WEYL-TYPE ASYMPTOTIC FORMULA FOR SCHRODINGER OPERATORS
ON UNBOUNDED FRACTAL SPACES

WEI TANG AND ZHIYONG WANG™*

ABSTRACT. We study an asymptotic estimate on the number of negative eigenvalues of the Schréodinger
operators on unbounded fractal spaces which admit a cellular decomposition. We first give some
sufficient conditions for Weyl-type asymptotic formula to hold. Second, we verify these conditions
for the infinite blowup of Sierpiriski gasket and unbounded generalized Sierpinski carpets. Final,
we demonstrate how the result can be applied to the infinite blowup of certain fractals associated
with iterated function systems with overlaps, including those defining the classical infinite Bernoulli
convolution with golden ratio.
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1. INTRODUCTION

Non-relativistic quantum mechanics may be viewed as the study of the Schrédinger operator
—A +V on Euclidean space R, where A is the Laplacian on R? and V is a potential. Negative
eigenvalues of the Schrodinger operator are referred to by physicists as bound state energies. Let
N~(V) be the number of negative eigenvalues, counted with multiplicities, of the Schrodinger
operator —A + V. As a rule, one considers the quantity N~ (V') not for an “individual” potential
V', but rather for the family SV, where 8 > 0 is a large parameter (coupling constant). Here one
is interested in the behavior of the function N~ (8V) as f — oo. It is well-known (see, e.g., )
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that the Weyl-type (or semi-classical) asymptotic formula
- _ wd d/2 d/2
N (BV) = —— / —V(x dx | BY“(1 + o(1)), as f — oo, 1.1
6= o [, (- V)" de) 520+ 0t0) (11)

is satisfied, under some appropriate assumptions on the potential V', where D (V) := {z € R? -
V(z) < 0} and wy is the volume of the unit ball in R%. The conditions on the potential V,
guaranteeing the validity of (L.I)), depend on the dimension d. For d > 3, Rozenblum [38], Lieb [30]
and Cwikel [11] proved the following Cwikel-Lieb-Rozenblum (CLR) inequality independently:

N=(V) < C(d)/ (=V)¥2dz,  for all V € LY*(RY), (1.2)
Dy (V)
where C(d) is a positive constant. Afterwards, other proof of were given by Li and Yau [29),
and by Conlon [10]. The proof of Li and Yau is the most remarkable, because it relies only upon a
few basic facts, such as the “gobal Sobolev inequality” for functions v € Cgo(Rd) and the positivity
of the heat kernel. Using , Rozenblum [38] showed that the Weyl-type asymptotic formula
holds for all potentials V € L% 2(R%). For d = 1,2, the situation is different. In particular,
for d = 1 an estimate similar to is impossible, since V' € L}OC(R) necessary for the Schrédinger
operator —A + V to be well-defined. The necessary and sufficient conditions for the validity of
for d = 1 can be easily derived from |31 Theorem D], and they are much stronger than

V e L'Y2(R). The CLR inequality for d = 2 fails. Instead, the opposite inequality

N=(V) Zc/ Vdx
R2

is established by Grigor’yan, Netrusov and Yau in [15], where V' > 0. On the other hand, for d = 2
the recent results by Grigor'yan and Nadirashvili [14] and Shargorodsky [39] give the desirable

(though not simple) estimate.

On any fractal space where a Laplacian may be defined, it makes sense mathematically to
consider the analog of Schrodinger operator. Strichartz [42] studied the counting function for the
negative eigenvalues of the Schrodinger operator —A +V on the product of two copies of an infinite
blowup of the Sierpiriski gasket, where A is the Laplacian on the product and V is a Coulomb
potential. He showed that the number of eigenvalues that are less than —e is of the order ¢ 9 as
e — 07, where § = (In(25/9)In9)/(In(9/5) In5). Under suitable conditions, Chen et al. [9] proved
the Bohr’s formula for eigenvalue counting function of Schrédinger operators with some unbounded
potentials on several types of unbounded fractal spaces supporting a measure and having a well-
defined Laplacian. Moreover, these conditions are verified for fractafolds and fractal fields based
on nested fractals. Recently, Ngai and first author [33] obtained an analog of for Schrodinger
operators defined on domains by a class of self-similar measures with overlaps, and proved the Bohr’s
formula for Schroédinger operators on blowups of fractals associated with iterated function systems
with overlaps. A main goal of this paper is to obtain a crude analogue of Weyl-type asymptotic
formula for Schrédinger operators on unbounded fractal spaces (see Theorem , which

admit a cellular decomposition.



WEYL-TYPE ASYMPTOTIC FOR FRACTAL SCHRODINGER OPERATORS 3

Let K be a compact set in R? with a positive finite Borel measure y and a “well-defined boundary”
OK which has p-measure zero. Note that K might not coincide with the boundary of K in the
topological sense. We now consider an unbounded set K, which admits a cellular decomposition

into copies of K. Formally, let K, := J..; K;, where

i€l
(C1) I is a countably infinite index set containing 0;

(C2) for each i € I, there corresponds a similitude 7; : K — K; of the form 7;(z) = x + b;, with
b; € R? such that 7y is the identity map on R? and 7;(K) = K;;

(C3) for any distinct 4,5 € I, K; N K; = 0K; N 0Kj.

Condition (C3) implies that for any distinct 4, j € I, the interiors of K; and K are disjoint. For
eachit € I, let uj :==po Ti_l be the push forward measure of u on K;. We remark that pg = p, and
each u; and p have the same measure structure. In a natural way, we can define a glued measure

oo ON Koo by

Hoo(E) = Z/J,Z(E N K;) for all Borel subsets £ C K. (1.3)
i€l
In this case, we call jio the natural extension measure on Ko, of . Note that pe(K; N K;) =0

for any distinct 7,5 € 1.

We shall assume that there exists a well-defined non-negative self-adjoint Laplacian —Ag__ in
L?(K oo, fioo)- In this paper, we present an asymptotic behavior for the number of negative eigenval-
ues of —Ag__ + BV as f — oo. The main technique we used is the Dirichlet-Neumann bracketing
technique [18,22,136], which is a basic and useful technique for deriving various asymptotic for-
mulas of Schrédinger operators. Using the idea of Dirichlet-Neumann bracketing, one can bound
the Laplacian by the Dirichlet and Neumann Laplacians with conditions on the gluing boundary
Uicr OK; (see, e.g., [36, Section XIIL.15]). Condition (C3) above allows us to decouple the Dirichlet
(or Neumann) Laplacian in L?(K ., i) into the direct sum of the Dirichlet (or Neumann) Lapla-
cians on the individual components. In order to state the precise results, we will impose some mild

conditions on the measure space (K, ).

We first introduce some definitions, notation and assumptions that will be used. We call a u-
measurable compact subset B of K a cell (in K) if u(B) > 0 and B has a well-defined boundary
0B with p(0B) = 0. Clearly, K itself is a cell. We call a finite family P of interior disjoint cells a
partition of K if K = |Jgep B. In particular, {K} is a partition of K.

Definition 1.1. We say a partition P of K satisfies condition (DN) if for each B € P,

(1) there exists a well-defined non-negative self-adjoint Laplacian operator —AE (resp. —AY)
in L?(B, u|g) satisfying the Dirichlet (resp. Neumann) condition on OB;
(2) for any B € P, —AR and —AY have compact resolvent.
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Let A be a self-adjoint operator in a Hilbert space H that is semi-bounded below. If A has com-
pact resolvent, then the number of negative eigenvalues, counting multiplicity, is finite; moreover,

each eigenspace is finite dimensional. We define the eigenvalue counting function as
N(AA) = #{n: M(A) < A},

where A\, (A) is the n-th eigenvalue of A counted according to their multiplicities, and #F denotes
the cardinality of a finite set F. Condition (2) implies that —Ag and —Ag have pure point
spectrum, and then N(X, —AY%) is well-defined for all A > 0 and b € {D, N}.

Let (Px)r>0 be a sequence of partitions of K, and let v be a positive finite Borel measure on K.
We say that (Pg)r>0 is refining with respect to v if (1) Pg = {K}; (2) for any B € Py and any
B’ € P4y, either B' C B or BN B =0BNJB’; (3) limg_,0o max{v(B) : B € P} = 0. Condition

(2) means that each member of Py is a subset of some member of Py.

Assumption 1.2. There exist a sequence of partitions (Py)r>0 of K and a positive finite Borel

measure v on K satisfying the following conditions:

(A1) (Pr)i>0 is refining with respect to v and each Py, satisfies condition (DN).

(A2) there exist positive constants a, c1, and co such that
clu(B))\a/Q(l +0o(1)) < N\, —-AY) < CQV(B))\O‘/Q(I +0(1)) as A — oo, (1.4)

forallbe {D,N}, k>0 and B € Py.

We refer the reader to Section [2| for the definition of the notation €. Condition (A1) implies
that for each k > 0, the Laplacians — @ pcp, AL and — Dxrep, AY in L?(K, ) with the Dirichlet
and Neumann conditions on | J BeP, 0B, respectively, are well-defined. In particular, the Dirichlet
(resp. Neumann) Laplacian —AL (resp. —AY) in L?(K,p) with boundary condition on 9K is
well-defined. Thus —A% and —A%i also are well-defined for all 7 € I, and —Agoo = —@Bicr A%
and —A%w = —@icr A%i are the Dirichlet and Neumann Laplacians in L?( K, fi0o) With the
boundary | J;c; 0K;. Consequently, condition (A1) gives the structure of Dirichlet-Neumann brack-
eting technique. One uses the monotonicity under addition of Dirichlet or Neumann boundaries and
their decoupling properties to reduce a problem to one about cells which is then solved by condition
(A2). We remark that condition (A2) (or (1.4)) is a generalized Weyl law, and the parameter « is
often called the spectral dimension of the Laplacians (or K). We remark that, in general, o < d.
If each B € J;~ Pk is a domain in R? with a nice boundary, and p is the Lebesgue measure, then
condition (A2) holds with a = d,v=p,and ¢; = c3 = wau(B)/(27)%. In this case, condition (A2)
is the Weyl law [45], which gives a relationship between the analytic and geometric properties of
a domain, which has popular applications for deriving various asymptotic formulas of Schrodinger

operators (see, e.g., [36]).
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In order to state the precise results, we introduce the following associated Weyl’s asymptotic
function: for any X C RY, positive Borel measure v on X, a > 0, and f € LO‘/Q(X, v), define

W(X,v, f o) = /D(f) (—f)*2dv, (1.5)
where D™ (f) :={z € X : f(x) <0}.

Theorem 1.3. Let K, i, Koo, oo be given as above. Assume that there exists a non-negative self-
adjoint Laplacian —Agk. in L?(Keo, floo), and Assumption holds with a sequence of partitions
(Pr)r>0 of K and a positive finite Borel measure v on K.

(a) Let V be a continuous function on K that has compact support. Then as f — oo,
AW (Koo, oo, V. @) 82 (14 0(1)) < N(0, =Age, + V) < 2W (Koo, oo, V. @) 82 (14 0(1)), (1.6)

where W (-,-,-,) is defined as in , constants a, ¢y and ca come from , and Ve 18
the natural extension measure on Ko of v.

(b) Let (£,dom &) be the closed quadratic form in L*(Kwo, fioo) associated with —Ag.__. Assume
that o > 2 and there exists constant C > 0 such that

Nl Lo (Koo o) < CEV?(u,u) for all u € dom¢&, (1.7)

where p :=2a/(a —2). If V € LQ/Q(KOO,MOO) N La/Q(KOO, Vo), then the Weyl-type asymp-
totic formula (|1.6)) also holds.

The main ingredients in the proof of Theorem a) are the Dirichlet-Neumann bracketing and
the generalized Weyl law . We remark that the method used to prove Theorem [1.3|a) does
not extend to V’s that are not at least locally bounded. However, Theorem (b) tells us that one
can extend by approximating non-smooth V’s by V’s in C§°(K) provided by the Sobolev
inequality . In fact, implies the existence of an upper bound for N(0,—Ag_ + V) that
have the right coupling constant behavior, which is the critical element in this approximation
argument. The assumption V € LO‘/2(KOO, Vso) guarantees that W (K, Vso, V, o) < 00.

We are interested in unbounded fractal spaces. Let {S;}I",, m > 1, be an iterated function
system (IFS) on R%. For k >0 and w = wy ... wy, € {0,...,m}*, where {0,...,m}" := {0}, we use
the standard notation

Sw = wlo"'oka

with Sy := id, where id is the identity map on R?. We say IFS {S;}, satisfy the open set
condition (OSC) if there exists a nonempty bounded open set U C R? such that (JI*, S;(U) C U
and S;(U) N S;(U) = 0 if i # j. OSC is an separation condition. An IFS that does not satisfy
OSC is said to have overlaps; in this case, we also say that an associated self-similar measure has
overlaps. Another important separation condition is post-critically finite (PCF) condition, which
is introduced first in [21]. The PCF condtion and the OSC are key conditions in studying the
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analysis and geometry of fractals. Since 1980s, the Laplacian operators and energy on fractals
defined by IFS’s satisfy these conditions, such as Sierpinski gasket and Sierpinski carpet, have been
constructed and studied extensively (see, e.g., |1,3,[7,/17,[20H22,/41] and the references therein). In
particular, the Weyl law for the Laplacians on Sierpinski gasket and Sierpinski carpet have been
obtained (see e.g., [17,20-22]). Based on these results, we can apply Theorem to the infinite
blowup of Sierpinski gasket and unbounded generalized Sierpinski carpet (see Corollaries and

below).

Let K denote the Sierpinski gasket, the unique nonempty compact set in the plane satisfying
K =2, Si(K) where S;(z) = (x +¢:)/2 and (qo, q1, g2) are the vertices of an equilateral triangle.
For each infinite word w = wyws - - - with w; € {0, 1,2}, define

K% = | (Su) ©Suy 0+ St ) (K) (1.8)
m=1

to be the infinite blowup of K associated with the word w. We will assume that the blowup word
w is not eventually constant. This means K% is non-compact and has no boundary. Here we point
out that by construction, K% admits a cellular decomposition into copies of K which intersect on
the boundary only. Let p be the self-similar measure defined by the IFS {S;}2_, and probability
weights {1/3,1/3,1/3}. Thus we can extend p to an infinite measure p& on K¢ as in (1.3)). The
theory of Kigami [21] allows us to define the standard Laplacian —Ag in L?(K,u) with either
Dirichlet or Neumann condition on the boundary 0K = {qo, g1, g2}. Moreover, the definition of the
Laplacian can be transferred from K to K&, which we denote by —Agw (see, e.g., [40,42]).

Corollary 1.4. Let K, p, w, K&, pg, and —A%_ be given as above, where word w is not eventually
constant. Assume that V is a continuous function on K& that has compact support. Then there

exist positive constants ¢y, co such that as B — oo
A W(KE, 1S, V,ds)B%*(1+ 0(1) < N(0, ~Agg + BV) < eaW (K, 1%, V,ds) B%/*(1 4 0(1),

where W (-,+,-,-) is defined as in (1.5) and ds =log9/log5.

The two main ingredients used in the proof of Corollary is the self-similarity property and
Weyl law of the Laplacian on Sierpinski gasket, which also hold for the Laplacians on PCF fractals
with regular harmonic structure (see e.g., [21,22]). Thus Theorem [L.3(a) also can be applied to the

infinite blowup of PCF fractals with regular harmonic structure.

Let K C R? (d > 2) be a generalized Sierpifiski carpet (GSC) in the sense of [6,7]. The defini-
tions of the associated unbounded generalized Sierpiriski carpets K, as well as the corresponding
Laplacians —Af,__, are given in Section It is known that the spectral dimension ds; and the
Hausdorff dimension dy of K satisfy ds < dy < d (see, e.g., [6]). Generalized Sierpinski carpets
with ds > 2 can be found in [6}23].
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Corollary 1.5. Let K be a GSC, K and p be the associated unbounded GSC and self-similar
measure with equal probability weights. Let —A._ be the Laplacian in L? (Koo, liso) as given in [4,6],

where Lo 1S the natural extension measure on Koo of . Then the following two results hold.

(a) If V is a continuous function on Ko that has compact support, then the Weyl-type asymp-
totic formula holds with o = ds and Voo = o, where dg is the spectral dimension of
K.

(b) If dg > 2 and V € L%/?(K, o), then the conclusion of part (a) also holds.

A main motivation of this work is to present an asymptotic behavior for Schrédinger operators on
the infinite blowup of certain fractals defined by IFSs with overlaps together with the associated self-
similar measures. The structure of the IFSs with overlaps and the associated self-similar measures
are in general complicated and intractable. Despite difficulties due to overlaps, many interesting
IFSs with overlaps have been studied for a long time. Next, we illustrate Theorem by the
infinite blowup of fractals defined by two classes of IFSs with overlaps, including those defining the
classical infinite Bernoulli convolutions with golden ratio. These IFSs and the associated Laplacians
have been studied very extensively (see, e.g., [12,[16,[25-2732,33,35,44] and the references therein).
They define Laplacians that exhibit many behaviors analogous to Laplacians on PCF fractals, such
as non-integer spectral dimension [32], sub-Gaussian heat kernel estimates [16] and infinite wave

propagation speed [35].

Let p be a continuous, positive, finite Borel measure on R with supp(u) C [0,a] =: K. Define
the standard bilinear form in L?((0,a), i) by

with domain dom € equal to the Sobolev space H{ (0, a) (Dirichlet boundary condition) or H'(0, a)
(Neumann boundary condition). It is well-known that one can define a Dirichlet (resp. Neumann)
Laplacian —AﬁK (resp. —Ag'K) in L?(K, ) with boundary 0K = {0,a}. Throughout this paper,

we call —AD (resp. —AY
bl plr

remark that —Ai)'K and —ANK have compact resolvents (see, e.g., [8,/19]). For each i € N, define

Kl

) the Dirichlet (resp. Neumann) Laplacian with respect to p. We

7i(z) := = + ia, and then let

[e.o]

Ky = U 7 (K).

i=0
It is easy to check that conditions (C1)—(C3) above hold. Note that K. = [0,+00) =: R;. Let
loo be the natural extension measure on Ry of pu. Consider the non-negative bilinear form g (,4)

in L?(R4, j1s0) given by

E(u,v) = /000 u'v' dz (1.9)
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with domain dom & = {ue HL (Ry): [;° [u/[*de < co,u(0) = 0}. It is well-known that (€,dom &)
is a closed quadratic form in L?(R, fteo ), Since fioo (F) < 00 for any compact F' C R, . Hence, there

exists a unique non-negative self-adjoint operator —A,,__ in L?(Ry, fi) associated with (g ,dom & ).
The first IFS with overlaps we study is defined by
Si(z) = pz, Sa(x)=pr+(1—p), p=(5-1)/2. (1.10)

This IFS defines the infinite Bernoulli convolution associated with the golden ratio. The corre-
sponding self-similar identity is
1

_ 1 _
M:§M°S11+§#0521a (1.11)

with supp(u) = [0, 1]. Strichartz et al. [43] showed that u satisfies a family of second-order identities
with respect to the following auxiliary IFS:

To(z) := p*x, Ti(z) == pPx + p?, Ty(z) := p*z + p. (1.12)

We remark that {7}}?_, satisfies the OSC. Let P, := {T,,[0,1] : w € {0,1,2}*} for all k > 0. Then
(Pr)r>0 is a sequence of partitions of [0,1]. We will introduce a measure v on [0,1] in Section
such that Assumption holds with (Pg)x>0 and v.

Theorem 1.6. Let p be defined as in (1.11) and let —AﬁB denote the Dirichlet Laplacian with

respect to u|p for any cell B in [0,1]. Let v be defined by (4.7)).

a) Then for allk >0 and w = wy - --wy, € {0,1,2}F, we have
(a)

N, —AD Y = p(TL0,1)A%/2(1 + 0(1)),  as A — oo,

a #|Tw[o,1]

where {T;}2_, and ds are defined in and respectively.

(b) Let poo and vso be the natural extension measures on Ry of u and v, respectively. Let
—A,,.. be the non-negative self-adjoint operator in L*(R4, poo) associated with (€,dom &)
given in . If V is a continuous function on Ry that has compact support, then

N(0,=A,. +B8V) = W(Ry, Voo, V,ds) 8%/2(1 + 0(1))  as f — oo,

where W(-,+,-,-) is defined as in (1.5)).

The second classes of IFSs with overlaps we study are defined by

1 -1
Si(x) = T + mm

i, i=0,1,...,m. (1.13)

Let fty, be the self-similar measure defined by the IFS {S;}" together with probability weights
pi:=("7)/2™, i=0,1,...,m, that is,

m
Mm:ZpiumoS;l. (1.14)
=0
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Then pi,y, is the m-fold convolution of the Cantor-type measure (see [26,132]). We will assume that
m is an odd integer and m > 3. Note that supp(pm,) = [0, m]. It is shown in [26] that w, satisfies

a family of second-order identities with respect to the auxiliary IFS:
1
Ti(x) = —x + 1, 1=0,1,...,m—1. (1.15)
m

We remark that {7;}7,' also satisfies the OSC. Similarly, we will introduce a measure v on [0, m]
in Section [5 such that Assumption holds with (Pg)r>0 and v, where Py, := {Tw[O, 1]:w e
{0,1,--- ,m — 1}'“} for all k > 0.

Theorem 1.7. For any odd integer m > 3, let p := py, be defined by (1.14), and let —AﬁB denote

the Dirichlet Laplacian with respect to p|p for any cell B in [0,m]. Let v be defined by ([5.10)).

(a) Then for all k >0 and w = wy ---wy, € {0,1,--- ,m — 1}¥, we have

N =G ) = v(Tuf0,mDA™2(1+0(1))  as A — oo,

M|TL,J [0,m

where {T; :-':01 and dg are defined by and , respectively.

(b) Let poo and v be the natural extension measures on Ry of u and v, respectively. Let
—A,,.. be the non-negative self-adjoint operator in L?(R4, poo) associated with (€,dom &)
defined in . Assume that V is continuous on Ry with compact support. Then

N0, =Ap, + BV) = W(Ry, vao, V,do)B%(1 4+ 0(1)) s B — o,

where W (-, +,-,-) is defined as in (1.5)).

For the measures i in Theorems and H the spectral dimension of —AﬁK are computed
in [32], where K := supp(u). One of our main efforts is in constructing the measures v on K for
the two classes of IFSs with overlaps above and proving the generalized Weyl law (|1.4]), which is

crucial in obtaining the Weyl-type asymptotic formula for Schrodinger operators —A,, _ + V.

We outline the proof of Theorems [I.6] and here. First, we use second-order identities and
spectral dimension formulas to construct the above-mentioned measure v on K (see and
(5.10)). Second, using the definition of v and the known Weyl asymptotic of the Laplacians on
some cells in P (see and ), we obtain a generalized Weyl law on these cells (see Lemmas
and . Third, applying the variational formula to show the non-arithmetic (or non-lattice)
case holds on other cells in Py (see Lemmas and , and then prove a generalized Weyl law on
these cells (see Lemmas and . Final, we prove Theorems and by combining obtained
generalized Weyl law, Remark and Theorem [1.3{a).

The rest of this paper is organized as follows. Section [2] summarizes some of the definitions,
notation and results that will be needed throughout the paper. In Section [3| we prove Theorem
and apply it to the infinite blowup of Sierpinski gasket and unbounded generalized Sierpinski
carpets. Section [ is devoted to the proof of Theorem Finally, we prove Theorem in
Section Bl
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2. PRELIMINARIES

In this section, we summarize some notation, definitions and preliminary results that will be used
throughout the rest of this paper. Let H be a (real or complex) Hilbert space with inner product
(-,-) and norm || - ||. A self-adjoint operator (A,dom A) in H is said to be semi-bounded below if
there exists some constant C' > 0 such that (Au,u) > —C||ul|? for all u € dom A. It is well known
that for each semi-bounded below self-adjoint operator A, there exists a unique closed quadratic
from (£,dom &) such that dom A C dom &, and

E(u,v) = (Au,v) for all u € dom A and v € dom &

(see e.g., |13, Section 1.3]).

Definition 2.1. For i = 1,2, let A; be a self-adjoint operator in a Hilbert space H; that is semi-
bounded below, and (&;,dom&;) be the associated closed quadratic form. We say Ay < Az (in the
sense of quadratic forms) if Ha C H1, dom &y C dom &1, and & (u,u) < Ex(u,u) for all u € dom &;.

We state a simple proposition, which will be used repeatedly. A proof can be found in [36, Section
XI11].

Proposition 2.2. (a) Fori = 1,2, let A; be a self-adjoint operator in a Hilbert space H; that is
semi-bounded below. Assume A1 < As. If A1 has compact resolvent, then so does As; moreover,
N(M\ A1) > N(X Ag) for all X € R.

(b) Fori = 1,2, let A; be a self-adjoint operator in a Hilbert space H that is semi-bounded below,
and (&;,dom &;) be the associated closed quadratic form. If A1 and As have compact resolvent, and
dom & Ndom & is dense in H, then N(0, A1+ A2) < N(0, A1)+ N(0, Ag), where Ay + Ay is defined

as a sum of quadratic forms.

Let (H;)ier be a finite or countably infinite family of Hilbert spaces. Define a Hilbert space
H= @Hi = {u = (ui)ies s ui € H; for all i € I and ||ul3, := Z Huz||3_[1 < oo}.
i€l iel
Assume that each A; is a self-adjoint operator in H;. We write A := @,.; A; if Au 1= (Asju;)ier
with domain dom A := {u = (u;)e; € H : u; € dom A; for all i € T and Au € H} (see [37]). We
remark that (A4,dom A) is a self-adjoint operator in H.

Let (H1,]| - |l1) and (Ha, | - ||2) be Hilbert spaces. Let A, Ay be linear operators in H; and Ha,
respectively. A; and Ao are said to be unitarily equivalent, denoted A; = As, if there exists a

unitary operator ¢ : Hq — Ha such that
o(domA;) = domAy; and (A1(u)) = Az(e(u)) for all u € domA;.

Note that u is a A-eigenvector of A; if and only if p(u) is a A-eigenvector of As. In particular,

unitarily equivalent operators have the same set of eigenvalues.
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For the convenience of the reader, we state a slightly modified version of [32, Proposition 2.2(b)]

below, which will be used later in this paper.

Proposition 2.3. ( [32, Proposition 2.2]) Let S : R — R be a similitude with Lipschitz constant r
and v be a continuous positive finite Borel measure on R with supp(v) C [0,a]. Let B C [0,a] be a
closed interval. Assume that B' := S(B) C [0,a] and v|pr = wvo S~ on B’ for some w > 0. Then

—AE‘B/ ~ (rw)~!- ( - A{?'B), where —Af}lB and —AﬁB/ be the Dirichlet Laplacians with respect to
v|p and v|p respectively. Moreover, N(\, —Af)'B/) = N (rwA, —Af)'B) for all X > 0.

Let p be a continuous positive finite Borel measure on R with supp(u) C [0,a] =: K. For
each cell B in K, let —Af'B and —AﬁB be the Dirichlet and Neumann Laplacians with respect
to u|p respectively. We remark that if a cell B C [0,a] is a closed interval, then N(\, —AﬁB) <
N(A, —A%B) < N(A, —Ai)'B) +2 for all A > 0 (see, e.g., [32]). Thus N(A, —Aﬁ)'B) and N (A, —AfxB)

have the same asymptotic behavior as A — oco. Consequently, we have the following result holds.

Remark 2.4. Let u, K, and —AﬁB be given as above, where B is a cell in K. Assume that there
exist a sequence of partitions (Pi)r>0 of K and a positive finite Borel measure v on K satisfying

the following conditions:

(1) (Pg)r>0 is refining with respect to v and each Py, consists of closed intervals.

(2) there exist positive constants «, c¢1, and ca such that
A ?u(B)(140(1)) < N(A, AL ) < X*u(B)(1+0(1))  as A — oo,

for all B € Py and k > 0.

Then Assumption holds with (Pg)r>0 and v.

Proof. Since each Py, consists of closed intervals, Py satisfies condition (DN). Thus condition (A1)
in Assumption holds. Condition (A2) in Assumption follows by combining the assumption
(2) and the fact N (A, —AﬁB) and N (A, —ANB) have the same asymptotic behavior as A — oc.

ul
Hence, Assumption [T.2] holds. O

The following proposition follows from [34, Proposition 4.1] and the variational formula (see,
e.g., |21, Theorem 4.1.7 or Corollary 4.1.18]), which will be used repeatedly. We omit the proof.
Proposition 2.5. Let u, K, and —AﬁB be given as above, where B is a cell in K. If P = {B;}
is a partition of K and each B; is a closed interval, then for each X > 0, there exists some positive
constant (P, \) < 2(n — 1) such that

N =AD )= N, —Aﬁ"Bi) +€e(P, ).
=1



12 W. TANG AND Z.Y. WANG

3. FRACTAL ANALOG OF WEYL-TYPE ASYMPTOTIC FORMULA FOR THE NUMBER OF NEGATIVE
EIGENVALUES

In this section, we prove Theorem [I.3] and apply it to the infinite blowup of Sierpinski gasket

and unbounded generalized Sierpinski carpets.

3.1. Proof of Theorem Let K be a compact set in R? with a positive finite Borel measure
and a "well-defined boundary” K which has y-measure zero. Let Ko := |J;c; K; satisfy conditions
(C1)—(C3) in Section |1} Then for each i € I, there exists a similitude 7; : K — K; of the form
7;(z) = x4 b;, with b; € R? such that 7q is the identity map on R? and 7;(K) = K;. Let s be the

natural extension measure on K, of u.

In the rest of this subsection, we assume that there exists a non-negative self-adjoint Laplacian
~Ag. in L?(Ky, fioo), and Assumption holds with a sequence of partitions (P)x>0 of K and a
positive finite Borel measure v on K. Then Py = { K'} satisfies condition (DN). Thus we can denote
—A% (resp. —A%i) by the Laplacian in L?(K;, j1;) with Dirichlet (resp. Neumann) boundary on
OK; for all i € I, where u; := po Ti_l on K;. We remark that —Agm = =i A% and
—A%m = —Bjcr A%i are the Dirichlet and Neumann Laplacians in L?( Koo, ftoo) With boundary

condition on | J,.; OK; respectively. Let V be a continuous function on K, with compact support.

el
Since —A%w < —Ag, < —Agw, we have —A%w + 0V x —Ag., + 8V = —AI%)O + BV for all

B > 0. It follows from Proposition [2.2] that

D ON(0,-AR +8V;) = N(0, AR + V) < N(0,-Ax., + V)

i€l (3 1)
< N(0,—AR_ +BV) =Y N(0,-AF, + Vi),
i€l
where V; := Vg, for all i € I.
We now prove Theorem (b) by modifying a method in |36, Theorem XIII 80 |.
Proof of Theorem[1.3, (a) Use the notation above. We first claim that as 8 — oo,
N(0,~AR + V) > c18*W (K, v, Vo, a) (1 + o(1)). (3.2)

Fix any ¢ > 0. We denote Vo/,\e (resp. Vo\,/e) by the piecewise constant function over each cell
B € Py with the value max{V(z) : x € B} (resp. min{V(x) : z € B}). Since Assumption
holds, Py satisfies condition (DN). Let —AE and —A% be the Dirichlet and Neumann Lapalcians
in L2(B, u|p) for all B € Py, respectively. Define Ai’(b = Dpep, A% and b € {D,N}. Then
—A%D (resp. —A%N) is the Laplacian in L?(K,u) with Dirichlet (resp. Neumann) boundary
on Jpep, 9B. Since —A?{N < —AR < —Aﬁ’(D and VO\,/Z <V <L VO% we get —Ai’(N + ﬂVoYé <
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~AP 4+ 8V % —Ai’{D + ﬁVO/}g for all 8 > 0. It follows from Proposition that for all 8 > 0,

N(0,—AR + BVo) = N(0, A + V) = > N(0,-AB + BVyY|s)

BePy
(3.3)
=Y NBVs,~AB)= Y N(BVls —AR).
BeP, {BeP:V\,|p<0}
Substituting (|1.4)) into (3.3]), we deduce as  — oo,
N(0,~AR + Vo) > e15%/2 S (= Vule)PuB) | (1+o(1)). (3.4)

{BEP@:VO/’\ABSO}

The definition of refining implies that limy_, max{v(B) : B € Py} = 0. Moreover, it follows from
the continuity of V' that for b € {Vv, A},

li __1/b a/2 _
fm o YT (S Vle)u(B) = WK, v, Vo, a),
{BEP:V,|5<0)

which, together with (3.4]), yields the claim holds. Since each measure space (Kj, ;) and (K, u)
have same structure, we can deduce from ({3.2)) that

N(0,-AR + BV;) > c18*W (K;, v, Vi, o) (1 + 0(1)), (3.5)
for all ¢ € I, where v; :=v o Ti_l on Kj;.

Similarly, we can check that as § — oo,

N(0, AR + V) < > N(—BVyyls, —AR)
{BEP[ZVOV’ABSO}

< e/’ S (W) uB) | (1+o(1)),
{BEP.:Vy,|p<0}
and then obtain as 8 — oo,
N(0,-AR + BV;) < 2f**W(K;, v, Vi,a) (1 +0(1)) for all i € 1. (3.6)

Hence, the desired inequality (1.6]) follows by combining (3.1)), (3.5 and (3.6)), which completes the
proof.

(b) Fix any & > 0, small. Choose Vj, € C5°(Kux) so that Vi, — V in L%?(Ku, tieo) and
LY?(K 4, Vso). Combining the Sobolev inequality (1.7)) and |28, Theorem 1.2], we have the following
general CLR inequality holds:

N(0,~Ax, +0o(V Vi) < Co®?W (Koo, pioo, V — Viya)  forall o >0, (3.7)
where C' is a positive constant. We remark that

_AKOo + 8V = (— (1 — €)AKOO + BVk) + (E(—AKOO) + B(V — Vk))
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It follows from Proposition [2.3|(b), part (a) and that
N(0,-Ag, +BV) <N(0,—(1 —e)Ak,, + Vi) + N(0,e(-Ax,) + BV — Vi)
=N(0,-Ax, +(1—&) ') + N(0,-Ag + '8V - W)
< (1 — &) 2B P W (Koo, Voo, Vi @) (1 + 0(1))
+ Ce™2BPW (K so, piso, V — Vi, @), as 8 — oo,
where the fact N(0,—cAk, + V) = N(0,—Ak,_ + ¢ 1V) is used in the first equality. Taking
k — oo and then ¢ — 0, we find that
N0, —Ag._ +BV) < caW (Koo, Voo, V, @) B2(1 + 0(1))  as f — . (3.8)
On the other hand, we have —A 4+ gV}, = (— (1 —e)A+ V) + (—eA + B(Vx — V)). So using
Proposition (b), part(a) and as above, we get as 8 — oo
c18%2W (Koo, Voo, Viey @) (1 + 0(1)) < N(0, —Ag_ + SV4)
<N, -(1 —e)Ak., +pV)+ N(0,—eAr, + BV = V))
=N(0, Ak, +(1—e)7'BV) + N(0,-Ax,, +e 'B(Vi = V))
<N(0,-Ag, + (1—2)'BV) + Ce /28 2W (Ko, o, V = Vi, ).

Again taking kK — oo and then € — 0, we obtain

N(0,~Ag, + BV) = et W (Koo, oo, V, ) B*/%(1 + o(1)). (3.9)
Hence, (3.8) and (3.9)) imply the desired result. O

3.2. Infinite blowup of Sierpinski gasket. In this subsection, we illustrate Theorem [I.3| by the
infinite blowup of Sierpinski gasket.

Proof of Corollary[1.4} For k > 0, let M* := {0,1,2}¥ and Py := {K,, = Su(K) : w € MF}.
It is easy to check that (Pj)r>0 is a sequence partitions of K that is refining with respect to p.
Let —Af be the standard Laplacian constructed by Kigami [21] in L?(K,u) and (€, F) be the
associated Dirichlet form in L*(K, p). It is known that (£, F) has the self-similarity property in
the following sense: for any u € F, uoS; € F for all i € {0, 1,2} and
5 2
E(u,v):gzg(uoSi,voSi) froall v € F. (3.10)
=0

Fix any ¢ € M*, where k > 0. Define D; := {u € F : u|x\ g, = 0}. Let F; be the closure of D; with
respect to the inner product & (u,v) = E(u,v) + (u,v)r2(k ), and let & = E| 7, xF,;. It is easy to
check that (&;,F;) is a Dirichlet form in L?(Kj, u|x,). Using the self-similarity property of (£, F)
and iteration, we can deduce that if u € dom (—Ag;), then uo S; € dom (—Ag), and

—AK(UOSi) :5_k(—AKiu) OSi7 (311)
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where —A, is the Laplacian in L?(K;, u|k,) associated with (€;, F;). By the theory of Kigami
in [21], we have Py = {K'} satisfies condition (DN). Combining (3.11]) and the method in [21], we
can check that Py, satisfies condition (DN) for all £ > 0. Hence, condition (A1) in Assumption
holds.

Let —AD and —A¥ be the Dirichlet and Neumann Laplacians in L?(K, i) associated with (€, F),
respectively. Kigami and Lapidus [22] proved that the eigenvalue counting function N (A, —Alk)

satisfies the following asymptotic formula:
CiA52(1 + 0(1)) < N(A, =A%) < CoA%/2(1 4 0(1)) as A — oo, (3.12)

where b € {D, N}, ds =log9/log5, C; and C5 are positive constants. Let —A% and _A%i be the
Dirichlet and Neumann Laplacians in L?*(K;, u|k,) associated with (&;, F;), respectively. W can
verify that also holds replacing —Ag, and —Ag by —Al[’(i and —Al}(, respectively, for all
be {D,N}. It follows that

N\, =A%) =NGEPA -A))  for A>0, (3.13)
where b € {D, N}. We remark that u(K;) = 37%. Combining it with (3.12]) and (3.13)), we have
CLu(K)N/2(1 + 0(1)) < N(A, —Ak,) < Cou(K)A“(1+0(1))  asA—roo,  (3.14)

where b € {D,N}. Since ¢ is arbitrary, (3.14) implies condition (A2) in Assumption holds.
Consequently, Assumption holds with (P)r>0 and p.

By the definition of K% (see (1.8)), there exists a sequence of similitudes (7;);>¢ such that
K& = U;>o 7i(K) satisfies conditions (C1)-(C3) in Section I} The existence of non-negative self-
adjoint Laplacian —Age in L*(K%, %) have been obtained in [40,42]. Final, the desired result
follows from Theorem [1.3| (a). O

3.3. Unbounded generalized Sierpinski carpets. In this subsection, we illustrate Theorem [I.3]
by using a class of unbounded generalized Sierpinski carpets. The following definition is given
in [61[7].

Let d > 2, Ky = [0,1]%, and let £x € N with ¢ > 3 being fixed. For n € Z, let Q,, be the
collection of closed cubes with side length ¢, and with vertices at E;”Zd. For E C RY, let

On(E):={Q € Q, : int(Q)N E # 0}. (3.15)

For Q € Q,, let ¥¢ be the orientation preserving affine map (i.e., similitude with no rotation part)
which maps Ky onto (). Define a decreasing sequence {K,} of closed subsets of Ky. Let mg be
an integer satisfying 1 < mg < 6}1(, and K be the union of mg distinct elements of Q1 (Kp). We

impose the following conditions on Kj.

(H1) (Symmetry) K, is preserved by all the isometries of the unit cube K.
(H2) (Connectedness) int(K1) is connected.
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(H3) (Non-diagonality) Let m > 1 and B C Ky be a cube of side length 2/, which is the union
of 2¢ distinct elements of Q,,. Then if int(K7 N B) is non-empty, it is connected.
(H4) (Border included) K; contains the line segment {z : 0 <z < 1,29 =--- =z, = 0}.

One may think of K; as being derived from Ky by removing the interiors of E% — mg cubes in
Q1(K)p). Iterating this, we obtain a sequence { K, }, where K, is the union of m/; cubes in 9, (Kj).

Formally, we define

Kp= |J o) = |J ok,), n>1. (3.16)
QEQn(Kn) QEQI(KI)
We call K := (", K, a generalized Sierpiriski carpet (GSC) and Ko = |J;2 (% K an unbounded

generalized Sierpiniski carpet, where rA := {rz : x € A} for all A C R Let 0K := [0,1]%\ (0,1),
which should be regarded as the boundary of K. It is easy to check that for each GSC K, there
exists an IFS {F;}"% such that K = [J;-% F;(K), and we can rewrite the unbounded generalized

Sierpinski carpet Koo = ;o 7(K) satisfying conditions (C1)-(C3) in Section

Example 3.1. (Standard Sierpiriski carpet) Let g1 = 0, g2 = 1/2, g3 = 1, ¢4 = 1 +/—1/2,
s =1++v—1,q =1/2+ -1, ¢t = V-1 and gs = vV/—1/2. Define S; : C — C as Fj(z) =
(z—q)/3+ qi fori e {1,...,8}. Then there exists a unique nonempty compact subset K, which
satisfies K = U§:1 Fi(K). K is called the standard Sierpiriski carpet.

The standard Sierpinski carpet in the above Example is a GSC with n =2, [ =3, mp = 8 and
with F} being obtained from F{y by removing the middle cube.

In the rest of this subsection, we fix a GSC K associated an IFS {F;}"%. Let p be the self-similar
measure defined by the IFS {F;}["4 together with probability weights (1/mg,---,1/mg). Barlow
and Bass [1-6] have constructed a diffusion process on K and studied it extensively. For example,
they extended the diffusion process on K to K., and proved Sobolev inequality. Unfortunately,
the Dirichlet form on L?(K, i) associated with their diffusion process is not necessarily self-similar.
On the other hand, Kusuoka and Zhou [23] have given a different construction of a self-similar
Dirichlet form on a GSC. Recently, Barlow et al. |7] showed that, up to scalar multiples of the
time parameter, there exists only one such Dirichlet form on a GSC. Consequently, there exists a
regular Dirichlet form (£, F) in L?(K, i), which has the self-similarity in the following sense: for
any u € F,uoF; € F forallie {1,...,mg},and

mg

E(u,v) :pKZE(qui,voFi) (3.17)

i=1
for all u € F, where pg is a constant that is determined by the scaling in the resistance of the
Sierpiniski carpet. We remark that tx := pgmg > (3 > 1. Barlow et al. [7] showed that, up
to scalar multiples of the time parameter, there exists only one such Brownian motion on a GSC.
Hambly [17] and Kajino [20] showed the Dirichlet Laplacian —AP. and Neumann Laplacian —AY
in L?(K, ;) with the boundary condition on K are well-defined and have compact resolvents.

In other words, {K} satisfies condition (DN). Moreover, their results imply that the eigenvalue
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counting function satisfies the asymptotics
ds/2 _Ab ds/2
A “(1+0(1)) < N\, —ALk) < c2X®/*(1+0(1)) as A\ — o0, (3.18)

where b € {D,N}, ds = 2logmpg/logty is called the spectral dimension of K, ¢; and co are

positive constants.

Proof of Corollary[1.5 (a) The proof of part (a) is similar to that of Corollary we use (3.17)
and (3.18)) instead of (3.10) and (3.12)), respectively.

(b) follows by combining Theorem [L.3(b) and Sobolev inequality [6, Theorem 7.2]. O

4. INFINITE BERNOULLI CONVOLUTION ASSOCIATED WITH THE GOLDEN RATIO

Let K := [0,1] and u be given by (L.10) and (L.11)). Let {7;}2_, be the auxiliary IFS defined as in
(1.12)) (see Figure . In this section, we introduce a new measure v on K, and prove Theorem
We remark that the contraction ratios of Ty, Ty, T are p?, p3, p?, respectively.

0 1 0 1
Sp / \5'1 Ty / Tll \Tg
0 2 P 1 0 p? P 1

(a) (b)

Ficure 1. (a) The IFS {Sp, S1} in (1.10) has overlaps. (b) The auxiliary IFS
{Tv,T1,T>} does not have overlaps.

For convenience, we introduce some notation. Let .7 := {0,1,2} and % := {0,2}. For each
n € N, define

gv=10,1,2}",  Fr={02}", g =J7"  Z:=U %,
n=0 n=0

where 79 and . are defined to be the singleton {}} of the empty word (). For any w =
wiwy - wy € T let Ky = Tw(K) = Ty, -+ Tw, (K) and |w| := n be the length of w. We

use the convention that

Wl =w =w for any word w € 7%,
fw=w---we I then we denote w = w". In [26], they showed that p satisfies the following
second-order identities: for each Borel subset A C K and j € .7,

w(ToT;A) w(ToA)
w(hT;A) | = M; | (1 A) |, (4.1)
w(T>T;A) w(TrA)
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where
1 2 00 1 010 1 0 40
My=-11 2 0], Ml:i 01 0, My=-=-10 2 1
810 4 0 010 810 0 2
This can be used to compute the measure of K, for all finite words w € .7*. For any k£ > 0 and

finite word J = j1ja...jr € JF, let

] 1
chzz[o 1 0]My|1],
1

where M := M;, M;, --- Mj, . In the rest of this section, we denote

ps 1= p/2.

Let —Af be the Dirichlet Laplacian with respect to p|x,, for all finite words w € .7*. Com-

|k

bining Proposition and second-order identities (4.1]), we can obtain the following proposition,
which will be used repeatedly.

Proposition 4.1. Use the notation above. Let w € T* be a finite word (possibly the empty word)
and A > 0. Then

(a) for any finite word J € ¥, we have
D _ 2/J|+3 D
N =A%, ) =N e a8, ).

(b) for any n > 1, we have

N\ =AD  Y=N(p\—-AD ) and N\ -AL —)=N(p '\ -Al ).

Hlgn 1, 1l xyg, 1l Konay, 1l ryg,

Proof. (a) Let J € 9 be a finite word. It is shown in |25, Proposition 2.1(i)] that for any Borel
subset A C K and finite word J € .,

(T A) = cju(TrA).

It follows that |k, ,,, = cjpo Tl_J1 on Kjjiw. Noting that the contraction ratio of T7; equals
p?/1+3 Thus the desired result follows from Proposition

(b) Fix any n > 1. Use the second-order identities (4.1]), we can check that

W(Ton1 A) = 272" u(T1A)  and  p(TgnaA) = 272" (T A).

— 2—2n+1

for all Borel subsets A C K. Then p|gyn,, = 2 2"uo To_nl on Konie and ft]ggn,, RS
(Ton—l Sl)_l on Kgny,, where the fact Tong = Tyn—1.517] is used in second equality. It follows from
Proposition [2.3] that the assertions holds. O

D
K
identities (4.1) to derive a scalar-valued renewal equation for the eigenvalue counting function on

The spectral dimension of —A™ is computed in [32]. Their approach is to use the second-order
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K. And then applying the vector-valued renewal theorem proved by Lau et al. [24], they showed

the spectral dimension ds of —AﬁK is the unique positive solution of

Z Z 2|J|+3 d /2 _ =1, (4'2)

k=0 je g

and there exist positive constants C7,Cs such that CiN%/2 < N(A, —AﬁK) < C9A\%/? for suffi-
ciently large A. Ngai and first author |33 Proposition 5.2] recently proved that the non-arithmetic

(or non-lattice) case holds for —AﬁK : there exists constant C' > 0 such that
1

N\, —AD )= C)\ds/Q(l +0(1)) as A\ — oo. (4.3)

By )

Together with the scalar-valued renewal equation and the error estimates obtained in [32, section
5], it yields

N, -AD )= (ZZ 21143, ds/2>Ads/2<1+o(1)) as A oo (4.4)

n=0Ie gy

for all finite words J € . (possibly the empty word).

We now introduce a measure v on K by repeated subdivision as follows. First, define

V(K1) =C, v(Kinw) = (p?1"3e))%u(K,), and v(Kj) = ZZ (K1) — (45)
n=0TIc.7;"

for all finite words J € 7* and w € 7%, where C comes from (4.3). We remark that the value of
v(K1w) is well-defined for all finite words w € .7, since

T = J{Jw:Je Ffwe g 0<i<n—1} foralln>1.
Let ¢(z) = —z + 1. For any finite word w € 7%, there exists a unique w, € 7%l such that
P(Kow) = Koo, -
By symmetric of u, we have p|x,, = po gp_l on Ky, which, by combining Proposition implies

N\, —ADP

D
N(A, —-A o)

i, ) = N( for all A > 0.

Second, define

V(KO”Iw) = p:}dslj(Klw), V(KQan) = V(KQ"Ow) = p&n_l/z)dslj(Klw),
o]

UKpn) =Y (V(K0n+k1) + V(KOWQ)), and (4.6)
k=0

V(KQw) = V(KOw*)

for all n > 1 and finite words w € .7*. Note that the value of v(Kj,) is well-defined for all finite
words w € J* and i € 9, and
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V(Eon) = () = 3 (p" % 4 g Yy () = 0p T (0 i)
k=0
Final, define
I/(K) = V(K()) + V(Kl) + I/(KQ).
Consequently, we can define
V(A) = inf{ Y u(Kw):AC | Ko AC y*} for all A C K. (4.7)
weA weA

We remark that v is a well-defined measure on K (see Proposition [4.6 below for details). Moreover,

1 and v have the same symmetric.

In order to prove Theorem (a), we divide .7 into two parts, namely,

{lw:weﬂn,nZO} and U {iw:wEﬁ",nEO}.
i€

We begin with the first case.
Lemma 4.2. Use the notation above. Let v be given as (4.7). Then
N(A, AﬂKl ) = V(Klw))\ds/Q(l +0(1)) as A\ — 0o,

for all finite words w € T* (possibly the empty word).

Proof. We use induction. In view of (4.3|) and (4.5), we observe that

N(A, Au\K )= ’/(K1>)\ds/2(1 +0(1)) as A — oo.
Assume that
N =AR ) = v(Eiw)A (1 o(1))  as A = oo, (4.8)

for all w € U, 77, where n > 0. Let w € 7" If w € F"™, then ([@.4)) and (&.5) imply
N =AL ) =v(Ei) X2 (L+o(1))  as A — oo, (4.9)
On the other hand, if w € 7"+ \ 90"“, then there exist J € ;" and 7 € 7 such that w = J17.
It follows from Proposition and the assumption (4.8)) that as A\ — oo,
N(\, —AP N, AH‘K ) =N 214360, AMK )
- (pZIJH%J)“’S/%( Kir)A%2(1 4 0(1)) = v(Kiir) A2 (1 +0(1))  (4.10)
= v(K1)X%/2(1 4 o(1)),

where fourth equality follows from (4.5)). Combining (4.9)) and -, we have ( also holds for
all w € 7"+, By induction, the desired result follows. ([l

Ky, ) =
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We now turn to consider the case: (J;c 7 {iw twe I n > 0}. To end this, we first develop a

lemma, which shows an asymptotic behavior of eigenvalue counting function on Ky and Kbs.
Lemma 4.3. Use the notation above. Let v be defined as in (4.7). Then

N, —AD Y= v(K)XE2(1+0(1))  as A — oo,

/"“K )

foralli e 9.

Proof. By the symmetry of measures p, v, and {Ti}%zo, it suffices to show that

N, -AD )y = u(Ko) =2 (1 +0(1))  as A — .

plrg )

Using second-order identities (4.1)) again, we can deduce that u(Tyn1A) = 272"u(ThA) for all
A C K and n > 1. It follows from Proposition [2.3] that

N\, —AD )= N(p?"\,—AD ) forall A >0, we 7" and n > 1. (4.11)

N|K0n+1 M|K

Let Py, := {Kpip : £ € {1,2},1 < i < n} U{Kgu+1} for all n > 1. We remark that (Py,),>1 is a
sequence of partitions of K. Propositions (b) and (4.11)) imply

NOL-AD ) =3 (N SO )N A m))+N(A AL Ve
=1
B ( (pa'A, AMIK )+ N(p ™A, AM\K )) + N (e, AM\K) (4.12)

=1

= 3 (NN -AD) + N(ETIA AR ) + (P, )
i=n+1

for all A > 0, where 0 < €(P,,A) < 4n. Since the first eigenvalue of —AD‘ is positive for all

¢ € {0,1}, there exists A\g > 0 such that N (], —A;?‘K ) =0 for all A < Ao and all £ € {0,1}. For
4

A > 0, ny is the smallest integer such that
pznA_IA < Ao.

Letting n = ny in (4.12)). Then the second term and third summation in (4.12)) vanish and thus we
get

N(A, AﬁKO) :i( N(p2N, AMK )+ N(p2 1, AMK )) +€(Pp,, ). (4.13)
i=1

It is easy to check that (P, ,\) = 0o(A%/2) as A — co. Combining it with Lemma (4.13]) and
(4.6)), we have as A — oo,

(
(

Mg

N\, —AD (ol v (K + P (k) ) A1+ o(1))

Bl )

-
I
—

I
,Mg

-
I
_

(v(Koir) + v(Eg)) )X/2(1 + 0(1)) = w(Ko)X*/2(1 + o(1),
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which completes the proof. O

Lemma 4.4. Use the notation above. Let v be defined as in (4.7)). Then as A — oo,

N, —AL ) = p(Kiw)A/2(1 + o(1))

MIKiw

for alli € F and finite words (possibly empty word) w € T*.

Proof. Similarly, by symmetry, it suffices to show that as A — oo,

N\ —AZ ) = v(Kow)A%/2(1+0(1))  for all finite words w € T*. (4.14)

H|K0w

Lemma tells us that (4.14) holds for all w € F°. Assume that

N, —AD )y = v (Kgu) M2 (1 +0(1))  as A — o0, (4.15)

N'Kow

for all w € Uiy 7 i where n > 0. Let w € 7. It follows from Proposition and Lemma
that

_AD . 2y _AD _ ds ds/2
N =) = Nod =8 ) = v (Kiw) AP (1 4 o(1)) (4.16)

= I/(K{)lw))\ds/2(1 +0(1)) as A — 00,
and

. B _\D 42 ds/2
NS =B ) = Nl =8y ) = o v (Kiw) A2 (1 + o(1)) (4.17)

= v(Ko2w) A\%/2(1 + 0(1)) as A — oo.

where the facts I/(me) = pbv(Ky,,) and V(K()Qw) = pffs/21/(K1w) are used in the last equality

of (4.16)) and (4.17)), respectively. On the other hand, using (4.11]), (4.15) and the fact v(Koo,) =

p%v(Koy), we can obtain

N A7 )= NpIx —A0, ) = plv(Kow) X214+ o(1) (4.18)

= v(Koow) A%2(1 +0(1))  as A — oc.
Hence, by combining (4.16)), (4.17) and (4.18)), we have (#.15)) also holds for all w € .7+, Conse-

quently, the assertion holds by reduction. O
The following lemma is a directly result from Proposition Lemmas 4.2 and [4.4]
Lemma 4.5. Use the notation above. Let v be defined as in [@.7). Then N(\, —AL ) = v(K)\%/? (1+

mlx
o(1)) as A — oo.

Proof. We first remark that P := {K, : £ € .7} is a partition of K. Then Proposition Lemmas
and imply that
NOL-AL) = SINO-AR ) e = (3 w(E)) X (1 4 o(1))
es es
= v(K)A5/2(140(1))  as A — oo,
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where 0 < ¢(P,\) < 4. O

We now show that v given in (4.7) is a well-defined measure on K.

Proposition 4.6. Use the notation above. Let v be given by (4.7). Then

(a) V(Ky) = 2567 v(Kye) for all finite word w € T*.
(b) max {v(Ky,) :w € I"} =0 as n — oo.

Consequently, v is a well-defined measure on K.

Proof. (a) Let w € 7" be a finite word. Since P := {K,¢ : ¢ € 7} is a partition of K,
Proposition implies that

N -ALL) =Y N\ AflKe)—ke(P,)\)
e

for all A > 0, where 0 < ¢(P,\) < 4. Letting A — oo. It follows from Lemmas and that
V(Ko) = pcq V(Kup), which completes the proof.

(b) Combining (4.5)) and (4.6)), it suffices to show that
max {v(Kj):J € '} =0 as n — oo. (4.19)

Using (4.5) again, we can deduce

> v(Kyy) = CZZZ (P23 )ds/2 — CZZ (T3¢ yde/2

Jegy JeT k=0 [ Tk k=n 1e 7}

for all n > 0 and J € J". It follows from (4.2)) that EJeyon v(K15) = 0 as n — oco. Thus (4.19)
holds, which completes the proof. ]

Now we prove Theorem

Proof of Theorem|[1.6, (a) Combine Lemmas u n and [4 ﬂ, and Proposition

(b) Let Py, = {K., : w € I} for k > 0 and v be defined as in (£7)). Using Proposition (b)
and definition of v, we deduce that a sequence of partitions (Pj)r>o of K is refining with respect
to v. Combining it with part (a) and Remark [2.4] we have Assumption [I.2] holds. Thus the desired
result follows from Theorem [1.3{(a). O

5. M-FOLD CONVOLUTION OF CANTOR-TYPE MEASURES

Let {S;}7, and p := pi,, be defined as in ([1.13)) and (|1.14]) respectively, with m > 3 being an odd
integer, and let K := [0,m]. Let {T;}7," be the auxiliary IFS defined as in (L.15) (see Figure [2| for
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the case m = 3). In this section, we introduce a new measure v on K, and then prove Theorem

0 3 0
b'g/ 51/ \Sg \93 Ty / T—ll \TQ
0 1 2 3 0 ! 2 3
(a) (b)
FIGURE 2. (a) The IFS {S;}?_, in (1.13) with m = 3 has overlaps. (b) The
auxiliary IFS {7;}2_, does not have overlaps.

For convenience, we introduce some notation as before. Let
7 :={0,1,...,m — 1}, T :={0,m — 1}, T =A{1,...,m—2},

and for each n € N, let

n=0

T"={0,1,....m—1}",  Fr={om-1y", T =7 F=%,
n=0

where 7Y and 7 are defined to be the singleton {}}} of the empty word. For w = w; -+ wy, € T,
we use the notation K, := T, o--- 0T, (K) and |w| := n be the length of w. We use the

convention that
wh = 0w =w for all finite words w € J*.

fw=w-we.J" then we denote w = w". For i, j, k € 7, we define
(i)_{Pe if 3 ¢ € [0, m] such that i + mj — (m — 1){ =k,

a., = .
3.k 0 otherwise,

where {p¢}}’, is given as in (1.14]). For 0 <4 < m — 1, let M; be the matrix

m

R B C)
M = [akz—lvf—l}wzl '

In particular, if m = 3, then

po 0 0 0 po O p1 0 po
My=10 pr O, Mi=|p2 O pi|, Ma=1]0 pa O
ps 0 po 0 p3 O 0 0 p3

It is shown in [26] that p satisfies the following second-order identities with respect to the IFS
{T;}im,*: for all Borel subsets A C K,

w(ToT; A) w(ToA)
: = M; : . (5.1)
(T TiA) (T—1A)
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For simplicity, we shall use the notation
i=m—i—1 for all 1 € 77,

throughout the rest of this section. We remark that ¢ € 7} if and only if ' € 7. For any integer
i€ .7 and word J = j; --- jp € ¥, where k > 0, define

cig = |[piy1 pi) Ps [po] ;
Pm
where Py := Pj, --- P

Jk>

Po 0 P1 Do
Py = , Pp_1:= .
0 |:pm pm1:| m—1 |:0 pm:|

For any finite word w € 7, let —AﬁK be the Dirichlet Laplacian with respect to p|x,, .
We first state two propositions, which will be used.

Proposition 5.1. Use the notation above. Let i € 1, w € T* be a finite word and A > 0. Then

(a) for any j € T\ {i'}, there exist some p(i,j) € {pi,pix1} and h(i,j) € T such that

N(), —AP ):N(p(;;j)/\,—AD ).

“'Kijw “'Kh(z‘,j)u
(b) for any ¢ € F and finite word J € J", we have

Ci,J
N()‘7 _Al?lK. ) - N(W)\’ _A/aKew).

ii! Jbw

Proof. (a) [26, Proposition 4.3]) tells us that for any Borel subset A C K, we have

pit(Tj4iA) if0<j<d,

e } 5.2
Piv1p(Tj—ir A) if i <j<m-—1. (5:2)

w(TijA) = {

We remark that j +i € 77 if 0 < j < 4'; while j —4i' € 7 if i’/ < j < m — 1. Combining it with
Proposition and ((5.2)), the desired result holds with

o pi ifo<j<d, o Jj+i if0<j<d,
p(Za]): ' ap el . and h(Za]): . . o o .
Di+1 ifi' <j<m-1, j—1 ifi' <j<m-—1.

(b) Let £ € 71 and J € 7" be a finite word. Lau and Ngai [26], Proposition 4.4] proved that
W(Tiir geA) = ci,gp(TrA) (5.3)

for all Borel subsets A C K. Thus the assertion follows from Proposition and (5.3). ]

Proposition 5.2. Use the notation above. Let w € T* be a finite word, n > 1 and X > 0. Then

N(),—AD ):N((@)”A,—AD )forazzoggm—Land

K gn g, m Hlry,
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n—1

)—N(M)\ —AP w) forall J € F and l € 7.

D
()‘ -A [ J[+n+1 7" mlx,

“'Kon(m 1) Jbw

Proof. Using [26, Proposition 4.2], we can deduce that
1(ToneA) = pou(TeA) (5.4)

for all Borel subsets A C K, ¢ € 71 and J € ;. Thus the desired results hold by combining
Proposition [2.3] and (5.4)). Similarly, we get

1(Ton(m—1y.70A) = P~ co,su(TeA)

for all Borel subsets A C K, J € .7, and ¢ € 97, and then the assertions hold. O

The spectral dimension of —Af‘K also is computed in [32]. They proved that the spectral

dimension dg of —AﬁK is the unique solution of

S (Y Y Y (Gn) o 55

€A €1 k=0 je g}

and for all ¢ € 77, there exist positive constants ci, ¢y such that i \3s/2 < N(\, —AﬁK_) < o \ds/2
for sufficiently large A\ (see |32, section 6 | for details). Furthermore, Ngai and first author in [33,

Proposition 5.4] proved that the non-arithmetic case holds for —AY | i € .7;: there exist positive

mlk;’
constants (C;);ez such that

N, —AD )= 0x%/2(1 4+ 0(1)) as A — oo. (5.6)

MK, )

Together with the vector-valued renewal equations and the error estimates obtained in [32, Section
6], it yields

N\, —AD

i, /J ( Z Z Z Cg( C‘SIJ‘iQ) s/2>)\ds/2(1 +o0(1)) as A — 0o (5.7)

Len k= Oje?k

for all i € 7 and finite words J € ", where, and throughout this section, (C¢)scs come from

(5-6)-

Based on the results above, we now define a measure v on K by repeated subdivision as follows.

First, for any ¢ € 77 and finite word (possibly the empty word) w € 7*, define

v(K;) = Cj;
v(Kijw) == (p(;j))dS/QV(Kh(i,j)w) for all j € 7\ {i'};
V(K jew) = ( TSﬁz)dS/zu(Km) for all finite words J € 7" and ¢ € 73; (5.8)
Kiiy) Z Z Z Kiirgre) for all finite words J € ",

LeN k= 0[€7’€
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where p(i, j) and h(i, j) are given as in Proposition[5.1} and (C;);c % come from (5.6)). It is easy to
check that v(Kj,) is well-defined for all i € .77 and finite words w € .77*, since

9”:%”U{J€w:J€%k,w€5”_1_k,0§k§n—1} for n > 1.
Second, for any n > 1, finite words w € .7* and J € 7", we can define

nds/2
V(Kongw) = (%) v(Kyy) for all £ € 97;

Ci S
V(Ko (1) 7t0) = (%) v(Kp)  forall £ € 7

V(Kon(m-1y7) = Y _ Z > v(Eonm-1)110); (5.9)

LeN k= Oje?k

oo k—1
v(Ko) = ) Z v(Eo) + > D> Y v(Koime1yae);
LeA k=n leN k=n i= OJEgk i—1

Note that the value of v(Kj,,) is well-defined for all finite words w € .7*. By symmetric of y, for any
finite word w € 7", where n > 0, there exists a unique w, € 7" such that (K (n_1)w) = Kow.,
where ¢(z) = —x +m. Since |k, _,, = po o 1 on K(—1)w It follows from Proposition that

N\, —ADP

H|K0w* )

N\, —AD

o ) = N( for all A > 0 and finite words w € .7*.
Km-1)w

Third, we define
V(Kim-1)w) = V(Kiw,) for all finite words w € J*.

Final, define

Consequently, we can define

V(A) = inf{ S w(Ky):AC | Ku A C 9*} (5.10)

weA wEA

for all Borel subsets A C K. We remark that v is a well-defined measure on K (see Proposition

below for details). Moreover, u and v have the same symmetric.

Similarly, in order to prove Theorem [1.7|(a), we divide .7* into two parts, namely,

U {iw:weg"n>0} and [ {iw:0we T n>0}.

€N i€

We begin with the first case.
Lemma 5.3. Use the notation as above. Let v be defined as in (5.10). Then
N =AD ) =v(Kin) A5 (1+0(1)),  as A — o, (5.11)

for alli € 7 and finite words w € T*.
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Proof. We use induction. Comparing (5.6) and (5.8)), we can see that (5.11) holds for all i € .7
and w € 7. We assume that as A — oo

) = v(Kiw)A%/2(1 4 0(1)) foralli € 71 and w € | | 7%, (5.12)
k=0
where n > 0. Let i € % and w € 7. Using Proposition [5.1f(a), (5.8) and (5.12), we have for all
je T\,
p(ihj) D e
N(A, A#\K ) = N( - A, —A ) (by Proposition (a))

ijw Hh i e

N(\, —AD

BlK;,,

' 5/2
- (p(”)) v (Enijyo) /2 (1 +0(1)) (b the fact h(i,j) € i and §13)) 13
m
= v(EKijw)X*P(L+o(1))  as A — oo, (by (B-3))
where p(i,7) and h(i, j) are given as in Proposition If w e ", then and (5.8) imply

N =ALL) = v(Eipo) AP (1+0(1))  as A — oo. (5.14)

On the other hand, if w € 7™\ 7", then there exist finite words J € J*, 7 € I and j € 7
such that w = Jj7, and thus it follows from Proposition (b), (5.12) and (5.8)) imply, as A — oo

N, —A N, AMK“,MT):N( GJ_y\ _AD

mlJH_Q 'U"Ké‘r>

C; 3/2
= () e X214 o1)

= V(Kii’JZT))‘dS/2(1 + 0(1)) ( i’ w))‘d /2( (1))7

which, together with (5.13) and (5.14)), yields N (A, A/?I ) = v(Kiw)A%/2(1 + 0(1)) as A — oo

for all words w € Z™*!. This proves the Lemma by induction. O

#|K/)

We now turn to consider the case: (J;c 7 {iw rwe I n > 0}. To end this, we first develop a

lemma, which shows an asymptotic behavior of eigenvalue counting function on Ko and K,,_1.

Proposition 5.4. Use the notation as above. Let £ € Z1. Then for anyn > 1 and A > 0,

Sy wo, i) =

1

3
|

(]

N () -an, )

plx
m Y4
k= Ojeyk k=0
n—1k—1 pic
0¢0,J D
+ Z N<mk+1 A, AM|K£)
k=1 1=0 Jeyk i—1

Proof. Combine Propositionand the fact JF = {0/(m—1)J: 0 <i<k-1,J € %k_i_l} U{o*}
for all k£ > 1. OJ

Lemma 5.5. Use the notation as above. Let v be given by (5.10). Then as A — oo,

N(X, AMK)— V(K)AE2(1 4+ 0(1))  for alli € .
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Proof. By symmetry of the measures p, v and {Ti}?gl, it suffices to show that

N, —AD )y = p(Ko)A%/2(1 + o(1)) as A\ — oo.

BlKg )
For any n > 1, we have

P, :={Koy:JeZ0<k<n—1te A} J{Kos:Je T}

is a partition of K(. Thus Propositions 2.5 and [5.4] imply

()\ AM|K )
= ZZ DoONOAL )+ Y NOG-ALL )+ e(Py )
e k=0 je gk Jeg
n—1k—1
pO k+1 DPoCo,J
—ZZN( RS IS DD N(n‘;km —AR )+ 2
(e k=0 (T k=1i=0 je k=it (5.15)
k—1 i
po k+1 PpCo,J
=2 ZN( RS >y V(BB —af, )
e k=0 LeP k=11=0 jcgk—i-1
0o k—
Po\k+1 p €o,J
I I(CIRPETCIEDS ZZ > N(BEEA AL ) + 20
26,71 k=n 4671]? n 1=0 Je,%k_i_l

for all n > 1 and A > 0, where 0 < ¢(P,, \) < 2#P,, and

z(n, M) = > N(A, AMK )+ (P, A).
Je%’n

Since the first eigenvalue of —AP is positive for all £ € 7, there exists A9 > 0 such that

N‘[

N(A, _A;?IK ) for all A < A\g and all £ € Z7. For A > 0, n is the smallest integer such that
4

Z‘C . =
)\maX{:fnf_’i_Jl 20§l§nA—1,JG%nA ) 1}<)\O~

Letting n = ny in (5.15). Then the third and fourth summations in (5.15|) vanish, and thus we get

M|K Z ZN( po k+1>\ A/ﬁ}q)

e k=0
oo k—1 (516)

DI IS N<p0iii]>\ —AD )+ 2N,

(€T k=1 i=0 jc gh—i-1

Similar to that proof of |32, Section 6], we can check that z(ny, A) = o(A%/2) as A — co. Thus by
applying Lemma and (5.16)), we have as A — oo,
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NO-AR =2 ()T Y (B0I) )oK 2(1 4 0(1))
e k=0 k=1i=0 jegk-i-1
[e%S) oo k—1
DI OILTENEDS V(K moyge) ) A%/2(1 + (1))
3691 k=0 k=1 1=0 Je%kfzfl
= v(Ko)A®/(1+ o(1)),
which completes the proof. O

Let J € * be a finite word. Similar to that proof of Lemma we can show that

N, AﬁKO( - Z Z Z ( C\?f}]l{&-Q)\ A#|K ) +O()\d8/2)

e k=0 [c gk

-y Z 3 ( C&}ﬁg) T KA1 + o(1))

LeT k=0 [e Tk (5.17)

- Z Z Z v(Ko(m-1) 7100 A2 (14 0(1))

e k=0 [eyk
= Z/(Ko(m_l)J))\ds/Q(l +o0(1)) as A\ — o0,

where equation (5.9) has been used in second and third equalities.

Lemma 5.6. Use the notation as above. Let v be given by (5.10). Then

N\, —A v(K)A%/2(1 4 o(1)) as A — 0o,

.“"K)
Proof. Since P := {K; :i € '} is a partition of K, Propositions implies

— Z N\, —Aﬁw) + €(P, ),
les

where 0 < ¢(P,\) < 2m. Thus the assertion follows from Lemmas and O

Lemma 5.7. Use the notation as above. Let v be given by (5.10). Then as A — oo, we have

N\, _AD ) = y(Kw))\ds/z(l +0o(1)) for alli € F5 and finite words w € T*.

#|KW

Proof. Similarly, it suffices to show that as A — oo,

N, —AD ) = 0(Kow)A%/2(1 + 0(1)) (5.18)

H|K0

for all finite words w € .J*. Lemma tells us that (5.18) holds for all w € .7°. Assume that as
A — 00, we have

N -AD, )= v(Kow)X*?(1+0(1))  forallwe | JT*, (5.19)
k=0
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where n > 0. Let w € . Proposition Lemma and (5.19) give as A — o

N\, —AD

H\KOW

p Po)ds/2
) a N( 0)\ AMKJw) - (%) V(Kjw))‘dS/Q(l + 0(1))
= v(Koju)\2(1 4+ 0(1))  forall 0<j<m—2,

(5.20)

where equation (5.9)) was used in the last equality. If w € ", then it follows from (5.17) that

N\, —AD ) = V(Kom-1)w)A*2(1+0(1))  as A — oc. (5.21)

“'Ko (m—1)w

On the other hand, if w € ™\ 7", then there exist finite words J € J*, 7 € " and j € 7
such that w = Jj7. Thus Proposition and Lemmas imply that for any w € 7"\ 9",

D D N Co,J
()\ A'“|K0m 1)w) ()\ A“"Ko(m l)Jj'r) o N(m\JH‘Q)\ AMK )
co,j \%s/2 :
= ()" N o) (5.22)

= V(Ko(m_l)w))\ds/Q(l +0(1)) as A — 0o,
where equation (5.9) was used in the last equality. In view of (5.20)), (5.21)) and (5.22)), we have
(5.18) holds for all w € ™+, By induction, the lemma holds. O

Using Proposition Lemmas and we can deduce that v is additive (see Proposi-
tion [5.8|(a) below).

Proposition 5.8. Use the notation as above. Let v be given by (5.10). Then

(a) V(Kw) =Y peq V(Kup) for all finite words w € T*.
(b) max {v(Ky):we I} =0 asn — oo.

Consequently, v is a well-defined measure on K.

Proof. (a) Let w € 7* be a finite word. Since P := {K ¢ : £ € 7} is a partition of K,
Proposition implies

D
N, -AD, )= =Y N\ -Af ) e
Les

for all A > 0, where 0 < ¢(P,\) < 2(m — 1). Letting A — co. Then Lemmas and imply
V(Ko) =Y peq V(Kue), which completes the proof.

(b) By the definition of v(Ky,), it suffices to show that
max{u(KM-/J) e A, Je 90”} — 0, asn— oo. (5.23)

It follows from (j5.5)) that the series

S ()t

€71 k=0 Je TF
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is convergent, which implies, using ([5.8)) again, that

Y Y k)= Y (Y () )

i€ JeI i€ JETY LeET k=0 [c g}

ST Y Y ()

€N LET k=n [c T}

O () 0

i€ k=n IE%’“

where C' = m - max{C;,i € 71}, and (C;);cz comes from (5.6). Hence, (5.23]) holds. This proves
part (b). O

Now we prove Theorem

Proof of Theorem[1.7}. (a) Combine Lemmas and Proposition

(b) Let Py, = {K,, : w € 7%} for k > 0 and v be defined as in (5.10]). Using Proposition (b), we
can deduce that (P})x>0 is refining with respect to v. Combining it with part (a) and Remark

we have Assumption holds. Thus the assertion follows from Theorem (a). O
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