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Abstract:

We explore how introducing a non-trivial Mordell-Weil group changes the structure of the
Coulomb phases of a five-dimensional gauge theory from an M-theory compactified on an ellip-
tically fibered Calabi-Yau threefold with an I2+I4 collision of singularities. The resulting gauge
theory has a semi-simple Lie algebra su(2)⊕ sp(4) or su(2)⊕ su(4). We compute topological invari-
ants relevant for the physics, such as the Euler characteristic, Hodge numbers, and triple intersection
numbers. We determine the matter representation geometrically by computing weights via inter-
section of curves and fibral divisors. We fix the number of charged hypermultiplets transforming
in each representation by comparing the triple intersection numbers and the one-loop prepoten-
tial. This condition is enough to fix the number of representation when the Mordell-Weil group
is Z2 but not when it is trivial. The vanishing of the fourth power of the curvature forms in the
anomaly polynomial is enough to fix the number of representations. We discuss anomaly cancella-
tions of the six-dimensional uplift. In particular, the gravitational anomaly is also considered as the
Hodge numbers are computed explicitly without counting the degrees of freedom of the Weierstrass
equation.

Keywords: Elliptic fibrations, Crepant resolutions, Mordell-Weil group, Anomaly cancellations,
Weierstrass models
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1 Introduction

The study of elliptic fibrations started with Kodaira’s seminal papers on minimal elliptic surfaces [44].
Kodaira classified the possible geometric singular fibers and the class of monodromies around them
for minimal elliptic surfaces. He further derived a formula for the Euler characteristics of minimal
elliptic surfaces. Néron also classified singular fibers of elliptic surfaces defined by Weierstrass
models, though from an arithmetic point of view [52]. Following a theorem of Deligne [18], an
elliptic fibration with a rational section has a birational Weierstrass model defined over the same
base. Tate developed an algorithm to determine the type of singular fibers of a Weierstrass model by
manipulating its coefficients [57]. There are new phenomena for higher dimensional elliptic fibrations
with direct applications to string geometry and supergravity theories. First, components of the
discriminant locus can intersect each other. This is what Miranda calls “collisions of singularities”
in his study of regularizations of elliptic threefolds defined by Weierstrass models [49]. Secondly, if
we start with Weierstrass models, crepant resolutions (when they exist) are not unique: different
crepant resolutions of the same Weierstrass models are connected by a network of flops [43, 47, 59],
see [24,27,30–32] for explicit constructions. These two phenomena are closely related to each other.
The collision of singularities are responsible for attaching a representation R of a Lie algebra g to
an elliptic fibration [13]. One can then determine a hyperplane arrangement I(g,R) whose chamber
structures have an incidence graph isomorphic to the network of flops between different crepant
resolutions of the underlying Weierstrass model. Each crepant resolution corresponds to a different
chamber of the extended relative Mori cone of the elliptic fibration.1

Elliptic fibrations are commonly used in physics to geometrically engineer gauge theories via
compactifications of M-theory and F-theory. In fact, certain theories are known only through their
construction by elliptic fibrations. Although many aspects are well understood, the algorithm relat-
ing the geometry and physics is still a work in progress. The Lie algebra g is uniquely determined
by the dual graphs of the fibers over the generic points of irreducible components of the reduced
discriminant locus. The representation R is captured at the intersections of components of the dis-
criminant locus or in singularities. The weights of the representations are obtained by intersection
numbers of rational curves forming the singular fibers with fibral divisors produced by rational curves
moving over irreducible components of the discriminant locus The low energy theories derived by
compactification of M-theory or F-theory on Calabi-Yau threefolds are respectively five-dimensional
and six-dimensional supergravity theories with eight supercharges [16,35]. We will refer to them as
five-dimensional (5d) N = 1 [43] and six-dimensional (6d) N = (1,0) supergravity theories [39,53,54].

In compactification of M-theory [17] on an elliptically fibered threefolds to five-dimensional gauge
supergravity theories, the different crepant resolutions of the underlying Weierstrass model are un-
derstood as different Coulomb phases of the same gauge theory, and flops become phase transitions
between different Coulomb phases [43]. Triple intersection numbers are understood as Chern-Simons
levels of the gauge theory and determine the couplings of vector multiplets and the graviphoton of the

1The use of the hyperplane arrangement I(g,R) as a combinatorial invariant of an elliptic fibration [30, 31, 38, 40]
is directly inspired by the study of Coulomb phases of five dimensional gauge theories [43] and illustrates how ideas
from string geometry improves our understanding of the topology and birational geometry of elliptic fibrations. These
hyperplanes arrangements are also interesting independently of their connections to elliptic fibrations and gauge
theories, as they have beautiful combinatorial properties that can be captured by generating functions [22,23].
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five-dimensional supergravity theory. In a five-dimensional N = 1 supergravity theory, the Chern-
Simons levels and the kinetic terms of the vector multiplets and the graviphoton are controlled by a
cubic prepotential, which admits a one-loop quantum correction but is protected by supersymmetry
from additional corrections [43]. The one-loop quantum correction depends on the number of mul-
tiplets nRi charged under the irreducible representation Ri [43]. In an M-theory compactified on a
Calabi-Yau threefold, the full prepotential (including the quantum correction) is given geometrically
by the triple intersection numbers of the divisors [16,35].

An important aspect of the dictionary between elliptic fibrations and gauge theories is that the
elliptic fibration also captures global aspects of the gauge theory: the fundamental group π1(G)
of the gauge group is isomorphic to the Mordell-Weil group of the elliptic fibration [8, 48, 50], see
also [12, and refs. within]. One natural question is how the Mordell-Weil group of the elliptic
fibration affects these supergravity theories. These questions have their mathematical counterparts
that are also interesting for their own sake. For example, what is the effect on the Coulomb branch
of a five-dimensional gauge theory when a semi-simple group is quotiented by a subgroup of its
center? This physics question translates in mathematics to the following: what happens to the
extended Mori cone of an elliptically-fibered Calabi-Yau threefold when the Mordell-Weil group is
purely torsion? Moreover, would this five-dimensional theory with such a Mordell-Weil group still
have a six-dimensional uplift with cancellation of anomalies?

In this paper, we explore non-trivial models of semi-simple Lie algebra with Mordell-Weil group
Z2 ∶= Z/2Z. Specifically, we study the geometry and physics of elliptic fibrations corresponding to
the following collisions2

Ins
2 + Ins

4 and Ins
2 + Is4, (1.1)

with a Mordell-Weil group that is either trivial or Z2. The corresponding Lie algebras are

A1 ⊕C2, A1 ⊕A3. (1.2)

Such collisions correspond to semi-simple gauge groups (see Table 2):

(SU(2) × Sp(4))/Z2, SU(2) × Sp(4), SU(2) × SU(4))/Z2, SU(2) × SU(4).

These models are uniquely defined for the following reasons. Since a Z2 Mordell-Weil group always
induces at least an I2 fiber, the collision I2+I4 is the simplest case with Mordell-Weil group Z2 and a
semi-simple Lie algebra that is not A1 ⊕A1. We consider the two possible generic fibers of Kodaira
type I4, namely Is4 and Ins

4 . We use Ins
2 because it is the generic reducible fiber induced by the

Z2 Mordell-Weil group (see section 2.2). For comparison, we also study the same collisions with a
trivial Mordell–Weil group. These considerations completely fix our models once we use Weierstrass
models [21] and assume minimal valuations for all Weierstrass coefficients with respect to the divisors
supporting the simple components of the gauge group. The SO(4)-model is studied along the same
lines in [33]. The SO(3), SO(5), and SO(6) are studied in [34].

The (SU(2)× SU(4))/Z2-model has been studied in [48] using toric ambient spaces for the fiber,
2Given two Kodaira types T1 and T2, a model of type T1 + T2 is an elliptic fibration such that the discriminant

locus contains two intersecting divisors ∆1 and ∆2, where the generic fiber of ∆i is Ti and the generic fiber of any
other component of the discriminant locus is an irreducible fiber (such as Kodaira type I1 or II).
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the SU(2) and the SU(4) models are individually studied in [29,30]. A specialization of the SU(2)×
SU(4)-model is studied in [6] in relation to T-branes and also in [5]. For each of these models, the
representation R is uniquely determined by the geometry of the corresponding elliptic fibrations and
are listed on Table 2. For the collisions we consider in this paper, the Mordell-Weil group Z2 is an
obstruction for the presence of fundamental representations. This change of matter content has also
consequences for the cancellations of anomalies in the six-dimensional theory.

Given a complex Lie algebra g, there is a unique simply connected compact Lie group G̃ = exp(g).
We denote the center of G̃ by Z(G̃). All Lie groups sharing the same Lie algebra have the same
universal cover G̃ = exp(g) and are quotient of G̃ by a subgroup H of its center Z(G̃). The center of
the group G̃/H is then Z(G̃)/H and depends not only on the isomorphic class of H but also on the
embedding of H in Z(G̃). It follows that gauge groups with the same Lie algebra can have different
centers and first homotopy groups. In a gauge theory, the center and the first homotopy group of the
group play a crucial role in the description of non-local operators such as Wilson lines and ‘tHooft
operators. Since not all representations of the Lie algebra g are coming from a representation of the
Lie group, a non-trivial Mordell-Weil group places restrictions on the representation R. The choice
of the correct group depends on the Mordell-Weil and is constrained by R.

A representation R is sometimes enough to completely identity the group G once we know its
Lie algebra g and its fundamental group. We illustrate this point with two examples that will be the
focus of this paper. In both cases, the Lie algebra is derived from an elliptic fibration with collisions
of the type I2+I4 and a Mordell-Weil group Z2. In the case of the Lie algebra g = A1 ⊕A3, which
corresponds to the simply connected compact group SU(2)×SU(4), the center is Z2×Z4. Since there
is a unique Z2 subgroup in Z4, there are three possibilities for embedding Z2 in the center Z2 ×Z4,
namely (Z2,1), (1, Z2), diagonal Z2. (1.3)

Hence, the possible quotient groups are

SO(3) × SU(4), SU(2) × SO(5), (SU(2) × SU(4))/Z2. (1.4)

These three groups have the same Lie algebra A1 ⊕A3, the same universal cover SU(2)× SU(4), the
same first homotopy group, but different centers

Z4, Z2 ×Z2, Z2. (1.5)

The bifundamental representation (2,4) of A1 ⊕ A3 is only compatible with the group (SU(2) ×
SU(4))/Z2.

For the case of the Lie algebra g = A1 ⊕C2, which corresponds to the simply connected compact
group SU(2)× Sp(4), the center is Z2 ×Z2. Equation (1.3) gives the three possible ways to embed a
Z2 in Z2 ×Z2. In this case, the possible quotient groups are

SO(3) × Sp(4), SU(2) × SO(6), (SU(2) × Sp(4))/Z2. (1.6)

These three groups have the same universal cover SU(2) × Sp(4), the same fundamental group Z2,
and the same center Z2. But the center Z2 is given by a different embedding in Z2×Z2. Once again,
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the bifundamental (2,4) representation of A1 ⊕C2 is only compatible with the last one.

While our geometric computations are done relative to a base of arbitrary dimension and without
assuming the Calabi-Yau condition, to discuss anomaly cancellations, we specifically require the
elliptic fibration to be a Calabi-Yau threefold. In particular, this requires the base of the fibration
B to be a rational surface. We denote its canonical class by KB or just K when the context is clear.
Our approach is rooted in geometry and can be summarized as follows [4, 24,27,29–32].

1. We work with Weierstrass models. We first determine a crepant resolution (see Table 4).

2. We study the fibral structure of the resolved elliptic fibration (see Figure 1, Figure 2, Figure
3, and Figure 4). In particular, we identify the singular fibers appearing at collisions of
singularities. They are composed of rational curves carrying weights of the representation R

attached to the elliptic fibration.

3. Using intersection theory, we find the weights of the vertical curves at collisions of singularities
and derive the representation R. Each weight is minus the intersection number of the vertical
curve with the fibral divisor not touching the section of the elliptic fibration. One interesting
property of our approach is that for complex representations such as the (2,4), or the (1,4)
of A1⊕A3, the weights of the dual representation appear naturally as weights of some vertical
curves. Hence, quaternionic representations are not forced by hand (to respect the CPT
invariance of an underlying physical theory) but are imposed by the geometry itself.

4. We determine the network of flops of each model by studying the hyperplane arrangement
I(g,R) (See Figure 3.4, Figure 6, and Figure 7). Crepant resolutions and flops are related to the
structure of the extended Mori cone. The hyperplane arrangement I(g,R) is a combinatorial
invariant that controls the behavior of the extended Mori cone. The chamber structure of
I(g,R) corresponds to the 5d and 6d Coulomb branches. The 6d Coulomb branch is related
to the 5d Coulomb branch after a circle compactification and dualizing tensor multiplets into
vectors.

5. The crepant resolution allows us to compute the Euler characteristic of each models (see Table
6, Table 7, Table 8, Table 9, and Table 10) and the triple intersection polynomial of the fibral
divisors (see section 3.5). We determine the Euler characteristic by computing the pushforward
of the total Chern class defined in homology [25]. Using pushforward theorems for blowups and
projective bundles, we express all topological invariants in terms of the topology of the base.
In the case of a Calabi-Yau threefold, we compute the Hodge numbers (see Table 3.3) using the
Euler characteristic and the Shioda-Tate-Wazir theorem [58, Corollary 4.1]. Even though the
fiber structure of the models with a trivial Mordell–Weil group is much more complicated than
the one with a Z2 Mordell–Weil group, the Euler characteristic of the former specializes to
that of the latter (after imposing S = −4K − 2T ), since both are defined by the same sequence
of blowups [25].

6. By comparing the triple intersection numbers with the one-loop quantum correction, we deter-
mine constraints on the number of hyperpmultiplets charged under irreducible components of
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R. In the case of I2+I4-models, the fundamental representations are absent when the Mordell-
Weil group is Z2. The possible gauge group and the corresponding representation are presented
in Table 2.

7. We check explicitly that the constraints obtained by identifying the triple intersection numbers
with the one-loop prepotential are compatible with an uplift to an anomaly-free six-dimensionalN = (1,0) supergravity theory. In the theories with a trivial Mordell-Weil group, the triple
intersection numbers did not completely fix the number of hypermultiplets transforming in a
given irreducible representation. But all numbers are fixed by considering the constraints from
the vanishing of the coefficient of trR4 and trF 4

a where R is the Riemann curvature two-form
and Fa is the field strength of the vector field Aa.

A representation R can be complex, pseudo-real (quaternionic) or real.3 A hypermultiplet trans-
forming in a reducible quaternionic representation R ⊕ R, such that R an irreducible complex
representation of the gauge group, is called a full hypermultiplet. The completion of the com-
plex representation R to the reducible quaternionic representation R ⊕R is required by the CPT
theorem. A hypermultiplet transforming in an irreducible quaternionic representation is called a
half-hypermultiplet. On a half-hypermultiplet, the pseudo-real representation of the gauge group
requires the existence of an anti-linear map that squares to minus the identity. In six (resp. five)
dimensional Lorentzian spacetime, this anti-linear map allows the introduction of a symplectic Ma-
jorana Weyl (resp. symplectic Majorana) condition that reduces by half the number of degrees of
freedom. In our convention, we avoid the double counting that consists of writing a reducible repre-
sentation R⊕R even when R is an irreducible pseudo-real representation. A full hypermultiplet has
multiplicity nR +nR = 2nR while a half-hypermultiplet has multiplicity nR. Since we do not double
count half-hypermultiplets, we do not introduce factors of 1/2 in the anomaly polynomial when R

is pseudo-real. Still, a hypermultiplet in a pseudo-real representation contributes to the anomaly
polynomial half as much as a full hypermultiplet.

Comparing the triple intersection numbers with the one-loop prepotential gives constraints linear
in nRi that are sometimes enough to completely determine all the numbers nRi . This is for example
the case for many models with a simple group [24, 27, 29] and also here for the models with a Z2

Mordell-Weil group, namely the (SU(2)×Sp(4))/Z2-model and the (SU(2)×SU(4))/Z2-model. The
SU(2) × Sp(4) and SU(2) × SU(4)-models have in addition hypermultiplets transforming in funda-
mental representations and equating the one-loop prepotential and the triple intersection numbers
does not provide enough constraints to fix all nRi . We can fix all nRi in different ways.

• Firstly, by using Witten’s formula that asserts that the number of hypermultiplets transform-
ing in the adjoint representation of an irreducible component Ga of the gauge group is the
(arithmetic) genus of the curve Sa supporting that group. Witten’s formula uses M2-branes
to study the quantization of the curve Sa seen as a moduli space. Each (anti)-holomorphic
1-form on Sa is responsible for a hypermultiplet.

• Secondly, by using techniques of intersecting branes to directly count nRi as intersection num-
bers between components of the discriminant locus. This method assumes that the components

3When a hypermultiplet is charged under an irreducible complex representation R, its CPT dual is charged under
the complex conjugate representation R.
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intersect relatively well. For certain representations (such as the traceless second antisymmet-
ric representation of Sp(2n), this method has to be completed with a generalization of Witten’s
formula.

• Finally, we can use the existence of an anomaly-free six-dimensional supergravity theory.
Matching the triple intersection numbers with the one-loop prepotential and asking for the
vanishing of the coefficients of trR4 and trF 4

a in the anomaly polynomial of the 6d N = 1

supergravity theory are enough to fix all the nRi . Here R is the Riemann curvature two-form
and Fa are the field-strength of the vector fields. The vanishing of these quartic terms is a
necessary condition to cancel anomalies by the Green-Schwarz mechanism.

We find that the last method is the most satisfying and general as it only relies on basic aspects
of supergravity theories in five and six dimensions: exactness of the one-loop quantum correction
and the cancellation of anomalies of the six-dimensional theory. We checked that all three methods
give the same result. In a six-dimensional uplifted theory, the number of hypermultiplets are the
same, but we have to adjust the number of vector and tensor multiplets. Tensor multiplets and
spinors require cancellations of anomalies. Following Sadov, there is a geometric formulation of the
Green-Schwarz mechanism for elliptically fibered Calabi-Yau threefolds [54]. Hence, the number of
multiplets, which are computed from the triple intersection numbers, can be used to check if the
Green-Schwarz mechanism cancels the anomalies in the 6d theory uplift. This method was introduced
in [14] and implemented explicitly in [29] for SU(n)-models, in [27] for F4-models, and [24] for G2,
Spin(7), and Spin(8)-models.

Our convention for counting the multiplicity of representations is inspired by the geometry and
ease the comparison with the intersecting brane picture. In the case of the SU(2)× SU(4)-model,
the matter representation contains the reducible quarternionic representation (1,4) ⊕ (1, 4̄) with
the multiplicity n1,4 = n1,4̄ = −T (4K +S + 2T ). The total multiplicity corresponds to the number of
intersection points between the divisor T supporting SU(4) and the irreducible component ∆′ of the
discriminant not supporting any gauge group. At collision the fiber Is4 enhances to an Is5, producing
the weight 0,1,−1 of the fundamental representation 4 of su(4) and the weight −1,1,0 of the
anti-fundamental representation 4 of su(4). See Tables 3, 15, and 12. The representation (2,1) is
pseudo-real and n2,1 = −2S(4K+S+2T ), which is geometrically the number of intersection S ⋅V (b̃8).

F-theory on Y M-theory on Y F-theory on Y × S1

↓ ↓ ↓
6d N = (1,0) sugra 5d N = 1 sugra 5d N = 1 sugra

n
(6)
V = h1,1(Y ) − h1,1(B) − 1 n

(5)
V = n(6)V + nT + 1 = h1,1(Y ) − 1

n0H = h2,1(Y ) + 1 n0H = h2,1(Y ) + 1

nT = h1,1(B) − 1

Table 1: Compactification of F-theory and M-theory on a Calabi-Yau threefold Y . We assume that
all tensor multiplets in the five dimensional theory are dualized to vector multiplets. The number
of neutral hypermultiplets are the same in five and six dimensions, but n(5)V = n(6)V + nT + 1.
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Models Algebraic data # Flops
F = y2z − (x3 + a2x2z + st2xz2)

3Ins
2 +Ins

4 ∆ = s2t4(a22 − 4st2)
MW = Z2 G = (SU(2) × Sp(4))/Z2

R = (3,1)⊕ (1,10)⊕ (2,4)⊕ (1,5)
χ = −4(9K2 + 8K ⋅ T + 3T 2)
F = y2z − (x3 + a2x2z + ã4st2xz2 + ã6s2t4z3)

3Ins
2 +Ins

4 ∆ = s2t4(4a32ã6 − a22ã24 − 18a2ã4ã6st
2 + 4a34st

2 + 27ã26s
2t4)

MW = {1} G = SU(2) × Sp(4)
R = (3,1)⊕ (1,10)⊕ (2,4)⊕ (1,5)⊕ (2,1)⊕ (1,4)
χ = −2(30K2 + 15K ⋅ S + 30K ⋅ T + 3S2 + 8S ⋅ T + 10T 2)
F = y2z + a1xyz − (x3 + ã2tx2z + st2xz2)

12Ins
2 +Is4 ∆ = s2t4 (a41 + 8a21ã2t + 16ã22t

2 − 64st2)
MW = Z2 G = (SU(2) × SU(4))/Z2

R = (3,1)⊕ (1,15)⊕ (2,4)⊕ (2, 4̄)⊕ (1,6)
χ = −12 (3K2 + 3K ⋅ T + T 2)
F = y2z + a1xyz − (x3 + ã2tx2z + ã4st2xz2 + ã6s2t4z3)

20Ins
2 +Is4 ∆ = s2t4 (a41 + 8a21ã2t + 16ã22t

2 − 64st2)
MW = {1} G = SU(2) × SU(4)

R = (3,1)⊕ (1,15)⊕ (2,4)⊕ (2, 4̄)⊕ (1,6)⊕ (2,1)⊕ (1,4)⊕ (1, 4̄)
χ = −2 (30K2 + 15K ⋅ S + 32K ⋅ T + 3S2 + 8S ⋅ T + 10T 2)

Table 2: Weierstrass models, discriminant loci, gauge groups and representations. F is the defining
equation of the Weierstrass model, ∆ is its discriminant, G is the gauge group, Z(G) is the center ofG
(isomorphic to the Mordell-Weil group MW of the elliptic fibration), R is the matter representation,
and χ is the Euler characteristic of a crepant resolution of a Calabi-Yau that is elliptically fibered with
a defining equation F = 0. The column “# Flops” gives the number of distinct crepant resolutions
, or equivalently, the number of chambers in the hyperplane arrangement I(g,R). The number of
flops also corresponds to the number of Coulomb phases of a five-dimensional supergravity theory
with eight supercharges obtained by a compactification of M-theory on this elliptic fibration. The
Euler characteristic of the models with trivial Mordell–Weil groups specializes to those of the models
with Z2 Mordell–Weil groups after imposing the relation S = −4K − 2T .

G Adjoint Bifundamental (Traceless) Antisymmetric, Fundamental(SU(2) × Sp(4))/Z2 n3,1 = gS n1,10 = gT n2,4 = S ⋅ T n1,5 = gT − 1 + 1
2T ⋅ V (a2)

n3,1 = gS n1,10 = gT n2,4 = S ⋅ T n1,5 = gT − 1 + 1
2T ⋅ V (a2)

SU(2) × Sp(4) n2,1 = S ⋅ V (b̃8), n1,4 = T ⋅ V (b̃8)(SU(2) × SU(4))/Z2 n3,1 = gS n1,15 = gT n2,4 + n2,4̄ = S ⋅ T n1,6 = T ⋅ V (a1)
n3,1 = gS n1,15 = gT n2,4 + n2,4̄ = S ⋅ T n1,6 = T ⋅ V (a1)

SU(2) × SU(4) n2,1 = S ⋅ V (b̃8), n1,4 + n1,4̄ = T ⋅ V (̃b8)
Table 3: Geometrical interpretation of the number of representations of the matter content. In
the last column, n1,5 is the number of traceless antisymmetric matter in Sp(4), n1,6 is the number
of antisymmetric matter in SU(4), n1,4 is the fundamental representation of SU(4), and n2,1 is the
number of fundamental representation in SU(2). For SU(4) theories, we have [V (b̃8)] = 2(−4T −S −
2T ). In presence of a Z2, with our choice of Weierstrass models, we have S = −4K − 2T .
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2 Preliminaries

In this section, we review some basic notions used throughout the paper. We also introduce our
notation and conventions.

2.1 Weierstrass models and Deligne’s formulaire

We follow the notation of [18]. Let L be a line bundle over a normal quasi-projective variety B.
We define the projective bundle (of lines)

π ∶X0 = PB[OB ⊕L ⊗2 ⊕L ⊗3]Ð→ B. (2.1)

The relative projective coordinates of X0 over B are denoted [z ∶ x ∶ y], where z, x, and y are defined
by the natural injection of OB, L ⊗2, and L ⊗3 into OB ⊕L ⊗2 ⊕L ⊗3, respectively. Hence, z is a
section of OX0(1), x is a section of OX0(1)⊗ π∗L ⊗2, and y is a section of OX0(1)⊗ π∗L ⊗3.

Definition 2.1. A Weierstrass model is an elliptic fibration ϕ ∶ Y → B cut out by the zero locus of
a section of the line bundle O(3)⊗ π∗L ⊗6 in X0.

The most general Weierstrass equation is written in the notation of Tate as

y2z + a1xyz + a3yz2 − (x3 + a2x2z + a4xz2 + a6z3) = 0, (2.2)

where ai is a section of π∗L ⊗i. The line bundle L is called the fundamental line bundle of the
Weierstrass model ϕ ∶ Y → B. It can be defined directly from Y as L = R1ϕ∗Y . Following Tate and
Deligne, we introduce the following quantities

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

b2 = a21 + 4a2

b4 = a1a3 + 2a4

b6 = a23 + 4a6

b8 = a21a6 − a1a3a4 + 4a2a6 + a2a23 − a24
c4 = b22 − 24b4

c6 = −b32 + 36b2b4 − 216b6

∆ = −b22b8 − 8b34 − 27b26 + 9b2b4b6

j = c34/∆

(2.3)

The bi (i = 2,3,4,6) and ci (i = 4,6) are sections of π∗L ⊗i. The discriminant ∆ is a section of
π∗L ⊗12. They satisfy the two relations

1728∆ = c34 − c26, 4b8 = b2b6 − b24. (2.4)

Completing the square in y gives

zy2 = x3 + 1
4b2x

2 + 1
2b4x + 1

4b6. (2.5)

8



Completing the cube in x gives the short form of the Weierstrass equation

zy2 = x3 − 1
48c4xz

2 − 1
864c6z

3. (2.6)

2.2 Elliptic fibrations with Mordell-Weil group Z2

A generic Weierstrass model with a Mordell-Weil torsion subgroup Z2 is given by the following
theorem, which is a direct consequence of a classic result in the study of elliptic curves in number
theory [42, §5 of Chap 4], and was first discussed in a string theoretic setting by Aspinwall and
Morrison [8].

Theorem 2.2. An elliptic fibration over a smooth base B and with Mordell-Weil group Z2 is bira-
tional to the following (singular) Weierstrass model:

zy2 = x(x2 + a2xz + a4z2). (2.7)

The section x = y = 0 is the generator of the Z2 Mordell-Weil group and x = z = 0 is the neutral
element of the Mordell-Weil group. The discriminant of this Weierstrass model is

∆ = 16a24(a22 − 4a4). (2.8)

2.3 G-models and representations

The locus of points in the base that lie below singular fibers of a non-trivial elliptic fibration is a
Cartier divisor ∆ called the discriminant locus of the elliptic fibration. We denote the irreducible
components of the reduced discriminant by ∆i. If the elliptic fibration is minimal, the type of the
fiber over the generic point of ∆i of ∆ has a dual graph that is an affine Dynkin diagram g̃ti. If
the generic fiber over ∆i is irreducible, gi is the trivial Lie algebra since g̃ti = Ã0. The Lie algebra
g associated with the elliptic fibration ϕ ∶ Y → B is then the direct sum g = ⊕i gi, where the Lie
algebra gi is such that the affine Dynkin diagram g̃ti is the dual graph of the fiber over the generic
point of ∆i.

When an elliptic ϕ ∶ Y → B has trivial Mordell-Weil group, the compact Lie group G associated
with the elliptic fibration ϕ is semi-simple, simply connected, and is given by the formula G ∶=
exp(⊕i gi), exp(g) is the unique compact simply connected Lie group whose Lie algebra is g, the
index i runs over all the irreducible components of the reduced discriminant locus. The Lie algebra
gi is such that the affine Dynkin diagram g̃ti is the dual graph of the fiber over the generic point of
the irreducible component ∆i of the reduced discriminant of the elliptic fibration.

If the elliptic fibration has a Mordell-Weil group T × Zr with torsion subgroup T and rank r,
then the group G is the quotient G̃/T × U(1)r where G̃ = exp(⊕i gi). Defining the quotient G̃/T
properly requires a choice of embedding of T in the center Z(G̃) of the simply connected group G̃.
The center of G is then Z(G̃)/T . The representation R attached to the elliptic fibration constrains
the possibilities and is sometimes enough to completely determine the embedding of T in Z(G̃).
Definition 2.3 (G-model). Let G be a compact, simply connected Lie group. An elliptic fibration
ϕ ∶ Y → B with an associated Lie group G is called a G-model.
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Definition 2.4 (K1+⋯+Kn-model). Let K1,K2,⋯,Kn be Kodaira types and S1,⋯, Sn be a smooth
divisor of a projective variety B. An elliptic fibration ϕ ∶ Y Ð→ B over B is said to be a K1+⋯+Kn-
model if the reduced discriminant locus ∆(ϕ) contains components Si as an irreducible component
a divisor S ⊂ B such that the generic fiber over Si is of type Ki and any other generic fiber of a
component of the discriminant locus different from the Si is irreducible.

The generic fibers degenerate into fibers of different types over points of codimension two in the
base, usually intersections of irreducible components ∆i of the reduced discriminant or codimension-
one singularities of the reduced discriminant.

Definition 2.5 (Weight vector of a vertical curve). Let C be a vertical curve, i.e. a curve contained
in a fiber of the elliptic fibration. Let S be an irreducible component of the reduced discriminant
of the elliptic fibration ϕ ∶ Y → B. The pullback of ϕ∗S has irreducible components D0,D1, . . . ,Dn,
where D0 is the component touching the section of the elliptic fibration. The weight vector of C
over S is by definition the vector $S(C) = (−D1 ⋅C, . . . ,−Dn ⋅C) of intersection numbers Di ⋅C for
i = 1, . . . , n.

The irreducible curves of the degenerations over codimension-two loci only give a subset of
weights of a representation R. Hence, we need an algorithm that retrieves the full representation R

given only a few of its weights. This problem can be addressed systematically using the notion of a
saturated set of weights introduced by Bourbaki [15, Chap.VIII.§7. Sect. 2].

Definition 2.6 (Saturated set of weights). A set Π of integral weights is saturated if for any weight
$ ∈ Π and any simple root α, the weight $ − iα is also in Π for any i such that 0 ≤ i ≤ ⟨$,α⟩. A
saturated set has highest weight λ if λ ∈ Λ+ and µ ≺ λ for any µ ∈ Π.

Definition 2.7 (Saturation of a subset). Any subsets Π of weights is contained in a unique smallest
saturated subset. We call it the saturation of Π.

Proposition 2.8 ( [41, Chap. III §13.4]).

(a) A saturated set of weights is invariant under the action of the Weyl group.

(b) The saturation of a set of weights Π is finite if and only if the set Π is finite.

(c) A saturated set with highest weight λ consists of all dominant weights lower than or equal to λ
and their conjugates under the Weyl group.

Theorem 2.9 (Bourbaki, [15, Chap.VIII.§7. Sect. 2, Corollary to Prop. 5]). Let Π be a finite
saturated set of weights. Then there exists a finite dimensional g-module whose set of weights is Π.

Definition 2.10 (Representation of a G-model). To a G-model, we associate a representation R

of the Lie algebra g as follows. The weight vectors of the irreducible vertical rational curves of the
fibers over codimension-two points form a set Π whose saturation defines uniquely a representation
R by Theorem 2.9. We call this representation R the representation of the G-model.

Definition 2.10 is a formalization of the method of Aspinwall and Gross [7, §4]. Note that we
always get the adjoint representation as a summand of R. See also [46,51].
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2.4 Intersection theory

All our intersection theory computations come down to the following three theorems. The first one
is a theorem of Aluffi which gives the Chern class after a blowup along a local complete intersection.
The second theorem is a pushforward theorem that provides a user-friendly method to compute
invariant of the blowup space in terms of the original space. The last theorem is a direct conse-
quence of functorial properties of the Segre class and gives a simple method to pushforward analytic
expressions in the Chow ring of a projective bundle to the Chow ring of its base.

Theorem 2.11 (Aluffi, [1, Lemma 1.3]). Let Z ⊂ X be the complete intersection of d nonsingular
hypersurfaces Z1, . . . , Zd meeting transversally in X. Let f ∶ X̃ Ð→ X be the blowup of X centered
at Z. We denote the exceptional divisor of f by E. The total Chern class of X̃ is then:

c(TX̃) = (1 +E)( d∏
i=1

1 + f∗Zi −E
1 + f∗Zi ) f∗c(TX). (2.9)

Theorem 2.12 (Esole–Jefferson–Kang, see [25]). Let the nonsingular variety Z ⊂ X be a complete
intersection of d nonsingular hypersurfaces Z1, . . . , Zd meeting transversally in X. Let E be the
class of the exceptional divisor of the blowup f ∶ X̃ Ð→X centered at Z. Let Q̃(t) = ∑a f∗Qata be a
formal power series with Qa ∈ A∗(X). We define the associated formal power series Q(t) = ∑aQata,
whose coefficients pullback to the coefficients of Q̃(t). Then the pushforward f∗Q̃(E) is

f∗Q̃(E) = d∑̀
=1

Q(Z`)M`, where M` = d∏
m=1
m≠`

Zm
Zm −Z` .

Theorem 2.13 (See [25] and [2, 3, 26, 36]). Let L be a line bundle over a variety B and π ∶ X0 =
P[OB ⊕L ⊗2 ⊕L ⊗3] Ð→ B a projective bundle over B. Let Q̃(t) = ∑a π∗Qata be a formal power
series in t such that Qa ∈ A∗(B). Define the auxiliary power series Q(t) = ∑aQata. Then

π∗Q̃(H) = −2
Q(H)
H2

∣
H=−2L

+ 3
Q(H)
H2

∣
H=−3L

+ Q(0)
6L2

,

where L = c1(L ) and H = c1(OX0(1)) is the first Chern class of the dual of the tautological line
bundle of π ∶X0 = P(OB ⊕L ⊗2 ⊕L ⊗3)→ B.

2.5 Anomaly Cancellation

The matter content of the six-dimensional N = (1,0) supergravity theory are given by [37]

supergravity multiplets: (gµν ,B−
µν , ψµ

A−)
tensor multiplets: (B+

µν , χ
A+, σ)

vector multiplets: (Aµ, λA−)
hypermultiplets: (4φ, ζ+)

where µ, ν = 0, . . . ,5 label spacetime indices, A = 1,2 labels the fundamental representation of the
R-symmetry SU(2), and ± denotes the chirality of Weyl spinors or the self-duality (+) or anti-self-
duality (−) of the field strength of antisymmetric two-forms. The gravitini ψµA−, the tensorini χA+,
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and gaugini λA− are symplectic Majorana Weyl spinors. The hyperino ζ+ is a Weyl spinor invariant
under the R-symmetry group SU(2)R. The scalar manifold of the tensor multiplets is the symmetric
space SO(1, nT )/SO(nT ) where nT is the number of tensor multiplets. The scalar manifold of the
hypermultiplet is a quaternionic-Kähler manifold of quaternionic dimension nH , where nH is the
number of hypermultiplets.

Consider a gauged six-dimensional N = (1,0) supergravity theory with a semi-simple gauge
group G =∏aGa, n(6)V vector multiplets, nT tensor multiplets, and nH hypermultiplets consisting of
n0H neutral hypermultiplets and nchH charged under a representation ⊕iRi of the gauge group with
Ri = ⊗aRi,a, where Ri,a is an irreducible representation of the simple component Ga of the semi-
simple group G. The vector multiplets belongs to the adjoint of the gauge group (hence nV = dimG).
As discussed in the introduction, CPT invariance requires the representation to be quaternionic.

By denoting the zero weights of a representation Ri as R
(0)
i , the charged dimension of the hyper-

multiplets in representation Ri is given by dimRi−dimR
(0)
i , as the hypermultiplets of zero weights

are considered neutral. For a representation Ri, nRi
denotes the multiplicity of the representation

Ri. Then the number of charged hypermultiplets is simply

nchH =∑
i

nRi
(dimRi − dimR

(0)
i ) . (2.10)

The total number of hypermultiplets is the sum of the neutral hypermultiplets and the charged
hypermultiplets. For a compactification on a Calabi-Yau threefold Y , the number of neutral hyper-
multiplets is h2,1(Y ) + 1 [16]. The number of each multiplet is

n
(6)
V = dimG, nT = h1,1(B) − 1 = 9 −K2, (2.11)

nH = n0H + nchH = h2,1(Y ) + 1 +∑
i

nRi
(dimRi − dimR

(0)
i ) , (2.12)

where the (elliptically fibered) base B is a rational surface. From the Hodge number h2,1(Y ) of the
Calabi-Yau threefolds in Table 3.3 of section 3.2, the number of hypernultiplets are computed for
each model.

The anomaly polynomial I8 has a pure gravitational contribution of the form trR4 where R is
the Riemann tensor thought of as a 6×6 real matrix of two-form values. To apply the Green-Schwarz
mechanism, its coefficient is required to vanish, i.e.

nH − n(6)V + 29nT − 273 = 0. (2.13)

In order to define the remainder terms of the anomaly polynomial I8, we define

X(n)a = tradj F
n
a −∑

i

nRi,a
trRi,a

Fna , Yab =∑
i,j

nRi,a,Rj,b
trRi,a

F 2
a trRj,b

F 2
b , (2.14)

where nRi,a,Rj,b
is the number of hypermultiplets transforming in the representation (Ri,a,Rj,b) of

Ga ×Gb. The trace identities for a representation Ri,a of a simple group Ga are

trRi,a
F 2
a = ARi,a

trFa F
2
a , trRi,a

F 4
a = BRi,a

trFa F
4
a +CRi,a

(trFa F
2
a )2 (2.15)
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with respect to a reference representation Fa for each simple component Ga. To define the anomaly
polynomial I8, we introduce the following expressions:

X(2)a = (Aa,adj −∑
i

nRi,a
ARi,a

) trFa F
2
a , (2.16)

X(4)a = (Ba,adj −∑
i

nRi,a
BRi,a

) trFa F
4
a + (Ca,adj −∑

i

nRi,a
CRi,a

)(trFa F
2
a )2, (2.17)

Yab =∑
i,j

nRi,a,Rj,b
ARi,aARj,b

trFa F
2
a trFb

F 2
b . (2.18)

For each simple component Ga, the anomaly polynomial I8 has a pure gauge contribution propor-
tional to the quartic term trF 4

a that is required to vanish in order to factorize I8:

Ba,adj −∑
i

nRi,a
BRi,a

= 0.

When the coefficients of all quartic terms (trR4 and trF 4
a ) vanish, the remaining part of the anomaly

polynomial I8 is

I8 = K2

8
(trR2)2 + 1

6
∑
a

X(2)a trR2 − 2

3
∑
a

X(4)a + 4∑
a<b

Yab. (2.19)

The anomalies are canceled by the Green-Schwarz mechanism when I8 factorizes [37,55,56].

There is a subtlety on the representations that are charged on more than a simple component
of the group, as it affects not only Yab but also X

(2)
a and X(4)a . Consider a representation (R1,R2)

for of a semisimple group with two simple components G = G1 ×G2, where Ra is a representation
of Ga. Then this representation contributes to nR1 dimR2 times, and contributes to nR2 dimR1

times:
nR1 = dimR2 nR1,R2 , nR2 = dimR1 nR1,R2 . (2.20)

If the coefficients of trR4 and trF 4
a vanishes and G = G1 ×G2, the remainder of the anomaly

polynomial is given by

I8 = K2

8
(trR2)2 + 1

6
(X(2)1 +X(2)2 ) trR2 − 2

3
(X(4)1 +X(4)2 ) + 4Y12. (2.21)

If I8 factors as 1
2ΩijX

(4)
i X

(4)
j , then the anomaly is cancelled by adding the counter term ΩijBi∧X(4)j

to the Lagrangian. The modification of the field strength H(i) of the antisymmetric tensor B(i) are
H(i) = dB(i)+ω(i), where ω(i) is a proper combination of Yang-Mills and gravitational Chern-Simons
terms.

For SU(2) with the adjoint representation 3 and the fundamental representation F = 2 as the
reference representation,

tr3 F
2
1 = 4tr2 F

2
1 , tr3 F

4
1 = 8(tr2 F

2
1 )2, tr2 F

4
1 = 1

2
(tr2 F

2
1 )2. (2.22)
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The trace identities for Sp(4) is given by

tr10 F
2
2 = 6tr4 F

2
2 , tr10 F

4
2 = 12tr4 F

4
2 + 3(tr4 F

2
2 )2,

tr5 F
2
2 = 2tr4 F

2
2 , tr5 F

4
2 = −4tr4 F

4
2 + 3(tr4 F

2
2 )2. (2.23)

For SU(4), the trace identities are given by

tr15 F
2
2 = 8tr4 F

2
2 , tr15 F

4
2 = 8tr4 F

4
2 + 6(tr4 F

2
2 )2,

tr6 F
2
2 = 2tr4 F

2
2 , tr6 F

4
2 = −4tr4 F

4
2 + 3(tr4 F

2
2 )2. (2.24)

3 Summary of results

In this section, we summarize the results of this paper.

3.1 Crepant resolutions

The models we consider in this paper are given by the following Weierstrass models.

(SU(2) × Sp(4))/Z2 ∶ y2z − (x3 + a2x2z + st2xz2) = 0 (3.1)

SU(2) × Sp(4) ∶ y2z − (x3 + a2x2z + ã4st2xz2 + ã6s2t4z3) = 0 (3.2)

(SU(2) × SU(4))/Z2 ∶ y2z + a1xyz − (x3 + ã2tx2z + st2xz2) = 0 (3.3)

SU(2) × SU(4) ∶ y2z + a1xyz − (x3 + ã2tx2z + ã4st2xz2 + ã6s2t4z3) = 0 (3.4)

Given a complete intersection Z of hypersurfaces Zi = V (zi) in a varietyX, we denote the blowup
of X̃ →X along Z with exceptional divisor E = V (e) as

X̃ X.
(z1, . . . , zn∣e)

We use the following sequence of blowups to determine a crepant resolution of each models.

(SU(2) × Sp(4))/Z2

SU(2) × Sp(4) X0 X1 X2 X3.
(x,y,s∣e1) (x,y,t∣w1) (x,y,w1∣w2)

(SU(2) × SU(4))/Z2

SU(2) × SU(4) X0 X1 X2 X3 X4
(x,y,s∣e1) (x,y,t∣w1) (y,w1∣w2) (x,w2∣w3)

Table 4: Sequence of blowups for crepant resolutions used in the paper.

The class of the fibral divisors are given as follows.
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2

a2 = 0
t = 0

a2 = 0s = 0

Figure 1: This is the fiber structure of G = (SU(2) × Sp(4))/Z2 uptil codimension two for the
Calabi-Yau threefolds.

2

a2 = 0a2ã6 − 4ã24 = 0
t = 0

a2 = 0 a2ã6 − ã24 = 0
s = 0

Figure 2: This is the fiber structure of G = SU(2) × Sp(4) uptil codimension two for the Calabi-Yau
threefolds.
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2

a21 + 4ã2t = 0 t = 0
a1 = 0s = 0

Figure 3: This is the fiber structure of G = (SU(2) × SU(4))/Z2 uptil codimension two for the
Calabi-Yau threefolds.

2

a2
1+4ã2t=0

a21ã6 + 4ã2ã6t − ã24 = 0
t = 0 a1 = 0 a21ã6 − ã24 = 0

s = 0

Figure 4: This is the fiber structure of G = SU(2)× SU(4) uptil codimension two for the Calabi-Yau
threefolds.
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Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3(SU(2) × Sp(4))/Z2 S −E1 E1 W0 −W1 W1 −W2 W2SU(2) × Sp(4)(SU(2) × SU(4))/Z2 S −E1 E1 W0 −W1 W1 −W2 W2 −W3 W3SU(2) × SU(4)

Table 5: Class of the fibral divisors

3.2 Euler characteristics

Using p-adic integration and the Weil conjecture, Batyrev proved the following theorem.

Theorem 3.1 (Batyrev, [11]). Let X and Y be irreducible birational smooth n-dimensional projective
algebraic varieties over C. Assume that there exists a birational rational map ϕ ∶X−→ Y that does
not change the canonical class. Then X and Y have the same Betti numbers.

Batyrev’s result was strongly inspired by string dualities, in particular by the work of Dixon,
Harvey, Vafa, and Witten [19]. As a direct consequence of Batyrev’s theorem, the Euler characteristic
of a crepant resolution of a variety with Gorenstein canonical singularities is independent on the
choice of resolution. We identify the Euler characteristic as the degree of the total (homological)
Chern class of a crepant resolution f ∶ Ỹ Ð→ Y of a Weierstrass model Y Ð→ B:

χ(Ỹ ) = ˆ c(Ỹ ).
We then use the birational invariance of the degree under the pushfoward to express the Euler
characteristic as a class in the Chow ring of the projective bundle X0. We subsequently push this
class forward to the base to obtain a rational function depending upon only the total Chern class of
the base c(B), the first Chern class c1(L ), and the class S of the divisor in B:

χ(Ỹ ) = ˆ
B
π∗f∗c(Ỹ ).

In view of Theorem 3.1, this Euler characteristic is independent of the choice of a crepant resolution.

We compute the Euler characteristic for each model by considering a particular crepant resolution
as listed in Table 4. For the models with Mordell-Weil group Z2, the divisors S and T satisfy the
following linear relation since a4 = st2:

4L = S + 2T. (3.5)

The generating function of the Euler characteristics are presented in Table 6, which produce the Euler
characteristics for elliptic threefolds and fourfolds as listed in 9 and 10. The Calabi-Yau condition
imposes L = −K. For each model, we present the Euler characteristic of Calabi-Yau threefolds and
fourfolds respectively in Table 7 and 8.
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Models Generating Function

(SU(2) × Sp(4))/Z2

4(2L2(5T+3)+L(3−5(T−1)T )−3T 2)(2L+1)(T+1)(4L−2T+1) c[B]

SU(2) × Sp(4)
2(T (−6L2(5S+4)+L(2S−3)(5S+4)+S(7S+8)))(2L+1)(S+1)(T+1)(−6L+2S+4T−1) c[B]

+
2(3(2L+1)(S2−L(3S+2))+2T 2(2L(5S+4)+7S+5))(2L+1)(S+1)(T+1)(−6L+2S+4T−1) c[B]

(SU(2) × SU(4))/Z2

12(2LT+L−T 2)(T+1)(4L−2T+1)c[B]

4T 3(7S+5)+4T 2(14S2−7(7S+5)L+6S−5)(S+1)(T+1)(S−4L+2T−1)(2S−6L+4T−1)c[B]

SU(2) × SU(4) +
2T (12(7S+5)L2+(2−S(49S+43))L+(7S(S+1)−8)S)(S+1)(T+1)(S−4L+2T−1)(2S−6L+4T−1) c[B]

+
6(S−4L−1)(S2−3SL−2L)(S+1)(T+1)(S−4L+2T−1)(2S−6L+4T−1)c[B]

Table 6: Generating function for Euler Characteristics

Models Euler Characteristics(SU(2) × Sp(4))/Z2 −4(9K2 + 8K ⋅ T + 3T 2)
SU(2) × Sp(4) −2(30K2 + 15K ⋅ S + 30K ⋅ T + 3S2 + 8S ⋅ T + 10T 2)(SU(2) × SU(4))/Z2 −12 (3K2 + 3K ⋅ T + T 2)
SU(2) × SU(4) −2 (30K2 + 15K ⋅ S + 32K ⋅ T + 3S2 + 8S ⋅ T + 10T 2)

Table 7: Calabi-Yau threefolds

Models Euler Characteristics(SU(2) × Sp(4))/Z2 −12 (c2K + 12K3 + 16K2T + 8KT 2 + T 3)
SU(2) × Sp(4) −6 (2c2K + 60K3 + 49K2S + 98K2T + 14KS2

+56KST + 56KT 2 + S3 + 8S2T + 16ST 2 + 10T 3)(SU(2) × SU(4))/Z2 −12 (c2K + 12K3 + 17K2T + 8KT 2 + T 3)
SU(2) × SU(4) −6 (2c2K + 60K3 + 49K2S + 100K2T + 14KS2

+56KST + 56KT 2 + S3 + 8S2T + 16ST 2 + 10T 3)
Table 8: Calabi-Yau fourfolds

Models Euler Characteristics(SU(2) × Sp(4))/Z2 4 (3c1L − 12L2 + 8LT − 3T 2)
SU(2) × Sp(4) 2 (6c1L − 36L2 + 15LS + 30LT − 3S2 − 8ST − 10T 2)(SU(2) × SU(4))/Z2 12 (c1L − 4L2 + 3LT − T 2)
SU(2) × SU(4) 2 (6c1L − 36L2 + 15LS + 32LT − 3S2 − 8ST − 10T 2)

Table 9: Elliptic threefolds
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Models Euler Characteristics(SU(2) × Sp(4))/Z2 4 (−12c1L
2 + 8c1LT − 3c1T

2 + 3c2L + 48L3

−56L2T + 27LT 2 − 3T 3)
2 (−36c1L

2 + 15c1LS + 30c1LT − 3c1S
2 − 8c1ST

SU(2) × Sp(4) −10c1T
2 + 6c2L + 216L3 − 162L2S − 324L2T + 45LS2T+176LS + 178LT 2 − 3S3 − 24S2T − 48ST 2 − 30T 3)(SU(2) × SU(4))/Z2 12 (−4c1L

2 + 3c1LT − c1T 2 + c2L + 16L3

−20L2T + 9LT 2 − T 3)
2 (−36c1L

2 + 15c1LS + 32c1LT − 3c1S
2 − 8c1ST

SU(2) × SU(4) −10c1T
2 + 6c2L + 216L3 − 162L2S − 332L2T + 45LS2

+176LST + 178LT 2 − 3S3 − 24S2T − 48ST 2 − 30T 3)
Table 10: Elliptic fourfolds

3.3 Hodge numbers for Calabi-Yau elliptic threefolds

Using motivitic integration, Kontsevich shows in his famous “String Cohomology” Lecture at Orsay
that birational equivalent Calabi-Yau varieties have the same class in the completed Grothendieck
ring [45]. Hence, birational equivalent Calabi-Yau varieties have the same Hodge-Deligne polynomial,
Hodge numbers, and Euler characteristic. In this section, we compute the Hodge numbers of crepant
resolutions of Weierstrass models in the case of Calabi-Yau threefolds.

Theorem 3.2 (Kontsevich, (see [45])). Let X and Y be birational equivalent Calabi-Yau varieties
over the complex numbers. Then X and Y have the same Hodge numbers.

Remark 3.3. In Kontsevich’s theorem, a Calabi-Yau variety is a nonsingular complete projective
variety of dimension d with a trivial canonical divisor. To compute Hodge numbers in this section,
we use the following stronger definition of a Calabi-Yau variety.

Definition 3.4. A Calabi-Yau variety is a smooth compact projective variety Y of dimension n

with a trivial canonical class and such that H i(Y,OX) = 0 for 1 ≤ i ≤ n − 1.

We first recall some basic definitions and relevant classical theorems.

Theorem 3.5 (Noether’s formula). If B is a smooth compact, connected, complex surface with
canonical class KB and Euler number c2, then

χ(OB) = 1 − h0,1(B) + h0,2(B), χ(OB) = 1

12
(K2 + c2).

When B is a smooth compact rational surface, we have a simple expression of h1,1(B) as a
function of K2 using the following lemma.

Lemma 3.6. Let B be a smooth compact rational surface with canonical class K. Then

h1,1(B) = 10 −K2. (3.6)
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Proof. Since B is a rational surface, h0,1(B) = h0,2(B) = 0. Hence c2 = 2 + h1,1(B) and the lemma
follows from Noether’s formula.

We now compute h1,1(Y ) using the Shioda-Tate-Wazir theorem [58, Corollary 4.1].

Theorem 3.7. Let Y be a smooth Calabi-Yau threefold elliptically fibered over a smooth variety B
with Mordell-Weil group of rank zero. Then,

h1,1(Y ) = h1,1(B) + f + 1, h2,1(Y ) = h1,1(Y ) − 1

2
χ(Y ),

where f is the number of geometrically irreducible fibral divisors not touching the zero section. In
particular, if Y is a G-model with G being a semi-simple group, then f is the rank of G.

Models h1,1(Y ) h2,1(Y )(SU(2) × Sp(4))/Z2 14 −K2 17K2 + 16K ⋅ T + 6T 2 + 14

SU(2) × Sp(4) 14 −K2 29K2 + 15K ⋅ S + 30K ⋅ T + 3S2 + 8S ⋅ T + 10T 2 + 14(SU(2) × SU(4))/Z2 15 −K2 17K2 + 18K ⋅ T + 6T 2 + 15

SU(2) × SU(4) 15 −K2 29K2 + 8T ⋅ (4K + S) + 15K ⋅ S + 3S2 + 10T 2 + 15

Table 11: Hodge Numbers

3.4 Hyperplane arrangements

Let g be a semi-simple Lie algebra and R a representation of g. The kernel of each weight $ of R

defines a hyperplane $⊥ through the origin of the Cartan sub-algebra of g.

Definition 3.8. The hyperplane arrangement I(g,R) is defined inside the dual fundamental Weyl
chamber of g, i.e. the dual cone of the fundamental Weyl chamber of g, and its hyperplanes are the
set of kernels of the weights of R.

For each G-model, we associate the hyperplane arrangement I(g,R) using the representation R

induced by the weights of vertical rational curves produced by degenerations of the generic fiber
over codimension-two points of the base. We then study the incidence structure of the hyperplane
arrangement I(g,R) [22–24,27,40].

1

[−,+]
2

[+,+]
3

[+,−]
$1 $2

Figure 5: There are three chambers in Ins
2 +Ins

4 -model with a Mordell-Weil group Z2. Each chamber
is noted as the signs of [$1,$2] where $1 = φ1 − ψ1 and $2 = ψ1 + φ1 − φ2. For chamber 1,
$1 < 0, $2 > 0; for chamber 2, $1 > 0, $2 > 0; and for chamber 3, $1 > 0, $2 < 0.
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1a−

2a−

3a−

4a−

5a−

1b−

2b−

3b−

4b−

5b−

1b+

2b+

3b+

4b+

5b+

1a+

2a+

3a+

4a+

5a+

$7

$5

$9

$6

$4

$5

$9

$6

$5

$7

$6

$9

$8

$7

$6

$9

$3

$1 $2

$1 $3 $2

$1 $2

$1 $3 $2

The weights corresponding to the 9 entries are v = ($1,$2,$3,$4,$5,$6,$7,$8,$9),
where $1 = [0;−1,1,0],$2 = [0; 0,1,−1],$3 = [0;−1,0,1],$4 = [1;−1,1,0],
$5 = [1; 0,−1,1],$6 = [−1; 1,0,0],$7 = [−1;−1,1,0],$8 = [−1; 0,−1,1],$9 = [−1; 0,0,1].

5a− (010110000) 5b− (110110000) 5b+ (111110000) 5a+ (101110000)
4a− (010111000) 4b− (110111000) 4b+ (111110001) 4a+ (101110001)
3a− (010111001) 3b− (110111001) 3b+ (111111001) 3a+ (101111001)
2a− (010101001) 2b− (110101001) 2b+ (111111101) 2a+ (101111101)
1a− (010001001) 1b− (110101101) 1b+ (111101101) 1a+ (101111111)

Figure 6: Chambers of the hyperplane arrangement I(A1⊕A2,R) with R = (3,1)⊕(1,15)⊕(1,6)⊕(2,4) ⊕ (2, 4̄) ⊕ (1,4) ⊕ (1, 4̄). Each circle corresponds to a chamber. The label on the edge
connecting two chambers is the wall separating them. In the sign vector, an entry s means a sign(−1)s+1 for the corresponding form, that is, s = 0 (resp. s = 1) means that the corresponding linear
form is negative (resp. positive). For example, the chamber 1a− corresponds to (010001001), which
gives the sign vector (−1,1,−1,−1,−1,1,−1,−1).
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1a− 1b−

2ab−

3ab−

4ab−

5ab−

1b+

2ab+

3ab+

4ab+

5ab+

1a+

$7

$5

$9

$6

$5

$7

$6

$9

$3

$4 $8

$3

$3

The weights corresponding to the 7 entries are v = ($3,$4,$5,$6,$7,$8,$9),
where $3 = [0;−1,0,1],$4 = [1;−1,1,0],$5 = [1; 0,−1,1],$6 = [−1; 1,0,0],
$7 = [−1;−1,1,0],$8 = [−1; 0,−1,1],$9 = [−1; 0,0,1].

5ab− (0110000) 5ab+ (1110000)
4ab− (0111000) 4ab+ (1110001)
3ab− (0111001) 3ab+ (1111001)
2ab− (0101001) 2ab+ (1111101)

1a− (0001001) 1b− (0101101) 1b+ (1101101) 1a+ (1111111)

Figure 7: Chambers of the hyperplane arrangement I(A1 ⊕ A2,R) with R = (3,1) ⊕ (1,15) ⊕(2,4)⊕ (2, 4̄)⊕ (1,6). Each circle corresponds to a chamber. The label on the edge connecting two
chambers is the wall separating them. In the sign vector, an entry s means a sign (−1)s+1 for the
corresponding form, that is, s = 0 (resp. s = 1) means that the corresponding linear form is negative
(resp. positive). For example, the chamber 1a− corresponds to (010001001), which gives the sign
vector (−1,1,−1,−1,−1,1,−1,−1).
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3.5 Triple intersection numbers

In contrast to the Euler characteristic, the triple intersection polynomial do depend on the choice
of a crepant resolution. Those presented here corresponds to the crepant resolutions given by the
sequence of blowups listed in Table 4. For each model, we compute the triple intersection numbers
of the fibral divisors. We start with the Weierstrass models ϕ ∶ Y → B listed in Table 2 and consider
the crepant resolution f ∶ Ỹ → Y induced by the sequence of blowups in Table 4. The crepant
resolution produces fibral divisors Ds

a and Dt
a whose classes are listed in Table 5. Here, the index a

runs through {1,2} for Sp(4) and {1,2,3} for SU(4). The class of the proper transform Ỹ of Y is

(SU(2) × Sp(4))/Z2, SU(2) × Sp(4) ∶ [Ỹ ] = 3H + 6L − 2E1 − 2W1 − 2W2, (3.7)

(SU(2) × SU(4))/Z2, SU(2) × SU(4) ∶ [Ỹ ] = 3H + 6L − 2E1 − 2W1 −W2 −W3. (3.8)

The triple intersection numbers are then given by

Ftrip = ϕ∗f∗ ⎛⎝(Ds
1ψ1 +∑

a

Dt
aφa)3 [Ỹ ]⎞⎠ . (3.9)

The pushforwards are computed using theorems 2.12 and 2.13. We specialize to the Calabi-Yau case
by imposing the condition L = −K which ensures that the canonical class of Y is trivial. The triple
intersection polynomial of the Calabi-Yau threefold obtained by the resolutions listed in Table 4 are

F
(SU(2)×Sp(4))/Z2

trip = − 8(T + 3K)(T + 2K)ψ3
1 − 8T 2φ31 − 4T (K + T )φ32 − 12KTφ21φ2+ 6T (T + 2K)φ1φ22 + 12T (T + 2K)ψ1(2φ21 − 2φ2φ1 + φ22). (3.10)

F
SU(2)×Sp(4)
trip = − 2S(S − 2K)ψ3

1 − 8T 2φ31 + 2T (2K + S)φ32 (3.11)

+ 6T (S + 2T + 2K)φ21φ2 − 6T (2K + S + T )φ1φ22 − 6STψ1 (2φ21 − 2φ2φ1 + φ22) .
F
(SU(2)×SU(4))/Z2

trip = − 8 (6K2 + 5KT + T 2)ψ3
1 − 4T (K + T ) (φ31 + φ32) − 2T (K + 2T )φ33 + 6KTφ21φ3− 6KTφ1φ2φ3 + 3T (T + 2K)φ22 (φ1 + φ3) − 3KTφ2 (φ21 + φ23) (3.12)

+ 12T (T + 2K)ψ1 (φ21 − φ2φ1 + φ22 + φ23 − φ2φ3) .
F

SU(2)×SU(4)
trip = − 2S(S − 2K)ψ3

1 − 4T (K + T )φ31 + 2T (S + 2K)φ32 − 2T (K + 2T )φ33 + 6KTφ21φ3− 6KTφ1φ2φ3 − 3T (2K + S + T )φ22 (φ1 + φ3) + 3T (3K + S + 2T )φ2 (φ21 + φ23)− 6STψ1 (φ21 − φ2φ1 + φ22 + φ23 − φ2φ3) . (3.13)

3.6 The prepotential of the five-dimensional theories

Following Intrilligator, Morrison, and Seiberg [43], we compute the quantum contribution to the
prepotential of a five-dimensional gauge theory (6FIMS) with the matter fields in the representations
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Ri of the gauge group. Let φ be in the Cartan subalgebra of a Lie algebra g. We denote by
φ = {ψ1, φ1, φ2} for the cases with g = su(2) + sp(4), and we denote by φ = {ψ1, φ1, φ2, φ3} for the
cases with g = su(2)+su(4). The weights are in the dual space of the Cartan subalgebra. We denote
the evaluation of a weight on φ as a scalar product ⟨µ,φ⟩. We recall that the roots are the weights
of the adjoint representation of g. Denoting the fundamental roots by α and the weights of Ri by
$ we have

FIMS = 1

12

⎛⎝∑α ∣⟨α,φ⟩∣3 −∑
Ri

∑
$∈Wi

nRi ∣⟨$,φ⟩∣3⎞⎠ . (3.14)

The representations R for each group are determined geometrically by using the splittings of the
curves. The prepotential is computed in a particular chamber of the five-dimensional theory that
matches with the crepant resolution in which the triple intersection polynomial is computed.

For the case of G = (SU(2) × Sp(4))/Z2, we first determine that matching chamber is given by

Chamber [−,+] ∶ 2φ2 > 2φ1 > φ2 > 0 ∧ ψ1 > φ1,
which is the left chamber in Figure 3.4. The prepotential in this chamber [−,+] is given by

6FIMS = − 4(n2,4 + 2n3,1 − 2)ψ3
1 − 8(n1,10 − 1)φ31 + (−8n1,10 − n1,5 + 8)φ32− 3φ21φ2(4n1,10 + n1,5 − 4) + 3(6n1,10 + n1,5 − 6)φ1φ22+ ψ1 (−12n2,4φ

2
1 + 12n2,4φ2φ1 − 6n2,4φ

2
2) .

(3.15)

For the case of G = SU(2) × Sp(4), we find the matching chamber to be

Chamber [−,+] ∶ 2φ2 > 2φ1 > φ2 > 0 ∧ ψ1 > φ1,
which is the very same chamber with the one above with a trivial Mordell-Weil group. Due to its
different representations, the prepotential is given by

6FIMS = − (n2,1 − 4n2,4 + 8n3,1 − 8)ψ3
1 − 8(n1,10 + n1,5 − 1)φ31 − (8n1,10 + n1,4 − 8)φ32− 3φ21φ2(4n1,10 + n1,4 − 4n1,5 − 4) + 3(6n1,10 + n1,4 − 2n1,5 − 6)φ1φ22+ ψ1 (−12n2,4φ

2
1 + 12n2,4φ1φ2 − 6n2,4φ

2
2) .

(3.16)

For the case of G = (SU(2) × SU(4))/Z2, we find the matching chamber to be

Chamber 5ab+ ∶ φ1 > φ2 > 0 ∧ ψ1 > φ1 ∧ ψ1 > φ3 > φ2 − ψ1, (3.17)
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which is a chamber on the top right of Figure 7. The prepotential in this chamber is given by

6FIMS = − 4(n2,4 + n2,4̄ + 2n3,1 − 2)ψ3
1 − 8(n1,15 − 1)φ31 − (8n1,15 − 8)φ32

− 2(4n1,15 + n1,6 − 4)φ33 − 6n1,6φ
2
1φ3 + 6n1,6φ1φ2φ3 + 3

2
(4n1,15 − 2n1,6 − 4)φ22(φ1 + φ3)

− 3

2
(−2n1,6)φ2(φ21 + φ23) − 6(n2,4 + n2,4̄)ψ1 (φ21 − φ1φ2 + φ22 + φ23 − φ2φ3) .

(3.18)

For the case of G = SU(2) × SU(4), we find the matching chamber to be

Chamber 5b+ ∶ 2φ1 > φ2 > 0 ∧ φ2 > φ3 > φ1 ∧ ψ1 > φ3, (3.19)

which is represented in Figure 6. The prepotential in this chamber is given by

6FIMS = − (n3,1 + 4(n2,4 + n2,4̄ + 2n3,1 − 2))ψ3
1 − 8(n1,15 − 1)φ31− (8n1,15 + n1,4 + n1,4̄ − 8)φ32 − 2(4n1,15 + n1,6 − 4)φ33 − 6n1,6φ

2
1φ3 + 6n1,6φ1φ2φ3

+ 3

2
(4n1,15 + n1,4 + n1,4̄ − 2n1,6 − 4)φ22(φ1 + φ3) − 3

2
(n1,4 + n1,4̄ − 2n1,6)φ2(φ21 + φ23)

− 6(n2,4 + n2,4̄)ψ1 (φ21 − φ1φ2 + φ22 + φ23 − φ2φ3) .
(3.20)

3.7 Number of charged hypermultiplets.

The number of charged hypermultiplets under each representation is obtained by comparing the
triple intersection numbers and the one-loop prepotential:

Ftrip = 6FIMS . (3.21)

The comparison is enough to completely determine the number nRi for the models with a Z2 Mordell-
Weil group, that is, (SU(2) × Sp(4))/Z2 and (SU(2) × SU(4))/Z2. We see that the introduction of
a Z2 Mordell-Weil group removes the fundamental representation, but does not affect the (trace-
less) antisymmetric representation, the adjoint, or bifundamental matters since they are self-dual
representations. However, for the models SU(2) × Sp(4) and SU(2) × SU(4), comparing the triple
intersection numbers and the one-loop prepotential is not enough to fix all the multiplicities and we
are left with some linear relations between the number of representations. This is because without
the Z2, we get additional matter content but the non-zero triple intersection numbers are unchanged.
The remaining linear relations can be solved in many ways. For example, we can use Witten’s genus
formula to count the number of adjoint matters as the genus of the curve supporting the gauge
group [59]. Another possibility is to direct count the number of bi-fundamental representations as
intersection numbers between the divisors S and T . We can also use the vanishing of anomalies
in the six dimensional uplift to fix the remaining linear equations. For example, the gravitational
anomaly or the vanishing of the terms trF 4

a are enough in addition to the linear relations left from
the triple intersection numbers. The result is spelled out in Table 3.
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3.8 Cancellation of anomalies in the uplifted six-dimensional theories

The anomalies in six-dimensional theories can be formally summarized by an eight-form I8 con-
structed from the Riemann curvature two-form R and the gauge curvature two-forms Fi (see [37,55]
and [10,20,56]). The Green-Schwarz mechanism consists of adding a counterterm depending on the
Yang-Mills and gravitational Chern-Simons three-forms and modifying the gauge transformation
of the appropriate antisymmetric self-dual or anti-self-dual two-forms simultaneously [55, 56]. This
requires I8 to factorize into a product of two four-forms. We check these conditions in detail and
factorize the anomaly polynomial I8 explicitly for each cases.

Before factoring the anomaly polynomial I8, a necessary condition is the vanishing of the coeffi-
cients of the terms trR4 and trF 4

a from the quartic contribution of the pure gravitational and the
pure gauge anomalies. The condition on the pure gravitational anomaly requires knowing the Euler
characteristic of the elliptic fibration due to the content of hypermultiplets. Due to the recent re-
sults on the pushforward of blowups [25], we can now easily compute such invariants using a crepant
resolution of singularities with centers that are local complete intersections. In particular, we get
results that are independent of the dimension of the base and provide the results for all n-folds.

Using the number of multiplets, we show that the pure gravitational and the pure gauge anoma-
lies are canceled using the number of representations nRi , which are restricted by matching triple
intersection numbers with the one-loop quantum correction to the cubic prepotential (see Section
2.5). Assuming that the coefficients of trR4 and trF 4

a vanish, for the semi-simple gauge group with
two simple components G = G1 ×G2, the anomaly polynomial is

I8 = K2

8
(trR2)2 + 1

6
(X(2)1 +X(2)2 ) trR2 − 2

3
(X(4)1 +X(4)2 ) + 4Y12,

which we prove to reduce to a perfect square for all case considered, as expected from Sadov’s
work [54]. More precisely,

I8 = 1

2
(K

2
trR2 − 2S tr2 F

2
1 − 2T tr4 F

2
2 )2.

The term that is squared is used as a magnetic source for the antisymmetric two-form in the gravi-
tational multiplet that cancel the anomaly in the Green-Schwarz-Sognatti mechanism.

4 (SU(2) × Sp(4))/Z2-model

The fiber geometry of the collision of Ins
2 and Ins

4 is described in detail. The Weierstrass equation of
Ins
2 +Ins

4 is given by
y2z = x3 + a2x2z + st2xz2, (4.1)

where S = V (s) is the divisor supporting Ins
2 and T = V (t) is the divisor supporting Ins

4 . The
discriminant of this model is

∆ = 16s2t4(a22 − 4st2). (4.2)
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The corresponding simply connected group G and the representation R, which is computed geomet-
rically in the next section, are

G = (SU(2) × Sp(4))/Z2, R = (3,1)⊕ (1,10)⊕ (2,4)⊕ (1,5). (4.3)

The following sequence of blowups gives a crepant resolution of the elliptic fibration:

X0 X1 X2 X3.
(x,y,s∣e1) (x,y,t∣w1) (x,y,w1∣w2) (4.4)

The proper transform is
y2 = e1w1w

2
2x

3 + a2x2 + st2w1x, (4.5)

and the relative projective “coordinates” are

[e1w1w
2
2x ∶ e1w1w

2
2y ∶ z = 1][w1w

2
2x ∶ w1w

2
2y ∶ s][w2x ∶ w2y ∶ t][x ∶ y ∶ w1]. (4.6)

To show that we have a resolution of singularities, it is enough to assume that V (a2), V (s), and
V (t) are smooth divisors intersecting transversally. In particular, working in patches using (x, y, a2)
as a part of the local coordinates, the absence of singularities follows from the Jacobian criterion.
From applying the adjunction formula after each blowup, we conclude that the resolution is crepant.

4.1 Fiber structure and representations

We denote by Ds
i (i = 0,1), Dt

j (j = 0,1,2) the fibral divisors; by Cs
i (i = 0,1) and Ctj (j = 0,1,2) the

generic fibers of Ds
i over S and Dt

j over T , respectively. The fibral divisors for this model are

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ds
0 ∶ s = y2 − e1w1w

2
2x

3 − a2x2 = 0,

Ds
1 ∶ e1 = y2 − a2x2 − st2w1x = 0,

Dt
0 ∶ t = y2 − e1w1w

2
2x

3 − a2x2 = 0,

Dt
1 ∶ w1 = y2 − a2x2 = 0, (two roots C1 = Ct1+ +Ct1−),

Dt
2 ∶ w2 = y2 − a2x2 − st2w1x = 0.

(4.7)

The only components that touch the generator of Z2 are Cs
1 and Ct2. The only sections that touch

the zero section are Ds
0 and Dt

0.

Over S = V (s), we have a generic fiber of type Ins
2 with two geometric components Cs

0 and Cs
1.

The fiber Ins
2 specializes to a fiber of type III over V (a2). Over T = V (t), on the other hand, we

have a generic fiber of type Ins
4 , whose geometric components are Ct0, C

t
1+, C

t
1−, and C

t
2. The fiber

Ins
4 further enhances over V (a2), where two non-split curves Ct1± degenerate, which is represented
on the right side of Figure 8.
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At the collision of S and T , we produce the following curves:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs
0 ∩Ct0 ∶ s = t = y2 − e1w1w

2
2x

3 − a2x2 = 0→ η00,

Cs
1 ∩Ct0 ∶ e1 = t = y2 − a2x2 = 0→ η10±, (two roots for each curve,)

Cs
1 ∩Ct1 ∶ e1 = w1 = y2 − a2x2 = 0→ η11±, (two roots for each curve,)

Cs
1 ∩Ct2 ∶ e1 = w2 = y2 − a2x2 − st2w1x = 0→ η12.

(4.8)

The fiber structure is represented in Figure 8. As expected, the collision of the divisors of the two
fibers (type Ins

2 and Ins
4 ) is naturally enhanced into an Ins

6 .

The fibers of the collisions can be described from the splitting of the curves Cs
i (i = 0,1) and Cti

(i = 0,1,2) from Ins
2 and Ins

4 , respectively:

⎧⎪⎪⎨⎪⎪⎩
Cs
0 → η00, Cs

1 → η10+ + η10− + η11+ + η11− + η12,
Ct0 → η00 + η10+ + η10−, Ct1 → η11+ + η11−, Ct2 → η12.

(4.9)

From these splittings of the curves, we compute the intersection numbers between the curves and
the fibral divisors of Ins

2 and Ins
4 on the collision to be

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2

η00 −2 2 0 0 0
η10+ + η10− 2 −2 −2 2 0

η10± 1 −1 −1 1 0
η11+ + η11− 0 0 2 −4 2

η11± 0 0 1 −2 1
η12 0 0 0 2 −2 .

(4.10)

The physical weight are minus the intersection numbers. We recall that the curve η10± carries the
weight [1] on the su(2) side and the weight [−1,0] on the sp(4) side. This gives [1;−1,0], which
yields the representation (2,4). These non-split curves join together to produce η10+ + η10− with
weight [2;−2,0], and the corresponding representation is (3,10). Hence, the representation for the
Ins
2 +Ins

4 -model with Mordell-Weil group Z2 is R = (3,1) ⊕ (1,10) ⊕ (3,10) ⊕ (2,4) ⊕ (1,5). We
note that for the case of threefolds, the curves η10± are always split since all curve can split over a
codimension-two point. Hence, the bi-adjoint (3,10) does not show up geometrically. Hence for the
Calabi-Yau threefolds, the representation is then

R = (3,1)⊕ (1,10)⊕ (2,4)⊕ (1,5). (4.11)

The only group that is consistent with this representation R is

G = (SU(2) × Sp(4))/Z2, (4.12)

where Z2 is minus the identity.

The representations with respect to (su(2), sp(4)) from this Ins
2 +Ins

4 -model with the Mordell-Weil
group Z2 are summarized in Table 13 below. Here we denoted weights as [ψ;ϕ1, ϕ2] where [ψ] is
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the weight for the su(2) and [ϕ1, ϕ2] is the weight for the sp(4).
Locus tw1w2 = 0 se1 = tw1w2 = 0

Curves Ct
′

1 η10± η10+ + η10−
Weights [0; 2,−1] [1;−1,0] [2;−2,0]

Representations (1,5) (2,4) (3,10)
Table 12: Weights and representations for the Ins

2 +Ins
4 -model with a Mordell-Weil group Z2

C0

C+
1 C−

1

C2

η00

η10+ η11+

η12

η11−η10−

C0

C ′
1 2

C2

η00 η10
′

2

η11
′

2

η12

a2 = 0
t = 0

a2 = 0s = 0

t = 0
a2 = 0

s = 0

Figure 8: Fiber structure of Ins
2 +Ins

4 with a Mordell-Weil group Z2. The diagrams on the top are
the Kodaira fibers of type Ins

2 and Ins
4 . When a2 = 0, Ins

2 specializes to III, as seen in the middle left
diagram, and Ins

4 specializes to the diagram on the middle right. When Ins
2 and Ins

4 collide on the
locus se1 = tw1w2w3 = 0, we get the fiber structure of the collision of Ins

2 and Is4 as the hexagon drawn
in the middle. This enhancement has two newly split curves η10+ and η10− that are of non-split type.
When a2 = 0, this hexagon further specializes to the diagram on the bottom.
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4.2 Coulomb phases

In this section, we show that the Ins
2 +Ins

4 -model with a Mordell-Weil group Z2 has three chambers.
Denote su(2) by [ψ] and sp(4) by [ϕ1, ϕ2, ϕ3]. Then the Weyl chamber of the Ins

2 +Ins
4 -model with

Z2 is defined with three hyperplanes given by

ψ1 > 0, φ2 − φ1 > 0, 2φ1 − φ2 > 0. (4.13)

In addition, the subchambers are defined by the weights of the representation (2,4),
$1 = φ1 − ψ1, $2 = ψ1 + φ1 − φ2, (4.14)

where the summation of these is positive from the first two hyperplanes in equation (4.13):

$1 +$2 = (2φ1 − φ2) + ψ1 > 0. (4.15)

Hence, $1 and $2 cannot be both negative. It follows there are a total of three chambers, which
are denoted by the signs of [$1,$2]:

[−,+] ∶ φ2 > 0 ∧ φ2
2

< φ1 < φ2 ∧ ψ1 > φ1, (4.16)

[+,+] ∶ φ2 > 0 ∧ φ2
2

< φ1 < φ2 ∧ φ2 − φ1 < ψ1 < φ1, (4.17)

[+,−] ∶ φ1 > 0 ∧ φ1 < φ2 < 2φ1 ∧ 0 < ψ1 < φ2 − φ1. (4.18)

The chambers are flop related by $1 and $2, as shown in Figure 3.4.

4.3 5d N = 1 prepotentials and the triple intersection polynomials

The triple intersection polynomial is computed for the Ins
2 +Ins

4 -model with the Mordell-Weil group
Z2 in the crepant resolution:

Ftrip = − 8(T − 3L)(T − 2L)ψ3
1 − 8T 2φ31 + 4T (L − T )φ32 + 12LTφ21φ2 + 6T (T − 2L)φ1φ22+ ψ1(24T (T − 2L)φ21 − 24T (T − 2L)φ2φ1 + 12T (T − 2L)φ22)− 8ψ3

0(3L − 2T )(2L − T ) + 6T (2L − T )φ20 (φ1 − 2ψ1) − 4LTφ30+ 2φ0 (6Tψ2
1(T − 2L) + 12Tψ1φ1(2L − T ) + 6Tφ21(T −L))

+ ψ2
0 (2 (8ψ1(3L − 2T )(2L − T ) − 4ψ1(2L − T )(3L − T )) + 12Tφ0(T − 2L))

+ ψ0 (2 (8ψ2
1(2L − T )(3L − T ) − 4ψ2

1(3L − 2T )(2L − T )) − 24Tψ1φ0(T − 2L)) .

(4.19)

For Calabi-Yau threefolds, the representation for this Ins
2 +Ins

4 -model is geometrically computed as

R = (3,1)⊕ (1,10)⊕ (2,4)⊕ (1,5). (4.20)
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Using these representations, the 5d prepotential in the chamber [−,+] is
6FIMS = − 4(n2,4 + 2n3,1 − 2)ψ3

1 − 8(n1,10 − 1)φ31 + (−8n1,10 − n1,5 + 8)φ32− 3φ21φ2(4n1,10 + n1,5 − 4) + 3(6n1,10 + n1,5 − 6)φ1φ22+ ψ1 (−12n2,4φ
2
1 + 12n2,4φ2φ1 − 6n2,4φ

2
2) .

(4.21)

Using the triple intersection polynomials that are independent from ψ0 and φ0 to match the prepo-
tential, the numbers of representations nR are computed to be

n3,1 = 6L2 − 7LT + 2T 2 + 1 = gS , n2,4 = −2T (T − 2L) = 2(−4gT + T 2 + 4),
n1,5 = 1

2
(LT + T 2) = −gT + T 2 + 1, n1,10 = 1

2
(−LT + T 2 + 2) = gT . (4.22)

4.4 6d N = (1,0) anomaly cancellation

In this section, we consider an Ins
2 +Ins

4 -model with the Mordell-Weil group Z2. Then, the gauge
algebra is given by

g = A1 +C2, (4.23)

and the representation is geometrically computed in section 4 to be

R = (3,1)⊕ (1,10)⊕ (2,4)⊕ (1,5). (4.24)

Then the number of vector multiplets n(6)V , tensor multiplets nT , and hypermultiplets nH are com-
puted to be

n
(6)
V = 13, nT = 9 −K2,

nH = h2,1(Y ) + 1 + n3,1(3 − 1) + n2,4(10 − 2) + n1,5(5 − 1) + n1,10(10 − 2)
= 17K2 + 16KT + 6T 2 + 14.

(4.25)

We recall the number of representations from the earlier subsection:

n3,1 = (2K + T )(3K + 2T ) + 1, n2,4 = −2T (2K + T ),
n1,5 = 1

2
T (T −K), n1,10 = 1

2
(KT + T 2 + 2). (4.26)

Thus, we see that
nH − n(6)V + 29nT − 273 = 0, (4.27)

which means that the pure gravitational anomalies are canceled.

By using the trace identities for SU(2) given by equation (2.22), we first compute the SU(2) side
of the anomaly polynomials. First, we can determine that

n3 = n3,1, n2 = 4n2,4. (4.28)
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Hence, X(2)1 and X(4)1 are given by

X
(2)
1 = (A3(1 − n3) − n2A2) tr2 F

2
1 = −12K(2K + T ) tr2 F

2
1 (4.29)

X
(4)
1 = (B3(1 − n3) − n2B2) tr2 F

4
1 + (C3(1 − n3) − n2C2) (tr2 F

2
1 )2= −12(2K + T )2(tr2 F

2
1 )2. (4.30)

Now consider the Sp(4) side of the anomaly cancellation by using the trace identities for Sp(4) given
by equation (2.23). We first determine that

n10 = n1,10, n5 = n1,5, n4 = 2n2,4. (4.31)

Hence, X(2)2 and X(4)2 are given by

X
(2)
2 = (A10(1 − n10) − n5A5 − n4A4) tr4 F

2
2 = 6KT tr4 F

2
2 (4.32)

X
(4)
2 = (B10(1 − n10) − n5B5 − n4B4) tr4 F

4
2 + (C10(1 − n10) − n5C5 − n4C4) (tr4 F

2
2 )2= −3T 2(tr4 F

2
2 )2. (4.33)

Now we further include on both the SU(2) and Sp(4) sides the additional mixed term

Y12 = n2,4 tr2 F
2
1 tr4 F

2
2 ; (4.34)

this is necessary to fully consider the bifundamental representation (2,4). Then the full anomaly
polynomial is given by

I8 = 9 − nT
8

(trR2)2 + 1

6
(X(2)1 +X(2)2 ) trR2 − 2

3
(X(4)1 +X(4)2 ) + 4Y12

= 1

8
(K trR2 − 16K tr4 F

2
2 − 8T tr4 F

2
2 + 4T tr2 F

2
1 )2 , (4.35)

which is a perfect square. This means that the total anomalies are canceled.

5 SU(2) × Sp(4)-model

In this section we consider the Ins
2 +Ins

4 -model with a trivial Mordell-Weil group. The Weierstrass
model is

y2z = x3 + a2x2z + ã4st2xz2 + ã6s2t4z3. (5.1)

The discriminant is

∆ = −16s2t4(4a32ã6 − a22ã24 − 18a2ã4ã6st
2 + 4ã34st

2 + 27ã26s
2t4). (5.2)

The corresponding simply connected group G and the representation R, which is computed geomet-
rically in the next section, are

G = SU(2) × Sp(4), R = (3,1)⊕ (1,10)⊕ (2,1)⊕ (2,4)⊕ (1,5)⊕ (2,1)⊕ (1,4). (5.3)
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The following sequence of blowups is a crepant resolution of the Weierstrass model:

X0 X1 X2 X3.
(x,y,s∣e1) (x,y,t∣w1) (x,y,w1∣w2) (5.4)

The proper transform is
y2 = e1w1w

2
2x

3 + a2x2 + ã4st2w1x + ã6s2t4, (5.5)

and the relative projective coordinates are

[e1w1w
2
2x ∶ e1w1w

2
2y ∶ z = 1][w1w

2
2x ∶ w1w

2
2y ∶ s][w2x ∶ w2y ∶ t][x ∶ y ∶ w1]. (5.6)

To prove that this is a crepant resolution, it is enough to assume that V (a2), V (ã6), S = V (s), and
T = V (t) are smooth divisors intersecting two by two transversally.

5.1 Fiber structure and representations

The fibral divisors for this model are

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ds
0 ∶ s = y2 − x2(e1w1w

2
2x + a2) = 0,

Ds
1 ∶ e1 = y2 − a2x2 − ã4st2w1x − ã6s2t4w2

1 = 0,

Dt
0 ∶ t = y2 − x2(e1w1w

2
2x + a2) = 0,

Dt
1 ∶ w1 = y2 − a2x2 = 0,

Dt
2 ∶ w2 = y2 − a2x2 − ã4st2w1x − ã6s2t4w2

1 = 0.

(5.7)

The fiber Ins
2 specializes to a fiber of type III over V (a2) and a fiber of type Ins

3 over V (a2ã6−4ã24) as
the generic fiber of Ds

1 degenerates into two lines Cs
1±. The intersection numbers between the curves

and the fibral divisors of Ins
2 are

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2

Cs
0 −2 2 0 0 0

Cs
1± 1 −1 0 0 0

Cs
1+ +Cs

1− 2 −2 0 0 0

(5.8)

We get the weight [−1] from each copy of Cs
1±. This is in the representation 2 of A1 and uncharged

from sp(4) as it is away from its locus. Hence, the charged matter is in the representation (2,1).
Over T = V (t), we have a generic fiber of type Ins

4 , whose geometric components are Cs
0, C

t
1+,

Ct1−, and C
t
2. The curve Ct2 is a conic that splits into two lines over V (4a2ã6 − ã24),

Ct2 → Ct2+ +Ct2−, (5.9)

which results in the degeneration Ins
4 → Ins

5 . Then we get an enhancement of type Ins
5 , which is

represented in Figure 9. Based on the splitting of the curve Ct2, with C
t
0, C

t
1, and C

t
3 remaining the

same, the intersection numbers between these curves and the fibral divisors of Ins
4 are computed to
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find the weights of the new curves:

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2

Ct0 0 0 −2 2 0

Ct1+ 0 0 1 −2 1

Ct2+ 0 0 0 1 −1

Ct2− 0 0 0 1 −1

Ct1− 0 0 1 −2 1

(5.10)

From the new splittings of the curves, each produce the weight [−1,1], which corresponds to the
representation 4 of sp(4). Since this is away from the locus of se1 = 0, the weight produced is simply[0;−1,1]. Thus, the charged matter is in the representation (1,4) of (su(2), sp(4)).

At the collision of S and T , we get the following curves:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs
0 ∩Ct0 ∶ s = t = y2 − x2(e1w1w

2
2x + a2) = 0→ η00,

Cs
1 ∩Ct0 ∶ e1 = t = y2 − a2x2 = 0→ η10±, (two roots for each curve,)

Cs
1 ∩Ct1 ∶ e1 = w1 = y2 − a2x2 = 0→ η11±, (two roots for each curve,)

Cs
1 ∩Ct2 ∶ e1 = w2 = y2 − a2x2 − ã4st2w1x − ã6s2t4w2

1 = 0→ η12.

(5.11)

The fiber structure is presented in Figure 9. As expected, we get a natural enhancement of an Ins
6 .

The fibers of the collisions can be described from the splitting of the curves Cs
i (i = 0,1) from Ins

2 and
the curves Cti (i = 0,1,2) fom Ins

4 . From these splittings of the curves, we compute the intersection
numbers between the curves and the fibral divisors of Ins

2 and Ins
4 . The splitting of the curves Cs

a

and their intersection numbers with the fibral divisors are computed to be

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2

η00 −2 2 0 0 0

η10+ + η10− 2 −2 −2 2 0

η10± 1 −1 −1 1 0

η11+ + η11− 0 0 2 −4 2

η11± 0 0 1 −2 1

η12 0 0 0 2 −2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs
0 → η00

Cs
1 → η10+ + η10− + η11+ + η11− + η12

Ct0 → η00 + η10+ + η10−
Ct1 → η11+ + η11−
Ct2 → η12

(5.12)

The curve η10± yields the representation (2,4). These nonsplit curves together η10+ + η10− produce
the weight [2;−2,0], the corresponding representation is (3,10). Hence, the representation for the
Ins
2 +Ins

4 -model with a trivial Mordell-Weil group is R = (3,1) ⊕ (1,10) ⊕ (3,10) ⊕ (2,4) ⊕ (1,5) ⊕(2,1)⊕(1,4).We note that for the case of threefolds, the curves η10± are always split since all curve
can split over a codimension-two point. Hence, the bi-adjoint (3,10) does not show up geometrically,
and the representation is then

R = (3,1)⊕ (1,10)⊕ (2,4)⊕ (1,5)⊕ (2,1)⊕ (1,4). (5.13)

We summarize the representations and the weights of this model with their locus in Table 13.
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Locus tw1w2 = 0 se1 = tw1w2 = 0 se1 = 0

Curves Ct
′

1 Ct2± η10± η10+ + η10− C1±

Weights [0; 2,−1] [0;−1,1] [1;−1,0] [2;−2,0] [−1; 0,0,0]
Representations (1,5) (1,4) (2,4) (3,10) (2,1)

Table 13: Weights and representations for the Ins
2 +Ins

4 -model with a trivial Mordell-Weil group.

When a2 = 0, η10± becomes a degenerate node η10
′

with degeneracy two and η11± also degenerates
into a single node η11

′

of degeneracy two:

η10± → η10
′

, η11± → η11
′

, (5.14)

where the two new types of the curves are given by

η10
′ ∶ e1 = t = y = 0, and η11

′ ∶ e1 = w1 = y = 0. (5.15)

This new fiber structure for a2 = 0 is the bottom left diagram of Figure 9. When ã24 − a2ã6 = 0

instead, η12 is geometrically reducible, and thus becomes two nonsplit curves

η12 → η12+
′ + η12−′ . (5.16)

Therefore, we get the bottom right diagram in Figure 9. When a2 = ã4 = 0, η12 geometrically reduces
into two nonsplit curves

η12 → η12+
′′ + η12−′′ ∶ e1 = w2 = y2 − ã6s2t4w2

1 = 0, (5.17)

whereas from the other specialization when ã24 − a2ã6 = ã4 = 0,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
η10 → η10

′

,

η11 → η11
′

,

η12 → η12+
′′ + η12−′′ .

(5.18)

When a2 = ã4 = ã6 = 0, the nonsplit fibers become η12
′′′

with degeneracy two:

η12±
′′ → η12

′′′ ∶ e = w2 = y = 0, (5.19)

which gives the fiber structure to be the very bottom diagram in Figure 9.
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Ct
0

Ct
1+ Ct

1−

Ct
2

Cs
0

Cs
1+ Cs

1−

η00

η10+ η11+

η12

η11−η10−

Ct
0

Ct′
1 2

Ct
2

Ct
0

Ct
1+

Ct
2+ Ct

2−

Ct
1−

Cs
0

Cs′
1+ Cs′

1−
η00 η10

′

2

η11
′

2

η12

η00

η10+ η11+ η12+

η12−η11−η10−

Ct
0

C ′t
1 2

Ct
2+Ct

2−

Cs
0

Cs′′
12

η00 η10
′

2

η11
′

2 η12+′′

η12−′′

Ct
0

C ′t
1 2

Ct′
2 2

η00 η10
′

2

η11
′

2

η12
′′′

2

a2 = 0
a2ã6 − 4ã24 = 0

t = 0
a2 = 0

a2ã6 − ã24 = 0s = 0

a2 = 0 t = 0t = 0ã24 − 4ã6 = 0
a2 = 0

a2ã6 − ã24 = 0
s = 0 ã4 = 0 s = 0

a2 = 0

ã6 = 0 t = 0 ã4 = 0
a2 = 0 s = 0 ã6 = 0

t = 0
ã6 = 0 s = 0

Figure 9: Fiber structure of Ins
2 +Ins

4 with a trivial Mordell-Weil group. The diagrams on the top
are the Kodaira fibers of type Ins

2 and Ins
4 . When a2 = 0, Ins

2 specializes to III as seen in the middle
left diagram, and Ins

4 specializes to the diagram on the middle right. When Ins
2 and Ins

4 collide on
the locus se1 = tw1w2w3 = 0, we get the fiber structure as an hexagon drawn in the middle. This
enhancement has two newly split curves η10+ and η10− that are of non-split type. When a2 = 0, this
hexagon further specializes to the diagram on the bottom left, but when ã24 − a2ã6 = 0, the hexagon
becomes a heptagon.
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5.2 Coulomb phases

The groups SU(2) and Sp(4) individually have a unique Coulomb chamber. Their product with
the bifundamental representation introduces an interior wall inside the Weyl chamber, which yields
three chambers. Since we have the same Lie algebra with the bifundamental representation (2,4),
the chamber structure does not change under the change of the Mordell-Weil group.

5.3 5d N = 1 prepotentials and the triple intersection polynomials

The Ins
2 +Ins

4 -model with a trivial Mordell-Weil group has the identical blowups with the nonsplit
model with the Mordell-Weil group Z2, and the fiber structure in codimension two is the same for
the hexagon. Hence, the triple intersection polynomial and the prepotential are the same with the
Ins
2 +Ins

4 -model with the Z2, without the relation between two divisors of class S and T . Thus, the
triple intersection polynomial is given by

Ftrip = − 2S(2L + S)ψ3
1 − 8T 2φ31 − 2T (2L − S)φ32+ 6T (S + 2T − 2L)φ21φ2 − 6T (−2L + S + T )φ1φ22 − 6STψ1 (2φ21 − 2φ2φ1 + φ22)+ 6Tφ20 ((S + T − 2L)φ1 − Sψ1) + 6Tφ0 ((2L − S)φ21 − S (ψ0 − ψ1)2 + 2Sψ1φ1)− 2T (−2L + S + 2T )φ30 + 4Sψ3

0(L − S) + 6S(S − 2L)ψ2
0ψ1 + 12LSψ0ψ

2
1.

(5.20)

The representations we achieve geometrically are

R = (3,1)⊕ (2,1)⊕ (2,4)⊕ (1,4)⊕ (1,5)⊕ (1,10). (5.21)

Using these representations, the 5d prepotential is computed for chamber 1, which is [−,+], to be

6FIMS = − (n2,1 − 4n2,4 + 8n3,1 − 8)ψ3
1 − 8(n1,10 + n1,5 − 1)φ31 − (8n1,10 + n1,4 − 8)φ32− 3φ21φ2(4n1,10 + n1,4 − 4n1,5 − 4) + 3(6n1,10 + n1,4 − 2n1,5 − 6)φ1φ22+ ψ1 (−12n2,4φ

2
1 + 12n2,4φ1φ2 − 6n2,4φ

2
2)

(5.22)

The triple intersection numbers that are independent from ψ0 and φ0, which are the first two lines
of the equation (5.20), are matched with the 5d prepotential term by term. This fixes the linear
combination of the number of representations nR:

8n3,1 + n2,1 = 2S(2L + S − 2T ) + 8,

8n1,10 + n1,4 = 2(2LT − ST + 4), n1,10 + n1,5 = T 2 + 1.
(5.23)

However, we need further information in order to fix the number of representations.

Using the fact that the charged matter in the representation (1,4) is from the splittings of the
curve Ct2 → Ct2+ + Ct2− when 4a2ã6 − ã24 = 0, whose class is given by twice of [ã4] = (4L − S − 2T ),
in the locus of tw1w2 = 0, we can safely see that this gives the class n1,4 = 2T (4L − S − 2T ). With
this specified n1,4, we can fix the number of representations for n1,5 and n1,10. Moreover, n2,1

and n3,1 terms are both only in ψ3
1 term. In order to fix these representations, we look into the

specialization of the curve Cs
1 → Cs

1+ +Cs
1− that produces the charged matter in the representation
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(2,1). This specialization was when 4a2ã6 − ã24 = 0, whose class is then the same as twice the class
of [ã4] = 4L − S − 2T . Since the splittings happen when se1 = 4a2ã6 − ã24 = 0, we can safely see that
this gives the class n2,1 = 2S(4L − S − 2T ). Hence, the number of representations nR can all be
computed, which are listed below:

n3,1 = 1

2
(−LS + S2 + 2) , n2,1 = 2S(4L − S − 2T ), n2,4 = ST,

n1,4 = 2T (4L − S − 2T ) n1,5 = 1

2
T (L + T ), n1,10 = 1

2
(−LT + T 2 + 2) . (5.24)

When we impose the Calabi-Yau condition, L = −K, n3,1 = gS and n1,10 = gT .
5.4 6d N = (1,0) anomaly cancellation

To compute the number of hypermultiplets, we recall the number of representations from section
5.2:

n3,1 = 1

2
(KS + S2 + 2) , n2,1 = −2S(4K + S + 2T ), n2,4 = ST,

n1,4 = −2T (4K + S + 2T ), n1,5 = −1

2
(KT − T 2), n1,10 = 1

2
(KT + T 2 + 2) . (5.25)

The number of vector multiplets n(6)V , tensor multiplets nT , and hypermultiplets nH are

n
(6)
V = 13, nT = 9 −K2,

nH = h2,1(Y ) + 1 + n2,1(2 − 0) + n3,1(3 − 1) + n2,4(8 − 0) + n1,4(4 − 0)
+ n1,5(5 − 1) + n1,10(10 − 2) = 29K2 + 25.

(5.26)

The coefficients of the trR4 vanishes as nH −n(6)V +29nT −273 = 0, so we can conclude that the pure
gravitational anomalies are canceled out.

The terms X(2)1 , X(2)2 , X(4)1 , X(4)2 , and Y12 are obtained as4

X
(2)
1 = (A3(1 − n3) − n2A2) tr2 F

2
1 = 6KS tr2 F

2
1 , (5.27)

X
(2)
2 = (A10(1 − n10) − n5A5 − n4A4) tr4 F

2
2 = 6KT tr4 F

2
2 , (5.28)

Y12 = n2,4 tr2 F
2
2 tr4 F

2
2 = ST tr2 F

2
2 tr4 F

2
2 , (5.29)

X
(4)
1 = (B3(1 − n3) − n2B2) tr2 F

4
1 + (C3(1 − n3) − n2C2) (tr2 F

2
1 )2 = −3S2(tr2 F

2
1 )2, (5.30)

X
(4)
2 = (B10(1 − n10) − n5B5 − n4B4) tr4 F

4
2 (5.31)

+ (C10(1 − n10) − n5C5 − n4C4) (tr4 F
2
2 )2 = −3T 2(tr4 F

2
2 )2, (5.32)

4A key point of the computation is that along SU(2), a hypermultiplet transforming in the representation (2,4)
is seen as 4 hypermultiplets in the representation 2 of SU(2). In the same way, the same hypermultiplet in the
representation (2,4) is seen from the group Sp(4) as 2 hypermultiplets in the representation 4 of Sp(4). It follows
that we use

n3 = n3,1, n2 = n2,1 + 4n2,4, n10 = n1,10, n5 = n1,5, n4 = n1,4 + 2n2,4.

38



Since we have a theory with two quartic Casimirs, to satisfy the anomaly cancellation conditions,
the coefficients of the tr2 F

4
1 and tr4 F

4
2 must vanish. These terms are coming from X

(4)
1 and X(4)2 .

We can observe from the equations above that the coefficients of tr2 F
4
1 and tr2 F

4
1 indeed vanish.

Using the terms above, we compute the anomaly polynomial as

I8 = 1

2
(1

2
K trR2 + 2S tr4 F

2
2 + 2T tr2 F

2
1 )2 , (5.33)

which is a perfect square. Hence we conclude that the anomalies are all canceled when lifted to the
six-dimensional theories.

6 (SU(2) × SU(4))/Z2-model

In this section, we study the Ins
2 +Is4 with a Z2 Mordell-Weil group. The Weierstrass model is

y2z + a1xyz = x3 + ã2tx2z + st2xz2. (6.1)

The discriminant for this model is

∆ = s2t4 (a41 + 8a21ã2t + 16ã22t
2 − 64st2) . (6.2)

The corresponding simply connected group G and the representation R, which is computed geomet-
rically in the next section, are

G = (SU(2) × SU(4))/Z2, R = (3,1)⊕ (1,15)⊕ (1,6)⊕ (2,4)⊕ (2, 4̄). (6.3)

We consider the following sequence of blowups for a crepant resolution:

X0 X1 X2 X3 X4
(x,y,s∣e1) (x,y,t∣w1) (y,w1∣w2) (x,w2∣w3)

. (6.4)

The proper transform is

w2y
2 + a1xy = w1x(e1w2

3x
2 + ã2w3tx + st2), (6.5)

where the relative projective coordinates are given by

[e1w1w2w
2
3x ∶ e1w1w

2
2w

2
3y ∶ z = 1][w1w2w

2
3x ∶ w1w

2
2w

2
3y ∶ s][w3x ∶ w2w3y ∶ t][y ∶ w1][x ∶ w2]. (6.6)
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6.1 Fiber structure

This model has the following fibral divisors that corresponds to their curves:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ds
0 ∶ s = w2y

2 + a1xy −w1w3x
2(e1w3x + ã2t) = 0,

Ds
1 ∶ e1 = w2y

2 + a1xy −w1tx(ã2w3x + st) = 0,

Dt
0 ∶ t = w2y

2 + a1xy − e1w1w
2
3x

3 = 0,

Dt
1 ∶ w1 = w2y + a1x = 0

Dt
2 ∶ w3 = w2y

2 + x(a1y −w1st
2) = 0

Dt
3 ∶ w2 = a1y −w1(e1w2

3x
2 + ã2w3tx + st2) = 0.

(6.7)

The fiber of type Ins
2 consists of two curves Cs

i (i = 0,1) with their intersection point given by

Cs
0 ∩Cs

1 ∶ s = e1 = w2y
2 + a1xy − ã2tw1w3x

2 = 0. (6.8)

Hence it specializes to a type III fiber over V (a21 + 4ã2t).
On the other hand, over T = V (t), we have a generic fiber of type Is4 with its geometric components

Ct0, C
t
1, C

t
2, and C

t
3. This fiber Is4 enhances into a fiber of type I∗ss0 over V (a1), which is presented

in Figure 10. The curve Ct1 specializes into the central node Ct13 where

Ct1 → Ct13 ∶ w1 = w2 = 0. (6.9)

The curve Ct3 splits into three curves Ct12, which is the central node, and Ct
′

3±, which is given by the
two roots of the curve:

Ct3 → Ct13 +Ct′3+ +Ct′3− (Ct′3± ∶ w2 = e1w2
3x

2 + ã2tw3x + st2 = 0). (6.10)

From this specialization, we can compute the weights of the curves to see what charged matter we
have in the five-dimensional theory.

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3

Ct0 0 0 -2 2 0 0
2Ct13 0 0 2 -4 2 0
Ct2 0 0 0 0 -2 2

Ct
′

3+ +Ct′3− 0 0 0 2 0 -2 .

(6.11)

For the curve Ct13, the weight is computed to be [2,−1,0], and this corresponds to the representation
15, which is the adjoint representation of su(4). The curves Ct

′

3± each carries the weight [−1,0,1]
that corresponds to the representation 6, which is the antisymmetric representation of su(4). Since
these two curves are nonsplit, when we compute the weight of them together as Ct

′

3 = Ct′3+ +Ct′3−, the
representation is 20′. Since the locus is away from se1 = 0, it is uncharged on the side for su(2) and
hence the representation for the whole product group su(2) × su(4) is (1,6).
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At the collision of both S and T ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs
0 ∩Ct0 ∶ s = t = w2y

2 + a1xy −w1w
2
3e1x

3 = 0→ η00,

Cs
1 ∩Ct0 ∶ e1 = t = w2y + a1x = 0→ η10,

e1 = t = y = 0→ η10y,

Cs
1 ∩Ct1 ∶ e1 = w1 = w2y + a1x = 0→ η11,

Cs
1 ∩Ct2 ∶ e1 = w3 = w2y

2 + x(a1y −w1st
2) = 0→ η12,

Cs
1 ∩Ct3 ∶ e1 = w2 = a1y −w1t(ã2w3x + st) = 0→ η13.

(6.12)

The fiber structure for this collision is an Is6 fiber, as depicted in Figure 10.

In order to compute the weights for this collision of su(2) × su(4), we need to investigate the
splittings of the curves from Cs

i (i = 0,1) and Cti (i = 0,1,2,3). We find that

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs
0 → η00,

Cs
1 → η10 + η11 + η12 + η13,

Ct0 → η00 + η10 + η10y,
Ct1 → η11,

Ct2 → η12,

Ct3 → η13.

(6.13)

Using linear relations, the intersection numbers between the curves and the Cartan divisors are
computed below. Since η00, η11, η12, and η13 are obtained directly from Cs

0, C
t
1, C

t
2, and C

t
3 without

modifications, the only curves in consideration are η10 and η10y and we get

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3

η00 −2 2 0 0 0 0

η10 1 −1 −1 1 0 0

η10y 1 −1 −1 0 0 1

η11 0 0 1 −2 1 0

η12 0 0 0 1 −2 1

η13 0 0 1 0 1 −2

(6.14)

Note that for su(2), we only get the weight [1], which is in the representation 2. On the
other hand, for su(4), η10 gives the weight [−1,0,0] and η10y gives the weight [0,0,−1]. These are
in representations 4̄ and 4 respectively. Thus, we get the bifundamentals (2,4) ⊕ (2, 4̄) for our
product group su(2) × su(4).

The representations with respect to (su(2), su(4)) from this Ins
2 +Is4-model with the Mordell-Weil

group Z2 are summarized in Table 14 below. Here we denoted weights as [ψ;ϕ1, ϕ2, ϕ3], where [ψ]
is the weight for the su(2) and [ϕ1, ϕ2, ϕ3] is the weight for the su(4).
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Locus tw1w2 = 0 se1 = tw1w2 = 0

Curves Ct13 Ct
′

3± η10 η10y

Weights [0; 2,−1,0] [0;−1,0,1] [1;−1,0,0] [1; 0,0,−1]
Representations (1,15) (1,6) (2, 4̄) (2,4)

Table 14: Weights and representations for the Ins
2 +Is4-model with the Mordell-Weil group Z2.

We have identified the charged matters for the product group g = su(2) × su(4) to be

R = (3,1)⊕ (1,15)⊕ (2,4)⊕ (2, 4̄)⊕ (1,6). (6.15)

When a1 = 0, η10 and η13 split and η11 produces a curve that intersects with three curves. The
splittings of the curves when a1 = 0 is

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
η10 → η103 + η10y,
η11 → η113,

η13 → η103 + η113 + η13′ ,
⎧⎪⎪⎨⎪⎪⎩
η103 ∶ e1 = t = w2 = 0, η10y ∶ e1 = t = y = 0,

η113 ∶ e1 = w1 = w2 = 0, η13
′ ∶ e1 = w2 = ã2w3x + st = 0.

(6.16)

This new fiber structure when a1 = 0 is the diagram in the third row of Figure 10. The intersection
numbers between the new curves of this enhancement and the fibral divisors of Ins

2 and Is4 are

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3

η00 −2 2 0 0 0 0

η103 0 0 0 1 0 −1

η10y 1 −1 −1 0 0 1

η113 0 0 1 −2 1 0

η12 0 0 0 1 −2 1

η13
′

0 0 0 1 0 −1

(6.17)

The weight of the curve η103 is [0;−1,0,1], which corresponds to the representation (1,6). The curve
η10y is the same as before but with a degeneracy of two, with the weight [1; 0,0,−1] that corresponds
to the representation (2,4). The curve η113 carries the same weight as the curve η11 earlier due to
the linear relation, yielding the weight [0; 2,−1,0], which corresponds to the representation (1,15).
The weight of the curve η13

′

is then computed as [0;−1,0,1], which corresponds to the representation(1,6). Interestingly, all the new curves are in the adjoint representation of su(4) and uncharged
under su(2). Consider when a1 = ã2 = 0, which produces a codimension-four specialization. The
only curve that transforms is

η13
′ → η103 ∶ e1 = t = w2 = 0, (6.18)

which changes the geometry into the bottom diagram of Figure 10.
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Ct
0

Ct
1 Ct

3

Ct
2

η00

η10 η11

η12

η13η10y

Ct
0

Ct
13

2

Ct′
3+

Ct′
2 Ct′

3−

η00 η10y

2

η103

2

η113

2

η12

η13
′

η00 η10y

2

η103

3

η113

2

η12

a21 + 4ã2t = 0 t = 0
a1 = 0s = 0

t = 0
a1 = 0 s = 0

ã2 = 0

Figure 10: Fiber structure of Ins
2 +Is4 with a Mordell-Weil group Z2.The diagrams on the top are the

Kodaira fibers of type Ins
2 and Is4. When they collide on the locus se1 = tw1w2w3 = 0, we get the

fiber structure of the collision of Ins
2 and Is4 as a hexagon drawn in the middle. This enhancement

has two newly split curves η10 and η10y that give the representations (2,4)⊕ (2, 4̄). When a1 = 0,
this hexagon further specializes to the diagram on the third row. When a1 = ã2 = 0, this further
specializes into the diagram on the bottom.
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6.2 Coulomb phases

We determine the chamber structures by considering the weights that are sign indefinite. First we
find the weights that constrain the chamber structures. Denote su(2) by [ψ] and denote su(4) by[ϕ1, ϕ2, ϕ3]. For (1,6), there is nothing charged under su(2) and thus we only have one relation
coming from the representation 6: − ϕ1 + ϕ3. (6.19)

From the representation (2,4), we have the following relations:

ψ − ϕ1 + ϕ2, ψ − ϕ2 + ϕ3, ψ − ϕ3, −ψ + ϕ1, −ψ − ϕ1 + ϕ2, −ψ − ϕ2 + ϕ3. (6.20)

Lastly, the representation (2, 4̄) gives the following relations:

ψ + ϕ2 − ϕ3, ψ + ϕ1 − ϕ2, ψ − ϕ1, −ψ + ϕ3, −ψ + ϕ2 − ϕ3, −ψ + ϕ1 − ϕ2. (6.21)

Compositing all these relations, we have a total of seven independent relations that are given by

−ϕ1 +ϕ3, ψ −ϕ1 +ϕ2, ψ −ϕ2 +ϕ3, −ψ +ϕ1, −ψ −ϕ1 +ϕ2, −ψ −ϕ2 +ϕ3, −ψ +ϕ3. (6.22)

We can compute the region of the Weyl chamber from the Cartan Matrix:

ψ

2
-2 ,

ϕ1 ϕ2 ϕ3

2 -1 0
-1 2 -1
0 -1 2 .

Thus the Weyl chamber is defined by the hyperplanes

ψ > 0, 2ϕ1 − ϕ2 > 0, −ϕ1 + 2ϕ2 − ϕ3 > 0, −ϕ2 + 2ϕ3 > 0. (6.23)

The weights corresponding to the seven entries in equation (6.22) are composited into a vector

v = ($3,$4,$5,$6,$7,$8,$9), (6.24)

where each weight is written in the form of a sign vector [ψ1;φ1, φ2, φ3]:
$3 = [0;−1,0,1], $4 = [1;−1,1,0], $5 = [1; 0,−1,1], $6 = [−1; 1,0,0], (6.25)

$7 = [−1;−1,1,0], $8 = [−1; 0,−1,1], $9 = [−1; 0,0,1], (6.26)

with 1 denoting the entry to be positive and 0 denoting the entry to be negative. Then we get total
twelve different chambers, which are denoted by their weight vector:
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5ab− (0110000) 5ab+ (1110000)
4ab− (0111000) 4ab+ (1110001)
3ab− (0111001) 3ab+ (1111001)
2ab− (0101001) 2ab+ (1111101)

1a− (0001001) 1b− (0101101) 1b+ (1101101) 1a+ (1111111)
. (6.27)

$1 $2

1a− 1b−

2ab−

3ab−

4ab−

5ab−

1b+

2ab+

3ab+

4ab+

5ab+

1a+

$4 $3 $8

$9 $6

$7$5

Figure 11: This is the chamber structure of the Ins
2 +Is4-model with a Mordell-Weil group Z2 in a

planar diagram.

6.3 5d N = 1 prepotentials and the triple intersection polynomials

The triple intersection polynomial is computed for the Ins
2 +Is4-model with the Mordell-Weil group Z2

in the crepant resolution that we geometrically obtained earlier. We note that the triple intersection
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is identical to the one we computed for the Ins
2 +Is4-model with a trivial Mordell-Weil group:

Ftrip = − 8 (6L2 − 5LT + T 2)ψ3
1 + 4T (L − T ) (φ31 + φ32) + 2T (L − 2T )φ33+ 3T (T − 2L)φ22 (φ1 + φ3) + 3LTφ2 (φ21 + φ23)− 6LTφ21φ3 + 6LTφ1φ2φ3 + 12T (T − 2L)ψ1 (φ21 − φ2φ1 + φ22 + φ23 − φ2φ3)− 8(2L − T )(3L − 2T )ψ3
0 − 24(2L − T )(T −L)ψ2

0ψ1 + 24L(2L − T )ψ0ψ
2
1 − 4LTφ30+ 3Tφ0 (2φ1 (Lφ3 + 2(2L − T )ψ1) + (2T − 3L)φ21 + (2T − 3L)φ23 − 4(2L − T ) (ψ0 − ψ1)2)+ 12T (2L − T )φ0ψ1φ3 + (2L − T )φ20 (−4ψ1 + φ1 + φ3) .

(6.28)

For this split model with Z2, the representation is

R = (3,1)⊕ (2,4)⊕ (2, 4̄)⊕ (1,6)⊕ (1,15). (6.29)

Then the prepotential for this model in the chamber 5ab+ is given as

6FIMS = − 8(n1,15 − 1)φ31 − (8n1,15 − 8)φ32 − 2(4n1,15 + n1,6 − 4)φ33
− 4(n2,4 + n2,4̄ + 2n3,1 − 2)ψ3

1 + 3

2
(4n1,15 − 2n1,6 − 4)φ22(φ1 + φ3)

− 3

2
(−2n1,6)φ2(φ21 + φ23) − 6n1,6φ

2
1φ3 + 6n1,6φ1φ2φ3

− 6(n2,4 + n2,4̄)ψ1 (φ21 − φ1φ2 + φ22 + φ23 − φ2φ3) .
(6.30)

In order to compute the number of representations nR, we take the triple intersection number to be
the same as the prepotential. This fixes every nR except n2,4 and n2,4̄, as only their sum is fixed by

n2,4 + n2,4̄ = ST. (6.31)

Using the fact that n2,4 = n2,4̄, we conclude the number of representations to be

n3,1 = 1

4
(2LS + S2 − 2ST + 4) = 6L2 − 7LT + 2T 2 + 1, n2,4 = n2,4̄ = 1

2
ST = T (2L − T ),

n1,6 = −3LT + ST + 2T 2 = LT, n1,15 = 1

2
(−LT + T 2 + 2) . (6.32)

When the Calabi-Yau condition, L = −K,

n3,1 = gS , n1,15 = gT . (6.33)

6.4 6d N = (1,0) anomaly cancellation

In this section, we consider an Ins
2 +Is4-model with the Mordell-Weil group Z2. Then, the gauge

algebra is given by
g = A1 +A3, (6.34)
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and the representation is geometrically computed in section 6 to be

R = (3,1)⊕ (1,15)⊕ (2,4)⊕ (2, 4̄)⊕ (1,6). (6.35)

Then, the number of vector multiplets n(6)V , tensor multiplets nT , and hypermultiplets nH are

n
(6)
V = 18, nT = 9 −K2,

nH = h2,1(Y ) + 1 + n3,1(3 − 1) + n2,4(8 − 0) + n2,4̄(8 − 0) + n1,6(6 − 0) + n1,15(15 − 3)
= 17K2 + 18KT + 6T 2 + 15.

(6.36)

We see that
nH − n(6)V + 29nT − 273 = 0, (6.37)

so we can conclude that the pure gravitational anomalies are canceled. We recall that the number
of representations are

n3,1 = (2K + T )(3K + 2T ) + 1, n2,4 = n2,4̄ = −T (2K + T ),
n1,6 = −KT, n1,15 = 1

2
(KT + T 2 + 2). (6.38)

We use the trace identities for SU(2) and SU(4), given by equations (2.22) and (2.24) to compute
the remainder terms of the anomaly polynomial. We first compute the SU(2) side contribution of
the anomaly polynomials. The number of representations nR are then identified as

n3 = n3,1, n2 = 4(n2,4 + n2,4̄). (6.39)

Hence, X(2)1 and X(4)1 are given by

X
(2)
1 = (A3(1 − n3) − n2A2) tr2 F

2
1 = −12K(2K + T ) tr2 F

2
1 (6.40)

X
(4)
1 = (B3(1 − n3) − n2B2) tr2 F

4
1 + (C3(1 − n3) − n2C2) (tr2 F

2
1 )2= −12(2K + T )2(tr2 F

2
1 )2. (6.41)

Now consider the contribution from the SU(4) side of the anomaly cancellation. We determine
the number of representations to be

n4 = 2(n2,4 + n2,4̄), n6 = n6,1, n15 = n15,1. (6.42)

Hence, X(2)2 and X(4)2 are given by

X
(2)
2 = (A15(1 − n15) − n6A6 − n4A4) tr4 F

2
2 = 6KT tr4 F

2
2 (6.43)

X
(4)
2 = (B15(1 − n15) − n6B6 − n4B4) tr4 F

4
2 + (C15(1 − n15) − n6C6 − n4C4) (tr4 F

2
2 )2= −3T 2(tr4 F

2
2 )2 (6.44)

Since we have a semisimple group with two simple components, we must include the additional
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mixed term
Y12 = (n2,4 + n2,4̄) tr2 F

2
1 tr4 F

2
2 (6.45)

to fully consider the bifundamental representation (2,4). As a result, the full anomaly polynomial
is given by

I8 = 9 − nT
8

(trR2)2 + 1

6
(X(2)1 +X(2)2 ) trR2 − 2

3
(X(4)1 +X(4)2 ) + 4Y12

= 1

8
(KR − 16K tr4 F

2
2 − 8T tr4 F

2
2 + 4T tr2 F

2
1 )2 , (6.46)

which is a perfect square. Hence, we can conclude that the anomalies are all canceled when uplifted
to a six-dimensional N = (1,0) theory.

7 SU(2) × SU(4)-model

We consider an SU(2) × SU(4)-model with a trivial Mordell-Weil group. The Weierstrass equation
for Ins

2 +Is4 is
y2z + a1xyz = x3 + ã2tx2z + ã4st2xz2 + ã6s2t4z3. (7.1)

The discriminant for this model is

∆ = −s2t4 [(a21 + 4ã2t)2(a21ã6 + 4ã2ã6t − ã24) − 8st2(9a21ã4ã6 + 36ã2ã4ã6t − 8ã34 − 54ã26st
2)] . (7.2)

The corresponding gauge group G and the representation R are respectively

G = SU(2) × SU(4), R = (3,1)⊕ (1,15)⊕ (2,4)⊕ (2, 4̄)⊕ (1,6)⊕ (2,1)⊕ (1,4)⊕ (1, 4̄). (7.3)

The representation R is derived geometrically in the next subsection. The following sequence of
blowups gives a crepant resolution:

X0 X1 X2 X3 X4.
(x,y,s∣e1) (x,y,t∣w1) (y,w1∣w2) (x,w2∣w3) (7.4)

Note that unlike other models, this required one more blowup to fully resolve the singularities. The
proper transform is

w2y
2 + a1xy = w1(e1w2

3x
3 + ã2w3tx

2 + ã4st2x + ã6w1w2s
2t4), (7.5)

where the relative projective coordinates are given by

[e1w1w2w
2
3x ∶ e1w1w

2
2w

2
3y ∶ z = 1][w1w2w

2
3x ∶ w1w

2
2w

2
3y ∶ s][w3x ∶ w2w3y ∶ t][y ∶ w1][x ∶ w2]. (7.6)
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7.1 Fiber structure

This model has the following fibral divisors that correspond to their curves:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ds
0 ∶ s = w2y

2 + a1xy −w1w3x
2(e1w3x + ã2t) = 0,

Ds
1 ∶ e1 = w2y

2 + a1xy −w1t(ã2w3x
2 + ã4stx + ã6w1w2s

2t3) = 0,

Dt
0 ∶ t = w2y

2 + a1xy − e1w1w
2
3x

3 = 0,

Dt
1 ∶ w1 = w2y + a1x = 0,

Dt
2 ∶ w3 = w2y

2 + a1xy −w1st
2(ã4x + ã6w1w2st

2) = 0,

Dt
3 ∶ w2 = a1y −w1(e1w2

3x
2 + ã2w3tx + ã4st2) = 0.

(7.7)

The generic fiber of D2
1 is a conic that degenerates into two lines over its discriminant locus V (a21ã6+

4ã2ã6t − ã24). The the resulting fiber is of type Ins
3 and the curves Cs

1 → Cs
1+ + Cs

1− yield weights of
the fundamental representation of A1. The intersection numbers between the curves and the fibral
divisors of Ins

2 are

Cs
1 → Cs

1+ +Cs
1−,

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3

Cs
0 -2 2 0 0 0 0

Cs
1± 1 -1 0 0 0 0

Cs
1+ +Cs

1− 2 -2 0 0 0 0
.

(7.8)

At the intersection of S and T , we get a fiber of type Is6. Its components are

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ct0 ∩Ct1 ∶ t = w1 = w2y + a1x = 0,

Ct1 ∩Ct2 ∶ w1 = w3 = w2y + a1x = 0,

Ct2 ∩Ct3 ∶ w2 = w3 = a1y − ã4w1st
2 = 0,

Ct3 ∩Ct0 ∶ t = w2 = a1y − e1w1w
2
3x

2 = 0.

(7.9)

This specializes to an Iss0 when a1 = 0, just like the other model (with the Mordell-Weil group Z2)
in the previous section. The curve Ct1 specializes into the central node Ct13 where

Ct13 ∶ w1 = w2 = 0. (7.10)

The curve Ct3 splits into the three curves Ct13, which is the central node, and Ct
′

3±, which is given by
the two roots of the curve

Ct
′

3± ∶ w2 = e1w2
3x

2 + ã2w3tx + ã4st2 = 0. (7.11)

Thus we establish a Kodaira fiber of type I∗ss0 when a1 = 0. This is expected as this is exactly the
specialization under the same condition from the other model.

Since the locus of this specialization happens when tw1w2w3 = 0 but away from the locus of
se1 = 0, there is no charged matter under su(2). Then we can compute the intersection numbers
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between the curves and the fibral divisors of Is4, from the splitting of the curves

⎧⎪⎪⎨⎪⎪⎩
Ct1 → Ct13,

Ct3 → Ct13 +Ct′3+ +Ct′3−, (7.12)

where Ct
′

3± are of a non-split type:

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3

Ct0 0 0 -2 1 0 1
Ct13 0 0 1 -2 1 0
Ct2 0 0 0 1 -2 1

Ct
′

3+ +Ct′3− 0 0 0 2 0 -2 .

For the curve Ct13, the weight is computed to be [2,−1,0], which corresponds to the representation
15. The curves Ct

′

3± each carries the weight [−1,0,1] that yields the representation 6, which is the
fundamental representation of so(6). Since these two curves are nonsplit, when we compute the
weight of them together as Ct

′

3 = Ct′3+ + Ct′3−, the weight is given by [−2,0,2]; the representation is
then computed as 20′. Since the locus is away from se1 = 0, it is uncharged on the side for su(2)
and hence the representation for the whole product group su(2) × su(4) is (1,6). It is important
to note that the representation we get from the specialization to an I∗ss0 is the same for all 6, 15,
and 20′ with the previous model (with the Mordell-Weil group Z2). This has a codimension-three
specialization when a1 = ã4 = 0. The curves split as

⎧⎪⎪⎨⎪⎪⎩
Ct2 → Ct23 +Ct′2±,
Ct
′

3± → Ct23 +Ct′3 , (7.13)

where the new curves are given by

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Ct23 ∶ w2 = w3 = 0,

Ct
′

2± ∶ w3 = y2 − ã6w2
1s

2t4 = 0,

Ct
′

3 ∶ w2 = e1w3x + ã2t = 0.

(7.14)

This gives the codimension three enhancement, which has a different fiber structure as presented in
Figure 12. Using these splittings of the curve, we compute the intersection numbers between the
curves and the fibral divisors of Is4 to be

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3

Ct
′

0 0 0 -2 2 0 0
Ct
′

3 0 0 0 2 0 -2
2Ct13 0 0 2 -4 0 2
2Ct23 0 0 0 0 2 -2

Ct
′

2+ +Ct′2− 0 0 0 0 -2 2 .

(7.15)

The new curves are Ct
′

3 , which gives the weight [−2,0,2], Ct23, which gives the weight [0,−1,1], and
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Ct
′

2±, which individually gives the weight [0,1,−1]. They respectively correspond to the representa-
tions 20′, 4̄, and 4. When we consider the two non-split type curves together as Ct

′

2 = Ct′2+ + Ct′2−,
the weight is then [0,2,−2] which yields the representation 1̄0.

This model with a trivial Mordell-Weil group has an additional specialization from Is4 to an Is5
when a21ã6 − ã24 = 0. Under this condition, the curve Ct2 splits into two curves Ct

′

2 and Ct
′′

2 as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ct2 ∶ w3 = w2y
2 + a1xy −w1st

2(ã4x + ã6w1w2st
2)

= 1
a21

(a1y − ã4w1st
2)(a1w2y + a21x −w1w2st

2) = 0;

Ct
′

2 ∶ w3 = a1y − ã4w1st
2 = 0,

Ct
′′

2 ∶ w3 = a1w2y + a21x −w1w2st
2 = 0.

(7.16)

Thus, the fiber structure becomes an Is5, which is represented in Figure 12.

Based on the splitting of the curve Ct2 where Ct0, C
t
1, and C

t
3 remain the same, the intersection

numbers between the curves and the fibral divisors of Is4 are computed to determine the weights of
the new curves:

Ds
0 Ds

1 Dt
0 Dt

1 Dt
2 Dt

3

Ct0 0 0 -2 1 0 1
Ct1 0 0 1 -2 1 0
Ct
′′

2 0 0 0 1 -1 0
Ct
′

2 0 0 0 0 -1 1
Ct3 0 0 1 0 1 -2 .

The weights of the curves are [−1,1,0] for the curve Ct
′

2 and [0,1,−1] for the curve Ct
′′

2 . They give
the representations 4 and 4̄ respectively. Since this collision is away from the locus of se1 = 0, where
the divisors of su(2) sit, there is no matter is charged under su(2). We therefore get (1,4)⊕ (1, 4̄)
for the charged matter.

In order to consider the collision of two types of Kodaira fibers, we need to enforce both se1 =
tw1w2 = 0. Then we can get the following curves:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs
0 ∩Ct0 ∶ s = t = w2y

2 + a1xy − e1w1w
2
3x

3 = 0→ η00,

Cs
1 ∩Ct0 ∶ e1 = t = w2y + a1x = 0→ η10,

e1 = t = y = 0→ η10y,

Cs
1 ∩Ct1 ∶ e1 = w1 = w2y + a1x = 0→ η11,

Cs
1 ∩Ct2 ∶ e1 = w3 = w2y

2 + a1xy −w1st
2(ã4x + ã6w1w2st

2) = 0→ η12,

Cs
1 ∩Ct3 ∶ e1 = w2 = a1y −w1t(ã2w3x + ã4st) = 0→ η13.

(7.17)

The fiber structure is given by the diagram in the second row of Figure 12. This has identical
structure to the Ins

2 ∩Is4-model with the Z2 Mordell-Weil group.

The representations with respect to (su(2), su(4)) from this Ins
2 +Is4-model with a trivial Mordell-

Weil group are summarized in Table 15 below. Here we denote weights as [ψ;ϕ1, ϕ2, ϕ3], where [ψ]
is the weight for the su(2) and [ϕ1, ϕ2, ϕ3] is the weight for the su(4).
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Locus tw1w2 = 0 se1 = tw1w2 = 0 se1 = 0

Curves Ct13 Ct
′

3± Ct
′

2 Ct
′′

2 η10 η10y Cs
1±

Weights [0; 2,−1,0] [0;−1,0,1] [0; 0,1,−1] [0;−1,1,0] [1;−1,0,0] [1; 0,0,−1] [−1; 0,0,0]
Rep (1,15) (1,6) (1,4) (1, 4̄) (2, 4̄) (2,4) (2,1)

Table 15: Weights and representations for the Ins
2 +Is4-model with a trivial Mordell-Weil group.

This model has an additional (2,1) ⊕ (1,4) ⊕ (1, 4̄) compared to the representations of the
Ins
2 +Is4-model with the Z2 Mordell-Weil group:

R = (3,1)⊕ (1,15)⊕ (2,4)⊕ (2, 4̄)⊕ (1,6)⊕ (2,1)⊕ (1,4)⊕ (1, 4̄). (7.18)

When a1 = 0, η10 and η13 split and η11 produces a curve that intersects with three curves. The
splittings of the curves when a1 = 0 are

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
η10 → η103 + η10y,
η11 → η113,

η13 → η103 + η113 + η13′ ,
(7.19)

where the new fibers are given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η103 ∶ e1 = t = w2 = 0,

η10y ∶ e1 = t = y = 0,

η113 ∶ e1 = w1 = w2 = 0,

η13
′ ∶ e1 = w2 = ã2w3x + ã4st = 0.

(7.20)

This new fiber structure when a1 = 0 is the diagram in the third row of Figure 12 as it is the same
with the Ins

2 +Is4-model with the Mordell-Weil group Z2.

Consider when a1 = ã2 = 0, which produces a codimension-four specialization. The only curve
that transforms is

η13
′ → η103 ∶ e1 = t = w2 = 0, (7.21)

thus changing the geometry into the bottom left diagram of Figure 12.

Consider when a1 = ã4 = 0, which produces a codimension-four specialization. The only curve
that transforms is

η13
′ → η123, and η13

′ → η123 + η12′ + η12′′ , (7.22)

where the three new curves are given by

η123 ∶ e1 = w2 = w3 = 0, η12
′ ∶ e1 = w3 = y +w1st

2 = 0, η12
′′ ∶ e1 = w3 = y −w1st

2 = 0. (7.23)

thus changing the geometry into the bottom right diagram of Figure 12.
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3
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0
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12

η00

η10 η11 η12+

η12−η13η10y

η00 η10y

2

η103

2

η113

2

η12

η13
′

Ct
0

Ct
12

2

Ct
23

2

Ct′
3

Ct′
2+

Ct′
2−

η00 η10y

2

η103

3

η113

2

η12

η00 η10y

2

η103

2

η113

2

η123

2

η12
′

η12
′′

a21 + 4ã2t = 0a21ã6 + 4ã2ã6t − ã24 = 0
t = 0 a1 = 0 a21ã6 − ã24 = 0

s = 0

a21 + 4ã2t = 0
t = 0

a21ã6 + 4ã2ã6t − ã24 = 0 t = 0
a21ã6 − ã24 = 0 a1 = 0

ã4 = 0
s = 0

s = 0 a1 = 0

t = 0
a1 = 0

ã2 = 0 ã4 = 0
s = 0

Figure 12: Fiber structure of Ins
2 +Ins

4 with a trivial Mordell-Weil group. This is the fiber structure
of the collision of Ins

2 and Is4, which are drawn on the top, with a trivial Mordell-Weil group. The
hexagon on the locus se1 = tw1w2w3 = 0 from the Ins

2 +Is4-model with the Mordell-Weil group Z2 is
identical to the hexagon for this model. This enhancement has two newly split curves η10 and η10y,
giving the representations (2,4)⊕ (2, 4̄). When a1 = 0, this hexagon specializes to the diagram on
the third row. When a1 = ã2 = 0, this further specializes into the diagram on the bottom left. When
a1 = ã4 = 0, we get the diagram on the bottom right.
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7.2 Coulomb phases

Using the notation of [ψ;ϕ1, ϕ2, ϕ3], the nine independent weights for these representations are given
by

$1 = [0;−1,1,0], $2 = [0; 0,1,−1], $3 = [0;−1,0,1],
$4 = [1;−1,1,0], $5 = [1; 0,−1,1], $6 = [−1; 1,0,0],
$7 = [−1;−1,1,0], $8 = [−1; 0,−1,1], $9 = [−1; 0,0,1].

(7.24)

The first two weights are from (1,4) ⊕ (1, 4̄), the third weight is from (1,6), and the remaining
six weights are from (2,4) ⊕ (2, 4̄). More specifically, the first weight is (1,4), the second weight
is (1, 4̄),the third weight is (1,6), the fourth to eighth weights are (2,4), and the ninth weight is(2, 4̄).

For convenience, we denote these relations as a vector of weights v,

v =(−ϕ1 + ϕ2, ϕ2 − ϕ3, −ϕ1 + ϕ3, ψ1 − ϕ1 + ϕ2, ψ1 − ϕ2 + ϕ3,− ψ1 + ϕ1, −ψ1 − ϕ1 + ϕ2, −ψ1 − ϕ2 + ϕ3, −ψ1 + ϕ3). (7.25)

The chambers structures of these are computed, which is drawn in Figure 6. There are in total
20 chambers. The chambers are denoted as a set of signs of the nine relations that determine the
chamber, where 1 denotes the relation to be positive and −1 denotes the relation to be negative.

$1 $2

1a−

2a−

3a−

4a−

5a−

1b−

2b−

3b−

4b−

5b−

1b+

2b+

3b+

4b+

5b+

1a+

2a+

3a+

4a+

5a+

$4 $3 $8

$9 $6

$7$5

Figure 13: This is the chamber structure of the Ins
2 +Is4-model with a trivial Mordell-Weil group in

a planar diagram.
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7.3 5d N = 1 prepotentials and the triple intersection polynomials

The triple intersection polynomial is computed for the Ins
2 +Is4-model with a trivial Mordell-Weil group

defined by the crepant resolution we determined earlier [REF]:

Ftrip = − 2S(2L + S)ψ3
1 + 4T (L − T )φ31 + 2T (S − 2L)φ32 + 2T (L − 2T )φ33+ 3T (2L − S − T )φ22 (φ1 + φ3) + 3T (−3L + S + 2T )φ2 (φ21 + φ23)− 6LTφ21φ3 + 6LTφ1φ2φ3 − 6STψ1 (φ21 − φ2φ1 + φ22 + φ23 − φ2φ3)+ 4S(L − S)ψ3

0 + 6S(S − 2L)ψ2
0ψ1 + 12LSψ0ψ

2
1 − 2T (−2L + S + 2T )φ30+ 3Tφ0 (2φ1 (Lφ3 + Sψ1) + φ21(L − S) + φ23(L − S) − 2S (ψ0 − ψ1)2 + 2Sψ1φ3)+ φ20 (3T (φ1 + φ3) (−2L + S + T ) − 6STψ1) .

(7.26)

The bottom three lines have terms depending on ψ0 and φ0, which will not be contributing to
the prepotential term that is computed below, and the prepotential is compared with the triple
intersection polynomial explicitly. The triple intersection number is different for different crepant
resolutions, so the correct chamber has to be identified.

The Intrilligator-Morrison-Seiberg prepotential is computed in the same chamber that corre-
sponds to 5b+ in Figure 6. This is determined from the weights computed from the curves, which
is summarized in Table 15. The chamber that we geometrically computed has positive relations for
the first three entries of the sign vector v in Figure 6. Also, the sixth entry is negative and the ninth
entry is negative in the sign vector v as well. The only chamber that satisfies v = (111xx0xx0),
where x denotes an unknown sign, is the chamber 5b+, which has v = (111110000). Using the
representation for this split model with Z2,

R = (3,1⊕ (1,15))⊕ (2,4)⊕ (2, 4̄)⊕ (1,6)⊕ (2,1)⊕ (1,4)⊕ (1, 4̄), (7.27)

the prepotential in the chamber 5b+ is

6FIMS = − 8(n1,15 − 1)φ31 − (8n1,15 + n1,4 + n1,4̄ − 8)φ32 − 2(4n1,15 + n1,6 − 4)φ33
− (n2,1 + 4(n2,4 + n2,4̄ + 2n3,1 − 2))ψ3

1 + 3

2
(4n1,15 + n1,4 + n1,4̄ − 2n1,6 − 4)φ22(φ1 + φ3)

− 3

2
(n1,4 + n1,4̄ − 2n1,6)φ2(φ21 + φ23) − 6n1,6φ

2
1φ3 + 6n1,6φ1φ2φ3

− 6(n2,4 + n2,4̄)ψ1 (φ21 − φ1φ2 + φ22 + φ23 − φ2φ3) .
(7.28)

Using the dictionary that the triple intersection polynomial is identical to the prepotential, we can
fix n1,6 and n1,15 completely, and determine the following linear relations for the remainder nR:

n1,4 + n1,4̄ = 2T (4L − S − 2T ), n2,4 + n2,4̄ = ST, n2,1 + 8n3,1 = 2S(2L + S − 2T ) + 8. (7.29)

In order to compute individual nR, we recall that the representation (2,1) was computed from the
splittings of the curve Cs

1 → Cs
1+ + Cs

1− in section 7. These splittings are from the condition of the
coefficients such that a21ã6+4ã2ã6t− ã24 = 0. The class of this condition is then twice that of the class
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of ã4, which is 2(4L − S − 2T ). Then these splittings happen when s = a21ã6 + 4ã2ã6t − ã24 = 0, which
yields the class 2S(4L − S − 2T ). Hence, n2,1 = 2S(4L − S − 2T ). Moreover, we also use n1,4 = n1,4̄

and n2,4 = n2,4̄. Thus, we can now fix all the nR to be

n3,1 = 1

2
(−LS + S2 + 2), n2,1 = 2S(4L − S − 2T ), n2,4 = n2,4̄ = 1

2
ST,

n1,6 = LT, n1,15 = 1

2
(−LT + T 2 + 2) , n1,4 = n1,4̄ = T (4L − S − 2T ). (7.30)

Using the genus of the curve, let gS and gT be the curves such that 2 − 2gS = S(L − S) and
2 − 2gT = T (L − T ). Also we use the Calabi-Yau condition L = −K. Then we can interpret the
prepotential in terms of these genus as

Ftrip = − (8 − 8gS + 6S2)ψ3
1 + (8 − 8gT )φ31 + (−8 + 8gT + 2T (S − 2T ))φ32 − 2(2gT + T 2 − 2)φ33+ 3 (−4gT − ST + T 2 + 4)φ22 (φ1 + φ3) + 3 (6gT + T (S − T ) − 6)φ2 (φ21 + φ23)− 6 (−2gT + T 2 + 2)φ21φ3 + 6 (−2gT + T 2 + 2)φ1φ2φ3− 6STψ1 (φ21 − φ2φ1 + φ22 + φ23 − φ2φ3) .

(7.31)

7.4 6d N = (1,0) anomaly cancellation

In this section, we consider an Ins
2 +Is4-model with the trivial Mordell-Weil group. Then, the gauge

algebra and the representations, which are computed geometrically in section 7, are given by

g =A1 +A3, R = (3,1)⊕ (2,4)⊕ (2, 4̄)⊕ (1,4)⊕ (1, 4̄)⊕ (1,6)⊕ (1,15). (7.32)

The number of representations are computed above:

n3,1 = 1

2
(KS + S2 + 2) = gS , n2,1 = −2S(4K + S + 2T ), n2,4 = n2,4̄ = 1

2
ST

n1,6 = −KT, n1,15 = 1

2
(KT + T 2 + 2) = gT , n1,4 = n1,4̄ = −T (4K + S + 2T ). (7.33)

Then, the number of vector multiplets n(6)V , tensor multiplets nT , and hypermultiplets nH are

n
(6)
V = 18, nT = 9 −K2,

nH = h2,1(Y ) + 1 + n3,1(3 − 1) + n2,1(2 − 0) + n2,4(8 − 0) + n2,4̄(8 − 0) + n1,6(6 − 0)
+ n1,15(15 − 3) + n1,4(4 − 0) + n1,4̄(4 − 0) = 30 + 29K2.

(7.34)

Then we see that
nH − n(6)V + 29nT − 273 = 0, (7.35)

which vanishes. The pure gravitational anomalies are thus canceled.

In order to check the remainder terms of the anomaly polynomial, the number of representations
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are then identified as

n3 = n3,1, n2 = n2,1 + 4(n2,4 + n2,4̄),
n4 = n1,4 + n1,4̄ + 2(n2,4 + n2,4̄), n6 = n6,1, n15 = n15,1.

(7.36)

Hence, using the trace identities os SU(2) and SU(4) given by the equations (2.22) and (2.24), X(2)1 ,
X
(4)
1 , X(2)2 , X(4)2 , and Yab are given by

X
(2)
1 = (A3(1 − n3) − n2A2) tr2 F

2
1 = 6KT tr2 F

2
1 (7.37)

X
(4)
1 = (B3(1 − n3) − n2B2) tr2 F

4
1 + (C3(1 − n3) − n2C2) (tr2 F

2
1 )2= −3T 2(tr2 F

2
1 )2 (7.38)

X
(2)
2 = (A15(1 − n15) − n6A6 − n4A4) tr4 F

2
2 = 6KS tr4 F

2
2 (7.39)

X
(4)
2 = (B15(1 − n15) − n6B6 − n4B4) tr4 F

4
2 + (C15(1 − n15) − n6C6 − n4C4) (tr4 F

2
2 )2= −3S2(tr4 F

2
2 )2 (7.40)

Y12 = (n2,4 + n2,4̄) tr2 F
2
1 tr4 F

2
2 = ST tr2 F

2
1 tr4 F

2
2 . (7.41)

The remainder terms of anomaly polynomial are then given by

I8 = 9 − nT
8

(trR2)2 + 1

6
(X(2)1 +X(2)2 ) trR2 − 2

3
(X(4)1 +X(4)2 ) + 4Y12

= 1

8
(K trR2 + 4S tr2 F

2
1 + 4T tr4 F

2
2 )2 , (7.42)

which is a perfect square. Hence, all the six-dimensional anomalies are canceled.
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