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ABSTRACT. A quantum symmetric pair consists of a quantum group U and its coideal
subalgebra U! with parameters ¢ (called an :quantum group). We initiate a Hall algebra
approach for the categorification of tquantum groups. A universal :quantum group U is
introduced and U is recovered by a central reduction of U’. The modified Ringel-Hall
algebras of the first author and Peng, which are closely related to semi-derived Hall algebras
of Gorsky and motivated by Bridgeland’s work, are extended to the setting of 1-Gorenstein
algebras, as shown in Appendix A by the first author. A new class of 1-Gorenstein algebras
(called wquiver algebras) arising from acyclic quivers with involutions is introduced. The
modified Ringel-Hall algebras for the Dynkin squiver algebras are shown to be isomorphic
to the universal quasi-split :quantum groups of finite type, and a reduced version provides a
categorification of U?. Monomial bases and PBW bases for these Hall algebras and :quantum
groups are constructed. In the special case of quivers of diagonal type, our construction
reduces to a reformulation of Bridgeland’s Hall algebra realization of quantum groups.
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1. INTRODUCTION
1.1. Background.

1.1.1. Hall algebras and quantum groups. Ringel [Rin90b] in 1990 constructed a Hall algebra
associated to a Dynkin quiver () = (I, (Q);) over a finite field F,, and identified its generic
version with half a quantum group U = U}/ (g), where g is the Lie algebra of the same type
of Q); see Green [Gr95] for an extension to acyclic quivers. Ringel’s construction has led to
a geometric construction of Ut by Lusztig, who in addition constructed its canonical basis
[Lus90b]. These constructions can be regarded as earliest examples of categorifications of
halves of quantum groups.

It took some time before a Hall algebra construction of the (whole) quantum groups was
found; see [Kap98, PX00] for some earlier attempts on realizations of Kac-Moody algebras
and quantum groups, and see [T06, XX08] for constructions of derived Hall algebras. Bridge-
land [Br13] in 2013 succeeded in using a Hall algebra of complexes to realize the quantum
group U. Actually Bridgleland’s construction naturally produces the Drinfeld double fj, a
variant of U with the Cartan subalgebra doubled (with generators K;, K/, for ¢ € I). A

reduced version, which is the quotient of U by the ideal generated by the central elements
K;K! —1, is then identified with U.

Bridgeland’s version of Hall algebras has found further generalizations and improvements
which allow more flexibilities. M. Gorsky [Gorl3] constructed semi-derived Hall algebras
using Z/2-graded complexes of an exact category. More recently, motivated by the works of
Bridgeland and Gorsky, the first author and Peng [LLP16] formulated the modified Ringel-Hall
algebras starting with hereditary abelian categories. There is another geometric approach
toward Bridgeland’s Hall algebra developed by Qin [Qin16]; cf. Scherotzke-Sibilla [SS16].

1.1.2. 2Quantum groups. As a quantization of symmetric pairs (g, g‘)), the quantum sym-
metric pairs (U, U*) were formulated by Letzter [Let99, Let02] (also cf. [Kol4]) with Satake
diagrams as inputs. The symmetric pairs are in bijection with the real forms of complex
simple Lie algebras, according to E. Cartan. By definition, U* = U is a coideal subalgebra
of U depending on parameters ¢ = (g;);er (subject to some compatibility conditions) and will
be referred to as an tquantum group in this paper. As suggested in [BW18al], most of the
fundamental constructions in the theory of quantum groups should admit generalizations in
the setting of quantum groups; see [BW18a, BK19, BW18b] for generalizations of (quasi)
R-matrix and canonical bases, and also see [BKLW18] (and [Li19]) for a geometric realization
and [BSWW18] for KLR type categorification of a class of (modified) U".

Following terminologies in real group literature, we call an :«quantum group quasi-split if the
underlying Satake diagram does not contain any black node. In other words, the involution
0 on g is given by # = wot, where w is the Chevalley involution and T is a diagram involution
which is allowed to be Id. In case T = Id, U’ is called split. For example, a quantum group
is a quasi-split :quantum group associated to the symmetric pair of diagonal type, and thus
it is instructive to view iquantum groups as generalizations of quantum groups which may
not admit a triangular decomposition.

1.2. Goal. This is the first of a series of papers in our program devoted to developing a new
Hall algebra approach to :quantum groups, a vast generalization of Bridgeland’s work. In
this paper we initiate a Hall algebra construction associated with iquivers (aka quivers with
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involutions) and use it to realize the so-called universal quasi-split «quantum groups U*; the
usual :quantum groups U are reproduced by central reductions of U*. As a consequence,
we construct PBW bases for U* for the first time. In case of wquivers of diagonal type, our
approach reduces to a reformulation of Bridgeland’s construction.

It is our hope that this work will stimulate further interactions between communities
on Hall algebras and on quantum symmetric pairs. On one hand, motivated by quantum
symmetric pairs, we supply a new and natural family of finite-dimensional algebras which
affords rich representation theory. On the other hand, we bring in conceptual constructions
and tools from quivers to shed new light on old constructions and to uncover new algebraic
structures on tquantum groups.

This paper is arranged into 2 parts and an appendix. The framework for the modified
Ringel-Hall algebras can be naturally extended to cover 1-Gorenstein algebras; see Appen-
dix A by the first author. Part 1, which consists of Sections 2-5, introduces the notion
of squiver algebras (which form a new class of 1-Gorenstein algebras) and formulates the
1Hall algebras (which are twisted versions of modified Ringel-Hall algebras for the iquiver
algebras). Part 2, which consists of Sections 6-9, establishes isomorphisms between 2Hall
algebras and :quantum groups and constructs new bases of these algebras.

1.3. An overview of Part 1 and Appendix A.

1.3.1. 2quiver algebras. Let k be a field. Let (@, T) be an iquiver (that is, T is an involutive
automorphism of a quiver () respecting the arrows; we allow T = Id). Associated to (Q,T),
we define an algebra

(1.1) A =kQ ® Ry

where R, is is the radical square zero of the path algebra of 1 <—E_> 1”. The involution T

El

induces an involution T on A. We define the 1quiver algebra of (Q, T) to be
AN ={zeA|T()=ux}

Proposition A (Propositions 2.7, 2.15 and 3.5). The rquiver algebra A* can be described
in terms of a bound quiver as A* = kQ/I. Moreover, A* is a tensor algebra as well as a
1-Gorenstein algebra.

We illustrate by 2 examples of rank two :quivers. The squiver Q = (1 —— 2 ) with T = Id
gives rise to an enhanced quiver @) with relations as follows:

&1 £9
ey
(1.2) el=0=¢3 & =as.

The 1quiver algebra A* associated to a split 2quiver (Q,Id) is isomorphic to kQ ® k[e]/(g?),
and its representation theory was studied by Ringel-Zhang [RZ17]. More general quivers with
relations were also studied by Geiss-Leclerc-Schroer [GLS17]. Our motivation of considering
A" is totally different.
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On the other hand, the quiver Q = (1 —=2 L 3) with T # Id gives rise to the
following enhanced quiver @) with relations:

€2

(1.3) g163 = 0 = e3¢y, 5% =0, &8 =oae3, &= [ey.

Denote by Gproj(A') the stable category of the category of Gorenstein projective A’-
modules, and denote by D,(mod(A")) the singularity category. Let ¥ be the shift functor
of the derived category D®(kQ). The involution T induces a triangulated auto-equivalence T

of D' (kQ).

Theorem B (Theorem 3.18). Let (Q,T) be an wquiver. Then the following equivalences of
categories hold:

Gproj(A*) =~ Dy,(mod(A")) ~ DP(kQ) /S o 7.

Note the first equivalence above is a well-known theorem of Buchweitz-Happel, but it is
convenient to keep it together with the second equivalence.

1.3.2. Generalities on modified Ringel-Hall algebras. The main constructions of modified
Ringel-Hall algebras for 1-Gorenstein algebras A from Appendix A by the first author form
an extension of [LP16] (which works in the setting of Example A.3 and was motivated by
[Br13, Gorl3)).

Given an exact category A with favorable properties as in (Ea)-(Ed) in Appendix A, we
can define its Ringel-Hall algebra #(.A). Then we define the modified Ringel-Hall algebra
MH(A) to be the localization (H(A)/I)[S;'], where S4 is given in (A.5) and the ideal
I can be found around (A.3). Given a 1-Gorenstein algebra A over a finite field k = F,,
the module category mod(A) satisfies the properties (Ea)-(Ed) and so we can define the
modified Ringel-Hall algebra MH(A) := MH(mod(A)). On the other hand, since the
subcategory Gproj(A) of mod(A) which consists of Gorenstein projective A-modules (see
§3.1) is a Frobenius category, the semi-derived Hall algebra SDH(Gproj(A)) is also defined
[Gorl18].

Theorem C (Theorems A.15, A.18). Let A be a finite-dimensional 1-Gorenstein algebra
over k. Then

(1) there is an algebra isomorphism MH(A) = SDH(Gproj(A));
(2) MH(A) has a basis given by [M] o [K,], where [M] € Iso (Dsy(mod(A))), and a €
Ky(mod(A)).

In comparison to the semi-derived Hall algebra, the modified Ringel-Hall algebra MH (.A)
in our view is easier for computational purpose. In addition, we shall see that the generators
for U* have simple interpretations in a twisted version of MH(A").
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Theorem D (Theorem A.22). Let A be a 1-Gorenstein algebra with a tilting module T. If

[

' = End4(T) is a 1-Gorenstein algebra, then we have an algebra isomorphism MH(A) =
MH(T).

1.3.3. Bases for 1Hall algebras. The algebra A* admits a N-grading A' = Ay @ A}, where
Ay = kQ. Thus, A* naturally has the path algebra k(@) as its subalgebra and quotient
algebra. This allows us to formulate conceptually an Euler form. This leads to the twisted
modified Ringel-Hall algebra MH(A"), which is MH(A") with a twisted Hall multiplication;
we shall refer to this as the Hall algebra associated to the iquiver (or :Hall algebra for short).

The quotient morphism A* — k@) induces a pullback functor ¢ : mod(kQ) — mod(A") in
(2.5). Hence we have a natural inclusion Iso(mod(k@)) C Iso(mod(A")). In the setting of
wquiver algebra A’, the basis in Theorem C takes a more concrete form, thanks to Theorem B.

Theorem E (Theorem 4.5). The 1Hall algebra MH(AY) has a (Hall) basis given by
{[X] 0 Eq | [X] € Iso(mod(kQ)), & € Ko(mod(kQ))}.

The span of E,, for o € Ko(mod(kQ)), is a subalgebra of MH(AY) called a twisted

quantum torus and denoted by T(A?). It follows by Lemma 4.8 that 7 (A?) is a Laurent
polynomial algebra with generators E;, for ¢ € I.

Assume now (Q,T) is a Dynkin iquiver. The indecomposable modules over the path
algebra k() are parameterized by the positive roots for g, and they are used to construct a
PBW basis for the Hall algebra H(kQ); cf. [DDPWO08|. As kQ is a quotient algebra of A’
we can regard the indecomposable kQ)-modules as modules over A’ via pullback.

The algebra MH(A") is endowed with a filtered algebra structure by a partial order
induced by degeneration; cf. [Rie86]. We relate the associated graded MH®# (A") to the Hall
algebra H(kQ) of the path algebra kQ. This allows us to transfer a monomial basis (and
respectively, PBW basis) for H (k@) to a monomial basis (and respectively, PBW basis) for

MH(A?) (or MH(AY)) over its (twisted) quantum torus.

Theorem F (Monomial basis Theorem 5.6, PBW basis Theorem 5.8). Let (Q,T) be a Dynkin
vquiver. There exist monomial bases as well as PBW bases for the 1Hall algebra MH(AY) as
a right T (A*)-module.

The algebra Mﬁ(/\’) contains various central elements, cf. Proposition 4.10. As in [Br13],
we shall define in Definition 4.11 a reduced version of Hall algebra, MH,.q(A*), to be the

quotient algebra of Mﬁ(N) by an ideal generated by certain central elements.

1.4. An overview of Part 2. Recall U is a version of quantum group U with an enlarged
Cartan subalgebra. In this paper we introduce a universal :quantum group U* whose Cartan
subalgebra is uniformly generated by E, for i € I. One readily checks that U is a right
coideal subalgebra of fj, and (fj,fj’) forms a quantum symmetric pair. The algebra U
contains central elements E for i with i = i and k; %n with ¢ # T2, and U* = U is recovered
by a central reduction from U*. More precisely, Proposition 6.2 states that:

The algebm U" is isomorphic to the quotient of U by the ideal generated by k = (fori=

i) and kike — sie (for i # Ti).
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In this way, these central elements in I~J~“ provide a conceptual way of explaining the
parameters for the :quantum groups, and (U, U") can be regarded as a universal family of
quantum symmetric pairs. Set

vV =.,/4.

Denote by IN_TTUZV the specialization at v = v of the algebra INJ’, and so on.

From now on, we mostly restrict ourselves to Dynkin iquivers (for which the Serre type
relations in the :Hall algebras can be verified readily). A list of quasi-split symmetric pairs
(g, 8?) which are covered by our constructions can be found in Table 1.

Theorem G (Theorem 7.7). Let (Q,T) be a Dynkin wquiver. Then we have the following
isomorphisms of Q(v)-algebras:

VU, = MAAY), ¢ U, — MHea(A").

The twisted quantum torus is mapped by @D to the Cartan subalgebra of U'. See The-
orem 7.7 for the explicit formulas for 77/1 which sends the generators of U* to the simple
modules up to scalar multiples. (This is one of the advantages of using the formalism of
modified Ringel-Hall algebras over the semi-derived Hall algebras.) The proof that 7;5 is a
homomorphism is reduced to the computations for the rank 2 iquivers. It is instructive to
see how the inhomogeneous Serre relations for U’ (or U") emerge from the :Hall algebra
computation; cf. Propositions 7.1, 7.2 and 7.4.

Associated to an acyclic quiver (), we formulate an :quiver of diagonal type in Example 2.3,
whose quiver algebra is A; cf. (2.1). In this setting, a variant of Theorem G provides the
following theorem, which can be viewed as a version of Bridgeland’s construction [Brl3]
thanks to Theorem C(1); compare [Gorl3].

Theorem H (Bridgeland’s theorem reformulated, Theorem 8.5 and Proposition 8.6). There
exist injective algebra homomorphisms Ujy—y —> MH(A) and Uj—y = MH,ea(A).

For @) of Dynkin type, the above homomorphism is an isomorphism.
For Dynkin :quivers, we show that the structure constants of the :Hall algebras are Laurent

polynomials in v. This allows us to define the generic tHall algebras H(Q, T) and H,q(Q, T)
over the field Q(v).

Theorem I (Theorem 9.8). Let (Q,T) be a Dynkin iquiver. Then we have a Q(v)-algebra
isomorphism

VU S H(Q, 1), VU = Heea(Q, 1)

Via the isomorphism ¢ in Theorem I, a monomial basis for U* in [Let02] can be matched
with a monomial basis for H,eq(Q, T) (which is a generic version of a corresponding monomial
basis for MH,eq(A") in Theorem F). The geometric degeneration partial order provides a
natural interpretation for the fundamental filtration on U* in [Let02] via the isomorphism

.
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1.5. Future works. In a second paper of this series [LW21], we formulate BGP-type reflec-
tion functors for «Hall algebras, which are shown to satisfy the braid group relations for the

restricted Weyl group of the symmetric pair (g, g?). Via the isomorphism 1 this leads to

automorphisms on the universal :quantum group U* which satisfy braid group actions.

In another sequel [LW19c| we shall study Nakajima-Keller-Scherotzke categories for :quivers
and use it to provide a geometric realization of vquantum groups; cf. [Qinl6, SS16]. It will
be interesting to examine if this geometric approach provides links to Y. Li’s tquiver variety
[Li19] and to (dual) 2canonical bases [BW18b].

There are several ways to extend the connections between 1Hall algebras and quantum
groups to more general settings as explained below, and we plan to return to these in future
works.

A major next step in our program is to formulate the Hall algebras for general (i.e., beyond
quasi-split) squantum groups. The quiver algebras in this paper can be viewed as a first
foundation for such an extension. This might eventually lead to general geometric framework
for quantum symmetric pairs and the (dual) scanonical bases.

We expect (see Conjecture 7.9) that there is an injective homomorphism from the quasi-
split :quantum groups of symmetric Kac-Moody type to the Hall algebras associated to the
acyclic tquivers introduced in Part 1 of this paper. As iquantum groups have sophisticated
Serre type relations, it takes serious work to complete this. We also expect that our work
can be extended to cover 1quantum groups of non-ADE Dynkin types and symmetrizable
Kac-Moody types using valued 1quivers. In all these settings BGP-type reflection functors
and braid groups actions shall be available.

1.6. Organization. The materials for :quiver algebras and 1Hall algebras in Sections 2-4 are
valid for arbitrary acyclic zquivers. The quivers are assumed to be Dynkin when we develop
PBW bases and isomorphism theorems between :Hall algebras and :quantum groups. The
field £ in Sections 2-3 on quiver algebras can be arbitrary, while we take k& = [, when
dealing with Hall algebras in Sections 4-9.

The paper is organized as follows. In Appendix A by the first author, the notion of
modified Ringel-Hall algebras is formulated in a framework of weakly 1-Gorenstein exact
categories, including the module categories of 1-Gorenstein algebras. The basic properties of
the Ringel-Hall algebras are established, including the tilting invariance and an isomorphism
with Gorsky’s semi-derived Hall algebras for 1-Gorenstein algebras.

In Section 2, the basic notion of :quiver algebras A and A’ is introduced. Then we provide
bound quiver descriptions for these algebras, show that A’ is a tensor algebra, and develop
the representation theory of modulated graphs of iquivers.

We study the homological properties of the iquiver algebra A* in Section 3, by first es-
tablishing that it is 1-Gorenstein. The Gorenstein projective modules, indecomposable pro-
jective modules and also modules with finite projective dimensions are completely described
for A*. We set up the connections among singularity category of A*, the stable category of
Gorenstein projective A’-modules, and an orbit triangulated category of D°(kQ).

We apply in Section 4 the general machinery in Appendix A to formulate the modified
Ringel-Hall algebra M#H(A*) for the 1-Gorenstein algebra A* and a twisted version MH(A").
We give a rather explicit Hall basis of MH(A"). We show that the embedding of a isubquiver
in an quiver leads to an inclusion of 1Hall algebras.
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In Section 5, for Dynkin iquivers, we construct monomial bases and PBW bases for
MH(AY) over its quantum torus. This is based on a filtered algebra structure on MH(A")
which allows us to relate to the usual Hall algebra H(Q).

In Section 6 (the first section of Part 2), we review the quantum symmetric pair (U, U*) and
introduce a new quantum symmetric pair (U, U"). We show that U" for various parameters

¢ are central reductions of U". o N B
In Section 7, we establish the algebra isomorphism ¢ : U} _ — M®H(A") and a reduced

[v=v
variant. The proof that @E is a homomorphism is reduced to rank 2 :quiver computations. A
monomial basis of M?—NL(N) is used to show that 1 is an isomorphism.

In case of wquivers of diagonal type, the iquantum groups become the usual quantum
groups U and U. The :Hall algebra in this case provides in Section 8 a reformulation of
Bridgeland’s Hall algebra construction.

In Section 9, we show the structure constants of the :Hall algebras for Dynkin iquivers are
Laurent polynomials in v. This allows us to define the generic :Hall algebras ﬁ(Q,T) and
Hrea(Q, T); we finally prove that H(Q, T) = U and Hiea(Q, T) = U™

1.7. Acknowledgments. ML thanks University of Virginia for hospitality during his visit
when this project was initiated. We thank Institute of Mathematics at Academia Sinica
(Taipei) for hospitality and support which has greatly facilitated the completion of this
work. WW is partially supported by NSF grant DMS-1702254.

1.8. Notability.

1.9. Notations. We list the notations which are often used throughout the paper.
> N, Z,Q, C — sets of nonnegative integers, integers, rational and complex numbers.

For a finite-dimensional k-algebra A, we denote

> mod(A) — category of finite-dimensional left A-modules,

> D = Homy(—, k) — the standard duality,

> D°(A) — bounded derived category of finite-dimensional A-modules,
> Y — the shift functor.

Let @ = (Qo, Q1) be an acyclic quiver. For i € @)y, we denote

> e; — the primitive idempotent of kQ),

> S; — the simple module supported at 7,

> P; — the projective cover of S;,

> I; — the injective hull of S;,

> rep, (Q) — category of representations of @ over k, identified with mod(kQ).

For an additive category A and M € A, we denote

> add M — subcategory of A whose objects are the direct summands of finite direct sums
of copies of M,

> Ind(A) — set of the isoclasses of indecomposable objects in A,

> Iso(A) — set of the isoclasses of objects in A.

For an exact category A, we denote
> Ko(A) — Grothendieck group of A,
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> A — the class in Ky(A) of A € A.

For various Hall algebras, we denote
> 7:LV(Q) — Ringel-Hall algebra of the path algebra kQ),

> H(Q) — twisted Ringel-Hall algebra of the path algebra k@,

Associated to the iquiver (@, T) (aka quiver with involution), we denote

> A" —iquiver algebra,

> MH(A") — modified Ringel-Hall algebra for A* (i.e., for mod(A")),

> T(A") — quantum torus,

> MH(A") — 1Hall algebra (=twisited modified Ringel-Hall algebra for A?),
> T(A?) — twisted quantum torus,

> MHeq(A") — reduced Hall algebra

> H(Q,T) — generic Hall algebra

> Hyred(Q, T) — generic reduced Hall algebra

For quantum algebras, we denote

> U — quantum group,

> U — Drinfeld double (a variant of U with doubled Cartan subalgebra),

> U* = UL — a right coideal subalgebra of U, depending on parameter ¢ € (Q(v)*)",

> (U, U") — quantum symmetric pair,

> (INJ, INJZ) — a universal quantum symmetric pair, such that U* is obtained from U by a
central reduction.

Part 1. 1:Quiver Algebras and :Hall algebras
2. FINITE-DIMENSIONAL ALGEBRAS ARISING FROM 1QUIVERS

In this section, starting with an acyclic iquiver (i.e., a quiver with involution), we construct
a finite-dimensional algebra A*. We describe the bound quiver for A* and show that A’ is a
tensor algebra. We develop the representation theory of modulated graphs for :quivers.

2.1. The :quivers and doubles. Let k be a field. Let @ = (Qo, Q1) be an acyclic quiver.
An involution of () is defined to be an automorphism T of the quiver @ such that T2 = Id.
In particular, we allow the trivial involution Id : ) — ). An involution T of @) induces an
involution of the path algebra k@), again denoted by T. A quiver together with a specified
involution T, (@, T), will be called an 2quiver.

Let Z,, be the quiver with m vertices and m arrows which forms an oriented cycle. The
vertex set of Z,, is {0, 1,...,m—1}. Let R, be the radical square zero selfinjective Nakayama
algebra of Z,,, i.e., R, := kZ,,/J, where J denotes the ideal of kZ,, generated by all paths
of length two. In particular,

> Ry is isomorphic to the truncated polynomial algebra k[e]/(g?);

> Ry is the radical square zero of the path algebra of 1 <—€_> 1", ie., ee=0=c¢ec.

E/

Let Cz/m(mod(kQ)) be the category of the Z/m-graded complexes over mod(kQ) for any
m > 1, see [Br13, CD15, LP16]. The following lemma is well known.

Lemma 2.1. We have Cz/,(mod(kQ)) = mod(kQ ®y R,) for any m > 1.
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Define a k-algebra
(2.1) A =kQ ®; Rs.
Let Q* be the quiver such that
e the vertex set of Q* consists of 2 copies of the vertex set Qq, {i,7 | i € Qo};
e the arrow set of Q* is
{ari=ja i =g (ari=j)eQ}Uf{e:i—id,e:d —ilicQo}.
We call Q* the double framed quiver associated to the quiver Q.
The involution T of a quiver @ induces an involution T of Q* defined by
o T¥(i) = (ti), T¥(i") = i for any i € Qu;
o T(g;) = &, T¥(e}) = ey for any i € Qy;
e T(a) = (1), (/) = ta for any a € Q.
So starting from the wquiver (Q, T) we have constructed a new wquiver (Q¥, ).

2.2. A bound quiver description of A. The algebra A can be described in terms of a
quiver with relations. Let I* be the admissible ideal of kQ* generated by

e (Nilpotent relations) g;e}, €ie; for any i € Qo;

e (Commutative relations) €0’ — agj, gja — a'e; for any (a i — j) € Q.
Then the algebra A can be realized as
(2.2) A= EkQ /T
Let @ (respectively, Q') be the full subquiver of Q* formed by all vertices i (respectively, i’)
for i € Qp. Then Q LU Q' is a subquiver of Q.

Example 2.2. (a) Let Q = (1 —"=2). Then its double framed quiver Q* is

1—* .9
5’1H61 5&“52
1/#,2/

and I* is generated by all possible quadratic relations

/ / / / / / AN
€167, E1€1, E9€2, €969, Q€] — €20, QE] — E5C.

(b) Let Q = (1 —=2 L3 ). Then its double framed quiver Q* is

«

1 -2t 3
5’1H51 E{ZHEQ dsHag
eyl
and I* is generated by all possible quadratic relations
eei, g, V1<i<3

d'e; —eqa, ag] —egdl, Pey — ey, Bles —eaf.
(¢) Let Q be the quiver such that Qo = {1,2}, and Q1 = 0. Then A = Ry X Rs.
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Example 2.3. Let Q = (Qo, Q1) be an acyclic quiver, Q* be its double framed quiver. Let
QM = Q U Q°, where Q° is an identical copy of Q with a vertex set {i°| i € Qo} and an
arrow set {a® | o € Q1}. Let A = kQ ®, Ro, A° = kQ° @y Ry, and A™ := kQ™ @ R,. Then
the double framed quiver (Q™)* of QI is Q* LI (Q%)°, and A = A x A° = A x A.

2.3. The 1quiver algebra A’. The following can be verified from the definitions.

Lemma 2.4. The action of T* preserves I*. Hence T induces an involution, again denoted
by T, of the algebra A.

Definition 2.5. The fized point subalgebra of A under T*,
(2.3) AN ={x € A|T(z) = 2},
is called the wquiver algebra of (Q, T).

Remark 2.6. Since A = kQ®y Ry, it has a basis {p®ey, pRey, pRe, p@e’ for all paths p of Q}.
Then the action of T on A is given by

Tp@e) =p@e, Tpe)=TPe
The) =1, THod)=1mce.
We describe A* in terms of a quiver @ and its admissible ideal I as follows.

Proposition 2.7. We have A\* = kQ/I, where

(i) Q is constructed from Q by adding a loop €; at the vertex i € Qq if Ti = i, and adding
an arrow €; : i — Tl for each i € Qo if Ti # 1;

(ii) I is generated by
(1) (Nilpotent relations) €;e«; for any i € Qo;
(2) (Commutative relations) e;,ac — T(v)e; for any arrow ac: j — i in Q.

The quiver Q or (Q,I) is called an enriched (bound) quiver.

Proof. The cyclic group (t*) = {Id, T¥} of order 2 acts on Q¥ freely. So we can define the
orbit quiver @*/(t*). Then Q*/(t*) coincides with @ if by abuse of notation we identify i,
g5, and a as the orbits of i € Qy, &;, and a € @y, respectively. We identify Q*/(t%) with Q
below. This induces a Galois covering of quivers 7 : Q — Q.

Note that I = 7(I*). Then 7 induces a Galois covering of quivers with relations (Q¥, I*) —
(Q,m(I*)) ala [BG82], also denoted by 7. As A* is the fixed point subalgebra of A, 7 induces
a homomorphism ¢ : A* — kQ/I. In fact, A’ is spanned by {p + Tp | p is a path in Q*}.
Note that for any path p in Q¥, p € (I*) if and only if Tp € (I*), and in this case 7 (p) € (I).
Then we have ¢(p + T¥p) = 7(p) for any path p in Q%

On the other hand, there exists a natural homomorphism ¢ : kQ — A* induced by mapping
any arrow « in @ (viewed as a subquiver of Q) to a + (Ta)’ for each arrow o € Q; C Qg,
and mapping ¢; to &; + ¢/, for any arrow ¢; : i — 7Ti. It is routine to prove that ¢(I) = 0 in
A*. So ¢ induces a homomorphism ¢ : kQ/I — A*. One checks that ¢ = Id and ¢p = Id,

and therefore A* = kQ/I. O

We have the following corollary to Proposition 2.7. The algebra kQ) ® R; was considered
in [RZ17] with different motivation.
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Corollary 2.8. If the involution T of Q is trivial (i.e., T=1d), then A' = kQ ® R;.

Example 2.9. (a) We continue Ezample 2.2(a), with T=1d. Then A" is isomorphic to the
path algebra of the following quiver Q) with relations:
€1 £9

(o ()

1'—2

2 2
el =0=¢3, ex=ae;.

(b) We continue Ezample 2.2(b), with T being the nontrivial involution of Q. Then A" is
1somorphic to the path algebra of the following quiver Q) with relations:

€1
—3
€3
x%
Q)

€2
€163 = 0 = e3¢, 5% =0, &f=ae3, e = Peq.
(c) We continue Example 2.2(c) with Tt =1d. Then, A' = Ry X R;.

Example 2.10. (wquiver of diagonal type) Continuing Ezample 2.3, we let swap be the
involution of Q™' uniquely determined by swap(i) = i for any i € Qo. Then (A)* is
isomorphic to A. Explicitly, let (@dbl,fdbl) be the bound quiver of (A, Then (@dbljdbl)
coincides with the double 1quiver (QF, I*). So we just use (Q%, I*) as the bound quiver of

(A®PY and identify (AT with A.

_ From Proposition 2.7, every A’-module corresponds to a representation of the bound quiver
(@, I), and mod(A") is isomorphic to the category rep,(Q, I) of representations of (), I) over
k. Throughout this paper, we always identify these two categories.

Remark 2.11. By the proof of Proposition 2.7, there is a Galois covering 7 : (QF, I*) — (Q, I).
We also use m : A — A’ to denote this Galois covering. So we obtain a pushdown functor

(2.4) 7. : mod(A) — mod(A*)

by [Ga81]. In particular, 7, preserves projective modules (also injective modules) and the
almost split sequences. However, m, may not be dense in general.
There exists an action of the cyclic group (t¥) on the module category mod(A) induced

by the involution % of A in Lemma 2.4. Denote by mod<Tu>(A) the subcategory of mod(A)
formed by the (t*)-invariant modules, see [Ga81, Page 94]. Then the pullup functor 7* :

mod(A") — mod(A) induces an equivalence mod(A") ~ modM)(A).
By Proposition 2.7, A* is a non-negatively graded algebra when equipped with a principal
grading | - | by
el =1, laf=0
for each i € I and each arrow a in Q C Q. Then A* = D,y A, where A} is the degree i
subspace of A*. From Proposition 2.7, we obtain the following.
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Corollary 2.12. We have A* = Ay @ A, where A}y = kQ. In particular kQ is naturally a
subalgebra and also a quotient algebra of A*.

Viewing k() as a subalgebra of A’, we have a restriction functor
res : mod(A') — mod(kQ);
viewing kQ as a quotient algebra of A’, we obtain a pullback functor
(2.5) ¢ : mod (k@) — mod(A*).
Lemma 2.13. The restriction functor res : mod(A") — mod(kQ) is faithful and dense.

Proof. Tt is routine to prove that res is faithful, hence is omitted here. Moreover, resor ~ Id,
that is, res is dense. 0

ss We shall always identify mod(kQ) with the full subcategory of mod(A") by applying
the natural embedding ¢, and denote by mod(kQ) C mod(A").

2.4. A" as a tensor algebra. First, let us recall the definition of tensor algebras. Let A be
a k-algebra, M = oMy, be an A-bimodule which is finitely generated on both sides. Write
M®49 =k and M®40+t) = M @4 (M®47) for j > 0. Denote by

o0

TA(M) _ @M@Aj

J=0

the tensor algebra. We shall assume M is nilpotent, that is, there exists N > 0 such that
M®47 = ( for any j > N.

Following [BSZ09, Section 1], Geiss, Leclerc and Schréer [GLS17] give a criterion for a
path algebra to be isomorphic to a tensor algebra, which we shall recall. Let @) be a finite
quiver, and let w : @1 — {0,1} be a map assigning to each arrow of @) a degree. Then
kQ is a non-negatively graded algebra. Let r1,... 7, be a set of relations for k() which are
homogeneous with respect to this grading. Suppose that there is some 1 <[ < m such that
deg(r;) =0 for 1 <i <l anddeg(r;) =1for Il +1<j <m. Let A:=kQ/I where [ is the
ideal generated by 71, ...,r,. By assumption, A is non-negatively graded. The subspace A;
of elements with degree 7 is naturally an Ay-bimodule.

Lemma 2.14 ([BSZ09, GLS17]). The algebra A is isomorphic to the tensor algebra Ta,(Ay).

Let A be an additive category with an additive endofunctor F': A — A. By a represen-
tation of F'; we mean a pair (X, u) with X an object and w: F(X) — X a morphism in A.
A morphism f: (X,u) — (Y,v) between two representations is a morphism f: X — Y in A
satisfying f ou = v o F(f). This defines the category rep(F') of representations of F.

There is an isomorphism of categories

(2.6) rep(M ®4 —) — mod(T4(M)),

which identifies a representation (X,u) of M ®4 — with a left T4(M)-module X such that
m-x =u(lm®x) form € M and z € X. We always identify these two categories in the
following.
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Now back to our setting, let (@, T) be an squiver, and A* = kQ/T with (Q, I) being defined
in Proposition 2.7. For each i € (), define a k-algebra

klei]/(e2) if Ti =i,

)

k(i == i )/(eitni, wii) i Ti A .

T

(2.7) H; :=

Note that H; = H; for any 7« € ()g. Choose one representative for each t-orbit on I, and let
(2.8) I = {the chosen representatives of T-orbits in I}.

Define the following subalgebra of A*:
(2.9) H = P H.
i€l

Note that H is a radical square zero selfinjective algebra. Denote by
(2.10) resy : mod(A') — mod(H)
the natural restriction functor.

Define

Q:=Q(Q)={(1,7) € Qo x Qo | I :i—j) € Q1}.

Then  represents the orientation of Q). Since @ is acyclic, if (i, 75) € Q, then (j,7) ¢ Q. We
also use (i, —) to denote the subset {j € Qo | I : i — j) € Q1}, and Q(—, 1) is defined
similarly.

For any (i,7) € Q, we define
(2.11) ;H; -=H; Span{a, T | (a1 — j) € Qq or (o :i— 7)) € Q1 }H;.
Note that _]HZ = TjHTi = ]Hm = T]H’L for any ('l,j) e Q.

We describe a basis of ;H; (as k-linear space) for each (7, j) € by separating into 2 cases
(1)-(ii):

(i) i =7 and tj = j. Then {«a,a¢; | (a7 — j) € Q1} forms a basis of ;H;.
(ii) i # i or tj # j. Then
{a, T, g0 = Tag;, et = aey | (a1 — ) € 1}
U{a, T, eqjor = Tag;, 5T = aey | (v 14— 1) € Q1 }
forms a basis of ;H;.

So ;H; is an H;-H;-bimodule, which is free as a left H;-module and free as a right H;-module.
In particular, for (i,7) € Q, define

' {al(a:i—j) € Qi) if i = i,tj = j,

(212) L, = {o+Tal(a:i—j) € Qi} if i = i, 1) # J,
S {a,tal(a:i— j) € Qi) if T £ 4,7) = j,
| {a+Tal(a:i—j)or (ari—Tj) €@} ifTi#i,T#j

' {al(a:i— j) € Qi} if i = i, 1j = j,

(2.13) R, = {a,tal(a:i—j) € Qi} if i =i, ) # .
: i {a+Tal(a:i— 7)€ @1} if T £ i) = 7,
| {o+al(a:i—j)or(a:i—1j) e} ifTi#i,Tj# ]
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Then ,L; (respectively, ;R;) is a basis of ;H; as a left H;-modules (respectively, as a right
H;-modules).
Denote

(2.14) Q:={(i,5) € L, x I | (i,5) € Qor (i,Tj) € Q},
and define the following H-H-bimodule

(2.15) M= P H.
(i,5)€Q
Proposition 2.15. The algebra A* is isomorphic to the tensor algebra Ty(M): A* = Ty (M).

Proof. In this proof, we shall consider another positive grading of A* different from the one
in Corollary 2.12. It follows by Proposition 2.7 that the algebra A* admits a new positive
grading by setting deg(e;) = 0 for each arrow ¢; in Q and deg(a) = 1 for each arrow « in Q
(viewed as a subquiver of Q).

It follows by Proposition 2.7 that the generators of I is homogeneous, and H is the sub-
algebra of elements of degree zero, and M is the subspace of elements of degree 1. Now the
assertion follows from Lemma 2.14. U

2.5. Modulated graphs for :quivers. In this section we generalize the notion of repre-
sentation theory of modulated graphs to the setting of iquivers. See [DR74, Lil2, GLS17] for
details about representations of modulated graphs.

Recall from (2.8) that I; is a (fixed) subset of @)y formed by the representatives of all
t-orbits. The tuple (H;, ;H;) := (H;, jHi);cr, i j)eq as defined in (2.7) and (2.11) is called a
modulation of (@), T) and is denoted by M(Q,T).

A representation (Nj, Nj;) = (Ni, Nji)jer, i.yen of M(Q,7) is defined by assigning to
each ¢ € I; a finite-dimensional H;-module N; and to each (i,7) € Q an H;-morphism
Nj; + jH; ®y, N; = N;. A morphism f : L — N between representations L = (L;, Lj;) and
N = (N;, Nj;) of M(Q, ) is a tuple f = (fi)ier, of H;-morphisms f; : L; — N; such that the
following diagram is commutative for each (i, j) € Q:

1®f;
iH; ®m; L e ;H; ®m, N

f.

L d N

J

J

Similar to the one-point extension of algebras, the representations of M(Q,T) form an
abelian category rep(M(Q, T)). Similar to [GLS17, Proposition 5.1] (see also [Lil2, Theorem
3.2]), we shall show that rep(M(Q, T)) is isomorphic to rep(Q, I).

For (N;, N;;) € rep(M(Q, 7)), we define a representation (X, X (), X(£;))jeqq.acq, of A
as follows. Since N; is a Hj;-module, for any j € Q, let X; = ¢;N; if j € I or X; = €; N4,
otherwise. Define a k-linear map X(g;) : X; — X by letting X(&;)(x) = ¢; - . For any
(a:i—j) € Qq, then (7,7) € Q. By the basis of ;H; described in (2.12)-(2.13), we define a
k-linear map X (a) : X; — X, by

X(a)(&) = Ny(a @),
One checks that (X;, X (), X(£;))jeqo.acq, is actually a representation of (Q,T).
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Conversely, let (X;, X(a), X (g;)) € rep(Q, I). If Ti = i, then N; = (X;, X(g;)) is naturally
a Hi—module_;if Ti # i, then N; = (X, Xv, X (&), X (e4)) is a H;-module. Note that N; = N;.
For (i,7) € €, then either (i,7) € Q or (¢,7j) € Q, and there exists an H;-morphism

Nji : jHi Qm, N; — Nj

determined by Nj;(a ® x) := X (a)(z) for any arrow a: i — j and o : 10 — Tj if (i,5) € Q
and for any a4 — Tj or av: i — j if (4, 75) € Q. Then (N;, Nj;) € rep(M(Q, 1)).

A direct computation shows that the above functors between rep(M(Q, T)) and rep(Q, I)
are mutual inverses. Then we have established the following.

Proposition 2.16. The categories rep(M(Q,T)) and rep(Q, I) are isomorphic.

Remark 2.17. The materials in this section will play a helpful role in the constructions of
BGP-type reflection functors associated to iquivers in [LW21].

3. HOMOLOGICAL PROPERTIES OF THE ALGEBRA A’

In this section, we shall study the homological properties of the algebra A’, such as Goren-
stein homological properties and singularity categories.

3.1. Gorenstein projective modules. In this subsection we review briefly and set up
notations for Gorenstein algebras and Gorenstein projective modules. Let k be a field. Let
A be a finite-dimensional k-algebra. A complex

P p s pt Lopt

of finitely generated projective A-modules is said to be totally acyclic provided it is acyclic
and the Hom complex Hom4(P*®, A) is also acyclic. An A-module M is said to be (finitely
generated) Gorenstein projective provided that there is a totally acyclic complex P* of pro-
jective A-modules such that M = Ker d° [EJ00]. We denote by Gproj(A) the full subcategory
of mod(A) consisting of Gorenstein projective modules.

A k-algebra A is called a Gorenstein algebra [EJO0, Ha91] if inj.dim 4A < oo and
inj.dim A4 < oo. It is known that a k-algebra A is Gorenstein if and only if inj. dim 4 A <
oo and proj.dim D(A4) < oo. For a Gorenstein algebra A, by Zaks’ lemma we have
inj.dim 4 A = inj. dim A4, and the common value is denoted by G.dim A. If G.dim A < d,
we say that A is a d-Gorenstein algebra.

For a module M take a short exact sequence 0 — Q(M) — P — M — 0 with P projective.
The module Q(M) is called a syzygy module of M. Syzygy modules of M are not uniquely
determined, while they are naturally isomorphic to each other in the stable category mod A.
For each d > 1 denote by Q¢(mod(A)) the subcategory of modules of the form Q¢(M) for
an A-module M.

Theorem 3.1 ([EJ00]). Let A be an algebra and let d > 0. Then the following statements
are equivalent:

(a) the algebra A is d-Gorenstein;

(b) Gproj(A) = Q%(mod(A)).
In this case, an A-module G is Gorenstein projective if and only if there is an exact sequence
0— G — P°— P! — ... with each P* projective.
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The following lemma is standard.

Lemma 3.2. For each Gorenstein projective A-module M, we have Extty(M,U) = 0 for all
p > 0 and all U of finite projective dimension.

Let P=4(A) be the subcategory of mod(A) which consists of A-modules of projective
dimension less than d, for d € N.

Lemma 3.3 ([AB89]). Let A be a d-Gorenstein algebra. Then for each M € mod(A), there
are short exact sequences
0—Hy — Gy — M —0,
0—M—HM - GM — 0,
where Hyy € P<Y(A), HM € P<4(A), Gur, GM € Gproj(A).
In fact, for a d-Gorenstein algebra A, (Gproj(A), P=¢(mod(A))) is a cotorsion pair in
mod(A), see [EJOO].
Let A be a finite-dimensional algebra. The singularity category of A is defined (cf. [Ha91))
to be the Verdier localization
D,,(mod(A)) := D’(mod(A))/K"(proj A).

3.2. A" as a 1-Gorenstein algebra. In this subsection, we shall prove that A® is 1-
Gorenstein and then give a characterization of Gorenstein projective A’-modules.

The following result might be known for experts; we include a proof here as we cannot
find a suitable reference.

Lemma 3.4. Let QQ be an acyclic quiver. A representation N = (N;, N(«a)) € rep,(Q) is
projective if and only if the map
(N)o: P N—N
(a:j—1)EQ1
15 injective for each i € Q.
Proof. Set A = kQ. We prove it by induction on the cardinality of Q. First, if |Qo| = 1,
then A = k, and the result is trivial.

For |Qo| = n, as @ is an acyclic quiver, there exists at least one sink vertex, denoted by 0.
Let B = (1 —ep)A(1 — ep), where e is the idempotent corresponding to the vertex 0. Then
k- M
0 B
with Mp a right projective B-module. In this way, any N = (N;, N(«)) € rep,(Q) cam be

identified with a triple ( i,( ) , where X € mod(k), Y € mod(B) and ¢ : M ®pY — X is

a linear map. In fact X = Ny, and ¢ coincides with
(3.1) (N(@)a: P Ni— N
(:i—0)eQ1

For the ‘if’ part, assume ¢ is injective. Let Z = Coker(¢). Then

(v ), =(""),= (%),

B is also a hereditary algebra, and A is one-point coextension of B. So A =
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Clearly, < g ) is a projective A-module. By the inductive assumption, Y is a projective
0

M ®pY
Y
For the ‘only if” part, by the inductive assumption, (N(a))a @ @D ujoieq, N — Ni is
injective for ¢ # 0. For ¢ = 0, since the desired map (3.1) coincides with ¢, from the
description of projective modules in rep,(Q) [ASS04, Chapter I11.2, Lemma 2.4|, we obtain
that ¢ is injective.
The lemma is proved. O

B-module. Then ) is projective, and so N is a projective A-module.
1d

Proposition 3.5. Let (Q,T) be an wquiver. Then

(1) A" is a 1-Gorenstein algebra;
(2) for any X € mod(A*), we have X € Gproj(A*) if and only if res(X) is a projective
kQ-module.

Proof. (1) Tt is well known that every projective (respectively, injective) A-module is grad-
able, i.e. in the image of the pushdown functor , in (2.4) (up to isomorphism). In particular,
there exist a projective A-module P and an injective A-module I such that 7, (P) = . (A")
and m.(1) = D((A")p:). As A = kQ ® Ry is 1-Gorenstein, let

0P —I1"—T1'"—0, 0— P — P 5T —0

be an injective resolution of P and a projective resolution of I respectively. By applying 7,
to these two resolutions and noting that m, is an exact functor preserving projectives and
injectives, we conclude that A* is 1-Gorenstein.

(2) Let X = (X;, X(a), X(€i))icq, acq, € mod(A’) correspond under the category equiva-
lence in Proposition 2.16 to (N;, N;;) € rep(M(Q, T)). In particular, NN; is the restriction of
X to Hj, i.e., the underlying space of IV; is X; if Ti =4, and is X; & X; if T # .

By construction, an H-bimodule M is projective as a left (and also right) H-module. Then
M is perfect in the sense of [CL20, Definition 4.4]. The following statements are equivalent:

(i) X € Gproj(A);
(i) D;.¢j)eq sHi ®m, Ni — Nj is injective for any i € Qo;

(X(a))
(111) @(a:i—m’)EQ1 XZ
The equivalence between (i) and (ii) follows by [CL20, Proposition 4.5, Theorem 3.9], and

the equivalence of (ii) and (iii) follows by a direct computation using (2.13).
Now the assertion (2) follows from Lemma 3.4. O

= X is injective for each i € Q.

Denote by Cz/2(proj(kQ)) the category of Z/2-graded complexes over proj(kQ) [PX00,
Br13]. Recall A itself is an algebra arising from an :quiver of diagonal type by Example 2.10.
In this case Proposition 3.5 gives us the following equivalence

(3.2) Gproj(A) = Cz/2(proj(kQ)).

Another corollary of Proposition 3.5 was known before. Denote by Cz/1(proj(k@)) the cate-
gory of Z/1-graded complexes over proj(kQ).

Corollary 3.6 ([RZ17]). We have Gproj(A*) = Cz/1(proj(kQ)), if T=1d.
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3.3. A'-modules with finite projective dimensions. In this subsection, we shall char-
acterize the objects in P<!(A") in terms of simple objects.
Recall H from (2.9). Denote by resyg : mod(A') — mod(H) the restriction functor. On the
other hand, as H is a quotient algebra of A’, every H-module can be viewed as a A™-module.
Recall the algebra Hj; for i € I; from (2.7). For i € Qo = I, define the indecomposable
module over H; (if i € I;) or over Hy; (if ¢ & L;)

kles)/(e2), if T = 1;
3.3 E;, = e
(3:3) k<__1>k: on the quiver i —71i, if Ti #1.
0 E1g

Then E;, for i € )y, can be viewed as a A’-module and will be called a generalized simple
A'-module.

Lemma 3.7. We have proj.dim,.(E;) <1 and inj.dim,.(E;) < 1 for any i € Q.

Proof. We view k(@ as a subalgebra of A*. Proposition 3.5 implies that the left (and respec-
tively, right) regular module A is projective as a k@Q-module. For any i € @, the simple
kQ@-module S; admits the following projective resolution

0— P EkQe; — (kQ)e; — S; — 0.
(awi—7)EQ

By applying A' ®xq — to it and noting that A*®;oS; = E;, we obtain the following projective
resolution of E;

(3.4) 0— @ ANej — Ne, — E, — 0.
(a:i—7)EQ1
Thus proj. dim,. (E;) < 1. As A* is 1-Gorenstein, it follows that inj. dim,.(E;) < 1. O

Dual to (3.4), we obtain the injective resolution of E;:

(3.5) 0—E — D(egh') — @  D(e;A') — 0,
(a:j—1i)EQn

by considering the right modules, and applying the duality D.

Proposition 3.8. For any M € mod(A") the following are equivalent.
(i) proj.dim M < oo;
(ii) inj.dim M < ooy
(iii) proj.dim M < 1;
(iv) inj.dim M < 1;
(v) resg(M) is pmjective as H-module.
Proof. Proposition 3.5 states that A" is 1-Gorenstein, and then the equivalence of (i)—(iv)

follows. By using Lemma 3.7, the proof of the equivalence “(i)<>(v)” is similar to [GLS17,
Proposition 3.5], and hence is omitted. O

Recall the generalized simple A*-module E; from (3.3).

Corollary 3.9. A A"-module M has finite projective dimension if and only if it has a filtra-
tion 0 = M, C My C --- C My € My = M such that M;/M;, = E;, for some i; € Qo, for
0<j <t
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Proof. The “if” direction follows from Lemma 3.7.

It remains to prove the “only if” direction. Assume that M has finite projective dimension.
By Proposition 3.8, resg(M) is projective as H-module. As @) is an acyclic quiver, there
exists a vertex ¢ of the quiver ) such that e;,M # 0 or e;M # 0, and e;M = 0 for all
J € Qi,—)UQ(ti,—). If 1i =i, we have a short exact sequence

(3.6) 0—eM — M— (1—¢)M — 0.

Note e; resg(M) = e;M viewed as H;-modules. So e; M is a projective H;-module, and then
e;M = EP™ for some m;. By applying resy to (3.6), we see that resy((1—e;) M) is projective
as an H-module. If i # 4, then

0—>(€i+€Ti)M—>M—>(1—€i—€Ti)M—>O

is an exact sequence with resg((e; + er;) M) projective as H;-modules. Then (e; + €)M =
EP™ @ES™ for some m;, mo;. A similar argument as above shows that resy((1—e; —e;) M)
is projective as an H-module.

Now the “only if” direction follows by induction on dimension of M. 0J

3.4. Projective A'-modules. We describe the indecomposable projective A’-modules in
this subsection.

For each i € @y, we denote by P; the indecomposable projective kQ-module (kQ)e;. Recall
that R, is the radical square zero of the path algebra of 1 (—6_> 2 . We shall identify in this

€

subsection mod(A) = Cz/2(mod(kQ)) as in Lemma 2.1.
Lemma 3.10 ([Br13]). A A-module is indecomposable projective if and only if it is isomor-

1 0
phic to P, —= P, or P,——= P; for some indecomposable projective kQ)-module P;.
0 1

Proof. The “if” part follows from [Brl3, Lemma 3.3].

For the “only if” part, let M be an indecomposable projective module. As A = kQ) ®;, Rs,
the restriction of M to the subquiver QJ Q' C Q" is projective, so M € Czo(proj(kQ)). It
follows by the decomposition in [Br13, Lemmas 4.2, 3.3] that M is an acyclic complex. Then
the assertion follows from [Brl3, Lemma 3.2]. O

Proposition 3.11. A A'-module X = (X;, X(a), X(€:))icqo,acq, s indecomposable projec-
tive if and only if the kQ-module (X;, X(«)) is equal to P; & Py and X(g;) is a linear
isomorphism, for some j € Qq; see (2.5). In particular, we have a short exact sequence in

mod(A"):
(3.7) 0— P — (A')e; — P, — 0.

Proof. The pushdown functor m, : mod(A) — mod(A") defined in (2.4) is exact and pre-
serves projective modules. Then the assertion follows by applying 7, to the indecomposable
projective A-modules in Lemma 3.10. U

3.5. Singularity category of Gorenstein algebras. Let A = @,_ A; be a non-negatively

ieN
graded finite-dimensional algebra, and mod%(A) be the category of finite generated graded
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A-modules. For i € Z, the grade shift functor (i) : mod”(A) — mod*(A), X — X (i), is de-
fined by letting X (i) = ®;ezX (i);, where X (i); := X,;4;. Following [Yam13], the truncation
functors
(=) : mod?(A) — mod?(A), (—)<; : mod”(A) — mod?(A)
are defined as follows. For a Z-graded A-module X = @, , X;, X5; is a Z-graded A-
submodule of X defined by
S |
(X2i>j T { X, ifj>1,

J
and X<; is a Z-graded quotient A-module X/X5; ;1 of X.
Now we define a Z-graded A-module by

T .= @ A(Z)§O

i>0
For i sufficiently large, A(7)<o is projective since A is finite-dimensional. So we can re-
gard T as an object in Dy, (mod”(A)) (by noting that every projective module is zero in
Dsg(modZ(A))).

Let proj”(A) be the subcategory of finitely generated graded projective A-modules. Define
the graded singularity category of A to be

Dy, (modZ(A)) = Db(modZ(A))/Kb(pron(A)).

Similarly, one can define a notion of graded Gorenstein projective modules. We denote by
GprojZ(A) the full subcategory of mod?*(A) formed by all Z-graded Gorenstein projective
modules. Note that a graded A-module is graded Gorenstein projective if it is Gorenstein
projective as an ungraded module, see, e.g., [LZ17]. The forgetful functor mod?(A) —
mod(A) maps graded Gorenstein projective modules to Gorenstein projectives. Buchweitz-
Happel’s Theorem also holds for graded algebras.

For any positive integer m, every Z-graded algebra A = €
as a Z/m-graded algebra A = @/, A7 with 4; = P

define mod”™(A), Gproj”/™(A) and D,,(mod?™(A)).

A; can be viewed naturally
A;r; thus one can also

1€EZ

/=i (mod m)

Lemma 3.12 ([LZ17]). Let A be a non-negatively graded Gorenstein algebra such that Ay
has finite global dimension. If T' = @izo A(i)<o is graded Gorenstein projective, then T is a

tilting object in Dy,(mod”(A)).

In general, it might be difficult to compute Endp, 04204y (1)?. However, this is more
manageable for certain algebras A including the ones arising from quivers, as we explain
below. Let A be a non-negatively graded Gorenstein algebra. We say that A has Gorenstein
parameter [ if soc A is contained in A;. The endomorphism ring of 7" in the graded singularity
category is just the one in graded module category, thanks to the following lemma.

Lemma 3.13 ([Yam13, LZ17]). Let A be a non-negatively graded Gorenstein algebra of
Gorenstein parameter . Assume that T' = P, A(i)<o is a Gorenstein projective A-module.

Take a decomposition T =T & P in Mod”(A) where T is a direct sum of all indecomposable
non-projective direct summand of T'. Then

(1) T is finitely generated, and is isomorphic to T in Gproj“A;

(ii) there exists an algebra isomorphism Endp_ (moqz(a)) (1) = End,,oqz(4)(L)F;
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(iii) of Ao has finite global dimension, then so does B := Endp,_ (yoqz(ay(I)?. In this
case, we have D,yy(mod?(A)) =~ D*(mod(B)).

3.6. Singularity category for iquivers. In this subsection, we shall describe D, (mod(A"))
(and equivalently, Gproj(A?)) by using the triangulated orbit of D*(kQ) & la Keller [Ke05].
The main result is Theorem 3.18 below.

We apply the general considerations in §3.5 to A* as a non-negatively graded algebra
by Corollary 2.12. Proposition 3.11 shows that A'(i)<o = A'(i) for ¢ > 1, and thus T =
@D, M'(i)<o = A} in Dyy(mod”(A)). Denote by T = A}. By Proposition 3.11 again, we
obtain T = 1(4okQ) = A.(kQ). It follows from (3.7) that Q(T) = T(—1), and then T is a
Gorenstein projective A’-module by Theorem 3.1 by noting that A’ is 1-Gorenstein. Also T’
is Gorenstein projective.

Proposition 3.14. T = A}, is a tilting object in Dy,(mod”(A")), and its (opposite) endo-
morphism algebra is isomorphic to kQ. In particular, we have

D,y(mod”(AY)) ~ D°(kQ).

Proof. By Lemma 3.12 and the discussions above, T is a tilting object in D,,(mod”(AY)).
Clearly, A* has Gorenstein parameter 1. It follows from Lemma 3.13(ii) that

Endp_ (moaz(an) (L)” = End,4z(a (L)” = Enda ()%
and then
Enstg(modZ(Al)) (I)OP = Endy. (kQ)Op = kQ

By Lemma 3.13(iii), the proposition follows. O

The triangulated equivalence in Proposition 3.14, denoted by G, is given by the composi-
tion of functors:

TRk — -

(3.8) G : D*(kQ) —=2— D’(mod” A*) ™ D,,(mod” AY).

On the other hand, T is isomorphic to kQ as a A*-kQ-bimodule, so (T’ ®xg —) =~ ¢, where ¢
is defined in (2.5). So G is equivalent to the composition

b . -
DM (kQ) 2 DP(mod® AY) =+ D, (mod% A"),

where D’(1) is the derived functor of ¢ since ¢ is exact.
The automorphism T of £Q) induces an automorphism T of A*. Then T induces an auto-
morphism of mod(A").

Remark 3.15. The automorphism Tt of k@) induces an automorphism, denoted again by T,
of mod(kQ). The restriction of T to the subcategory mod (k@) of mod(A*) coincides with T,
i.e., T’mod(kQ) =T.

Set I' = kQ. Then T induces an automorphism of mod(A* ® I'?), that is, for any A*-I'-
bimodule X, X is defined to be the A-I'-bimodule with its left A>module structure twisted
by T. Similarly, T induces an automorphism of mod(I' ® I'?). It is natural to view A’ as a
A"-I'-bimodule. Recall that T is isomorphic to I" as A*-I'-bimodule. By (3.7), we have the
following exact sequence in mod”(A* @ T'P):

(3.9) 0—U—A(2) —T(2) —0.
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In particular, U is isomorphic to (T')(1) as A-I-bimodule. Furthermore, we obtain the
following exact sequence in mod”(A* @ '?P):

(3.10) 0—T— ("AY(1) — U — 0.

By applying res : mod(A*) — mod(I"), U can be viewed as a I'-I'-bimodule with the left
[-module structure induced by its left A-module structure. Correspondingly, since T is
isomorphic to I' as A’-I'-bimodule, T is a I'-I'-bimodule. Then we obtain the isomorphisms
URkT ~U and T @ T = T in D*(mod”(A* @ T'°P)).

From the above observation, similar to [Lul7, Proposition 3.9, Theorem 3.11], we obtain
the following result. Recall the shift functor ¥ of D°(kQ) and the functor G from (3.8).

Proposition 3.16. We have
(2) 0 G ~ GoX?
In particular, Dyg(mod(A)) =~ Dy,(mod??(A*)) ~ D*(kQ)/%? as triangulated categories.

Proof. The proof that (2)oG ~ GoX? and D,,(mod*?(A?)) ~ D*(kQ)/%? is completely sim-
ilar to that of [Lul7, Proposition 3.9, Theorem 3.11], and hence is omitted. The equivalence
D,,(mod(A)) =~ Dy, (mod%?(A*)) follows by noting that mod(A) 2 mod?/?(A"). O

The degree shift functor (1) is a triangulated autoequivalence of Dy,(mod”(A")). Under
the equivalence functor G : D°(kQ) — D,,(mod”(A)), the shift functor (1) induces a tri-
angulated autoequivalence of D°(kQ), which is denoted by F.. In particular, by definition
and Proposition 3.16, we obtain that (Fy)? ~ %2

Lemma 3.17. The orbit category D°(kQ)/Fy is a triangulated orbit category a la Keller
[Ke05].

Proof. We make the following observations.

First, for any indecomposable object Y of D°(kQ), it follows from (Fy)? =~ X2 that only
finitely many (Fy#)'Y, i € Z, lie in mod(kQ).

Secondly, for the Fy-orbit Oy of each indecomposable object V in D(kQ), by using
(Fy)? ~ X2 again, there exists some indecomposable object Y in mod(kQ) such that Y € Oy
or XY € Oy.

The assertion follows from these 2 observations, by the theorem in [Ke05, §4]. U

Let T be the triangulated auto-equivalence of D°(kQ) induced by T; cf. Remark 3.15. Now
we can formulate the main result in this subsection.

Theorem 3.18. Let (Q),T) be an wquiver. Then the following equivalences of categories hold:
Gproj(A*) =~ D,,(mod(A")) ~ D*(kQ) /S o .

Proof. First, Buchweitz-Happel’s Theorem shows that Gproj(A*) ~ D,,(mod(A")) since A’
is 1-Gorenstein. Similar to the proof of [Yam13, Theorem 6.2], by Lemma 3.17, we ob-
tain that D,,(mod®'*(A")) ~ DY(kQ)/Fex. As mod*'(A*) = mod(A?), we obtain that
D,y (mod(A')) ~ D(kQ),/ Fy.

It remains to prove that X oT ~ F. Let I' = kQ. Recall that U is defined in (3.9).
Viewing U as a I'-I'-bimodule, let

F =U®f —: D’(modT) — D’(modT).
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Similar to the proof of [Yam13, Proposition 6.1], we obtain that G o (¥ 0 F') ~ (1) o G. By
definition, Fi; ~ 3 o F. Note that U is isomorphic to (T')(1) as A*-I-bimodules. Then rUr
is isomorphic to *T', which implies that (rU ®p —) ~ 1. Therefore, F is isomorphic to T and
soYoT~YoF ~ F. U

Recall that the forgetful functor mod”(A*) — mod(A?) is not dense in general. We have
the following corollary of Theorem 3.18.

Corollary 3.19. The forgetful functor Gproj“(A*) — Gproj(A*) is dense.

Proof. By definition, we have Gproj”(A*)/(1) =~ D,,(mod?*(A"))/(1) ~ D*(kQ)/Fy as addi-
tive categories. It follows from Theorem 3.18 that D?(kQ)/Fy: ~ Gproj(A*). So Gproj(A*) ~
MZ(N)/(D, which implies the forgetful functor MZ(N) — Gproj(A*) is dense. The
result follows since projective A’-modules are gradable. 0

Remark 3.20. Using Proposition 3.5, we obtain that M € Gproj“(A?) if and only if its
restriction to kQ is graded projective. So Gproj“(A*) = C(proj(kQ)) by noting that
mod?(A*) =2 C*(mod(kQ)).

By identifying mod”?(A*) with mod(A), the pushdown functor , : mod(A) — mod(AY)
is the forgetful functor. From the proof of Corollary 3.19, 7, induces a Galois covering

(3.11) 7. : Gproj(A) — Gproj(A")

by noting that Gproj(A) = GprojZ/2(A").
The following corollary will be useful in providing a concrete basis for the modified Ringel-
Hall algebras of A later (see Theorem 4.5).

Corollary 3.21. For any M € D,,(mod(A")), there exists a unique (up to isomorphisms)
module N € mod(kQ) C mod(A*) such that M = N in Dy (mod(A")). In particular, we
have Ind(mod(kQ)) = Ind D, (mod(A*)).

Proof. Without loss of generality, we assume that M is indecomposable.
It follows from Theorem 3.18 that the triangulated equivalence functor

G : D'(kQ) 2 D¥(mod®AY) 5 D,,(mod%(AY))

induces an equivalence G : D*(kQ)/% 0 T =~ D,,(mod(A")). Note that mod(kQ) C mod(A?)
is induced by ¢. So it is equivalent to proving that there exists a unique N € mod(kQ) such
that G(N) = M in D,,(mod(A?)).

From above, there exists an indecomposable complex Y € D°(kQ) such that G(Y)=M.
Happel’s Theorem shows that Y is a stalk complex, i.e. Y = %'X for some X € mod(kQ)
and i € Z. So we have N := (£ 0 7)™Y € mod(kQ), and

[ w(Xx), if24i,
(3.12) N= { <X) 1f2%.
Clearly, we have G(N) = M.
The uniqueness follows by noting that, for any N € mod(kQ), (3 o T)"(N) € mod(kQ) if
and only if ¢ = 0. OJ



26 MING LU AND WEIQIANG WANG

Remark 3.22. Recall by Example 2.9(c) that A itself is an algebra arising from an :quiver.
Hence, for any M € D, (mod(A)), there exists a unique (up to isomorphisms) module
N € mod(k@ x kQ') € mod(A) such that M = N in D, (mod(A)). In particular, the
pullback functor ¢ : mod(k@ x kQ’) — mod(A) in (2.5) induces

Ind(mod(kQ)) U Ind(mod(kQ")) = Ind Dy, (mod(A)).
Remark 3.23. For T = Id, Corollary 3.21 recovers a result in [RZ17].

4. HALL ALGEBRAS FOR 1QUIVERS

We let k£ = F, from this section on. By applying the procedure from Appendix A.3, we
define the modified Ringel-Hall algebra MH (A") associated to an acyclic iquiver, since A" is

a 1-Gorenstein algebra. We will introduce a twisted version of MH(A*), denoted by MH (A?)
(which is referred to as the Hall algebra of an iquiver, or an ¢Hall algebra for short).

4.1. Euler forms. Recall that P='(A*) = P<>°(A") is the subcategory of A-modules of
finite projective dimensions.

Lemma 4.1. We have the following isomorphism of abelian groups
(41) Qb : Ko(mOd(kQ)) — Ko(PSI(AI>>, §Z — Ei) Vie Qo.

Proof. Recall from Corollary 2.12 that k£Q is a quotient algebra of A*. The following are well
known:

o Ko(proj(A) = Ko(PS(AY); A
e Ky(mod(kQ)) is a free abelian group with {S; | i € Qy} as a basis.

—

Then ¢ is well defined, and Ko (P=<'(A")) is a free abelian group with {(A)e; | i € Qo} as a
basis. By Corollary 3.9 we conclude that ¢ is surjective, and then it is an isomorphism by
comparing the ranks. 0

It follows from Proposition 3.11 that (kQ)e; is a Gorenstein projective A-module; cf. §3.1.

Proposition 4.2. Ky(Gproj(A")) is a free abelian group of rank |Qo|, with {k/QE i€ Qo}
as a basis.

Proof. Set A = k@, and n = |Q| in this proof.

Since A’ is 1-Gorenstein, by Lemmas 3.2 and 3.3, (P=!(A"), Gproj(AY)) is a left complete
Ext-orthogonal pair a la [Wak92]. By [Wak92, Theorem 2.1], there is a short exact sequence
of groups

0 — Ko(projA") — Ko(Gproj(AY)) @ Ko(P='(A")) — Ko(mod(A*)) — 0.
Here we use the fact P='(A") NGproj(A*) = proj(A?). Tt is well known that Ky(mod(A*)) and
Ko(proj A*) are free abelian groups of rank n. Then both Ky(Gproj(A?)) and Ky(P=1(A))
are free abelian groups, and the sum of their ranks equals to 2n. Hence Ky(Gproj(A?')) is a
free abelian group of rank n.

It follows by/firoposition 3.14 and its proof that . A is a Gorenstein projective A'-module.
Define K := (Ae; | i € Qo) to be the subgroup of Ky(GprojA'). By Proposition 3.11, there
exists a short exact sequence

0 — Aey — A'e; —> Ae; — 0, Vi € Qo.
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So @i € W for each i € Qy. By Proposition 3.14, 5. A is a tilting object in GprojZ(A*).
Since the forgetful functor Gproj*(A*) — Gproj(A?) is dense by Corollary 3.19, Gproj(A?) is
generated by Ae;, i € Q. Then K = Ky(GprojA'), and the proposition is proved. O
Following (A.1)-(A.2) in Appendix A.2, we can define the Euler forms (-,-) = (-, -)a: for
A
(-, )+ Ko(P='(A")) x Ko(mod(AY)) — Z,
(-, )+ Ko(mod(A")) x Ko(P='(AY)) — Z.
Denote by (-, -)g the Euler form of £Q). Denote by S; the simple kQ-module (respectively,

A*-module) corresponding to vertex i € Qg (respectively, i € Q). Since T is an involution
of the quiver (), we have

(4.2) (Sti, Sti)o = (56, 55)q; (Si, Stj)q = (Sw, Sj)q-

These 2 Euler forms are intimately related to each other via the restriction functor res :
mod(A*) — mod(kQ) as follows.

Lemma 4.3. We have

(i) (E;, M) = (Si,res(M))g and (M,E;) = (res(M), Sx)q, for any i € Qo, M €
mod(A*);

(i) (M, N) = L(res(M),res(N))g, for any M, N € P<I(AY).

1
2
Proof. (i) It suffices to prove the formulas for M = S;. Recall E; has a projective resolution
(3.4). If ¢ # j, then (E;, S;) = —[{(a: 7 — j) € 1} = (Si, 5;)0; If ¢ = j, then (E;, S;) =
1= <SZ,SJ>Q So <EZ,M> = <SZ‘,I'€S(M)>Q.

Dually, by using (3.5), we obtain that (S;,E;) = (S;, Sxi)q-

(ii) By Corollary 3.9, it suffices to prove the result for M =E,; and N = E;, for ¢, 5 € Qo.
Then by (4.2) and Part (i) we have

(res(E;),res(E;)) g — 2(E;, E;)

= (S; ® Sy, S; B Sej)o — 2(Si, res(Ej))g
<SwS 69STJ>Q+ <STHS @STJ> 2<Si?Sj EBSTj>Q
=

Sy Sj @ Sej)g + (Si, Sty ® S;)g — 2(Si, S; ® Skj)g = 0.

The lemma is proved. ([l

4.2. Modified Ringel-Hall algebras for A’. As A* is a 1-Gorenstein algebra by Proposi-
tion 3.5, following Appendix A we define the modified Ringel-Hall algebra
MH(A') := MH(mod(A"))

associated to the category mod(A*), in which the multiplication is denoted by ©.
By Lemma A.8, for any M € mod(A*) and K € P<}(A"), we have in MH(A")

(4.3) (K] o [M] = ¢~ "MK @ M),
(4.4) [M] o [K] = ¢ MBNEK ¢ M.
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For any a € Ky(mod(kQ)), by Lemma 4.1, there exist A, B € P<!(A*) such that ¢(a) =

A — B € Ko(P='(A")). Define
E, =g “@B)[A] o[BI € MH(AY),
which is independent of choices of A and B (this is similar to §A.3 or [LP16, §3.2]). In
particular, we have
Eg = [E], Vi€ Qo
We define a partial order < on the Grothendieck group Ky(mod(kQ)), namely,
a < B ifand only if 8 — a € K (mod(kQ)),

where K (mod(kQ)) C Ko(mod(kQ)) is the positive cone of the Grothendieck group, con-
sisting of classes of objects of mod(kQ). As Ky(mod(kQ)) and Ky(mod(A?)) are free abelian
group with basis given by {§Z | i € Qp}, it is natural to identify them. Hence, an identical
partial order < is defined on Ky(mod(A")).

Lemma 4.4. For any L € mod(A"), there exist (unique up to isomorphisms) X € mod(kQ) C
mod(A*) and a € K (mod(kQ)) such that [L] = ¢X 9@ [X] o E, in MH(A?).
Proof. Let L € mod(A*). As A" is 1-Gorenstein, by Lemma 3.3 there exists a short exact
sequence
(4.5) 0— P, —G,—L—0
with G, € Gproj(A?), Py, € proj(A*). Then [L] ¢ [Pr] = ¢~ &[G ).

Denote by G, = P & G, where P is the maximal projective direct summand of G. Then

[G] o [P] = ¢~P)[G]. By Corollary 3.21 there exists X € mod(kQ) such that G = X in
Dg,(mod(A*)). For X, again there exists a short exact sequence

(4.6) 0— Py —Gx — X —0,

with Gx € Gproj(A"), Px € proj(A"). Note that Gx = G in Gproj(A*). Then G is a direct
summand of G'x since G has no projective direct summand by our assumption. Thus there
exists a projective A-module P’ such that Gx = G & P’. Then
] = ¢~ BPGL] o [P
= ¢ EGY o [Pl o [P
_ (G.P) _<E_13+1?L,1?L>[G]

B)

O]Eﬁ

)
)

= ¢'O7[G] o B
by noting that L-P+ I/Dz = G and setting = ¢_1(ﬁ — ]/32) Therefore we have
(47) (L] = g @P OG0 [P o By

= ¢(GP=PL) ((Gx—P'P) (P P-PL-P) 3 1 o

¢ CxP-PLrPY G 6

B—¢=1(P")

B~ 1(P)
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= O PP SN (X o [Py] 0 B,y
= EPxAP-PL=P)[ X 6 B, = ¢X ¥ [X] 6 E,,

where o = ¢~ !(Px + P — P, — P').
The uniqueness follows from Corollary 3.21 by noting that X = L in D,,(mod(A")).
Finally, it remains to prove that o € K (mod(kQ)), or equivalently, X < L in Ko(mod(A*)),
thanks to (4.7).
Recall from (2.9) that H =

functor. For i € I;, we note

. R2 if T 7& i, ~ Cz/g(m0d<k)) if T 7& i,
H; = { R ifri—i,  mod(Hh) = { Copn(mod(k)) if Ti = i.

So any V € mod(H;) can be viewed as a graded complex, and let H*(V) € mod(H;) be
the cohomology of V. Note that H?**¢(V) = HY(V) for a € Z and ¢ = 0,1 if 1 # 3;
H*(V) = H°V) for any a € Z if ti = i. For any V € mod(H;), define

HO(V)®e HYV) if i # 14,
A V) ::{ Ho§v§ v if:i:i.

The definition of H(V') can be extended via a direct sum decomposition to any V' € mod(H)
since H = P, H.

Clearly, H*(E;) = 0 for any ¢ € I, and then H*(resg(M)) = 0 for any M € P='(A*) by
Corollary 3.9.

So H*(GL) = H*(G) = H*(Gx) by noting that H*(P) = 0 = H*(P’). After applying the
exact functor resy to the short exact sequences (4.5)—(4.6), the induced long exact sequences
on cohomologies give us

H*(resg(L)) = H*(resp(GL)) = H*(resp(G)) = H*(resu(Gx)) = H*(resu(X)),

thanks to Pr, Px € proj(A*). Then we have H(resg(L)) = H(resg(X)) = resg(X) thanks to
X € mod(kQ).

On the other hand, resy induces an isomorphism and an identification Ky(mod(A*)) =
Ko(mod(H)). As H(resg(L)) < L by construction, we have established X < L. O

icr. Hi, and resy : mod(A') — mod(H) is the restriction

4.3. A Hall basis.

Theorem 4.5. The algebra MH(A") has a (Hall) basis given by

(4.8) {[X]oEq | [X] € Iso(mod(kQ)) C Iso(mod(A")), a € Ko(mod(kQ))}.

Proof. Denote by

(4.9)  Gproj™(A*) = the smallest subcategory of Gproj(A*) formed by all Gorenstein

projective modules without any projective summands.

We have by Lemma 4.1 that Ky(mod(kQ)) = Ko(P='(A")). With Lemma A.17, this im-
plies that M7 (A*) has a basis given by [M] ¢ E,, where [M] € Iso(Gproj"*(A")) and
a € Ko(mod(kQ)). For any M € Gproj™?(A*), by Corollary 3.21 there exists a unique (up to
isomorphisms) kQ-module X, such that M = X, in Dyy(mod(A*)). Then by Lemma 4.4,
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we have [M] = ¢ X2 [ X )]0 Eg,, for some By € Ko(mod(kQ)). So MH(A?) is spanned
by the set (4.8).

On the other hand, for any [X| € Iso(mod(kQ)), there exists a unique [Mx| € Iso(Gproj"?(A"))
such that X = My in Dy,(mod(A*)). It follows by Lemma 4.4 and its proof that there exists

a unique ax € Ky(mod(kQ)) with [X] = q<@’¢(°‘X)>[MX] o E,,. The theorem follows. [

By Definition A.7 and its subsequent discussions, the quantum torus
T(A*) := T (mod(A"))

is the group algebra of Ky(P=<!(A")) with its multiplication twisted by ¢ ). By the iso-
morphism ¢ : Ko(mod(kQ)) = Ko(P='(A?)) from (4.1), T(A") is generated by E,, for
a € Ky(mod(kQ)), where

(4.10) E,oEs = q—<¢(a),¢(ﬁ)>Ea+B‘

Then 7 (A") is a subalgebra of MH(A*), which is isomorphic to MH(P<!(A*)). The following

is immediate from Theorem A.18 and Theorem 4.5.

Corollary 4.6. MH(A") is free as a right (respectively, left) T (A*)-module, with a basis
giwen by [M] in Iso(mod(kQ)) C Iso(mod(A*)) .

4.4. Hall algebras for 1quivers. Recall

v =./q.
Via the restriction functor res : mod(A*) — mod(kQ@), we define the twisted modified Ringel-

Hall algebra M#(A") to be the Q(v)-algebra on the same vector space as MH(AY) with
twisted multiplication given by

(4.11) [M] % [N] = viestDresNDo[Ar] o [N].

We shall refer to this algebra as the Hall algebra associated to A* or Hall algebra associated
to the rquiver (Q,T); we call it an 1Hall algebra for short.

Lemma 4.7. For any M,N € P<'(A*), we have [M] % [N] = [M & N] in MH(A*). In
particular, for any a, f € Ko(mod(kQ)), we have

(412) Ea * Eﬂ = Ea+ﬁ.
Proof. Follows from a comparison of (4.10) and (4.11) using Lemma 4.3(ii). O

Let T(A?) be the subalgebra of M;ﬁ(/\l) generated by E,, o € Ky(mod(kQ)). Then
{E, | @ € Ky(mod(kQ))} is a basis of T (A") whose multiplication is given by (4.12). Hence
we have obtained the following.

Lemma 4.8. The twisted quantum torus T (A") is a Laurent polynomial algebra generated
by [E;], for i el.

The following is a variant of Theorem 4.5 and Corollary 4.6, and it follows from the

definition of MH(AY).
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Proposition 4.9. The «Hall algebra MH(A") has a (Hall) basis given by

{[X] % Eq | [X] € Iso(mod(kQ)) C Iso(mod(A")), a € Ko(mod(kQ))}.
Moreover, Mﬁ(A’) is free as a right (respectively, left) 7~'(A1)-m0dule, with a basis given by
[M] in Iso(mod(kQ)) C Iso(mod(A?)).

The following proposition will be useful in defining a reduced version of M?—N[(Al).
Proposition 4.10. Let i € Qq. Then [E;] is central in MH(AY) if Ti =i, and [E] * [Ey] is
central in MH(A") if Ti # 1.

Proof. Assume first Ti = i. Then for any M € mod(A"), we have by Lemma 4.3 that
[Ez] % [M] _ V(I‘BS(]EZ‘)JES(M»Q[Ei] o [M]
_ V(res(]Ei),res(M»Qq—<Ei,M> [Ez o M]
_ ylres(Eo xes(M))q o ~(Sures(MDhe [, @ ]
_ V2<Si,res(M)>Qq—(Si,res(M))Q [Ez fan M]
= [E; & M].
Similarly, we have
[M] % [Ez] _ V(res(M),res(IEi))Q[M] o [Ez]
= V<reS(M)1res(]Ei)>Qq_<M7Ei> [M @ ]E’L]
_ V(res(M),res(]Ei»Qq*<res(M),Si>Q [M D Ez]
Then [E;] * [M] = [M] % [E;] and so [E;] is central in MH(A").

Assume now Ti # i. First, Lemma 4.7 implies that [E;] % [E;] = [E; ® Ey;]. Then for any
M € mod(A") it follows from Lemma 4.3 that

(B [Ea]) « (] = B, © Ee) » [M]
_ V(res(]Ei)EBres(ETi),res(M)>Q [Ez e ETZ] o [M]
_ V(res(IEi)EBres(ETi),res(M)>Qq—<Ei@]ETi,M) [Ez D ETi D M]
_ V<Si®STi®STi®Si7reS(M)>Qq—<Si@STi,reS(M)>Q []Ez ® ETi D M]
Similarly, we have
[M] * ([E] % [Ex;]) = [M] * [E; © Eqj]
_ V(res(M),res(Ei)EBres(En‘»Q [M] o []EZ o) En]
_ V(res(M),res(Ei)EBres(En-))Qq—<M,Ei@Eﬂ-)Q [M @ Ez @ ETZ]
_ V<reS(M),Si®STi®ST'L®SZ‘>Qq—<reS(M),STi@Si>Q [M D Ez D En]
Then [E,] % [Ex] is central in MH(AY). O
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Inspired by [Br13], we now define a reduced version of MH(A"). The precise definition is
motivated by Proposition 6.2 and it will feature in Theorem 7.7.

Definition 4.11. Let ¢ = (;) € (Q(v)*)! be such that s; = ¢ for each i € 1. The reduced
Hall algebra associated to (@, T) (orreduced «Hall algebra ), denoted by MH,eq(A*), is defined
to be the quotient Q(v)-algebra of MH(A") by the ideal generated by the central elements

(4.13) [E:] + qs; (Vi € T with ti = i), and [E;] * [Ey] — <7 (Vi € T with Ti # i).

4.5. Hall algebras for 1subquivers. Let (@), T) be an iquiver, and A* be its iquiver algebra.
Let 'Q be a full subquiver of () such that it is invariant under T. Denoting by 't the restriction
of T to 'Q), we obtain an wsubquiver ('Q,’T) of (Q,T). Denote by ‘A’ the iquiver algebra of
('Q,'t). Clearly, 'A" is a quotient algebra (also subalgebra) of A*. Then we can and shall
view mod("A") as a full subcategory of mod(A*).

Lergma 4.12. Retain the notation as above. Then Mﬁ(’A’) is naturally a subalgebra of
MH(A), with the inclusion morphism induced by mod('A*) C mod(A*).

Proof. Associated to the idempotent e = Zi¢Q6 e;, we have ’A* = A'/A’eA". Clearly, resg('A")
is projective as an H-module. It follows from Proposition 3.8 that

proj. dim,, ("A") < 1, proj. dim .o, ("A") < 1.

By the exact sequence 0 — A’eA* — A* — A" — 0 in mod(A"), we have that A’eA’ is
projective as a left and right A’-module. It follows from [PS89, Theorem 2.7] that mod('A") is
a full subcategory of mod(A*) closed under taking extensions. Therefore, H('A") is naturally
a subalgebra of H(A").

For K € mod(’A"), by Corollary 3.9 we have that proj.dim,,.(K) < oo if and only if
proj.dim,, K < oco. So we obtain a morphism ¢ : MH('A") — MH(A") by definition.
By viewing mod(k’Q) as a subcategory of mod(k@), we have by Theorem 4.5 that this
morphism ¢’ is injective, and we view MH('A") as a subalgebra of MH(A*). Similarly,
mod(k’'Q) is closed under taking extensions, so the Euler form (-, )/ is the restriction of the
Euler form (-, )¢ to Kyo(mod(k'Q)) C Ky(mod(kQ)). Therefore, MH('A") is a subalgebra
of MH(A). O

5. MONOMIAL BASES AND PBW BASES OF HALL ALGEBRAS FOR ©QUIVERS

In this section, k = [F, (@, T) is assumed to be a Dynkin tquiver, and various Hall algebras
are considered over Q(v). We prove that the modified Ringel-Hall algebra MH (A") and its

twisted version M#H(A') admit monomial bases and PBW bases similar to those in the

Ringel-Hall algebra H (k@) and its twisted version ﬁ(k@)

5.1. Monomial basis of H(kQ). In this subsection, we briefly recall the monomial bases
of H(kQ) (cf. [Lus90b, Rin95, Rin96, Rei01]); we shall use the book [DDPWO08] as a main

reference.

Definition 5.1 ([Rie86]; also cf. [Bon96]). Let M, N be kQ-modules with same dimension
vector. We say M degenerates to N, or N is a degeneration of M, and denote by [N] <44 [M],
if dim Homyo (X, N) > dim Homyo (X, M) for all X € mod(kQ).
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The relation <4, defines a partial ordering on the set of isoclasses of mod(kQ). For
any two kQ-modules M, N with same dimension vector, we have dim Homyo(X,N) =
dim Homyg (X, M) for all X € mod(kQ) if and only if M = N.

Let M, N be kQ-modules. In the set

Exty n = {[L] | there exists a short exact sequence 0 - N — L — M — 0},

there exists a unique (up to isomorphism) G having endomorphism algebra of minimal di-
mension. Then [G] is called the generic extension of M by N, and denoted by [M] o [N].
The operator o is associative [Rei01]; also see [DDPWO08, Proposition 1.30].

Denote by @ the set of positive roots of the Dynkin quiver () with simple roots «;, i € Q.
Gabriel’s Theorem says that there exists a one-to-one correspondence between Ind(mod(kQ))
and ®* by mapping M — dimM. Here we view «; as the dimension vector of S;, i € 1.

For any o € &%, denote by M («) := M,(«) its corresponding indecomposable kQ-module,
i.e., dim M(«a) = a. Let P = P(Q) be the set of functions A : @+ — N. Then the modules

M) = @ AMa)M (), for A € B,

acdt

provide a complete set of isoclasses of k@Q-modules.
Let W := W be the set of words in the alphabet I = Q). For any w =i ---4,, € W, let
o(w) € P be specified by
[M(p(UJ))] = [S'Ll] ©--+0 [Si7rz]'
This defines a map
oW —P, w— p(w).
By [DDPWO08, Chapter 11.2], p is onto and it leads to a partition W = | ],q 9~ ().

Each word w can be uniquely written in a tight form w = ji* - -- j;*, where ¢y, ..., ¢; are
positive integers and j, # j.41 for 1 <r <t. A filtration

AJZZ Aﬂ):)ﬂ4i:3"‘:D<A@41:D Aﬂ;::O
of a module M is called a reduced filtration of M of type w if M,_1/M, = ¢.S;, for all

1 < r < t. Denote by 72 (q) the number of the reduced filtrations of M(\) of type w. A
word w is called distinguished if Vg(w)(q) =1.

To each word w =iy - - - i,,, € W, we associate monomials

=[Sy o0 [Si,] € H(kQ),

im

=[S, ] %% [S; ] € H(kQ).

m

—0

S
S,
Proposition 5.2 (cf. [DDPWO08]). Let Q be a Dynkin quiver. For every A € P = P(Q),
choose an arbitrary distinguished word wy € g~ Y(\). Then {EZ&M € B} forms a Q(v)-basis

of H(kQ), and {§;A|)\ e B} forms a Q(v)-basis of H(kQ).

5.2. Monomial bases for Hall algebras of iquivers. Let (Q),T) be a Dynkin quiver.
Recall from Theorem 4.5 that M#H(A") has a Hall basis given by [M] o E,, where [M] €
Iso(mod(kQ)) C Iso(mod(A")), and o € Ky(mod(kQ)). For any v € Ky(mod(kQ®)), denote
by MH(A")<, (respectively, MH(A'),) the subspace of MH(A*) spanned by elements from
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this basis for which M < (respectively, M = v) in Ko(mod(A*)). Then MH(A") is a
Koy(mod(kQ))-graded linear space, i.e.,

(5.1) MHA) = P MHAY),.
YE€Ko(mod(kQ))

Lemma 5.3. We have MH(A*) <qoMH (A ) <g C MH(A)<o1p, for any o, B € Ko(mod(kQ)).
This defines a filtered algebra structure on MH(A").

Proof. For any M, N € mod(kQ) C mod(A*), with M< a, and N < 3, we obtain that

| Ext' (M, N) |
M] o [N] = E : L.
[L]€Iso(mod(AY))

For any [L] with |Ext'(M,N).| # 0, we have L = M+ N in Ky(mod(A")). By iden-
tifying Kg(mod(kQ)) and Ky(mod(A')), we obtain that L < o + . By Lemma 4.4, we

can write [L] = ¢'¢0 »[L’] o E, for some (umque up to 1som0rphlsm) L' € mod(kQ), and
v € K (mod(kQ)). Then M+N=L=0L+ E Hence we have L' < L. So we obtain that
[M] o [N} € MH(A")<ats- D

Let (MHE(A"), 04 ) be the graded algebra associated to the filtered algebra M7 (A"), that
is,
MHE(N) = P MHF(A).,
€ Ko(mod (kQ))
where MHE (A")q = MH(A") <o/ MH(A")<qo. It is natural to view the quantum torus 7 (A*)
as a subalgebra of MH# (A"). Then MHSE"(A*) is also a T (A*)-bimodule.

For any [M] € mod(kQ) with M = a, we have by definition that [M] € MH(A")4. By
abuse of notation we also use [M] to denote [M] + MH(A") o, € MHE(AY), ie., [M] €
MHE (A"),. The map

0 H(kQ) — MHE(A")
is defined to be ¢([M]) = [M] for any M € mod(kQ).

Lemma 5.4. We have the following.
(i) MHE(A") has a basis {[M] og E, | [M] € Iso(mod(kQ)), € Ko(mod(A*))}. In
particular, MH® (A") is free as a right T (A*)-module.
(ii) The linear map ¢ : H(kQ) — MHE(AY), p([M]) = [M],VM € mod(kQ), is an
embedding of algebras.

Proof. The set in (i) clearly spans MH&(A") by definitions and using Theorem 4.5. It
remains to check the linear independence of this set. Assume that

(5.2) > GunalM] 0 o =0, for &upa € Q(v).

As MH®(A") is graded, without loss of generality we assume the relation (5.2) is homo-

geneous, i.e., {ue 7 0 only if M = v for some fixed 7. Then the relation (5.2) in
MHE(AY), implies that >\, pnalM] 0 Eo € MH(A")<,. But by definition we have
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> SinraM] 0 Eq € MH(A'),, and hence it must be 0, i.e., {a,o = 0. This proves Part
().

For (ii), we only need to prove ¢ is a morphism of algebras. For any M, N € mod(kQ) C
mod(A"), with M = a, and N = 8, we have

| Exty. (M, N) |
Mo IN]= > |Hor?1 (M N)|[L]'
[L]€Iso(mod(AY)) A ’

For any [L] with | Ext'(M, N)p| # 0, we observe from the proof of Lemma 5.3 that [L] =
gL' OV [L'JoE, for some (unique up to isomorphism) L' € mod(kQ), and v € K (mod(kQ)).
Then [L] € MH,5(A?) if and only if v = 0, if and only if L € mod(kQ). By definition, we
obtain that

Exty, (M, N
3 | (M, N)L

|
[M] 0ge [N] = | Homy. (M, N)|

[L].
[L]€Iso(mod(kQ))CIso(mod(A?))

For any L € mod(kQ), we have

Exty. (M, N) = Extyo(M, N), and Homy (M, N) = Homyq(M, N)
since ¢ : mod(kQ) — mod(A?) is fully faithful and exact. By the Hall multiplication in
H(kQ), it follows that ¢ is a homomorphism of algebras. O

From Lemma 5.4(ii), we can view H(kQ) as a subalgebra of MH® (A"), and moreover,
MHE(N') = H(EQ) 0ge T(A).
Recall that YW = W) is the set of words in the alphabet 1 = Qy. For any w =iy - - - ,,, we

set
S¢ =[S, ] o0 [S:

Sroi=[Sy] * - x[S;

] € MH(AY),
] € MH(AY).

Proposition 5.5. Let (Q, ) be a Dynkin wquiver. If {S., | w € J} is a basis of H(kQ) for
some subset J of W, then {SS | w € J} is a basis of MH(A") as a right T (A*)-module.
Proof. For any w = iy ---i, € W, denote by Sy = [S5;,] 0gr -+ O [Si,,] iIn MHE(A")
aEd = Z;nzl Si;. It follows by Lemma 5.4 that go(gf;) = So#. As by assumption
{S. | we J}is a basis of H(kQ), it follows by Lemma 5.4 that

(5.3) {So® | w e J} forms a basis in MH® (A") as a right T (A*)-module.

Observe that S, + MH(A")ca, = S € MHE(AY), by a simple induction on the length
of the word w. The claim that {S, | w € J} spans the right 7 (A*)-module MH(A") follows
by this observation and (5.3) (also compare Theorem 4.5 and Lemma 5.4). By a standard
filtered algebra argument, the set {S¢ | w € J} is linearly independent in MH(A") as a
right 7 (A*)-module. This proves (ii). O

m

m

We obtain the following monomial basis theorem for MH(A®) and its twisted version
MH(AY).

Theorem 5.6 (Monomial basis theorem). Let (Q,T) be a Dynkin wquiver. For every A\ €
B =P(Q), choose an arbitrary distinguished word wy € o~ (\). Then
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(1) the set {Sg, | A € B} is a Q(v)-basis of MH(A') as a right T (A*)-module;
(2) the set {S;, | X € P} is a Q(v)-basis of MH(AY) as a right T (A")-module.

Proof. The assertion (1) follows from Propositions 5.2 and 5.5, and Part (2) follows from
(1). O

Corollary 5.7. Let (Q,T) be a Dynkin vquiver. Then MH(AY) (and respectively, MH(A))
is generated by [S;] for i € Qp and E,, for a € Ko(mod(kQ)).

5.3. PBW bases for Hall algebras of :quivers. Write the set of positive roots as

(I)+ :{517"'75N}7

where N = |®|. Let M(5) := M,(8) be the unique (up to isomorphism) indecomposable
k@-module with dimension vector f € ®*. As before, we also view M (/) as a A"-module
by Corollary 2.12. Inspired by the PBW basis of H(kQ) constructed in [Rin96] (see also
[DDPWO08, Chapter 11.5]), we have the following result.

Theorem 5.8 (PBW basis). Let (Q,T) be a Dynkin wquiver. Let 31, ..., n be any ordering
of the roots in ®. Then,
(1) the set {[M(B1)]* o+ o [M(BN)] | A1,..., Ay € N} is a Q(v)-basis of MH(AY)
as a right T (A*)-module;
(2) the set {[M(B)]"™ % -+ % [M(BN)]™ | A1, ..., Av € N} is a Q(v)-basis of MFH(A?)
as a right T(A")-module.

Proof. By [DDPWO08, Theorem 11.24], {[M(31)]°* o - o [M(Bx)]** | Ai,..., Ay € N}
forms a basis of H(kQ). Then {[M(51)]° og - -+ 0 [M(Bn)]*? | A € B} forms a basis of
MHE(AY) as a T (A*)-module by Lemma 5.4. Now the assertion (1) follows by a standard
filtered algebra argument. Part (2) follows by (1) and definition of the twisted multiplication

in MH(AY). O

Part 2. 1Hall Algebras and :Quantum Groups
6. QUANTUM SYMMETRIC PAIRS AND 1QUANTUM GROUPS

In this section, we recall the definitions of «quantum groups and quantum symmetric pairs
(QSP). We introduce a universal version of :quantum groups whose central reductions are
identified with the :quantum groups.

6.1. Quantum groups. Let @ be a acyclic quiver (i.e., a quiver without oriented cycle)
with vertex set Qo = I. Let n;; be the number of edges connecting vertex ¢ and j. Let
C' = (cij)ijer be the symmetric generalized Cartan matrix of the underlying graph of @,
defined by ¢;; = 20;; —n;;. Let g be the corresponding Kac-Moody Lie algebra. Let a; (i € I)
be the simple roots of g.

Let v be an indeterminant. Write [A, B] = AB — BA. Denote, for r,m € N,

r

[r]:u [T]!_ﬁ[’i], [ml _ [m][m—l]m[m—TJrl]'

v—o 1’ [r]!
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Then U := ﬁv(g) is defined to be the Q(v)-algebra generated by FE;, F;, K, I?Z/, i € I, where
K;, K! are invertible, subject to the following relations:

Ki - I?z/ > I Y] Tl Tl

(6.1) [Ei, Fy] = 5ijm7 (K, Kj] = [Ki, K3 = [Kj, K] =0,
(62) }?'LE‘] = UcijEj}?i, ]?ZF] = ’U_CUFJ'}?Z',
(6.3) KB =v“EK],  K/F;=v"FK]
and the quantum Serre relations, for i # j € I,

1_Cij
(6.4) > (=1 [ e } E'E;E; =0,

r=0

1_Cij 1
(65) Z (_1)7’ |: _T.Cij :| ETFjﬂlfCij*r —0.

r=0

Note that K;K/ are central in U for all i. The comultiplication A : U — U ® U is defined
as follows:
AE)=E®1+K®E, AF)=18F+FakK,

(6.6) - - - -
AK;) =K, ® K;, AK))=K!®K].

The Chevalley involution w on U is given by
(6.7) wE)=F, wkF)=E, wlk)=K, wKk)=K, Viel

Analogously as for fJ, the quantum group U is defined to be the Q(v)-algebra generated
by E;, F;, K;, K;', i € 1, subject to the relations modified from (6.1)-(6.5) with K, and
I}Z' replaced by K; and K !, respectively. The comultiplication A and Chevalley involution
w on U are obtained by modifying (6.6)—(6.7) with K; and f(l’ replaced by K; and K,
respectively (cf. [Lus93]; beware that our K; has a different meaning from K; € U therein.)

Let ¢ = (g;) € (Q(v)*)". Up to a base change to the field Q(v)(y/s, | ¢ € I), the algebra
U is isomorphic to a quotient algebra of INJ by the ideal (l? I} "'—¢ | Vi € 1), by sending
Fi— Fy, By = /<, EI,K =S KZ,K /S, K/ This can be verified directly.

Let Ut be the subalgebra of U generated by E; (i € 1), U° be the subalgebra of U
generated by K;, K! (i € I), and U~ be the subalgebra of U generated by F; (i €1,

respectively. The subalgebras U™, U? and U~ of U are defined similarly. Then both U and
U have triangular decompositions:

U=U"oU’°2U", U=U'eU’@U".
Clearly, Ut 2 Ut, U~ =~ U~, and U° =~ U°/(K;K] —; | i € ).

6.2. The iquantum groups U’ and U'. For a (generalized) Cartan matrix C' = (¢;;), let
Aut(C) be the group of all permutations T of the set I such that ¢;; = ¢rirj. An element
T € Aut(C) is called an involution if 2 = Id.
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~_Let T be an involution in Aut(C). We define U = 6;(99) to be the Q(v)-subalgebra of

U generated by B L
B; = F; + E, K], ki = KK, Viel

Let U™ be the Q(v)-subalgebra of U generated by 7{:}, for i € IL.

Lemma 6.1. The elements k; (for i = i) and kikv (for i # i) are central in U*,

Proof. If i = Ti, then E = IN(JN({ If ¢ # i, then EZ%T, = IN(z}N(Z’[N(TZ[NQz In both cases, these
elements are clearly central in U and hence central in U". 0

Let ¢ = (5;) € (Q(v)*)! be such that ¢; = ¢; for each i € I which satisfies ¢; ; = 0. Let
U’ := U be the Q(v)-subalgebra of U generated by

Bi = Fi+GEu K", kj= KK, Viel,jel,.
It is known [Let99, Kol4] that U* is a right coideal subalgebra of U in the sense that
AU - U ®U; and (U,U") is called a quantum symmetric pair (QSP for short), as
they specialize at v = 1 to (U(g),U(g?)), where § = w o T, and T is understood here as an
automorphism of g. N
The algebras U, for ¢ € (Q(v)*)", are obtained from U" by central reductions.

Proposition 6.2. (1) The algebra U" is isomorphic to the quotient of U by the ideal gen-
erated by

(6.8) %Z — G (fori=Ti), EZ%T, — GiSei (for 1 # Ti).

The isomorphism is given by sending B; — B;, k; — gj_%j, k:j_l — gT_leTj,W el,jel,.

(2) The algebra U is a right coideal subalgebra of U; that is, (Ij, U") forms a QSP.

Proof. Part (1) follows by definitions and the identification of U as a quotient of U. Part (2)
follows by a direct computation using the comultiplication formula (6.6). O

We shall refer to U* and U* as (quasi-split) vquantum groups; they are called split if T = 1d.

6.3. :Quantum groups of type ADE. Now we restrict ourselves to Dynkin :quivers,
which automatically exclude the type (As,, T # Id). Under this assumption, we always have
¢ = 0 when ¢ # 17, and so ¢; = ; for all ¢ € I; compare (6.8).

Let us fix the labelings for the ADE Dynkin diagrams (excluding type As,) with nontrivial
diagram automorphisms, of type As,.1, D, Eg, as follows:

—r -2

-1
O @] O
\o
O O O/0
r 2 1

O “e O/
1 2 an

n
(@]
(o]

n—1
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1 2
O O.
\3 4
O [e]
o o/
6 5

We choose the subset I (2.8) of representatives of T-orbits on I to be:

I it T —1d,
{1,...,r}, if A is of type A,,,
(6.9) I := {0,1,...,r}, if Ais of type Ay 1,

{1,...,n—1}, if Aisof type D, if 7 1d.

{1,2,3,4}, if A is of type Eg,

The quasi-split 1quantum group U” admits the following presentation [Let99, Let03] (also
cf. [Kol4]) when g is of type ADE (excluding quasi-split Ay, with T # Id).

Proposition 6.3 (cf. [Let99, Let03, Kol4]). Let (Q,T) be a Dynkin wquiver. The Q(v)-
algebra U" has a presentation with generators B; (for i € 1) and k; (for i € 1;), subject to
the relations (6.10)—(6.14): for m, ¢ € 1, and i # j €1,

(610) kmke = k‘gk}m, keB; = ’Ucﬁ’iichBik‘g,
(611) BZBJ — B]Bl = 0, Zf Cij = 0 and ti 7é j,

1—c;; 1
(6.12) (—1)* { _Scif} BiB;B; 7 =0, ifj £,

s=0

ki — k! .,

(613) BTiBi — B’LBTZ = §im, Zf T 7é 1,
(6.14) B?B;j — [2|B;B;B; + B;B} = v;B;, if ¢;j = —1 and Ti = i.

Note in the split case, the above presentation is much simplified: the split :quantum group
U" is generated by B; for ¢ € I with 2 relations (6.11) and (6.14).

Below we provide a complete list of quasi-split symmetric pairs (g, g%), where g is of type
ADE, 0 = woT, and T is understood here as an automorphism of g. (Note the non-split case
with g = sly,11(C) is excluded from the list, as T cannot respect the arrows of any quiver.)

TABLE 1. List of quasi-split symmetric pairs

g s0,(C) 509, (C) Es E; Eg
a7 (split) 50, (C) 50, (C) ® s0,(C) sp,(C) sl3(C) | s014(C)
g sly,(C) 509, (C) Eg
g (non-split) | sI,(C) @ gl,,(C) | 50,_1(C) @ 50,,,1(C) | s15(C) @ sls(C)
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6.4. Presentation of U'. Let (Q,T) be a Dynkin iquiver, with underlying graph A and
associated semisimple Lie algebra g. Recall the Q(v)-algebras U* and U* was defined §6.2,
depending on the parameters ¢ = (¢1,...,5,) € (Q(v)*)™ which satisfies ¢;; = ¢; if Ti # .
The parameters ¢; is related to the parameters s(i), ¢; used in [BK19] by ¢; = —¢;s(t(7)).
(As remarked in [BW18b], the parameters s(i), ¢; are never needed in any crucial formulas
separately. )

The algebra U* differs from U* by having the additional central elements k;j (for j = Tj)
and k;k; (for i € 1), and so the following presentation from U can be obtained by modifying
slightly the presentation for U* given in Proposition 6.3.

Proposition 6.4. Let (Q,T) be a Dynkin 1quiver. The Q(v)-algebra U* has a presentation

with generators By, k; (i € 1), where k; are invertible, subject to the relations (6.15)—(6.19):
fortel, andi # j €1,

(615) %l%[ = E[%i, %ZBz = UcTz’i_chBi%g,
(616) BZB] — B]BZ = O, Zf Cij = 0 and ti 7é j,
1—c;;
s ]-_Cz" s l—cij—s . . .

(6.17) Z()(—l) [ ) ] BiB;B; " =0, ifj#Ti#i,
%i _ E’L‘i

(618) BTZBZ — BZBTZ = 1 ’éf T 7& i,
V—v

(6.19) B?B; — [2|B;B;B; + B;B} = vk;B;, if c;j = —1 and i = i.

Note by definition that U* does not depend on the parameter .

Corollary 6.5. Let (Q,T) be a Dynkin wquiver. There exists a bar involution 1, of the
Q-algebra U* such that 1,(v) = v, and fori €1,

In the split case (i.e., T = Id), we only need relations (6.15), (6.16) and (6.19) for presen-
tation of U*. The non-split cases are made more explicit below.

6.4.1. Type A, with n odd. Set n = 2r 4+ 1 for r > 0. An example of iquiver ) of Dynkin

type Ag.y1, with the involution T given by T(i) = —i, is as follows:
—-r —2 -1
o Y eee — s o0—— 0O

O— > + o o) >

T 2 1

In this case U is the subalgebra of U generated by
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For the convenience in the proof of Proposition 7.5 later on, we rewrite the relations in
Proposition 6.4 for U* in type A as the relations (6.20)-(6.26):

(620) %Z’kv] = ’];j/l;ia if —r < 1 < T,
(6.21) kBy = vCtene) Bk if —r <ij <7,

ki — ks

v —0
(6.23) B;B; = B;B;, if —r <i j<rli—j|>1i#—j
(6.24) B?B; + BjB? = (v+v ")B;B;B;, if —r<i,j<rli—jl=1i%#0,
(6.25) B2By + B B2 = (v+v"")ByBy By + vko B,
(6.26) B2B_y + B_1B? = (v+v ") ByB_, By + vkoB_1.

Associated to the quiver @ of type As,..1 above, the quiver @ for the squiver algebra A* in
(2.3) is as follows:

—r —2 -1

€ 054» 5‘05 5‘05\‘53%
rl |[E—r 9|2 &1 70
R

6.4.2. Type D,,. Let Q) be a quiver of type D,,, such that there is an involution T of ) which
interchanges n — 1 and n while fixing all other vertices. For example, ) can be taken to be

n
o}
’I’Z—\o

n—1

In this case U is the subalgebra of U generated by
ki=KK 1<i<n—2), kop1=Ky, 1K, ky=K,K |,
By1=F, 1 +E,K |, B,=F,+E, K.,
Bi=F,+EK!, V1<i<n-—2

Associated to the above quiver Q of type D, the quiver @ for the 1quiver algebra A* in (2.3)
is given as follows:

&1 &9 En—2 g
() () G H
O O~ - o En||En—1
1 2
'\3
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6.4.3. Type Eg. Let () be a quiver of Dynkin type Eg with a nontrivial involution T given
by T(1) =6, T(2) = 5, and t(3) = 3, T(4) = 4. For example, @) can be taken to be

1 2
O<«———— O
\3 4
O—— O
o o/
6 5

Associated to the quiver @) above, the quiver @ for the wquiver algebra A® in (2.3) is given
as follows:

82 O——» O

O

6 5

1 2
0%0\83 E4q
56‘ €1 65‘ O O

In this case U is defined to be the subalgebra of U generated by
ki = KK, (i =1,2,5,6), ks = KsKj, kg = K4KJ,
B;=F,+ E; K/ (i=1,2,5,6), Bj=F +EK](i=34).

7. HALL ALGEBRAS FOR ?QUIVERS AND 1QUANTUM GROUPS

In this section, we shall assume the quiver is Dynkin. We will use the :Hall algebras
MH(AY) and MH,eq(A") (i-e., the twisted reduced modified Ringel-Hall algebras of A*) to

provide a realization of the iquantum groups U and U* of finite type, respectively; see
Theorem 7.7.

7.1. Computations for rank 2 iquivers, I. The rank of an iquiver (@, T) is by definition
the number of T-orbits in (Jy. Recall v = ,/g. Recall that (-,-)¢ is the Euler form of Q.
Define

In particular, (S;,S;) = ¢;; for any 4, j € I, the entries for the Cartan matrix C.
Proposition 7.1. Let Q be the quiver 1 = 2, with T = 1d. Then in M’I:Z(A’) we have

(q—1)
(q—1)

(7.1) [Sa] % [S1] % [S1] — (v 4+ v 1) [S1] % [Sa]  [S1] + [S1] * [S1] * [Se] = —

[Sa] # [,

(7.2) [Si]  [Sa] % [Sa] — (v 4 v 1)[Sa]  [S1] * [So] + [Sa]  [So] # [S1] = —

[S1] * [Eo].

Proof. Recall from Example 2.9(a) the quiver and relations of A* for this :quiver. We shall
only prove the first identity (7.1) while skipping a similar proof of the identity (7.2).
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Denote by U; the indecomposable projective A-module corresponding to 7. Denote by X

the unique indecomposable A'-module with S; + S5 as its class in Ky(mod(A*)). Then we
have

[Sa]  [S1] % [S1] = v*251Q[S) & S] % [S1]

— v{92:51)0(51852,51)¢ < [So @ 51 @ Si] + qT[Sz D El])

1
=—[S2® S B S|+ —[52 @ Ey];
\ v

[S1] % [Sa] # [S1] = T[Sy @ Sp] * [S1] + (¢ = D)[X] * [S1])

1
V(51:82) @y (S1852,51)0 <_[51 ® S, D Sy) + q—[S2 OE ])
q q

1 —1)2
1 {51820y (S51852.51)0 (T[X ® Sy + (a . ) [U1/52]>

1 —1
= 5[5’1 @S ® S + qT[Sz ® K]

2

@V, /s,

qg—1
[
q

+ — X@Sl]

[S1] # [S1] # [S] = [S1] * (v ([S) @ Sa] + (¢ — 1)[X]))

_ V<S1’SQ> V<51’SI®S2> X
1 -1 -1
: (5[51 @51 d S+ qT[IEl ® Sa] + qT[Sl & X])

—1)2
4 v(51:52)q y(S1,51852)q (%[UI/SQ] +(g—-1D[S1® X])

1 -1 21 —1)2
= @8 OS]+ L [Ey @S]+ L[5 @ X] + a-1) [U1/55].
qv qv qv qv
By the short exact sequence 0 — S, — U;/Sy — E; — 0 with E; € PSY(A) by Lemma 3.7,
we have [U;/Ss] = [Eq @ So] in MH(A), and then by Lemma 4.3 we have
[So] * [Eq] = v¥=185eg= B [1 /8] = U /S5].
Hence, in MH(A*) we obtain that
[So] # [Sa] * [S1]=(v + v [S1]  [So] * [Sa] + [S1]  [S1] * [S]
—1)2 —1)2
= s = O gy,

The proposition is proved. O

7.2. Computations for rank 2 iquivers, II.
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Proposition 7.2. Let ) be the quiver 1 9 L3 with t being the nontrivial involution.
Then in MH(A") we have, fori=1,3,

(7.3)  [Si] % [Si] % [Sa] — (v 4+ v 1)[Si] % [So] # [Si] + [Sa] % [Si] % [Si] = 0,

(7.4) [So] % [So] * [Si] — (v + v 1)[Sa] * [Si] * [Sa] + [Si] * [Sa] * [Sa] = — (¢-1) [Si] * [Es].

v
Proof. Recall from Example 2.9(b) the quiver and relations of A’. Denote by U; the inde-
composable projective A'-module correspondlng to i € {1,2,3}. Denote by X the unique

indecomposable A'-module with 51 + Sg as its class in Ky(A"). We shall only prove the
formulas for ¢ = 1, as the remaining case with 7 = 3 follows by symmetry.
In MH(A"), we have

[S] # [S1] * [Sa] = v¥5209[Sy] x ([S) @ Sa] + (¢ — 1)[X])
V<S1,52>QV(S1,51€B52)Q,

1 q—1
(s esies]+ T 15 o X+~ Dis e X))

21
[S1 & X];

1
= q—v[51@516952]+

[Sa] * [Sa] * [Sa] = v¥529([S) @ Sy] + (¢ — 1)[X])  [S1]
_ V<Sl7S2>Qv<Sl@S2,Sl>Q (1[51 @ Sl ® 52] + q— 1 [Sl o X])
q q

1 —1
= 5[51 ®S;® Sy + qT[Sl & X|;

[Sa]  [S1]  [S1] = vI5>51Q[S) @ ] [51]

v (52:51) @ ($1952,81) [51 ® S, @ Sy

1
- —[51 S¥) Sl s> SQ]
A%

The first identity (7.3) follows from combining the above computations.
On the other hand, we have

[S] # [So] x [S1] = v SR [S,] x [S, @ Sy
_ V<S2,Sl) (S2,51952) ¢ ( [SQ ® Sy D Sl] -+ qT[E2 h Sﬂ)

1 1
= ;[SQ ® Sy D Sl] + qT[]EQ S Sl]%

(7.5)
[Sa] 5 [S1]  [Sa] = v¥251Q Sy & G % [So]

1
{52.51) 0 (52851,50) 0 ( [S2 @ 81 ® S, + QTUEQ @ 51
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q—1 (q—1)°
S e X+ rad(U3)))

1 —1 -1 —1)2
:5[52@516952]+qT[E2@S1]+qT[S2@X]+ (4 )

1 -1
= 5[52 ®S1® S+ (¢—1)[Ee @ S1] + qT[SQ ® X],

where we have used [rad(Us)] = [Ey @ S;] in MH(A?) thanks to a short exact sequence
0 — Ey — rad(Us) — S; — 0 with E; € PSY(AY) by Lemma 3.7. In addition, (7.5) also
implies that

[&@%*mpé@@&@m+@—mm@w+%;m@m.
Then we have
[S1] # [So] * [Sa] = v ([Sy @ Sy] * [So] + (q — 1)[X] * [Sa])
= OSlay 865509 (2[5, 6 5 © 5] + (g — DE2 @ S
+ (50 X] + (= (X & 5]

2

1 -1 1

Summarizing, we have obtained

[So] # [So] # [S1] — (v + v 1)[So] # [S1] * [Sa] 4 [S1] * [Sa] * [So]

:_@;U%@@Sﬂ:—@;nﬁm*mﬂ

whence the identity (7.4).
The proof is completed. C

Remark 7.3. Using the opposite quiver 1 < 2 5 3 in Proposition 7.2 yields the same
formulas.

Proposition 7.4. Let Q = (Qo, Q1) be the quiver such that Qo = {1,2}, and Q1 = 0. Let T
be the involution such that T(1) = 2 and ©(2) = 1. Then in MH(A"), we have

[S1] ¢ [S2] — [S2] # [S1] = (g = D)([Eq] — [Eo]).
Proof. In MH(AY), we have [S)] % [Sy] = [S1 @ S5] + (¢ — 1)[E4], and so

[S1] # [S2] = [S2] # [S1] = [S1 @ Sa] + (¢ = D[E] — ([S1 @ S2] + (¢ — D[E2))
= (g = D([Ea] = [E2]).

The proposition is proved. U
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7.3. The homomorphism . Recall that I is the subset of I defined in (6.9). Recall
v = ,/q. We denote by

o=y = Q(V) ®q) U’
the specialization of U at v = v, an algebra over Q(v); similar notations will be used for

specializations at v = v for other algebras. The following is a main step toward identifying
the 1Hall algebras and 1quantum groups.

Proposition 7.5. Let (Q,T) be a Dynkin wquiver. Then there exists a Q(v)-algebra homo-
morphism

(7.6) VUL, — MH(AY,
which sends
—1 ~
(7.7) Bj ﬁ[Sj], if j €l ki —q R, if i =i
(7.8) B 8], #5 ¢ R [B), i i £

Proof. The proof is reduced to rank 2 2-subquivers, thanks to Lemma 4.12. The relevant
rank 2 ¢-subquivers are listed in Example 2.2.

We proceed the proof case-by-case. First assume T = Id, and so I, = I. For the split
rquantum group U’, the generators appear in (7.7) and the defining relations (6.15)-(6.19)
can be simplified to be:

(79) [’lgl,Ak/]] = 0, EZBJ = Bj/]\f/i, VZ,j S I[,
(7.11) B2B; — (v+ v Y)B;B;B; + B;B? = vk;B;, if ¢;j = —1.

If suffices to verify that ¢ preserves the relations (7.9)—(7.11). As we consider the special-
ization fJ'TU:V, we regard v = v in these relations in this proof.
Since E; lies in the center of M (A?) by Proposition 4.10, ¢ preserves the relation (7.9).
If ¢;; = 0, then there is no arrow between ¢ and j in ) and also in @) by Proposition 2.7.
So we have
[Si] + [S5] = [Si @ Si] = [S] * [Si]-
Then 1 preserves the relation (7.10).

On the other hand, if ¢;; = —1, then there exists one arrow « between 7 and j. It follows
from Proposition 7.1 that

[Si] # [Si]  [S;] = (v + v™1)[Si] + [S5] * [Si] + [S5] * [Si] * [Si] = — [Sj] * [Ei].

So @Z preserves the relation (7.11). This completes the proof in the case when T = Id.

Now assume that T # Id. There are 3 cases of type ADFE, and the uniform computation
depends only on the local configuration of the rank 2 ssubquivers. For the sake of being
concrete, we choose to present the detailed proof for type As., 1 below. The type D and E
cases follow in the same manner (as there is no new rank 2 cases beyond split and quasi-split

type A). It suffices to check that ¢ preserves the relations (6.20)-(6.26).
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We obtain from Lemma 4.7 that [E;] * [E;] = [E,] = [E;], whence (6.20).
For any —r <i,5 < r, we have
(] % [S;] = viresEres(Silag—(ES) R, g ]
— U<S—ivsj>Q_<Sivsj>Q [E’L @ S]])
[S;] * [E;] = U@jﬁi)@*(%ﬂﬂ)@[[@i ® S;).
Hence we have
[E] * [S;] = U(S—iasﬁQ—(Si,SﬁQ—(Sj:Si>Q+<5j75—i>Q[Sj] * [E;]
= ,U(S—iysj)*(smsj)[sj] % [Ey],
whence (6.21).
It follows from Proposition 7.4 that ¢ preserves the relation (6.22). It follows from Propo-
sition 7.2 that ¢ preserves (6.25)—(6.26).
Let 7,7 be such that —r <i,5 <7, |i —j| > 1,7 # —j. We have
[Si] * [S)] = w50 [S; @ 55) = [S; ® 5]

since Exty. (S;, ;) = 0. Similarly, we have [S;]*[S;] = [S;®.5;]. Hence [S;]x[S;] = [S;]*[Si],
whence (6.23).

Let 4,7 be such that —r < 4,5 <r,|i —j| = 1,i # 0. Then ¢;; = —1. So there exists an
arrow between ¢ and j, we only give a proof when the arrow is of the form « : ¢ — j while
skipping the other similar case. Denote by X the indecomposable module with S; + 5; as
its class in Ky(mod(A*)). We have

[Si] # [Si] % [S;] = [Si] * v 505302 ([S; @ 5] + (¢ — 1)[X])
_ qiv[s,- © 5@ 5] + qq%)l[s,- ® X] + q;—l[si@)q;

[Si] % [Sj]  [Si] = ¥R ([S; @ S)] + (¢ — 1)[X]) * [S]]

q ’ q

[Si] * [Si] + [S] = v*¥5e([S; @S] + [S]
1

So we obtain that [S;] * [S;] * [S;] — (v 4+ v 1)[S] * [S;] * [Si] + [S;] * [Si] = [Si] = 0, whence
(6.24).
The proposition is proved. 0

We shall show that "J is actually an isomorphism, cf. Theorem 7.7.

7.4. 1Quantum groups via :Hall algebras. Let (), T) be a Dynkin iquiver, where Qg = L.
Recall U is the iquantum group with parameters ¢ = (¢;);er, and U” is a quotient algebra
of U by the ideal (EZ — qi,%jETj — $iSri | Ti = i,T) # j); cf. Proposition 6.2.

For any w =iy - - - 4,, € W, define

F,=F,---F, €U, B,=B;,--B;, €U.
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Let 7 be a fixed subset of W such that {F, | w € J} is a (monomial) basis of U~

Lemma 7.6 ([Let99, Kol4]). Retain the notation as above. Then {B,, | w € J} is a basis
of U" as the left (or right) UC-module. (This basis is called a monomial basis. )

Recall from Definition A.7 or from §4.4 the twisted quantum torus ’7‘(/\’) which is a
Q(v)-algebra. Recall that ¢ : Ul _ — MPH(A") is defined in Proposition 7.5. Then the

homomorphism w U|v v = Mﬁ(AZ) induces an algebra homomorphism
77ZJ U|v v %(AZ%
/I\f/i — _qfl[Ei]’ if iz = Z, /]\{/,L — [El]7 if T 7£ 1.

=V

Since both 620 _, and ’7~‘(A1) are Laurent polynomial algebras in the same number of gener-

ators, 1 : U"g o T(A") is an isomorphism.

Recall the reduced 2Hall algebra MH,eq(A") from Definition 4.11. We now state the main
result of this section.

Theorem 7.7. Let (Q,T) be a Dynkin iquiver. Then we have the following isomorphism of
Q(v)-algebras, see (7.6):

VU, — MHA(AY.

Moreover, it induces an isomorphism ¢ : Uj,_, = MH,ea(AY), which sends B; as in (7.7)—
(7.8) and k; — ¢, *[Ey], ifi € L.

Proof. By Proposition 5.2, ﬁ(/{@) has a monomial basis, i.e., there exists a subset [J of
W, such that {S | w € J} is a basis of H(kQ). By [Rin95, Theorem 7], there exists an
isomorphism of algebras: R~ : U _, = H(kQ), with R~(F;) = q_Tll[Si] for any i € I. So
{F, | we J} is a monomial basis of U~.

By Lemma 7.6, we have that {B, | w € J} is a basis of U as a right U®-module. It
follows by Theorem 5.6 that {S;, | w € J} is a basis of MH(AY) as a right T(A*)-module.
Recall ¢ : U? 5 T(Al) Therefore, for any w € Wy, ¢¥(By) = a,S,, for some scalar
a, € Q(v)*, and thus w U — M’H(N) is an isomorphism of algebras.

As the isomorphism ¢ : U* — MH(A?) sends the ideal (k; —«;, k; kTJ SiSri | Ti =1,7Tj # j)
generated by (6.8) onto the ideal of MH(A?) generated by (4.13), it induces an isomorphism
Y U S MH,eq(A) as stated. O
Remark 7.8. A variant of Bridgeland’s Hall algebra via the module category mod(kQ® R;) is

studied in an interesting paper by H. Zhang [Zh18] independent of our work, who established
a connection to UT.

We expect the following generalization of Theorem 7.7 for general quivers. Indeed, the
arguments in this paper already work for simply laced acyclic iquivers.

Conjecture 7.9. Let (Q,T) be an arbitrary acyclic iquiver. Then we have an injective
homomorphism of Q(v)-algebras 1) : 62 . — MH(AY) defined as in (7.6)~(7.8). Moreover,
it induces an injective homomorphism ¢ U|v o — MM,eqa(AY), which sends B; as in (7.7)-
(7.8) and k; — ¢ '[E], ifi € L.
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8. BRIDGELAND’S THEOREM REVISITED

In this section, we show that the Hall algebra associated to the 1quiver of diagonal type
(Q! swap) is isomorphic to the specialization at v = v of a quantum group. This is a
reformulation of Bridgeland’s Hall algebra construction of quantum groups.

8.1. A category equivalence. Let () be an acyclic quiver (not necessarily of finite type).
Let Q% = Q U Q°, where Q° is an identical copy of a quiver (). Retain the notation as
in Example 2.3 and Example 2.10. Recall that swap is the natural involution of Q. As
explained in Example 2.10 we can and shall identify A as the iquiver algebra A = (APl)
with (Q%, I*) as its bound quiver, throughout this section.

Clearly, D*(kQ™') ~ Db(kQxkQ®). Let Wyyap be the triangulated autoequivalence functor
of D(kQ®") induced by swap. We also use X to denote the shift functor in D°(kQ).

Lemma 8.1. We have the equivalence of categories DP(kQ™) /Y o Wyyap ~ DP(kQ) /X2

Proof. Any kQ-module is of the form (M, M’), where M € mod(kQ), M’ € mod(kQ°).
Similarly, any object in D°(kQ!) is of the form (M, M’), where M € D*(kQ), M' €
D*(kQ°). Obviously,

HOHlDb(debl)«M, M/>, (N7 N/)) = HOIﬂDb(kQ)<M, N) X HOIIlDb(on) (M/, N,)

So any morphism between them is of the form (f, '), where f: M — N, f': M' — N'. By
identifying D°(kQ°) with D°(kQ), we define a triangulated functor

G : D"(kQ™) — D°(kQ),

which sends the object (M, M’) — M @& XM’ and sends the morphism (f, f') : (M, M') —
(N, N') to diag(f,5f) : M ® SM’ — N @ EN.

Combining with the natural projection 7, : D*(kQ) — Db(kQ)/X?, G induces a triangu-
lated functor G : D*(kQ™') — D®(kQ) /X2

On the other hand, Wy, (M, M')) = (M', M) for (M, M') € D*(kQ®™"), and Wsyap ((f, 1)) =
(f', f) for any morphism (f, f') in D*(kQ™). Tt follows that G o (3 o Wgyap) = G. Then
[Ke05, §9.4] shows that there exists a triangulated functor

G : D*(kQ™) /% 0 Wyyap — D (kQ) /%2

such that the following diagram commutes:

DM (kQ™) —— D"(kQ)/<*

lﬂ'de] /
G

D (kQ™) /% 0 Wyyap

Note that G is dense.
Concerning the morphism spaces, we have

Hom pi (qavt) sow e, (M, M), (N, N'))
= @ Home(debl)((M, M/), (E o \Ifswap)i(N, N’))

1EL



50 MING LU AND WEIQIANG WANG

= D Hompigun (M. M), (SN, 5 N'))
i€z
P P Hom prggamy (M, M), (SHHN', $2HN))
i€Z
= P Hompuugy (M, £¥N @ S*HIN') @ Hom pougy (M, SN’ @ 2N
i€Z
=~ (P Hompig)(M & SM', 5% N @ B* 1 N')
i€z
= Hom pp 4q)/s2 (M @ YM'/N & XN').
Therefore, G is fully faithful. This proves the lemma. O

Remark 8.2. Theorem 3.18 for wquivers of diagonal type reads that
Gproj(A) = Dyy(mod(A)) =~ D*(kQ™) /% 0 Uyyay.

This together with Lemma 8.1 recovers the results on root categories in [PX00] (see also
[Lul7]) that Gproj(A) ~ Dyg(mod(A)) ~ D*(kQ) /X2

8.2. Quantum group as an :quantum group. Let () be an acyclic quiver with its vertex
set I. Recall from §6.1 that U = U,(g) is the quantum group associated to @ and U =
(E;, F;, K;,K! | i € 1) is the version of U with enlarged Cartan subalgebra. Consider the
Q(v)-subalgebra (U ® U)* of U ® U generated by

’Ei = jziji{o, ”6; = KZ'QKZ{, Bz = FZ + EiOK;, Bio = Fio + Eijz@(o’ W) c I.
Here we drop the tensor product notation and use instead ¢° to index the generators of the
second copy of U in U ® U (consistent with the notation Q%' = Q LI Q°). Note that K;K;
are central in U ® U for all i € L.

Lemma 8.3. (1) (U®U)" is a right coideal subalgebra of U U, namely, (UxU, (U U)Y)

forms a quantum symmetric pair. o L
(2) There ezists a Q(v)-algebra isomorphism ¢ : U — (U @ U)* such that
O(F) =B, O(E)=DBe, o(F)=K, oK)=K, Viel
Proof. (1) Follows by a direct computation using the comultiplication A in (6.6).
(2) Recall w is the Chevalley involution of U given in (6.7) and A is the comultiplication
given in (6.6). A direct computation shows that the subalgebra (U®U)" C U®U is identified
with the homomorphic image of the injective homomomorphism (w®1)oAow : U—UgU,

which sends K — IC K’ — IC’ E;, — B, F; — B;; this is a variant of the observation in
[BW18b, Remark 4.10]. Setting ¢ = (w ® 1) o A o w finishes the proof. O

Let ¢ = (G)ier € (Q(v)*)L. We define the subalgebra (U @ U)* of U ® U to be the one
generated by

ki = K;K.', ki'=KieK; ', Bi:=F+GE-K ', Bp:=Fo+gEK:,  Viel

Here we drop the tensor product notation.
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Lemma 8.4. (1) (U®U)" is a right coideal subalgebra of U U, namely, (U U, (U U)")
forms a quantum symmetric pair.
(2) We have a Q(v)-algebra isomorphism

(8.1) (Ue U) —(Ue U)/(KK] - ),
By Bi, B Bie, ki o UG, ke UG
(3) There ezists a Q(v)-algebra isomorphism ¢ : U — (U ® U)" such that
Bio

F,— Bi; E;, — , K, — k’i, Vi e L.
Si

Proof. Parts (1) and (2) follows by direct computations.

(3) First consider the special case with all ¢; = 1. Recall w is the Chevalley involution of
U and A is the comultiplication given in (6.6). It follows by [BW18b, Remark 4.10] that the
subalgebra (U® U)" C U® U is identified with the homomorphic image of (w®1)oAow:
U — U ® U, which sends K; — k;, F; — B;, F; — Bj.. The case for general parameters ¢
follows from this special case by a rescaling automorphism. O

8.3. Bridgeland’s theorem reformulated.

Theorem 8.5 (Bridgeland’s Theorem reformulated). There exists an injective morphism of
algebras (U @ U)} _ — MH(A) such that

lv=v
~ ~ =, ~ -1 ~ v ,
v(Ki) = [Ei],  (K) = [Eee],  o(B;) = cl——l[si]’ (Bi) = qu[Sio], Viel
FEquivalently, there exists an injective homomorphism U [~J|v:v — M’rq(A) such that
-~ -~ ~ 1 ~
U(KG) = [E], W(K) = [Ee], W(F)= q_—l[si]a V(E;) = qi—l[sﬁ]’ Viel

Proof. Thanks to the isomorphism ¢ in Lemma 8.3, the two assertions regarding ¢ and U
are equivalent by letting ¥ = 1 o ¢.

We shall prove that ¥ is an injective algebra homomorphism. The proof is similar to the
proof of Proposition 7.5, and we shall only check that ¥ preserves the 2 most complicated
relations, i.e., the quantum Serre relations (6.4)—(6.5). In fact, kQ and kQ° are quotient
algebras of A, so we can view mod(kQ) and mod(kQ°®) as subcategories of mod(kQ!). Note
that these two subcategories are full and closed under taking extensions. So there exist two
morphisms

It H(RQ) — MH(A),  TF([Se)) = [Sie],
I H(EQ) — MH(A),  I([S)]) = [Si].

By Ringel-Green’s Theorem, we obtain two injective homomorphisms of algebras:
v

R™:U}_, — H(kQ), RT(E;) = E[sp],
R UL, — AKQ), R (F) = ——[S]].
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Using R™ o I™ and R~ o I, together with the quantum Serre relations of Ij, we have

12%(—1)T { b } ST [S]x [Si) T =0,

T
r=0
1—c;; 1
r — Cij r —cij—T . .
> (=D [ . J]wsio] #[Spe] % [Sie] T =0, i #£]
r=0

So U preserves (6.4)—(6.5). Hence U is an algebra homomorphism.

On the other hand, let T be the subalgebra of M?TK(A) generated by E;, E;o, for i € I. Note
that 7 is the Q(v)-group algebra of the Grothendieck group Ko(mod(kQ)) x Ko(mod(kQ°)).
Then MH(A) is a T-bimodule. Corollary 4.6 shows that MH(A) is a free right T-module
with a basis given by [M @ M'], where M € mod(kQ) and M’ € mod(kQ°®). Similar to
Lemma 5.4, one can prove that [M] x [M'] x [E,] * [Eg], M € mod(kQ), M' € mod(kQ°),
a € Ko(mod(kQ)), 8 € Ko(mod(kQ®)) is a basis of MH(A); see also [LP16, Theorem 3.20].
Therefore, the multiplication gives rise to a linear isomorphism ﬁ(k’Q) Rq(w) %@Q(U)ﬁ(kQ) =
MH(A).

Clearly, we also have an isomorphism of Q(v)-algebras:

R :U)_, =T, R(K)=[E], R(K]) = [Es].

[v=v
Recall U = Ut @ U° @ U~. Composing RT ® R® ® R~ with the isomorphism H(kQ) Rq(v)
T Qo) H(kQ) = MH(A) gives the injective homomorphism W. O
Let ¢ = (g|i € I) € (Q(v)*)L. Let MH,cq(A) be the reduced Hall algebra for A (or the

reduced twisted modified Ringel-Hall algebra of A), i.e., the quotient algebra of ./\/lﬁ(A) by
the ideal generated by the central elements [E;] * [E;o] — 2, for all 7 € L.

Proposition 8.6 (Bridgeland’s theorem reformulated). There exists an injective homomor-
phism ¢ : (U@ U)! _ — MH,ea(A) such that

|lv=v
U(k) = T[], $(B) = —[S], $(Be)= ——[5.], Vil
z—gi il z—q_l il 7 _q—l ° ]y .
Equivalently, there exists an injective homomorphism ¥ : U=y — MH,ea(A) such that
1 -1 A
\I/KZ:—]EZ, \IIE:—SZ7 \IJEZQ :—Sio, VGH
()= C[E] W(R) = (8], W(E)= o TlSel Vi

Proof. The isomorphism @Z in Theorem 8.5 induces an isomorphism
(U U),_, /(KK — ) = MH(A) /(B — 7).
This gives us the isomorphism ¢ by Lemma 8.4. Then ¥ := t)o¢ (where ¢ is the isomorphism

in Lemma 8.4) provides the desired map in the second assertion. 0]

Ringel-Green’s Theorem [Rin90b, Gr95| implies that the homomorphisms ¥ and ¢ in
Theorem 8.5 and Proposition 8.6 are isomorphisms if and only if @) is Dynkin.

Recall MH,.q(A) depends on a parameter ¢ € (Q(v)*)!. Let 1 denote the distinguished
parameter 1 = (1;)¢ € I) with 1, = 1 for all ¢ € I. We use the index 1 to indicate



HALL ALGEBRAS AND QUANTUM SYMMETRIC PAIRS I: FOUNDATIONS 53

the algebras with parameter 1 are under consideration. Note W; in Proposition 8.6 is the
morphism obtained in [Gorl3, Proposition 9.26]; compare [Br13, Theorem 4.9].

If @ is of finite type, by Proposition 8.6 we have that MH eq(A) = MHeq(A)y. For
arbitrary @, let F = Q(v)(a; | 7 € I) be a field extension of Q(v), where a; = /5; for i € I.
Denote by g MH,ed(A) = F ®@qr) MHyea(A) the F-algebra obtained by a base change.

Proposition 8.7. There exists an isomorphism of F-algebras
P F MHred(A)l — ]FMHred(A)
| ] a o=@ ar) - YA = (M;, My, M () € mod(A).
i€l
Proof. For any M, N € mod(A), we have

Exty (M, N)y|
M N = (res(M),res(N)) qugo | A ) L.
[M]+[N] =v > |HomA(M,N)|[ ]

[L]€Iso(mod(A))
If | Extk (M, N)z| # 0, then dimy L = dimy M + dimy, N. So the rescaling map
QZIFMﬁ( )—>FMH |_>H —dlmk dlmk(Mo)[M]’

i€l

is an algebra isomorphism. It follows that @([E;]) = ﬂf—f}, P(Ep) = [E;f)], and thus ¢([E;] *
1

[Eie] — 1) = g—Q[El] % [E;o] — 1, for all ¢ € 1. Therefore, ¢ induces the isomorphism ¢ :
FMHea(A)1 — F MHea(A) as desired. O

9. GENERIC HALL ALGEBRAS FOR DYNKIN 2QUIVERS

In this section, we show that the structure constants for the :Hall algebras Mﬁ(AZ) and
MH,eq(A") for Dynkin equivers are Laurent polynomials in v, which allow us to formulate the
generic Hall algebras. We then show that generic Hall algebras are isomorphic to :quantum
groups.

9.1. Hall polynomials. In this subsection, we prove the Hall polynomial property for
Gproj(AY).
Let A be an additive category. A path in A is a sequence

Mo 25 My 25 My — - — My L5

of nonzero non-isomorphisms f1, ..., f; between indecomposable objects My, My, ..., M; with
t > 1. We call My a predecessor of M; and M; a successor of My. A path in A is called
a cycle if its source M, is isomorphic to its target M;. An indecomposable object that lies
on no cycle in A is called a directing object. The category A is called directed if every
indecomposable objects is directing.

According to [Ha88, Chapter 1.5], D*(kQ) is a directed category. Furthermore, any inde-
composable object in D°(kQ) is isomorphic to some XM where M € mod(kQ). We denote
ExtDb(kQ)(M, N) = Hompy ) (M, XN), for M,N € D*(kQ).
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Lemma 9.1. Let Q be a Dynkin quiver. Let F be an autoequivalence of D°(kQ) such
that F? ~ 2. Then Ext}jb(kQ)(M, F'N) wvanishes for all but at most one i € Z, for any

indecomposable objects M, N € D*(kQ). In particular, this holds for F = .

Proof. Without loss of generality, we assume M € mod(kQ) and Homps gy (M, N) # 0,
but Hompy gy (M, F'N) = 0 for any i < 0. As kQ is hereditary, we obtain that either
N € mod(kQ) or X7(N) € mod(kQ). Then Homps g (M, F'N) = 0 for any 7 > 1.

It remains to show that Hompuq) (M, FN) = 0. Suppose Hom pe o) (M, F'N) # 0. Then

0 # Hom ps ) (FM, F?N) = Hom p ) (F'M, Y2N),
and so there exists a triangle
YN — L — FM — ¥2N,

which implies that XNV is a predecessor of F'M. As Hom pe o) (M, N) # 0, M is a predecessor
of N or M 2 N, and then FFM is a predecessor of FFN or FM = FN. Choose a slice £ such
that N € £. Then Hompe ) (£, 3XL) = 0. So any morphism f : M — FN factors through
some morphism in Homps o) (£, £L), which implies that f = 0; this contradicts with the
assumption that Hompu gy (M, FN) # 0. O

For any indecomposable module X € mod(k@) C mod(A"), there exists a unique (up
to isomorphism) indecomposable Gx € Gproj"?(A*) (cf. (4.9)) such that Gx = X in
D,4(mod(A*)). By Corollary 3.21 this gives a bijection:

(9.1) Ind(mod(kQ)) < Ind(Gproj™(A?), X — Gx.

Recall that ®T is the set of positive roots of ) with simple roots «;, i € (Qy. For any
a € ®T, denote by M,(«) its corresponding indecomposable kQ-module, i.e., dimM,(«) = a.
Let B := P(Q) be the set of functions A : T — N. Then the modules

(9.2) My(\) == @ Ma)My(a), for X € P,
acdt
provide a complete set of isoclasses of k@Q-modules.
Let ®° denote a set of symbols v;, i.e., ®° = {v; | ¢ € T}, and let

P =T U P°, B={\: P — N},
Let G,(a) be the unique indecomposable Gorenstein projective A*-module such that G,(a) =
M,(a) in Dgy(mod(A?)), for a € ®F; see (9.1). Set Gy(vi) = A'e;, for ¢ € I. Then
{Gy(a),Gy(7i) | @ € T, v € ®°} forms a complete set of isoclasses of indecomposable

Gorenstein projective A'-modules.
For any A € P*, we define a Gorenstein projective A*-module G(\) as

(9.3) Gy(N) == @ Ma)Gy(a) & €D A1i)Gyl(y),  for A € B
acdt ~; €P0
Then G,4()), for A € P*, give a complete set of isoclasses of Gorenstein projective A*-modules.
Let B0 be the subset of JB* which consists of functions supported on ®°, ie., PB° = {\ €
B | M) =0,Va € &7}, and we identify P with the subset of P* which consists of functions
supported on ®*. We view each x € ®' as the characteristic function f € B’ defined by

f(y) = 0y for y € .
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Recall the (Hall) number F}; y = % for M, N, L € Gproj(A"); see §3.1. Recall
v =,/

Proposition 9.2. The Frobenius category Gproj(A') over the field k = F, satisfies the
Hall polynomial property, that is, there exists a polynomial F), (v) € Zlv,v™"| such that

Ff;ll( v) = FGGQ((:) ) for all X\, u,v € B*, and for each prime power q.
The polynomials F, ,(v) € Z[v,v™"] are called the Hall polynomials.

Proof. Recall that the pushdown functor 7, : mod(A) — mod(A*) induces a Galois covering
7, + Gproj(A) — Gproj(A*), see (3.11). Note that Gproj(A) = Cz/2(proj(kQ)) by (3.2).
So we have a Galois covering 7, : Cz/2(proj(kQ)) — Gproj(A’). By the Auslander-Reiten
quiver (AR-quiver) of Cz/s(proj(kQ)) described in [CD15, Section 2], one obtains the AR-
quiver of Gproj(A*) which is independent of the field F,,.

For any A, u € *, the same argument as in [Rin90a, Section 2] and [CD15, Lemma 3.5]
shows that dimp, Homy:(G4(), Gg(p)) and dimg, Homepeojar)(Gg(A), Go(p)) only depend
on A and g, but not on g. -

Since Gproj”(A*) is equivalent to D*(kQ) and F2 ~ X2 in D*(kQ), Lemma 9.1 is applicable

and implies that for any indecomposable objects M, N € Gproj*(AY), I*]xtéproJ 7 (A )(M, N(i))

does not vanish for at most one i by noting that the degree shift (1) of Gproj”(A*) corresponds
to FTu.

To complete the proof, it remains to prove that the cardinality |Extéproj( ay(M,N)g|is a
polynomial in ¢ for any L, M, N € Gproj(A"). A reduction as in [CD15, Theorem 3.11] (see
also [SS16, Theorem 3.5]) allows us to assume that M or N is indecomposable.

Suppose that M is indecomposable. Write N = @;Zle with N; indecomposable. Then
there exists at most one i; such that EXtépron(m)(M> N;(ij)) # 0 for each 1 < j < t. Since
M, N are gradable, we have

Extéprojany (M, N) = D Extey oz an (M, N(i)) = ExtGprOJZ(AZ)(M, @ N, (45)).
i€z
It follows that ExtGpmJ(N)(M N)p = Uez EXtGprOJ 2 (M, %=1 N;j(i;))L@). By noting that
Gproj”(A?) =2 Cb(proj(kQ)) (cf. Remark 3.20), we conclude by [CD15, Corollary 3.7] that
]ExtGprOJz(N)(M, ©%_1 N;(i5)) L@ is a polynomial in ¢, and then so is \Extéproj(Az)(M, Nl

The case when N is indecomposable is proved analogously. The proof is completed. [
Remark 9.3. In case T = Id, the above proposition was proved in [RSZ17, Theorem 3.6].

9.2. Generic Hall algebras, I. For A € @, the class of G,(\) defined in (9.3) in K(mod(A*))
(or its dimension vector) does not depend on the base field k. It follows that the class of
res(G,(\)) does not depend on the base field & either. We denote by A? the class of res(G,()))
in Ko(mod(kQ)).

We consider the twisted generic Ringel-Hall algebra of Gproj(A*) over Q(v), denoted by
HEP(Q, 1), as follows. More precisely, HOP(Q, 1) is the free Q(v)-module with basis {v, |
A € P'} and its multiplication is given by

v, *0, = vlria Z F//),V(U)UA-
e
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Let HOP(Q,1) := HEP(Q, 1) [b3" : A € B be the localization of HOP(Q, 1) with respect
to vy, for A € PO In fact, HO(Q, ) is the generic (twisted) semi-derived Hall algebra
SDH(Gproj(A")), see [Gorl3] or §A.4.

Let ¢ = (6i)ier € (Q(v)*)! be such that ¢; = ¢ for any i. We define the generic reduced
vHall algebra (or generic reduced twisted semi-derived Hall algebra) Hob(Q,T) as follows.

Note that Ky(mod(kQ)) is freely generated by «; = S, (for ¢ € I). By viewing each ~; as the
class of the indecomposable projective k@Q-module P; = (kQ)e; for ¢ € I, Ky(mod(kQ)) is
also freely generated by ; (¢ € I). So there exists an invertible matrix A = (a;;)nxn € M, (Z)

such that a; = Y7 a;;y; for any i. So E; = > i aij@ﬁ in Ko(P<!(A"). Then HP(Q,T)

is defined to be the quotient of ”;[GP(Q, T) by the ideal generated by
(9.4) [ 0% + 0% (for wi =), o« [ [0l — cisw (for wi # ).
jel jel jel
Recall MH,eq(A") from Definition 4.11.
Proposition 9.4. Let (Q,T) be a Dynkin 1quiver. We have a Q(v)-algebra isomorphism
red(Q7 )|y:v = MHred<AZ) .

Proof. Let SDH(Gproj(A")) be the twisted semi-derived Hall algebra with the twisting as
n (4.11). By construction, the map vy — [G,())] gives an isomorphism

HO(Q,7),,_, = SDH(Gproj(A")).

By Theorem A.15 we have an algebra isomorphism SDH(GprOJ (AZ)) = M?j[(A’), and thus
HO(Q, ) jpey = >~ MH(A?). This isomorphism sends the ideal of H(Q, T),,—, generated by

(9.4) onto the ideal of MH(A?) generated by [E;] + s ( for i = i) and [E;] * [Ex] = —cice
(for i # i). The proposition follows. O

The following corollary is a generic version of Theorem 7.7 by using 7—N[GP(Q, T).
Corollary 9.5. Let (Q,T) be a Dynkin wquiver. Then we have Q(v)-algebra isomorphisms
U = HPQ1), U -SHIQT).

Proof. Follows by Proposition 9.4, Theorem 7.7 and Proposition 9.2. 0

It is possible but somewhat messy to write down the formulas on generators for the iso-
morphisms in Corollary 9.5; compare Bridgeland’s original version [Br13] of Proposition 8.6.

9.3. Generic Hall algebras, II. We shall formulate the generic modified Ringel-Hall al-
gebra as the generic ‘Hall algebra.

Let @ := ®T U ®° be as above. For a € &+, M, () is the indecomposable kQ-module,
viewed as Amodule. For any v; € ®°, define M,(v;) = E;. For A\ € ", we define

My(A) := [Baco+ M) Mo(a)]  [BicrA(7:)Ei] = [Baca+ Ala) Mo(a)] * [Ex,  ar)al]
in the +Hall algebra MH(A*), compatible with M,(\) for A € P in (9.2). Let
P'={\:P = Z|MNa) ENVa € d" \(y) € Z Vy; € D°}.
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Then for A € ", define
MQ(/\) = [@a€<1>+/\(a)Mq(a)] * [EZ¢GH>‘(’Yi)0¢i]'

Denote by P° the subset of B which consists of functions supported at ®°, and identify
B with the subset of B* which consists of functions supported at d*. By Corollary 4.6,
{M,(X) | X € B} forms a basis of MH(A*). For p,v € P, we write

(Mo ()] * (Mo ()] = > i) 1 o) M (V).
Aepe

Lemma 9.6. For every \, u, v € B, there exists a polynomial cpfw(v) € Zv,v™'] such that
@, (V)= @ng’\) > for each prime power q (recall v = \/q).

Proof. For any v : <I>0 — Z (viewed as a function v : &' — Z supported at %), we define
[Go(V)] = T1,,cq0lGq(7i))” v04) in SDH(Gproj(A?)) and also in MH(AY). com~patible with
(9.3) for v € PO, In this way, for any v € PO, there exists a unique w’, € P° such that
(M, (v)] = [G,(w),)] in MH(A"). Note that w!, only depends on v, not on gq.

For any \ € B, there exists a unique wy : ®¥ — Z such that [M,(\)] = v [G,(\)]*[Gy(w))]
in MH(A") for some by € Z. Note that wy only depends on A, not on the field k. Furthermore,
by comes from the Euler form of k@), and so it does not depend on gq.

For any pu,v € 9, there exist uique po: ®° = Z, puy : @+ =+ N, 1y : & - Z, v, : &7 - N
such that 1 = i + pio, v = v + vo. Then [My(2)] = [My()] * [M,(10)] and (M, ()] =
[M,(11)] % [My(10)] by definition. It follows by Lemma A.8 and Lemma 4.7 that

[Mq(10)] * [My(v)]
=[Mq (1)) * [My(p0)] * [Mq ()] * [Mqy(vo))
=vr[Gy(u)] * [Gy(11)] * [G (Wi + Wy + W)y +wy )]
=y ooy N FGY o [GaW] # Gy + wiy + ), + )]
Aepe
= vt LA IM(N)] # [Gl@i + @y + Wl + Wl — wh)],

Gyq (Hl) Gq(Vl
e

where d,,,,d, , € Z do not depend on g (as they come from the Euler form). It follows

from Proposition 9.2 that there exists a polynomial F,, ,(v) € Z[v,v™'] such that F}, (v) =
FG"((:))G . Clearly, [Gy(wy, + wy, +w,, +w, —wi)] = [E,] for some a € Ko(mod(kQ))

which does not depend on ¢. The lemma follows.

Let @ = {f,...,8n}, and B; = >, bjia; for any 1 < j < N. Motivated by the
dimension vector of modules, we define dim A = (A(y;) + A(y) + Zﬁje<b+ A(Bj)bji)ier for any
A € P*. In particular, by definition, dim A = dim M, () for any A € P or X € P°.

0>

Corollary 9.7. For any triple A\, i, v, go;),j(v) =0 unless dim A = dim p 4+ dim v.

Proof. From the proof of Lemma 9.6, the assertion follows by noting that Mﬁ(A’) is a
Ky(mod(A")) = Ko(mod(kQ))-graded algebra. O
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We now define the generic 1Hall algebra as the generic (twisted) mquiﬁed Ringel-Hall
algebra of A" over Q(v), denoted by H(Q,T) as follows. The algebra H(Q,T) is the free
Q(v)-module with a basis {u, | A € B'} and its multiplication is given by

(9.5) Uy, kU, = Z go,ivl,(v)uk.
e

Its reduced generic version, denoted by H,eq(Q, T), is defined to be the quotient of 7—~[(Q, T)
by the ideal generated by

(9.6) w,, + v (for i = 1), W, * g, — 67 (for i # i).

Theorem 9.8. Let (Q,T) be a Dynkin vquiver. Then we have a Q(v)-algebra isomorphism

(9.7) VU S5 H(Q, 1),
(9.8) B~ 7}2_—_11%, ifj €L, B ———a, if j ¢ L
Ky s, if T A i —v 2w, if Ti =i,
Moreover, this induces a Q(v)-algebra isomorphism
(9.9) ¥ U Heea(Q, ),
which sends Bj as in (9.8) and sends k; — ug—”:, foriel,.
Proof. Follows by Proposition 7.5, Theorem 7.7 and Lemma 9.6. 0

Remark 9.9. The PBW bases for MH(A*) in Theorem 5.8 lifts to PBW bases on the generic
1Hall algebra H(Q, T) (and respectively, its reduced version H,eq(Q, T)). This in turn provides

PBW bases for U (and respectively, U*) via the isomorphism v (and respectively, ¢) in
Theorem 9.8. The PBW bases will be made more explicit using the reflection functors/braid
group actions in a sequel [LW21].

APPENDIX A. MODIFIED RINGEL-HALL ALGEBRAS OF 1-GORENSTEIN ALGEBRAS
BY MING LU

In this Appendix, following the basic ideas of [LP16], we shall formulate modified Ringel-
Hall algebras for weakly 1-Gorenstein exact categories, including the module categories of
1-Gorenstein algebras.

A.1. Hall algebras. Let £ be an essentially small exact category in the sense of Quillen,
linear over a finite field kK = IF,. Assume that £ has finite morphism and extension spaces,
ie.,

| Hom(M, N)| < oo, |Ext'(M,N)| < oo, VM,N € &.

Given objects M, N, L € &, define Ext' (M, N); C Ext'(M, N) as the subset parameteriz-
ing extensions whose middle term is isomorphic to L. We define the Ringel-Hall algebra H(E)
(or Hall algebra for short) to be the Q-vector space whose basis is formed by the isoclasses
[M] of objects M of £, with the multiplication defined by (see [Br13])

Moy = 3 ettt
€ ’

[L]elso
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Remark A.1. Ringel’s version of Hall algebra [Rin90b] uses a different Hall product, but
these two versions of Hall algebra are isomorphic by rescaling the generators by the orders
of automorphisms.

It is well known that the algebra H(E) is associative and unital. The unit is given by
[0], where 0 is the zero object of £, see [Rin90a, Rin90b] and also [Br13]. We shall use
Bridgeland’s version of Hall product as above throughout this paper.

A.2. Definition of modified Ringel-Hall algebras. Let A be an essentially small exact
category in the sense of Quillen, linear over a finite field k& = F,. For an exact category A,
we introduce the following subcategories of A:

P<{(A) = {X € A | Ext-proj.dim X < i},

T=(A) = {X € A|Ext-inj.dim X <i}, VieN,
P<>*(A) = {X € A| Ext-proj.dim X < oo},
I°°(A) ={X € A| Ext-inj.dim X < oo}.

The category A is called weakly Gorenstein if P<*°(A) = Z<*(A), and A is a weakly d-
Gorenstein exact category if A is weakly Gorenstein and P<*®(A) = P<¢(A), I<>°(A) =
T=4(A).

Lemma A.2 (Iwanaga’s Theorem). Let A be a weakly Gorenstein exact category with enough
projectives and injectives. Then P<*(A) = P<4(A) if and only if T<®°(A) = I=%(A).

Throughout this section, we always assume that A is an exact category satisfying the the
following conditions:

(Ea) A is essentially small, with finite morphism spaces, and finite extension spaces,

(Eb) A is linear over k = F,,

(Ec) A is weakly 1-Gorenstein.

(Ed) For any object X € A, there exists an object Py € P<*°(A) and a deflation Px — X.
In this case, P<*(A) = P<H(A) = Z=%(A) = Z='(A).

Note that for any finite-dimensional 1-Gorenstein algebra A over k (cf. §3.1), A = mod(A)
satisfies (Ea)—(Ed).

Example A.3. Let € be a hereditary abelian k-category (not necessarily with enough pro-
jective objects). Let Czn(E) be the category of Z/n-graded complexes, for n > 2. Denote by
Cac,z/n(E) the subcategory of acyclic complexes in Czyn(E). 1t follows from [LP16, Proposition
2.3] that Extgz/n(g)(f(, M)=0= Extgz/n(g)(M, K) for any K € Coezyn(E), M € Cyyn(€) and
p > 2. On the other hand, any Z/n-graded complex with finite Ext-projective dimension or

Ext-injective dimension must be acyclic. So Cz;,(E) is weakly 1-Gorenstein which satisfies
(Ea)-(Ed) with P<*(Cz/n(E)) = Caczm(E) = L%(Czn(E)).

Let H(A) be the Ringel-Hall algebra of A, i.e., H(A) = B, Q[M] with the multiplication
given by
| Ext' (M, N)p|
| Hom(M, N)|

[M]o[N]=

Melso(A)

[L].
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It is well known that H(A) is a Ky(A)-graded algebra, where Ky(.A) is the Grothendieck

group of A. For any M € A, denote by M for the corresponding element in Ky(.A).
For objects K, M € A, if K € P<}(A), we define the Euler forms

+oo

(A1) (K,M) = Z(—l)i dimy Ext’(K, M) = dim; Hom (K, M) — dim, Ext' (K, M),
=0

and
400 ‘

(A2)  (M,K)=> (-1) dimy Ext(M, K) = dimj, Hom(M, K) — dimj, Ext'(M, K).
=0

These forms descend to bilinear Euler forms on the Grothendieck groups Ko(P='(.A)) and
Ky(A), denoted by the same symbol:

() Ko(P=1(A)) x Ko(A) — Z,
and
() : Ko(A) x Ko(P<H(A)) — Z.
We have used the same symbol by noting that these two forms coincide when restricting to
Ko(P=1(A)) x Ko(P=!(A)).
Inspired by the construction in [LP16], we consider the following quotient algebra. Let I

be the two-sided ideal of H(.A) generated by all differences [L] — [K @& M] if there is a short
exact sequence

(A.3) 0 —K—L—M-—70

in A with K € P=}(A). Since I is generated by Ky(A)-homogeneous elements, the quotient
algebra H(A)/I is a Ky(A)-graded algebra.
The lemma below follows by definition.

Lemma A.4. For any K € P<'(A) and M € A, we have
[M] o [K] =q "™ M @ K]
in H(A)/I. In particular, for any K, Ky € P<Y(A), we have
(A.4) (K1) o [K] = ¢ MK @ K|
in H(A)/I.
Let A be a ring with identity 1, and S a subset of A closed under multiplication, and

1 € S. Recall that a right localization of A with respect to S is a ring R and a ring map
1 : A — R such that
(i) i(s) is a unit in R for each s € S,

(ii) every element of R has the form i(a)i(s)~! for some a € A, s € S,

(iii) i(a)i(s)~t = i(b)i(s)~" if and only if at = bt for some t € S.
Such a R is a universal S-inverting ring, and so is unique. We shall denote R by AS~! when
it exists. We will suppress the map 7 and write the elements of AS™! as as™'. We say S
satisfies the right Ore condition, if for all @ € A and s € S, there exists a; € A and s; € S
such that sa; = as;. We say S is right reversible if for any a € A, s € S and sa = 0 in A,
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then there exists t € S such that at = 0 in A. Ore’s localization theorem states that the
right localization AS™! exists if and only if S is a right Ore, right reversible subset of A.
Returning to the category A, we consider the following subset of H(.A)/I:

(A.5) Sa:={a[K] € H(A)/I | a € Q*, K € P<'(A)}.
We see that Sy is a multiplicatively closed subset with the identity [0] € S4.

Proposition A.5. Let A be an exact category satisfying (Fa)-(Ed). Then the multiplicatively
closed subset Sy is a right Ore, right reversible subset of H(A)/I. Equivalently, the right
localization of H(A)/I with respect to S exists, and will be denoted by (H(A)/I)[S;'].

Proof. The proof is similar to [LP16, Proposition 3.5]. For the sake of completeness, we give
the proof here.
For any M € A, K € P<'(A),

[K]o[M]= )

[L]€lso(A)

For any [N] € Iso(A) such that | Ext'(K, M)y| # 0, we have a short exact sequence

| Ext' (K, M) |
| Hom (K, M)

[V].

(A.6) 0—M-LN-L K-—o0

Let Ay = M be a deflation with Py, € P=<'(A) by using (Ed). Since Ext-proj.dim K <
1, there is an epimorphism Ext! (K, Ay) — Extl (K, M), namely we have the following
commutative diagram of short exact sequences:

Anr An K
L,
M N K
From the short exact sequence of the first row, we have Ay € P=!(A), and a short exact
sequence

f

Then [Ay & M| — [Ay & K @ M] € I by noting that Ay € P<H(A).
Since the above commutative diagram is a pull-out and clearly also a pull-back, we have
a short exact sequence

0—Ay — AP M — N — 0.
It follows that [Ay & M| — [Ay & N] € I since Ay € P='(A). Therefore,
| Bty (K, M)

(A7) [K]o[M]o[Ay]= )

[N]€lIso

| Ext!y (K, M) y]| 1
Z(A) | Hom 4 (K, M)| ([N], [An])

[Nl o [Aw]

[N & Ay
[N]€lIso
| ExtYy (K, M)y 1

2 | Hom 4 (K, M)| ([ & M], [An])

[Ay & K & M]
[N]€Iso(A)
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1
= TRT, VIIIE & M1, Ay - @ K e M
__ (M],[K® Au]) .
~ TR (K & M, (A M o 1K @ Au
(M), KD

= o [K]o
in H(A)/I. Tt follows that S, is a right Ore subset of H(A)/I.

Assume that [K]o (300, a;[M;]) = 0 in H(A)/I for K € P=<'(A). Since H(A)/I is a
Ko(A)-graded algebra, we can assume that all [M;] (1 < ¢ < n) have the same K(A)-
degree. By the equality (A.7), it is easy to see that there exists T € P=!(A) such that

(K] o [M;]o[T) = E%Z][][\ﬂ; [M;] o [K]o[T] for all 1 <i < n. So we obtain that

(Y alM]) o (1] = Y ara bt o [K] o 1]

By our assumption, E%J[z[\ﬂi are equal for 1 < i < n, which is denoted by b. Note that b # 0.

So

) ailMi]) o (b[K & T)) ZaZ [M;] o [K] < [T] = 0.
i=1
Thus S4 is a right reversible subset. 0

The modified Ringel-Hall algebras are defined in [LLP16] for the category of Z/n-graded
complexes over any hereditary abelian category, for n > 2. The following definition general-
izes [LP16]; see the remarks in Example A.3.

Definition A.6. For any ezact category A satisfying (Ea)-(Ed), (H(A)/I)[Sy"] is called
the modified Ringel-Hall algebra of A, and denoted by MH(A).

Let H(P=<!(A)) be the Ringel-Hall algebra of the exact category P<!(A). Then H(P=L(A))
is a subalgebra of H(A).

Definition A.7. The quantum torus T (A) is defined to be the subalgebra of MH(A) gen-
erated by [M] in P<(A).

Then MH(A) is naturally a 7 (A)-bimodule.

Since P=!(A) is an exact category satisfying (Ea)-(Ed), the modified Ringel-Hall algebra
MH(P=Y(A)) is defined. We can and shall always identify 7(A) = MH(P=!(A)). Then
the natural embedding H(P=!(A)) — H(A) implies that MH(P=!(A)) is a subalgebra of
MH(A), which coincides with T(A) € MH(A). Let T(Ko(P=*(A)),q ") be the group
algebra of Ky(P=<!(A)) over Q, with the multiplication twisted by ¢ as in (A.4). Then
T (A) is isomorphic to T (Ko(P=(A)),q¢7) as algebras, see, e.g., [Gorl3, Lemma 4.5].

Lemma A.8. For any K € P='(A) and M € A, we have

(A.8) [M]o[K] = ¢ "™MOM e K]

(A.9) K)o [M] = ¢ "M (K & M

in MH(A). In particular, (A.8)-(A.9) gives the T (A)-bimodule structure of MH(A).
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Proof. (A.8) follows from Lemma A.4.
For (A.9), using (A.7) in the proof of Proposition A.5, we have that

[K] o [M] o [C) = ¢ FI= MM o [K] o [C]
for some C' € P=<!(A), which implies that
[K] o [M] = "7 [M] o [K] = ¢~ WK @ M]
in MH(A). O

It follows from the proof of Lemma A.8 that [L] = [K & M] in MH(A) if there exists a
short exact sequence 0 — M — L — K — 0 for K € P<!(A) and M € mod A.

A.3. 1-Gorenstein algebras. Let A be a finite-dimensional 1-Gorenstein algebra over k
and mod(A) the abelian category of finitely generated A-modules.

Let H(A) be the Ringel-Hall algebra of mod(A). It is well known that H(A) is a Ko(mod(A))-
graded algebra, where Ky(mod(A)) is the Grothendieck group of mod(A).

The following lemma is well known.

Lemma A.9. For any M € mod(A), the following are equivalent.
(i) proj.dim(M) < 1;
(ii) inj. dim(M) < 1;
(iii) proj.dim(M) < oo,
(iv) inj. dim(M) < oo.

Recall the subcategory Gproj(A) of mod(A) from §3.1. We also have
Gproj(A) = {M € mod(A) | Ext (M, A) = 0},
proj(A) = P=*(A) N Gproj(A).
It follows by the above discussion that the category mod(A) satisfies (Ea)-(Ed) in §A.2, and
hence the modified Ringel-Hall algebra of A is well defined.

The category P=!(A) is a hereditary exact subcategory with enough projective and injec-

tive objects, i.e. Ext%SI(A)(—, —) vanishes for p > 2, and Gproj(A) is a Frobenius category
with projective modules as its projective-injective objects. By Buchweitz-Happel’s Theorem,
Gproj(A) is triangle equivalent to the singularity category Dy,(mod(A)).

Let H(Gproj(A)) be the Ringel-Hall algebra of Gproj(A), which is a subalgebra of H(A).
Recall that T(A) = MH(P=!(A)) which is a subalgebra of MH(A).

The following construction is inspired by [Gorl3, LP16]. Define J to be the following

linear subspace of H(A):

(A.10)  J = Span{[L] — [K & M] | 3 a short exact sequence
0—K—L—M—0for KePs'(A),L,M € mod(A)}.

The quotient space H(A)/J is a bimodule over H(P='(A)) by letting

(A.11) (K] o [M] :=q¢ %MK e M], [Mo|K]:=q¢ MO Me K],

for any K € P=<'(A) and M € mod(A). By definition, we have a natural algebra mor-
phism H(P='(A)) — T (A), and then T(A) is a H(P='(A))-bimodule. Then one can define
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(H(A)/J)[S3'] == T(A) @uepziay (H(A)/J) @yp<icay T (A), which is a bimodule over the
quantum torus 7 (A).

Since J C I, there is a natural linear map W : H(A)/J — H(A)/I. Composed with the
natural morphism H(A)/I — MH(A), ¥ induces a linear map ¥ : H(A)/J — MH(A).
By Lemma A.8 and (A.11), ¥ is a morphism of H(P=!(A))-bimodules. Then ¥ induces a
morphism of 7 (A)-bimodules

(A.12) U s (H(A)/J)[S5'] — MH(A),
which is the following composition:

(H(A)/T)[S4']

T(ARTRT(A)

T(A) @pp<iay MH(A) @pypsray T(A) 20 MH(A).

Lemma A.10. For any short exact sequence 0 — M LIN JEENS ) mod(A) with
K € P<Y(A), we have [L] = [M @ K] in (H(A)/J)[S;']-
Proof. Following the proof in Proposition A.5, we have !5 [K]o[M] = [L] in (H(A)/J)[S1'],
where ¢ denotes the module multiplication here. It follows from (A.11) that [K & M| =
[L]. O
Note that MH(A) = T (A) @yp<i(a) (H(A )/I) ®pp<iay T (A) as T (A)-bimodule. Then
there exists a natural epimorphism (H(A)/J)[S;'] — MH(A) as T(A)-bimodules induced
by the natural epimorphism H(A)/J — H(A)/ I see Lemma A.8. We shall prove that this

epimorphism is an isomorphism, generalizing [LP 16, Proposition 3.18]. We first prepare two
lemmas, which are inspired by [LP16, Lemma 3.15, Lemma 3.16].

Lemma A.11. Let 0 — K 2% M 2 N — 0 be a short ezact sequence in mod(A) with
K € P<Y(A). Then for any L we have

T ([L]o ([M] - [K & N])) =0,
where Y : H(A) — (H(A)/J)[S,"] is the natural projection.
Proof. First, we have by definition

Ext (L, M)y
Z ||HomL M)||T<[V])'

If Ext'(L, M)y # (), then there exists a short exact sequence

0— M-Iy B o

which yields the following pushout diagram:

(A.13) K—~ M2~
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For any [W] € Iso(mod(A)) denote by Zpy the set formed by all [V] such that there exists
a diagram of the form (A.13). Note that [V] = [K @ W] in (H(A)/J)[Sy']- So

Ext(
Z ||Hom L .M))|’T([V]>

| Ext'(L, M)y
= K o W].
=2 D |HomLM)|[ Wl
W] [VIeZmw,

Applying Hom(L, —) to the short exact sequence 0 — K LEN KNG\ N 0, we obtain a
long exact sequence

0 — Hom(L, K) — Hom(L, M) — Hom(L, N) — Ext'(L, K)
— Ext!(L, M) % Ext'(L, N) — Ext*(L, K) = 0.
So ¢ is surjective. In particular, for any [W], ¢~ (Ext!(L, N)w) = U[V}ez[w] Ext' (L, M)y.

The cardinality of the fibre of ¢ : U[V]GZ[W] Ext'(L, M)y — Ext' (L, N)w is equal to | ker(y)|,

| Bt (L F| Hom(LAD| g,
|Hom(L,K)||Hom(L,N)|

and then equal to

| Ext!(L, N)w|| Ext*(L, K)|| Hom(L, M)|
Z (K & W]
| Hom(L, K)||Hom(L, N)|| Hom(L, M)|
| Ext!(L, N)w|| Ext*(L, K)|
Ka W
% THom(L, )] Hom(L, V)| 1+ @MW)
On the other hand, we have Y([L] o [K & N]) = >y %[U] By applying

Hom(L, —) to the split exact sequence 0 - K — K & N — N — 0, we obtain a short exact
sequence
0 — Ext!(L, K) — Ext!(L, K & N) -2 Ext!(L, N) — 0.

Then ¢ induces a surjective map ¢ : [y Ext'(L,K @ N)y — U Ext'(L, N)y. For any
¢ € Ext' (L, N)w, the cardinality of ¢~1(¢) is | Ext'(L, K)|, and for any 0 - K& N — U —
L — 0in ¢71(€), we have [U] = [K ® W] in (H(A)/J)[S,']. S

(L, N)wl| Ext'(L, K)\
| Hom(L, K & N)|

Y([L] o [K & N]) Z'EXt K & W)

Therefore, Y([L] ¢ [M]) = Y([L] ¢ [K @ NJ). O
Lemma A.12. Let 0 — K ™5 M 22 N — 0 be a short ezact sequence in mod(A) with
K € P<Y(A). Then for any L we have

T(([M] - [K & N]) < [L]) = 0,
where T : H(A) — (H(A)/J)[S'] is the natural projection.
Proof. Tt follows from Lemma 3.3 that there exists a short exact sequence

M he ey M

0— M H —0
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with HM € P<1(A) and GM € Gproj(A). Then we obtain the following pushout diagram

K——K

N

Mg e g

b

N C aM
We have that C' € P=!(A) by using the short exact sequence in the second column, and then
(A.14) [HY] = ¢[00 [K]
in 7(A). The above pushout diagram implies that there exists a short exact sequence
(A.15) 0— M- ad"eoN 2 C—o.

By applying Hom(—, L) to (A.15), we obtain a long exact sequence
0 — Hom(C, L) — Hom(H™ & N, L) — Hom(M, L) — Ext'(C, L)
— Ext'(H™ @ N, L) % Ext'(M, L) — Ext*(C, L) = 0.

In particular, ¢ is surjective. Similar to the proof of Lemma A.11, in (H(A)/J)[S,'], we
obtain that

w018 = Y e

B Z | Ext'(HM @ N, L)w|| Hom(C, L)|

B (C Dl o N, o) ¢ O

Ext'(HM @ N, L)w || Hom(C, L
_Zl ( )w||Hom(C, L)|

—(C,L®M) -1
[Ext'(C, L)|[Hom(H™ @& N, L)| * S

Z|Ext (HY ® N, L)w| _can

[Hom(H™ & N, L)| ey o

W]
By applying Hom(—, L) to the split exact sequence
0—N—H"e N — HM” — 0,
we have a short exact sequence
0 — Ext'(H™, L) — Ext'(HM & N, L) -2 Ext!(N, L) — 0.
Then ¢ induces a surjective map ¢ : [y, Ext'(HM @ N, L)y — U Ext'(N, L)x. For any
¢ € Ext'(N, L)y, the cardinality of ¢~'(¢) is | Ext'(HM, L), and for any 0 — L — W —
HM @ N — 0 in ¢7'(€), we have [W] = [HM & X] = ¢‘"" N [HM] o [X] in (H(A)/J])[STY].
So in (H(A)/J)[S3],
| Ext!(N, L)x|| Ext'(HM,
Z | Hom(HM & N, L)

D gcangemnoerto e x



HALL ALGEBRAS AND QUANTUM SYMMETRIC PAIRS I: FOUNDATIONS 67

|EXt N L X| M _ M _
=5 O oo

_ ‘EXt (N, L)x| KN
Z Homv, 1)) ¢ el

:Z|EXt (V, L)x| ¢ EOK @ X].

Similarly, by applying Hom(—, L) to the split exact sequence 0 - K - K& N — N — 0,
n (H(A)/J)[S,'], we obtain that

|Hom K@N L)|

[K & N]o U]

Z | Ext'(N, L) x|| Ext!(K, L)|

KoX
|HomK@NL)| K & X]

W]

The proof is completed. 0

Proposition A.13. Let A be a finite-dimensional 1-Gorenstein algebra over k. Then MH(A)
is isomorphic to (H(A)/J)[Sy'] as T (A)-bimodules.

Proof. Having Lemma A.11 and Lemma A.12 available, we can use the same proof of [LP16,
Lemma 3.17] to obtain that the natural morphism of #(P='(A))-bimodules T : H(A) —
(H(A)/J)[S;"] induces a morphism of T (A )-bimodules T : MH(A) — (H(A)/T)[S4 1.
Recall ¥ defined in (A.12). It is obvious that UoT and T o ¥ are identity maps, and so
MH(A) is isomorphic to (H(A)/J)[Sy'] as T (A)-bimodules. O

A.4. Semi-derived Hall algebras. In this subsection, we shall prove that the modified
Ringel-Hall algebra M#(A) is isomorphic to the semi-derived Hall algebra of Gproj(A)
defined in [Gorl18].

First, let us recall the definition of semi-derived Hall algebras for Frobenius categories.
Let F be a Frobenius category satisfying the following conditions:

(F1) F is essentially small, idempotent complete and linear over k = F;

(F2) F is Hom-finite, and ExtP-finite for any p > 0.
Denote by P(F) the subcategory of F consisting of projective-injective objects. Let H(F)
be the Hall algebra of the exact category F. In [Gorl8], as a generalization of Bridgeland’s
Ringel-Hall algebra [Br13], Gorsky defined the semi-derived Hall algebra SDH(F) of the pair
(F,P(F)) to be the localization of H(F) at the classes of all projective-injective objects:

SDH(F,P(F)) :==H(F)[[P]~": P € P(F)].

Denote by T (P(F)) the subalgebra of SDH(F) generated by all P € P(F). Then we have
natural left and right actions of T (P(F)) on SDH(F) given by the Hall product. Denote
by M(F) this bimodule structure on SDH(F).
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Theorem A.14 ([Gorl8]). Assume that F satisfies Conditions (F1)—(F2). Then M(F) is
a free right (respectively, left) module over T (P(F)). Each choice of representatives in F of
the isoclasses of the stable category F yields a basis for this free module.

We shall always assume that A is a 1-Gorenstein algebra. Since Gproj(A) is a Frobenius
category, we can define the semi-derived Hall algebra SDH(Gproj(A)).

Denote by T (proj(A)) the subalgebra of SDH (Gproj(A)) generated by all P € proj A.
Then T (proj(A)) is also isomorphic to the Q-group algebra of Ky(proj A) with the mul-
tiplication twisted by ¢~7. For any K € P=<!(A), take a projective resolution of K:
0 = Qx — Px — K — 0. Define ¢ : H(P='(A)) — T(proj(A4)) given by ¢([K]) =
¢ @R [Pr] o [Qx]™'. Then 1 is a morphism of algebras, which induces an isomorphism
Y : T(A) — T(proj(A)) by noting that Ko(proj(A)) = Ky(mod(A)). We identify them in
the following. Then we have natural left and right actions of 7 (A) on SDH(Gproj(A)) given
by the Hall product.

Theorem A.15. Let A be a finite-dimensional 1-Gorenstein k-algebra. Then there exists
an isomorphism of algebras: MH(A) = SDH(Gproj(4)).

Proof. Clearly, H(Gproj(A)) is a subalgebra of H(A), and we denote the inclusion by
¢ : H(Gproj(A)) — H(A).

Then we obtain a composition of morphisms H(Gproj(A)) 4 H(A) — H(A)/I, which
is compatible with the localization. Therefore, this induces a morphism of algebras 95 :
SDH(Gproj(A)) — MH(A).

For any [M] € Iso(mod(A)), there exists a short exact sequence 0 — Hyy — Gy — M — 0
with Gy € Gproj(A), Hys projective; cf. [AB89]. So we obtain that

[M] = g~ M0G0 [Hy] ™!

and then [M] € SDH(Gproj(A)). So ¢ is surjective.
On the other hand, define ¢ : H(A) — SDH(Gproj(A)) to be

([M]) = ¢ MGy o [Hy) ™,

where H)y;, Gy satisfy the short exact sequence as above.

In order to prove that v is well defined, let 0 — Hy, LN Gy 2y M = 0 be a short
exact sequence with fy a minimal right Gproj(A)-approximation of M. Generally, the right
Gproj(A)-approximation is of the form

0 —Hy®oU —GydU — M —0
with U; € proj(A). Then in SDH(Gproj(A)), we have
g MHMEU G @ Uy o [Hy @ Uy ™!
— g MHMBU)HGL U~ U0 [ ] 6 (U] 6 U] o [Hag] ™!
=~ MHE (G o [Hpy )7L
So 1) is well defined.
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Let 0 - K — L — M — 0 be a short exact sequence with K € P=<!(A). Denote by
0 = Qx — Px — K — 0 a projective resolution of K. By the Horseshoe Lemma, we have
the following commutative diagram with all rows and columns short exact

Qx —Qx ® Hy — Hy

L

Py —— P ® Gy —=Gu

R

K L M.

So
W([L]) = ¢~ =R [P @ Gy o [Q @ Hy) ™"

By using the following resolution
0—Qx®Hy — Pk®Gy — K® M — 0,

one sees that Y([K @ M) = ¢ {BHMERK) [Pre @ Giy] 0 [Qx © Har]™' = 9([L]). Therefore, 1)
induces a map
U H(A))J — SDH(Gproj(A))

which a morphism of 7 (A)-bimodules. Since ¢ ([K]) is invertible in SDH (Gproj(A)) for any
K € P=1(A), ¢ induces a unique morphism of 7 (A)-bimodules

Ut (H(A)/)[S4"] — SDH(Gproj(4)),

and then a morphism of T (A)-bimodules MH(A) — SDH(Gproj(A)), which is also denoted

by v, by Proposition A.13. Clearly, ¥¢ = Id, and then ¢ is injective. Therefore, ¢ is an
isomorphism of algebras. 0

Lemma A.16 ([Gorl8]). SDH(Gproj(A)) is a free right (respectively, left) module over
T(A). Each choice of representatives in Gproj(A) of the isoclasses of the stable category
Gproj(A) yields a basis for this free module.

Denote by Gproj™(A) the smallest subcategory of Gproj(A) formed by all Gorenstein
projective modules without any projective summands.

For any o € Ky(mod(A)), there exists U,V € mod(A) such that o = U—V, we set
K, = q~(e") [U] o [V]7}; this is well defined, see e.g. [LP16, Section 3.2]. Let K (mod(A))
be positive cone of Ky(mod(A)), that is the subset of Ky(mod(A)) corresponding to classes
of objects in mod(A). Then for any a € K (mod(A4)), K, = [U] for any U € mod(A) with
U = . For convenience, we view K, as an (isoclass of ) object (by identifying with [U] such
that U = «) when considered in MH(A).

Lemma A.17. MH(A) has a basis given by
{[M] o [K,] | [M] € Iso(Gproj®*(A)), a € Ko(mod(A))}.
Proof. 1t follows from Theorem A.15 and Lemma A.16 immediately. O
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As A is 1-Gorenstein, Buchweitz-Happel’s Theorem shows Gproj(A) ~ D,,(mod(A)), in
particular, each representative of the isoclasses of Dgy,(mod(A)) can be chosen to be a A-
module, where every A-module is viewed as a stalk complex concentrated in degree 0. This
yields the following corollary.

Theorem A.18. MH(A) is a free right (respectively, left) module over T (A). Each choice
of representatives in mod(A) of the isoclasses of Dgy(mod(A)) gives a basis for this free
module.

A.5. Tilting invariance. Let A be a 1-Gorenstein algebra over k. Recall that a A-module
T is called tilting if

(T1) proj.dimT < 1;

(T2) Ext'(T,T) = 0 for any i > 0;

(T3) there exists a short exact sequence 0 — A — Ty — Ty — 0 with Ty, 7} € add 7.
Let I' = Enda (7). It is well known that if 7" is a tilting module, then there is a derived
equivalence RHom (7', —) : D*(A) = D*(T"). In this subsection, we shall prove that MH(A)
is isomorphic to MH(T") if I is also 1-Gorenstein.

Let FacT be the full subcategory of mod(A) of epimorphic images of objects in add 7.
The following lemma is well known, see e.g. [ASS04, Chapter VI.2|.

Lemma A.19. Let A be a 1-Gorenstein algebra with a tilting module T'. Let U = FacT,
and V = {M € mod(A)|Hom(T, M) = 0}. Then
(a) (U, V) is a torsion pair in mod(A);
(b) Ext'(T,—)|u =0;
(c) for any M € mod(A), there exists a short exact sequence
0O — M — Xy — Ty —0
with Xpr €U and Ty, € add T

Let T be a tilting A-module. Then U is an exact category as a subcategory of mod(A).
Furthermore, & has enough projective objects with add T" as the subcategory of projective
objects of U.

Lemma A.20. U is an exact category satisfying the conditions (Ea)-(Ed) in §A.2.

Proof. 1t is enough to verify that U is weakly 1-Gorenstein. For any M € mod(A), Lemma
A.19 shows that there exists a short exact sequence

(A.16) 0— M — Xy —Ty —0

with Xy €e 4 and Ty € addT'.

For any L € U with Ext-proj.dim,, L < oo, by applying Hom(L, —) to (A.16), we have
Ext’ (L, M) = 0 for i large enough by noting that inj. dim Ty, < 1. Since M is arbitrary, we
obtain that proj.dim, L < oo and then proj.dim, L < 1. Together with A is 1-Gorenstein,
this implies that inj. dim 4 L < 1. Since U is the subcategory of mod(A) closed under taking
extensions, we have Ext-inj. dim;, L < 1.

For any L € U with Ext-inj. dim;, L < oo, by applying Hom(—, L) to (A.16), dually, one
can show that Ext-inj. dim;, L <1, and Ext- proj.dim;,, L < 1.

From the above, we obtain that P<>°(U) = P<YU) = Z='(U) = Z=>°(U). Then U is
weakly 1-Gorenstein. O
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In fact, from the proof, we obtain that P=<'(U) C P=<!(A), and Z=>(U) C Z=>*(A). So
we can define the modified Ringel-Hall algebra MH(U) of U. Furthermore, it follows from
Ko(P=Y(U)) = Ky(addT) = Ky(projA) = Ky(P=<'(A)) that MH(P=Y(U)) = T(A) by
noting that U is full subcategory of mod(A) which is closed under taking extensions.

Proposition A.21. Let A be a 1-Gorenstein algebra with a tilting module T', andU = FacT'.
Then the natural embedding ® : H(U) — H(A) induces an algebra isomorphism

d: MHU) = MH(A).

Furthermore, the inverse morphism of ® is given by U : [M] — ¢~ M0 [Ty ]~ o[ X ], where
M, Xy €U and Ty € addT' fits into a short exact sequence

00— M — Xy — Ty — 0.
Proof. The proof is similar to Theorem A.15 by using (A.16), we omit here. O

Theorem A.22. Let A be a 1-Gorenstein algebra with a tilting module T'. IfT' := Enda (T')%P
1s a 1-Gorenstein algebra, then we have an isomorphism of algebras

= MH(A) = MH(T)
[M] = ¢~ MBI [F(Ty)] ™ o [F(Xar)),
where F' = Homu (T, —). Here M, Xy € U and Ty € addT fit into a short exact sequence

00— M — Xy — Ty —0.

Proof. Theorem A.15 shows that SDH(I") = MH(T") with the isomorphism induced by the
natural embedding H(Gproj(I')) < H(I'). Denote by G = T ®r — : mod(I') — mod(A).
Then (U, V) induces a torsion pair (X', )) in mod(T"), where

X={Xemodl)|TerX =0}, Y={Y emod(T)| Tor}(T,Y) = 0}.

We claim that Gproj(I') € Y. In fact, Tt is a right tilting [-module by classical tilting
theory. It follows that proj.dim 7t < 1, and then inj. dimp DT < 1. Since I is 1-Gorenstein,
we also have proj.dimp DT < 1. For any Y € Gproj(I'), Lemma 3.2 shows Tor} (T,Y) =
DExti(Y,DT)=0,50Y € ).

From Brenner-Butler theorem, we know that the functor F' and G induce quasi-inverse
equivalences between U and ). In particular, ' : U4/ — Y and G : Y — U are exact and
preserve projective objects. So ) also satisfies (Ea)-(Ed), and then M#H()) is well defined.
Then F and G induce the equivalence MH(U) = MH(Y). We claim that MH(Y) =
MH(T). If so, together with MH(U) = MH(A) by Proposition A.21, we have proved that
MH(A) = MH(T).

It remains to prove that MH()) = MH(T'). Since Gproj(I') and ) are closed under taking
extensions, from above, we have injective homomorphisms ¢ : H(Gproj(T')) — H(Y),

¢ : H(Y) — H(T). Then the natural embeddings H(Gproj(T')) N H(Y) - H(D)

induce morphisms of algebras SDH(Gproj(I')) N MH(Y) 25 MH(T). Theorem A.15
shows that ¢¢ is an isomorphism. So ¢ is injective. However, similar to the proof of Theorem

A.15, it is not hard to see that ¢ is surjective. Then both é and ¢ are isomorphisms. So
MH(Y) = MH(T). O
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Corollary A.23. Let A be a 1-Gorenstein algebra with a tilting module T. If T' = End(T")°"
1s a 1-Gorenstein algebra, then

SDH(Gproj(A)) =2 SDH(Gproj(T)).

Proof. Recall from Theorem A.15 that SDH(Gproj(A)) = MH(A) and SDH(Gproj(T')) =
MH(T). The assertion now follows from Theorem A.22. O
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