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Let f be a Lipschitz map between two compact Riemannian manifolds (M, dS%)
and (M, dS%,.). Then the energy of f is defined to be

E(f)=§l trds‘;!w (f* dSi,,).

Hence the energy defines a functional on the space of Lipshitz maps between M
and M. Critical points of this functional are called harmonic maps. These maps
were studied by Bochner, Morrey, Rauch, Eells and Sampson, Hartman, Uhlen-
beck, Hamilton, Hildebrandt and others. The first fundamental result was due to
Eells and Sampson [3] who proved that, in case M’ has non-positive sectional
curvature, each map from M to M’ is homotopic to a harmonic map. (This
result was then extended by Hamilton { 8] to the case where both M and M’ are
allowed to have boundary.) Later Hartman [7} was able to prove the harmonic
map is unique in each homotopy class if M’ has strictly negative curvature.

This last result of Hartman leads one to believe that harmonic maps between
compact manifolds with negative curvature must enjoy a lot of nice properties.
In fact, a few years ago, B. Lawson and the second author conjectured the
following statement: If f is a harmonic map between two compact Riemannian
manifolds of negative curvature and if f is a homotopy equivalence, then f is a
diffeomorphism.

In this paper, we demonstrate that the above statement is true at least when
dim M =dim M’ =2, In other words, we prove that when M’ has non-positive
curvature and genus M =g=>1, then every degree one harmonic map from M
into M’ is a diffeomorphism. We also generalize this theorem to the case where
both M and M’ have boundary, dM' has non-negative geodesic curvature and
the harmonic map restricted to M is a homeomorphism from oM to M.

It should be noted that in case both M and M’ are bounded simply
connected domins in the plane, the last theorem was an old theorem and was
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due to Rado [10] and Choquet [11]. In this case, harmonic maps are simply
pairs of harmonic functions and the linear structure is available. For the
properties of univalent harmonic maps, one should mention the result of
H. Lewy [1] and E. Heinz [4]. Lewy proved the Jacobian of such a map does
not change sign while Heinz gave an estimate of the Jacobian from below for a
certain class of harmonic maps.

At least, we should mention that in 1963, K. Shibata [5] claimed to prove
that every diffeomorphism between two compact Riemann surfaces (without
boundary) is homotopic to a harmonic diffeomorphism. However there are
serious gaps in several crucial steps of his argument. For example, in Lemma 3
of page 180, he ignored the fact that M’ is not a plane domain and the standard
argument cannot be applied. His paper, which is hard to comprehend, is
therefore subject to various criticism.

§ 1. Notation and Basic Formulae

We let M and M’ be Riemann surfaces. Suppose f: M — M’ is a C* map. Let z
=x!+ix? be a local complex coordinate on M and u=u'+iu* a complex
coordinate on M’. Let a(z)|dz|* and p(u)|du|*> be conformal metrics on M and
M'. In this section we express the condition that f be a harmonic map, and
derive important local formulae.

Define local one-forms 8 =1/ o(z) dz on M and o=y p(u) du on M. We write
the first structural equations

af=0.n0 on M
and ()
do=w,Aw on M.

Here 6, and o, are the Riemannian connection one-forms given by

0 =6log]/o(z) dz_alogalia(z) iz

¢ 0z )
and
wc=510gl{/’(") da_alogl/p(u) du.
a0t du
The curvature functions K on M and K’ on M’ are defined by
do.= —% N
and 3

i

do,= ——z—w/\a‘).
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It is straightforward to check that K and K' are independent of choice of
coordinates. More explicitly we have

4 azlogl/; 4 92 log]/;
K=-22728V7 P ) A
o 0z0% and K p Oudu

We now consider the map f: M — M’ and define the first derivatives of f by the
equations

Srfo=u0+uz0
and &)

where f* denotes pullback of differential forms, and u,, ug, iy, iy are locally
defined functions. By conjugating the first equation of (5) we see that #; =%, and
iy =1,. We define the energy density and Jacobian of f by

e(f)=lugl* + |up|?
and (6)
J(f)=lupl* — lugl?
where | | denotes the absolute value of complex numbers. It follows that e(f) and
J(f) are globally defined functions on M independent of coordinate choice on
M and on M’. We next define the second covariant derivatives of f by the
equations
dug+ 1y, — g [* 0, =ty 0+ t1gp 0
and 7
dug-l-ug@—c—ugf*wc=u999+u999—.
By conjugating (7) we also have #lyg, Ugg, Uge, U defined locally on M. Exterior

differentiating (5), rearranging, and applying (7) we obtain uys0 A 0+ uze0 A =0,
ie.

Ugg = Uge. @®)
We say that f is a harmonic map if the following equation is satisfied
ueg = 0 (9)

Equation (9) is independent of coordinate change on M and M’. Moreover, it is
shown in [3] that f is a harmonic map if and only if f is a critical point of the

energy functional E(f)= j e(f)dVy where dV,, denotes the volume element of
M

M. A direct computation shows that (9) can be written explicitly as

zz+§19—g§:u(—z))uzui=0. (10
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We remark that (10) implies that f being harmonic does not depend on the
metric g|dz|> on M, but only on the conformal structure of M. It follows from
(10) that if f is harmonic, then the quadratic differential /(z) dz? defined by

¥(2)dz* = p(u(2)u,u, dz* (11

is a holomorphic quadratic differential on M.

We now compute the Laplacian of the (well-defined) function |u,)? and |ii,|?
on M. Before doing so, however, we need to define the third covariant de-
rivatives of f

dugg +2uge0, — gy f* 0, = thgye0 + tige5 0
and (12)
dutgg — gy f * 0, =hggq 0 + iggy0.
Exterior differentiating the first formula in (7) we have
dug A0, +1yd0,—dug A f*w,~ug f* do,=dugy A O+ gy d0 + dugg A 0+ 1, d0.
Applying (1), (3), (5), (7), and rearranging terms we obtain
(ttge 0+ ttgg0) A O, — (11ge0 +uygB) A [* o0, —u(,g() A O+ uo%l(f*co) A(f*w)
=(dugg +ge0,) A O+ (dugg+ugsf) A 0.

Using (10), (5), and the fact that 6, = —§, this becomes
_ _ K - K’
Ugagt A O+ ugge0 A 0= "“979 A O+t (fro) A(f*0). 13

It follows from (5) and (6) that (f*w) A(f*@)=J(f) 0 A 0, so (13) implies

K’ K
Uggy — Ugpe = ““o’i‘J(f)“F“e‘z‘- (14)

We let 4 denote the Laplacian on M and note that for a function y on M we
have Ay=4y45 where y,, xg are defined by dy =y,0 + x;0 and the Hessian of y by
d1o+ X%60.= X060+ 1p50. We now assume that f is a harmonic map (i.e. uzg="0)
and compute

Alug|® =4 (uqlig)gs = 4(ugo Ug)g =4 tggpTly + 41gglgy-
Applying (14) in this formula we have

Alugl* =4 ugel* —2K' J(f) lt|* + 2K || (15)
If Jup|? %0, then (15) can be written more concisely

Aloglug|? = —2K' J(f)+2K. (16)
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It is a similar computation to show that if |Gy|? =0 we have

Aloglug|*=2K' J(f)+2K. 17
That is, whether or not |ity|> =0 we have

Alitg|? =8igg|® + 2K’ J(f) |itg|* + 2K |l (18)
Adding (15) and (18), noting (6), we obtain the formula for Ae(f) derived in [3]

Ae(f)=4(ugol® +1itgol*) —2K'J(f)* +2K e(f). (19)

§ 2. Singularities and Some Local Results

In this section we derive a few basic facts concerning singular points of
harmonic maps, and analyze the zeroes of |u,|* and |i,|2.

Proposition 2.1. Let M and M’ be Riemann surfaces, and let p(u)|dul|* be a
conformal metric on M. Let Q be an open connected subset of M, and
f:Q— M be a harmonic map. The function |u,|? (resp. |#,|?) vanishes identi-
cally or has at most isolated zeroes on Q. Moreover, if it does not vanish
identically, there exist integers n, 20 (resp. m,=0) with n,=0 (resp. m,=0) except
for isolated points peQ such that if z is a coordinate centered at p, then |z] ™" {u,|?
(resp. |z| "™ |uip|?) is a nonzero C® function in a neighborhood of p.

Proof. We see from (1.10) that in a neighborhood of any peQ we have
{(4,);] S ¢y |u,] for some constant c¢;. It follows from the similarity principle (see
[2]) that in a neighborhood, say D={z:|z|Za}, of p we have u,(z)={(z) h(z)
where h(z) is an analytic function of z, and {(z) is a nonvanishing Holder
continuous function. The analyticity of h enables us to shrink D so for zeD with
z+0 we have {(z)=u,(z)/h(2) is a C* function of z. Therefore, it follows from
(1.16) that on D \{0} we have

Alog|t|?=—2K J(f)+2K. 1)

To show that |{|? is C* on D, let n be the solution of the Dirichlet problem,
An=-2K J(f)+2Kon D

n=log|{|* on &D.

It follows from (1) that »-log|{|* is harmonic on D\{0} and Holder continuous
on all of D. Therefore, by a standard theorem on removable singularities #-
log|¢|? is harmonic and C® on D. So we have log|{|*=# is smooth which
implies |{|? is C® on D. Thus we have

w2 =2 102 =L 121k in D.
(2 [}
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Since h is analytic, this proves Proposition 2 for |ug|?. The proof for |&,|* is
analogous.

The next proposition appears also in J. Wood’s thesis, but we prefer to give a
different proof which has more potential to generalize to higher dimensions.

Proposition 2.2. If f: Q— M’ is a harmonic map defined on an open connected
subset Q<M satisfying J(f)=0 on Q, then either J is identically zero or the
zeroes of J(f) are isolated. Moreover, if there is a number | so thai #(f "Y(q))<!
for each regular value qe M’ of f, then each isolated zero of J(f) is a nontrivial
branch point of f.

Proof. Suppose J is not identically zero on 2. We claim that for any point peQ,
J(f)(p)=0 if and only if uy(p)=1,(p)=0. The first statement will then follow
from Proposition 2.1.
By (1.16) and (1.17), we have
Alog!hel — _ 4k
og = —4K'J(/) @

(71|

when both |u,|® and |ii,|> are not zero.

Suppose now J(f)(p)=0. Then |uy(p)|* =|u,(p)|*>. If our assertion were false,
lug(P)|? =lite(p)i* >0 and we can choose a small neighborhood V around p so
that the inequalities continue to hold.

Since J=0 on Q, and both i, and K' are smooth, we can find positive
constants ¢ and ¢ so that

~ l“olz
——4]K'§C[—_ -—]
luolz

|“0|2

E (3)

<clog—
[iig
holds in V.

Putting (2) and (3) together, we see that the non-negative function h
futg|?

=log B

7 verifies the inequality
(]

AhZch 4)

in V.
By Lemma 6’ of [4], we find

| h(2)<Eh(0) (%)

Izl =R
for some constants ¢>0 and R >0. Here z is a coordinate system around p.

Since h is non-negative and h(0)=0, h is identically zero in a neighborhood
of p. This fact easily demonstrates the claim.

To prove the final statement of Proposition 2.2, we suppose pef is an
isolated zero of J(f). Consider the set f~!(f(p)). It follows from the fact that
J >0 near p, and our assumption #(f ~*(g)) <! for each regular value q of f, that
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p is an isolated point of f ~'(f(p)). We choose a neighborhood U of p containing
no other points of f ~!(f(p)). If the local degree of f at p is greater than one, then
p is a nontrivial branch point of f. If the local degree of f at p is one, then f is
one-one in a neighborhood of p, and by a theorem of Lewy [1] we have
J(f)(p)>0, a contradiction. This completes the proof of Proposition 2.2.

In case M, M' are compact surfaces of genus g, g’ and M —>M is a
harmonic map of degree s, one may derive the following formulas by a standard
residue argument from formulas (1.16), (1.17), and Proposition 2.1. These for-
mulas have also been derived by Eells and Wood [6].

Y n,=—s(4g' —4)+(4g—4) provided |uy>%0 on M (6)
peM
Y m,=s(4g' —4)+(4g—4) provided |uy|?£0 on M. (N
peM

(n,, m, are defined in Proposition 2.1.)

3. Harmonic Diffeomorphisms of Compact Surfaces

In this section we examine the case M, M’ compact, s=1, and K'<0. We prove
that in this case the harmonic map f is in fact a diffeomorphism. Note that we
do not assume a priori that f is homotopic to a diffeomorphism, but only a
degree one map.

Theorem 3.1. Suppose f: M — M’ is harmonic and suppose M, M' are compact of
genus g, ¢ with g=g¢g'21, s=1, and K'£0. Then f is a diffeomorphism with
J(f)>0o0n M.

Proof. Since s=1, it follows that |u,|* is not identically zero, so formula (2.6)

becomes ) n,=0. That is, we have
peM

[upl>>0 on M. (1

We will now show that J(f)=0 on M. Suppose to the contrary that D
={peM: J(f)(p) <0} is not empty. We recall that |uy|> =1(e(f)+J(f)) and |7,/
=L(e(f)—J(f)), so that |i#,|> >0 on D. Moreover, (1) implies that |i,|* >0 on oD
since J(f)=0 on 6D. We subtract (1.17) from (1.16) to obtain

2
Alog{%—--%K’J(f) on DudD. 2
9
2 2
Thus log: tg is smooth and superharmonic on D. Also log: : <0 in D and
Uy
2 2
logl by =0 on éD. By the minimum principle it follows that log| t =0 on D,

|17, A

ie. J(f)=0 on D. This contradiction implies J(f)=0 on M.
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To finish the proof we apply Proposition 2.2 which shows that J(f) has at
most isolated zeroes which are nontrivial branch points. Since s=1 these do not
exist, so we have J(f)>0 on M and f is a diffeomorphism.

Corollary. Suppose M and M’ are Riemann surfaces of genus g>1. Let p(u)|dul*
be a metric of nonpositive curvature on M'. Any map &: M — M’ of degree one is
homotopic to a unique map f: M — M’ which is harmonic with respect to p(u)|dul*.
Moreover f is a diffeomorphism with positive Jacobian.

Proof. A restatement of the existence Theorem [3], uniqueness Theorem [7],
and Theorem 1.

§ 4. Compact Surfaces with Boundary

In this section we consider the boundary value problem for harmonic mapping.
We give conditions under which the solution of this problem is a diffeomor-
phism (see Theorem 5.1). Let M be a compact Riemann surface with boundary,
and let M’ be a compact Riemann surface (with or without boundary). Suppose
p(u)|dul? is a metric of nonpositive curvature on M’, and suppose ¢: M — M’ is
a given map such that ¢ is a difffomorphism of M onto its image. Moreover,
suppose @(0M) is a curve (or union of curves) having non-negative geodesic
curvature with respect to p(M?), where M°=interior of M. Let f: M —>M be a
solution of the boundary value problem: f is harmonic with respect to p, f=¢
on 0M, and f is homotopic to ¢ relative to ¢M. We will show that f is a
difffomorphism in M°,

It foliows from the maximum principle for the heat equation (see Hamilton
[8]) that f(M)c (M), so we may replace M’ by ¢(M)c M’ with the induced
conformal structure. Having done this, we replace M’ by its double, thus taking
M’ to be boundaryless. We now consider two cases. If M’ has genus zero, our
task is relatively simple, and we indicate the proof below in the proof of
Theorem 5.1. We now concern ourselves with the case in which the genus of M’
is at least one. We take a smooth extension of p(u)}du|® to the double, and note
that although the curvature may not be non positive on all of M, it is still so on
f(M). Let A(u)|du|* be the Poincare metric on M’ if the genus of M’ is greater
than one, and the flat metric if M’ has genus one.

Lemma 4.1. With respect to A(u)|dul?, f(6M) is a union of closed geodesics.

Proof. Since M’ is the double of (M), M’ has an anticonformal automorphism
which fixes @(0M). The lemma thus follows from the invariance of the metric
A(u)|du|* and the fact that the fixed point set of an isometry is a union of
geodesics.

We now consider the conformal structure on ¢ (M) given by pulling back the
conformal structure from M via ¢ 1. Let M” denote the double of this Riemann
surface. Having done this, we consider a smooth path of conformal structures on
@ (M) so that, denoting the doubles by M, for te[0, 1], we have

My=M" and M;=M'.
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Let A, be the Poincare metric on M;. As in Lemma 5.1 we conclude that ¢(0M)
is 2 union of closed geodesics relative to A, for each te[0,1]. Let f;: M —>M be a
solution of the boundary value problem for A(u)|du|?, and for each te[0, 1], let
fi: M — M; be a solution for 4, on M;.

Lemma 4.2. The family F# ={f,: te[0, 1]} is a smooth family of maps satisfying f,
=@ and f,=f,.

Proof. In order to prove smoothness, we prove that # is compact in the C®
topology, and we prove a uniqueness theorem.

To prove compactness, we note that E(f)< E (@) where E,(-) means energy
taken with respect to 4,. Thus it follows that E(f)<c, for te[0, 1]. The work of
Hamilton [8] could now be used to prove compactness, but we prefer to give a
direct proof.

We first establish a uniform Holder estimate on f,. The interior estimate
follows from the inequality

de(f)z —cye(f) ty

which holds under our curvature condition by (1.19). Standard estimates (see
[13, Thm. 5.3.1]) imply that e(f)) is pointwise bounded on the interior of M, so
that

supe(f)=<c, (2)

for any compact K = M°, where ¢, depends on the distance from K to oM.

To give an estimate near 0M, we consider the function d defined on M as
follows: Let M, be the universal cover of M}, M the universal cover of M, and T,
I; be groups of isometries on M, M, so that M =M/I" and M,=M,/I,. Consider
the function d: M, x M, — R given by d(p, g)=distance(p, q). Now I acts on M,
x M, by acting jointly on each factor, and d is invariant under this action, so we
have an induced function &: (M, x M JL—-R. By lifting f,,¢ we get maps f, @:
M — M, and we consider the map M — M, x M, given by

p =), $(p).

Since f; and ¢ are homotopic relative to M, we get an induced map o: M
=M/I' - (M, x M,)/I,. Now define d: M - R by d=§0a. Now d has the property
that d=0 on &M, and a direct calculation which we will give in a later paper
implies that

Ad*Ze(f)—c,(1+d) A3

where ¢, is a positive constant depending on an upper bound for first and
second derivatives of ¢. (Note that d depends on t. But since the metric varies
smoothly for te[0, 1], the constant ¢, can be chosen independent of t.) Choose a
boundary coordinate z on M centered at pedM, and multiply (3) by a non-
negative function {? to give

CAP 2 e(f)—c, l2(1+4d).



274 R.Schoen and S.-T. Yau

Integrating this over M, and integrating by parts we have
[fre(f)dVy < =2[dV(>-VddVy+c, | (1 +d)dVy, 4
M M M

where we choose { to be a function satisfying

1 for |zl<a/2, VE|=SE
{(z)= o
0 for |z|>0.
Since |Vd|? <e(f)+¢s, inequality (4) implies
[ e(f)av,<s | dZdVM+c6(az+a<jd2>z> )
Ho/2 4 Ho~Hgj2 Hs

where we let H.=M n {z:|z|<r} for any r>0 which is sufficiently small. Since 4
vanishes on 6M, the Poincare inequality gives

J d*dVysecio® | |VdPdVy,.
Hs~Hg)2 Hy~Ha/2
Using the fact that |Vd|* <e(f,)+ 5, we have
[ d?dVyScgo® | e(f)+cg0. (6)
Hy~Hg)2 Hg~Hgj2
Combining (5) and (6) we obtain
fe(f)dVyse, [ e(f)dVy+cyo
Hqp2 Ho~Hg/2

which implies

J elhidhesy 2 el dVut 1 2 e ™
Ha/z
Since lj-gc <1 is independent of ¢, we can iterate (7) starting with some fixed
9

value o =0,, and we obtain

je(f;)dVMéclorza 5 e(f)dVy+eor
H,

Hg,
écurza (8)

for some number a€(0,1). It follows from a well known lemma of C.B. Morrey
that (8) implies a Holder estimate on f, with exponent a. Combining this with
the interior estimate (2) we have

Ifille S c1z ©)
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where |.[, represents the Holder norm with exponent a. In particular d is
bounded and in (3) c;(1+d) can be replaced by a constant, so that (3) implies

Ad>ze(f)-2,. (3)

We next give a pointwise bound on e(f}). To estimate the normal derivatives
of f, on M, we use a device Hildebrandt, Kaul, Widman [12] which they
attribute to Bochner. Let pedM, and let n be the outward unit normal on M.
The normal derivative df,/0n at p represents a vector at f,(p)eM,, so we move

. 0 ) ... .
along the geodesic through f,(p) tangent to %(p) a fixed positive distance 7 to a

point p'e M’, and we consider the function g defined on a neighborhood of pe M
by g(g)=distance (f,(g), p). Because of our Hdolder estimate on f;, the function g
is defined on a fixed neighborhood V (independent of ¢) of p. We note that since
the distance function to P'eM’ is convex on f(V) (provided t is sufficiently
small, we have

Ag=0.

Following [12] we write g=h+s where h is harmonic on V and satisfies h=g on
dV, while s is subharmonic on ¥ and vanishes on V. We note that

og. . |af
an(p)— an(p)
and that

0s

—(p)=0
an(p),

by the maximum principle. We therefore have

of;

FUE

( ). (10)

Since h is harmonic on V, Schauder boundary estimates imply that

=03

oh
—_ <
8n(p) =

where ¢, ; depends on a Holder estimate for the tangential derivative of h along
0V oM. Now h=g on 0V, and it is easily checked that the tangential de-
rivatives of g are bounded along dM by the corresponding derivatives of ¢ (with
the bound depending on 7). We therefore have

oh
) e an

where ¢, , is independent of t. Combining (10) and (11) gives the desired bound
on the normal derivative of f;. To complete our bound on e(f;) we note that (1)
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and (3') can be combined to give
Ae(f)+¢15d°)2 — ¢4 (12)
so that if y is the solution of the Dirichlet problem

Ay+c,6=0 on M
y=0 on oM

we have e(f)+c¢,sd*—7 is a subharmonic function on M, so by the maximum
principle

sup e(f) =sup |y|+supe(f)
M M M3

which by (11) implies
Slallp e(f)scy. (13)

It is now a standard matter to estimate all higher derivatives of f,. This
completes the proof of compactness of &.

To prove uniqueness of f,, we suppose there are two maps f, and f; both
harmonic with respect to A,, and satisfying

fi=f=¢ on M
S f/  homotopic to ¢ relative to oM.

Constructing the function d for f,, f; in the same way that d was constructed for
fis @, we find

4d? =0,

and d=0 on dM. Therefore d=0 on M, and f,={.

To prove that & is a smooth family, we suppose t,€[0, 1], and t;—>¢t,. Then
every subsequence of {f, } has a subsequence which converges in C* topology to
f,, by compactness and uniqueness. This implies that f, —»f, in C* topology,
proving that & is a smooth family. This completes the proof of Lemma 3.

Lemma 4.3. If f is a harmonic map on M with f|;, an orientation preserving
homeomorphism onto a curve having non-negative geodesic curvature with
respect to (M), then

J()1=z0 on M.

Proof. 1t follows from the fact that f can be gotten from the heat equation, and
from the maximum principle for the heat equation (see Hamilton [8]) that
f(M)<= (M) which implies the lemma.

Proposition 4.1. f, is a diffeomorphism of M°.
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Proof. We use the family %, and let
S={re[0, 1]: f, is a diffeomorphism of M°},

Note that 0eS, and we show that S is both open and closed. To prove § is
closed, let ;€S and t;,— t,, then by Lemma 5.2 we have J(f, )=0 which implies,
by Proposition 2.2, that J(f,)>0 on M° and hence t4€eS. (See also the last part
of Section 2.) This proves S is closed.

To prove S is open, let t,€S, and note that (as e(f, )+0 on dM) we have
e(f,,)+J(f,,)>0 on M, so by Lemma 5.2 it follows that e(f)+J(f,)>0 for t in a
neighborhood of ¢,. Thus we have |(u,)y]> >0 on M, so we let D= {pe M: J(f,)<0}.
By Lemma 4.3 we have D<= M°, so the argument of Proposition 4.1 is applicable,
and we conclude that J(f;)>0 on M, i.e. teS for t in a neighborhood of t,. This
proves that S is open.

Therefore S =[0, 1], and f; is a diffeomorphism on M? finishing the proof of
Proposition 4.1.

To prove that f is a diffeomorphism, we consider a one-parameter family of
conformal metrics on M’ given by

A(u)dul? = p*(u) A1 7 (u) |dul®.

Lemma 4.4. A (u)|dul? is a conformal metric on M’ satisfying Ay(u)=A(u) and
A ()= p(u). Moreover, for t&[0, 1], the curvature of 4, is nonpositive, and @{(¢M)
has non-negative geodesic curvature relative to 4, with respect to @(M).

Proof. The first statement is clear, and (1.4) implies that
K;=tK'—(1-t)<0 for tef0,1].

Now if y(f) is a parametrization of the curve ¢(0M), we note that the geodesic
curvature of (M) is given by

" +linear term in connection form,

and since the connection form w, becomes additive for 2, (see (1.2)), we see that
up to a positive function, the geodesic curvature is a convex linear combination
of that for A and p. This proves the last statement of the lemma.

We now consider the family #,={f,: te[0,1]} where f;: M >M' is the
harmonic map with respect to A, satisfying

fi=¢ on oM
Jf; homotopic to ¢.
Now the same reasoning as that in Lemma4.2 implies that %, is a smooth

family of maps with f,=f; and f,=f We now prove the main result for the
boundary value problem.

Theorem 4.1. Let M be a compact Riemann surface with boundary. Let M’ be a
compact Riemann surface (with or without boundary), and let ¢: M — M’ be' a
diffeomorphism of M° onto its image, and a homeomorphism of M onto its
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image. Suppose M’ has a metric p(u)|dul® of nonpositive curvature, and that
@(0M) is a union of curves each having nonnegative geodesic curvature with
respect to @(M). There exists a unique map f: M - M’ which is harmonic with
respect to p, which is a diffeomorphism of M° onto its image, and which satisfies

f=0 on M
f homotopic to ¢ relative to éM.

Proof. The existence of f is due to Hamilton [8], and the uniqueness follows
from the uniqueness part of the proof of Lemma4.2. To prove that f is a
diffeomorphism of M°, we first consider the case in which M’ has genus at least
one. This case follows from the argument of Proposition 4.1 with the family %,
in place of &#.

In case M’ has genus zero, we note that ¢ (M) is simply connected, so that
the uniformization theorem implies the existence of a conformal map y:
M — ¢(M) (anti-conformal if ¢ reverses orientation). We then choose a smooth
family of homeomorphisms ¢,: IM — ¢ (0M) for te[0, 1] so that g, =y and ¢, = ¢
(for example write ¥, ¢ in terms of arclength along ¢(dM) and take a convex
combination). Let f;: M — M’ be the solution of the harmonic mapping problem
with

fi=¢, on M and f, homotopic to ¢.

Let # ={f,: te[0, 1]}. Thus we have f,=y and f, =1 The proof now follows by
the techniques used in the proof of Proposition 4.1.

This completes the proof in case ¢ is a diffeomorphism of M, and the case
where ¢ is merely a homeomorphism of M follows by approximation.
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