ON STABILITY CONDITIONS FOR THE QUINTIC THREEFOLD

CHUNYI LI

ABSTRACT. We study the Clifford type inequality for a particular type of curves Cs 2 5, which are
contained in smooth quintic threefolds. This allows us to prove some stronger Bogomolov-Gieseker
type inequalities for Chern characters of stable sheaves and tilt-stable objects on smooth quintic
threefolds. Employing the previous framework by Bayer, Bertram, Macri, Stellari and Toda, we
construct an open subset of stability conditions on every smooth quintic threefold in P&.
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1. INTRODUCTION

The notion of stability conditions on a triangulated category is introduced by Bridgeland in
[BriO7]. The existence of stability conditions on three-dimensional projective varieties, and more
specifically on Calabi-Yau threefolds, is often considered as one of the biggest open problem in
the theory of Bridgeland stability conditions in recent years. In series work of [BMT14,BBMT14,
BMS16], the authors propose a general approach towards the constructions of geometric stability
conditions on a smooth projective threefold. The construction involves the notion of tilt-stability
for two-term complexes, and the existence of geometric stability conditions relies on a conjectural
Bogomolov-Gieseker type inequality for the third Chern character of tilt-stable objects.

Stability conditions are only known to exist on few families of smooth projective threefolds:
Fano threefolds [Mac14,Sch13,Li19a,Piy16,BMSZ17], Abelian threefolds [MP15,MP13,BMS16]
and Kummer type threefolds [BMS16]. The smooth quintic threefolds will be the first example of
strict Calabi-Yau threefolds that has geometric stability conditions. One need to be cautious that
the original conjectural Bogomolov-Gieseker type inequality in [BMT14] does not hold for all
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threefolds, counterexamples for the blowup at a point of another threefold has been constructed
n [Sch17, MSD17]. However, due to the flexibility of the construction in [BMT14] as well as
the work [PT19], modified Bogomolov-Gieseker type inequality will still imply the existence of
stability conditions on such threefolds.

In this paper, we prove the following Bogomolov-Gieseker type inequalities for the second
Chern character of slope stable sheaves on smooth quintic threefolds:

Theorem 1.1 (Theorem 5.5). Let F' be a torsion free pg-slope semistable sheaf on a smooth

quintic threefold (X, H). Suppose Ig%kl((g [—1,1], then
H? chy (F
=3 [H? e (F). when | ey | € 10,3
H? chy(F
H chy(F) < { §|[H2chy(F)| = §rk(E), when |Z-0100 ) e 3, 3);
H2chy (F
3|H? chy(F)| —51k(E), when WI((F)) €[2,1].
The ‘=’ can hold only when %C}lil‘ € 7. Moreover, when %‘ € 0,751 U[55, 1], we
have the following stronger bound: H chy(F') < ;’% ’HQ chy ( )|
In a special case that when % = 2, we have A(F)H > 1.25rk(F)?, which is a slightly

weaker inequality than that in [Tod17, Conjecture 1.2]. In particular, it implies the rank 2 case as
that in [Tod17, Proposition 1.3].

Theorem 1.1 implies [BMS16, Conjecture 4.1] for smooth quintic threefolds with a little con-
strain on the parameters («, ), for which we will review in the next few paragraphs.

Theorem 1.2 (Theorem 2.8). Conjecture 4.1 in [BMS16] holds for smooth quintic threefolds when
the parameters satify o* + (8 — [ 8] — 1)* > 1.

Employing the framework in [BMS16, BMT14, PT19], Theorem 1.2 allows us to construct a
family of Bridgeland stability conditions on the bounded derived category of coherent sheaves
on each smooth quintic threefold. To give the accurate statement, we introduce some notions
from [BMT14, BBMT14, BMS16] and briefly summarize the construction of stability conditions
on a quintic threefold.

Stability conditions on smooth quintic threefolds: Let (X, H) be a smooth quintic threefold
with H = [Ox(1)], let D®(X) be the bounded derived category of coherent sheaves on X. As
shown in [Bri07, Proposition 5.3], a stability condition on D®(X) is equivalently determined by a
pair 0 = (Z, A), where the central charge Z : Ky(A) — C is a group homomorphism and A C
DP(X) is the heart of a bounded t-structure, which have to satisfy the following three properties.

(a) For any non-zero object E € A, its central charge Z([E]) € Rsq - (%177,
This allows us to define a notion of slope-stability on A via the slope function

Re Z([E])

vy (E) = “Tm Z(E)’
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(b) With respect to the slope-stability v,, each non-zero object £ € A admits a unique
Harder-Narasimhan filtration:

O=FCFEC---CE,=F

such that: each quotient F; := E;/FE;_1 is u,-slope semistable with v,(F}) > v,(F3) >
> Up(Fy). We set vf (E) = v,(Fy) and v, (E) = vy (Fp).
(c) (support property) There is a constant C' > 0 such that for all semistable object £ € A,

we have ||[E]|| < C'|Z([E])|, where || - || is a fixed norm on K((X) ® R.
Under the framework of [BMT14,BBMT14,BMS16], the heart A of the stability condition is con-
structed by ‘double-tilting” Coh(X'). Denote p 7 as the slope stability on Coh(X'). For any object
E € Coh(X), let uf;(E) (u7(E)) be the maximum (minimum) slope of its Harder-Narasimhan
factors. The first tilting-heart Coh™ (X') ¢ D?(X) with parameter § € R is the extension-closure
(T3,1, Fm,p1]), where

i = {E € Coh(X)|u (B) > B} Fiu = {E € Coh(X)|ufy(E) < B.

Given o € R+, we may define the tilt-slope function for objects in Coh?H (X) as follows: for
an object E € Coh™(X), its tilt-slope function is defined as

HCth(E)_%HB ho(E) * \when H2 ch’BH(E) > 0;
(1) V&)BvH(E) = HQCth(E) ’ 1 ’
=0.

+o00, when H? ch?H(E)

The explicit formulas of twisted Chern characters ch? H are given at the beginning of Section 2.
The heart A%#H (X)) C Db(X) is defined as (7 5.1 Fopall]), where

api = 1F € COhﬁ’H(X”V&_,ﬁ,H(E) > 0}
Flgu = {E € Cob ™ (X)|F, 1 (E) <0}

The central charge on A%%H (X)) is defined as that in [BMS16, Lemma 8.3]:
2
) 204 = (—chy +oH ehy™ +aH? h™) v i(H ) —%H3 cho).

As a corollary of [BMS16, Conjecture 4.1] employing the framework in [BMT14, BBMT14,
BMS16], the construction above offers us a family of stability conditions.

Theorem 1.3 (Theorem 1.2, [BMS16, Theorem 8.6, Proposition 8.10]). There is a continuous fam-
ily of Bridgeland stability conditions JZ’% oy (ZZ’% 1 (X), A%BH (X)) on each smooth quintic
threefold (X, H), parameterized by the set (o, 3,a,b) € Ryg x R x Rsg X R such that
1 1 21
o®+ (8- 8] —5)2> 7 and a > %+§]b|a.
This family is a slice of the a\zg(R)—action on an open subset of the space of stability conditions
on D*(X).
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The mirror family of X is parameterized by the stack M g, which is called the stringy Kahler
moduli space of X:

M = [{ € Clp° # 1} /pus] .

Here the generator of u5 acts on C by the multiplication of ¢’5". Based on the papers [AspO5],
[Bri09, Remark 3.9] and [Tod17], it is expected that there is an embedding from the stringy Kiahler
moduli space to the double quotient:

I: Mg — [Aut(D®(X)) \ Stab(X)/C].

We refer readers to [Asp05, Section 7.1] and [Tod17, Section 3] for more detailed discussions
and predictions on the formula of centrals charge and heart structures. Under this embedding, the
images of (the neighbourhoods of) three special points are of particular interests:

o the large volume(radius) limit at the point ¥ = o0;

e the conifold gap point at the point 1° = 1;

o the Gepner point the point 1) = 0.
Up to the actions by Aut(D’(X)) and C, the images of the neighborhood of the large volume limit
are expected to be expressed by geometric stability conditions with predicted central charge:

t2 5t3
Zpaa = (= by + 5 H? ™) +i(tH chy"! = H® chy),

where 3 € R and ¢ > 0. Scaling the imaginary part of (2) by ¢,letb =0, a = % and o = \/Tﬁt;
we get all such central charges for ¢ > 1. In particular, the space of stability conditions constructed
in Theorem 1.3 contains a neighbourhood of the large volume limit.

Up to the actions by Aut(D’(X)), the limit of central charges near the conifold gap point is
expected to satisfy Z(Ox) = 0. Note that in (2), one may let 5 = 0 and o — 0 so that the kernel
of the central charge will tend to the character of Ox. In particular, the space of stability conditions
constructed in Theorem 1.3 contains parts of the neighbourhood of conifold gap point.

The image of the Gepner point is expected to be represented by a stability condition that is fixed
by the action (STp, o ®O(H), —%) By [Tod17], to construct such a stability condition, we prior
need a Bogomolov-Gieseker type inequality which is ‘slighly’ stronger than that in Theorem 1.1.

We hope to prove this better bound in some future projects after introducing more techniques in
the paper [Li19b].

1.1. Organisation and Approach: The logic flow of the proof is as follows:
@ Proposition 4.1 ? Theorem 5.5 ? Proposition 3.1 :>Theogm 32, Theorem 2.8.

Each statement above is an inequality for characters of certain semistable objects. Each * —~’
only relies on the previous inequality but not relates to the arguments for that inequality. The
argument in (I) follows the technique in [BMS16, Section 5], it is also originated from the idea in
[Mac14, Section 2.2]. Naively speaking, by () we may reduce the inequality for stable objects with
respect to every tilt-slope functions to a single type: the so-called ‘Brill-Noether’ stable objects.
The mainstream of the argument in ) is to follow the technique developed for Fano threefolds
as that in [Lil9a, Piyl6, BMSZ17]. However, in the Calabi-Yau threefold case, we don’t have
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some of the Hom vanishings as that in the Fano threefolds case. Instead, we need to estimate the
hom(QOx, E) for Brill-Noether stable objects. The original idea for this estimation via stability
conditions, as far as the author knows, first appears in [Bay16] which reproves the Brill-Noether
generality of certain curves on K3 surfaces as that in [Laz86]. The estimation for hom(Ox, F)
necessarily relies on a stronger Bogomolov-Gieseker type inequality for the second Chern character
of slope stable objects, which is the statement of Theorem 5.5. In addition to Proposition 4.1, the
argument in (3) relies on two techniques: the deformation of stability conditions and Feyzbakhsh’s
restriction lemma. A similar deformation argument has been used in [Lil9a] for the case of Fano
threefolds with index one. The restriction lemma first appears in [Fey16], where the author shows
the stability of vector bundles on curves restricted from a K3 surface. More details about the
restriction technique via stability conditions appear in Feyzbakhsh’s thesis. The argument 3) can
produce more Bogomolov-Gieseker type inequalities for the first two Chern characters for several
other varieties. Some results focused on this direction will appear soon in [Li19b]. @ Proposition
4.1 is the Clifford type bound for the dimension of global sections of stable vector bundles on
curves Ca 2 5, the complete intersection of two quadratics and a quintic hypersurface in P As
a topic of its own interest, several general results on the Clifford type bound for curves can be
found in [AFO16,LN15,L.N16,LN18, Mer02]. It is pity that none of the results mentioned above
fit in our situation since we need the sharp bounds at some critical slopes p = 5, 10, 30 and 35.
Based on the idea in [Fey17], together with Feyzbakhsh, we develop our own methods to estimate
the Clifford type bound for curves supported on K3 and Fano surfaces via stability conditions
in [FL18]. Especially for this case, we think C2 2 5 as a curve on a degree four del Pezzo surface.
More introductions about the technical details in @) can be found in [Fey17,FL18].

We organize the paper slightly different from the logic flow. Section 2 is to fix some notations
and to collect some lemmas and tools that will be useful in every other section. In section 3, we
assume the result in Theorem 5.5 and directly prove our main Theorem 2.8. We make this arrange-
ment since the arguments in this part are more well-established, also we would like to convince
the reader that a stronger Bogomolov-Gieseker type inequality for the second Chern character of
slope stable sheaves will imply Bogomolov-Gieseker type inequality for the third Chern character
of tilt-stable complexes at this early stage. Section 4 is devoted to proving the Clifford type bound
for the dimension of global sections of a stable vector bundle on the curve Cz 2 5. This section
involves a certain amount of computations. As for the convenience of the readers, there is no harm
to skip these details first. Section 5 is to proof the stronger Bogomolov-Gieseker type inequality
for the surfaces S 5 based on the inequality in Proposition 4.1.
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Sheldon Katz, Emanuele Macri, Laura Pertusi, Benjamin Schmidt, Junliang Shen, Paolo Stellari
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Tian, Chenyang Xu and Qizheng Yin for their hospitality.
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2. BACKGROUND: TILT-STABILITY CONDITION AND WALL-CROSSING

2.1. Stability condition: notations and conventions. In this section, we review the notion of
stability and tilt-stability for smooth varieties introduced in [Bri07, BMT14,PT19]. We then recall
the conjectural Bogomolov-Gieseker type inequality for tilt-stable complexes proposed there.

Let X be a smooth projective complex variety and H € NS(X)g be a real ample divisor class.
Let the dimension of X be n, in this paper, n will always be 2 or 3. For an arbitrary divisor class
B € NS(X)gr , we will always denote the twisted Chern characters as follows:

BQ
chP = chy = 1k ch? = chy —Bch; +=5 cho

B? B3
ChlB = Chl -B Cho Ch3B = Ch3 —B Ch2 +7H2 Ch1 _? Cho )

In this paper, we are mainly interested in smooth quintic threefold whose N .S(X)g is of rank 1,
we will always assume B = SH for some 5 € R. The up-slope of a coherent sheaf £/ on X is
defined as
H" ! chy () .
i (E) Wo(l}j), when chy(F) # 0;
+o0, when chy(E) = 0.

Definition 2.1. A coherent sheaf F is called slope (semi)stable if for any non-trivial subsheaf
F — FE, we have

pa(F) <(S)pa(E/F).

Each coherent sheaf £ admits a unique Harder-Narasimhan filtration:
O=FyCE,C---CE,=F
such that: each quotient F; := E;/F;_; is slope semistable; and g (F1) > pg(Fa) > -+ >

pr (Ey). We set uj;(E) = pp(F1) and pp;(E) = pp(Fp).
There exists torsion pairs (T3,u, Fp,1) in Coh(X) defined as follows:

73,1 = (semistable E € Coh(E) with puy (E) > B) = {E|uy(E) > B}
Fp.n = (semistable E € Coh(E) with uy (E) < ) = {E|uf;(E) < 8}.
Definition 2.2. We let Coh”? (X)) c D’(X) be the extension-closure
(To.b, Fp,m[1])-
By the general theory on tilting heart in [HRS96], Coh?H (X) is the heart of a t-structure in

DY(X). Given o € R, we may define the tilt-slope function for objects in Coh® (X) as follows:
for an object £ € Coh” (X)), its tilt-slope function

H"=2 chy(E)—aH" cho(E _ H
{ cha (B) —a H™ cho( ), when H" 1chf (E) >

_ H
Hn—=1 /() ’

Va,g,H(E) =
o +o0, when H"~1 cth(E) =

0
0
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Definition 2.3. An object ¥ € CohPH (X) is called v, g g-tilt slope (semi)stable if for any non-
trivial subobject F' < E in Coh® (X)), we have
Vo, 8,0 (F) < (S)va,p,u(E/F).
An object E € DY(X) is called Va,p,H-tilt (semi)stable if E[m] € Cohﬁ’H(X) is vq g, m-tilt
(semi)stable for some homological shift m € Z.
62

The tilt slope stability also admits Harder-Narasimhan property when o > 5-. For an object

E € Coh™P(X) we may write yc‘fﬂ g(E) and v, 5 (E) for the maximum and minimum slopes
of its semistable factors respectively.
We also write the central charge

Zo g (E) = —(H" 2 chy(E) — aH" cho(E)) + iH" " ch}? (E)
for an object E € Coh® (X).

Remark 2.4. The formula v, g p is re-parameterized from the one in [BMS16, Section 4]. Let the
tilt-slope function in [BMS16, Section 4] be V(; B.H> then

Vo8, H = Vi(a24p2) 8.0 — B
In particular, an object £ € Coh?H (X) is V(/X 3 p-tilt (semi)stable (in the sense of [BMS16]) if
and only if v1 2 goy g y-tilt (semi)stable. We use v, 7 as it is more convenient to compare the
2 b b}
slopes of objects via pictures.

Definition 2.5. Let E be an object in D*(X), we define its H-discriminant as
Ay (E) = (H" ' chy(E))? — 2H" chy(E) - H" 2 chy(E).

Theorem 2.6 (Bogomolov Inequality [Bog78], [BMT14, Theorem 7.3.1], [PT19, Proposition 2.21]).
Let X be a smooth projective variety, and H € NS(X )r an ample class. Assume that E is v, g p-
tilt semistable for some o > %BQ, then Ay (E) > 0.

The main goal of this paper is on the following conjectural Bogomolov-Gieseker inequality for
Vq,3,H-tilt semistable objects:

Conjecture 2.7 ([BMS16, Conjecture 4.1] [BMT14, Conjecture 2.7]). Let X be a smooth projec-

tive threefold, and H € N S(X)r an ample class. Assume that E is v, g p-tilt semistable for some
1 2

a > 5% then

B)  Qup(E) = (20— 2)An(E)+4(H by (E))? — 6H? ch?™ (E) chi” (E) > 0.

In this paper, we will prove this conjecture for smooth quintic threefolds with a little assumption
on q.

Theorem 2.8. Let X be a smooth projective quintic threefold, and H = [Ox (1)]. Assume that E
is Vo3, 1-tilt semistable for some o > 382 + 3(8 — |B])(|8] + 1 — B), then the inequality (3)
holds.
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2.2. Recollection of lemmas. Let X be a smooth projective variety and H € NS(X)g be a real
ample divisor class. For an object £ € D°(X), we write

v (E) == (H" cho(E), H" ! chy(E), H" 2 chy(E));
H" 2 chy(E) H™ 'chy(E)
Hncho(E) > Hnchy(E)

Let a, 8 € R be the parameters for tilt-slope functions, unless mentioned otherwise, we will always
assume o > %52.

and pyy (E) == ( ) , when 777 (E) # 0.

Lemma 2.9. Let E € Coh® (X)) be a vy, g, p-tilt stable object for some o > 383, then we
have the following properties.
(a) (Openness) There exists an open set of neighborhood U of («g, Bo) such that for any
(o, B) € U, the object E is v, g p-tilt stable.
(b) (Bertram’s Nested Wall Theorem) The object E is v, g g-tilt stable for any {(a, 5)|ac >
3%} on the line through the points (v, o) and pg(E). More precisely, the object E is
Va,,H-tilt stable for (o, 8) such that the determinant

1 Q B
det 1 (o)) 5o =0.
H" chy(E) H2 che(E) H ch;(E)

The statement also holds for semistable case. Moreover, when X is a threefold,
@ H" ! ch{™ (E)Quy () = H" ' ch*" (E)Qa 5(E).

(b') Let F be an object in Coh”" ™ (X)) such that py(F) is on the line through the points
(a0, o) and pp(E), then vy, g, H(E) = Vaq 8,1 (F'). More precisely, the requirements
on E and F are as follows: both vy (E) and v (F) are not zero and the determinant

1 Qg Bo
det [ H"cho(E) H"2chy(E) H" 'chi(E) | =0.
H"cho(F) H" 2chy(F) H" !chy(F)

(c) (Destabilizing walls) The set {(a, ) € R?|a > %ﬂ2, E is strictly v, g, p-tilt semistable}

is empty or a union of line segments and rays.

Proof. The first and third statements are in [BMT14, Corollary 3.3.3] and also in [BMS16, Ap-
pendix B] with more details. The nested wall theorem is in [Mac12, Theorem 3.1] and [BMS16,
Lemma 4.3]. As for the equation (4), by formally tensoring O(mH ) on E, we may assume that
H"™ 1 chi(E) = 0. The left hand side then can be simplified as:

4BH™ chg H" 2 chy(agH™ chg —H™ 2 chy) — 6380(H" chg)>H" > chs .
This equals the right hand side since the zero determinant implies:
B(OéoHn Cho *Hn_2 Chg) = ﬁo(OéHn Cho *Hn_Z Chg).

Part (b’) is a direct computation by the definition of Ve, ,H - ]
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The following lemma from [BMS16] will be very useful in the technique of deforming tilt-
stabilities. We list it here for the convenience of readers.

Lemma 2.10 ( [BMS16, Corollary 3.10]). Let E be a strictly v, g y-tilt semistable object with
Va,,H(E) # +00. Then for any of its Jordan-Hélder factor E; of E, we have

Ag(E;) < Ap(E).
The equality holds only when vy (E;) is proportional to vy (E) and Ay (E) = Ay (E;) = 0.

Definition 2.11. We call an object E Brill-Noether stable if there exists an open subset Us =
{(e, B)|a® + B* < 6, > 1B%} for some § > 0 such that E is v, g g-tilt stable for every
(a, ﬁ) € Us.

We call an object E Brill-Noether semistable if there exists 6 > 0 such that E is v, o g-tilt
semistable for every 0 < v < 4.

For an object E € Coh®(X), we denote its Brill-Noether slope by

HR72 chy(E) when H" ! chy (E) # 0;

VBN(E) = { H"lchi(E) .
+00, when H" ™" chy (F) = 0.

On may think the Brill-Noether stability condition also as the ‘weak stability condition’ on the
heart CohO’H(X) whose central charge is given by Z = —H" 2 chy +iH" ! ch;. By Lemma 2.9,
an object E with H" 2 chy(FE) # 0 is Brill-Noether stable if and only if it is Vo, 3,H-tilt stable
for some («, 3) proportional to pg(E). The Brill-Noether semistability of E implies that E is
Va,p,m-tilt semistable for some (cv, 5) proportional to pg (E).

Lemma 2.12 ( [Bay16, Lemma 6.5]). Assume that E € Coh®*(X) is Brill-Noether stable. If
vpN(E) > 0, let W C Hom(Ox, E) be a subspace, then the object

can

E = Cone(Ox @ W £ E)

is in Coh® (X) and Brill-Noether semistable.
Ifvpgn(E) <0, let W' C (Hom(E[—1],Ox))* be a subspace, then the object

E' = Cone(E[-1] &% Ox @ W)
is in Coh® (X) and Brill-Noether semistable.

Proof. We prove the case when vpy(E) > 0, the other case can be proved in a similar way. Note
that F is the canonical extension

0—=E—>E—-Ox[1]oW =0

in CohO’H(X). In the case that vpy(E) = +oo, for any > 0, both E and Ox[1] ® W are
Va,0,H-tilt semistable with the same slope +oo. Any extended object from them, especially E,is
also v, 0, -tilt semistable with slope +oo.

We may now assume H" ! chy(E) # 0, then there exists points («, 3) proportional to pg (E
such that o > 332, For any such («, ), both Ox [1] and E are v, g p-tilt stable and v g i (E) =
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Va,8,H(Ox|[1]). Their extension Fis Va,,H-tilt semistable. If FE is not Ve,0,1-tilt stable for suffi-
ciently small € > 0, then the destabilizing quotient object E - Qin Coh%H (X) would necessarily
be v, g, m-tilt semistable with the same slope as v, g 7 (Ox[1]) = vo 5,1 (F). Note that Ox|[1] is
Ve 0, -Stable with slope

Ve0,0H(Ox[1]) = 400 > ve o0 (E) > veon(Q),
we have Hom(Ox[1], Q) = 0. Therefore, we must have Hom(E, Q) # 0.

Since E is v, g g-tilt stable and Q) is v, g p-tilt semistable with the same slope, the object £
has to be a subobject of @ in Coh? (X). Denote the kernel of E — @Q by K. We then have the
short exact sequence

0K —FE/E—Q/E—0
in Coh® (X). By choosing sufficiently small 8 > 0, we have H"~ ' ch; (Q/E), H" ' ch;(K) >
0. Note that E/E ~ Ox[1]®@ W and H* " ch; (Ox[1]) = 0, we must have H"~! ch;(Q/E) = 0.
Since Vo 5,1 (Q/E) = Vag.u(E) = vapn(Ox|1]), we have vy (Q/E) = (H" cho(Q/E),0,0)
and Ag(Q/E) = 0. By [BMS16, Corollary 3.11(c)], both @/E and K must be some direct
summands of Ox|[1]. By the definition of E, there is no non-zero map from K to E. Hence, E is
Ve, 0,m-tilt stable for sufficiently small € > 0. ]

3. PROOF FOR THE MAIN RESULT

The goal of this section is to prove the inequality in Theorem 2.8 with the assumption of The-
orem 5.5. Following the idea in [BMS16, Section 5], we first reduce the inequality for every tilt
semistable objects to Brill-Noether stable objects.

Proposition 3.1. Let X be a smooth projective quintic threefold, and H = [Ox (1)]. Assume that

E € Coh®(X) is Brill-Noether stable and vy (E) € [, 1], then

Qo.0(E) = 4(H chy(E))?* — 6H? chy(E) ch3(E) > 0.

Theorem 3.2 ( [BMS16, Theorem 5.4]). Proposition 3.1 implies Theorem 2.8.

Proof. Suppose Theorem 2.8 does not hold, then by Theorem 2.6, there exists a v, g ;-tilt semistable
object £ € Coh?H (X) violating inequality (3) with the minimum A . Note that the minimum
Ay is by considering all (o, 8) such that o > 182+ (3 — [ 8])(|3] +1— ) and every v, g p-tilt
semistable £ such that Q, g(F) < 0. By [BMS16, Lemma 5.6], we may assume A (E) > 0. We
may also assume H 2 chf H(E) > 0, since otherwise H? ch? H(E) = 0 and the inequality (3) holds
automatically.

Consider the wall W through («, 8) and py (E):

W= {(/, f)|a’ > %5/2; (o, 8"), (o, B) and pr (E) are collinear}.

For any (¢/, ') in W, by Lemma 2.9, the object E is v, g g-tilt semistable. By Lemma 2.9

part (b), we have Q. g (E) < 0. By the assumption that o > £3% + (8 — |B])(|8] + 1 — B),
the wall W contains at least one (o, 3p) such that Sy is an integer.
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2 1
vpN(~®O(H)) =% g vpN = svpn(- © O(—H)) = 1

leEE) o

#0.5,1) ep =1
_1 4
ven(— ® O2H)) = & =

vpn(— ® OBH)) = 1

FIGURE 1. The condition o > 382 + (8 — |3])(|8] + 1 — B) is equivalent to
say that the point (v, 3) is to the right of the dashed lines.

Moreover, we can choose the integer 5y such that
H ch*? (E) [ 1 1]
H? b () 2'2"

Here the integer 3y can be determined by the position of py(F) as in Figure 1. Or more pre-
cisely, the integer (3 is in

2¢ A
1;_113 CE;EE; (chlfl(()( )))2 + + [ % %] ,When ChO(E) O
H2ch((E A
ik Eh(l)EE; + (H%}lig( )))2 +3+[~3.5] whencho(E) <0;
H ch
~ T (B Cth((E)) + [—%, %] ,when chy(E) = 0.

By reseting £ = E(—foH), we may assume 5y = 0. In particular, we may assume that £
is Vg0, m-tilt semistable and Q,0(F) < 0. Suppose E becomes strictly v, o, g-tilt semistable
for some 0 < ag < «, then by Lemma 2.10 and the assumption that A m(E) > 0, for each
Jordan-Hélder factor E;, we have Ay (E;) < Ag(FE). Note that Qu0(E) < Qao(E) < 0.
By [BMS16, Lemma A.6], there exists a Jordan-Hélder factor £; such that Qq, 0(£;) < 0. This
violates the minimum assumption on Ay (E).

Let (a1, 51) be a point on the wall through pg(E) and (0,0) when H chy(F) # 0. By Lemma
2.9, we have Qq, 5, (E) < 0as Quo(F) < Qap(E) < 0. If E is strictly v, g, m-tilt semistable,
then any of its Jordan-Holder factor E; is Brill-Noether stable and has vpy(E;) = vpn(E) €
[—2, 1]. By Proposition 3.1, each factor satisfies Qo,0(E;) > 0. By [BMS16, Lemma A.6] again,

202
we have Qo o(E) > 0.
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If £ is vy, g, m-tilt stable or H chy(E) = 0, then E is Brill-Noether stable. By Proposition 3.1,
we also have Qo o(E) > 0.

In either case, we get 0 > Qq0(E) > Qoo(E) > 0, which is a contradiction. Therefore, under
the assumption of Proposition 3.1, Theorem 2.8 holds. ([l

We now show that Proposition 3.1 can be implied by the stronger Bogomolov-Gieseker type
inequality for the second Chern character of Brill-Noether stable objects.

Proposition 3.3. Theorem 5.5 implies Proposition 3.1.

Proof. Let E € Coh%H(X) be a Brill-Noether stable object, we first discuss the case when
ven(E) € (0, 3]. There exists (a, 3) such that o > 12,0 < 3 <vpn(E) and E is vq g p-tilt
stable. Note that

(0%
Va,s,1(Ox[1]) = 5 < Vo, 3,1 (E).

_ 1
H2chy VBN =3

H3chy L

PH )/
(a, 8) P (O(H))
7 H chy

- VBN = —3
FIGURE 2. The point («, 3) is slightly to the left of the line through O and py (F).

Since both Ox[1] and E are v, g y-tilt stable, by Serre duality, we have
Hom(Ox, E[2 +i]) ~ (Hom(E, Ox[1 —i]))* =0,

for any i > 0. Consider the object E :=Cone(Ox ® Hom(Oyx, E) — E), by Lemma 2.12, Eis
Brill-Noether semistable in Coh®# (X). By Theorem 5.5, the slope Iﬁ%;((g)) cannot be in (—1, 0].
Moreover, either

H?chy(E) _ H?chy(E) ¢ 1 1].
H3(rk(E) —hom(Ox, E))  H3rk(E) 2" 47

&)
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or by Theorem 5.5,

H?ch(E) 1 1 ) 1 o =
————¢c[--,—~]and Hch >——H chi(E) — ~H3rk(E).
) =5 —7 2(E) 1(E) 1 (E)

When (5) happens, we have

(6)

2
@) hom(Ox, E) < rk(E) + 5H2 chy (E).
When (6) happens, we have
2 4
(8) hom(Ox, F) < rk(E) + 5H2 chi(E) + ¢ H chy(E).

Note that H? ch;(E) > 0 and we have assumed that vpx(F) > 0, hence H che(E) > 0 and
inequality (8) always holds.
Since Hom(Ox|[1], E[i]) = 0 for i < —1, we have

X(Ox, E) < hOHl(OX, E)

Substitute this to (8), recall that td;(X) = 0, td3(X) = x(Ox) = 0 and td2(X) = %Hz (as
X(Ox(H)) = 5), by Hirzebruch-Riemann-Roch, we have

5 2 4
chs(E) + 6H2 chi(E) = x(E) < 1k(E) + gH2 chy (E) + =H chy(E).
By multiplying 6 H? chy (E) and cancelling out some terms on both sides, we have:

Qoo(E) 2§(H2 chy (E))? + 4(H chy(E))? — 6 rk(E)H? chy (E) — %H chy(E)H? chy(E)

6 1
©) :gH2 chy (H? chy —H? 1k) + g(7H2 chy —10H chy)(H? chy —2H chy)
1
(10) :21{2 chy (2H? chy —4H chy — H3 1k) + 4(H chy)? + 5(H2 chp)?
1
(11) §H2 chy (5 S 2 chy —H chy —H?1k) + 5(4H2 chy —10H chy)(H? chy —2H chy)
4,3

5( (H?chy)? — H chy H3rk —H? chy H? rk)

(12) + 5(7H2 chy —10H chy —2H3 rk)(H? ch; —2H chy).

B ¢ 0,4).

By Theorem 5.5 and the assumption that vgn (E) € (0, 3], we have “

o When Z2(E) ¢ 11 1) \e have H? chy(E) > 0, H? chy (E) > H3 tk(E) and H? chy (E) =

3 )
VBN(E)};I 01;1(2 () E) >22H chy(E), hence the equation (9) is non-negative.

e When % € [2, 4] by Theorem 5.5, the equation (10) is non-negative.

e When %lj((]f)) € [3,19], by Theorem 5.5, 3 H? chy (E) — H chy(E) — H31k(E) > 0
and vy (E) < 2. Therefore 4H? chy(E) — 10H chy(E) > 0, the equation (11) is non-

negative.
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When Z28UE) ¢ [10 1) by Theorem 5.5, the first term in equation (12) i f
° en ey € (11, 1], by Theorem 5.5, the first term in equation (12) is non-negative.

The term 7H? chy (E)—10H chy(E)—2H3 rk(E) is also non-negative since 2H chy(E)+
2H3rk(E) < 3H? chy (E) by Theorem 5.5. Therefore, the equation (12) is non-negative.

As a summary, when vpn (E) € (0, 3], we always have Qo o(E) > 0.

The same argument applies for the case when vy (E) € [—%, 0). In that case, we will have
Hom(Ox, E) = 0 and we can bound the dimension hom(Ox, E[2]) = hom(E, O[1]) by Lemma
2.12. As pointed out by the referee, we may also consider the derived dual D(E) := EV[1].
By [BMT14, Proposition 5.1.3 (b)], it fits into an exact triangle £ — D(E) — Tp[—1] for a Brill-
Noether semistable object £ € Coh®(X) and a zero-dimensional torsion sheaf Ty. Note that
chi(E) = chy(D(E)) = chy(E) and chy(E) = — cho(E) we have vpn (E) € (0, 3]. Therefore,

Qo,0(E) = Qoo(D(E)) = Qo,0(E) + 6chy(£) chs(Tp) > 0.

As for the remaining case that vpy(E) = 0 = H chy(F), we consider the object E =

can

Cone(Ox ® Hom(Ox,E) — E). If E is Va,0,H-tilt semistable for some o > 0, then by

H2?chy(E =
Theorem 5.5, we know that ﬁl((ﬁ)) ¢ (—3,0]. As H?chy(E) = H%chy(E) > 0, we have

(13) H31k(E) > —2H?chy(E).

Otherwise, for each § > 0, E is destabilized by some vs2 s pr-tilt stable object Fs — FE in
Coh®H (X). We may assume 0 < & < 1 sufficiently small so that E is vg2 5 ;-tilt stable. Note
that either Hom(Fj, E') # 0 or Hom(Fs, Ox[1]) # 0. We have either v52 5 17 (F5) < vs2 5y (O[1])
or vs2 5 i (Fs) < vs25(E). By Theorem 5.5, when § < 3. we always have vs2sm(E) <
vs2 5 i (O[1]) = 6. Therefore, vs2 5 i (Fs) < vs2 5 g (O[1]). Note that the ‘=" can only hold when
Fs ~ O[1], but then Hom(F}s, E) = 0. Therefore, vs2 5.1 (F5) < 0.

We may assume that Fis has the greatest v42 5 r slope among all destabilizing subobject of E
in Coh® (X). Then for each Harder-Narasimhan factor F; of E with respect to Vs2 5 11> We have
Vs2 5, u(E;) < 6. By Lemma 2.9, each Ej is also v, o, g-tilt stable for some c; > 0 and in addition

vpn(E;) < §. By Theorem 5.5,

H2Ch1(EZ)¢[ -1
H31k(E;) © 46 +2

0].

Or equivalently, %}&i)) > —43 — 2. When § tends to 0, we have H® rk(E) > —2H? chy (E).

As (13) always holds, we have
2
(14) hom(Ox, E) < 5H2 chy(E) + rk(E).

Recall that by [BMT14, Proposition 5.1.3 (b)], there is an exact triangle £ — D(E) — Tp[—1] for
a Brill-Noether semistable object E € Coh®(X) and a zero-dimensional torsion sheaf Tj. We
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have

(15)  hom(Ox, E[2]) = hom(E, Ox[1)) = hom(D(Ox (1)), D(E))

(16) = hom(Ox,D(E)) = hom(Oy, )<5H2ch1( ) —1k(E).

By Hirzebruch-Riemann-Roch (14) and (16), we have
cmdﬁ+%H%mUﬁgxdﬁghmmOLE%HmmOLprng%m@ﬂ

Therefore, chz(E) < 0 and Qoo(E) > 0.
In any case of vpy (E), we always have Qo o(E) > 0. O

4. CLIFFORD TYPE INEQUALITY FOR CURVES (52 5

The generalized Clifford index theorem for curves, [BPGN9S5, Theorem 2.1] states that for any
semistable vector bundle F' over a smooth curve C' with rank r and slope u € [0, g, where ¢ is the
genus of the curve, the following bound holds:

WO(F)/r <1+ g
The main purpose of this section is to set up the following stronger Clifford type inequality for
the curve Cs 5 5, which is the complete intersection of two quadratic hypersurfaces and a quintic
hypersurface in Pé.

Proposition 4.1. Let F' be a semistable vector bundle on a smooth curve C3 2 5 with rank v and
slope 1 € (0,10]U[30, 40, then we have the following bounds for the dimension of global sections

of hO(F):

DL 41, when ;1 € (0,2);
max{Z; + 125/*’22%; + Tagoh},  when i € [iv %1())§
TRRRCTSTIN st NF ' A e
= 5 25 1204 T TTOMS 329)
max{S,u, + 1} when p € [5,10];
5M 4, when p € [30, 37];
(1ip— 2, when p € [37,40].

The bound listed above is the best result we can prove so far. As for the purpose to prove
Proposition 5.2, when p € [2,10], we only need the following weaker but neat bound.

When p € [2,5), the right hand side is always less than or equal to 120 + igg

When p € [5,10], the right hand side is always less than or equal to 3 56 + 2

Remark 4.2. The inequality is sharp for some values of the slope . When p € (0, 2), this result is
the sharp bound as shown in [LN16, Proposition 2.1]. When u = 2, g, 130, 5,10, 30, 40, this bound
is also for sure to be sharp.
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hO(F)/r

(0,1)4

(0,1 !
|

O 2 5 M

FIGURE 3. Bounds for h°(F)/r when p € (0, 5).

To express those vector bundles with sharp bound more precisely, we let S22 be a smooth
complete intersection of two quadratic hyper-surfaces such that S» » contains Ca 25 in P¢. Note
that S 5 is a del Pezzo surface with degree 4, it can be viewed as a projective plane blown-up at 5
points. Denote /g as the pull-back of a line in P2 and /; as one of the exceptional lines.

When p = nl—fl for n = 1,2,3,4, we may achieve the maximum h°(F)/r by letting F =
Ey|cy . 5 Where Ey, is a vector bundle on Sz 5 defined as the cokernel of the map

can

052,2 (_nH) — 052,2 ® Hom(052,2 (_nH)v 052,2)*'

When p = 10, one may let F' = Og,,(fo — £1)|c,,5- When p = 40, one may let F' =
O(ZH)‘CQ,Q,S‘

Back to the proof for the Proposition 4.1, it is enough to prove the statement for stable vector
bundles. We denote the inclusion map by ¢ : Cy25 < S22. In this section, we write H for
[Os,,(1)] and only use stability conditions on Sz > with polarization H. As h°(F) = h%(v,F),
we will always consider the dimension of global sections on ¢, F in D (S2,2) instead of F'. The
following statement is standard:

Lemma 4.3. Let F' be a stable vector bundle on Cs 2 5, then 1. F' is v, o fr-tilt stable for o > 0.

Following the strategy in [Fey17] and [FL18], we will compute h°(:.F) by considering the
Harder-Narasimhan factors of ¢, F" with respect to vp .

Lemma 4.4 ( [Feyl7, Proposition 3.4 (a)]). For each object E € CohO’H(ngg) that is vq 0, f-tilt
stable for some o > 0, there exists § > 0 such that there is a Harder-Narasimhan filtration for E
with respect to Vo0 p for any 0 < o < 0:

O0=FEyCFEC...E,=FE.

In particular, each factor F; = E;/E;_1 is Brill-Noether semistable. The slope is decreasing
I/EN(E) =vpN(F1) > - > vpNn(F) = vgN(E).
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The original statement in [Feyl7, Proposition 3.4 (a)] only states for K3 surfaces. But the
argument only needs that there are finitely many possible classes for semistable factors, which is
due to Bogomolov inequality. So it holds for every surface.

The geometric stability conditions on S > with polarization H is slightly larger than that ensured

by the Bogomolov inequality. In particular, we may choose the parameter o < %2

Definition 4.5. Let v : R — R be a 1-periodic function. When z € [0, 1],
L PR

Let I'(z) := %x2 —y(z).

Observation 4.6. For any torsion-free jigr-slope stable object E, we have

H chi(F) cha(F)
F <H2 &(E)) > rE)

The data (Coh® (Sy5), Z, 5.1r) parameterized by {(c, B) € R?|a > ['(3)} form a continuous
family of stability conditions on D*(Ss 2).

Proof. The inequality for Chern characters of pjr-slope stable objects with H chi (E) ¢ 7 is by

HZ1k(E)
computing
H chi(FE) H chy(F)
0 > —hom(O ————=+1|H),E]1l)) =x(E(—|——"==+1]|H)).
> —hom(Os,, (| gz s+ 1H), Bl = X(B(~ g o +11H)
The stability condition is then a standard construction as that in [BriO8] or the framework in [PT19,
Section 2]. O

Remark 4.7. It is worth to mention that Bertram’s nested wall theorem (Lemma 2.9 (b)) still holds
for (o, B) on the wall such that o > T'(3), but one needs to be careful that in this case every point
(o, 8’) on the line segment between (v, Bp) and («, 3) should also satisfy o’ > T'(3’).

The following lemma explains that we can estimate the dimension of global sections for each
Brill-Noether semistable factor.

Lemma 4.8. Let F' € Coh® (S, 5) be a Brill-Noether semistable object. Then
=1k(F) + $H chy (F) + chy(F), when — 5 < vpn(F) < +o0;

hom(O F) < tk(F) + ﬁHChl(F)z when vpn(F) = —%,n € Zxo;
1
S2.25 < rk(F) + %Hchl(f?)
+m chy(F), when — " < vpN(F) < —%,n € Zs.

Proof. When —% < vpN(F) < +oo0, since Og, ,(—H)[1] is Brill-Noether stable with slope

vn(Os,,(~H)[1]) = 3,
we have
hom(Osg, ,, F[1 +i]) = hom(F, O, ,(—H)[1 —i]) =0
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for i > 0. Since Og, , [1] is ¥4 0,f-tilt stable for o > 0 and has slope
VBN<052,2[1]) = 00,

we have
hom(Og, ,, F[~1 —1]) = hom(Os, ,[1 +1], F') = 0
for ¢+ > 0. Therefore,

hom(Os, ,, F) = x(F) = rk(F) + %Hchl(F) + chy(F).

When vpy(F) < —1, there exists (v, 3) on the line through p(F) and (0,0) such that o >
%62. By Lemma 2.9, the object F' is in Cohﬁ’H(Sg,g) and v, g pg-tilt semistable with vpy (F) =
Vagu(F) = % = Va,B,H(OSQ,g)- The object

can

F = Cone(0Og,, ® Hom(Og, ,, F) < F)

is in Coh®# (S2,2) and therefore also in Coh#H (S2,2) by Lemma 2.9. In particular, the object F
is v, pr-tilt semistable with slope v, g 1 (F) = vpn(F). Since Ay (F) > 0, we have

0 <(H chy(F))* — 2H? chy(F)(rk(F) — hom(Og, ,, F))

(H chy(F))? 1
h F) <rk(F)— —+— =1k(F) — ———H ch;(F).
> hom(Os,. F) <1k(F) = Grth Ul = (F) = g H el (F)
This verifies the case when vpn (F) = —% for n € Z~q.

When —2 < vpn(F) < —%,n € Zsg, note that Og, ,(—(n + 1)H)[1] is in Coh®H (S, 5)
and v, g p-tilt stable with slope

Va,8,1(Os,,(—(n+ 1) H)[1]) = vpn(Os, ,(—(n+ 1)H)[1]) = - n+ 1’

2
when 3 — 0. We have
hom(OSM(—nH), F[l +i]) = hom(ﬁ', (’)52’2(—(11 +1)H)[1—1])=0

fori > 0. Since Og, ,(—nH)[1] is in Coh?1 (S, ) and v, 5 g-tilt stable for with slope

Voo 11 (O, (—nH)(1]) = vpn (s, (—nH)[1]) = ——

2 )
when 3 — 0. We have
hom (O, ,(—nH), F[~1 — i]) = hom(Og, ,(—nH)[1], F[i]) = 0
for ¢+ > 0. Therefore,
0< hom(052,2 (—nH), F) = X(F(nH))

n* +n)H?
(n® 4 Q)H + 2 (tk(F) — hom(OSQQ, F))

2n+1 1
—  Hch{(F —chy(F).
An?2 +4n + 2 ohi ( )+2n2—|—2n—|—1C2( )

‘We finish the claim for all cases. O

— chy(F) + (n+ %)Hchl(F) +

— hom(Os,.,, F)) < 1k(F) +
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The following property decides the bounds for the Brill-Noether slopes of each Harder-Narasimhan
factors of ¢, F'.

Proposition 4.9. Let F' be a slope stable vector bundle on Cs 3 5 with slope p(F) € (0,10] U
[30, 40], then
e 1. F is Brill-Noether semistable when 1, < 30 — 20\@;
%—%, when p € (30 — 20v/2, 10];
o vt (LF) < %—2—“5, when p € [30,10 + 20v/2];
BNAE 2= ) Bu=b10 - yopen 1€ [10 + 204/2, 39];
& —4, when p € [39, 40].
S0 ywhen i € (30 — 20v/2, 10);
o vpn(tF) > 30-1 - ywhen € [30,10 4 20v/2];
when p € [10 + 20+/2, 40].

To prove the proposition, we need estimate the first wall of ¢, F'.

Lemma 4.10. Adopt the notations in Proposition 4.9, if ;1 € (0,30 — 20V/2], then v, F is Brill-
Noether semistable. Otherwise, suppose 1 F' becomes strictly v, o p-tilt semistable for some o >
0. Then,

o e — L when € (30 — 20v/2,10];
a<qbe_p 5 when p € [30,10 + 20v/2];

5 400 4
3 _3, when ji € (10 + 20v/2,40].
VRN

chy
H2chg

FIGURE 4. The potential first wall of ¢, F'.
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Proof. We write r for the rank of F', the Chern characters of ¢, F' are as follows:

2
(cho (e F), chy (e F'), cha(es F)) = (0,5rH, —r (5}21) +rp=r(p—50)).

Let0 — Fy — 1w FF — F1 — 0in Coh%H (S2,2) be the destabilizing sequence with respect to
Va.0,H- then there is an exact sequence in Coh(S2 ).

0 —— HY(F) F 1 F HO(F) —— 0.
rank s S 0 0
chy D4 Dy 5rH S5aH

If s = 0, then H™1(F}) = 0 as it is torsion free. Since F» and ¢, F' have the same v, 0 i slope,
we must have ch(c,F) = kch(F3) for some real number & > 0, this will violate the stability
assumption on F. Thus, we may assume s # 0.

Let T'(F3) be the maximal torsion subsheaf of F». Without loss of generality we may assume
that it is supported on C5 2 5 with ch; (T'(F3)) = 5tH. Since F is of rank r, to make the sequence
exact at the term ¢, F', we must have

r—a < rank (0, T(Fy)) 4 rank (Fo/T(Fy)) = s+ t.
Therefore,
Hchy (Fy/T(Fp)) Hechy (H™'(F1) _ DpH —5tH? — DyH _ 5r —5a — 5t -
sH? sH? sH? s -
By Lemma 2.9, the objects F and F3 are v, g p-tilt semistable of the same phase as ¢, ' for any

(o, B') along the wall W through (c, 0) with slope 1/vpn (t.F) = 1/(4 — 3). Let (o1, 51) and
(a2, B2) be the intersection points of W and the curve I', more precisely,

f1 = max{y < 0|T'(y) > (% - ;)y +a}; B2 =min{y > 0['(y) > (% - g)y +aj.

By Lemma 2.9 and Remark 4.7, the object F/T'(F}) is in the heart Coh”>~% X and H~'(F}) is
in the heart Coh®+¢# X for sufficiently small e > 0. Thus by definition of the tilting heart and
(18), we have

(19) B2 — B1 <5.

Now we have reduced the first wall through («v, 0) to an elementary computation. Note that the line

through (T'(B2), B2) and (I'(B2 — 5), B2 — 5) always has slope 1/(82 — 5).
e When 0 < p < 10, note that the line through (I'(45), 45) and (I'(45 — 5), 45 — 5) has

o.

(18)

. » 20 20 20
equation
po 1 B0 Iz
——+-=(=-}(Y — =).
40 * 4 (20 2)( 20)
It passes through the point (% — % — i, 0). The object ¢, F' cannot become strictly

3u u? 1

Va,0,H-tilt semistable for any o > max{0, 56 — {55 — 7 }-
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e When 30 < i < 40, two different types of lines are possible to be the first wall as shown
in Figure 4. We list their equations as follows:
(a) The line through (I'(—3), —3) with slope 1/ (45 —2) has equation (46 —32)(Y +3) =
X — 3. It passes through (3“ 3,0).
(b) The hne through (I'(45), 45) and (I'(45 — 5), 45 — 5) has equation X — % + 3=
(45 — Y - 45)- It passes through (£ — % —2.0).
The object ¢, F' cannot become strictly vq 0, g-tilt semlstable for any o > max{ 2’6 3,k

100 4}
O

Proof for Proposition 4.9. Suppose ¢, F' is not Brill-Noether semistable. Let the Harder-Narasimhan
filtration of ¢, F' with respect to vpy be

O=FyCFE,C---CFEp,_1CE,=1tF.
Note that rk(E7) > 0, since otherwise for any a > 0,
Va,0(E1) > vBN(E1) > vpN (14 F) = va,0(0sF),

this is not possible as F is a subobject of ¢, F in Coh® (S 5).

The line through py(E4) with slope 1/vpn (e F') passes through («,0) for some o« < 0 or
satisfying the inequality in Lemma 4.10. Together with the constrain that rk(FE;) > 0, the slope
vpn(E1) can only achieve maximum when both « and 3 reach their maximums and % =

B2. It is a direct computation that

&, when £ € (30 — 20+/2, 10] U [30, 10 4 20v/2];
By = 38%:i5, when x € [10 + 20v/2, 39);

2, when p € [39,40].
To compute vy (E1), the only special case is when p € [39,40], in this case 31 = —3, we have
% < & — 8. The other cases are by computing ( 2) directly.

As for the vpN(Ep/Em—1), one may use the same argument and reduce it to the computation
of L), 0
1

Define the function &: (z,y) € H =R x R>? — R>? as follows

4+, when§ > —%;
&(z,y) =1 L, when § = —,n € Zoo

241 1
Py pesr; £ ey e

when — "+1 < < —2.n € Zsg-
Note that the value of & is always positive, therefore well defined.

Lemma 4.11. Let O = (0,0) be the origin, let P = (z,,yp) and Q) = (z4,Y,) be two points on H
such that i—;’ < 3—; and y, > yq. Consider all collections of points Py = O, Py, ..., P, = P inthe
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triangle OQP such that PyP; . .. P, Py forms a convex polygon, then the sum

k=n
(20) S &(BiPy)
k=1

can achieve its maximum when either n = 1 or 2. In addition, when n = 2, the point P, =

(21, y1) can be chosen on the line segment OQ (Q P, respectively) unless % =—5( ‘Z :le = -3,

respectively) for some n € Z~y.

Proof. Consider the following toy model on the left in Figure 5: y. > y, > y, and AC//A'C". We

allow A’ to move alone thelj}e segment AB (C’ moves along BC accordingly so that AC'//A'C").

Note that the function &(AA’) 4+ &(A'C") + &(C’C') changes linearly with respect to the length

of AA’, it can achieve maximum when either A’ = C’ = Borboth A’ = Aand C' = C.
Therefore, to achieve the maximum of (20) we may remove extra P;’s when n > 2.

FIGURE 5. Replacing extra edges and moving the vertex.

Consider the toy model on the right in Figure 5: y. > y; and D is on the line segment of BC'
such that Z—Z ¢ %Z<0. Then by the definition of &, there exists D1 and Dy on the line segment

of BD and CD respectively such that 24 ¢ %Z<0 or D; = C (D3 = B), and for any point D’

i
Yd,

(3

on the line segment D1 Dy (D' # D; or Ds), the function &(ﬁ ) is computed with the same
coefficients as that of &(@) Note that the function &(ﬁ )+ Jo(l)—’(l>') changes linearly with
respect to the length of D1 D’ when D # Dy or D5, and is upper semi-continuous at Dy and Ds, it
can achieve the maximum when either D' = D1 or Ds.

Back to the case of the lemma when n = 2, we may always adjust the position of P; so that it
satisfies the requirements in the statement. ([l

Proof of Proposition 4.1. Itis enough to prove the case for slope stable vector bundle F over (5 2 5.
We consider the Harder-Narasimhan filtration for ¢, F' with respect to vy as that in Lemma 4.4:

0=FyCF, C---CF,, =F.
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H Chl

Ch2

FIGURE 6. The HN polygon for ¢, F is inside the triangle OQ P.

We draw the points P; := (cha(F;), H chi(F;)), 1 < ¢ < m on the upper half plane H. By
Lemma 4.8 and the definition of the function &,
i=m
hO(F) =Hom(Og, ,,t.F) < > Hom(Og,,, Fi/Fi_1)
i=1

=m

I‘k(Fi/Fi_l) + *(ChQ(FZ‘/FZ'_l), HChl(FZ'/FZ'_l))

IN
T

¥
3

*H 111

1
Let P = P, = ((1r — 50)r,20r) and QQ = (x4, y4) be points on H such that m—q is the upper bound

for v (¢ F) and 22 iq is the lower bound for v\ (¢, F') as that in Proposmon 4.9. The points
O,P,...,P,0 then form the vertices of a convex polygon in the triangle OQ) P as that in Figure 6.
Now by Lemma 4.11, we may estimate the upper bound for h(F) by choosing suitable candidate
point Py := (x1,y7) in the triangle OQP.
We first treat with the case when p € (0,10], by Proposition 4.9, the slope vy (1 F) €
(_ %7 _2)'
e When y € (0,2), by Proposition 4.9, the slope v} (4. F) € (—2, —2). By (21),

—50 40  p

2D

-.
I

9
< = =,
W(E)fr < 82><20+ a1 41 41

When 4 € [2,10], the point @ is always with locus:

Q= ({5~ Vr.En).
5

e When 4 € [2, 3), by Proposition 4.9, the slope vy (1. F) € (=3, —3). By Lemma 4.11,
P has two candidate positions: P, = () or P is on the line segment P(Q and ’“ = —2.
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— When P; = @, the equation (21) is equal to

7 ,u 1 p 9 I 1 9u 24 Adu

—E o r+—(20—- S+ —(25 — 19 =

505" T a5li0 T I B0 pr (g A9 = Gyt g

— In the second case, P is at

—240p 4 4p% 4+ 400 1204 — 22 — 200 )
T T).

90 — bu ’ 90 — 5u

Note that y; as a function of p is convex down when g < 10. Substituting y1(2) =

(1,91) = (

Zrandyi(3) = 2r, wehave y; < (328, — )r The equation (21) is equal to
1 9 1 0 pu 1
22 — 20r — 50 2 —
(22) UL+ 55 (20r —y1) + 7 (0 =50)r +2y1) = (7 + )+ oo
40 n 1 ,226 78 ~,33u 241
< a1 e st s (g s

e When p € [5 10) by Proposition 4.9, the slope v (4 F) € (=5, —1). By Lemma 4.11,

P has three candidate positions: P} = @) or P is on the line segment PQ with ”1 = %
or —2.

— When P; = @, the equation (21) is equal to

) ,u 1w 9 " 1 9u 12 3u

— = — —1 — (20 — = —(—=—149

26 5 +13(10 r +82( 5)r+41(10 )r= (13+65)

— In the second case, P is at

~ —180p + 3p* 4+ 300 60u — p? — 100
@) =506 " 953

T).

Note that y; as a function of y is convex down when < 10. Substituting yl( ) =

srand y1 () = 1837, we have y; < (%gg,u 38)r. The equation (21) is equal to
1 9 1 3 40 p 5
23 — 2 —
(23) a1 T 55 (20r —y) + 5 ((n = 50)r + gyn) = (7 + ) + goom
40  p 5 167 58..  ,295  19u
<t T ar T a5 Gog tene)”

— In the third case, the coordinate of P1 is given in the second case of i € [2, %) The
term 656y1 in (22) is 55 35367" and 13537" when ,u = 2 2 and 10 respectively. The term
492 y1in (23) is gg 47“ and 182(1)97° when 1 = 3 2 and respectlvely. Therefore, (22)
is always less than the estimation in the second case.

e When 11 € [£,5), by Proposition 4.9, v}ty (1. F) € (—2,—3). By Lemma 4.11, P, has
3

four candidate positions: P; = @ or P is on the line segment P with “""1 =—lor—3
or —2.
— When P; = @, the equation (21) is equal to
3 u 1 u 9 " 1 9u 4  2u
Sy Z 4+ (20— S+ — (S5 —49)r = (= + D).
05" "5 TP gty =G
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— In the second case, P is at

—120u + 22 + 200 120p — 2u? — 200T)
290 — 7p T 290 — T '

(1,91) = (

Note that 37 as a function of y is convex down when g < 10. Substituting yl( 0) =

%7’ and y1(5) = g?r we have y; < (85:“ )r The equation (21) is equal to
1 9 1 0 u 13

- 207 — = 2

gt 82( Or —y1) + 41((M 50)r +y1) = (41 + 41)7“ + 3og¥l

40 pu 13 ,36 38, 193 Tu

<Gt et s Gor t )

— The remaining cases can be eliminated by a similar calculation as that in the third
case of when i € [5,10)
e When p € [5,10], by Lemma 4.11, P; has five candidate positions: P; = @ or P; is on
1 3

the line segment P() with ””—i =—5or—lor—3or—2.

— When P; = @, the equation (21) is equal to

Iz Iz L 9p B
Hor By 20 — My 2 (2E "
URESTS )r+82(0 5) i =

— In the second case, P is at
—60p + p? + 100r 60 — p? — IOOT)
390 — 8y ’ 195 —4pu '

Note that y; as a function of 1 is convex down when g < 10. Substituting y1 (5) = r
and y1(10) = 827, we have y; < (75t — 33)r. The equation (21) is equal to

(z1,91) = (

1 9 1 y1 40  pu 25
y1+82(07“ y1) + g (= 50)r + ) = (g + ) + 1q4
40 p 25,49 18, /55  9u
T TR TS T e TR U Yo R T YO
— The remaining cases can be eliminated by a similar calculation as that in the third
case of when p € [5, ).

We then treat with the case when p € [30, 40].

e When i > 10 + 20v/2, as vy (L F) = 2, by Lemma 4.11, we may assume P; = @ to
compute (21). The coordinate of () is

(s ) = ((u = 32)r,8r), when 4 € [39, 40];
Y0 T (Bu610, 12010,y yhen 4y e [10 + 20v/2, 39].

The equation (21) is equal to

1 1 (uw—27)r, when pu € [39,40];
g+ Tg+ —= (200 — yg) =
g¥a + a3 (200 = v) {28”4_16001”, when 11 € [10 + 20/2, 39)].
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e When ;1 < 10 + 204/2, the point Q is always with locus:

(G —5)r, B,

We may consider when P; = @) or P is on the line segment OQ) such that % = %

— The second case is the same computation as that in the second case of when u >
10 + 20v/2.
— When P; = @, the equation (21) is equal to

1p 3 7 W 1,7 2u
== — =5 —(20 — = — (= —45)r=(— —4)r.
25" TG 7Ot 50— It gp(gg — =~
When p =37, 2 — 4 =108 = 5# — 4 5 102 = 200 o7,
When 1 =40, 2 — 4 =12 < 2200 = 1928 93 = Lt 49 — ), o7,
Note the slope of p in the bound in each case, the bound in Proposition 4.1 holds. (]

5. BOGOMOLOV-GIESEKER TYPE INEQUALITY FOR SURFACES 5275 AND QUINTIC
THREEFOLDS

The goal of this section is to prove the stronger Bogomolov-Gieseker type inequality for the
second Chern character of slope stable sheaves on a quintic threefold. Our strategy is to first
reduce this to the same inequality for a surface on the quintic threefold.

The following Feyzbakhsh’s restriction lemma [Fey16] will be one of the key tools to reduce
Bogomolov-Gieseker type inequality for higher dimensional varieties to surfaces.

Lemma 5.1. Let (X, H) be a polarized smooth projective variety with dimension n = 2 or 3. Let
E be a coherent sheaf in CohO’H(X). Suppose there exists o > 0 and m € Z~g such that

e E(—mH)[1] is in Coh® (X);
e both E and E(—mH)[1] are vy o p-tilt stable;
o Va707H(E) = Va707H(E(—mH)[1]).

Then for a generic smooth irreducible subvariety Y € |mH|, the restricted sheaf E|y is jtp, -
slope semistable on Y. Moreover, tk(E) = tk(E|y), Hy chi(Ely) = mH" ! chy(E) and
when n = 3, cha(E|y) = mH cha(FE).

Proof. Note that E(—mH )[1] is v4,0, p-tilt stable, for any torsion sheaf 7" supported on a variety
with codimension not less than 2, we have Hom(7', E(—mH )[1]) = 0. In particular, F is a
reflexive sheaf, the singular locus of E is of codimension at least 3. For any smooth irreducible
Y € |mH| avoiding the singular locus, the restricted sheaf F|y is locally free on Y. In addition,
rk(F) = rk(Ely), Hy % chi(Ely) = mH" " chy (E).

Suppose E|y is not semistable, then there is a destabilizing subobject F' < Ely in Coh(Y")
such that F' is locally free and pp, (E|y) < pm, (F). Denote the embedding by ¢ : ¥V — X.
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Then
_H"2chy(u(Ely))  Hy ?chy(Ely) — dmHy ™ rk(Ely)

Va,0,8 (t(Ely))

CH" lehy (w(Ely)) H Lrk(Ely)
m m
=pmy (Ely) — o < Hy (F) - 5 = Va0, (L+ ).

Therefore ¢ (E]y) is not vqo-tilt semistable. However, the object ¢4 (E|y ) is the extension of
E and E(—mH)[1] in Coh®# (X). Since both E and E(—mH)[1] are v, o p-tilt stable with the
same slope in Coh”# (X)), any of their extension is v, ¢ r-tilt semistable. We get the contradiction,
and E|y must be 7, -slope semistable. U

Let So5 C P* be a smooth irreducible projective surface which is the complete intersection
of a quadratic hypersurface and a quintic hypersurface. Denote H = [Og, ;(1)]. By the Clifford
type inequality for C2 25 € |2H| in Proposition 4.1, we have the following stronger Bogomolov-
Gieseker type inequality for stable objects in D?(Sy5).

Proposition 5.2. Let I be an object in D®(Ss 5) such that g;ﬁg; € (0,1). Suppose F is Vo 0.1~

tilt stable or vy 1, y-tilt stable for some o > 0 or o > %, then

3 (Hchi(F)\?  Hechi(F) H chy (F) 1 9 1.
2 <H2Crli(F)> - HQCrIi(F)’ when H2Cr11<(F) (0, 5] U 15, 1);
4 Hchi(F) 7 H? chy (F) 117,
(24) Ch?i(F) 15 HQCrli(F) T 1200 when H3Crk1(F) € [ﬁ7 1]7
H2rk(F) = | 1Hc(F) 1 when L) [, 3],
2 thf rlfl(}(?}) 4> g?;«lkg% 4> 4b
19 Hc 33 c 3 9
15 12 r11<(F) ~ 10’ when > r11<(F) € [% 10)-
Proof. Suppose there is some v, 0, i OF Vo 1, g-tilt stable object F' with flf };ﬁgg € (0,1) violating

the inequality (24), we may assume that F is with the minimum discriminant Ay among such
objects. Suppose F' becomes strictly v, o g-tilt (or v, 1 g-tilt) semistable for some o > 0 (or
o > %), then as the shape of the curve (24) is convex (see Figure 7), there exists a Jordan-Holder

factor F; with gfﬁg?g € (0,1) whi_ch also violates the inequality (24). By Lemma 2.10, this
violates the minimum assumption on Ay (F').
If ' becomes strictly v, g, g-tilt semistable at the vertical wall for 5y = %ﬁgg and some

2
o> %0, we may assume that I € Coh”0-# (S2,5), then each torsion Jordan-Holder factor of F has

chy > 0. Since for any other Jordan-Holder factor F; we have 0 > rk(F};) > rk(F), there exists

a factor F; with il — Zui ang 20, > el

violates the inequality (24) and Ay (F;) < Ay (F). By Lemma 2.9, the object F; is vq o, g-tilt
stable and v, 1 g-tilt stable for & > 0. By the minimum assumption on Ay (F), the equality
holds, we may just choose F' to be F;. By the previous argument, the object I is v, o, p-tilt stable
for all o > 0 and v, 1,y -tilt stable for all o > %

and In particular, the object F; also
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prr(F(=20)
FIGURE 7. The line through py (F') and py (F(—2H).

We may assume that F' € Coh®# (S, 5) and F[1] € Coh’ (S, 5). By the inequality (24), we
always have

chy(F) 3 (Hc(F)\?  Hchy(F)
H2rk(F) = 2 \ H21k(F) H?rk(F)"
The line through py (F) =: (a,b) and py (F(—2H)[1]) = (a — 2b + 2,b — 2) has equation
(b—1)YY —X =—a+b*>—0b.

Note that a > 3b® — b, the line will intersect (v, 0) for some g > 0 and (af, —1) for some
1

oy > 3. By previous discussions, the object F is a coherent sheaf and vy, 0 -tilt stable in
Coh™ (S5 5). The object F(—2H)[1] is Ve, —1,m-tilt stable in Coh™1H (S 5) and therefore also
Vag.0.1-tilt stable in Coh®H (S 5) by Lemma 2.9. Since py (F), pr(F(—2H)[1]) and (v, 0) are
collinear, by Lemma 2.9 (V'), we have
Vao 0,1 (F) = Vao 0,1 (F(=2H)(1]).
By Lemma 5.1, let C2 2 5 € |2H | be a smooth irreducible curve, then F|c, , ; is semistable with
rk(F|c,, ;) = 1k(F) and deg(F|c,, ;) = 2H chy (F).

Without loss of generality, we may assume ggc ?ﬁgg < %, as otherwise we may use F'V(H) in-

stead. Note that Hom(Og, 5, F(—2H)) = 0 and Hom(Og, 5, FV') = 0, by Hirzebruch-Riemann-
Roch, we have

(25) cha(F) — H chy(F) + 151k(F) = x(Os, 5, I)
(26) <hom(Og, ,, F) + hom(Os, ;, F[2]) = hom(Og, ;, F) + hom(Os, ,, FY(2H))
(27) < hom(002,2,57 F|Cz,2,5) + hom(OC2,2,57 Fv(2H) |CQ,2,5)'
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We now apply Proposition 4.1 and discuss three different cases on the slope of F'|¢, , ;. Note that
the slope 1(F e, ;) = 20 fp5m € (0,10
e When p € (0,2), by Proposition 4.1, the equation (27)

41 41 15 3 3

This is less than that in equation (25), since in this case we have assumed that

cho(F) 3 (Hchi(F)\? Hchy(F) 1
— e > o — —— = chy(F k(F') > 0.
k() -~ 2 \m2(F) )~ meek(E) © 10 ChelF) rk(E) >
e When p € [2,5), note that in Proposition 4.1, the right hand side in equation (17) is always

T 199 when p € [2,5);
less than or equal to q 53 + e when,u 2,5);
T -, whenypu e (35,38].

Therefore, the equation (27)
< (109 Tw 23 71> 167 163

< (40 L 2(40 — ) — 49) rk(F) < (14 — 3@ rk(F) = 14rk(F) — gH chy (F).

S 20— ) — ) ik (F) = 13 vk(F) — —2 H chy (F).
120 T 10 T 2540~ 1) — 5 ) k(F) 360 "KF) — 1o H i (F)

By (25-27) and the assumption on F' that it violates (24), we have
4 7 17 193
——Hch{(F) — —rk(F ho(F) < — H chy(F) — 1—rk(F).
15 1 i (F) = 35 tk(F) < cho(F) < qop H el (F) = 135 vk(F)

This is not possible since H ch; (F') < 2.5rk(F).
e When o € [5,10], in Proposition 4.1, the equation (17) is always less than or equal to
‘;—g + % Therefore, the equation (27)

1 3p 2 1 1

<|=+—=—+4+=-(40—pu) —4 | rk(F) =12=rk(F) — =H chy(F).

(5+ 30+ 2040~ 1 - 4) rk(F) = 125 1K(F) — 3 H elu(F)
By (25-27), the object F' satisfies equation (24).

In either case of ;1, we always get contradiction. Therefore, any v, o i or v,/ 1 p-tilt stable object

F with f51H03 € (0, 1) satisfies the inequality (24). O

Corollary 5.3. Let F' be a torsion free jig-slope semistable sheaf on S5, then the numerical
Chern characters of F satisfy equation (24).

Proof. This is by Proposition 5.2 and by noticing that F'is v, o -tilt stable for o > 0. ([l

Corollary 5.4. Let (X, H) be a smooth projective quintic threefold, F be an object in D*(X) such
that T (F)

H3Tk(F)
o > 3, then (24) holds for F if one replaces chy(F), H chy(F) and H?rk(F) by H chy(F),
H? chy(F) and H3 k(F) respectively.

€ (0,1). Suppose F is vo u-tilt stable or vy 1 p-tilt stable for some o > 0 or

H? chy(F)
H3rk(F) —
the inequality (24), we may assume that F is with the minimum discriminant Ay among such

Proof. Suppose there is some v 0 f7 O Vo 1 -tilt stable object F' with € (0,1) violating
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object. By the same argument as that in Proposition 5.2, we may assume that ' € Coh%# (S25)
is Va0, fr-tilt stable for all o > 0 and v, 1, -tilt stable for all o/ > 3.

Due to the same argument as that in Proposition 5.2 and Lemma 5.1, there exists S2 5 € |2H|
such that F|s, ; is ¢4 Hs, slope semistable with

HE, tk(F|s,,) = 2H° 1k(F), Hg, , ch1(Fs, ;) = 2H chy(F) and chy(F|s, ) = 2H chy(F).

Note that the characters of F'|g, , violate the inequality (24), by Corollary 5.3, we get the contra-
diction. U

We restate Corollary 5.4 as a theorem in the following neater version. The inequality is slightly
weaker but can be applied more effectively in the proof for our main theorem on the third Chern
character. It can also be viewed as a stronger Bogomolov-Gieseker type inequality in the classical
sense.

Theorem 5.5. Let (X, H) be a smooth projective quintic threefold, F be a slope semistable sheaf
in Coh(X) (or a vy o g-tilt semistable object for some o > 0, especially Brill-Noether semistable

object in Coh™ (X)). Suppose Hochi(F) [—1,1], then

H31k(F)
_% Iﬁ%kl((;ﬂ)) , when % € [o, %];
Hbo(F) ) 1| H2em) [ 1, [Hn) | o1 gy,
H3rk(F) — ]2 Hg"’rk((F)) o f123rk((F)) 4 ab
3 | H2 chy (F H2 chy (F 3
5 | |~ L when || € 151
H?chy(F) H?ch;(F)

The "= can hold only when “raiey € 7. Moreover, when m‘ € [0, 5] U [$5,1], we

have Hchz(F) 3 H2ch1(F)‘2 H2ch1(F)‘

HBrk(F) = 2 | BBk(F) | | BBok(F) ||

Remark 5.6 (Other projective Calabi-Yau threefolds). One may expect to generalize the argument
to some other Calabi-Yau threefolds that can be realized as a complete intersection in P* for N not
too large. To do that one could replace S 5 by a smooth subvariety Y € |2H | and the curve C 2 5
by C' € |2Hy|. Evidently, the inequality in Proposition 5.2 does not hold for Y in general. The
first non-trivial task is to find a suitable Bogomolov-Gieseker type inequality for Y, the inequality

Hchy : Hchy _ H3 el e
needs to be sharp for some value of ==, especially when == = (O ()=T> 50 that it is strong

enough to prove Proposition 3.1. The next task is to estimate a Clifford type inequality for the
curve C'. It is worth to mention that some results in [LN15, LN16, LN18] may help. Also one
may consider to use the method in Section 4 by finding a suitable surface containing the curve.
As a summary, our methods are expect to be generalized to some other Calabi-Yau threefolds,
meanwhile it seems that each deformation type will require much computation.
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