

H, € k™ satisfying
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PXUH, =X, H,, YYPH, =Y, H, .

Set
T.;, =0 for r € [1,0 —1],7 € [1, k],
Trs =dy;Hy for r € [0, N],i € [1, k,],
Uri=Vr5=0 for r € [+ 1,N],i € [1, k],
Uri =wr iUy, Voy =w, iV, forrell,ol,iell, k]

The vector Z thus obtained satisfies Z # 0 and S'Z = 0
(3) For r € [1, N] and i € [1, k.|, write Ay; = (Pri, Xoi, Yri), where X, Yy € My, «n(K),
P.; € My, «x1(k);as A, ; = Ay, we can denote by X, ;, Y4, Pr; as X, Y., P, respectively.
Write Z = (Z1,-++ , ZN), with

Zr = (T, Xr1, Urt, Vaty - Ty Xrers Uy Vi),

where T,; € k™ U,;, V,; € k™ are row vectors, and x,; € k for r € [1, N] and i € [1, k,].
It is clear that, S*Z = 0 is equivalent to the following system of linear equations:

XT"LPT i+ XMtUm + ertv;“i =0

X! T”+Ze Vij) =0

5:J (2.2.2)
er T, + Z €; 5]) 0

8,
tPritTri =0

for r € [1,N] and 7 € [1, k]
If X, 'Y, +Y,'X, is invertible, we set

Noe = (Xa'tYU + Ya'tXa)_l-Pa'

We let U, = 'n,Y, and V, = ', X,. Since (X,'Y, + Y,'X,)~! is a symmetric matrix
with diagonal elements zero, it is easy to check that P,n, = 0. As in the proof of (2),

we put
EL1 ... ELo
Ea—l,l . EU—LU
where
¥ 0,J
€11 T Gy
EH = e
i,J i.J

kil T Gk
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for i € [1,0 — 1] and j € [1,0]. Since E is not of full column rank, there exists

W: (w1717...

satisfying W # 0 and E'W = 0. Let d,; =

7w1,k)17”' 7w0',17"'

g, ) € K1+ e

s€[l,0],5€[1,ks ] U)SJ for r € [0’ N} and

€ [1, k). For r € [0, N], since A, < A,, through adding a certaln number of 0’s in the
end of 7., we can get a column vector 7, € k™ satisfying

‘P =0, "Xone ="'Xomp, Yone ="V,
Set

Xri = Wy for r € [1,0],i € [1, k;]
Xri =0 for r € [0 +1,N],i € [1, k]
Ur,i = wr,ana ‘/r,i = wr,ivo' for r € [ y ] [ ]
Uri=Vri =0 forre[g—l—l Nl,i € [1, k],
T.i=0 for r € [1,0— 11,7 € [1, k.
Ty = dyi'ny for r € [0, N|,i € [1, k.].

The vector Z thus obtained satisfies Z # 0 and S*Z = 0.
If X,'Y, +Y,'X, is not invertible, then the space
XY, + Y, ' X,

{eek™ | ( £ =0}

is of dimension > 2 by Lemma 2.1, as m,, is even. Since char k = 2, we can find a nonzero
row vector &, such that

(XatYo + YatXa)tfa =0 and tpat§0 =0.

We set each x,; = 0, then the proof follows exactly as the proof of (2). Therefore the
proposition is proved. O

3. Type A
3.1. Odd weighted Dynkin diagram

In this section we deal with the type A case. In this case all weighted Dynkin diagrams
are special and thus it is enough to prove that gz 4(1) = {0}, or there exists a non-
degenerate A € Homgz(gz 4(2),Z) for each d € A. Now assume that the simple Lie
algebra g is of type A,, and all the simple roots are oy, as,...,a, and thus all positive
+a; with1 <i<j<n.

We can identify the weighted Dynkin diagram d € A° with the sequence

roots can be denoted by €; ; = o; + ajp1 + - -+

. . . .y ./ ./ ./
(ZT = Ovlr—lvlT—27' s 0ty = N 1)
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of integers, where {i;,4; |l € [1,7 — 1]} = {i € [1,n] | d(cy) = 1}, satisfying the following
conditions (1)-(3):

(1) 1<tp g <ipo< - <i<if<--<il_o<il_;<mn,
(2) ss=syforl=2,3,---,r,
(3) sipa<sgfor1<li<r-—2,

where sy = 4j_1 — 14, ) =14, —4;_, for | =2,3,--- ,r and 51 =} — i1.

In fact, suppose that g = (1™12™2 .. . y™r) € &, 11, where m,. > 1, gives the weighted
Dynkin diagram d € A as above. According to the discussion in Section 1.4, it is easy to
see that d € A? if and only if m,_; > 1 in the partition pu.

For this partition g = (1™12™2 ...r™"), we set

mp+mygpo + -+ my ifr=1,
a; =
my+mpo+--+mp_y ifr—1=1

Then the sequence of integers

. . . . ./ ./ .y .y
(Gr = 0,0p—1,0p2y + 481,80, 3oy bp_1,0. =1+ 1)

corresponding to the weighted Dynkin diagram d € A° associated to u satisfies that
s =8 =a forl =2,3,...,n and s; = a1. Using this idea, we can also identify a
weighted Dynkin diagram with certain sequence of integers when we consider the type
B,C and D cases later.

3.2. Blocks of Gram matriz

In order to prove Theorem 1.5, we have to look for a non-degenerate A\ €
Homz(gz.4(2),Z). Our idea is to divide the set ®4; into disjoint subsets and consider
the submatrices of the Gram matrix corresponding to these subsets. For the construction
of equivalence classes, we define maps between subsets of ®g ;.

Write (imir—ly T 7i1’i,13 T ai;"—lvi/) as (j13j27 e 7j7’7j7‘+17 T aj21”—17j27")' For k €
[2,2r — 2], we put

Xy ={a€[l,n] | jk—1 <a<jrand a> jk + jrt1 — Jr+2},
and let g (a) = ji + jr+1 — a for a € X),. We set
X = {eavljr-1 < a <jp <b<jr+1, a € X} C Py,

and define the “right transformation”:

Kr: X = Pa1,€ab = Ebs1,04(a)
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for k € [2,2r — 2]. Put

x= || & Xx= || X

ke[2,2r—2] ke[2,2r—2]

Thus we can define ¢ : X — [1,n] sending a € &}, to pi(a) and a map Z : X — D41,
sending €45 € X, to Xy (eap) for k € [2,2r — 2].
Similarly, we put

Ve =1{be[l,n] | jr <b < jrr1 and b < ji + jr—1 — Jr—2},
for k € [2,2r — 2], and let ¢ (b) = ji + jr—1 — b for b € Vi,. We set

Y = {eavljr-1 < a < i <b<jrgp1, be i} C Py

and define the “left transformation”:
L Y, — @d71,€ab = €4 (b),a—1>

for k € [2,2r — 2]. Put

y= || ¥ v= || w

ke[2,2r—2] ke[2,2r—2]

Thus we can define ¢ : J — [1,n] sending b € X}, to ¢, (b) and a map £ : Y — &4,
sending 45 € Yy to Li(€ap).

For g4 € ®g1, if b < @) = jr41, then g4 € X. On the other hand for g4 € @41, if
a > i1 = j,, theney, € Y. Sowe see that XUY = ®41. Let 7: [1,n] — [1,n],a — nt+l—a
be an involution on [1,n]. By symmetry, there exists a 1 — 1 correspondence between X
and Y, corresponding g4y € X to €;(3)r(a) €Y.

Let €45 € X\Y and we define the Z-orbit of €4,

Xab = {Eabw@(gab), e 7'@7n_1(8ab)}7

where m € N is maximal with 2™~ 1(g,;) € X. It can be written as

% % % % %
€ab = Ebtl,p(a) T Epla)+1,p(b)—1 T Ep(b),p2(a)—1 T 7 Ep2(a),p2(b) T -

Similarly for 4, € Y\ X, we also define the Z-orbit of &4
Yab = {€ab,$(€ab)7 e 73171(661[))}7

where [ € N is maximal with Z!~1(e,) € Y. It can be written as
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< < £ < <
€ab T Eyp(b),a—1 T Egpa)+1,(b)—1 T E2(b)+1,9(a) T EY2(a)p2(b) T - -

By symmetry we see that Xop = Y (5)7(0) 07 Xab N Yo (0yr(a) = (). For convenience, we
set

00 = {(a,b) S [l,n] X [1,7’L] | Eab € X\Y, Xap = Y,,-(b),r(a)}7
Ol = {(a,b) S [l,n] X [1,n] | Eab € X\K Xab mYT(b)T(a) = and |Xa(,| is odd },
Q% ={(a,b) € [L,n] x [1,n] | €ap € X\Y, Xap N Yy (p)r(a) = 0 and [ X| is even }.

We put Moy = Xap UY7(5)r(0) and set 2 = QOUQLUO2. Tt is noticed that by = XUY.
Then we can divide ®4; as

Dy = || Mu
(a,b)eq2

Lemma 3.3. Let (a,b) € Q, which implies that |X,,| = m is odd. Then there exists a
unique integer s such that

A" eaw) + L (Er(byr(a)) € Pa2-
Moreover such integer s is even.

Proof. Denote ¢4, 5, = #* '(cap) for k = 1,2,...,m. By symmetry it is easy to see
that

Erb)r(an) = LT Eryr(a))-
Note that there exists an integer [ such that
g < Uy <0y < by <y
So we have

jr+l71 < Am < errl S bm < jr+l+1~

We will show that [ is an odd integer. Now suppose that [ is even, then 7(a,,) = ¥ (am,)
for some odd integer x. We consider the .Z-orbit of ¢,,, 5, which is

m

<z <z <
€apm,bm — Ew(bm)vam_l — Ed’(”‘m)“’lvd’(bm)_l — €w2(bm)+17’/}(am)

4 <
7 E2(am)p2 (b)) 7 e

Then €ya+1(p,,)+1,4%(a,,) Must be in this orbit. Since &q,, p,, is not in X, a,, is not in

m

Xrt1. So 7(am) = ¥*(an) is not in Y;. Therefore we have
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Ertl(bm)+1,4% (am) = ab
which implies that the cardinality of the Z-orbit of ¢4 is even. Thus we get a contra-

diction. So the integer [ is odd and 7(b,,) = ¥¥(b,,) for some odd integer y. It is not
difficult to see that

EQu(r(bm)), 0¥+ (T(am)) =1 = Ebm,pvti(r(am))—1

is in the Z-orbit of £,(;, ) 7(a,,)- Note that the Z-orbit of e, ) r(a,,) is the same as
Z-orbit of £, r(a). Therefore there exists a unique integer s such that

gs(e‘r(b)r(a)) = Ebp, ¥t (T(am))—1"
So for such integer s we have
B M ew) + L (Ertyr(a) € Pae-

Moreover it is not difficult to see that m — 1 — s = 2y which is even. As m is odd, s must
be even. O

For (a,b) € Q' we denote
R eaw) + L5 (ertyr(a) € Paa

in Lemma 3.3 as wgy. It is noticed that wg;, and @,y may be the same for (a, b) # (a’, ')
in Q.

3.4. Proof of Theorem 1.5 for type A

Now we give the proof of our main theorem for type A. We put

Aab =
{ZF " (ean) + Z*(ean) |k € [1, | Xap| — 1]}
if (a,b) € Q°,
{7 (ean) + ZF(eab), LM (eryr(a) + L5 Herwyr@) Ik € [1, [ Xan| — 1} U{was}
if (a,b) € Q1
{R " eaw) + Z*(eav), L¥ (ertyr(a)) + L7 Er0)r(a)) ]k € [1, | Xan| — 1]}
if (a,b) € 02,

and define A € Homg (g7 4(2),Z) by
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1 fae U Aab,

Mew) = (a,b)eQ
0 ifae q)dyg\ U Aab«
(a,b)e2

Then

det%d7)\::|: H det%ab,
(a,b)eQ

where % = (M([eq, €8]))a.pen,, for each (a,b) € Q.

When (a,b) € QY the cardinality |Xu| is even by symmetry. Then it is easy to
notice that det%,, € {£1}. When (a,b) € Q!, we write down the matrix ¥,; and do
cofactor expansion of the determinant det%,;. Using the result of Lemma 3.3, it is
checked that det%,;, € {£1}. When (a,b) € Q2, there are two cases. In the first case,
the only subdiagonal of the matrix ¥,; is +1, then the form of this matric ¥, is the
same as Y4 for (c,d) € Q°. In the second case, the form of the matrix &,; is the same
as 9.4 for (c,d) € Q. In both cases, we know that det%,;, € {£1}. Therefore the map
X : gz.4(2) = Z we consider here satisfies that o is non-degenerate over Z.

Therefore we have proved Theorem 1.5 (1). As every weighted Dynkin diagram is
special in the type A case, Theorem 1.5 has been proved in this case.

4. Faithful map
4.1. Odd weights of types C, B and D

Let g be the simple Lie algebra of type C, over k. The weighted Dynkin diagram
associated to the pairs of partition (u,v) with |u| + |v| = n where v has distinct parts
are given in Section 1.2. We can identify A° with the set of sequences (i1,i9, - ,ix) of
integers, satisfying the following conditions (1)-(4):

(1) 1< <ig<--<ip<n-—1,
(2) s <spyoforlelk—2],

(3) sy=0forl e[l k] withl=k—1,
(4) sp—1 < 2(n —iy),

where s; = 4; and s; = 4 — i;_1 for [ € [2,k], through identifying d € A° with
(1,12, -+ ,ix) where {i]l € [1,k]} = {i € [1,n]|d(a;) = 1}.

Let g be the simple Lie algebra of type B, over k. The set A of weighted Dynkin
diagrams is given in Section 1.2. It is clear that we can identify A° with the set of
sequences (i1,142,- -+ , %) of integers, satisfying the following (1)-(4):



20 J. Dong, G. Yang / Advances in Mathematics 377 (2021) 107482

(1)
(2) s; < spyo forl e[l k—2],

(3) sy=0forle[l,k] with =k,
(4) sp—1 <2(n—ig) +1,

1<t <ig <o < i <,

where s; = 4; and s; = 4 — 41 for [ € [2,k], through identifying d € A° with
(i1,42, - , i) where {i;]l € [1,k]} = {i € [1,n]|d(c;) = 1}.

Let g be the simple Lie algebra of type D,, over k. The set A of weighted Dynkin
diagrams is given in Section 1.2. If 0 is a sequence of elementary divisors defining odd
weighted Dynkin diagrams, then the two Dynkin diagrams in (1.2.1) and (1.2.2) coincide.
Consequently, the weighted Dynkin diagrams of odd weights can be classified in the
following two cases:

1 (4.1.1)
O O... cee s e s
§1—& & —&3 En—2 —&n—1
1
and
0 (4.1.2)
O O... e e e e e e e
§1—& & —&3 En—2 — &En—1
0

Thus we can write A° = A9 LI A, where A (resp. A3) consists of weighted Dynkin
diagrams of the form (4.1.1) (resp. (4.1.2)).

The weighted Dynkin diagram associated to the partition (22712) is special, in this
case it is not difficult to see that there exists a non-degenerate A € Homz(gz 4(2),Z).
Thus we exclude this situation.

The set A can be identified with the set of sequences (iy,i2,--- ,ix) of integers,
satisfying the following conditions (1)-(4):

() 1< <ig <<t <n-—3,

(2) sy < spyo forl e[l k—1],

(3) s;=0forle[l,k+1] withl=k+1,
(4) sy <2forl e[l k] withl =k,
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where s; =41 and s; = i; — i;_1 for | € [2,k] and sp41 = n — 1 — iy, through identifying
d € Ay with (i1,42,--- ,ig) where {i;]l € [1,k]} = {i € [1,n]|d(c;) = 1}.

The set A$ can be identified with the set of sequences (i1,ia,- - ,ix) of integers,
satisfying the following conditions (1)-(4):
(1) 1<y <ig< - <ip<n-—2
(2) s < spyo forl el k—2],
(3) sy =0forl e [1,k] with | =k,
(4) sp—1 < 2(n —1iy),

where s; = 41 and s; = 4 — 4;—1 for | € [2,k], through identifying d € A° with
(i1,42, - ,ix) where {i;]l € [1,k]} = {i € [1,n]|d(c;) = 1}.

4.2. Faithful maps

For a fixed simple root system and an odd weighted Dynkin diagram d =
(ilviQa e azk) € Ao’ put

Yai ={a € ®qy | [: ;] =1},

for I € [1,k]. Then |Yau| < |Ygi41] for I € [1,k — 1]. In this subsection, we fix d =
(41,42, -+ ,ix) € A%, where k > 3, and A € Homy(gq(2),k), or A € Homg(9z 4(2),Z).
Set s1 =11, and s; = 4; — i1 for j € [2,K].

Now we set

QO ={es—¢e € Dyo [t —s <idpp1 — (li—1 + 1)}, (4.2.1)
forie[l,k—2]. If

{’Y € (I)d,2|[7 : aiz} = [’Y : ail+1] = 1,)\(67) 7£ 0} - Ql,

for [ € [1,k — 2], then X is said to be faithful.
If A is faithful, then put Q1 = Y41, and

P, = {a € Yy,+1 | there exists § € Q;, such that 5+« € Q},
Qi+1 =Y 141\ B,

Ml+1 = ()‘([em eﬁ]))athBEPL’

for I € [1,k —2]. Put

My = (Mlea, €8]))a,8eQu—1UYu - (4.2.2)
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It is convenient to describe the sets Q1, P1, -+ ,Qr_2, Pr_2, Qr_1 through diagrams.
For example, the set Q1 =Yy1 = {es — et | s € [1,41],t € [i1,42 — 1]} is denoted as

11 ig—1

1

Then Yy 2 = P U Q> is denoted as follows,

19 to+s1—1 19+s1 13— 1

i1+ 1
P Q2

12

from which we can see that

P :{55_5t | s € [i1+1,i2],t€ [82,i2+81—1]},
Q2 :{Es—Et | ERS [i1+1,i2],t€ [i2+81,’i3—1]}.

In general, for [ € [2,k — 1], the partition of Yy, into P U@y is

iy i+ s1 i+ 53 - i+ 513 i+ Si—1 i1 — 1
i1+ 1 | | I
I 1 1
I 1 I
| 1 I
P | 1
Q-1+ s2+1 | I
X Q X
1 1
,,,,,,,,,,,,,,,, |
i1+ 84+ 1 ; . |
P | :
_J—|
T
i

if =0, or
i i + S2 i+ S4 i+ 813 i+ S ip41 — 1
Q-1 +1 | I 1 1
| | 1 1
I I 1 1
I I 1 1
) I | I
i1 +s1+1 | | |
| ! Q |
| | |
,,,,,,, | X |
I I
| 1
1

1 +s3+1

1 +Si—2+ 1

i
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if I # 0. Thus it is noticed that
1/2
Z (52j+1 - 52j—1)52j if I =0,
=1
|]Dl‘ = |Ql| = Zl+1)/2
Yo (s25 —s2j—2)s2j—1  if 1 #0,
j=1

for I € [1,k — 2]. Consequently,

k—1
det @y » = (] ] det M;)? det M, (4.2.3)
=2

4.8. Isomorphisms

Let d = (41,42, ,ix) € A° and A\, X € Homg(gq(2),k). For ¥ : g — g an isomor-
phism of Lie algebras, if ¥(gs(1)) = ga(1), and

N([®(v), ®(w)]) = A(v, w),

for all v, w € g4(1), then we call ¥ : (g,d, \) — (g,d,\') an isomorphism of weighted Lie
algebras.

There is a similar definition in the integral case. Let A\, A" € Homgz(gz 4(2),Z). For
U : gg — go an isomorphism of Lie algebras, if ¥(gz 4(1)) = gz.4(1), and

N([®(v), ¥(w)]) = A(v, w),

for all v,w € gz 4(1), then we call ¥ : (go,d, \) = (go,d, \') an isomorphism of weighted
Lie algebras.
For A\, \" € Homy(gq(2),k) (resp. A, \' € Homg(gz 4(2),Z)), it is clear that

det gd)\ = *det gd,)d (434)
if there exists an isomorphism ¥ : (g, d, \) — (g,d’, \') (resp. ¥ : (go,d, \) = (go,d’, \'))
of weighted Lie algebras.

Let d = (i1,42,- - ,ix) € A°, where k > 2. Let A € Homg(gq4(2),k). For I € [1,k — 1]

and s,t € [ij,i;4+1 — 1], there are natural isomorphisms as follows. In the following we

denote €5 = e.,_., for convenience.
(1) For v € k, define
01 (9.d,X) = (g,d, \),

where
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01 1(€a,s) = €a,s +Vear for all a € [i;_1 + 1,4,
0 1(€ir1p) = €rr1p — Yesy1p forall b€ [iggy, 0 — 1] if I <k —2,
or for all b € [ig,2n —ip — 1] if Il =k — 1,

QZ,t(ea) = €q for other o € ®g 1,
and
N(ea,s) = Meq,s) —yA(eqr 1) for all @’ € [ij—o + 1,4;-1] if I > 2,
X(et_,_l,b/) = /\(et+17b/) + ’y)\(es+17b/) for all b’ € [il+2,il+3 — 1] ifl<k-3,

or for all ¥/ € [ig,2n —ip — 1] if I =k — 2,
N(eg) = Meg) for other 5 € ®g45.

Denote this X" as o] ;(A). When v = 1, write o] ; as 0.

(2) Define

Ss,t - (ga da >\) — (97 d7 )\/)a

where

Ss.t(€as) = ear forallaé€ [i—1 + 1,4,
Cs,t(etJrLb) = €s+1,b for all b € [Z’lJrl, il+2 — 1] ifl<k-— 2,
or for all b € [ix,2n — i — 1] if I =k — 1,
Ss,t(€a) = €q for other o € @41,
and

)\'(ea/,s) = )\(ea/7t) for all a’ € [il_g + l,il_l] if 1 > 2,
>\/(6t+1,b/) = )\(63_;,_17(7/) for all b’ € [il+2,il+3 — 1] ifl<k-3,
or for all ¥/ € [ig,2n —ip — 1] if I =k — 2,
N(eg) = Aeg) for other 5 € ®g45.

Denote this A as ¢, (N).

Similarly,

Qs,t : (gO, da )\) — (g()a dv Qs,t()\))v
gs,t : (907 d7 >\) — (907 d7 gs,t()\))7

are defined for A € Homgz(gz.4(2),Z).
Lemma 4.4. Let d = (41,19, -+ ,ix) € A%, and | € [2,k — 1]. Let t1,t2 € [if, 141 — 1],

t1 #ta, and s € [ij_o + 1,9;_1]. For A € Homgz(gz.4(2),Z), if Mes,t,) # 0, then we can
find a sequence of maps
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Wi, W2, , Wy
with w; € {Q?itzaCtl,tz} fori € [1,u], and wy, - - - waw1(A)(es, ) = 0.

Proof. If A(es,) = 0, then ¢, +,(A)(est,) = 0, and the lemma is proved. Now suppose
Aes.t,) # 0. We show the result using induction on |A(es )|
If |A(est,)] < |A(esty )], then take g € {gtil%b}, such that

[@1(A)(€s,02)] = [A(es,i)] = [Ales,o)| < IA(es,00)]-

So the lemma follows by induction.
If |A(es,t,)| > |A(es s, )], then take m € Z, satisfying
mlA(es,e, )| < A(est,)| < (m+1)[A(esq, )]

Then we can take w1, , @, € {Qi}tz}, such that
|wm T WSty Lty (/\)(687751” = |>‘(68,t2)| - m‘)‘(esﬂfl)l < |/\(€S7t1>|'
The lemma follows by induction. O

Lemma 4.5. Let d = (41,12, ,ix) € A°, where k > 3.

(1) Let A € Homk(g4(2),k). There exists a faithful map N € Homg(g4(2),k), and an
isomorphism VU : (g,d, \) — (g,d, \) of weighted Lie algebras.

(2) Let A € Homg(gz 4(2),Z). There exists a faithful map X' € Homg(gz 4(2),Z), and
an isomorphism VU : (go,d, \) = (go,d, \') of weighted Lie algebras.

Proof. For A € Homy(gq4(2),k), or A € Homz(gz,4(2),Z), put

r,= {’7 € CI)d,Q | [’Y : aiz] = h/ : ail+1] = 17}‘(6W) 7& 0}

for I € [1,k — 2], then take s minimal with

k—2
es—er€ | (T\Q)

=1

for some ¢. The result will be proved by induction on s.
Take l € [1,k — 2] with e —e; € T\ Let ¢/ = s+ 4541 — (i4—1 + 1). Then ¢’ < ¢ as
€s — &1 & .

(1) Let A € Homy(gq(2), k). If A(esr) = 0, then ¢ (N)(est) = 0, and ¢ (N)(€sy4,) =
Aes,t,) for any s1 € [ij—1 + 1,4 and 1 € [i141, 942 — 1] with s1 < s.
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If Aew) # 0, then o], (N)(est) = 0, where v = A(est)A(esrr) ™" Moreover,
0f p(N(€sy,6) = Aes 1), for any s1 € [i—1 + 1,4)] and ¢1 € [ig41,4142 — 1] with
s < S.

In each case, the result will be proved through induction with A replaced by ¢; ¢/ ()A)
or o/ /().

(2) Let A € Homg(gz 4(2),Z). By Lemma 4.4, there exist wq,---,w, € {Qﬁ,,gyy},
satisfying w, ---w1(A)(est) = 0. Moreover, for any s; € [ij—1 + 1,4 and ¢; €
[li41, 942 — 1) with s1 <5, @y - - @1(A)(€51,4,) = AM€sy.t1)-

Replace A by w,, - - - @1 (A), then the induction hypothesis is applied and the result
is true. O

In Theorem 1.5, for a given map A : g4(2) — k (resp. A : gz.4(2) = Z), we try to figure
out the properties of det%¥, ». The above arguments from Subsection 4.2 to Lemma 4.5
tell us that we can focus our attention to faithful A. According to Subsection 4.2, when
A is faithful, we can construct the set P, Q; and thus

k—1
det @y n = (] ] det M;)? det M.
=2

The determinant det M;, for | € [2,k — 1], is easy to deal with. So we will pay more
attention to det My in the following proof of our main theorem.

5. Type C
5.1. Special odd weights of type C

Let g be the simple Lie algebra of type C, over k. As mentioned before, we can
identify A° with the set of sequences (iy,42,- - ,i) of integers, satisfying the following
conditions (1)-(4):

(D) 1<ig<ig< - <ip<n-—1,
(2) s; < spyo forl e[l k—2],

(3) sy=0forl e[l k] withl=k—1,
(4) sp—1 < 2(n —ig),

where s7 = i; and s, = 4 — 4;_1 for [ € [2,k], through identifying d € A° with
(11,42, , i) where {i;]l € [1,k]} = {i € [1,n]|d(c;) = 1}.

Let d = (iy,42,--- ,ix) € A°. As before, we set s; = i1 and s; = i; — i;_1 for I € [2, K].
By the condition (#¢) in Section 1.2, it is not difficult to see that d is special if it satisfies
the following conditions.

(a) s1 is even;
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(b) For any two integers u < v in [1, k], if u=v =k —1 and

Su—2 < Sy = Sy42 = 10 = Sy—2 = Sy < Sy42,
then s,41 — sy—1 is even.

Lemma 5.2. Let d = (r) € A°.

(1) If d € Agpec, then there exists a non-degenerate A € Homgz (9z,4(2),Z).
(2) If d ¢ Agpec and chark = 2, then det 9y » = 0 for any A € Homy(gq(2), k).

Proof. When d = (r) € A,

(I)dli{Ei*Ej,Eiﬂ*Ej‘1§i§T,T<j§n}.

s

Now we put

Ak = (Mec;—cps €cje]) g)elt,r x 1,0

for A\ € Homg(9z,4(2),Z), or A € Homy(g4(2),k), and k € [r +1,n|. Then the Gram

matrix is
A
G = (tA ) ) (5.2.1)

where A = Diag(Ax 41, , Aan)-

(1) If d is special, then r is even. In this case, we take A € Homz(gz 4(2), Z) satisfying
Mee,qe,,,) = 1fori € [1,7], i = 1, and A(eq) = 0 for other roots. Then it is easy to
check that det ¥, » € {1} for this A.

(2) If d is not special, then r is odd. Assume that char k = 2, therefore for each k €
[r+1,n], Axk is an symmetric matrix of odd rank whose diagonal is zero. Consequently,
det Ay = 0 for any A € Homg(g4(2),k). So det @, » = 0 for any A € Homy(g4(2), k). O

Lemma 5.3. Let d = (i1,42, -+ ,ik) € A° N Agpee. Then there exists o non-degenerate
e Homz(gz,d@),Z).

Proof. We look for a faithful map A € Homgz(gz 4(2), Z) such that X is non-degenerate.
Without loss of generality, we can assume that k is even. The discussion for £ odd is
similar.

For l € [1,k — 2], we put

XlZ{es—stG(I)d,g\s§i1<il+1<tandt—s:il+1—il,1}.

We also let
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Xp—1={ej+ejp1|j€ligm1+1,ip —1] and j = ip—1 + 1},

X, = {Es + (_1)s—ik72gik s—ik_2+1J | ERS [ik,Q + 1,ik,1]}.
d 2

+l
Denote X = UF_, X; C ®y».
Let A: gz,4(2) = Z be the homomorphism such that

Mew) 1 ifaeX,
€a) =
0 ifae®i\X.

Then A is faithful. Recall the definitions of M4 for [ € [1,k — 1] in Section 4.2. It is
easy to check that det M;y; € {1} for [ € [1,k — 2]. In the following we show that
det My, € {£1} which implies that det ¥, » € {£1}, by (4.2.3).

To compute det M}, we need to consider the set (Qr_1, as defined in Section 4.2, which
has the following form.

-1 ig—1+ 2 ig—1+ 84 -1+ Sk—a -1+ sk-—2 i — 1
ip—o+1 | I | |
I I I |
I I I I
I I | I
I I
o481+ 1 | l |
| : Qr-1 :
| \ |
77777777 |
ig—2 + 83+ 1 : I
Pi_s : | :
.
T
k-1

For each j € [ig—2 + 1,i5—1], there exist two odd integers u < v in [1, k — 1] satisfying
Su—2 < Sy = Sy42 = " = Sy—2 = Sy < Sy42,
and j € [ig—2 + Sy—2 + 1,ix_2 + 5,]. Set
@j = [ik—l + Sy—1,tk — 1]
For such u, v, $y1+1 —Sy—1 is even, since d € A? is special and k is even by the assumption.
It is easy to see that ©; = ©,1 when j = i;_o + 1.
We denote A(a) = A(eq) for simplicity, for e, € gz.4(2). Let

Tj; = )\(Sj + €j+1) and ys = )\(63 + (—1)5_2-’“726‘ s—ip_o+1 )
i+ —5 ]

for j € [ig—1+ 1,0 — 1], j =ip—1+ 1 and s € [ig—o + 1,ix-1]-
Asin (4.2.2),

My, = ()‘([eou 66]))04756Qk—1uyd,k :



J. Dong, G. Yang / Advances in Mathematics 377 (2021) 107482 29

So we divide Q1 UYy ;, into subsets and consider the submatrices of M}, corresponding
to these subsets.

(a) Suppose that sy, is even. Then |G| is even for each s € [ix_a+1,i;—1]. We can divide
k—1 U Yy into the following subsets:
Q Yar i he following sub.
(al) {es—e;, £j+(—1)3_ik*25ik
€j+1}7 for 3+ le 68;
(a2) {es—js1, gt (1) e, )
gj}forj,j+1¢€ Oy;
(a3) the remaining roots can be partitioned into subsets of the form {e; —¢;, €41+
€1, € + €1, €541 — &1}
Let X be a subset of Qx_1 U Yy of type (al), (a2) or (a3). Then

=Ll gj+1—(=1)" 7" 2¢ oin—p¥l s Est17
2 2

+ i+

sf'ik72+lj s t’:‘j—(—l)s—ik’za
2

—ip_o+1 Es+1—
Zk-H_S lk22 J7 s+1

0 Ys 0 0
*(Z)JS _?E 1(")] y(ll if X is of type (al) or (a2),
J S
0 0 —Ys 0
(AJeares]))apex = 0 5 0
_Oyj 8 8 5 if X is of type (a3).
j

(b) Suppose that si is odd. Then sx_; = 2(n —ix) and |©;| is odd for each s € [ix_o +
1,ik—1). Besides the subsets given as before, there is still one more type of roots, namely,

{es —€ips €1 + (—1)57tr—2g

s—ip_o+1 1S —&; g, — (—1 S_i’“72€_ s—ip_o+1
ekl k22+ Ik s+1 iy Sig ( ) et | k22+ J}

for s € [ig—o + 1,ik—1] and s = ip_o + 1.

It is easy to see that M}, can be written as a blocked diagonal matrix with diagonal
blocks of the form (A([eq,es]))a,pex for each subset X of type (al), (a2), (a3) or (b),
and each block is of determinant +1. Thus we have proved Theorem 0.8 (1) for type
C. O

Lemma 5.4. Let d = (i1,42, - ,1x) € A°\Agpec. If chark =2, then det 9 » = 0 for any
A E Homk(gd(Q),k),

Proof. Suppose that there exists A € Homy(gq(2),k) such that det%; , # 0. We can
assume that A is faithful by (4.3.4) and Lemma 4.5. So by (4.2.3), det % » # 0 implies
that det My, # 0, where M}, is defined as in (4.2.2). In the following we assume that k is
even without loss of generality.

For each | € [ix—1 + 1,4x], there exist two even integers u < v in [0,k — 2|, which
satisfy

Su—2 < Sy = Sy42 = 0 = Sy—2 = Sy < Sy42,
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and ig_1 + Sy <! <ig_1 + Spr2. We denote E; = [ig—2 + 1,ix—2 + S,+1]. Noting that k
and v are even, then |Z;| = s,11 is even for any [ € [ix_1 + 1, ig].
Since d is not special, there exist odd integers ¢ < # in [1, k] which satisfy

S¢—2 < 8¢ = S¢42 = - = 8y < Sp42,
such that s, 1 — s¢—1 is odd and

— =
= =

Sig_1+sco1+l T Sip_1+sc_1+2 = 00 ik—14Snp1e

For each fixed s € [ip—1 + 1, 1], we set

By = A([egr_as7655_5l})7‘655;l6[ik+17n] and Cs = )\([657‘_555eEs+El])TEES,l6[ik+1,n]'

Then we put As = (Bs, Cs). For any s,t € [ix_1 +1,4], let E,; be the submatrix of Mj,
corresponding to the set of roots

{es —e1, es+ei, er—ep, et e | 1€ [ig +1,n]}.

With a good ordering in @y U Yy the matrix Mj, has the same form of S in Proposi-
tion 2.2(1). Since d is not special, all conditions in Proposition 2.2(1) are satisfied. Thus
we have det My = 0. We get a contradiction which completes the proof of the lemma. O

Combining Lemma 5.3 and Lemma 5.4, we have proved Theorem 1.5 in the type C'
case.

6. Type B
6.1. Special odd weights of type B

Let g be the simple Lie algebra of type B,, over k. As before, we can identify A° with
the set of sequences (i1, 12, - , i) of integers, satisfying the following (1)-(4):

(1) 1<ip <ig < -+ <ip<n,
(2) st <spyoforl el k—2],

(3) sy =0forl e [1,k] with | =k,
(4) sp—1 <2(n—ig) +1,

where s1 = 4; and s; = 4 — 41 for [ € [2,k], through identifying d € A° with
(i1,92, - ,ix) where {i;]l € [1,k]} = {i € [1,n]|d(c;) = 1}.

Let d = (i1,42, -+ ,ix) € A°. As before, we set s; = i1 and s; = iy — i;_1 for I € [2, K].
By the condition (#p) in Section 1.2, it is not difficult to see that d € A° is special if it
satisfies following conditions.



J. Dong, G. Yang / Advances in Mathematics 377 (2021) 107482 31

(a) k is even and s is odd;
(b) For any two even integers u < v in [1,k — 2], if

Su—2 < Sy = Sy42 = 1 = Sy—2 = Sy < Sy42,
then s,41 — Sy—1 is even.

Lemma 6.2. Let d = (1) € A°, which is not special. If chark = 2, then det %, » = 0 for
any A € Hom(gq(2),k).

Proof. We have [e., ¢, e, 4c,] = Tec,qe; and [ec,, e.,] = £2ec, 4, for i # j € [1,n]. So
for A € Hom(gq4(2),k), we denote

Axk = (Mec,—er» ej1e0])) i) e, x[1,r]

for k € [r +1,n]. Set bi; = A([ec,, ec,]) for 4,5 € [1,7]. Thus the matrix ¥  is

0 A 0
( A o>,
0 0 B

where A = Diag(Axr41, -+ ,Axn) and B = (b;;). Thus det¥;x =0 asdet B=0. O

Lemma 6.3. Let d = (i1,42, - ,ik) € A° N Agpee. Then there exists a non-degenerate
A€ HOIIlz(gZ7d(2)7 Z)

Proof. Since d is special we see that k is even. We look for the A such that ) is faithful.
For k > 2, following the strategy in Section 4, we set

M = (A([ea,eﬁ]))ate,BeP“ for 1 € [1,k —2]
and My = (M[eq, €8]))a,8e0Qr_1uY, - Then by (4.2.3),

k—1
det@yx = £ (] ] det M;)? det My.
=2

For l € [1,k — 2], put
Xi={es—e,€Pyo|s<i<ip1 <tandt—s=i41 —9-1},
and
Xi—1={ej+ej11 € Py2|j€ ik—1+1,ix —1] and j =i5_1 + 1}.

To compute det My, we need to consider the set Q1 which has the following form
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-2 +1

ig—2+s1+1

ig—2+s3+1

g2+ Sk—3+1

k-1

Since d € A° is special, if there exists two even integers u < v in [0, k — 2] satisfying
Su—2 < Sy = Sy42 =+ = Sy—2 = Sy < Syt2, (6.3.1)
then s,411 — sy—1 is even. For v < v in [0, k — 2] satisfying (6.3.1), we denote
Quo = [tk—2+ Su—1+ 1, ik—2 + Sut1],
and set

Q= U Qu,v U [ik_g 4+ 2,02 + 81}.
u<v in [0,k—2] with (6.3.1)

The cardinality w = || is even. We denote
Q= {j1,j2:- - Jults
with j, < js for r < s and set
X ={ej. + (=14 o) [ s € [1, 0]}

With these settings, we denote X = UleXl U {es,_,+1} which is a subset of @, .
Let A: gz,4(2) = Z be the homomorphism such that

Mew) 1 if e eX,
o) =
0 if v € @d’Q\X.

In the following we show that det¥; » € {£1}. Obviously, A is faithful in the sense of
Section 4.2, then by (4.2.3),

k—1
det %, 5 = i(H det M;)? det M.
=2
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It is easy to check that det M; € {1} for I € [2,k — 1].
To compute det My, we put

T = A(gik—2+1)?

Yr = Mer +erq1),

Zs = )\(5js + (_l)ssik-i-LS;rlJ)’

for r € [ig—1 + 1,4 — 1] with r = ip_1 + 1, and s € [1,w]. As

My = (/\([604’ eB]))OC7B€Qk—1UYd,k’

we divide Qx—1 U Yy into disjoint subsets and consider the submatrices of Mj, corre-
sponding to these subsets.

(a) The first type of subsets is of the form

{€ik,2+1 —Ery Ery Er41y Eip_o+1 — Er+1}
for r € [ig—1 + 1,4 — 1] with r = i1 + 1.

(b) The second type of subsets is of the form

1

{ej. —ev e+ (1), 4 stn ) e + (1) ei g 5410 €100 — 141}

or

{ej. —eipr, e+ (=1)%;, 4 o1, @ + (=1 esp12)41, G — 1)

where s € [1,w] and I € [ig_1+ 1,0 — 1] satisfy s=1,l =ip_1+1and g, —&, € Qr_1
for o € [1,w] and 7 € [if—1 + 1,1k — 1].

(c) The set of the remaining roots in Qx—1UYy ) can be divided into subsets of the form

{€j — €1, Ej41 T €L, €5t €l €j41 — e}
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Let X be a subset of Qx_1 U Yy of type (a), (b) or (c). Then

0 x 0 O
—x 0 2y, 0 . .
0 -2, g v if X is of type (a),
0 0 —x 0
0 Zs 0 0
— —Zs 0 Ui . .
(AM[easep]))a,pex = R 0 it if X is of type (b),
0 0 —zg41 O
0 y 0 0
—y;, 0 0 0 N
(%Jj 0 0 if X is of type (c).
0 0 -y 0

Then Mj can be written as a blocked diagonal matrix with diagonal blocks of the
form (A([eq,es]))a,pex for each subset X of type (a), (b) or (c), and each block is of
determinant £1. We see that det M), € {£1} which implies det ¥, » € {£1}. Thus we
have proved Theorem 0.8 (1) for type B. O

Lemma 6.4. Let d = (i1,12, - ,ix) € A°\Agpec. If chark = 2, then we have det ¥y =0
for any A € Hom(gq(2), k).

Proof. Suppose that there exists A € Hom(g4(2), k) such that det ¢; 5 # 0. Through the
arguments as in Section 4, we can assume that A is faithful. So by (4.2.3), det % # 0
implies that det M}, # 0, where M}, is defined as in (4.2.2).

We can assume that k is even. When k£ is odd, the shape of Q;_; is different, but the
argument is similar. For each [ € [ix_1+1, k], there exist two even integers u, v € [2, k—2]
which satisfy v < v and

Su—2 < Sy = Sy42 = - = Sy—2 = Sy < Sy+2,

with ig—1 + Sy <1 < ip—1 + Sy42. We denote Z; = [ig—2 + 1,95—2 + Syp+1]- Since d is not
special, there exists an integer [ € [ix—1 + 1,ix] such that |Z;| is even.

For each fixed s € [ig—1+1, ], we set As the matrix whose entries are A([e.,.—«., €w]),
where r € E5 and @ runs over the set {e;, 5 — &}, €5 +¢; | | € [ix + 1,n]}. For any
$,t € [ig—1 + 1,4k, let Es ¢ the block associate the set of roots

{es —e, es+e, er—ep, er e | € [ig +1,n]}

With a good ordering in @} U Yy ; the matrix M}, has the same form of S in the Propo-
sition 2.2(3). Since d is not special, there exists s € [ix_1 + 1, 4] such that |Z| is even.
Then all conditions in Proposition 2.2(3) are satisfied and we have det M}, = 0. We get
a contradiction which proves the lemma. O
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Combining Lemma 6.3 and Lemma 6.4, we have proved Theorem 1.5 in the type B
case.

7. The first case of type D
7.1. Odd weights of the first case

Let g be the simple Lie algebra of type D,, over k. As before, we can write A° =
A9 U AS, where A9 (resp. AS) consists of weighted Dynkin diagrams of the form (4.1.1)
(resp. (4.1.2)). In this section and the next section, we consider A§ and A respectively.

The weighted Dynkin diagram associated to the partition (22712) is special, in this
case it is not difficult to see that there exists a non-degenerate A\ € Homg gz 4(2),Z).
Thus we exclude this situation in the following of this section.

The set A can be identified with the set of sequences (i1,ia,- - ,ix) of integers,
satisfying the following conditions (1)-(4):

(1) 1<y <ig< - <ip<n-—3,

(2) s < sy forl e[l k—1],

(3) ss=0forle[l,k+ 1] withli=k+1,
(4) sy <2forle[l,k] withl =k,

where s; =41 and s; = i) —4;—1 for | € [2,k] and sp41 = n — 1 — iy, through identifying
d € AY with (i1,ig, - ,ir) where {i|l € [1,k]} = {i € [1,n]|d(a;) = 1}.

Let d = (i1,42, -+ ,ix) € AS. As before, we set s; = i1, 8§ =4, —4;—1 for | € [2,k] and
Sg+1 =n — 1 — ig. By the condition (#p) in Section 1.2, it is not difficult to see that d
is special if and only if it satisfies following conditions:

(a) s1 is even;
(b) For any two integers u <wv € [1,k] and u =v =k — 1, if

Su—2 < Sy = Sy42 = 0 = Sy—2 = Sy < Sy42,
then s,41 — sy—1 is even.

Lemma 7.2. Let d = (i1,42, -+ ,ix) € AS.

(1) If d € Agpec, then there exists a non-degenerate A € Homg, (9z,4(2),Z).
(2) If chark =2 and d ¢ Agpec, then det @y, =0 for any A € Hom(gq(2), k).

Proof. By the arguments as in Section 4, we can restrict our attention to faithful A €
Homz(gz.4(2),Z) or Hom(gq(2),k). Without loss generality we can assume that k is
even. The discussion for k£ odd is the same.

Let Yii1 = {ej —en,&j +en | J € [ix +1,n — 1]}. We can also construct the sets
Qi+1, P, for 1 € [1,k — 1] as before. We set
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M, = (/\([emeﬁ]))OéEQzﬁEPm for I € [Lk - 1]

and M, = (A([eaveﬁ]))a,ﬁerUYk_,_y Then

k—1
det @y » = (] ] det M;)? det M.
=1

So it is enough to prove that:

(1) If d € Agpec, then there exists A € Homg(gz 4(2),Z) such that det M = £1.
(2) If d ¢ Agpec and chark = 2, then det My, = 0 for any A € Hom(gq(2), k).

(a) If s =1 and d € Agpec, then s1 = s3 = - -+ = sp41. Thus in this case Qy, is empty. So
it is very easy to construct the X such that det My = £1. When d ¢ Agpec, the set Qy, is
{€i, —€j | J € [ix + su+1,n— 1]} for some even integer u. For s € [iy + s, +1,n—1], let
A be the submatrix of M), corresponding to {e;, —€s,65 —€n,es +en} C QrUYpy1. For
t € [ix, + 1,1k + s, let Ay be the submatrix of My, corresponding to {e; — ey, et + 25} C
Qr UYyy1. For each s,t € [i + 1,n — 1], let E5; = antidiag(1, 1). It is easy to see that
the matrix M}, has the form as given in Proposition 2.2(2), thus det M}, = 0.

(b) If s, =2, we set a =ik_1 + 1 and b =14, = a+ 1. When d € Agpec, the set Q is
{ea —€jy60—¢€j | J € ik +5sy+1,n—1]}
for some integer v. Given A € Homg (gz 4(2),Z) such that
ANea —en) = Aep +en) =1and Mej +e541) =1 for j € [ig, + 1, + Sy

Then it is not difficult to check that det M}, = +1 for this .
When d ¢ Agpec, the set Qf is

{ea—¢gjep—c|jelin+sc+1l,n—1),l € [ix+sqa+1,n—1]}

for some integers ¢ and d which satisfy 2 < s. < s5. When s € [iy, + s. + 1,0 + 4], we
consider the submatrix Ay of M} corresponding to

{€a — €5y €s —Eny Es+En} CQp UV,
When t € [ix, + sq + 1,n — 1], we consider the submatrix A; of M}, corresponding to
{ea —€t, eb—cr, €r —eny s+ en} S QrU Y.

For each s,t € [ig + sc + 1,n — 1], set E;; = antidiag(1,1). It is easy to check that
the matrix M), satisfies the conditions in Proposition 2.2(2), thus det M, = 0 when
chark=2. O
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8. The second case of type D
8.1. Odd weights of the second case

The set A can be identified with the set of sequences (i,ia,--- ,ix) of integers,
satisfying the following conditions (1)-(4):

Y 1<ig <ig<--<ip<n-—2,

) s1 < sp49 forl € [1,k —2],

3) s =0forl e [l,k] withl =k,
)

where s; = 4; and s; = 4 — 41 for [ € [2,k], through identifying d € A° with
(11,12, -+ ,ix) where {i;]l € [1,k]} = {i € [1,n]|d(a;) = 1}.

Let d = (i1,42, - ,ix) € AS. As before, we set s; =41 and s; = i; —i;_1 for [ € [2, k].
By the condition (#p) in Section 1.2, it is not difficult to see that d is special if and only
if it satisfies following conditions:

(a) s1 is even;
(b) For any two integers u < v € [1,k] and uw = v = k, if

Sy—2 < Sy = Sy+2 = = Sp—2 = Sy < Sv+2,
then s,41 — Sy—1 is even.

Lemma 8.2. Let d = (r) € A°, then r is even and d € Agpec. There exists a non-
degenerate A € Homg (gz 4(2),7Z).

Proof. For A\ € Homg(gz 4(2),Z), we denote

A/\,l = ()\([esi—azv661+€l])(i,47‘)€[1;T]><[17T]

A
G = (_tA >,

where A = Diag(Ax y4+1,--+ , Axn)-

Now we set A(ec,4e,,,) = 1 for i € [1,7], i = 1 and A(eq) = 0 for other roots.
Since r is even, it is easy to check that det Ay ; € {£1} for | € [r + 1, n] which implies
detgd,,\ S {:l:l} for this \. O

for I € [r + 1,n]. Then

Lemma 8.3. Let d = (i1,42, -+ ,ik) € A° N Agpee. Then there exists a non-degenerate
A€ Homz(gz7d(2), Z)
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Proof. For k& > 2, as the same discussion in Section 4.2, we can assume that A is faithful
and, construct the sets Q;, P, for [ € [1,k — 2]. We set

My = (/\([emeﬁ]))aeQzﬁEPm for I € [17k - 2]

and M, = (A([e()“eﬁ]))awBEQk—IUYd,k' Then

k—1
det @y » = (] ] det M;)? det M.
=2

Without loss of generality, we assume that k is even, the discussion for k odd is the same.
To compute det My, we need to consider the set QQx_1 which has the following form

i1 ig—1 + S2 ik—1+ Sa i1+ Sk—a ik—1+ Sk—2 i —1
ig—2+1 I I I I
I I I |
I I I I
I I | I
I I
ig—2+s1+1 I | I
| : Qr—1 :
| | |
———————— |
ig—2 + 853+ 1 : |
P_o : | :
I B
T
k-1

For [ € [1,k — 2], put
Xi={es—e1€Pyo|s<i<iyp1 <tandt—s=id41 — -1},
and then put
Xi1={ej+ejr1 €Paa|j€ fin—1+ 19 —1] and j =ip_1 + 1},
Since d € A° is special, if there exist two even integers u < v in [2, k — 2] satisfying
Su—2 < Sy = Syt =+ = Sy—2 = Sy < Syt2, (8.3.1)

then s,1 — $,_1 is even. For a pair of even integers u < v in [2, k — 2] satisfying (8.3.1),
we denote

Qu,v - [ik72 + Syu—1+ ]-a ik72 + sv+1]'

Then we set

Q= U Quo-

u<wv in [2,k—2] with (8.3.1)
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The cardinality w = |Q] is even. We write Q as

Q= {j15j27"'7jw}7

and set
Xy = {sjs + (_l)seik.t,_LS%glJ | s €[1,w]}.

With these settings, we denote X = UleXl which is a subset of ®4 5.
Let X : gz,4(2) = Z be the homomorphism such that

Aew) 1 ifaeX,
Cn) =
0 if o € q)d,g\X.

In the following we show that det ¥, » € {£1}.
Obviously, A is faithful in the sense of 4.2, then

k—1
det @y = £ (] [ det M;)? det M;.
=2

It is easy to check that det M; € {£1} for I € [2,k — 1].
To compute det My, we put

T = ANer +&p41) and ys = /\(gjs + (71)S€ik+L#J)

for r € [ig—1 + 1,4 — 1] with r =ip_1 + 1, and s € [1,w].
Note that

My = (M[eares]))a,peqr_10va -

So we divide Q-1 UYy  into subsets and consider the submatrices of ¥, » corresponding
to these subsets.

(a) One type of subsets is of the form

{ej, =t e+ (=1%o een + (F1) ey 51410 €1 — St )y
or

{ei. —as e+ (F1)%e g, @+ (D) e 541 G —ai),

where s € [1,w] and [ € [ig—1 + 1,4, — 1] satisfy s =1, =ip_1+1and g;, —e; € Qr_1
for o € [1,w], T € [ig—1 + 1,9 — 1].
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(b) The other type of subsets is of the form

{e; —e1, €j41 + &1, €5 +ei, €541 —e},

and these subsets cover all the remaining roots in Qr—1 U Y.
Let X be a subset of Q_1 U Yy of type (a) or (b). Then

0 Ys 0 0
—Ys 0 x 0

0 -z 0 Ys+1

0 0 —Ys+1 0

if X is of type (a),

()‘([ew 65]))(1,56)( = 0 T 0 0
—(Q)Uj 8 8 g? if X is of type (b).
J

0 0 —az; O

It is easy to see that M} can be written as a blocked diagonal matrix with diagonal
blocks of the form (A([eq, eg]))a,sex for each subset X of type (a) or (b), and each block
is of determinant +1. Thus det M}, € {£1}, which implies det ¥, » € {£1}. O

Lemma 8.4. Let d = (i1,42,- - ,ix) € A°\Agpec. If chark = 2, then det 9y, = 0 for any
A € Hom(gq(2), k).

Proof. Suppose that there exists A € Hom(gq(2),k) such that det¥;» # 0. We can
assume that X is faithful by (4.3.4) and Lemma 4.5. So by (4.2.3), det %, » # 0 implies
that det My, # 0, where My, is defined as in (4.2.2). In the following we assume that & is
even without loss of generality.

For each [ € [ix—1 + 1,i1], there exist two even integers u < v in [0, k — 2] satisfying

Su—2 < Sy = Sy42 = 0 = Sy—2 = Sy < Sy42,

and ig—1 + Sy <1 <'ig_1 + Sy42. We denote Z; = [ig_2 + 1,ik—2 + Sy+1]. Since d is not
special, there exists an integer I € [ix—1 + 1, ] such that |Z;| is odd.

For each fixed s € [ig—1+1, ], we set As the matrix whose entries are A([e.,.—«., €w]),
where r € E; and w runs over the set {e; — e, es +¢; | I € [ix + 1,n]}. For any
s,t € [ig—1 + 1,4x), denote E,; the block associate the set of roots

{es —e1, es+ei, et —ep, et e | 1€ [ig + 1,0}

With a good ordering in Q) U Yy, the matrix M}, has the same form as the matrix S
in Proposition 2.2(2). Since d is not special, there exists s € [ix—1 + 1,4x] such that |=|
is odd. Then all conditions in Proposition 2.2(2) are satisfied and we have det M, = 0
when char k = 2. We get a contradiction which proves the lemma. 0O
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Combining Lemma 7.2, Lemma 8.3 and Lemma 8.4, we have proved Theorem 1.5 in
the type D case. Therefore with the results we get in Sections 3 to 8, we have proved
Theorem 1.5.

9. Final remarks

Theorem 0.8, combined with [2, Corollary 5.11], gives a new characterization of special
unipotent classes. According to the discussion in Section 0 and Theorem 0.8, the GGGRs
can be defined for certain unipotent orbits coming from characteristic zero.

In the good characteristic case, Kawanaka’s definition of GGGRs starts with a unipo-
tent element. This element will determine a weighted Dynkin diagram and subsequently
a grading on the Lie algebra. This grading is crucial for the definition. Maybe that’s
why Geck’s definition starts with a weighted Dynkin diagram, from which the required
grading can be obtained. But in the bad characteristic case, not the set of unipotent
orbits, but the set of unipotent orbits coming from characteristic zero, is parameterized
by the set of weighted Dynkin diagram. Thus, there is no “Kawanaka’s conjecture” in
this case, until we are able to define a GGGR for each unipotent orbit. For Kawanaka’s
conjecture in good characteristic case, see [7, Conjecture 3.3.1], [8, Theorem 2.4.3] and
[3, Theorem 4.5].

Assuming p, ¢ to be large enough, Lusztig gave the block decomposition of the charac-
ters of GGGRs, and expressed each block component in terms of characteristic functions
of intersection cohomology complexes in this block, see [10]. The assumption of Lusztig
was reduced by Taylor in [12]. According to [13], there is only one block of intersection
cohomology complexes, when G is of type B,,, C,, or D, and p = 2. So there is no need
for a block decomposition. But it may still be interesting to express the characters of
GGGRs in terms of characteristic functions of intersection cohomology complexes.
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