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Abstract

In this paper we prove that any immersed stable capillary hypersurfaces in a ball
in space forms are totally umbilical. Our result also provides a proof of a conjecture
proposed by Sternberg and Zumbrun (J Reine Angew Math 503:63-85, 1998). We also
prove a Heintze—Karcher—Ros type inequality for hypersurfaces with free boundary
in a ball, which, together with the new Minkowski formula, yields a new proof of
Alexandrov’s Theorem for embedded CMC hypersurfaces in a ball with free boundary.
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1 Introduction

Let (M™*!, 2) be an oriented (n + 1)-dimensional Riemannian manifold and B be a
smooth compact domain in M with non-empty boundary 8 B. We are interested in capil-
lary hypersurfaces, namely minimal or constant mean curvature (CMC) hypersurfaces
in B with boundary on d B and intersecting d B at a constant angle 6 € (0, ). Mini-
mal or CMC hypersurfaces with free boundary, namely, intersecting 0 B orthogonally,
are special and important examples of capillary hypersufaces. Capillary hypersurfaces
are critical points of some geometric variational functional under certain volume con-
straint. It has a very long history. It was Young who first considered capillary surfaces
mathematically in 1805 and introduced the mathematical concept of mean curvature
of a surface [66]. His work was followed by Laplace and later by Gauss. For the reader
who are interested in the history of capillary surfaces, we refer to an article of Finn
et al. [19]. See also Finn’s book [18] for a survey about the mathematical theory of
capillary surfaces.

The stability of minimal or CMC hypersurfaces plays an important role in differ-
ential geometry. For closed hypersurfaces (i.e. compact without boundary), there is a
classical uniqueness result proved by Barbosa and do Carmo [5] and Barbosa et al.
[6]: any stable closed CMC hypersurfaces in space forms are geodesic spheres. In this
paper we are concerned with stable capillary hypersurfaces in a ball in space forms.
It is known that totally geodesic balls and spherical caps are stable and even area-
minimizing. In fact, these are only isoperimetric hypersurfaces in a ball which was
first proved by Burago and Maz’ya' [13] and later also by Bokowsky and Sperner [7]
and Almgren [2]. Ros and Souam [53] showed that totally geodesic balls and spher-
ical caps are capillary stable. Conversely, the uniqueness problem was first studied
by Ros and Vergasta [54] for minimal or CMC hypersurfaces in free boundary case,
ie., 0 = % and later Ros and Souam [53] for general capillary ones. Their works
have been followed by many mathematicians. Comparing to the uniqueness result for
stable closed hypersurfaces [5,6], there is a natural and long standing open problem
on the uniqueness of stable capillary hypersurfaces since the work of Ros—Vergasta
and Ros—Souam:

Are any immersed stable capillary hypersurfaces in a ball in space forms totally
umbilical?

The main objective of this paper is to give a complete answer to this open problem.
For convenience, we discuss in the introduction mainly on the case of hypersurfaces in
a Euclidean ball with free boundary and give a brief discussion about general capillary
hypersurfaces in a ball in any space forms later. It is surprising that this problem leaves
quite open except in the following special cases.

(1) Whenn >2, H=0and 6 = %, i.e., in the case of minimal hypersurfaces with
free boundary, Ros and Vergasta gave an affirmative answer in [54] (1995).

(2) Whenn =2, H = const. and 0 = %, i.e., in the case of 2-dimensional CMC
surfaces with free boundary, Ros and Vergata [54] and Nunes [45] (2017) gave
an affirmative answer. See also the work of Barbosa [4].

!' The authors would like to thank Professor Frank Morgan for this information.
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Uniqueness of stable capillary hypersurfaces in a ball 1847

The stability for CMC hypersurfaces is defined by using variations with a volume
constraint. For minimal ones we also use this stability, which is also called the weak
stability. A general way to utilize the stability condition is to find admissible test
functions. For a volume constraint problem, such an admissible function ¢ should
satisty fM pdA = 0, 1i.e., its average is zero. In the work of Barbosa and do Carmo [5]
for closed hypersurfaces, the test function is defined by using the classical Minkowski
formula, that is, for a closed immersion x : M — R"H1,

/H(x,v)dA:n/ dA, (1.1)
M M

where H is the mean curvature and v is the outward unit normal of M. In fact, in this
case the test function is ¢ = n — H (x, v). The Minkowski formula (1.1) implies that
this is an admissible function. For a hypersurface M in a ball with free boundary, Ros
and Vergasta [54] obtained the following Minkowski formula

|aM| = n|M| —f H{x,v)dA. (1.2)
M

Unlike (1.1), the Minkowski formula (1.2) provides a relationship among three geo-
metric quantities, the area of the boundary d M, the area of M and an integral involving
the mean curvature. It is this complication that makes free boundary problems more
difficult than problems for closed hypersurfaces. In the minimal case, the Minkowski
formula (1.2) relates only two geometric quantities, since the term involving the mean
curvature vanishes. The proof of Result (1) relies on this fact.

There is another way to find admissible test functions, which is called a Hersch type
balancing argument. This argument is extremely useful, especially in two-dimensional
problems, see for example the work of Li and Yau [36] and Montiel and Ros [43].
Using such an argument, together with the Minkowski formula (1.2), Ros and Vergasta
proved in [54] the following partial result.

If M C B3 is an immersed compact stable CMC surface with free boundary, then
dM is embedded and the only possibilities are

(1) M is a totally geodesic disk;
(i) M is a spherical cap;
(iii) M has genus I with at most two boundary components.

Case (iii) was excluded very recently by Nunes [45] by using a new stability criterion
and a modified Hersch type balancing argument. See also the work of Barbosa [4]
without using the modified Hersch type balancing argument. Therefore, when n = 2
this open problem was solved. This is result (2).

There are several partial results on the uniqueness of stable CMC hypersurfaces in
a Euclidean ball with free boundary, see e.g., [4,31,40,54].

We remark that there are many embedded or non-embedded non-spherical exam-
ples. In fact, for any constant H > 0 there is a piece of an unduloid of mean curvature
H in the Euclidean unit ball B"*! with free boundary, which is however unstable. In
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1848 G. Wang, C. Xia

fact, Ros [52] proved that neither catenoid nor unduloid pieces, which intersect Bl
orthogonally, are stable. The following uniqueness result classifies all stable immersed
CMC hypersurfaces with free boundary in a Euclidean ball.

Theorem 1.1 Any stable immersed CMC hypersurface with free boundary in a
Euclidean ball is either a totally geodesic ball or a spherical cap.

One of crucial ingredients to prove this result is a new Minkowski type formula. For
an immersion x : M — B"T! with free boundary, we establish a weighted Minkowski
formula

n/ VadAzf H{X,, v)dA, (1.3)
M M

which is one of a family of Minkowski’s formulae proved in Sect. 3. Here a € R"*!
is any constant vector field, V,, and X, are defined by

1
Vo = (x,a), X, = (x,a)x — 5(1 + |x|2)a.

The key feature of X, is its conformal Killing property. For the details about V,, and
X, see Sect. 3 below.

Different to (1.2), this new Minkowski formula (1.3) gives a relation between two
(weighted) geometric quantities. More important is that there is no boundary integral
in this new Minkowski formula. It is clear to see from (1.3) that nV, — H(X,, v) is an
admissible test function for the stability for any @ € R"*!. These admissible functions
play an essential role in the proof of Theorem 1.1.

It is interesting that our proof works for stable CMC hypersurfaces with free bound-
ary in B"*! with a singular set of sufficiently low Hausdorff dimension and therefore
gives a proof of a conjecture proposed by Sternberg and Zumbrun ([58] p. 77). As
an application of their stability formula (Theorem 2.2 in [58]), which they called
Poincaré inequality for stable hypersurfaces with a singular set with Hausdorff measure
H"~2 = 0, they proved in [58] (Theorem 3.5) that any local minimizer of perimeter
under the volume constraint in B"*! is either a totally geodesic ball or a regular graph
over dB" !, provided that H = 0 or

/M(x, vdH" < 0. (1.4)

Condition (1.4) is equivalent to nH"(M) < H"~'(M N dB*+1). This condition is
almost the same as that in one of results of Ros and Vergasta (Theorem 8 in [54]).
They conjectured that (1.4) holds always for stable hypersurfaces with boundary and all
local minimizers in B"*! are regular. Here we prove more, namely all local minimizers
in B"*! are totally geodesic balls or spherical caps.
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Uniqueness of stable capillary hypersurfaces in a ball 1849

Theorem 1.2 2 Let Q2 be a local minimizer of perimeter with respect to fixed volume in
B"*t!. Then M = 3Q N B+ is the intersection of B"T' with either a plane through
the origin or a sphere.

We remark that, Barbosa [4] also gave a proof of the conjecture proposed by Stern-
berg and Zumbrun [58] about the regularity of the local minimizers in B"*!.

The minimal or CMC hypersurfaces with free boundary attract much attention
of many mathematicians. In 1980s there are many existence results obtained from
geometric variational methods, see for example, [14,26,29,61,64]. The corresponding
regularity problem has been studied by Griiter and Jost [27]. Recently one of inspiring
work is a series of papers of Fraser and Schoen [22-24] about minimal hypersurfaces
with free boundary in a ball and the first Steklov eigenvalue. See also [3,11,15,20,25,
35,63]. Our research on the stability on CMC hypersurfaces are motivated by these
results.

There are many interesting properties of closed surfaces in a space form that are
valid also for surfaces with free boundary. However, in many cases the proof for the
case of surfaces with free boundary is quite different and becomes more difficult, while
in other cases the counterpart for surfaces with free boundary is still open. It means
that the free boundary problems for surfaces are in general more difficult. Here we just
mention several good examples. Comparing to the result of Montiel and Ros [43]: Any
minimal torus immersed in S by the first eigenfunctions is the Clifford torus, Fraser
and Schoen [23] took much more effort to obtain: any minimal annulus with free
boundary, which is immersed by the first Steklov eigenvalue, is the critical catenoid.
While the Lawson conjecture about uniqueness of embedded torus in S* was solved
recently by Brendle [9] with a clever use of the maximum principle on a two-point
function, the free boundary version of the Lawson conjecture is still open. See [21]
and also [46], where it was claimed without providing a proof. Even if any minimal
surfaces with free boundary with index 4 is the critical catenoid is also open.

Let us turn to the general case, the capillary hypersurfaces in a ball (in space
forms). There are only partial results. See for example the work of Ros and Souam
[53] mentioned already above, and also [31,40,57]. Our approach to prove Theorem 1.1
is powerful enough to work for immersed capillary hypersurfaces in a ball in any space
forms after establishing appropriate weighted Minkowski formulae, see Propositions
3.2 and 4.4. In other words, we can give a complete affirmative answer to the open
problem mentioned above.

Theorem 1.3 Any stable immersed capillary hypersurface in a ball in space forms is
totally umbilical.

For this theorem, though the ideas of proof are essentially the same as the one for
Theorem 1.1, the proof becomes more involving.

By going through the proof, we see that our approach also works for closed hyper-
surfaces. Namely, we provide a new proof of the uniqueness results of Barbosa and do

2 In view of this result Sternberg and Zumbrun asked in their new paper [60], whether volume-constrained
local minimizers in a convex domain remain regular in arbitrary dimension n and not just for n < 7. For a
further discussion, see [60].

@ Springer



1850 G. Wang, C. Xia

Carmo and Barbosa et al. mentioned above, see Remark 3.2 and Remark 3.3 below.
Furthermore, our approach works for the corresponding exterior problem. To be pre-
cise, we are able to prove the following

Theorem 1.4 Any compact stable immersed capillary hypersurface outside a ball in
space forms is totally umbilical.

Remark 1.1 From the proof we can easily see that we do not need the immersed
hypersurface is contained in or outside a ball, but only need the assumption x (d M) C
dB.

There are many interesting uniqueness results on stable capillary hypersurfaces
within other types of domains, e.g.,

a wedge, a slab, a cone, a cylinder or a half space, see e.g. [1,16,32,38,39,41,44,
47,50,55,62].

There are other important uniqueness results concerning capillary hypersurfaces.
One is Hopf type theorem which says any CMC 2-sphere in R? is a round sphere.
Nitsche [46] proved that any disk type capillary surface in B3 is either a totally geodesic
disk or a spherical cap by using Hopf type argument, see also Fraser and Schoen [24]
for recent development. Another is Alexandrov type theorem which says that any
embedded CMC closed hypersurface is a round sphere. For capillary hypersurfaces,
if it is embedded with its boundary d M lying in a half sphere, then Ros and Souam
[53] (Proposition 1.2) showed that it is either a totally geodesic ball or a spherical cap
by Alexandrov’s reflection method.

In the last section we will give a new proof of the Alexandrov type theorem [53]
for CMC hypersurface with free boundary by using integral method in the spirit as
Reilly [49] and Ros [51]. The key ingredients are the new Minkowski formula as well
as a Heintze—Karcher—Ros type inequality we will establish. This is another objective
of this paper. For such an inequality we also use the weight function V.

The Heintze—Karcher—Ros inequality for an embedded closed hypersurface ¥ of
positive mean curvature in R"+! is

1 n+1
—dA > dQ, (1.5)
s H n Jao

where €2 is the enclosed body by X. Equality in (1.5) holds if and only if X is a round
sphere. (1.5) is a sharp inequality for hypersurfaces of positive mean curvature inspired
by a classical inequality of Heintze and Karcher [28]. In 1987, Ros [51] provided a
proof of the above inequality by using a remarkable Reilly formula (see [49]), and
applied it to show Alexandrov’s rigidity theorem for high order mean curvatures.
Recently, Brendle [ 12] established such an inequality in a large class of warped product
spaces, including the space forms and the (Anti-de Sitter-)Schwarzschild manifold. A
geometric flow method, which is quite different from Ros’ proof, was used by Brendle.
Motivated by Brendle’s work, new Reilly type formulae have been established by the
second named author and his collaborators in [33,34,48]. These formulae will be used
to establish the following Heintze—Karcher—Ros inequality:
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Uniqueness of stable capillary hypersurfaces in a ball 1851

for an embedded hypersurface % lying in a half ball By in any space forms with
its boundary 0% C 0By, there holds

v, 1
/ Ya a5 F / V,dS, (1.6)
» H Q

n

where Q2 is the enclosed body by ¥ and 0 By. Equality in (1.6) holds if and only if
is totally umbilical and intersects d B4 orthogonally.

See Theorem 5.2 below. The Alexandrov rigidity theorem for embedded CMC hyper-
surfaces with free boundary follows from this inequality and the Minkowski formula
(1.3). We believe that there is a sharp version of Heintze—Karcher—Ros type inequality
for hypersurfaces in a ball, whose equality case is achieved by capillary hypersurfaces
with a fixed contact angle 6 € (0, 7).

The remaining part of this paper is organized as follows. In Sect. 2 we review the
definition and basic properties of capillary hypersurfaces. Since we are concerned with
the immersions, a suitable notion of volume and the so-called wetting area functional
is needed to study capillary hypersurfaces. In Sect. 3 we give a proof of Theorem 1.3
for capillary hypersurfaces in a ball in R"*! after establishing the Minkowski formula
(3.4). Theorem 1.1 is a special case of Theorem 1.3. The same proof works for singular
hypersurfaces, hence we have Theorem 1.2. In Sect. 4 we provide a detailed proof of
Theorem 1.3 for capillary hypersurfaces in a ball in H"*! and sketch a proof for
capillary hypersurfaces in a ball in S"*!. For the corresponding exterior problem,
we sketch its proof at the end of Sect. 4. In Sect. 5, we prove the Heintze—Karcher—
Ros type inequality and the Alexandrov theorem for hypersurfaces in a ball with free
boundary.

2 Preliminaries on capillary hypersurfaces

Let (M"*!, ) be an oriented (n + 1)-dimensional Riemannian manifold and B be
a smooth compact domain in M that is diffeomorphic to a Euclidean ball. Let x :
(M", g) — B be an isometric immersion of an orientable n-dimensional compact
manifold M with boundary d M into B that maps intM into intB and d M into 9 B.

We denote by V, A and V? the gradient, the Laplacian and the Hessian on M
respectively, while by V, A and V? the gradient, the Laplacian and the Hessian on
M respectively. We will use the following terminology for four normal vector fields.
We choose one of the unit normal vector field along x and denote it by v. We denote
by N the unit outward normal to B in B and . be the unit outward normal to d M
in M. Let ¥ be the unit normal to dM in 8B such that the bases {v, 1} and {¥, N}
have the same orientation in the normal bundle of 3M C M. See Fig. 1. Denote by
h and H the second fundamental form and the mean curvature of the immersion x
respectively. Precisely, h(X,Y) = g(@xv, Y) and H = trg(h). For constant mean
curvature hypersurfaces which are our main concern, we always choose v to be one
of the unit normal vector fields so that H > 0.

Since in this paper we consider immersions, we need to introduce generalized defi-
nitions of area, volume and a wetting area for an isometric immersion. For embedded
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Fig.1 = = x(M) and T = x(IM)

hypersurfaces, these generalized definitions are certainly equivalent to the usual defi-
nitions (see [53,54]).

By an admissible variation of x we mean a differentiable map x : (—¢,€) x M —
B C M such that x(¢,-) : M — B is an immersion satisfying x (¢, intM) C intB
and x (¢, 0M) C 0B forevery t € (—¢, €) and x(0, -) = x. For this variation, the area
functional A : (—¢, €) — R and the volume functional V : (—¢, €) — R are defined
by

A(l)=/ dAy,
M

V() = / X*dVig,
[0, 1xM

where dA; is the area element of M with respect to the metric induced by x(z, -)
and dVy; is the volume element of M. A variation is said to be volume-preserving
if V(t) = V(0) = 0 for each t € (—e, €). Another area functional, which is called
wetting area functional, W (¢) : (—e, €) — R is defined by

W) = / x*dAyp,
[0,/]xdM

where d Ay p is the area element of 0 B.
Fix areal number 6 € (0, 7). The energy functional E(¢) : (—¢, €) — R is defined
by

E(t) = A(t) — cosO W(1).

@ Springer



Uniqueness of stable capillary hypersurfaces in a ball 1853

The first variation formulae of V (¢) and E (¢) for an admissible variation with a vari-

ation vector field Y = %x(l, )|¢=0 are given by

V'(0) =/ 8(Y,v)dA,
M

E'(0) =/ Hg(Y, v)dA+/ g(Y,u—cosfv)ds,
M aM

where d A and ds are the area element of M and d M respectively, see e.g. [53].

An immersion x : M — B is said to be capillary if it is a critical point of the
energy function E for any volume-preserving variation of x. It follows from the above
first variation formulae that x is capillary if and only if x has constant mean curvature
and o M intersects d B at the constant angle 6. We make a convention on the choice of
v to be the opposite direction of mean curvature vector so that the mean curvature of
a spherical cap is positive. Under this convention, along d M, the angle between —v
and N or equivalently between y and v is everywhere equal to 6 (see Figure 1). To be
more precise, in the normal bundle of d M, we have the following relations:

w=sin® N +cosf v, 2.1
v =—cosf N +sin6 v. (2.2)

For each smooth function ¢ on M with f y ©dAy = 0, there exists an admissible
volume-preserving variation of x with the variation vector field having ¢v as normal
part (see [53], page 348). When x is a capillary hypersurface, for an admissible volume-
preserving variation with respect to ¢, the second variational formula of E is given
by

E"(0) = /M —@(Ag + (|h|> + Ric(v, v)p)d A + ./3M P(Vup —qe)ds. (2.3)

Here

1 aB - -
q = —h (Ua U)+C0t9h(uﬂ ,lL),
sin 0

Ric _is the Ricci curvature tensor _of 471 ,and h?B is the second fundamental form of 3 B
in M given by hB(X,Y) = g(VxN,Y), see e.g. [53].

A capillary hypersurface is called stable if E”(0) > 0 for all volume-preserving
variations, that is,

E'0)>0, VpeF:= {(p e C°°(M)|/ pdA =0}.
M

The following proposition is a well-known and fundamental fact for capillary hyper-
surfaces when d B is umbilical in M.
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Proposition 2.1 Assume 3 B is umbilicalin M. Letx : M — B be an immersion whose
boundary d M intersects 0 B at a constant angle 0. Then  is a principal direction of
oM in M. Namely, h(e, u) = 0 for any e € T(dM). In turn,

Vv = h(p, pp.
Proof For e € T(dM), by using (2.1) and (2.2), we have

hie, ) = §(Vev, 1) = §(Ve(—cos® N +sinf v), sin@ N + cos 6 v)
= —3(V.N,p) = —h"B(e,7) = 0.

3 Capillary hypersurfaces in a euclidean ball

In this section, we consider the case (M,3g) = (R"*!,8) and B = Bt is the
Euclidean unit ball (in our notation, B"*! is the Euclidean unit open ball). In this case,
Ric = 0, h%® = gaB and N (x) = x. Abuse of notation, we use x to denote the position
vector in R”*!. We use (-, -) to denote the Euclidean inner product.

3.1 A new Minkowski type formula in R+

In this subsection we establish a new Minkowski type formula, which is very power-
ful for hypersurfaces in B"*! with free boundary or intersecting dB"+! with a constant
angle.

We first consider a conformal Killing vector field. For each constant vector field
a € R"*! define a corresponding smooth vector field X, in R"*! by

Xg = (x,a)x — %(m2 + Da. (3.1)

Define f : R"*1\(0, —1) — R"*+! by

Fluvy = 20+ (lu]* + v> = Deny
T lul? 4+ (1 +v)?

)

where (u,v) € R"*! = R* x R and e,; = (0, 1). One can check that f maps
R'fl — B"*! and BRT'I — S". Moreover f is conformal. In fact

4

f ((S]B”Jrl) = (|u|2 + (1 + v)2)28R1+1 .

If one transfers the free boundary problem in B"*! to the free boundary problem
in R’fl with the pull back metric f*(8gn+1), one obtains an equivalent problem.
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Uniqueness of stable capillary hypersurfaces in a ball 1855

The vector field X, with a = e, 4 is the push-forward of the radial vector field (or
the position vector field) (u, v) with respect to the origin in R’fl, which is usually
important in such problems. This is the way we found that this vector field should be
useful in the capillary problems. From this observation, it is clear that X, is conformal
Killing and tangential to dB"+!. Namely, we have the following two simple but crucial
properties of X,,.

Proposition 3.1 X, is a conformal Killing vector field and its restriction on dB" ! is
a tangential vector field on Bt e,

() X, is a conformal Killing vector field in R"*! with Lx,8 = (x,a)g, namely,

—_—

—[VilXa)j + V;(Xo)i] = (x,a)s;;. (3.2)

[\

(1) X,lam is a tangential vector field on 0B. Le.,
(Xa, x)|om = 0. (3.3)

Proof 1t is a well-known fact and one can check by a direct computation. O

Remark 3.1 The conformal Killing property of X, is well-known in conformal geome-
try. Foreacha € R"*!, X, generates a 1-parameter family of conformal automorphism
of B"*! onto itself, see [36], page 274. The restriction of X, to S" gives a conformal
Killing vector field on S” generating an associated 1-parameter family of conformal
automorphism of ", which has been widely used in differential geometry and confor-
mal geometry, see e.g. [10,17,42,43]. This vector field was used by Fraser and Schoen
in their study of free boundary to show the result mentioned in the Introduction about
the first Steklov eigenvalue [56]. We also realized that this vector field has already
been used in the capillary problems implicitly by Ros and Vergasta [53] and explicitly
by Marinov [40] in 2-dimension and Li and Xiong [31] in any dimensions.

Utilizing the conformal Killing vector field X, we show the following Minkowski
type formula.

Proposition3.2 Let x : M — B"*! be an isometric immersion into the Euclidean
unit ball, whose boundary dM intersects 3B+ at a constant angle 6 € (0, 7). Let
a € R"*! be a constant vector field and X, be defined by (3.1). Then

/ n{x +cosfv,a)dA = f H{X,,v)dA. 3.4)
M M

Proof Denote by X! the tangential projection of X, on M. Let {ey },— be an orthonor-
mal frame on M. We claim that

1
5 [V XD + Va(XD)a | = (x. abgap — hap (X . (3.5)
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Here Vo (XD g := (Ve XTI, ep). In fact,

Vo(XD)g = (Ve X ep)
=(V, Xa,em (Ve, (Xa, 1)V), €p)
(Xa)p — (Xa, v)(Ve,v, eg)
(Xa)p — aﬁ<X v).

Va
Va

By using (3.2), we get the claim.
Taking trace of (3.5) with respect to the induced metric g and integrating over M,
we have

f n(x,a)—H(Xa,v)dAzj divM(XaT)dAzf (XL, wds. (3.6
M M oM

Note that on dM, N = x and X, = (x,a)x —a. By using (2.1), (2.2) and (3.3), we
deduce

(XTI, ) = (X4, 1) = (Xg,sin@ N 4 cos 6 D) = cos 6 (X, D)

=cosf ({x,a){x,v) — (a,v)) = —cosb (a, v).
It follows from (3.6)

/ n{x,a) — H(X,,v)dA = —cos@/ (v,a)ds. 3.7

M oM
When 0 = 7, i.e., if we are in the free boundary case, the Minkowski formula (3.4)

follows already from (3.7). For the general case, we claim
n/ (v,a)dA = / (v,a)ds. (3.8)

M oM

It is easy to see that the Minikowski formula (3.4) follows from the claim and (3.7).
It remains to show this claim. It has been shown in [1] that

n/ (v,a)dA = / (x, uy(v,a) — {(x, v){(u, a)ds. 3.9)
M oM

For the convenience of reader, we give a proof of (3.9). Set Z, = (v, a)x — (x, v)a.
Then

divi[(Z)"1 = [h@”, xT) + (v,a)(n — (x, v)H)] — [h(xT, a”) — (x, v) (v, a) H]

=n(v, a).
Then (3.9) follows by integration by parts. From (2.1) and (2.2), we deduce
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Uniqueness of stable capillary hypersurfaces in a ball 1857

(x, w) (v, a) — (x,v)(u, a)
= sinf(—cosO N + sinf v, a) + cosO(sin@ N + cos b v, a)

= (v,a).
Therefore, we get the claim (3.8) and the proof is completed. O

Remark 3.2 For the free boundary problem, i.e., & = 7/2, we obtain the Minkowski
formula discussed in the Introduction:

n/ (x,a)dA:f H{(X,, v)dA. (3.10)
M M

We remark that (3.10) holds also for any compact hypersurfaces without boundary in
R"*+1 with the same proof, just ignoring the boundary integral. To our best knowledge
it is also new for any compact hypersurfaces without boundary and we believe that it
has its own interest.

Minkowski formula (3.4) plays a crucial role in the proof of uniqueness of stable
capillary hypersurfaces in a Euclidean ball in the next subsection. Its further interesting
applications will be presented in Sect. 5.

3.2 Uniqueness of stable capillary hypersurfaces in a Euclidean ball

Proposition 3.3 Let x : M — Bt be an isometric immersion into the Euclidean
unit ball, whose boundary 0 M intersects aB"t! at a constant angle 6 € (0, ). Let
a € R"! be a constant vector field. Then along 9M,

Vu(x +cosOv,a) = q{x +coshv,a), (3.11)
V,(Xa,v) = q(Xa, V), (3.12)
where
1
q=——+coth h(u, ). (3.13)
sin @

Proof Using Proposition 2.1,

@M(x 4+ cosOv,a) = (u—+cosOh(u, wu,a) =qgsinb{u,a).
On the other hand, using (2.1) and (2.2),

(x +cosOv,a) = (x +cosB(—cosON + sin6v), a)
= sinO(sin@N + cos 0D, a) = sinO (i, a).

Thus we get (3.11).
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Using the definition (3.1) of X, and again Proposition 2.1,

V/L<Xa, V) = (6;/.Xas V) + <Xa, ﬁu‘»

- 1
= <Vu ((x,a>x - 5(|X|2 + 1)61) ; v> + h(p, W (Xa, 1)

= ((/’Lv a)-x + (xv G)M - <.x, /’L)av U) + h(/’Lv M)((xv IJ)X —a, /’L)
—cosBO{(u,a) —sinb{v,a) + h(u, p)(sinb{x, a) — (u, a)).

Note that x = N = sinf u — cos6 v and in turn & = ﬁx + cot O v, we deduce
further

1
Vi (X4, v) = —cotd(1 + h(u, ) cosf){x,a) — E(l + h(u, ) cosB){v, a)
—q(cosO{x,a)+ (v, a)).

On the other hand,
(Xa, vilam = (x, a)(x,v) — (a,v) = —(cosb{x, a) + (v, a)).

(3.12) follows. m]

Proposition 3.4 Let x : M — R™ ! be an isometric immersion into the Euclidean
space. Let a € R"™ be a constant vector field. The following identities hold along
M:

Ax = —Hv, (3.14)
A%|x|2=n—H(x,v), (3.15)
Av = VH — [h|*v, (3.16)
Alx,v) = (x, VH) + H — |h|*(x, v), (3.17)
A(Xa, V) = (Xo, VH) + (x,a)H — |h|* (X4, v) — n(v, a). (3.18)

Proof Equations (3.14)—(3.17) are well-known. We now prove (3.18). First,
A{Xa,v) = (AXg,v) +2(VX,, V) + (X4, Av).
Using the definition (3.1) of X, (3.14) and (3.15), we see

(AX g, v) = <A <(x, a)x — %(|x|2 + 1)a> , v>

=(—H(v,a)x — (x,a)Hv — (n — H(x, v))a, v)

= —H{x,a) —n{(v,a).
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Also,

(VX,, V) = <v ((x, a)x — %(m2 + l)a) ,vp>

= (eas @)h(eq, x7) + (x,a)H — (x, eq)h(eq, a’)
= H(x,a).

Using (3.16),
(Xa, Av) = (X4, VH) — |h]* (X4, v).

Combining above, we get (3.18). O

Proposition 3.5 Let x : M — Bt be an isometric immersion into the Euclidean
unit ball, whose boundary oM intersects Bt ar a constant angle 0 € (0, ). For
each constant vector field a € R"*! define

@q =n{x +cosOv,a) — H(X,, V)
along M. Then ¢, satisfies
/ 0adA =0, (3.19)
M
Vs — qpa = 0. (3.20)
If, in addition, that M has constant mean curvature, then ¢, satisfies also
Agq + |hPpa = (n|h]> — H)(x, a). (3:21)

Proof (3.19) and (3.20) follow from Propositions 3.2 and 3.3 respectively. If H is
constant, Proposition 3.4 implies

(A + [h){(x,a) = |h*(x,a) — H(v, a),
(A + [h) (X4, v) = H{x,a) —n{v, a),
(A + |h*){(v,a) = 0.

Then (3.21) follows. ]
Now we prove the uniqueness for stable capillary hypersurfaces in a Euclidean ball.
Theorem 3.1 Assume x : M — B"* is an immersed stable capillary hypersurface

in the Euclidean unit ball B! with constant mean curvature H > 0 and constant
contact angle 6 € (0, w). Then x is either a totally geodesic ball or a spherical cap.
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Proof The stability condition states as

- / 9(Ag + |h|*p)d A +/a o(Vup —qp)ds >0 (3.22)
M M

for all function ¢ € F, where g is given by (3.13).

For each constant vector field a € R"*!, we consider ¢q, Which is defined in
Proposition 3.5. Proposition 3.5 implies that ¢, € F and is an admissible function for
testing stability. Inserting (3.19) and (3.21) into the stability condition (3.22), we get

/ (n(x +cosOv,a) — H(Xq,v)) (x,a)(nlh|> — H*)dA < 0 for any a € R"*'.
M
(3.23)

We take a to be the n + 1 coordinate vectors {E; };’:11 in R"*! and add (3.23) for all
a to get

2 1 2 2 2
/ <n|x| +ncosx, v) — 2 (lx| —1)H(x,v)> (nlh> — HY dA < 0.
M
(3.24)

Here we have used

n+1

1
D EnXe = S (1 = Dx.
i=1

Now, if H = 0 and 6 = %, (3.24) gives fM |x|?|h|?d A < 0, which implies that
h=0,ie.,x: M — B""! is totally geodesic. This gives a new proof of a result of
Ros and Vergasta [54].

When H # 0 or 6 # 7, the proof does not follow from (3.24) directly. In fact the
term

1
y = n|x|? + ncosf(x,v) — E(|x|2— ) H (x,v) (3.25)

may have no definite sign. In order to handle this problem, we introduce the following
function

O = %(m2 — 1)H — n({x, v) + cosH).

Using (3.15) and (3.17), one can check that @ satisfies

A® = (n|h|* = H)(x, v). (3.26)
Since |x|? = 1 and (x, v) = —cos 6 on M, we have ® = 0 on IM. Consequently,
1 5
A= = PV, PdA =0. (3.27)
2 .
M oM
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Uniqueness of stable capillary hypersurfaces in a ball 1861

Adding (3.27) to (3.24) and using (3.26), we obtain

2 1 2 2 2 1 2
03] <n(|x| +cosf(x, v)) — 2 (lx| —1)H(x,v)> (nlh? = H) + AS @2 dA
M

_ 2 _1 2 2 2
= [ (nOx? + cosbie, ) = S(xP = DH ) ) @lnl ~ H)
M
+PAD + VD> dA
=/ nlxT Paln? — H2) + V[ dA
M
> 0,

where x7 is the tangential part of x. The last inequality holds since n|k|*> > H? which
follows from Cauchy’s inequality. It follows that [x” |>(n|h|*> — H*) = 0 on M and
V& = 0. The latter implies that ® is a constant. This fact, together with (3.26), implies
that (x, v)(n|h|> — H*) = 0 on M. Together with [x” |>(n|h|> — H?) = 0, it implies
that |)c|2(n|h|2 — H2) = 0O on M. Hence we have n|h|2 — H? = 0 on M, which means
that M is umbilical and is a spherical cap. The proof is completed. O

Remark 3.3 In the case of free boundary, i.e., cos® = 0, Barbosa [4] proved that
(x, v) has a fixed sign, namely, (x, v) < 0 in M in our notation. By our convention
of the choice of v, we have H > 0. It is not clear whether y has a sign from these
information. However, one can show the non-negativity of y with the help of ® used
in the proof as follows. In this case, by (3.26) we have A® < 0in M and ® = 0 on
dM, which implies that ® > 0 by the maximum principle, and hence —(x, v)® > 0
in M. It follows that

y = nlx,v)? — §<|x|2 — DH(x,v) = —{x,1)® > 0.

Therefore, in the case of free boundary, with the help of the non-negativity of y, we
can get nlh|? = H% = 0 from (3.24).

Remark 3.4 Since the new Minkowski formula holds also for closed hypersurfaces
in R"*!, (Remark 3.2), the above proof for the stability of capillary surfaces works
without any changes for closed hypersurfaces. This means that we give a new proof of
the result of Barbosa and do Carmo [5] mentioned above. This works also for closed
hypersurfaces in space forms. See the next section.

4 Capillary hypersurfaces in a ball in space forms
In this section we handle the case when M is a space form H"*! or S"*! and B is a

ball in M. Since these two cases are quite similar, we will prove the hyperbolic case
and indicate the minor modifications for the spherical case in Sect. 4.3 below.
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4.1 A new Minkowski type formula in H"+'

Let H"*! be the simply connected hyperbolic space with curvature —1. We use here
the Poincaré ball model, which is given by

4

= T @D

Hn+l — (BnJrl’ g — 62u3) , eZu

One can also use other models. The advantage to use the Poincaré ball model for us
is that for this model it is relatively easy to find the corresponding conformal Killing
vector field X,.

In this section we use § or (-, -) to denote the Euclidean metric and the Cartesian
coordinate in B"*! ¢ R"*!. Sometimes we also represent the hyperbolic metric, in
terms of the polar coordinate with respect to the origin, as

g = dr* + sinh? rgs.

We use r = r(x) to denote the hyperbolic distance from the origin and denote Vjy =
coshr. Itis easy to verify that

Vo = coshr = it—:i:i, sinhr = % “4.2)
The position function x, in terms of polar coordinate, can be represented by
x = sinh ro,. 4.3)
It is well-known that x is a conformal Killing vector field with
Vx = Vpg. (4.4)

Let B%I be a ball in H"*! with hyperbolic radius R € (0, 00). By an isometry of
H"*+!, we may assume BIH;H is centered at the origin. BY, when viewed as a set in

1 1 : . : . [1—arccosh R
B"+! ¢ R™! is the Euclidean ball with radius R := H_;g% € (0, 1). The

principal curvatures of aB]};I are coth R. The unit normal N to BB%I with respect to g
is given by

1

N = )
sinh Rx

As in the Euclidean case, for each constant vector field ¢ € R**!, define a corre-
sponding smooth vector field X, in H'*! by

2

2
1 - R2

X, = |:(x ax — l(|x|2 + Rz)a:| (4.5)
a — ) 2 R . .
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Moreover, we define another smooth vector field Y, in Hr+l by

Y, = %(|x|2 + 1a — (x, a)x. (4.6)

Proposition 4.1 (i) X, is a conformal Killing vector field in H" ! with

1 _ _ B 2(x, a)
E(Vi(Xa)j + V(Xa)i) = Vu8ij, where Vg = T—p 4.7
ii) Xy, pm is a tangential vector field on . In particular;
(i) Xalps i jal field on dBY. I jcul
g(X,, N) =0.
(ili) Y, is a Killing vector field in H't! i.e.,
1 _ _
E(Vi(Ya)j +V;(Yy):) =0. (4.8)

Remark 4.1 Y, = limgy,_.1(Rr — 1) X,. Though X, and Y, look very similar, they are
quite different. Y, is the Killing vector field induced by the isometry of “translation”
in H"*!, while X, is a special conformal vector field added by a translation as in the
Euclidean case. For our purpose, Y, in H"*! plays a similar role as a constant vector
field @ in R*H1.

Proof These are known facts. For the convenience of reader we give a proof.

(i) Recall that X, is a conformal Killing vector field in the Euclidean unit ball B"*!
with respect to the Euclidean metric (Proposition 3.1). A well known fact is that a
conformal Killing vector field is still a conformal one with respect to a conformal
metric, see e.g. [8]. To be precise,

1 - _ 1 _
E(vi(Xa)j + V(X0 = mdlvg(xa)gij,
where

divg(X,) = divs(Xa) + (2 + Ddu(X,)

2
= - R%&(n—f- 1){(x, a)

Y1 2x 2 B 1 2, g2
n ) W’ q (x,a)x §(|x| R
2(x, a)

= 1 .
n+ )1—|x|2
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(ii) This is because (Xg4, x)|ypnt1 = 0 in the Euclidean metric and the fact that a
RR

conformal transformation preserves the angle.

(iii) Asin (i), we know that Y, is a conformal Killing vector field in B"+! with respect
to the Euclidean metric. Thus Y, is again a conformal Killing one with respect

to the conformal metric g with

1 - _
E(vi(ya)j + V(Y = divg (Ya)gij

n+1
where
divg(Y,) = divs(Yy) + (n + Ddu(Y,)
2x
=—mn+Dx,a)— (n+ 1)<1_—

Jx[2”
=0.

Proposition 4.2 The functions Vy and V,; satisfy

V2V = Vog,
V2V, = V,3.

LI
(x,a)x — E(lxl + 1)a>

(4.9)
(4.10)

Proof Identity (4.9) is clear because Vy = coshr. We verify next (4.10). Using the
conformal transformation law of the Laplacian, one can compute directly that

AV, = e’Z”(A(gVa +n—Ddu(Vy) =mn+1V,.
Using (4.7) and the commutation formula
Rijui = §(R(3;, 03, 8) = (Vi Vo — V; V0, )

and

Rijri = —(8i18jk — &ik&ji)s
we compute

(n+ DViV;Vy = ViV Vi (Xo)*
= Vi(ViV;(X)* + (X)' R ;1)
= ViVi@Vash — VE(Xa) ) +nVi(Xa)

= 26,‘61"/(, — 6[6](61((}(“)] + n@i(Xa)j.
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Further,

ViV (Xa)j = ViViVA(Xa)j = VEXIR  + V! (Xa) Ry,
= Vi(V* Vi (X)) + X RM) + VEX R + V! (Xa)j Ry
= AVi(Xa)j — 2V*(Xa)1(8ij8; — 818k)) + V! (Xa) inii
= AV;(Xa)j — 2div(Xa)Zi; + 2V (Xa)i +nVi(Xa)

and
(n—1DV;V;Vy = —AV;(Xa); + 2div(Xa)&ij — 2V (Xa)i. (4.12)
Commutating the indices i and j in (4.12), summing up, and using (4.11) we obtain

20— D)V ViVa = =AVi(Xa)j + Vj(Xa)i) +4div(Xa)gij — 2(Vi(Xa)j + Vj(Xa)i)
= —2AV,a8ij + 40+ DVagij — 4Vagi
=2(n—1)Vagij-

Identity (4.10) follows. O

Remark 4.2 'We remark that in H"*!, the vector space {V € CZ(H"t!) : V2V = Vg)
is spanned by Vp and V,, a € R"*!. Thus it has dimension n + 2.

Note that the vector field a is not a constant (or parallel) with respect to the hyper-
bolic metric. In the following we derive formulae of covariant derivatives of several
functions and vector fields associated with a. We will frequently use (4.1) and (4.2).

Proposition 4.3 For any tangential vector field Z on H't1,

Vza=e "[g(x,Z)a+g(x,a)Z —§(Z,a)x], 4.13)
Vze ™ a)=e"[g(x, e "a)Z — g(Z,e "a)x]. (4.14)
VzVo = §(x, Z), (4.15)
ViV, =g(Z, e "a)+e “g(x, e a)g(Z, x), (4.16)
VY =e "g(x,Z)a—e "g(Z,a)x. 4.17)

VzX, = —coshR[e ™ "g(x,Z)a —e "g(Z,a)x]+ e "g(x,a)Z. (4.18)

Proof Let{E; }f:ll be the coordinate unit vectorin R"t!. Let Z = Z'E; anda = ' E;.
Under the conformal transformation,

Vi Ej = EWE; + Ej(u)E; — (Ex(u), Ex)8ij

2
= l_—|x|2(xlEj +XjEi —X(Sl])
It follows that
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6261 = ZiajﬁEi Ej
= Ziaj#(xiE< +x;E; — x68;7)
1—|x? J jEi ij
=e "[gx, Z)a+gx,a)Z — g(Z, a)x],

2
where we have used e ™" = % and g = e?“(-, -). It is easy to check

Vz(e™) = —e “Zu) = —e g(x, Z). (4.19)

Equation (4.14) follows then from (4.13) and (4.19). Equation (4.15) follow easily
from Vi = coshr and x = sinh ro,.
We rewrite V, as

2(x, a)

Vo= —
Cl—xP

=g(x, e "a). (4.20)

We compute V,, using (4.20). Using (4.4) and (4.14), we get

VzVe = 8(Vzx, e "a) + g(x, Vz(e "“a))
= Voe "§(Z,a) + e [g(x,a)g(x, Z) — §(Z, a)g(x, )]
=e"g(Z, a)+ 6_2”§(x, a)g(Z, x).

This is (4.16). In the last equality, we have used
Vo — e “g(x,x) = coshr — m sinh?r = 1.
Recall Y, = %(|x|2 + 1)a — (x, a)x. Using (4.13) and (4.4), we have

_ 1 _ _
VY, = (x, Z)a + 5(|x|2 +1)Vza—(Z,a)x — (x,a)Vzx

1
= ¢ "g(x, Z)a + E(IXI2 + De " [g(x, Z)a+ g(x,a)Z — §(Z, a)x]

—e MG (Z, a)x — e g (x, a)VoZ
=e "gx,Z2)a—e"g(Z,a)x.

The proof of equation (4.18) is similar to that of (4.17). O

Letx : M — BEI be an isometrically immersed hypersurface which intersects 8B%
at a constant angle 6. As in the Euclidean space, by using properties of X, and Y,
in Proposition 4.1 and the fact that GBEI is umbilical in H"*!, we have the following
Minkowski type formula.

Proposition 4.4 (Minkowski formula) Let x : M — BEI be an isometric immersion
into the hyperbolic ball BY, whose boundary dM intersects E)BEI at a constant angle
6 € (0,m). Let a € R" be a constant vector field and X, Y, are defined by (4.5)
and (4.6). Then
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Uniqueness of stable capillary hypersurfaces in a ball 1867

/ n(Va+sinthoseg(Ya,v))dA:/ Hz(X,, v)dA. .21
M M

Proof Similarly as in the proof of Proposition 3.2, by using the two properties of X,
in Proposition 4.1, we get

/ nV, — Hg(Xq, v)dA =/ divpyr(XIda
M M

- 2R% o
= / g(X,, wyds = — 5 0050/ g(a,v)ds. (4.22)
aM I-R M

R

Set
Zys =g, e "a)x — g(x,v)(e “a).
We claim that
divyZ, =ng(¥Y,,v). 4.23)
Indeed, by a direct computation we have

divy[g(v, e "a)x] = ha’, xT) — e_“g(xT, e "a)g(x,v)
+g(v, e "a)(nVo — Hg(x,v)),

and

divy[g(x, v)(e @) = h(x",a”) + g(x, v)[e “(ng(x, e "a)
—g(xT, e a)) — Hg(v, e “a)].

It follows that

divyyZ, = nVpg(v,e "a) —ne "g(x,e "a)g(x, v)

1
=nﬂM§WF+Da—@ﬂM)

- ng(Ya’ V),
= Ll w1l 5 — p2u
where we have used V) = Thpe ¢ T 2 and g = (-, -). Thus we proved the

claim.
Integrating (4.23) over M and using integration by parts, we have

/ ng(Y,,v)dA = / g(Z,, wyds. 4.24)
M oM
Using (2.1) and (2.2), It is easy to check that

8(Za, Wlom = Rrg (v, a). (4.25)
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The Minwokski formual (4.21) follows from (4.22), (4.24) and (4.25). O

Proposition 4.5 Along O M, we have

@,L(Va + sinh RcosO g(Y,, v)) = q(V, + sinh Rcos g(Y,,v)), (4.26)

Vug(Xav) = q g(Xa,v), (4.27)
where
1
q = ——coth R +cotf h(u, n). (4.28)
sin @

Proof In this proof we always take value along d M and use (2.1) and (2.2). First, note
that

1
§(Yy, x) = (Y, x) = e2“5<|x|2 —D{x,a) =e"g(x,a) = V,.
Thus we have

Vi +sinh RcosO g(Y,,v) = g(Ys, x 4+ sinh Rcosf v)
= g(Y,, sinh R N + sinh R cos 6 (—cos N + sin 7))
= sinh Rsin0g(Y,, n). (4.29)

By (4.16) and (4.17), we compute

V. (V4 + sinh R cos 0 §(Y,, v))
= e "g(.a) + e g(x, a)g (. x)
+ sinh R cos6 g(Y,, h(i, w)p) + sinh Rcos@ e “[g(x, u)g(v, a)
—8(n,a)g(x,v)].

1
cos 6

Using v = — N +tan @ p and x = sinh R N, we obtain

sinh Rcosf e “[g(x, n)g(v,a) — g(u, a)g(x, v)]
=sinh® Re “g(1,a) — e “g(x, 1) §(x, a).
Therefore, we have
V,.(Vy + sinh R cos 6 g(Y,, v))

=e “cosh> Rg(u,a) + (e —e ™)z (x,a)g(x, )
+sinh Rcos € g(Yy, A, np)

1
=coshRg <§(|x|2 + Da — (x,a)x, u) + sinh Rcosf g(Yy, h(, )

= (cosh R + sinh Rcos 0 h(u, 1))g(Yq, 10). (4.30)
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The first formula (4.26) follows from (4.29) and (4.30).
Next, using N = sinf pu — cos 6 v, we get

2
2
1—R2

2
= g2 [— cosf Rﬁg(siné? u—cosfv, a)+ Rﬂég(a, v)]
- R

2RE ,
= —1 e sinf g(cosO u +sinb v, a). 4.31)
- R

§(Xa,v) =

1
[e2”g<x, a)g(x,v) — §(|x|2 + R})3(a, v)}

Since v = —ﬁﬁ +tanf pand X, L N, we have
8(Xq,v) =tanb g(Xq4, 1). (4.32)
In view of (4.18) and Proposition 2.1, we have

Vg (Xa,v) = —cosh Rle™"g(x, w)g(a,v) — e "g(u, a)g(x, v)]

e "g(x, a)g (i, v) + g(Xa, h(p, )

—cosh R Rr[sin® g(a, v) +cosB g(u,a)]l + h(u, n)g(Xq, 1)
2

2R
= —cotth ?;2 2(cosO 4 sinbv, a) + h(u, g Xa, 1)
- BR

1 _ _
ECOthRg(Xas V)+h(M’ M)g(xa, H/)v (433)

where in the last equality, we have used (4.31). The second assertion (4.27) follows.
The proof is completed. O

Proposition 4.6 Letx : M — (B"t!, ) be anisometric immersion into the hyperbolic
Poincaré ball. Let a be a constant vector field in R, The following identities hold
along M:

AVoy=nVy— Hg(x,v), (4.34)

AV, =nV, — HV,V,, (4.35)

Ag(x,v) = HVo + g(x, VH) — |h|>g(x, v), (4.36)
AZ(Xq,v) = HVy + §(Xa, VH) = |h?§(Xa. v) — nV, Va +ng (v, Xa),

4.37)

AZ(Ya,v) = —[hPg(Ya, v) + §(Ya, VH) + ng(Ya, v). (4.38)

Proof (4.34) and (4.35) follow from (4.9) and (4.10) respectively and the Weingarten
formula.

We prove next (4.37). Choose an local normal frame {e,}! _, ata given point p, i.e.,
Veeeplp = 0. Denote by W : TM — T M the Weingarten map. We will frequently
use the conformal property (4.7) of X,. We compute at p,
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eag(Xa,v) = §(Xq. W(ea)) + §(Ve, Xa. v)
= g(X4, W(ew)) — g(ﬁuxa» eq),

and

Ag( Xy, V) = eqeq8(Xy, V)

g(ﬁea Xa, Wiey)) + g(Xq, 6ea, W(ew)))

_g(ﬁea (ﬁvXa)v ea) - g(ﬁvxaa _HV)

= haﬁg(ﬁeaxa» eﬂ) + g(Xq, (Veaw)(ea) — h(eq, W(eq))v)
_g(ﬁeaﬁvxav eq) + HV,

= HV, 4 g(Xy, VH) — |h>8(X0, 1) — §(Ve, Vo Xa, €a).

Using the definition of Riemannian curvature tensor and the fact that the ambient space
has curvature —1, we get

—2(Ve, Vi Xa, €q)
= —2(VyVe, Xa, €0) + §(Viv.e,1Xa, €a) + E(R(V, e0) X, €a)
= —Vu8(Ve, Xa, €0) + 8(Ve, Xa. Viea) + &§(Vv.eq1 Xas €a) + 18 (v, X,)
=—nVyVy+ 8(Ve, Xu, Ve, v + [V, €a]) + 8(Viv.eu1 Xas €a) + 120, Xo)
= —nVyVa+ HV, + (v, e, ea)Va +ng (v, Xo).

Furthermore the Koszul formula gives
28(Ve, v, €a) = —&([v, €al, €a) — &(leas eal. v) + & (lea, V], €a),
which implies
g([v, eal, €a) = —H.
Combining the above, we get (4.37).

By taking account of the fact that x has the conformal Killing property (4.4) and
Y, has the Killing property (4.8), (4.36) and (4.38) follow similarly as (4.37). O

4.2 Uniqueness of stable capillary hypersurfaces in a hyperbolic ball
Theorem 4.1 Assume x : M — B]EI C (B"*L, 2) is an immersed stable capillary

in the ball B}H;H with constant mean curvature H > 0 and constant contact angle
0 € (0, ). Then x is totally umbilical.

Proof The stability inequality (2.3) reduces to
- f ¢(Ap + |h*p — ng) — f (Vup —qe)p =20 (4.39)
M aM
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for all function ¢ € F, where g is given by (4.28) since 8B% has constant principal
curvature coth R.
For each constant vector field @ € R"*!, we consider a test function
@q =n(V, 4+ sinh Rcos0g(Y,,v)) — Hg(Xg4, v)

along M. The Minkowski type formula (4.21) tells us that [, y 9adA = 0. Therefore,
¢, € F and is an admissible function for testing stability. Using (4.35), (4.37) and
(4.38), noting that H is a constant, we easily see that

Aga +1hPa = ngy = (nh]> = H)V,. (4.40)
From (4.26) and (4.27), we know

Viu®a — qpa = 0. (4.41)

Inserting (4.40) and (4.41) into the stability condition (4.39), we get for any a €
Rn+1’

/ [n(Vy + sinh R cos 03 (Yy, v)) — Hg(Xq, v)] Va(nlh|> — H?)dA < 0.
M

(4.42)

We take a to be the n+1 coordinate vectors { E; }?ill inR"H, NoticingthatV, = %,
Xo = 7 (v @)x = 3 (P + RR)a) and Yo = 5(xI? + Da — (x, @)x, we have

n+1 2

4|x| _
2 _ —

Z Va - (1 _ |X|2)2 - g(-xv-x)’

a=1

n+1 2 |x|2 _ Rﬂzg

VoXa = = (Vp — cosh R)x,
Z a“xa 1 _ R2 1 _ |x|2 X ( 0 ))C
a=1 R

n+1

> Va¥a=1x.
a=1

Therefore, by summing (4.42) for all a, we get

/ [n(g(x, x) + sinh R cos 03 (x, v)) — (Vo — cosh RYHG(x, v)] (n|h|> — H?) <O0.
x
(4.43)
As in the Euclidean case, we introduce an auxiliary function

® = (Vg —coshR) H — n(g(x,v) + cos @ sinh R).
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From (4.34) and (4.36), we get
AD® = (n|h|*> — HHg(x, v). (4.44)

Note that &5, = 0. Thus we have

1
/A—¢2dA=/ dV, ®ds = 0.
M 2 oM

Adding this to (4.43), using (4.44), we have

1
0> / (ng(x, x) — (coshr — cosh R) Hg(x, v)) (n|h|> — H?) + Azqﬂ
M

= / ngx", xy@mln* — HY + VO
M

> 0.

The same argument as before yields the umbilicy of the immersion x. This implies
x: M — BERjI is either part of a totally geodesic hypersurface or part of a geodesic
ball. The proof is completed. O

4.3 The case S"t1

In this subsection, we sketch the necessary modifications in the case that the ambient
space is the spherical space form S"*!. We use the model

4
R*! 5o = e®8) withu(x) = ——
R, gs ) @ = T
to represent S"*1\{S}, the unit sphere without the south pole. Let B;% be a ball in
S™*1 with radius R € (0, ) centered at the north pole. The corresponding Rg =

1—cos R
1+cos R

vector field Y, in this case are

€ (0, 00). The crucial conformal Killing vector field X, and the Killing

X, = 2 |:(x a)x — l(|x|2 + R )a] (4.45)
TR LT 2 R :
Y, = %(1 —x®a + (x,a)x. (4.46)

The crucial functions Vjy and V,, in this case are

v 1 —|x]? yo_ 2xa)
=Ccosr = , = .
0 T+ 2 T T+ P2
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Uniqueness of stable capillary hypersurfaces in a ball 1873

Similarly as the hyperbolic case, these (n + 2) functions span the vector space
(Ve C3(S"I\(S) : VPV = —vg).

Using X,, Yq, Vo and V,, the proof goes through parallel to the hyperbolic case. The
method works for balls with any radius R € (0, ). Compare to the hyperbolic case, in
this case Vp = cos r can be negative when R € (5, ). Nevertheless, by going through
the proof, we see this does not affect the issue on stability. We leave the details to the
interested reader. O

4.4 Exterior problem

To end this section, we give a sketch of proof for the exterior problem, Theorem 1.4.
We take the hyperbolic case as an example.

Theorem 4.2 Assume x : M — ]HI"JFI\B}EI is a compact immersed stable capillary
hypersurface outside the hyperbolic ball Bg with constant mean curvature H > 0
and constant contact angle 6 € (0, ). Then x is totally umbilical.

Proof In this case, the differences occur that x = — sinh R N and the term q in the
stability inequality (2.3) is given by

1
q = ————coth R +cotf h(u, ).
sin 6

By checking the proof of Proposition 4.4, we see the Minkowski formula is

/ n(V, — sinh R cos 0 §(Ya, v))dA = / Hg(Xq, v)dA.
M M

We take the test function to be
@a =n(V, —sinh RcosO g(Y,,v)) — Hg(X,4, v). 4.47)

Then [ y 9adA = 0. Also, by checking the proof of Proposition 4.5, we see that
@Mrpa = g, along d M. From Proposition 4.6, ¢, in (4.47) still satisfies (4.40). Then
the proof is exactly the same as the interior problem, Theorem 4.1. O

5 Heintze-Karcher-Ros type inequality and Alexandrov theorem

Let K = 0 or = 1. Denote by M"*!(K) the space form with sectional curvature K .
As in previous section, we use the Poincaré ball model (B"+!, gp) for M"*+1(—1) and
the model (R"*!, gg) for M"+1(1).

In this section we consider an isometric embedding x : M — M"t1(K) into a
ball B in a space form with free boundary, 1.e., 8 = 7 /2. To unify the notation, we
use B to mean the unit ball B"*! in the Euclidean case, the ball BEI with radius R
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(R € (0, 00)) in the hyperbolic case and the ball B]Se with radius R (R € (0, 7)) in the
spherical case. We denote ¥ = x(M). Let B be decomposed by X into two connected
components. We choose one and denote it by 2. Denote by T the part of 92 lying on
0B.Thus, 02 =X UT.

We also unify the following notations:

1, K =0,
Vo ={ coshr, K = —1,
cosr, K=1,

and
(x,a), K =0,
2(x,a) _
Va = 12<—\x|§’ K = _la
X,a _
T K =1.

and X, is conformal vector field in (3.1), (4.5) and (4.45) in each case respectively.
We first prove other Minkowski type formulae.

Proposition 5.1 Let x : M — M"t(K) be an embedded smooth hypersurface into

B which meets B orthogonally. Let oy, k = 1, ..., n be the k-th mean curvatures, i.e.,
the elementary symmetric functions acting on the principal curvatures. Then
1 _
V,d2 = g(Xq4, v)dA. 5.D
Q n+1Js

k
/ Vyor—1dA = —/ 0x8(Xq,vV)dA, Yk=1,...,n. 5.2)
b)) n+l—k b))

Remark 5.1 Formula (5.2) is still true if x is only an immersion.

Proof Due to the perpendicularity condition, © = N. Since X, L N along 9B, we
see X, L w along dX. From the conformal property, we have

divg Xy, = (n+ 1)V,.
Integrating it over 2 and using Stokes’ theorem, we have
(n+ 1)/ V,dQ = / divgX,dQ = / 2(Xa,v)dA +/ 2(Xa, N)dA
Q Q = T

- / 3(Xq, v)dA.
)

This is (5.1). Denote by XaT the tangential projection of X, on X. From above we
know that X aT 1L palong d%. Let {ey}!,_, be an orthonormal frame on X. From the
conformal property, we have that

1 _
5 [V XD + VXD )a | = Vasgap — hapl(Xa. ). (5:3)
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Uniqueness of stable capillary hypersurfaces in a ball 1875

(cf. (3.5)). Denote Ty_1(h) = %% the Newton transformation. Multiplying Tkaf 1(h)
to (5.3) and integrating by parts on X, we get

/ (n+ 1 — k) Va0—1 (h) — ko (h)g(Xa, v)dA
X
= /2 T () Vo (XT)pd A = fa ) 1% (Mg (XL, ep)g (. ea)ds

:/ Ti1 (XD, wyds = 0.
X

In the last equality, we have used Proposition 2.1 and the fact that X! L n along 9 X.
In fact, since p is a principal direction of , it is also a principal direction of the Newton
tensor Tx_1 of i, which implies that Tj_ (XaT, @) = 0. The proof is completed. 0O

Next we prove a Heintze—Karcher-Ros type inequality. In order to prove the
Heintze—Karcher—Ros type inequality, we need a generalized Reilly formula, which
has been proved by Qiu and Xia [48], Li and Xia [33,34].

Theorem 5.1 [33,48] Let Q be a bounded domain in a Riemannian manifold (M, g2)
with piecewise smooth boundary 0<2. Assume that 0S2 is decomposed into two smooth

pieces 0152 and 9,€2 with a common boundary T'. Let V be a non-negative smooth

= 2
function on Q2 such that y is continuous up to 0S2. Then for any function f €
2

C®(Q\I), we have
_ 2
_ AV

fgv((”‘vf) - )"Q

I N(o, VYV _ . VWV
_/Q(Avg—v V+VR1c) (Vf—Tf,Vf—Tf)dQ

Vy AV
+/39V(fu—7f><Af—7f>dA
Vv, \YA%
—/BQVg<V<fu—7f>,Vf—7f>dA

Vi \° v, A% \a%
—i—/aQVH(fU—7f> +<h—7g> <Vf—7f,Vf—7f>dA.

(5.4)

_, . V2V
Vif-——f

Remark 5.2 The formula (5.4) here is a bit different with that in [33]. We do not do
integration by parts on 9S2 in the last step of the proof as [33,48].

Theorem 5.2 Let x : M — M"tV(K) be an embedded smooth hypersurface into B
with %X C 0B. Assume X lies in a half ball

Byy ={V, >0} = {{x,a) > 0}.
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If ¥ has positive mean curvature, then

% |
/ Yagp st / V,dS2. (5.5)
s H Q

n

Moreover, equality in (5.5) holds if and only if ¥ is a spherical cap which meets 0 B
orthogonally.

Proof Recall 9Q2 = X U T, where T is the boundary part lying in 9 B. See Figure 1.
Let f be a solution of the mixed boundary value problem

Af+Km+1)f=1inQ,
f=0onX, (5.6)
Vafy —fVa))y =0 onT.

Since the existence of (5.6) has its own interest, we give a proof in Appendix A. From
the Appendix we have f € W12(Q) satisfying (5.6) in the weak sense, i.e., f = 0 on
% and

/Q [EVf. Vo) —Kn+ 1) fo+¢ldQ = fT fedA, (5.7)

for all 9 € WH2(Q) with ¢ = 0 on . Moreover the regularity of f, f € C®(Q\I")
follows from standard linear elliptic PDE theory.
From the fact V2V, = —KV, g, we see

AV,+K(n+ 1)V, =0, AV,g— V*V,+ V,Ric = 0. (5.8)

By using Green’s formula, (5.6) and (5.8), we have

/VudQ:/ Vo Af + K(n+ 1) f) — (AV, + K(n+ DV,) fdQ
Q Q
:/ Vafv_(va)vfdA
Q2
:/ vafvdA+/ Vafy — (Vo) gdA
) T

= / V, fodA. (5.9)
D)

Using Holder’s inequality for the RHS of (5.9), we have

2
Va
(/ Vad§2> 5/ Vavasz/ —2dA. (5.10)
Q by s H
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Next, we use formula (5.4) in our situation with V = V,,. Because of (5.8) and
(5.6), formula (5.4) gives

" /vads2=/ Va(Af + K+ 1) f)2dQ
n+1Jg Q
1 _
———— | Vi(Af+K@n+1)f)%dQ
> [ Va(r+ K+ 02 = 95 + Kin+ 1£5P) d2
Q
=/ V,Hf2dA
)
AT vV, vV,
+/ (h"B—— Vf— ,V dA
T Va & f Va Va f
—I+1L (5.11)
We claim that
v,
hoB — (“;)N 9B —0, onT C 9B, (5.12)
a

which implies that term II vanishes. We take the hyperbolic case for instance. First,

0B is umbilical in H”H with all principal curvatures coth R = 12+ R
N = - R x |2’ a direct computation gives
Vo) R <2<x,a>) 1- R x 1+ R
- — Og s _ = .
Va |X\:R1R 1 - |x|2 2 RR ‘X‘:RR ZRR

Thus (5.12) follows for the hyperbolic case. For other two cases (5.12) follows simi-
larly.
Taking account of the above information in (5.11), we obtain

n
n+1

/Vusz/ V,Hf2dA. (5.13)
Q z

Combining (5.10) and (5.13), we conclude (5.5).

We are remained to consider the equality case. If ¥ a spherical cap which meets
d B orthogonally, the Minkowski formula (5.1) implies that equality in (5.5) holds, for
¥ has constant mean curvature. Conversely, if equality in (5.5) holds, then equality in
(5.11) holds, which implies that V2 f + K f g = 0 holds in . Restricting this equation
on X, in view of f = 0 on ¥ we know that ¥ must be umbilical. Thus it is a spherical
cap and 2 is the intersection of two geodesic balls. It is easy to show the contact angle
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must be % Indeed, we have an explicit form for f:

s dp () + A, K =0,

2(n+1)
f(x) =1 Acoshd,(x) — #, K =-1,
Acosd,(x) + #, K =1,

where p € 1\7[”“(1(), A € R and d, is the distance function from p. From the
boundary condition, we see g(@f, N)=0onT = £NT,and then g(@dp, N)=0.
This implies that these two intersecting geodesic balls are perpendicular. The proof is
completed. O

As an application we give an integral geometric proof of the Alexandrov Theorem,
which was obtained by Ros and Souam in [53] by using the method of moving plane.
Our proof has the same flavor of Reilly [49] and Ros [51], see also [33,48].

Theorem 5.3 Let x : M — M"T1(K) be an embedded smooth CMC hypersurface
into B which meets B orthogonally. Assume X lies in a half ball. Then X is either a
spherical cap or part of totally geodesic hyperplane.

Remark 5.3 The condition that X lies in a half ball cannot be removed because there
are other embedded CMC hypersurfaces, like the Denaulay hypersurfaces in a ball
which meets d B orthogonally which does not lie in a half ball.

Proof We take the hyperbolic case for instance.

We claim first that the constant mean curvature H is non-negative. To prove this
claim, let the totally geodesic hyperplane {(x, a) = 0} move upward along a direction
along the totally geodesic foliation of H*!, until it touches ¥ at some point p at a first
time. It is clear that H = H(p) > 0. If H = 0, then the boundary point lemma or the
interior maximum principle implies that X must be some totally geodesic hyperplane.

Next we assume H > 0. In this case the two Minkowski formulae (5.1) and (5.2)
yield

1
(n + 1)/ V,dA :/ 2(X,, v)dA = —/ Hg(X,, v)dA
Q > H Js

v,
1/ VadA:n/ ZaqaA.
H s s H

The above equation means, for the constant mean curvature hypersurface X, the
Heintze—Karcher—Ros inequality is indeed an equality. By the classification of equal-
ity case in (5.5), we conclude that ¥ must be a spherical cap. The proof is completed.

O

Using the higher order Minkowski formulae (5.2) and the Heintze—Karcher—Ros
inequality (5.5), we can also prove the rigidity when X has constant higher order mean
curvatures or mean curvature quotients as Ros [51] and Koh and Lee [30].

Theorem 5.4 Let x : M — M ! (K) be an isometric immersion into a ball with free
boundary. Assume that X lies in a half ball.
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(1) Assume x is an embedding and has nonzero constant higher order mean curva-
tures o, 1 <k < n. Then X is a spherical cap.
(ii) Assume x has nonzero constant curvature quotient, i.e.,

Ok
— =const., 0;>0, 1<l<k<n.
o]

Then X is a spherical cap.

Note thatin Theorem 5.4(ii), we do not need assume the embeddedness of x, since in
the proof we need only use the higher order Minkowski formulae (5.2) (without use of
the Heintze—Karcher—Ros inequality), which is true for immersions, see Remark 5.1.
On the other hand, the condition of embeddedness may not be removed in Theorem
5.4(1) in view of Wente’s counterexample. The proof is similar, we leave it to the
interested reader.

Appendix A. Existence of weak solution of (5.6)

In this Appendix we discuss the existence of weak solution of (5.6), namely

Af+Km+1)f=1in%Q,
f=0onx, (A.1)
Vafy —fV)y =0 onT

in the weak sense (5.7). Since our Robin boundary condition has a different sign, i.e.
% < 0, we can not apply known results about the existence for mixed boundary
problem, for example, [37]. Here we use the Fredholm alternative theorem. In order

to use it, we have to show that

Ap+Kmn+1)¢p =0 inQ,
¢ =0 onx, (A.2)
Vady —d(Va)y =0 onT

has only the trivial solution ¢ = 0 in w2(Q). For a general domain 2 we do not
know how to prove it. Nevertheless, we can prove it for domains under the conditions
given in Theorem 5.2.

Proposition A.1 Let x : M — M"(K) be an embedded smooth hypersurface into
B with 0¥ C 0B. Assume X lies in a half ball B, = {V, > 0} = {{x,a) > 0}.If X

has positive mean curvature, then (A.2) has only the trivial solution ¢ = 0.

Proof Let ¢ € WL2(Q) be a weak solution of (A.2), i.e., ¢ =0on X and

fg[ﬂ%ﬁw) — K+ 1)¢go]dQ=/T¢<pdA,
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forall ¢ € W1’2(§2)_With ¢ = 0 on X. The classical elliptic PDE theory gives the
regularity ¢ € C°°(2\I'). Now we can use the Reilly type formula, (5.4), as in the
proof of Theorem 5.2. Replacing f by ¢ in (5.4), using (5.12), we get

—/ ViV + K¢g|*dQ = / V. H (¢y) dA.
Q D)
Since V,, and H is positive, it follows that
V¢ + K¢pg =0in (A.3)

and ¢, = 0 on X. From (A.3) and Remark 4.2, we see ¢ must be of form

n+1

¢=ZbiVi,

i=0

forb; € R,i =0, 1,...n+1.By checking the boundary condition V¢ 5 —¢(Va) 5 =
O on T, we see by = 0. Moreover, since ¢ = 0 on X, ¥ must be the totally geodesic
hyperplane through the origin if one of b; # 0, which is a contraction to ¥ having
positive mean curvature. We get the assertion. O

With this Proposition one can use the Fredholm alternative to get a unique weak
solution of (A.1).
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