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Abstract:

We explore how introducing a non-trivial Mordell-Weil group changes the structure of the
Coulomb phases of a five-dimensional gauge theory from an M-theory compactified on an ellip-
tically fibered Calabi-Yau threefold with an Is+1I4 collision of singularities. The resulting gauge
theory has a semi-simple Lie algebra su(2) @ sp(4) or su(2) @ su(4). We compute topological invari-
ants relevant for the physics, such as the Euler characteristic, Hodge numbers, and triple intersection
numbers. We determine the matter representation geometrically by computing weights via inter-
section of curves and fibral divisors. We fix the number of charged hypermultiplets transforming
in each representation by comparing the triple intersection numbers and the one-loop prepoten-
tial. This condition is enough to fix the number of representation when the Mordell-Weil group
is Zo but not when it is trivial. The vanishing of the fourth power of the curvature forms in the
anomaly polynomial is enough to fix the number of representations. We discuss anomaly cancella-
tions of the six-dimensional uplift. In particular, the gravitational anomaly is also considered as the
Hodge numbers are computed explicitly without counting the degrees of freedom of the Weierstrass
equation.

Keywords: Elliptic fibrations, Crepant resolutions, Mordell-Weil group, Anomaly cancellations,
Weierstrass models



Contents

Introduction

Preliminaries

2.1  Weierstrass models and Deligne’s formulaire . . . ... ... ... ... .. ... ...,
2.2 Elliptic fibrations with Mordell-Weil group Zo . . . . . . . . .. .. ... ... .. ..
2.3 G-models and representations . . . ... ... oL o
2.4 Intersection theory . . . . . . . . . . ...

2.5 Anomaly Cancellation . . . . . . . .. .. . .

Summary of results

3.1 Crepant resolutions . . . . . . . . ... .. ...
3.2 Euler characteristics . . . . . . . . ...
3.3 Hodge numbers for Calabi-Yau elliptic threefolds . . . . . . ... ... ... ... ....
3.4 Hyperplane arrangements . . . . . . . . . ..o e
3.5 Triple intersection numbers . . . . . . . . ... L L
3.6 The prepotential of the five-dimensional theories . . . . .. ... ... ... ... ....
3.7 Number of charged hypermultiplets. . . ... ... ... ... ... ... . ........

3.8 Cancellation of anomalies in the uplifted six-dimensional theories . . . . . .. ... ..

(SU(2) x Sp(4))/Za-model
4.1 Fiber structure and representations . . . . . . . . . .. ...
4.2 Coulomb phases . . . . . . .

4.3 5d N =1 prepotentials and the triple intersection polynomials . . . . . ... ... ...
4.4 6d N =(1,0) anomaly cancellation . . . . ... ... ... ...

SU(2) x Sp(4)-model
5.1 Fiber structure and representations . . . . . . .. ... Lo o Lo
5.2 Coulomb phases . . . . . . . . .

5.3 5d N =1 prepotentials and the triple intersection polynomials . . . . . ... ... ...
5.4 6d N =(1,0) anomaly cancellation . . .. ... ... ... ... ... .. .. ... ...

(SU(2) x SU(4))/Zs-model
6.1 Fiber structure . . . . . . . ..
6.2 Coulomb phases . . . . . . . . .

6.3 5d N =1 prepotentials and the triple intersection polynomials . . . . . ... ... ...
6.4 6d N =(1,0) anomaly cancellation . . . . ... ... ... ... ... ... ... ...

© © o @

11
11

14
14
17
19
20
23
23
25
26

26
27
30
30
31

32
33
37
37
38



7 SU(2) x SU(4)-model 48

7.1 Fiber structure . . . . . . . . 49
7.2 Coulomb phases . . . . . . . . e 54
7.3 5d N =1 prepotentials and the triple intersection polynomials . . . . .. .. ... ... 55

7.4 6d N =(1,0) anomaly cancellation . . .. ... ... ... ... ... ... ... 56



1 Introduction

The study of elliptic fibrations started with Kodaira’s seminal papers on minimal elliptic surfaces [44].
Kodaira classified the possible geometric singular fibers and the class of monodromies around them
for minimal elliptic surfaces. He further derived a formula for the Euler characteristics of minimal
elliptic surfaces. Néron also classified singular fibers of elliptic surfaces defined by Weierstrass
models, though from an arithmetic point of view [52]. Following a theorem of Deligne [18|, an
elliptic fibration with a rational section has a birational Weierstrass model defined over the same
base. Tate developed an algorithm to determine the type of singular fibers of a Weierstrass model by
manipulating its coefficients [57]. There are new phenomena for higher dimensional elliptic fibrations
with direct applications to string geometry and supergravity theories. First, components of the
discriminant locus can intersect each other. This is what Miranda calls “collisions of singularities”
in his study of regularizations of elliptic threefolds defined by Weierstrass models [49]. Secondly, if
we start with Weierstrass models, crepant resolutions (when they exist) are not unique: different
crepant resolutions of the same Weierstrass models are connected by a network of flops [43,47,59],
see [24,27,30-32| for explicit constructions. These two phenomena are closely related to each other.
The collision of singularities are responsible for attaching a representation R of a Lie algebra g to
an elliptic fibration [13]. One can then determine a hyperplane arrangement I(g, R) whose chamber
structures have an incidence graph isomorphic to the network of flops between different crepant
resolutions of the underlying Weierstrass model. Each crepant resolution corresponds to a different
chamber of the extended relative Mori cone of the elliptic fibration.

Elliptic fibrations are commonly used in physics to geometrically engineer gauge theories via
compactifications of M-theory and F-theory. In fact, certain theories are known only through their
construction by elliptic fibrations. Although many aspects are well understood, the algorithm relat-
ing the geometry and physics is still a work in progress. The Lie algebra g is uniquely determined
by the dual graphs of the fibers over the generic points of irreducible components of the reduced
discriminant locus. The representation R is captured at the intersections of components of the dis-
criminant locus or in singularities. The weights of the representations are obtained by intersection
numbers of rational curves forming the singular fibers with fibral divisors produced by rational curves
moving over irreducible components of the discriminant locus The low energy theories derived by
compactification of M-theory or F-theory on Calabi-Yau threefolds are respectively five-dimensional
and six-dimensional supergravity theories with eight supercharges [16,35]. We will refer to them as
five-dimensional (5d) N =1 [43] and six-dimensional (6d) N = (1,0) supergravity theories [39,53,54].

In compactification of M-theory [17] on an elliptically fibered threefolds to five-dimensional gauge
supergravity theories, the different crepant resolutions of the underlying Weierstrass model are un-
derstood as different Coulomb phases of the same gauge theory, and flops become phase transitions
between different Coulomb phases [43]. Triple intersection numbers are understood as Chern-Simons
levels of the gauge theory and determine the couplings of vector multiplets and the graviphoton of the

!The use of the hyperplane arrangement I(g,R) as a combinatorial invariant of an elliptic fibration [30,31,38,40]
is directly inspired by the study of Coulomb phases of five dimensional gauge theories [43] and illustrates how ideas
from string geometry improves our understanding of the topology and birational geometry of elliptic fibrations. These
hyperplanes arrangements are also interesting independently of their connections to elliptic fibrations and gauge
theories, as they have beautiful combinatorial properties that can be captured by generating functions [22,23].



five-dimensional supergravity theory. In a five-dimensional N = 1 supergravity theory, the Chern-
Simons levels and the kinetic terms of the vector multiplets and the graviphoton are controlled by a
cubic prepotential, which admits a one-loop quantum correction but is protected by supersymmetry
from additional corrections [43]. The one-loop quantum correction depends on the number of mul-
tiplets ngr, charged under the irreducible representation R; [43]. In an M-theory compactified on a
Calabi-Yau threefold, the full prepotential (including the quantum correction) is given geometrically
by the triple intersection numbers of the divisors |16, 35].

An important aspect of the dictionary between elliptic fibrations and gauge theories is that the
elliptic fibration also captures global aspects of the gauge theory: the fundamental group 71 (G)
of the gauge group is isomorphic to the Mordell-Weil group of the elliptic fibration [8,48, 50|, see
also [12, and refs. within]. One natural question is how the Mordell-Weil group of the elliptic
fibration affects these supergravity theories. These questions have their mathematical counterparts
that are also interesting for their own sake. For example, what is the effect on the Coulomb branch
of a five-dimensional gauge theory when a semi-simple group is quotiented by a subgroup of its
center? This physics question translates in mathematics to the following: what happens to the
extended Mori cone of an elliptically-fibered Calabi-Yau threefold when the Mordell-Weil group is
purely torsion? Moreover, would this five-dimensional theory with such a Mordell-Weil group still
have a six-dimensional uplift with cancellation of anomalies?

In this paper, we explore non-trivial models of semi-simple Lie algebra with Mordell-Weil group
Zs = 7[2Z. Specifically, we study the geometry and physics of elliptic fibrations corresponding to
the following collisions?

IS+ 18 and I +15, (1.1)

with a Mordell-Weil group that is either trivial or Zs. The corresponding Lie algebras are
AioCy, AioAs. (1.2)
Such collisions correspond to semi-simple gauge groups (see Table 2):
(SU(2) xSp(4))/Za, SU(2) xSp(4), SU(2)xSU(4))/Z2, SU(2)xSU(4).

These models are uniquely defined for the following reasons. Since a Zo Mordell-Weil group always
induces at least an I fiber, the collision Is+1, is the simplest case with Mordell-Weil group Z, and a
semi-simple Lie algebra that is not A; @ A;. We consider the two possible generic fibers of Kodaira
type L4, namely I} and I}°. We use I5° because it is the generic reducible fiber induced by the
Zs Mordell-Weil group (see section 2.2). For comparison, we also study the same collisions with a
trivial Mordell-Weil group. These considerations completely fix our models once we use Weierstrass
models [21] and assume minimal valuations for all Weierstrass coefficients with respect to the divisors
supporting the simple components of the gauge group. The SO(4)-model is studied along the same
lines in [33]. The SO(3), SO(5), and SO(6) are studied in [34].

The (SU(2) x SU(4))/Z2-model has been studied in [48] using toric ambient spaces for the fiber,

2Given two Kodaira types Ti and T», a model of type T1 + T» is an elliptic fibration such that the discriminant
locus contains two intersecting divisors A; and Az, where the generic fiber of A; is T; and the generic fiber of any
other component of the discriminant locus is an irreducible fiber (such as Kodaira type Iy or II).



the SU(2) and the SU(4) models are individually studied in [29,30]. A specialization of the SU(2) x
SU(4)-model is studied in [6] in relation to T-branes and also in [5]. For each of these models, the
representation R is uniquely determined by the geometry of the corresponding elliptic fibrations and
are listed on Table 2. For the collisions we consider in this paper, the Mordell-Weil group Zs is an
obstruction for the presence of fundamental representations. This change of matter content has also
consequences for the cancellations of anomalies in the six-dimensional theory.

Given a complex Lie algebra g, there is a unique simply connected compact Lie group G-= exp(g).
We denote the center of G by Z (é) All Lie groups sharing the same Lie algebra have the same
universal cover G = exp(g) and are quotient of G by a subgroup H of its center Z(G). The center of
the group G/H is then Z(G)/H and depends not only on the isomorphic class of H but also on the
embedding of H in Z (é) It follows that gauge groups with the same Lie algebra can have different
centers and first homotopy groups. In a gauge theory, the center and the first homotopy group of the
group play a crucial role in the description of non-local operators such as Wilson lines and ‘tHooft
operators. Since not all representations of the Lie algebra g are coming from a representation of the
Lie group, a non-trivial Mordell-Weil group places restrictions on the representation R. The choice
of the correct group depends on the Mordell-Weil and is constrained by R.

A representation R is sometimes enough to completely identity the group G once we know its
Lie algebra g and its fundamental group. We illustrate this point with two examples that will be the
focus of this paper. In both cases, the Lie algebra is derived from an elliptic fibration with collisions
of the type Io+I4 and a Mordell-Weil group Zs. In the case of the Lie algebra g = A; & A3, which
corresponds to the simply connected compact group SU(2) xSU(4), the center is Zg x Z4. Since there
is a unique Zs subgroup in Z4, there are three possibilities for embedding Zs in the center Zs x Zy4,

namely
(Z2,1), (1, Z3), diagonal Zs. (1.3)

Hence, the possible quotient groups are
SO(3) xSU(4), SU(2)xSO(5), (SU(2)xSU(4))/Zs. (1.4)

These three groups have the same Lie algebra A; & Ag, the same universal cover SU(2)x SU(4), the
same first homotopy group, but different centers

Z4, ZQ XZQ, ZQ. (15)

The bifundamental representation (2,4) of A; @ Ag is only compatible with the group (SU(2) x
SU(4))/Zs.

For the case of the Lie algebra g = A1 @ Cy, which corresponds to the simply connected compact
group SU(2) x Sp(4), the center is Zg x Zs. Equation (1.3) gives the three possible ways to embed a
Zo in Zo x Zs. In this case, the possible quotient groups are

SO(3) x Sp(4),  SU(2) x SO(6), (SU(2) x Sp(4))/Zs. (1.6)

These three groups have the same universal cover SU(2) x Sp(4), the same fundamental group Zo,
and the same center Zs. But the center Zs is given by a different embedding in Zs x Zo. Once again,



the bifundamental (2,4) representation of A; @ Cq is only compatible with the last one.

While our geometric computations are done relative to a base of arbitrary dimension and without
assuming the Calabi-Yau condition, to discuss anomaly cancellations, we specifically require the
elliptic fibration to be a Calabi-Yau threefold. In particular, this requires the base of the fibration
B to be a rational surface. We denote its canonical class by Kp or just K when the context is clear.
Our approach is rooted in geometry and can be summarized as follows [4,24,27,29-32].

1. We work with Weierstrass models. We first determine a crepant resolution (see Table 4).

2. We study the fibral structure of the resolved elliptic fibration (see Figure 1, Figure 2, Figure
3, and Figure 4). In particular, we identify the singular fibers appearing at collisions of
singularities. They are composed of rational curves carrying weights of the representation R
attached to the elliptic fibration.

3. Using intersection theory, we find the weights of the vertical curves at collisions of singularities
and derive the representation R. Each weight is minus the intersection number of the vertical
curve with the fibral divisor not touching the section of the elliptic fibration. One interesting
property of our approach is that for complex representations such as the (2,4), or the (1,4)
of A1 @ As, the weights of the dual representation appear naturally as weights of some vertical
curves. Hence, quaternionic representations are not forced by hand (to respect the CPT
invariance of an underlying physical theory) but are imposed by the geometry itself.

4. We determine the network of flops of each model by studying the hyperplane arrangement
I(g,R) (See Figure 3.4, Figure 6, and Figure 7). Crepant resolutions and flops are related to the
structure of the extended Mori cone. The hyperplane arrangement I(g, R) is a combinatorial
invariant that controls the behavior of the extended Mori cone. The chamber structure of
I(g,R) corresponds to the 5d and 6d Coulomb branches. The 6d Coulomb branch is related
to the 5d Coulomb branch after a circle compactification and dualizing tensor multiplets into
vectors.

5. The crepant resolution allows us to compute the Euler characteristic of each models (see Table
6, Table 7, Table 8, Table 9, and Table 10) and the triple intersection polynomial of the fibral
divisors (see section 3.5). We determine the Euler characteristic by computing the pushforward
of the total Chern class defined in homology [25]. Using pushforward theorems for blowups and
projective bundles, we express all topological invariants in terms of the topology of the base.
In the case of a Calabi-Yau threefold, we compute the Hodge numbers (see Table 3.3) using the
Euler characteristic and the Shioda-Tate-Wazir theorem [58, Corollary 4.1|. Even though the
fiber structure of the models with a trivial Mordell-Weil group is much more complicated than
the one with a Zs Mordell-Weil group, the Euler characteristic of the former specializes to
that of the latter (after imposing S = —4K — 2T, since both are defined by the same sequence
of blowups [25].

6. By comparing the triple intersection numbers with the one-loop quantum correction, we deter-
mine constraints on the number of hyperpmultiplets charged under irreducible components of



R. In the case of Is+I4-models, the fundamental representations are absent when the Mordell-
Weil group is Zy. The possible gauge group and the corresponding representation are presented
in Table 2.

7. We check explicitly that the constraints obtained by identifying the triple intersection numbers
with the one-loop prepotential are compatible with an uplift to an anomaly-free six-dimensional
N = (1,0) supergravity theory. In the theories with a trivial Mordell-Weil group, the triple
intersection numbers did not completely fix the number of hypermultiplets transforming in a
given irreducible representation. But all numbers are fixed by considering the constraints from
the vanishing of the coefficient of tr R* and tr F} where R is the Riemann curvature two-form
and Fy is the field strength of the vector field A,.

A representation R can be complex, pseudo-real (quaternionic) or real.> A hypermultiplet trans-
forming in a reducible quaternionic representation R @& R, such that R an irreducible complex
representation of the gauge group, is called a full hypermultiplet. The completion of the com-
plex representation R to the reducible quaternionic representation R @ R is required by the CPT
theorem. A hypermultiplet transforming in an irreducible quaternionic representation is called a
half-hypermultiplet. On a half-hypermultiplet, the pseudo-real representation of the gauge group
requires the existence of an anti-linear map that squares to minus the identity. In six (resp. five)
dimensional Lorentzian spacetime, this anti-linear map allows the introduction of a symplectic Ma-
jorana Weyl (resp. symplectic Majorana) condition that reduces by half the number of degrees of
freedom. In our convention, we avoid the double counting that consists of writing a reducible repre-
sentation R®R even when R is an irreducible pseudo-real representation. A full hypermultiplet has
multiplicity nr +ng = 2nr while a half-hypermultiplet has multiplicity ng. Since we do not double
count half-hypermultiplets, we do not introduce factors of 1/2 in the anomaly polynomial when R
is pseudo-real. Still, a hypermultiplet in a pseudo-real representation contributes to the anomaly
polynomial half as much as a full hypermultiplet.

Comparing the triple intersection numbers with the one-loop prepotential gives constraints linear
in nR, that are sometimes enough to completely determine all the numbers ng,. This is for example
the case for many models with a simple group [24,27,29| and also here for the models with a Zs
Mordell-Weil group, namely the (SU(2) x Sp(4))/Zs-model and the (SU(2) x SU(4))/Zs-model. The
SU(2) x Sp(4) and SU(2) x SU(4)-models have in addition hypermultiplets transforming in funda-
mental representations and equating the one-loop prepotential and the triple intersection numbers
does not provide enough constraints to fix all nr,. We can fix all ng, in different ways.

e Firstly, by using Witten’s formula that asserts that the number of hypermultiplets transform-
ing in the adjoint representation of an irreducible component G, of the gauge group is the
(arithmetic) genus of the curve S, supporting that group. Witten’s formula uses M2-branes
to study the quantization of the curve S, seen as a moduli space. Each (anti)-holomorphic
1-form on S, is responsible for a hypermultiplet.

e Secondly, by using techniques of intersecting branes to directly count ng, as intersection num-
bers between components of the discriminant locus. This method assumes that the components

3When a hypermultiplet is charged ‘under an irreducible complex representation R, its CPT dual is charged under
the complex conjugate representation R.



intersect relatively well. For certain representations (such as the traceless second antisymmet-
ric representation of Sp(2n), this method has to be completed with a generalization of Witten’s
formula.

e Finally, we can use the existence of an anomaly-free six-dimensional supergravity theory.
Matching the triple intersection numbers with the one-loop prepotential and asking for the
vanishing of the coefficients of tr R* and tr F} in the anomaly polynomial of the 6d N = 1
supergravity theory are enough to fix all the ng,. Here R is the Riemann curvature two-form
and F, are the field-strength of the vector fields. The vanishing of these quartic terms is a
necessary condition to cancel anomalies by the Green-Schwarz mechanism.

We find that the last method is the most satisfying and general as it only relies on basic aspects
of supergravity theories in five and six dimensions: exactness of the one-loop quantum correction
and the cancellation of anomalies of the six-dimensional theory. We checked that all three methods
give the same result. In a six-dimensional uplifted theory, the number of hypermultiplets are the
same, but we have to adjust the number of vector and tensor multiplets. Tensor multiplets and
spinors require cancellations of anomalies. Following Sadov, there is a geometric formulation of the
Green-Schwarz mechanism for elliptically fibered Calabi-Yau threefolds [54]. Hence, the number of
multiplets, which are computed from the triple intersection numbers, can be used to check if the
Green-Schwarz mechanism cancels the anomalies in the 6d theory uplift. This method was introduced
in [14] and implemented explicitly in [29] for SU(n)-models, in [27] for F4-models, and [24] for Ga,
Spin(7), and Spin(8)-models.

Our convention for counting the multiplicity of representations is inspired by the geometry and
ease the comparison with the intersecting brane picture. In the case of the SU(2)x SU(4)-model,
the matter representation contains the reducible quarternionic representation (1,4) ® (1,4) with
the multiplicity n1,4 = nq 7 = -T(4K + S +2T'). The total multiplicity corresponds to the number of
intersection points between the divisor T" supporting SU(4) and the irreducible component A’ of the
discriminant not supporting any gauge group. At collision the fiber I} enhances to an IZ, producing
the weight of the fundamental representation 4 of su(4) and the weight of the
anti-fundamental representation 4 of su(4). See Tables 3, 15, and 12. The representation (2,1) is
pseudo-real and ng 1 = -2S(4K +S+2T), which is geometrically the number of intersection S-V (bg).

F-theory on Y M-theory on Y | F-theory on Y x S*
! ! !
6d N = (1,0) sugra 5d N =1 sugra 5d N =1 sugra
O = ) - (B) -1 nP =nlD enpe1=b(Y) -1
nY =h2HY) +1 nY = h2H(Y) +1
nr = hl’l(B) -1

Table 1: Compactification of F-theory and M-theory on a Calabi-Yau threefold Y. We assume that

all tensor multiplets in the five dimensional theory are dualized to vector multiplets. The number

of neutral hypermultiplets are the same in five and six dimensions, but n§ ) - n%f ) 4 nr + 1.



Models ‘ Algebraic data ‘ # Flops ‘
2

F =122 (2% + aga®z + st’az2?)
5S40 | A=s%t1(a3 - 4st?) 3

MW =Zs | G =(SU(2) xSp(4))/Z,

R=(3,1)®(1,10) @ (2,4) ® (1,5)

X = —4(9K? + 8K - T +3T?)

2

F =122 — (23 + aga®z + Ayst’a2® + At 23)

5S40 | A= 5%t (4adds — a2a3 - 18agdydsst? + dajst® + 2Taas*th) 3
MW = {1} | G = SU(2) x Sp(4)

R=(3,1)e(1,10)®(2,4) @ (1,5) @ (2,1) ® (1,4)
X =-2(30K? + 15K - S+ 30K - T +35% +8S - T + 10T?)
F =922+ ayzyz — (23 + Qata’z + st?x2?)

I5+15 | A=s*"(a] +8addnt + 16a3t% — 64st?) 12
MW =Zs | G =(SU(2) x SU(4))/Z2
R=(3,1)®(1,15)a(2,4)® (2,4) ® (1,6)
x=-12(3K?+3K -T +T?)

F =922+ a1zyz — (28 + Qota’z + Ayst’w2? + Us’t?23)

I+15 | A =s%t" (af + 8afast + 165t — 64st?) 20
MW = {1} | G =SU(2) x SU(4)

R=(3,1)a(1,15) e (2,4)® (2,4)® (1,6)® (2,1)® (1,4) ® (1,4)
x =-2(30K?+15K - S+ 32K - T +35% +8S - T + 107?)

Table 2: Weierstrass models, discriminant loci, gauge groups and representations. F' is the defining
equation of the Weierstrass model, A is its discriminant, G is the gauge group, Z(G) is the center of G
(isomorphic to the Mordell-Weil group MW of the elliptic fibration), R is the matter representation,
and y is the Euler characteristic of a crepant resolution of a Calabi-Yau that is elliptically fibered with
a defining equation F' = 0. The column “# Flops” gives the number of distinct crepant resolutions
, or equivalently, the number of chambers in the hyperplane arrangement I(g, R). The number of
flops also corresponds to the number of Coulomb phases of a five-dimensional supergravity theory
with eight supercharges obtained by a compactification of M-theory on this elliptic fibration. The
Euler characteristic of the models with trivial Mordell-Weil groups specializes to those of the models
with Zo Mordell-Weil groups after imposing the relation S = -4K — 2T

G Adjoint Bifundamental (Traceless) Antisymmetric, Fundamental
(SU(Q) X Sp(4))/ZQ n371 =4gs n1,10 =d4gr 71274 =5.T nis=4gr — 1+ %T . V(ag)
n31=9gs nN110=9r | n2a=5-T nis=gr-1+ 3TV (az) )
SU(2) x Sp(4) nga=S-V(bs), n1a=T-V(bs)

(SU(2) xSU4))/Zs | n31=9gs niis=gr | n2a+ngz=5-T | nie=T-V(a)
n31=9gs ni1s5=9gr | n2a+ngz=5-T | me=T-V(a1) _
SU(2) x SU(4) nza=5-V(bs), ma+nyz=T-V(bs)

Table 3: Geometrical interpretation of the number of representations of the matter content. In
the last column, nq 5 is the number of traceless antisymmetric matter in Sp(4), n16 is the number
of antisymmetric matter in SU(4), n1 4 is the fundamental representation of SU(4), and ng ; is the
number of fundamental representation in SU(2). For SU(4) theories, we have [V (bg)] = 2(-4T - S -
2T"). In presence of a Zsy, with our choice of Weierstrass models, we have S = —-4K - 2T.



2 Preliminaries

In this section, we review some basic notions used throughout the paper. We also introduce our

notation and conventions.

2.1 Weierstrass models and Deligne’s formulaire

We follow the notation of [18]. Let £ be a line bundle over a normal quasi-projective variety B.
We define the projective bundle (of lines)

7: Xo=Pp[0p® L% 0 £*°] — B. (2.1)

The relative projective coordinates of X over B are denoted [z :  : y], where z, x, and y are defined
by the natural injection of g, £®2, and Z®3 into O & L®% & £®3, respectively. Hence, z is a
section of Ox, (1),  is a section of Ox, (1) ® 7*.£%?, and y is a section of Oy, (1) ® 7*.L®3.

Definition 2.1. A Weierstrass model is an elliptic fibration ¢ : Y — B cut out by the zero locus of
a section of the line bundle €(3) ® 7*.£®% in X,.

The most general Weierstrass equation is written in the notation of Tate as
V22 + a1xyz + agyz’ — (22 + aga’z + agxz® + a2’) = 0, (2.2)

where a; is a section of 7°.2®". The line bundle .Z is called the fundamental line bundle of the
Weierstrass model ¢ : Y — B. It can be defined directly from Y as .Z = R'¢,Y . Following Tate and

Deligne, we introduce the following quantities

by = a% + 4ay

by =ajas+2a4

be = a% + 4ag

bg = a%aG —ajasay + 4asag + agag - ai
cy =b3—24b,

cg = —b3 +36byby — 216bg

A =-b3bs — 8b3 — 27b2 + 9babybs
joo=ci/A

(2.3)

The b; (i = 2,3,4,6) and ¢; (i = 4,6) are sections of 7*.%2®". The discriminant A is a section of
7* £®12 They satisfy the two relations

1728A = ¢ — 3,  4bg = babg — bj. (2.4)
Completing the square in y gives

zy2 =23+ %bgl‘g + %bw + ibﬁ. (2.5)



Completing the cube in x gives the short form of the Weierstrass equation

2_.3_1 2_ 1 ..3
2y” =2 — gCar2” — g57C6%" - (2.6)

2.2 Elliptic fibrations with Mordell-Weil group Z,

A generic Weierstrass model with a Mordell-Weil torsion subgroup Z, is given by the following
theorem, which is a direct consequence of a classic result in the study of elliptic curves in number
theory [42, §5 of Chap 4|, and was first discussed in a string theoretic setting by Aspinwall and
Morrison |[8].

Theorem 2.2. An elliptic fibration over a smooth base B and with Mordell-Weil group Zs is bira-
tional to the following (singular) Weierstrass model:

2y” = x(2” + agxz + ag2?). (2.7)

The section x =y = 0 is the generator of the Zs Mordell-Weil group and = = z = 0 is the neutral
element of the Mordell-Weil group. The discriminant of this Weierstrass model is

A =16a2 (a3 - 4ay). (2.8)

2.3 G-models and representations

The locus of points in the base that lie below singular fibers of a non-trivial elliptic fibration is a
Cartier divisor A called the discriminant locus of the elliptic fibration. We denote the irreducible
components of the reduced discriminant by A;. If the elliptic fibration is minimal, the type of the
fiber over the generic point of A; of A has a dual graph that is an affine Dynkin diagram gt. If
the generic fiber over A; is irreducible, g; is the trivial Lie algebra since g: = Ay. The Lie algebra
g associated with the elliptic fibration ¢ : Y — B is then the direct sum g = @; g;, where the Lie
algebra g; is such that the affine Dynkin diagram @'f is the dual graph of the fiber over the generic
point of A;.

When an elliptic ¢ : Y — B has trivial Mordell-Weil group, the compact Lie group G associated
with the elliptic fibration ¢ is semi-simple, simply connected, and is given by the formula G :=
exp(D; gi), exp(g) is the unique compact simply connected Lie group whose Lie algebra is g, the
index ¢ runs over all the irreducible components of the reduced discriminant locus. The Lie algebra
gi is such that the affine Dynkin diagram g! is the dual graph of the fiber over the generic point of
the irreducible component A; of the reduced discriminant of the elliptic fibration.

If the elliptic fibration has a Mordell-Weil group T x Z" with torsion subgroup 7' and rank r,
then the group G is the quotient G/T x U(1)" where G = exp(@; g;). Defining the quotient G/T
properly requires a choice of embedding of T in the center Z (é) of the simply connected group G.
The center of G is then Z(G)/T. The representation R attached to the elliptic fibration constrains
the possibilities and is sometimes enough to completely determine the embedding of T in Z(G).

Definition 2.3 (G-model). Let G be a compact, simply connected Lie group. An elliptic fibration
p:Y — B with an associated Lie group G is called a G-model.



Definition 2.4 (IC; +---+ K,-model). Let K1, Ko, -, K, be Kodaira types and 51, -+, .S, be a smooth
divisor of a projective variety B. An elliptic fibration ¢ : Y — B over B is said to be a [Cy + -+ /Cps -
model if the reduced discriminant locus A(p) contains components S; as an irreducible component
a divisor S ¢ B such that the generic fiber over S; is of type K; and any other generic fiber of a
component of the discriminant locus different from the S; is irreducible.

The generic fibers degenerate into fibers of different types over points of codimension two in the
base, usually intersections of irreducible components A; of the reduced discriminant or codimension-

one singularities of the reduced discriminant.

Definition 2.5 (Weight vector of a vertical curve). Let C be a vertical curve, i.e. a curve contained
in a fiber of the elliptic fibration. Let S be an irreducible component of the reduced discriminant
of the elliptic fibration ¢ : Y — B. The pullback of ¢*S has irreducible components Dy, D1, ..., Dy,
where Dy is the component touching the section of the elliptic fibration. The weight vector of C
over S is by definition the vector wg(C) = (-D1-C,...,—D,, - C) of intersection numbers D; - C' for
1=1,...,n.

The irreducible curves of the degenerations over codimension-two loci only give a subset of
weights of a representation R. Hence, we need an algorithm that retrieves the full representation R
given only a few of its weights. This problem can be addressed systematically using the notion of a
saturated set of weights introduced by Bourbaki [15, Chap.VIIL.§7. Sect. 2|.

Definition 2.6 (Saturated set of weights). A set II of integral weights is saturated if for any weight
w € II and any simple root «, the weight w — i« is also in II for any ¢ such that 0 < i < (w,a). A
saturated set has highest weight X\ if X € A* and p < X for any pu € II.

Definition 2.7 (Saturation of a subset). Any subsets II of weights is contained in a unique smallest

saturated subset. We call it the saturation of II.

Proposition 2.8 ( [41, Chap. III §13.4]).

(a) A saturated set of weights is invariant under the action of the Weyl group.
(b) The saturation of a set of weights 11 is finite if and only if the set 11 is finite.

(c) A saturated set with highest weight \ consists of all dominant weights lower than or equal to A
and their conjugates under the Weyl group.

Theorem 2.9 (Bourbaki, [15, Chap.VIIL.§7. Sect. 2, Corollary to Prop. 5|). Let IT be a finite
saturated set of weights. Then there exists a finite dimensional g-module whose set of weights is I1.

Definition 2.10 (Representation of a G-model). To a G-model, we associate a representation R
of the Lie algebra g as follows. The weight vectors of the irreducible vertical rational curves of the
fibers over codimension-two points form a set II whose saturation defines uniquely a representation
R by Theorem 2.9. We call this representation R. the representation of the G-model.

Definition 2.10 is a formalization of the method of Aspinwall and Gross |7, §4]. Note that we
always get the adjoint representation as a summand of R. See also [46,51].
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2.4 Intersection theory

All our intersection theory computations come down to the following three theorems. The first one
is a theorem of Aluffi which gives the Chern class after a blowup along a local complete intersection.
The second theorem is a pushforward theorem that provides a user-friendly method to compute
invariant of the blowup space in terms of the original space. The last theorem is a direct conse-
quence of functorial properties of the Segre class and gives a simple method to pushforward analytic
expressions in the Chow ring of a projective bundle to the Chow ring of its base.

Theorem 2.11 (Aluffi, [1, Lemma 1.3]). Let Z c X be the complete intersection of d nonsingular
hypersurfaces Zy, ..., Zq meeting transversally in X. Let f: X — X be the blowup of X centered
at Z. We denote the exceptional divisor of f by E. The total Chern class of X is then:

c(TX):(1+E)(Ii[—1+f*Zi_E

57 ) Fre(TX). (2.9)

Theorem 2.12 (Esole-Jefferson-Kang, see [25]). Let the nonsingular variety Z c¢ X be a complete
intersection of d nonsingular hypersurfaces Zy, ..., Zq meeting transversally in X. Let E be the
class of the exceptional divisor of the blowup f: X — X centered at Z. Let @(t) =>a [FQqt" be a
formal power series with Qg € A«(X). We define the associated formal power series Q(t) = ¥, Qat?,
whose coefficients pullback to the coefficients of Q(t). Then the pushforward f,Q(E) is

d d
_ Z,
[+:Q(F) = ZQ(ZZ)Mg, where My = H —_—
/=1 m:% Zm - ZZ
m#

Theorem 2.13 (See [25] and [2,3,26,36]). Let £ be a line bundle over a variety B and 7 : Xg =
P[0 ® %% @ %3] — B a projective bundle over B. Let Q(t) = X, Qat® be a formal power
series in t such that Q. € A«(B). Define the auziliary power series Q(t) = Y., Qat*. Then

s QI(;I)‘ Q(0)

QUH L Q0
612

T.Q(H) = -2 3

H=-2L H=-3L

where L = ¢1(Z) and H = ¢1(Ox,(1)) is the first Chern class of the dual of the tautological line
bundle of m: Xo =P(0Op & £*? ® £®3) - B.

2.5 Anomaly Cancellation

The matter content of the six-dimensional N = (1,0) supergravity theory are given by [37]

supergravity multiplets: (9> By 1/1,/4_)
tensor multiplets: (B XAt 0)
vector multiplets: (A, A1)

hypermultiplets: (49,¢")

where p,v = 0,...,5 label spacetime indices, A = 1,2 labels the fundamental representation of the
R-symmetry SU(2), and + denotes the chirality of Weyl spinors or the self-duality (+) or anti-self-
duality (-) of the field strength of antisymmetric two-forms. The gravitini 1/)//4_, the tensorini A7,

11



and gaugini A~ are symplectic Majorana Weyl spinors. The hyperino ¢* is a Weyl spinor invariant
under the R-symmetry group SU(2)g. The scalar manifold of the tensor multiplets is the symmetric
space SO(1,n7)/SO(nr) where ny is the number of tensor multiplets. The scalar manifold of the
hypermultiplet is a quaternionic-Kéhler manifold of quaternionic dimension ny, where ny is the
number of hypermultiplets.

Consider a gauged six-dimensional N/ = (1,0) supergravity theory with a semi-simple gauge

(6)
v

group G =[], G4, ny,’ vector multiplets, ny tensor multiplets, and ny hypermultiplets consisting of

n% neutral hypermultiplets and ng} charged under a representation @; R; of the gauge group with
R; = ®,R; 4, where R;, is an irreducible representation of the simple component G, of the semi-
simple group G. The vector multiplets belongs to the adjoint of the gauge group (hence ny = dim G).

As discussed in the introduction, CPT invariance requires the representation to be quaternionic.
By denoting the zero weights of a representation R; as Ri(o), the charged dimension of the hyper-

multiplets in representation Rj is given by dim R; —dim Ri(O), as the hypermultiplets of zero weights
are considered neutral. For a representation R;, ngr, denotes the multiplicity of the representation
R;. Then the number of charged hypermultiplets is simply

nff = Y ng, (dimR; - dimR{”). (2.10)
The total number of hypermultiplets is the sum of the neutral hypermultiplets and the charged

hypermultiplets. For a compactification on a Calabi-Yau threefold Y, the number of neutral hyper-
multiplets is h%1(Y") + 1 [16]. The number of each multiplet is

29 = dimG, np=r"Y(B)-1=9-K?, (2.11)
ng =Y+ 0 =B (V) + 1+ Y ng, (dimR; - dim R{”), (2.12)

where the (elliptically fibered) base B is a rational surface. From the Hodge number h%!(Y") of the
Calabi-Yau threefolds in Table 3.3 of section 3.2, the number of hypernultiplets are computed for
each model.

The anomaly polynomial Ig has a pure gravitational contribution of the form tr R* where R is
the Riemann tensor thought of as a 6 x6 real matrix of two-form values. To apply the Green-Schwarz

mechanism, its coefficient is required to vanish, i.e.
ng —n\® +29np - 2732 0. (2.13)
In order to define the remainder terms of the anomaly polynomial Ig, we define

X(g”) = tradj ng - Z NR; . trRi,a F(;L, Y. = E "R, 2R b trRi,a FaQ ter,b FbQ, (2.14)
1 7,7

where ng, , R;, is the number of hypermultiplets transforming in the representation (R, R;p) of
G4 % Gy. The trace identities for a representation R; , of a simple group G, are

trr,, Fy = AR, ttF, Fiyy  tR,, Fy = Br, , trr, Fy + Cr, , (trr, F))? (2.15)
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with respect to a reference representation F, for each simple component G,. To define the anomaly
polynomial Ig, we introduce the following expressions:

X(EZ) = (Aa,adj - Z nRi,aARi,a) tre, Fg, (2.16)
%
XM = (Ba,adj - nRi,aBRi,a) tr, Fy + (Cmadj -2 nRi,aCRi,a) (tre, F7)°, (2.17)
[ 1
Yo = Z nRi,ij,bARi,aARj,b tre, 17(12 tre, Fb2 (218)
i?j

For each simple component G,, the anomaly polynomial Ig has a pure gauge contribution propor-
tional to the quartic term tr F¥ that is required to vanish in order to factorize I:

Baadj = D "Ry o BR; , = 0-
i
When the coefficients of all quartic terms (tr R* and tr F¥) vanish, the remaining part of the anomaly
polynomial Ig is

K? 1 2
18:?(trR2)2+gZXéQ)tI'R2—§ZX(§4)+42Yab~ (219)
a a a<b

The anomalies are canceled by the Green-Schwarz mechanism when Ig factorizes [37,55,56].

There is a subtlety on the representations that are charged on more than a simple component
of the group, as it affects not only Y,; but also XéQ) and X¢§4). Consider a representation (R1,Rz)
for of a semisimple group with two simple components G = G1 x G2, where R, is a representation
of G,. Then this representation contributes to ng, dimRg times, and contributes to nr, dim R4
times:

nr, = dim Rz NR1,Rzy MRy = dim R1 NnR; Ra- (2.20)

If the coefficients of tr R* and tr Ff vanishes and G = G1 x (G, the remainder of the anomaly
polynomial is given by

2
Iy= o (R (X2 XY R -2 (x4 x(D) 1 aviy. (2.21)

If Ig factors as %Qin i(4)Xj(4), then the anomaly is cancelled by adding the counter term £2;; B; /\X](.4)
to the Lagrangian. The modification of the field strength H®) of the antisymmetric tensor B() are
H® = dB® 4+ @ where w is a proper combination of Yang-Mills and gravitational Chern-Simons
terms.

For SU(2) with the adjoint representation 3 and the fundamental representation F = 2 as the
reference representation,

1
tI'3 F12 = 413[‘2 F12, tI'3 F14 = 8(tt‘2 F12)2, tI'z F14 = 5(&'2 F12)2 (222)
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The trace identities for Sp(4) is given by

trig F22 = 6tryg F22, trio F24 = 12try4 F24 + 3(1}1“4 F22)2,

2.23
trs Fy = 2try F2, trs Fy = —dtry Fy +3(trg F2)% (2.23)
For SU(4), the trace identities are given by
tris F22 = 8tryg F22, tris F24 = 8tryg F24 + 6(131‘4 F22)2, (2 24)
trg F22 = 2try F22, trg F24 = —4try F24 + 3(t1‘4 F22)2 .
3 Summary of results
In this section, we summarize the results of this paper.
3.1 Crepant resolutions
The models we consider in this paper are given by the following Weierstrass models.
(SU(2) xSp(4))/Zs : y2r - (2% + agx®z + st?22%) = 0 (3.1)
SU(2) x Sp(4) : Y2z — (23 + aga’z + Ayst’a2® + ags*t123) = 0 (3.2)
(SU(2) xSU(4))/Zs : Y2z + arxyz — (23 + Gata’z + st?22?) = 0 (3.3)
SU(2) x SU(4) : Y2z +arazyz — (28 + Gota’z + ayst’e2? + ags*t123) = 0 (3.4)

Given a complete intersection Z of hypersurfaces Z; = V(z;) in a variety X, we denote the blowup
of X - X along Z with exceptional divisor E = V(e) as

_ (21,---,2nle)

We use the following sequence of blowups to determine a crepant resolution of each models.

(SU(2) x Sp(4))/Z (z.y.sle1) (2y,thwr) (2.y,w1|ws)
SU(2) Xsp(4) XO < X < Xy ¢ X3.

(SU(2) xSU(4))/Z2 (z,y,sle1) (z,y,tlw1) (y,w1|w2) (z,walws)
SU(2) x SU(4) Xo < X1 < Xa < X3 < Xy

Table 4: Sequence of blowups for crepant resolutions used in the paper.

The class of the fibral divisors are given as follows.
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Figure 1: This is the fiber structure of G = (SU(2) x Sp(4))/Z2 uptil codimension two for the
Calabi-Yau threefolds.

Figure 2: This is the fiber structure of G = SU(2) x Sp(4) uptil codimension two for the Calabi-Yau
threefolds.



Bal + 4@2N s

X

0

Figure 3: This is the fiber structure of G = (SU(2) x SU(4))/Z2 uptil codimension two for the
Calabi-Yau threefolds.

a3 + 4Todst — s = 0

Figure 4: This is the fiber structure of G = SU(2) x SU(4) uptil codimension two for the Calabi-Yau

threefolds.
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| | D5 | Di] Dg Di Dy [ D

SU(2) x Sp(4))/Z

(s&;£&g2 S—E | B || Wo-W1 | Wi =Wy | W,

SU(2) x SU(4))/Z

(SEJ();XSEJ();)/Q S—E | By | Wo-Wy | Wi-Wa | Wa-W3 | Wy

Table 5: Class of the fibral divisors

3.2 Euler characteristics
Using p-adic integration and the Weil conjecture, Batyrev proved the following theorem.

Theorem 3.1 (Batyrev, [11]). Let X andY be irreducible birational smooth n-dimensional projective
algebraic varieties over C. Assume that there exists a birational rational map ¢ : X— =Y that does
not change the canonical class. Then X and Y have the same Betti numbers.

Batyrev’s result was strongly inspired by string dualities, in particular by the work of Dixon,
Harvey, Vafa, and Witten [19]. As a direct consequence of Batyrev’s theorem, the Euler characteristic
of a crepant resolution of a variety with Gorenstein canonical singularities is independent on the
choice of resolution. We identify the Euler characteristic as the degree of the total (homological)

Chern class of a crepant resolution f:Y —> Y of a Weierstrass model Y — B:

()= [ @)

We then use the birational invariance of the degree under the pushfoward to express the Euler
characteristic as a class in the Chow ring of the projective bundle Xg3. We subsequently push this
class forward to the base to obtain a rational function depending upon only the total Chern class of
the base ¢(B), the first Chern class ¢1(¢), and the class S of the divisor in B:

x(¥) = /B rfoc().

In view of Theorem 3.1, this Euler characteristic is independent of the choice of a crepant resolution.

We compute the Euler characteristic for each model by considering a particular crepant resolution
as listed in Table 4. For the models with Mordell-Weil group Zs, the divisors S and T satisfy the
following linear relation since a4 = st:

AL = S +2T. (3.5)

The generating function of the Euler characteristics are presented in Table 6, which produce the Euler
characteristics for elliptic threefolds and fourfolds as listed in 9 and 10. The Calabi-Yau condition
imposes L = —K. For each model, we present the Euler characteristic of Calabi-Yau threefolds and
fourfolds respectively in Table 7 and 8.
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Models

Generating Function

(SU(2) x Sp(4))/Z

4(2L%(5T+3)+L(3-5(T-1)T)-3T?)
(2L+1)(T+1)(AL-2T+1) c[B]

SU(2) x Sp(4)

2(T(-6L*(55+4)+L(25-3)(55+4)+S(75+8))) B
(2L+1)(S+1)(T+1)(-6L+25+4T-1) c[B]
2(3(2L+1)(S?-L(35+2))+2T%(2L(55+4)+7S+5))

CL+1)(S+1)(T+1)(-6L+25+4T-1) c[B]
12(2LT+L-T?
(SU(2) x SU(4))/Zs T +(1) ( 4Z_QT+3) ¢[B]
AT3(7S+5)+4T*(145%-7(7S+5)L+65-5) B
(S+1)(T+1)(S—4L+2T—1)(25—6L+4T—1)C[ ]

SU(2) x SU(4)

27(12(75+5) L*+(2-5(495+43)) L+(75(5+1)-8)S)

(S+1)(T+1)(8-4L+2T-1)(25-6L+4T-1) c[B]
6(S-4L-1)(S*-3SL-2L) B
P S D (T D) (S 4L+2T-1) (256 L+4T-1) c[B]

Table 6: Generating function for Euler Characteristics

Models

Euler Characteristics

(SU(2) x Sp(4))/Zs

~4(9K? + 8K - T + 3T?)

SU(2) x Sp(4)

—-2(30K? + 15K - S+ 30K - T + 35% + 85 - T + 107°)

(SU(2) x SU(4))/Zs

~12(3K? +3K - T+ T?)

)
SU(2) x SU(4)

—2(30K?+ 15K - S+ 32K - T +3S% + 85 - T + 1077)

Table 7: Calabi-Yau threefolds

Models

Euler Characteristics

(SU(2) x Sp(4))/Zs

—12 (e K + 12K° + 16 K°T + 8KT? + T?)

SU(2) x Sp(4)

—6 (202K + 60K + 49K2S + 98K T + 14K S°
+56 K ST + 56 KT? + S + 8S%T + 16ST? + 10T°)

—12 (e K + 12K3 + 1TK?T + 8KT? + T?)

(
(SU(2) x SU(4))/Z>
SU(2) x SU(4)

—6(2c2K + 60K + 49K2S + 100K 2T + 14K S*
+56 K ST + 56 KT? + S3 + 85T + 16ST? + 10T%)

Table 8: Calabi-Yau fourfolds

Models

Euler Characteristics

4(3c1L - 12L% + 8LT - 377)

(SU(2) x Sp(4))/Z2
SU(2) x Sp(4)

2(6c1L —36L% + 15LS +30LT — 3S% - 8ST — 10T7)

(SU(2) x SU(4))/Zs

12(e;L-4L%+ 3LT - T7)

)
SU(2) x SU(4)

2(6c1L - 36L% + 15LS + 32LT - 35% - 8ST - 10T7)

Table 9: Elliptic threefolds
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Models Euler Characteristics
(SU(2) x Sp(4))/Zs 4(-12¢,L* + 8c1 LT — 3¢1T? + 3co L + 48L3
—56L%T + 27LT? - 3T%)
2(-36¢1L? + 15¢1 LS + 30, LT - 3¢15% - 8¢1.ST

SU(2) x Sp(4) ~10c1T? + 6¢2L + 216 L% — 162L2S — 324L*T + 45LS*T
+176LS + 178LT? - 35% — 245%T — 485T* - 30T°)
(SU(2) x SU(4))/Zs 12 (—4c1L? + 3¢, LT — e1T? + coL + 16 L3

-20L°T + 9LT? - T?)
2(-36¢1L? + 15¢1 LS + 32¢, LT - 3¢1.5% - 8¢1.ST
SU(2) x SU(4) ~10¢1T? + 62 L + 216 L3 — 162L%S - 332L%T + 45L.5?
+176LST + 178LT? - 35% — 245*T - 48572 - 307°)

Table 10: Elliptic fourfolds

3.3 Hodge numbers for Calabi-Yau elliptic threefolds

Using motivitic integration, Kontsevich shows in his famous “String Cohomology” Lecture at Orsay
that birational equivalent Calabi-Yau varieties have the same class in the completed Grothendieck
ring [45]. Hence, birational equivalent Calabi-Yau varieties have the same Hodge-Deligne polynomial,
Hodge numbers, and Euler characteristic. In this section, we compute the Hodge numbers of crepant

resolutions of Weierstrass models in the case of Calabi-Yau threefolds.

Theorem 3.2 (Kontsevich, (see [45])). Let X and Y be birational equivalent Calabi-Yau varieties
over the complex numbers. Then X and Y have the same Hodge numbers.

Remark 3.3. In Kontsevich’s theorem, a Calabi-Yau variety is a nonsingular complete projective
variety of dimension d with a trivial canonical divisor. To compute Hodge numbers in this section,
we use the following stronger definition of a Calabi-Yau variety.

Definition 3.4. A Calabi- Yau variety is a smooth compact projective variety Y of dimension n
with a trivial canonical class and such that H (Y, 0x) =0 for 1<i<n-1.

We first recall some basic definitions and relevant classical theorems.

Theorem 3.5 (Noether’s formula). If B is a smooth compact, connected, complex surface with

canonical class Kg and Fuler number cy, then
1
X(0p) =1-0"1(B) + h"*(B), x(0p) = (K +c2).

When B is a smooth compact rational surface, we have a simple expression of h''!(B) as a
function of K2 using the following lemma.

Lemma 3.6. Let B be a smooth compact rational surface with canonical class K. Then

rbY(B) =10 - K. (3.6)
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Proof. Since B is a rational surface, h%*(B) = h%%(B) = 0. Hence ¢y = 2 + h'"'(B) and the lemma

follows from Noether’s formula. O

We now compute h!'1(Y) using the Shioda-Tate-Wazir theorem [58, Corollary 4.1].

Theorem 3.7. Let Y be a smooth Calabi-Yau threefold elliptically fibered over a smooth variety B
with Mordell-Weil group of rank zero. Then,

AU = RAB)+ f e R =R - D),

where f is the number of geometrically irreducible fibral divisors not touching the zero section. In
particular, if Y is a G-model with G being a semi-simple group, then f is the rank of G.

Models D) hZH(Y)
(SU(2) xSp(4))/Z | 14 - K? 17TK? + 16K -T + 6T + 14
SU(2) x Sp(4) 14- K% | 29K? + 15K - S+ 30K - T +3S?+8S-T + 10T? + 14
(SU(2) xSU(4))/Zs | 15 - K? 17K? + 18K - T + 6T + 15
SU(2) x SU(4) 15-K2| 29K%2+8T-(4K +S)+ 15K - S +35%+10T? + 15

Table 11: Hodge Numbers

3.4 Hyperplane arrangements

Let g be a semi-simple Lie algebra and R a representation of g. The kernel of each weight @w of R
defines a hyperplane @’ through the origin of the Cartan sub-algebra of g.

Definition 3.8. The hyperplane arrangement I(g, R) is defined inside the dual fundamental Weyl
chamber of g, i.e. the dual cone of the fundamental Weyl chamber of g, and its hyperplanes are the
set of kernels of the weights of R.

For each G-model, we associate the hyperplane arrangement I(g, R) using the representation R
induced by the weights of vertical rational curves produced by degenerations of the generic fiber
over codimension-two points of the base. We then study the incidence structure of the hyperplane
arrangement I(g, R) [22-24,27,40].

O——O0——06

[_’+:| [+7+] |:+7_]

Figure 5: There are three chambers in I5°+I}*-model with a Mordell-Weil group Z,. Each chamber
is noted as the signs of [y, ws]| where w; = ¢1 — 1 and wy = Y1 + @1 — ¢2. For chamber 1,
w1 <0, wy > 0; for chamber 2, wy >0, wy > 0; and for chamber 3, w; >0, wy < 0.
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The weights corresponding to the 9 entries are v = (w1, wa, w3, w4, @5, W6, W7, W8, W9 ),
where wy = [0;-1,1,0],202 = [0;0,1,-1], w3 = [0;-1,0,1], 04 = [1;-1,1,0],
wWs = [1705 _17 1]aw6 = [_17 170a0]aw7 = [_L _17 170]7w8 = [_1a07 _17 1],@9 = [_1;0707 1]

5a (010110000)
4a” (010111000)
3~ (010111001)
2a” (010101001)

5b- (110110000)
4b~ (110111000)
3b~ (110111001)
2b~ (110101001)

5b% (111110000)
4b* (111110001)
3b* (111111001)
2b* (111111101)

5a* (101110000
4a* (101110001

2a* (101111101

)
)
3a* (101111001)
)
)

1a~ (010001001) | 1b~ (110101101) | 16* (111101101) | la* (101111111

Figure 6: Chambers of the hyperplane arrangement I(A; @ A2, R) with R = (3,1)®(1,15)®(1,6)a
(2,4) ® (2,4) ® (1,4) ® (1,4). Each circle corresponds to a chamber. The label on the edge
connecting two chambers is the wall separating them. In the sign vector, an entry s means a sign
(-1)**! for the corresponding form, that is, s = 0 (resp. s = 1) means that the corresponding linear
form is negative (resp. positive). For example, the chamber 1a~ corresponds to (010001001), which
gives the sign vector (-1,1,-1,-1,-1,1,-1,-1).
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The weights corresponding to the 7 entries are v = (ws, w4, ws, we, W7, Ws, W9 ),
where w3 = [0;-1,0,1], 04 = [1;-1,1,0], 05 = [1;0,-1,1], w6 = [-1;1,0,0],
wr =[-1;-1,1,0],wg = [-1;0,-1,1], w9 = [-1;0,0, 1].

5ab- (0110000) | bab* (1110000)
4ab™ (0111000) | 4ab* (1110001)
3ab~ (0111001) | 3ab* (1111001)
2ab™ (0101001) | 2ab* (1111101)
1a~ (0001001) | 1b™ (0101101) | 1b* (1101101) | la* (1111111)

Figure 7: Chambers of the hyperplane arrangement I(4; & A2, R) with R = (3,1) ® (1,15) &
(2,4)®(2,4) @ (1,6). Each circle corresponds to a chamber. The label on the edge connecting two
chambers is the wall separating them. In the sign vector, an entry s means a sign (-1)*"! for the
corresponding form, that is, s =0 (resp. s = 1) means that the corresponding linear form is negative
(resp. positive). For example, the chamber 1a~ corresponds to (010001001), which gives the sign
vector (-1,1,-1,-1,-1,1,-1,-1).
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3.5 Triple intersection numbers

In contrast to the Euler characteristic, the triple intersection polynomial do depend on the choice
of a crepant resolution. Those presented here corresponds to the crepant resolutions given by the
sequence of blowups listed in Table 4. For each model, we compute the triple intersection numbers
of the fibral divisors. We start with the Weierstrass models ¢ : Y — B listed in Table 2 and consider
the crepant resolution f : Y - Y induced by the sequence of blowups in Table 4. The crepant
resolution produces fibral divisors D¢ and D! whose classes are listed in Table 5. Here, the index a
runs through {1,2} for Sp(4) and {1,2,3} for SU(4). The class of the proper transform Y of Y is

(SU(2) x Sp(4))/Zs, SU(2) xSp(4):  [Y]=3H +6L - 2E; - 2W,; — 2Ws, (3.7)
(SU(2) xSU(4))/Zy, SU(2) xSU4): [Y]=3H +6L—2E - 2W; - Wy - Ws. (3.8)

The triple intersection numbers are then given by
3
Firip = Pxf ((Dii/u + ZDZ%) [Y]) : (3.9)
a

The pushforwards are computed using theorems 2.12 and 2.13. We specialize to the Calabi-Yau case

by imposing the condition L = —K which ensures that the canonical class of Y is trivial. The triple

intersection polynomial of the Calabi-Yau threefold obtained by the resolutions listed in Table 4 are
F SISO - (T 4+ 3K) (T + 2K )y} ~ 8T%¢3 ~ AT (K + T)¢3 ~ 12K T3

+ 6T (T + 2K )13 + 12T (T + 2K )1p1 (297 — 2¢001 + ¢3). (3.10)

TSP - 98(8 - 2K )y - 8?4} + 2T (2K + §) 3 (3.11)
+6T(S +2T + 2K) ¢3¢y — 6T (2K + S + T) 163 — 65Ty (267 - 20961 + ¢3) .

F SV - 8 (6K2 + BKT + T?) ¢} ~ AT (K +T) (¢} + ¢3) - 2T(K + 2T)¢3 + 6K T ¢33
~6KT1pacps + 3T (T +2K) ¢35 (1 + ¢3) = 3K Tpo (3 + ¢3) (3.12)
+127(T + 2K )1 (67 — a1 + &3 + 95 — dachs) -

Foo DSV 2 _98(8 - 2K )} — AT (K + T) ¢ + 2T(S + 2K )¢ - 2T (K +2T) 63 + 6K T3
~6KT 10203 - 3T (2K + S +T)¢5 (1 + ¢3) + 3T (3K + S + 2T )2 (67 + #3)
— 65Ty (67 — doadr + 65 + O3 — Pa6bs) - (3.13)
3.6 The prepotential of the five-dimensional theories

Following Intrilligator, Morrison, and Seiberg [43], we compute the quantum contribution to the
prepotential of a five-dimensional gauge theory (6.%7)s5) with the matter fields in the representations
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R,; of the gauge group. Let ¢ be in the Cartan subalgebra of a Lie algebra g. We denote by

¢ = {11, 01, ¢2} for the cases with g = su(2) + sp(4), and we denote by ¢ = {11, @1, ¢2,¢3} for the
cases with g = su(2) +su(4). The weights are in the dual space of the Cartan subalgebra. We denote

the evaluation of a weight on ¢ as a scalar product (u, ¢). We recall that the roots are the weights
of the adjoint representation of g. Denoting the fundamental roots by « and the weights of R; by

w we have

TS =75 (Z [CRITEDNDY nRi|<wv¢>|3) : (3.14)

1
12 Ri weWi

The representations R for each group are determined geometrically by using the splittings of the
curves. The prepotential is computed in a particular chamber of the five-dimensional theory that
matches with the crepant resolution in which the triple intersection polynomial is computed.

For the case of G = (SU(2) x Sp(4))/Zs, we first determine that matching chamber is given by
Chamber [—,+] : 2¢9 > 2¢1 > 2 > 0 A Y1 > @1,
which is the left chamber in Figure 3.4. The prepotential in this chamber [-, +] is given by

6.7 = —4(nga +2n3 1 - 2)15 — 8(n1,10 - 1) + (-8n110—n15 + 8) ¢
- 3@]5%(;52(4711710 + nis — 4) + 3(6n1,10 + nis— 6)¢1¢§ (315)
+11 (—12n2,4¢>% +12n2 40201 - 6”2,4¢%) .

For the case of G = SU(2) x Sp(4), we find the matching chamber to be
Chamber [—,+] : 2(]52 > 2(;51 > (;52 >0A 1/)1 > ¢1,

which is the very same chamber with the one above with a trivial Mordell-Weil group. Due to its

different representations, the prepotential is given by

6.71Ms = — (n271 —4ng 4 +8ngz1 - 8)¢% - 8(nl,lO Tnis - 1)¢? - (8711,10 thia - 8)¢g
- 3¢7¢2(4n1,10 + 11,4 —4n15 —4) +3(6n1,10 + n1,4 — 2015 - 6) 165 (3.16)
+1p1 (~12n2, 467 + 12ng 4162 — 6n2,4655) -

For the case of G = (SU(2) x SU(4))/Zs, we find the matching chamber to be

Chamber 5ab+ : ¢1 > ¢2 >0A wl > (Z)l A 1/}1 > ¢3 > (;52 - "(ﬂh (317)
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which is a chamber on the top right of Figure 7. The prepotential in this chamber is given by

6.71ms = - 4(nza+ngg+2ns1 - 2)Y7 - 8(n1 15 — 1)¢) — (8n1,15 - 8)¢)

3
~2(4n1 15 + 116 — 4) P — 611 601Dz + 611 b1 P23 + 5(4711,15 ~2n1.6 —4)B3(P1 + b3)

- g(—2n1,6)¢2(¢§ +¢3) — 6(ng.a +ng3)Pn1 (67 — G102 + O3 + O3 — P2033) .

(3.18)
For the case of G = SU(2) x SU(4), we find the matching chamber to be
Chamber 5b+ : 201 > ¢9 > 0 A ¢ > @3 > d1 Ay > @3, (3.19)
which is represented in Figure 6. The prepotential in this chamber is given by
6.7ims = — (n31 +4(nga+ngz+2n31 —2))Y; —8(n11s - 1)¢7
- (8115 +n14a+n93- 8)¢5 — 2(4n1 15 + 11,6 — 4) B3 — 611,601 B3 + 611 601 P23 5.20)

3 3
+ 5(4n1,15 +n1.4+nq 3~ 2n16—4)P5(01 + d3) — 5(711,4 +1n1 7 - 2n1,6) 027 + 03)

—6(no,4+ng2)01 (67 — d10p2 + 3 + 03 — d2g3) .

3.7 Number of charged hypermultiplets.

The number of charged hypermultiplets under each representation is obtained by comparing the
triple intersection numbers and the one-loop prepotential:

Firip = 6F 1115 (3.21)

The comparison is enough to completely determine the number ng, for the models with a Zs Mordell-
Weil group, that is, (SU(2) x Sp(4))/Z2 and (SU(2) x SU(4))/Z3. We see that the introduction of
a Zy Mordell-Weil group removes the fundamental representation, but does not affect the (trace-
less) antisymmetric representation, the adjoint, or bifundamental matters since they are self-dual
representations. However, for the models SU(2) x Sp(4) and SU(2) x SU(4), comparing the triple
intersection numbers and the one-loop prepotential is not enough to fix all the multiplicities and we
are left with some linear relations between the number of representations. This is because without
the Zs, we get additional matter content but the non-zero triple intersection numbers are unchanged.
The remaining linear relations can be solved in many ways. For example, we can use Witten’s genus
formula to count the number of adjoint matters as the genus of the curve supporting the gauge
group [59]. Another possibility is to direct count the number of bi-fundamental representations as
intersection numbers between the divisors S and 7. We can also use the vanishing of anomalies
in the six dimensional uplift to fix the remaining linear equations. For example, the gravitational
anomaly or the vanishing of the terms tr F* are enough in addition to the linear relations left from
the triple intersection numbers. The result is spelled out in Table 3.
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3.8 Cancellation of anomalies in the uplifted six-dimensional theories

The anomalies in six-dimensional theories can be formally summarized by an eight-form Ig con-
structed from the Riemann curvature two-form R and the gauge curvature two-forms F; (see [37,55]
and [10,20,56]). The Green-Schwarz mechanism consists of adding a counterterm depending on the
Yang-Mills and gravitational Chern-Simons three-forms and modifying the gauge transformation
of the appropriate antisymmetric self-dual or anti-self-dual two-forms simultaneously [55,56]. This
requires Ig to factorize into a product of two four-forms. We check these conditions in detail and
factorize the anomaly polynomial Ig explicitly for each cases.

Before factoring the anomaly polynomial Ig, a necessary condition is the vanishing of the coeffi-
cients of the terms tr R* and tr Ff from the quartic contribution of the pure gravitational and the
pure gauge anomalies. The condition on the pure gravitational anomaly requires knowing the Euler
characteristic of the elliptic fibration due to the content of hypermultiplets. Due to the recent re-
sults on the pushforward of blowups [25], we can now easily compute such invariants using a crepant
resolution of singularities with centers that are local complete intersections. In particular, we get
results that are independent of the dimension of the base and provide the results for all n-folds.

Using the number of multiplets, we show that the pure gravitational and the pure gauge anoma-
lies are canceled using the number of representations ng,, which are restricted by matching triple
intersection numbers with the one-loop quantum correction to the cubic prepotential (see Section
2.5). Assuming that the coefficients of tr R* and tr Fit vanish, for the semi-simple gauge group with
two simple components G = G1 x Gg, the anomaly polynomial is

K? 1 2
Iy = —(r B)* + E(le + XP)trR? - g(Xl(4) + XY+ 4v3,

which we prove to reduce to a perfect square for all case considered, as expected from Sadov’s
work [54]. More precisely,

1, K 2
Is = 5(3@32 ~ 28 try F? —2Ttr4F22) .

The term that is squared is used as a magnetic source for the antisymmetric two-form in the gravi-
tational multiplet that cancel the anomaly in the Green-Schwarz-Sognatti mechanism.

4 (SU(2) xSp(4))/Zs-model

The fiber geometry of the collision of I5° and I}® is described in detail. The Weierstrass equation of
[5°+1,° is given by

Y2z = 2° + agr’z + st?x2?, (4.1)

ns

where S = V(s) is the divisor supporting I3° and 7" = V(¢) is the divisor supporting I}°. The
discriminant of this model is
A =165t (a3 - 4st?). (4.2)
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The corresponding simply connected group G and the representation R, which is computed geomet-
rically in the next section, are

G = (SU(2) xSp(4))/Zs, R=(3,1)e(1,10)® (2,4) @ (1,5). (4.3)

The following sequence of blowups gives a crepant resolution of the elliptic fibration:

X, < (z,y,sle1) X 4 (z,y,t|w) X, <(ﬂcyyﬂmlu&) Xs. (4.4)
The proper transform is
y2 = elwlwgm?’ +agx? + stlunz, (4.5)
and the relative projective “coordinates” are
[erwiwiz : eqwiway : z = 1][wiwiz : wiway : §][wex s way : t][x:y : wy]. (4.6)

To show that we have a resolution of singularities, it is enough to assume that V(a2), V(s), and
V(t) are smooth divisors intersecting transversally. In particular, working in patches using (z,y, as)
as a part of the local coordinates, the absence of singularities follows from the Jacobian criterion.
From applying the adjunction formula after each blowup, we conclude that the resolution is crepant.

4.1 Fiber structure and representations

We denote by D (i=0,1), D; (7 =0,1,2) the fibral divisors; by C5 (i =0,1) and C; (=0,1,2) the
generic fibers of D} over S and D; over T, respectively. The fibral divisors for this model are

Dy :s= y2 - elwlw%a:?’ —agx? = 0,
D} :e1= y2 — agx? - st?wix = 0,
Di :it=1y? - eqwiwizd - agz® =0, (4.7)

DY :wy =y —ar? =0, (two roots Oy = Ct, + Ct),

Dg twy = y2 — agx? — st?wyz = 0.

The only components that touch the generator of Zg are C5 and C%. The only sections that touch
the zero section are D§ and D}.

Over S = V(s), we have a generic fiber of type I5® with two geometric components Cj and Cf.
The fiber I5° specializes to a fiber of type III over V(az). Over T = V(t), on the other hand, we
have a generic fiber of type I}®, whose geometric components are C’é, Ct,, Ct_, and C%. The fiber
I4® further enhances over V(az), where two non-split curves C}, degenerate, which is represented
on the right side of Figure 8.
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At the collision of S and T, we produce the following curves:

C’SHCS :s=t=y2—elw1w§x3—a2x2=0—>7700,
CinCl tep=t= y? — azx? = 0 - n'%*, (two roots for each curve,) (4.8)
CsnCt tep =wy =y? - azr? =0 - n'*, (two roots for each curve,) '

C5nCE iep =wsy = y? — agx? — st?wiz = 0 - n'?.

The fiber structure is represented in Figure 8. As expected, the collision of the divisors of the two
fibers (type I5° and I}®) is naturally enhanced into an I§®.

The fibers of the collisions can be described from the splitting of the curves C$ (i = 0,1) and C?
(1=0,1,2) from I5* and I}®, respectively:

cs = OO’ s > 10+ 4 10— 4 11+ 11— 12?

{ 0 U 170 Ui Ui n n (4.9)

10+

Co =™ +n'® 4yl Clonr ettt Gy

From these splittings of the curves, we compute the intersection numbers between the curves and
the fibral divisors of I5® and I}® on the collision to be

Dy Di Dy Di Dj

n% -2 2 0 0 0

N 4pl0-1 2 2 2 2 0
pl0 1 -1 -1 1 0 (4.10)

ntept= | 0 0 2 -4 2

ntl* 0o 0 1 -2 1

nt? o 0 0 2 =2

The physical weight are minus the intersection numbers. We recall that the curve 1'% carries the

weight [1] on the su(2) side and the weight [-1,0] on the sp(4) side. This gives [1;-1,0], which
yields the representation (2,4). These non-split curves join together to produce n'* + !9~ with
weight [2;-2,0], and the corresponding representation is (3,10). Hence, the representation for the
[5°+I}%-model with Mordell-Weil group Zs is R = (3,1) @ (1,10) & (3,10) @ (2,4) @ (1,5). We

+

note that for the case of threefolds, the curves 1'% are always split since all curve can split over a

codimension-two point. Hence, the bi-adjoint (3,10) does not show up geometrically. Hence for the
Calabi-Yau threefolds, the representation is then

R=(3,1)e(1,10)® (2,4) & (1,5). (4.11)
The only group that is consistent with this representation R is
G = (SU(2) xSp(4))/Za, (4.12)

where Zg is minus the identity.

The representations with respect to (su(2),sp(4)) from this I5°+I}*-model with the Mordell-Weil
group Zsy are summarized in Table 13 below. Here we denoted weights as [v; o1, p2] where [¢] is
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the weight for the su(2) and [¢1, p2] is the weight for the sp(4).

Locus twiwg =0 sep =twiwe =0
Curves Cf’ nt0* 0+ 4 plo-
Weights [0;2,-1] | [1;-1,0] [2;-2,0]
Representations (1,5) (2,4) (3,10)

Table 12: Weights and representations for the I5°+I}°*-model with a Mordell-Weil group Z,

GCERo)

Figure 8: Fiber structure of I}°+I}® with a Mordell-Weil group Z,. The diagrams on the top are
the Kodaira fibers of type I5® and I}®. When ay = 0, I5° specializes to III, as seen in the middle left
diagram, and I}® specializes to the diagram on the middle right. When I5® and I}® collide on the
locus se; = twywaws = 0, we get the fiber structure of the collision of I}* and I} as the hexagon drawn

in the middle. This enhancement has two newly split curves 7'0*

When as = 0, this hexagon further specializes to the diagram on the bottom.
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4.2 Coulomb phases

In this section, we show that the I5°+I}°*-model with a Mordell-Weil group Z, has three chambers.
Denote su(2) by [¢] and sp(4) by [¢1, 92, ¢3]. Then the Weyl chamber of the I5°+I}*-model with
Zo is defined with three hyperplanes given by

P1>0, ¢2—d1>0, 2¢1—¢2>0. (4.13)
In addition, the subchambers are defined by the weights of the representation (2,4),
w1 =¢1-Y1, w2=Y1+ 1 P, (4.14)
where the summation of these is positive from the first two hyperplanes in equation (4.13):
w1 + w2 = (2¢1 — ¢2) + 11 > 0. (4.15)

Hence, w; and ws cannot be both negative. It follows there are a total of three chambers, which
are denoted by the signs of [w1,ws]:

[-41:62> 00 22 <61 <ba ntha > 61, (4.16)
[+a+:|:¢2>0/\%<¢1<¢2/\¢2_¢1<¢1<¢17 (4.17)
[+,=]:01>0Ad1 <2 <2h1 A0 <ty < P2~ 1. (4.18)

The chambers are flop related by w; and wy, as shown in Figure 3.4.

4.3 5d N =1 prepotentials and the triple intersection polynomials

The triple intersection polynomial is computed for the I5*+I}*-model with the Mordell-Weil group
Zs in the crepant resolution:

Firip == 8(T = 3L)(T - 2L)y} - 8¢} + AT (L = T) ¢ + 12LT ¢ o + 6T (T - 2L) 193
+ 1 (24T (T - 2L) 2 — 24T (T - 2L) oy + 12T (T — 2L)2)
= 8y5(3L = 2T)(2L = T) + 6T (2L ~ T)¢5 (¢1 - 2¢h1) — 4LT;
+ 260 (6793 (T - 2L) + 127141 (2L - T) + 6T¢3(T - L))
+ 12 (2(8¢1(BL - 2T)(2L - T) — 44p1 (2L - T)(3L - T)) + 12T ¢o(T - 2L))
+10 (2(8YT(2L - T)(BL - T) - 47 (3L - 2T)(2L - T)) - 24T 1 6o(T - 2L)).

(4.19)

For Calabi-Yau threefolds, the representation for this I5*+I}*-model is geometrically computed as

R=(3,1)®(1,10) @ (2,4) ® (1,5). (4.20)
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Using these representations, the 5d prepotential in the chamber [—, +] is

6.F s = — 4(naq +2n31 — 2)1} - 8(n1,10 — 1)é7 + (=8n1,10 — 11,5 + 8) B3
- 3¢%¢>2(4n1,10 + nis— 4) + 3(67”&1,10 + nis— 6)¢1¢% (4.21)
+ 11 (~12n2.4¢7 + 12n2 4261 — 612,463 ) .

Using the triple intersection polynomials that are independent from 1y and ¢ to match the prepo-
tential, the numbers of representations ng are computed to be

ng1 = 6L% —TLT +2T% +1 = gs, mn2a4= —-2T(T - 2L) = 2(-4g7 + T2 +4),
1 2 2 1 ) (4.22)
n1,5:§(LT+T):—gT+T +1, nl’lozi(_LTJrT +2):gT_

4.4 6d N =(1,0) anomaly cancellation

In this section, we consider an I5°+I}°-model with the Mordell-Weil group Zj;. Then, the gauge
algebra is given by
g=A1+Cy, (4.23)

and the representation is geometrically computed in section 4 to be

R=(3,1)&(1,10)® (2,4) & (1,5). (4.24)
Then the number of vector multiplets n%f ), tensor multiplets np, and hypermultiplets ny are com-
puted to be

n =13, np-9-K2
ng=h*(Y)+1+n31(3-1) +n24(10-2) +n15(5-1) +n1,10(10 - 2) (4.25)
= 17TK%2 + 16 KT + 6T% + 14.

We recall the number of representations from the earlier subsection:

ng1=2K+T)BK+2T)+1, ngqa=-2TQ2K +1T),
1 1 ) (4.26)
n1,5:§T(T—K), n1710=§(KT+T +2).

Thus, we see that
ng -n\® + 290y - 27320, (4.27)

which means that the pure gravitational anomalies are canceled.

By using the trace identities for SU(2) given by equation (2.22), we first compute the SU(2) side
of the anomaly polynomials. First, we can determine that

ng=ngi, n2=4n2a. (4.28)
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Hence, Xl(z) and X1(4) are given by

X®) = (A3(1-ng) —ngAg) trg F? = 12K (2K + T) trg F? (4.29)
X(4) (B3(1 7”L3) nng)trzFl +(C3(1 n3) ngcg)(trgFl)

= —12(2K + T)?(trg F7)2. (4.50)

Now consider the Sp(4) side of the anomaly cancellation by using the trace identities for Sp(4) given
by equation (2.23). We first determine that

nip =nNiz10, N5=nN15, N4=2N24. (4.31)

Hence, X2(2) and X2(4) are given by

X = (A10(1 = n10) — n5As — naAs) trg F3 = 6KT try F2 (4.32)
X2(4) = (Blo(l - Tllo) —ngBg — 7‘L4B4) try F2 + (Clo(l — nlg) -n5Cs — 77,404) (tI‘4 F22)2 (4 33)
= —3T2%(try F2)2. '

Now we further include on both the SU(2) and Sp(4) sides the additional mixed term
Yio = ng 4 tra F12 try F22; (4.34)

this is necessary to fully consider the bifundamental representation (2,4). Then the full anomaly
polynomial is given by
9-

Is = "T(t R%)%+ = (X(2) P XV R - 2™ L XD 4 avny

3 (4.35)

1
o (K tr R? ~16K tra F} 8T tra I + 4T try F2)*,

which is a perfect square. This means that the total anomalies are canceled.

5 SU(2) x Sp(4)-model

In this section we consider the I5*+I}*-model with a trivial Mordell-Weil group. The Weierstrass
model is
Y2z = a3 + aga’z + dyst’e2? + Ggs 125, (5.1)
The discriminant is
A = —165*t* (4a3as — a5a; — 18axdtgst? + 4dsst® + 2Taast"). (5.2)

The corresponding simply connected group G and the representation R, which is computed geomet-
rically in the next section, are

G=SU(2)xSp4), R=(3,1)e(1,10)® (2,1)® (2,4)® (1,5)® (2,1) & (1,4). (5.3)
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The following sequence of blowups is a crepant resolution of the Weierstrass model:

X, < (z,y,5le1) X, < (@,y,tlw1) X <(9:»yzwllwz) Xs. (5.4)

The proper transform is
y? = elwlwgaj3 + agx? + Aystiwix + qgst?, (5.5)

and the relative projective coordinates are
[erwiwie : eqwiway : z = 1][wiwia : wywiy : §][wox s woy ][z y : wy]. (5.6)

To prove that this is a crepant resolution, it is enough to assume that V' (a2), V(ag), S = V(s), and
T =V (t) are smooth divisors intersecting two by two transversally.

5.1 Fiber structure and representations

The fibral divisors for this model are

Dj :s:y2—x2(61w1w§m+a2) =0,

D} :e= y? — asx?® — Ayst?wx —'663275410% =0,

Df :t=y* -2 (eqwiwiz +ag) = 0, (5.7)
DY iwy=y?-ax? =0,

Dg Twy = y2 — asx? — Ayst>wix —6632154111% =0.

The fiber I3® specializes to a fiber of type III over V' (a2) and a fiber of type I5° over V (agds —4d3) as
the generic fiber of D] degenerates into two lines C7,. The intersection numbers between the curves
and the fibral divisors of I5° are

| Dy Dy Dy DY Db

cs -2 2 0 0 0
Cs, 1 -1 0 0 0
Cs,+C5_ |2 -2 0 0 0

(5.8)

We get the weight [-1] from each copy of Cf,. This is in the representation 2 of A; and uncharged
from sp(4) as it is away from its locus. Hence, the charged matter is in the representation (2,1).

Over T' = V(t), we have a generic fiber of type I}®, whose geometric components are Cf, ct,,

Ct_, and C%. The curve Cf is a conic that splits into two lines over V (4asds —@3),

CL—Ch +Ct (5.9)

which results in the degeneration I}* — Iz°. Then we get an enhancement of type I5°, which is
represented in Figure 9. Based on the splitting of the curve C%, with Cf, C!, and C% remaining the

same, the intersection numbers between these curves and the fibral divisors of I}® are computed to
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find the weights of the new curves:

Dy Dy Dy Dy Dj
ctl o 0o -2 2 0
Ci* 0o 0 1 -2 1 (5.10)
ci,| 0 0 0 1 -1
ci| 0 0 0 -1
ctl o o0 1 -2 1

From the new splittings of the curves, each produce the weight [-1,1], which corresponds to the
representation 4 of sp(4). Since this is away from the locus of se; = 0, the weight produced is simply
[0;-1,1]. Thus, the charged matter is in the representation (1,4) of (su(2),sp(4)).

At the collision of S and T', we get the following curves:

C5nCy :s=t= y? - wz(elwlng +ag)=0-n",

CsnCh ieg=t=y*—aw?=0-n'" (two roots for each curve,) (5.11)
CinCt e =w = y? — asx? = 0 - n'*, (two roots for each curve,) ‘

Cin Cé tep = wy = y2 — agx? — Gyst?wix — Ggs>tt % =0-> 7712.

The fiber structure is presented in Figure 9. As expected, we get a natural enhancement of an I
The fibers of the collisions can be described from the splitting of the curves C; (i = 0,1) from I5® and
the curves C’f (1=0,1,2) fom I}°. From these splittings of the curves, we compute the intersection
numbers between the curves and the fibral divisors of I5° and I}®. The splitting of the curves C

and their intersection numbers with the fibral divisors are computed to be

Dy Di Dy Di Dy o
7 2 2 0 0 0 o 77
% 4pl0-| 2 2 9 92 Gy = n'%4nl0 eyttt gl 4 2
nto* 1 -1 -1 1 0 Cl -0 4 0+ 4 pl0- (5.12)
11 11-
O R
n . - Cé N 7712
n 0o 0 0 2 -2

10+ 4 p19= produce

The curve n'%* yields the representation (2,4). These nonsplit curves together 7
the weight [2;-2,0], the corresponding representation is (3,10). Hence, the representation for the
[5°+I}5-model with a trivial Mordell-Weil group is R =(3,1) @ (1,10) ® (3,10) ® (2,4) & (1,5) @
(2,1)@®(1,4). We note that for the case of threefolds, the curves n'%* are always split since all curve
can split over a codimension-two point. Hence, the bi-adjoint (3,10) does not show up geometrically,

and the representation is then
R=(3,1)®(1,10)8 (2,4)®(1,5)®(2,1) @ (1,4). (5.13)

We summarize the representations and the weights of this model with their locus in Table 13.
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Locus twiwsy =0 sep = twiwg =0 se1 =0
Curves Cf’ Ct, nt0* nt0+ 4 nlo- Ci.
Weights [0;2,-1] | [0;-1,1] | [1;-1,0] | [2;-2,0] | [-1;0,0,0]

Representations | (1,5) (1,4) (2,4) (3,10) (2,1)

Table 13: Weights and representations for the I5*+I}*-model with a trivial Mordell-Weil group.

11+

When as = 0, 1% becomes a degenerate node 7710’ with degeneracy two and n*"* also degenerates

into a single node 7711' of degeneracy two:

,’710:& N 7710’7 ,’711:& N 7711’7 (514)

where the two new types of the curves are given by

N eg=t=y=0, and n'" 1 ey =w; =y =0. (5.15)

This new fiber structure for as = 0 is the bottom left diagram of Figure 9. When 5?1 —agag = 0
instead, n'? is geometrically reducible, and thus becomes two nonsplit curves

7712 = 7712+’ + ,'712—/. (516)

Therefore, we get the bottom right diagram in Figure 9. When ay = @4 = 0, n'? geometrically reduces

into two nonsplit curves

012 5 g2 12 e = g = 42 — G tiw? = 0, (5.17)

whereas from the other specialization when ’dﬁ —aodg =ay4 =0,

0 - plo,
st (5.18)
'z o iz 12t

When as =ay =dg = 0, the nonsplit fibers become 7712'" with degeneracy two:
N2 St e = wy =y =0, (5.19)

which gives the fiber structure to be the very bottom diagram in Figure 9.
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Figure 9: Fiber structure of I}*+I}® with a trivial Mordell-Weil group. The diagrams on the top
are the Kodaira fibers of type I5° and I}}>. When ag = 0, I}® specializes to III as seen in the middle
left diagram, and I}® specializes to the diagram on the middle right. When I5°* and I}® collide on

the locus se; = twywows = 0, we get the fiber structure as an hexagon drawn in the middle. This

enhancement has two newly split curves '+ and 7'~ that are of non-split type. When ay = 0, this

hexagon further specializes to the diagram on the bottom left, but when EZZ —agag = 0, the hexagon

becomes a heptagon.
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5.2 Coulomb phases

The groups SU(2) and Sp(4) individually have a unique Coulomb chamber. Their product with
the bifundamental representation introduces an interior wall inside the Weyl chamber, which yields
three chambers. Since we have the same Lie algebra with the bifundamental representation (2,4),
the chamber structure does not change under the change of the Mordell-Weil group.

5.3 5d N =1 prepotentials and the triple intersection polynomials

The I5°+I}°-model with a trivial Mordell-Weil group has the identical blowups with the nonsplit
model with the Mordell-Weil group Zs, and the fiber structure in codimension two is the same for
the hexagon. Hence, the triple intersection polynomial and the prepotential are the same with the
[5°+I3°-model with the Zg, without the relation between two divisors of class S and T'. Thus, the
triple intersection polynomial is given by

Fririp = — 28(2L + S} — 8T%¢% — 2T (2L - S) 3
+6T(S +2T — 2L) ¢3¢y — 6T(~2L + S + T) 102 — 65Ty (267 — 26061 + ¢3)

9 ) 9 (5.20)
+6T¢p ((S+T = 2L)¢1 = Stpn) + 6T (2L = S)¢ = S (o = 1)” + 25¢1¢11)
—2T(-2L + S + 2T)¢3 + 4SY3 (L - S) + 6S(S - 2L)paehy + 12LSehge)s.
The representations we achieve geometrically are
R=(3,1)®(2,1)9(2,4)a(1,4)®(1,5)® (1,10). (5.21)

Using these representations, the 5d prepotential is computed for chamber 1, which is [-, +], to be

671ms = — (n2,1 — 4na.a +8ng 1 — 8)Y} — 8(n1,10 + 11,5 — 1)@F — (8n1,10 + 1,4 — 8) )
- 3¢%¢2(4n1710 + 711’4 — 4711’5 — 4) + 3(6n1710 + n1,4 — 2711,5 — 6)¢1d)g (5.22)
+ 11 (~12n2407 + 1202 4¢162 — 6n2.493)

The triple intersection numbers that are independent from g and ¢g, which are the first two lines
of the equation (5.20), are matched with the 5d prepotential term by term. This fixes the linear
combination of the number of representations ng:

8ng 1 +na1=2S(2L+S-2T)+8,

, (5.23)
871]”10 tNnia= 2(2LT - ST + 4), ni10 tNis = T + 1.

However, we need further information in order to fix the number of representations.

Using the fact that the charged matter in the representation (1,4) is from the splittings of the
curve C} — C%, + C_ when 4aqds - @3 = 0, whose class is given by twice of [d4] = (4L - S - 2T)),
in the locus of twjws = 0, we can safely see that this gives the class nq 4 = 27'(4L - S - 2T"). With
this specified n1 4, we can fix the number of representations for ny 5 and ni10. Moreover, na1
and ng 1 terms are both only in @D:f term. In order to fix these representations, we look into the
specialization of the curve C] - C}, + Cj_ that produces the charged matter in the representation
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(2,1). This specialization was when 4asdg — @3 = 0, whose class is then the same as twice the class
of [ay] =4L - S -2T. Since the splittings happen when se; = 4asag —Eii =0, we can safely see that
this gives the class ngq = 25(4L - S - 2T"). Hence, the number of representations ng can all be
computed, which are listed below:

1
31 =g (-LS+ S2 4 2), n21=2S(4L-S-2T), ngg4=5T,
1 1 (5.24)
n1,4=2T(4L—S—2T) n175:§T(L+T), nl,lOZE(_LT+T2+2),

When we impose the Calabi-Yau condition, L = -K, n31 = gs and ni,10 = g7-

5.4 6d N =(1,0) anomaly cancellation

To compute the number of hypermultiplets, we recall the number of representations from section
5.2:

1
ngy == (KS+S%+2), na1=-25(4K+S+2T), naq=ST,
El 2 ? ’ (5.25)

1
nia = 274K +S+2T), nis=-7(KT - T?%), nig0=-(KT+T°+2).

1
2
The number of vector multiplets nE/G ), tensor multiplets nr, and hypermultiplets ny are
w9 =13, np=9-K2
ng = hz’l(Y) +1+ 712’1(2 - O) + n3,1(3 - 1) + 722,4(8 - 0) + 7”L174(4 - 0) (526)
+n15(5-1)+n110(10 - 2) = 29K + 25.

(6)
v

The coefficients of the tr R* vanishes as ng —ny,” +29n7 — 273 = 0, so we can conclude that the pure

gravitational anomalies are canceled out.
The terms XfZ), X2(2), X1(4)7 X2(4), and Yjo are obtained as?

X = (A3(1-ng) —ngAz) tra F¥ = 6K S try FZ, (5.27)
X = (A10(1 - n1o) - nsAs — naAg) trg F2 = 6K T try F2, (5.28)
Yig = naatry F try F3 = ST tre Fi try Fy, (5.29)
X1V = (Bs(1-ng) - naB) trz F + (C3(1 - ng) —n2Cy) (tr2 F)? = -38%(tr2 FY)?,  (5.30)
X§Y = (B1o(1 - n10) ~ nsBs ~n4Ba) trg Fy (5.31)
+ (Cro(1 - n10) ~n5Cs — naCa) (tra F3)? = =377 (trg F3)?, (5.32)

4A key point of the computation is that along SU(2), a hypermultiplet transforming in the representation (2,4)
is seen as 4 hypermultiplets in the representation 2 of SU(2). In the same way, the same hypermultiplet in the
representation (2,4) is seen from the group Sp(4) as 2 hypermultiplets in the representation 4 of Sp(4). It follows
that we use

ng =ns,1, N2=n21+4n24, Ni10=N1,10, N5 =N15, Na=N14+2N24.
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Since we have a theory with two quartic Casimirs, to satisfy the anomaly cancellation conditions,
the coefficients of the trg F}f and tryq Fiy must vanish. These terms are coming from X1(4) and X2(4).
We can observe from the equations above that the coefficients of tra Fy' and tra F}' indeed vanish.

Using the terms above, we compute the anomaly polynomial as

1/1 2
Iy=3 (éKtrR2 +2S try FZ + 2T try Ff) , (5.33)

which is a perfect square. Hence we conclude that the anomalies are all canceled when lifted to the
six-dimensional theories.

6 (SU(2) xSU(4))/Zs-model
In this section, we study the I5°+I; with a Zs Mordell-Weil group. The Weierstrass model is
Y22+ a1wyz = 2 + Gota’z + stiwz?. (6.1)
The discriminant for this model is
A = s*t* (af + 8aidat + 16a5t° - 64st?). (6.2)

The corresponding simply connected group GG and the representation R, which is computed geomet-
rically in the next section, are

G = (SU(2) xSU(4))/Zs, R=(3,1)®(1,15)a (1,6) ® (2,4) ® (2,4). (6.3)
We consider the following sequence of blowups for a crepant resolution:

XO y (w,y73|61) Xl ¢ (xayzﬂwl) X2 <(y,’u)1‘1U2) XS ((w,w2|w3) X4 . (64)

The proper transform is
2 _ 2.2, ~ 2
way” + ar1xy = wix(ewir” + Gawste + st*), (6.5)
where the relative projective coordinates are given by

[erwiwowie : eywywiway : z = 1] [wiwawiz : wiwiwsy : s][wsz : wowsy : t][y : w1 ][z : wa].  (6.6)
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6.1 Fiber structure

This model has the following fibral divisors that corresponds to their curves:

Dy :s= woy? + a1y — wiwsxr? (eywsx + dat) = 0,
Dj :er= way? + ayxy — witz(Tawsz + st) = 0,

DY it =wey? + a1y — eqwiwiz® = 0,

(6.7)
D§ twp =wey+arr =0
D iwg = woy? + x(ayy — wist?) =0
DY iwy=ayy- w1(61w§m2 + dowstz + st?) = 0.
The fiber of type I5° consists of two curves C7 (i = 0,1) with their intersection point given by
ConCi:s=e = way? + a1y — dotwiwsx? = 0. (6.8)

Hence it specializes to a type III fiber over V (a} + 4dat).

On the other hand, over T' = V' (), we have a generic fiber of type I} with its geometric components
Ct, Ct, CL, and C%. This fiber I§ enhances into a fiber of type I5** over V(a1 ), which is presented
in Figure 10. The curve C} specializes into the central node C%; where

Ct - Clyrwp =wy = 0. (6.9)

The curve C% splits into three curves C},, which is the central node, and Cgi, which is given by the

two roots of the curve:
Ch— Cly+ C?t):r + O?ﬁ', (C’é; L wy = eqwax? + Gotwsx + st* = 0). (6.10)

From this specialization, we can compute the weights of the curves to see what charged matter we

have in the five-dimensional theory.

Dy D; Dy DY Di D

Ct o 0 -2 2 0 0
201, o 0 2 -4 2 0 (6.11)

ct o o0 o0 0 -2 2

ci+ct 1o 0 0 2 0 -2

For the curve Cl;, the weight is computed to be [2,-1,0], and this corresponds to the representation
15, which is the adjoint representation of su(4). The curves C%, each carries the weight [~1,0,1]
that corresponds to the representation 6, which is the antisymmetric representation of su(4). Since
these two curves are nonsplit, when we compute the weight of them together as C’g = C§’+ + C’g_, the
representation is 20’. Since the locus is away from se; = 0, it is uncharged on the side for su(2) and
hence the representation for the whole product group su(2) x su(4) is (1,6).
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At the collision of both S and T,

CSOCS:
CTHCS:

CfﬁC{:
CTOCE:
CTHC;;:

s=t= w2y2 + a1y — wlwgelx?’ =0- 1700,
e1=t=woy+arx=0-n,

er=t=y=0-n", (6.12)
e1=w = wey+a1z=0->n",

e1 = w3 = way? + x(ary — wyst?) = 0 — n'2,

e1 = wy = ary — wit(dewsz + st) = 0 — '3,

The fiber structure for this collision is an Ij fiber, as depicted in Figure 10.

In order to compute the weights for this collision of su(2) x su(4), we need to investigate the
splittings of the curves from C$ (i =0,1) and C! (i =0,1,2,3). We find that

00
& =0,
Ci" _)7710+,'711+7712+n13,

t 00 10 10
Co —=n"+n"+n,

(6.13)
-t
3 —»n'
Cy ~n.

Using linear relations, the intersection numbers between the curves and the Cartan divisors are

computed below. Since 7%, n'!,

n'2, and n'3 are obtained directly from Cs, Ct, Ck, and C% without

modifications, the only curves in consideration are n'° and n'% and we get

Dy Dy Dy DY Dy D
-2 2 0 0 0 0
1 1 -1 -1 1 0 0
%] 1 -1 -1 0 0 1 (6.14)
il o 0o 1 -2 1 0
21 0 0 1 -2 1
1 0 0 1 0 1 -2

Note that for su(2), we only get the weight [1], which is in the representation 2. On the
other hand, for su(4), n'° gives the weight [~1,0,0] and n'% gives the weight [0,0,~1]. These are
in representations 4 and 4 respectively. Thus, we get the bifundamentals (2,4) @ (2,4) for our

product group su(2) x su(4).

The representations with respect to (s1(2),s1(4)) from this I5°+Ij-model with the Mordell-Weil
group Zs are summarized in Table 14 below. Here we denoted weights as [¢; 1, p2, 3], where [¢]
is the weight for the su(2) and [¢1, @2, @3] is the weight for the su(4).
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Locus twiwsy =0 sep =twiwe =0
Curves Ct, Ct, n'o n'%
Weights [0;2,-1,0] | [0;-1,0,1] | [1;-1,0,0] | [1;0,0,-1]

Representations (1,15) (1,6) (2,4) (2,4)

Table 14: Weights and representations for the I5°+I5-model with the Mordell-Weil group Zs.

We have identified the charged matters for the product group g = su(2) x su(4) to be
R=(3,1)@(1,15)®(2,4) ® (2,4) ® (1,6). (6.15)

When a1 = 0, n'° and n'3 split and n'! produces a curve that intersects with three curves. The
splittings of the curves when a1 =0 is

10 103 10y
L/ R/ e
. 77103 :61=t=w2=0, 7710y;61:t:y:07
PILRGREEY s - (6.16)
, n tep=wy=w2 =0, N el =wo=0apw3x+st=0.
7713 N 77103 n 77113 +7713 7

This new fiber structure when a; = 0 is the diagram in the third row of Figure 10. The intersection
numbers between the new curves of this enhancement and the fibral divisors of I5° and I} are

Dy Dy Dy DY D} Di
1 -2 2 0 0 0 0
n®l o0 0 0 1 0 -1
%1 -1 -1 0 0 1 (6.17)
B30 0o 1 -2 1 0
210 0 0 1 -2 1
710 0o 0o 1 0 -1

The weight of the curve 1'% is [0; 1,0, 1], which corresponds to the representation (1,6). The curve
1n'% is the same as before but with a degeneracy of two, with the weight [1;0,0,-1] that corresponds

13 carries the same weight as the curve n'! earlier due to

to the representation (2,4). The curve g
the linear relation, yielding the weight [0;2,-1,0], which corresponds to the representation (1,15).
The weight of the curve 1713/ is then computed as [0;—1,0, 1], which corresponds to the representation
(1,6). Interestingly, all the new curves are in the adjoint representation of su(4) and uncharged
under su(2). Consider when a; = @3 = 0, which produces a codimension-four specialization. The
only curve that transforms is

N syt er = t=wy =0, (6.18)

which changes the geometry into the bottom diagram of Figure 10.
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a? + 48t =0

) )
Figure 10: Fiber structure of I5*+Ij with a Mordell-Weil group Z,.The diagrams on the top are the
Kodaira fibers of type I5° and Ij. When they collide on the locus se; = twjwows = 0, we get the
fiber structure of the collision of I5* and Ij as a hexagon drawn in the middle. This enhancement
has two newly split curves n'® and n'% that give the representations (2,4) @ (2,4). When a; = 0,

this hexagon further specializes to the diagram on the third row. When a; = @2 = 0, this further
specializes into the diagram on the bottom.
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6.2 Coulomb phases

We determine the chamber structures by considering the weights that are sign indefinite. First we
find the weights that constrain the chamber structures. Denote su(2) by [¢/] and denote su(4) by
[1,92,¢3]. For (1,6), there is nothing charged under su(2) and thus we only have one relation
coming from the representation 6:

1+ 3. (6.19)

From the representation (2,4), we have the following relations:
V-pr+p, Y-tz V-3, Y+, —U-@rter, - -pr+es. (6.20)
Lastly, the representation (2,4) gives the following relations:
Y+pa—@3, Yrer—p2, Y-p1, —Ytes, —Y+o2-p3, —Y+e1-pa. (6.21)
Compositing all these relations, we have a total of seven independent relations that are given by
—p1+@3, Y-prtea, Yopates, P, Y-prtes, Y -petes, Y +s. (6.22)

We can compute the region of the Weyl chamber from the Cartan Matrix:

Y1 P2 ¥3

;20 2 -1 0
9 -1 2 -1

) ) 0 -1 2

Thus the Weyl chamber is defined by the hyperplanes
V>0, 201—-wa>0, —p1+2p3—p3>0, —po+2p3>0. (6.23)
The weights corresponding to the seven entries in equation (6.22) are composited into a vector
v = (w3, wy, ws, W, W7, W8, T ), (6.24)
where each weight is written in the form of a sign vector [¢1; ¢1, P2, P3]:

ws =[0;-1,0,1], w4=[1;-1,1,0], w5=[1;0,-1,1], we=[-1;1,0,0], (6.25)
wr =[-1;-1,1,0], wg=[-1;0,-1,1], w9=[-1;0,0,1], (6.26)

with 1 denoting the entry to be positive and 0 denoting the entry to be negative. Then we get total
twelve different chambers, which are denoted by their weight vector:
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5ab~ (0110000)
4ab™ (0111000)
3ab~ (0111001)
2ab~ (0101001)
la~ (0001001) | 1b~ (0101101)

5ab* (1110000)
4ab* (1110001)
3ab* (1111001)
2ab* (1111101)
16* (1101101)

la* (1111111)

(6.27)

Figure 11: This is the chamber structure of the I5°+Ij-model with a Mordell-Weil group Zs in a

planar diagram.

6.3 5d N =1 prepotentials and the triple intersection polynomials

The triple intersection polynomial is computed for the I5*+Ij-model with the Mordell-Weil group Z,

in the crepant resolution that we geometrically obtained earlier. We note that the triple intersection

45



is identical to the one we computed for the I5°+Ij-model with a trivial Mordell-Weil group:

Fivip=—8(6L2 = 5LT + T?) ¢ + AT (L - T) (¢3 + ¢3) + 2T (L - 2T) ¢
+3T(T - 2L)¢53 (¢1 + d3) + BLTpo (47 + 63
—6LT ¢ 3 + 6LT $1acbs + 12T (T = 2L)o (65 — oy + ¢35 + ¢35 — Gacbs)
~8(2L - T)(3L - 2T — 24(2L = T)(T — L)yaapy + 24L(2L - T)opovp3 — ALT $3
+3T0 (2¢1 (L + 2(2L = T)n) + (2T = 3L)¢7 + (2T - 3L)¢3 - 4(2L = T)) (o0 — ¥1)*)
+ 12T (2L - T) potb1 b3 + (2L — T) 3 (—41y + ¢y + ¢3) .

(6.28)
For this split model with Zs, the representation is
R=(3,1)9(2,4)2(2,4)® (1,6) ® (1,15). (6.29)
Then the prepotential for this model in the chamber 5ab+ is given as
6.F s = —8(n115 — 1)é5 — (8n1.15 — 8) ¢ — 2(4ny 15 + n16 — 4) 3
—4(nga+ngg +2ng1 - 2)P7 + 2(4711,15 ~2n16 —4)d3(P1 + B3) 650,

- ;(—2”1,6)@@% +$3) — 6n1,607d3 + 6n1 601203
—6(ng.a+ny7)01 (67 — 102 + G5 + O3 — Gadis)

In order to compute the number of representations ng, we take the triple intersection number to be
the same as the prepotential. This fixes every nr except nz 4 and ng z, as only their sum is fixed by

n24 + n27;1 = ST. (631)

Using the fact that ng 4 = ny 3, we conclude the number of representations to be

1 1
ng1 = (2LS + 8% - 28T +4) =6L° - TLT +2T* +1, na4=nyg = 5ST =T(2L-T),

) (6.32)
n1e=-3LT+ST+2T*=LT, ny15= 3 (-LT +T°+2).
When the Calabi-Yau condition, L = - K,
ngi1=49s, MNi1s5=4gr- (6.33)

6.4 6d N =(1,0) anomaly cancellation

In this section, we consider an I5°+I3-model with the Mordell-Weil group Zs. Then, the gauge
algebra is given by
g= A1+ As, (6.34)
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and the representation is geometrically computed in section 6 to be

R=(3,1)a®(1,15)®(2,4)® (2,4) ® (1,6). (6.35)

Then, the number of vector multiplets n§,6 ), tensor multiplets ny, and hypermultiplets ny are

n® =18, np=9-K2
ng=h>'(Y)+1+n31(3-1) +n24(8-0)+ny3(8-0)+n16(6-0)+n115(15-3)  (6.36)
=17K? + 18KT + 6T + 15.

We see that
ng —n\® +29np - 27320, (6.37)

so we can conclude that the pure gravitational anomalies are canceled. We recall that the number
of representations are

ng1=Q2K+T)BK+2T)+1, ngga=ngz=-TQ2K+T),

1 , (6.38)
nie=-KT, niis-= 5(KT+T +2).

We use the trace identities for SU(2) and SU(4), given by equations (2.22) and (2.24) to compute
the remainder terms of the anomaly polynomial. We first compute the SU(2) side contribution of
the anomaly polynomials. The number of representations ngr are then identified as

ng=ngi, nN2= 4(71274 + 77,27;1). (6.39)

Hence, X1(2) and X1(4) are given by

X® = (A3(1 - ng) - ngds) trg F2 = 12K (2K + T) try F? (6.40)
X{" = (Bs(1-ns) - n2Ba) tra ' + (Cs(1 - ng) ~ naC) (tr2 FP)> (6.41)
= —12(2K +T)*(trg F2)% '

Now consider the contribution from the SU(4) side of the anomaly cancellation. We determine
the number of representations to be

ng=2(n24+n93), 76=Ne1, N15=7151- (6.42)

Hence, X2(2) and X2(4) are given by

X2(2) = (A15(1 —n15) —neAe —nadq)try FQ2 =6KT try F22 (6.43)
X§" = (B15(1 - n15) - n6Be — naBa) tra Fy + (C15(1 - n15) - n6Co — naCl) (t14 F)* (6.44)
= —3T%(trg F2)? |

Since we have a semisimple group with two simple components, we must include the additional
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mixed term
Vi = (ng4 +ng g) tra FT tra Fy (6.45)

to fully consider the bifundamental representation (2,4). As a result, the full anomaly polynomial
is given by

- 1 2
L= 27T (R4 L(x® s Xy R? - 2(x D+ x9) 1 aviy
B 6 3 ) (6.46)
=3 (KR-16K trg F5 — 8T trg Fy + AT tro FY)”

which is a perfect square. Hence, we can conclude that the anomalies are all canceled when uplifted
to a six-dimensional N = (1,0) theory.

7 SU(2) x SU(4)-model

We consider an SU(2) x SU(4)-model with a trivial Mordell-Weil group. The Weierstrass equation

for I5*+I] is

y22 +a1zyz = 23 + Aotz + Agstia2? + Tgsti2S. (7.1)

The discriminant for this model is
A = -s°t"[(a] + 4ast)*(aids + 426t — ;) — 8st”(9aidsds + 36a2a4dst — 8ay — Sdagst®)].  (7.2)
The corresponding gauge group G and the representation R are respectively
G=SU(2)xSU(4), R=(3,1)e(1,15)®(2,4)0(2,4)a(1,6)® (2,1)®(1,4)a(1,4). (7.3)

The representation R is derived geometrically in the next subsection. The following sequence of
blowups gives a crepant resolution:

, (x,y,t|w1) ) (y7w1‘w2) , (z,w2|w3)
<

Xy 4 X 4 X, (7.4)

XO ¢ (I,’y,5|€1) Xl

Note that unlike other models, this required one more blowup to fully resolve the singularities. The

proper transform is
way? + arzy = wl(elwgm?’ + Towsts? + Ayst’x +56w1w252t4), (7.5)
where the relative projective coordinates are given by

[erwiwowie : eywiwiway : z = 1] [wiwawiz : wiwawsy : s][wsz : wowsy : t][y : w1 ][z wa].  (7.6)
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7.1 Fiber structure

This model has the following fibral divisors that correspond to their curves:

Dy :s= woy? + a1y — wiwsx? (eywsx + dat) = 0,

Dj :er= way? + ayxy — wit(Aewsx? + st + Aswiwas*t3) = 0,
Df it =wey? + a1y — eqwiwiz® =0,

¢ (7.7)
D] wp=wy+aiz =0,

DY iwsg= woy? + a1xy — wy st (Aax + Tgwiwast?) = 0,

DY :wy=ay- w1(61w§x2 + dowstx + ayst?) = 0.

The generic fiber of D? is a conic that degenerates into two lines over its discriminant locus V (a3dg +
4@ydgt - @5). The the resulting fiber is of type I5* and the curves C§ — Cf§, + C5_ yield weights of
the fundamental representation of A;. The intersection numbers between the curves and the fibral

divisors of I5° are

Dy Di Db DY D, D)

O o O3, 4 C5 glo 12 21 8 8 8 g (7.8)
cG,+Ci_ |2 -2 0 0 0 0
At the intersection of S and T, we get a fiber of type I§. Its components are
CSOC{ tt=wy =woy +a1x =0,
C’f N Cé twy = w3 = wey +arxr =0, (7.9)

C; n Cg W2 = w3 = a1y —a’4w13t2 = O,

C'§ N Cé t=wy =a1y - 61w1w§x2 =0.

This specializes to an I*> when a; = 0, just like the other model (with the Mordell-Weil group Zs)

in the previous section. The curve C specializes into the central node C%4 where
Clyiwy = wo = 0. (7.10)

The curve C4 splits into the three curves Ct,, which is the central node, and C%,, which is given by

the two roots of the curve
Ct’ . _ 2 2 ~ ~ 2
3. P W2 = eqw3T” + Aawstr + ayst” = 0. (7.11)

Thus we establish a Kodaira fiber of type I§°® when a; = 0. This is expected as this is exactly the
specialization under the same condition from the other model.

Since the locus of this specialization happens when twjwsws = 0 but away from the locus of
se1 = 0, there is no charged matter under su(2). Then we can compute the intersection numbers
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between the curves and the fibral divisors of I}, from the splitting of the curves

Ci > Ciy, (7.12)
Ct Sl CL +CY

where C%, are of a non-split type:

Dy D D§ DY DY D

o o 0 -2 1 0 1
Ci, o 0 1 -2 1 0
Ct o o0 o0 1 -2 1
cil+ct 1o o0 o0 2 0 -2

For the curve Cf?,, the weight is computed to be [2, -1, 0], which corresponds to the representation
15. The curves Cé; each carries the weight [-1,0,1] that yields the representation 6, which is the
fundamental representation of s0(6). Since these two curves are nonsplit, when we compute the
weight of them together as Cg = Cg; + Cg_, the weight is given by [-2,0,2]; the representation is
then computed as 20’. Since the locus is away from se; = 0, it is uncharged on the side for su(2)
and hence the representation for the whole product group su(2) x su(4) is (1,6). It is important
to note that the representation we get from the specialization to an Ij*® is the same for all 6, 15,
and 20" with the previous model (with the Mordell-Weil group Zsy). This has a codimension-three
specialization when a1 = a4 = 0. The curves split as

(7.13)

¢ ¢ %
{02 - O3+ Gy,

! t t
Cs, —Cy+Cy,

where the new curves are given by

053 W2 = w3 = 07
CL. ws=y? -TGgwis’t* =0, (7.14)
Cg twg = eqwsx + ast = 0.

This gives the codimension three enhancement, which has a different fiber structure as presented in

Figure 12. Using these splittings of the curve, we compute the intersection numbers between the
curves and the fibral divisors of Ij to be

Dy D Dy D DL D
ct 0 0 -2 2 0 0
cy o 0 0 2 0 -2 (7.15)
2C1, o 0 2 4 0 2 '
2C%, o o o0 0 2 -2
cl+Ccy o 0 0 0 -2 2

The new curves are Cg, which gives the weight [-2,0,2], C%;, which gives the weight [0,-1,1], and
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C%., which individually gives the weight [0,1,-1]. They respectively correspond to the representa-
tions 20’, 4, and 4. When we consider the two non-split type curves together as Cg = C’é; + Cg_,
the weight is then [0,2,-2] which yields the representation 10.

This model with a trivial Mordell-Weil group has an additional specialization from I} to an I3
when 2@ - a3 = 0. Under this condition, the curve C% splits into two curves C4 and C% as

Chiwg = woy? + a1xy — wy st (Ayx + Tgwiwost?)

1 ~ 2 2 2
= S (a1y — aqwyst®)(aiway + ajx — wiwaest®) = 0;
af( Y )( Yy+ay ) (7.16)

/ o~
C’é twy = airy - dqw st? =0,
t,/

C5 w3 =ajwy+ a%az — wywest? = 0.

Thus, the fiber structure becomes an I3, which is represented in Figure 12.

Based on the splitting of the curve C% where Cf, C%, and C% remain the same, the intersection
numbers between the curves and the fibral divisors of I} are computed to determine the weights of

the new curves:

Dy D} DY D! Dy D
cclo o -2 1 0 1
ctfo o 1 -2 1 0
cd"lo 0o 0 1 -1
cslo o o o -1 1
cklo o 1 0 1 -2

The weights of the curves are [-1,1,0] for the curve C} and [0,1,-1] for the curve C4 . They give
the representations 4 and 4 respectively. Since this collision is away from the locus of se; = 0, where
the divisors of su(2) sit, there is no matter is charged under su(2). We therefore get (1,4) @ (1,4)
for the charged matter.

In order to consider the collision of two types of Kodaira fibers, we need to enforce both se; =

twjws = 0. Then we can get the following curves:

CSHCS: s=t=w2y2+a1:1:y—elw1w§m3 =O—>n00,
CfﬂC(t): elzt:w2y+a1x=0—>n10,

er=t=y=0-n?, (7.17)
CfﬂCf: 61:w1:w2y+a1x=0—>7711,

CsnCL: e =w3 =way? + arzy — wy st (Ayx + Tgwiwast?) = 0 — n'2,

Cin C§ toep =wy = a1y — wit(AGawsx +ayst) =0 - n'3.

The fiber structure is given by the diagram in the second row of Figure 12. This has identical
structure to the I5°nIj-model with the Zy Mordell-Weil group.

The representations with respect to (su(2),su(4)) from this I5*+I3-model with a trivial Mordell-
Weil group are summarized in Table 15 below. Here we denote weights as [¢; @1, 2, @3], where [¢]
is the weight for the su(2) and [¢1, @2, @3] is the weight for the su(4).
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Locus twiwg =0 sep =twiwe =0 se; =0
Curves Ct, CE, cy oy’ n'0 ' i,
Weights | [0;2,-1,0] | [0;-1,0,1] | [0;0,1,-1] | [0;-1,1,0] | [1;-1,0,0] | [1;0,0,-1] | [-1;0,0,0]
Rep (1,15) (1,6) (1,4) (1,4) (2,4) (2,4) (2,1)

Table 15: Weights and representations for the I5°+I3-model with a trivial Mordell-Weil group.

This model has an additional (2,1) @ (1,4) ® (1,4) compared to the representations of the

[5°+I3-model with the Zs Mordell-Weil group:
R=(3,1)e(1,15) e (2,4)®(2,4) @ (1,6)®(2,1)®(1,4)® (1,4). (7.18)

When a; =0, n'% and 7' split and n'! produces a curve that intersects with three curves. The
splittings of the curves when a; =0 are

pl0 & pl03 4 0y
gttt (7.19)
pi3 o 03 4 pli3 18

where the new fibers are given by

N0 e =t=wy=0,
10y . o — 0 —
n rep=t=y=0,
113 (7.20)
n rep =wy =wg =0,
7713' te1 = wo = Agwsx + agst = 0.

This new fiber structure when a; = 0 is the diagram in the third row of Figure 12 as it is the same
with the [5°+I3-model with the Mordell-Weil group Zs.

Consider when a; = @ = 0, which produces a codimension-four specialization. The only curve

that transforms is

13’

ne - 77103 tep=t=wy =0, (7.21)

thus changing the geometry into the bottom left diagram of Figure 12.
Consider when a; = @4 = 0, which produces a codimension-four specialization. The only curve

that transforms is

7713’ ' and 7713’ 28 +,'712’ +7712”’ (7.22)
where the three new curves are given by
n123 tep =wg =wsz =0, nm’ tep = wsg =y +wist? =0, 7]12” tep = ws =y —wist? =0. (7.23)

thus changing the geometry into the bottom right diagram of Figure 12.
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a3l + 4dyagt — ds = ()

a? + 48t = 0

Figure 12: Fiber structure of I5°+I}® with a trivial Mordell-Weil group. This is the fiber structure
of the collision of I5® and Ij, which are drawn on the top, with a trivial Mordell-Weil group. The
hexagon on the locus se; = twjwows = 0 from the I5°+I3-model with the Mordell-Weil group Zs is
identical to the hexagon for this model. This enhancement has two newly split curves n'® and 7%,
giving the representations (2,4) ® (2,4). When a; = 0, this hexagon specializes to the diagram on
the third row. When a1 = a9 = 0, this further specializes into the diagram on the bottom left. When

a1 =ay4 =0, we get the diagram on the bottom right.
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7.2 Coulomb phases

Using the notation of [¢; p1, @2, p3], the nine independent weights for these representations are given
by

w1 = [Oa _17 170]7 w2 = [0507 1)_1]) w3 = [0;_1)0) 1]5
wy =[1;-1,1,0], ws5=[1;0,-1,1], we=[-1;1,0,0], (7.24)
wr = [_1;_]—a 170]’ wg = [_1;07_17 1], w9 = [_1;05()’ 1]

The first two weights are from (1,4) @ (1,4), the third weight is from (1,6), and the remaining
six weights are from (2,4) @ (2,4). More specifically, the first weight is (1,4), the second weight
is (1,4),the third weight is (1,6), the fourth to eighth weights are (2,4), and the ninth weight is
(2,4).

For convenience, we denote these relations as a vector of weights v,

v=(=p1 + 2, P2 -3, =1+ @3, Y1 = Y1+ P2, Y1 - P2+ 3,

(7.25)
— 1+ @1, =1 =1+ P2, =1 — P2 + @3, =P +P3).

The chambers structures of these are computed, which is drawn in Figure 6. There are in total
20 chambers. The chambers are denoted as a set of signs of the nine relations that determine the
chamber, where 1 denotes the relation to be positive and —1 denotes the relation to be negative.

5b™ 5b*

4b*

3b™ 3b*

2b” 2b*
107 |1b°

Figure 13: This is the chamber structure of the I5°+Ij-model with a trivial Mordell-Weil group in
a planar diagram.
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7.3 5d N =1 prepotentials and the triple intersection polynomials

The triple intersection polynomial is computed for the I5°+I}-model with a trivial Mordell-Weil group
defined by the crepant resolution we determined earlier [REF]:

Firip == 28(2L + S)Yi + AT (L - T) ¢ + 2T (S - 2L) 3 + 2T (L - 2T) 3
+3T(2L - S -T)¢3 (¢1 + ¢3) + 3T (-3L + S + 2T ) (43 + ¢3)
—6LT ¢ g3 + 6LT $160d3 — 65T1 (¢7 - dog1 + d5 + 93 — P2¢3)
+4S(L - 8)p3 +6S(S = 2L)¢p2epy + 12LSYop? — 2T (2L + S + 2T)
+3T o (2¢1 (Lz + ) + @2 (L - S) + ¢3(L ~ S) - 28 (3o — 1b1)* + 2501 63)
+ @2 (3T (¢1 + ¢3) (2L + S +T) - 6ST1) .

(7.26)

The bottom three lines have terms depending on 1y and ¢g, which will not be contributing to
the prepotential term that is computed below, and the prepotential is compared with the triple
intersection polynomial explicitly. The triple intersection number is different for different crepant
resolutions, so the correct chamber has to be identified.

The Intrilligator-Morrison-Seiberg prepotential is computed in the same chamber that corre-
sponds to 5b+ in Figure 6. This is determined from the weights computed from the curves, which
is summarized in Table 15. The chamber that we geometrically computed has positive relations for
the first three entries of the sign vector v in Figure 6. Also, the sixth entry is negative and the ninth
entry is negative in the sign vector v as well. The only chamber that satisfies v = (111z20220),
where = denotes an unknown sign, is the chamber 5b+, which has v = (111110000). Using the
representation for this split model with Zo,

R=(3,19(1,15))®(2,4)@(2,4)® (1,6)®(2,1) @ (1,4) ® (1,4), (7.27)
the prepotential in the chamber 5b+ is
6.Fms = — 8(n1,15 — 1) — (8n115 +n1a + nyg- 8) s — 2(4ny 15 + 116 —4) P
- (n21 +4(nga+ Ngz+2n31 - 2))11}? + ;(4111,15 +n14+n93-2n16— 4)¢%(¢)1 +¢3)
- g(nm +ny.3 - 2n1,6)02(7 + #3) — 6n1 607 d3 + 6n1 6015203

—6(n2,4 +ng.3)11 (65 — G102 + O3 + 3 — dos).
(7.28)

Using the dictionary that the triple intersection polynomial is identical to the prepotential, we can
fix n1 6 and n1,15 completely, and determine the following linear relations for the remainder ng:

nia+ nl’;l = 2T(4L -S- 2T), nga4+ 7”L27[1 = ST, nzat 871371 = 25(2L +S - 2T) + 8. (729)

In order to compute individual ng, we recall that the representation (2,1) was computed from the
splittings of the curve C} — Cf, + C}_ in section 7. These splittings are from the condition of the
coeflicients such that a%a'ﬁ +4asagt —EL'Z = 0. The class of this condition is then twice that of the class
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of @y, which is 2(4L — S — 2T). Then these splittings happen when s = a2@s + 4d@aagt — @3 = 0, which
yields the class 2S(4L - S - 2T'). Hence, n23 = 2S(4L - S - 2T'). Moreover, we also use n1 4 =n; 3
and ng 4 = ny 3. Thus, we can now fix all the ng to be

1 1

ng1=—=(-LS+5%+2), mno1=2SM4L-S-2T), mng4=ngz=-ST,
El 2 El ’ 3 2

) (7.30)

nig= LT, niis=3 (-LT+T*+2), nya=ny3=T(AL-S-2T).

Using the genus of the curve, let gg and gr be the curves such that 2 - 2g¢ = S(L - S) and
2-2gr =T(L-T). Also we use the Calabi-Yau condition L = —K. Then we can interpret the

prepotential in terms of these genus as

Firip =— (8= 8gs +65%)¢ + (8 = 8gr) ¢ + (—8+8gr + 2T (S - 2T))¢3 — 2(297 + T% - 2) 3
+3(~4gr - ST +T* +4) ¢3 (¢1 + ¢3) +3 (697 + T(S - T) - 6) ¢2 (67 + ¢3)
—6(-297 +T% +2) ¢35 + 6 (~297 + T* + 2) $1¢203
— 65T (67 — a1 + 93 + B3 — agh3) -

(7.31)

7.4 6d N =(1,0) anomaly cancellation

In this section, we consider an I5°+I3-model with the trivial Mordell-Weil group. Then, the gauge
algebra and the representations, which are computed geometrically in section 7, are given by

g=A1+4;, R-= B, 1)e(2,4)®(2,4)@(1,4)®(1,4)® (1,6) ® (1,15). (7.32)
The number of representations are computed above:

1 1
n31=—(KS+S’2+2)=gs, ’I’L21=—25(4K+S+2T), 7”L24=7”L271=—ST
C2 ’ T2 (7.33)

1
nie=-KT, niis= 5 (KT+T*+2)=gr, mia=nqyz=-TMAK +S+2T).

Then, the number of vector multiplets n§,6 ), tensor multiplets ny, and hypermultiplets ngy are

n =18, np=9-K2
ng=h>'(Y)+1+n31(3-1) +n21(2-0) +n24(8-0) +ny3(8-0) +n1,6(6-0) (7.34)
+n1,15(15-3) +17,4(4-0) + 1y 5(4-0) = 30+ 29K°.
Then we see that

ng —n\® +29np - 27320, (7.35)

which vanishes. The pure gravitational anomalies are thus canceled.

In order to check the remainder terms of the anomaly polynomial, the number of representations
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are then identified as

ng=mngi, nN2=nz1t 4(7‘&274 + TL27;1), (7 36)
na=n14+ny3+2(n24a+ns3), 7N6=7Ne1, MN15=N151.

Hence, using the trace identities os SU(2) and SU(4) given by the equations (2.22) and (2.24), XI(Q),
X1(4), X2(2), X2(4), and Y, are given by

X1(2) :(As(l—n3)—n2A2)tI‘2F12=6KTtI’2F12 (737)

X1(4) = (B3(1 - 113) - nng)trg F14 + (03(1 - 713) - TL202) (tl“z F12)2 (7 38)
= 3T (try F?)? ‘

X2(2) = (A15(1 — n15) - ngAg — n4A4) trg F22 =6KStry F22 (7'39)

X2(4) = (B15(1-n15) —neBe — naBa) tra Fy + (C15(1 —n15) — neCe — naCa) (tra F3)? (7.40)
= —35%(try F3)? .

}/12 = (n2,4 + nzji)trg F12 trg F22 = STtI‘z F12 tryg F22 (741)

The remainder terms of anomaly polynomial are then given by

_ 9 - nr
8
(K tr R? + 4S trg F2 + 4Ttry F})*,

1 2
Iy (tr R?)? + E(XI(Z) + XY tr R - §(X1(4) + Xy + 4y,

(7.42)

o | —

which is a perfect square. Hence, all the six-dimensional anomalies are canceled.
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