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ABSTRACT: Detailed studies of four dimensional N = 2 superconformal field theories
(SCFT) defined by isolated complete intersection singularities are performed: we com-
pute the Coulomb branch spectrum, Seiberg-Witten solutions and central charges. Most of
our theories have exactly marginal deformations and we identify the weakly coupled gauge
theory descriptions for many of them, which involve (affine) D and E shaped quiver gauge
theories and theories formed from Argyres-Douglas matters. These investigations provide
strong evidence for the singularity approach in classifying 4d N’ = 2 SCFTs.
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1 Introduction

Six dimensional (2,0) theory has a remarkable ADE classification, which can actually be
derived from the classification of two dimensional isolated rational Gorenstein singularities
[1]. By compactifiying the 6d theory on torus [2]|, one can derive the classification of four
dimensional A/ = 4 superconformal field theories (SCFT)!. The natural next step is to
classify four dimensional N = 2 SCFTs |7, 8] and it transpires that the space of such the-
ories is surprisingly large due to less supersymmetry and the possibility of non-Lagrangian
theories [9-14]. Those intrinsically strongly coupled theories make the classification much
more difficult, and the traditional field theory tools become inadequate.

It turns out that the geometric tools are more suitable to implement classification:
one can use wrapped M5 branes to engineer a large class of new A/ = 2 SCFTs [15-19],
and the classification of these theories is reduced to that of the punctures [19-21|; another
seemingly much larger space of theories can be constructed using singularity theory [22, 23]?,
and the classification of SCFTs boils down to the classification of three dimensional isolated
rational Gorenstein singularities [23].2 The isolated hypersurface singularities corresponding
to N' = 2 SCFTs have been classified in [23, 30|, and recently this program has been
extended to the isolated complete intersection singularities (ICIS) [31]. The major result

!There are some subtleties involving non-local objects [3-6].
2See [24-27] for an introduction to singularity theory.
3See recent work of [28, 28, 29] for classifications of rank 1 theories based on the Kodaira classification.



of [31] is that to obtain an N = 2 SCFT, the ICIS must be defined by at most two
polynomials (f1, f2), and there are in total 303 classes of singularities (many classes involve
infinite sequences of singularities).

The purpose of this paper is to study properties of these new N' = 2 SCFTs engineered
using ICISs in [31]. We will explore various physical properties of these theories such as the
Coulomb branch spectrum, Seiberg-Witten solutions |7, 8|, central charges [32], etc. using
the data of the singularities. We also identify the weakly coupled gauge theory descriptions
for some of these theories and compute various quantities from field theory techniques.
The results are in complete agreements with those derived from singularity theory. Many
of these theories take the form of (affine) D or E shaped quivers. We view these checks
as compelling evidence for the power of our approach of employing singularity theory to
classify four dimensional N' = 2 SCFTs.

The theory defined by an ICIS has some interesting and new features compared with the
theory defined by a hypersurface singularity, for example, the multiplicity of the Coulomb
branch operators (scalar chiral primaries) with the maximal scaling dimension can be larger
than one; the number of A; singularities (co-dimension one singularities on the Coulomb
branch or the base of the Milnor fibration) is different from the Milnor number, etc. These
models imply that some of the features of the SCF'Ts from hypersurface singularities may
not be generic.

This paper is organized as follows: section 2 explains how to derive physical properties
of the SCFTs from the data of singularities; section 3 describes the weakly coupled gauge
theory descriptions for theories engineered using the singularities; we conclude with a short
summary and discussion for future directions in section 4.

2 4d N =2 SCFT and ICIS

In this section, we will start by reviewing general properties of 4d N' = 2 SCFTs, and
then explain the geometric constructions of a large class of such theories from ICISs. In
particular, we will describe the necessary conditions on the ICISs to give rise to 4d N' = 2
SCFTs, and how to read off the Coulomb branch spectrum and conformal central charges
of the 4d theory from the singularity.

2.1 Generality of 4d N' =2 SCFT

The N = 2 superconformal group SU (2, 2|2) contains the bosonic conformal group SO(4, 2)
and SU(2)g x U(1)g R-symmetry. The unitary irreducible representations of N' = 2
superconformal algebra have been classified in [33], and a highest weight state is labeled
as |A, R, 7, j1, j2), where A is the scaling dimension, R labels the representation of SU(2)g
symmetry, r is the charge for U(1)r symmetry, and j1, jo are the left and right spins. The
important half-BPS operators (short multiplets) are &, ) (A = r) and Br (A = 2R),
whose expectation values parametrize the Coulomb branch and the Higgs branch of the
vacuum moduli space of the N = 2 SCFT respectively. Moreover if 1 < A[&, o)) < 2, one



can turn on the following relevant or exactly marginal deformations*

0S = )\/d4m @457,,(070) +c.c (2.1)

One can assign the scaling dimension to A which satisfies the condition A[A] + A&, ()] =
2. 1If there is an operator B in the spectrum, one can also have the following relevant
deformation

08 = m/d4x QB + c.c (2.2)

and m has scaling dimension one, which in Lagrangian theories gives the usual N’ = 2 mass
deformation. The above deformations are all of the A/ = 2 preserving relevant or marginal
deformations |28, 34]. The IR physics on the Coulomb branch depends on the parameters
(m, A, u) where u = (&, (9,0)) is the expectation value of the Coulomb branch operator. To
solve the Coulomb branch, we need to achieve the following goals

e Determine the Coulomb branch spectrum, namely the scaling dimensions of the pa-
rameters (m, \, u).

e Determine the Seiberg-Witten solution, which is often described by a family of geo-
metric objects

F(z,m,\,u) =0. (2.3)
F can be a one-fold or a three-fold.

As for the Higgs branch, parametrized by the operators Bl, the question is to determine
the flavor symmetry group G and the corresponding affine ring, namely to identify the
generators and relations for the Higgs branch.

2.2 Geometric engineering and 2d/4d correspondence

One can engineer a four dimensional N' = 2 SCFT by starting with a three dimensional
graded rational Gorenstein singularity [23]. Graded implies that the three-fold singularity
should have a C* action which is required by the U(1)g symmetry of N' = 2 SCFTs.
Gorenstein means that there is a distinguished top form  which will be identified with
the Seiberg-Witten differential. The rational condition ensure that the Coulomb branch
operators have the positive U(1)r charge, or the top form 2 has positive charge.

In the case of ICISs defined by f = (fi, fo,..., fx) € Clx1,z9,...,2,] in C" with
n =k + 3 > 5, the above conditions become

e Gorenstein: this is automatic for ICISs.
e C* action: a set of positive weights w, and d; such that f;(n¥ez,) = n% f;(z4)

e Rationality: 327w, > S8 d;

4We denote the 4 + 4 supercharges by Q, @, suppressing the spacetime and R-symmetry indices.



It was recently proved in [31] that the above conditions demand k = 2.

Consider now graded ICISs which are defined by two polynomials f = (fi, f2), which
defines the map f : (C%0) — (C2%,0). We can denote the charge of the coordinates
Zg,a = 1,...5 and the degree of two polynomials by (wi,ws,ws,ws,ws;dy,d2) (up to
an overall normalization). The rational condition is simply

5 2
Z w; > Z d;. (2.4)
i=1 i=1
We can normalize the charges such that d; = 1 and do < 1 without losing any generality.

The above constraint can be interpreted from string theory. Considering type II string
probing an ICIS. To decouple gravity, we send the string coupling g; — 0 while keeping the
string scale £, fixed, this way we could end up with a non-gravitational 4d little string theory
(LST) whose holographic dual is described by type II string theory in the background

R3 x Ry x (S* x LG(W))/T (2.5)

with a suitable GSO projection I' that acts as an orbifold to ensure 4d N' = 2 spacetime
supersymmetry [35-37]. Here Ry denotes the NV = 1 linear dilaton SCFT with dilaton
profile ¢ = —%qb. For an ICIS, LG(W) is the N’ = 2 Landau-Ginzburg (LG) theory with
chiral superfields z, and A.> Assuming d; > dy and normalizing the weights on z, such
that d; = 1, the superpotential is given by:

W = fi(za) + Afa(2a), (2.6)

where the C* action on z, is identified with the U(1)g charge of z, in the LG model. The
U(1)g charges of A is fixed to be 1 — dg so that W is quasi-homogeneous with charge 1. In
the low energy limit ({5 — 0), we expect to recover the 4d SCFT from the LST.

Now the A = 1 linear dilaton theory has central charge 3(1/2+Q?), whereas the N = 2
LG model has central charge 3¢. Consistency of the type II string theory on this background
requires the worldsheet theory to have a total central charge of 15 which implies Q? = 2 — ¢
thus ¢ < 2. On the other hand, the central charge of the LG theory is determined by the
U(1)r charges of the chiral superfields,

5 5
E= (1-2we)+(1-2(1—dp))=4-2) wg+ 2dy. (2.7)

a=1 a=1

thus the condition ¢ < 2 is equivalent to

5
> we > 1+ dy, (2.8)

a=1
which is exactly the rationality condition for the singularity. Such 2d LG models are much
less studied in the context of 2d (2,2) SCFTs, in particular, the chiral ring structure is little
explored. It is definitely useful to have a deeper understanding of these 2d theories so that
the corresponding 4d theories can be understood better. In this paper, we will rely on the
intrinsic properties of singularities to study 4d A/ = 2 theories.

This has been considered for Calabi-Yau case in [38, 39] which extends naturally to the Fano case we
consider here.



2.3 Mini-versal deformations and Seiberg-Witten solution

The Seiberg-Witten (SW) solution of the N' = 2 SCFT defined by an ICIS is identified with
the mini-versal deformations of the singularity. Given a complete intersection singularity
specified by polynomials f = (f2, f2), the mini-versal deformations are captured by the

Jacobi module
C2[$1,ﬂ§2, ooy )

(gfi) : (2.9)

We denote a monomial basis of the Jacobi module by ¢, which are 2 x 1 column vectors

j:

with only one non-zero entry. The mini-versal deformation of the ICIS is defined as

1
F()\, Z) = f(Z) + Z /\a(ﬁou (2.10)
a=1

with the holomophic 3-form

_dxy ANdzg N Adxs
B dFy N dFs

Q , (2.11)
which describes the Milnor fibration of deformed 3-folds over the space of parameters A,.
Here p is the dimension of the Jacobi module and is also called Milnor number which counts
the middle homology cycles (which are S topologically) of the deformed 3-fold. The basis
¢q of the Jacobi module for ICIS can be computed using the software Singular [40], and
the result is also listed in [31].

As explained in the previous subsection, type IIB string theory on this singular back-
ground gives rise to a 4d N' = 2 SCFT. The coeflicients A\, in (2.10) are identified with
the Coulomb branch parameters of 4d theory. The (assumed) C* action on the singularity
descends to the Jacobi module and is interpreted as (proportional to) the U(1)r symmetry
of the 4d SCFT. The rank of the BPS charge lattice is given by u. The BPS particles in
the 4d theory comes from D3 branes wrapping special Lagrangian 3-cycles in the deformed
3-fold. Their masses are determined by the integral of €2 over the corresponding homology
cycles.

Demanding the mass to have scaling dimension 1, we fix the relative normalization
between the C* and U(1)g charges . The scaling dimension (U(1)g charge) of a Coulomb
branch parameter is then given by

dj — Q[¢a]

Alo] = —= .
Za:l Wa — dl - d2

(2.12)

where w, > 0 are the C* charges of x,. Here only the j-th entry of ¢, is nonzero. The
Coulomb branch scaling dimensions A[\,] are symmetric around 1 as shown in [41], which
is in agreement with field theory result.

The Jacobi module of a graded ICIS will be captured by the following Poincare poly-
nomial

P(z) =) z“dimH,. (2.13)



Here dim H, counts the number of basis elements in Jacobi module whose C* charge is «.
The Poincare polynomial has the following simple form [42] for the 3-fold ICISs here:

1
t4(1 + t)

P(z) = resi=o (2.14)

H2:1(1 — 2Wa) H§:1(1 + t2di)

The Milnor number can be computed from the Poincare polynomial by setting z = 1:

HZ=1(1 +t2) H?=1(1 — 2%) i t]

HZ:I w% -1 (4 + Zizl dﬁ”{;g) di=do=d

p=Ppra1)= 5 d d 5 d d
oz (or = 1) 323 + 1oz (uT?z - ) B-dy D #d

(2.15)

2.4 Central charges a and ¢

Knowing the full spectrum of Coulomb branch parameters, we can compute the conformal
central charges of the 4d A/ = 2 SCFT using the following formula [32]:
R(A) R(B) br R(B) r
— AR =4 2.1

a 4+6+24,c 3+6’ (2.16)
where 7 is the rank of the Coulomb branch and we have used the fact that the generic
fibre of the Milnor fibration (2.10) has only non-vanishing middle cohomology, thus there
is no free massless hypermultiplets at a generic point on the Coulomb branch. R(A) can be
computed straightforwardly from the Coulomb branch spectrum which can be solved using
the SW solution given above. The key point is to compute R(B). In the hypersurface case,

R(B) takes an elegant form [23]:
_ HUmax
4 7

Here p is the Milnor number which is equal to the dimension of the charge lattice of our

R(B)

(2.17)

field theory, and 4z is the maximal scaling dimension of our theory.
For SCFTs defined by ICIS (f1, f2) with weights (w1, wa, w3, wg, ws; 1,d2) and do < 1,
we propose that R(A) and R(B) are given by the following formula:

RA) = 3 ([w - 1), R(B):i//a. (2.18)
Alu;]>1

Here i/ counts the “effective” number of A; singularities after generic deformations, which
differs from the Milnor number g, unlike in the case of hypersurface singularities, and « is
the scaling dimension of one of the Coulomb branch operator which can be expressed as
follows (with dy < 1):
1
= .
Dimgwi—1—ds

Notice that this is the scaling dimension of the operator associated with the deformation

o= (2.19)

(f1 +t, f2). The effective number of A; singularities is given by the following formula

po= o, (2.20)



where p is the Milnor number of the ICIS, and 7 is the Milnor number for f; as an isolated
hypersurface singularity in C?,
5
w =110 - D. (2.21)
i=1
Let’s explain how the effective number of A; singularities are computed. We have
an ICIS (f1, f2) with weights (w1, we, ws, wy, ws;1,d2) and do < 1. We first deal with
the situation where f; defines an isolated hypersurface singularity, and consider fo over
the coordinates restricted on the variety Xp = {fi(z,) = 0} C C°. By deforming f5
to fo = fo +t, the critical points of f5 over Xy are Morse (the critical points are A;
singularities). The number of such A; singularities is p/ = p+ pq1 [25], and pq is the Milnor
number of fi. The scaling dimension of the coordinates (i.e Coulomb branch parameters,
not to be confused with x,) near the Morse critical points are determined by the scaling
dimension of the polynomial fi, which is given by

1 .
Z?:lwi_l_@’

(2.22)

o=

This gives the U(1)g charge of the coordinates near the A; singularities, and explains the
formula for R(B) using the result in [32].

What is quite amazing is that even in the case that neither f; nor fo defines an isolated
singularity, one can still use the above formula to compute the central charge although now
// is fractional, and the results match with the field theory expectations as we will see in
the subsequent section.

3 Gauge Theory Descriptions

In the previous section, we have explained how to extract Coulomb branch data from
the geometric information associated with the singularities (ICISs). In this section, we
will use these information to identify the gauge theory descriptions for a subclass of such
constructions, thus providing nontrivial evidences for the general geometric constructions

of 4d N = 2 SCFTs from ICISs.

3.1 Strategy of finding gauge theory descriptions

For some of the theories engineered using ICISs, the Coulomb branch spectrum contains
operators with scaling dimension 2, which give rise to exactly marginal deformations. It
appears that for 4d N' = 2 SCFTs with such deformations, one can always find weakly
coupled gauge theory descriptions.® We would like to find at least one weakly coupled gauge
theory descriptions for our SCFTs with exactly marginal deformations. Unfortunately we
do not have a systematic procedure at the moment and will take a brutal force approach: we
compute the Coulomb branch spectrum from the ICIS and then try to guess a consistent
quiver gauge theory such that the Coulomb branch spectrum matches (with additional

5Tt is interesting to prove or disprove this statement.



G dimG hY {di}iz1,.. rank (@)
A1 n?—1 n 2,3,...,n

B, [ n(2n+1)|2n—-1 2,4,...,2n

Cpn | n2n+1)| n+1 2,4,...,2n

D, |n(2n—-1)|2n—-2 2,4,....2n—2;n

Es 78 12 2,5,6,8,9,12

Er 133 18 2,6,8,10,12,14,18

Ex 248 30 | 2,8,12, 14, 18, 20, 24, 30

Fy 52 9 2,6,8,12

Go 14 4 2,6

Table 1. Relevant Lie algebra data: hY denotes the Coxeter number and {d;} are the degrees of
the fundamental invariants.

consistency conditions such as central charges”). Even with this naive approach, we do find
many interesting quiver gauge theories, and we compute the central charge from the quiver
gauge theory which agrees with the result from that using singularity theory.

The essential strategy to identify gauge theory descriptions from the Coulomb branch
spectrum consists of the following;:

1. Identify candidate gauge groups G: among the integral scaling dimensions (greater
than 1) in the CB spectrum, find the sequences that coincide with the set of funda-
mental degrees for various Lie groups listed in Table 1.

2. Identify candidate N' = 2 matter: group the remaining scaling dimensions (those that
are larger than 1) into isolated N = 2 SCFTs (many Argyres-Douglas type theories)
which serve as non-Lagrangian matters with the necessary flavor symmetries to couple
to the gauge groups.

3. Gluing the pieces: put together the gauge groups and matter by conformal gauging,
check beta function

Ba =21 (G) = kal@) (3.1)

vanishes for all gauge groups G. Here we use k,(G) to denote the flavor central charges
of the matter theory for the symmetry G. We choose the normalization that for G =
A, B, C, D, the flavor central charge x(G) = 1 for one fundamental hypermultiplet in
the G = A, C case and one half-hypermultiplet in the G = B, D case. In the case
when G is a subgroup of a larger non-abelian flavor symmetry J in the matter theory,

"We would like to emphasize here that there are examples of 4d N = 2 SCFTs with the same Coulomb
branch spectrum and flavor symmetries yet different conformal central charges.



the flavor central charges for G is related that of J by k(G) = Ig—, sk(J) where Ig, s
is known as the Dynkin index of embedding [43].8

4. Consistency check: make sure that the rank of remaining flavor symmetry matches
with the the CB spectrum from singularity; in addition, if the quiver has a Lagrangian
description, we compute the conformal central charges a and ¢ from the gauge theory

description using”
_ dny +ny _ 2ny t+ny

21 ¢ 12
and compare with that computed from (2.16). If the matter system includes the

a (3.3)

strongly coupled constituents, we also need to include the contributions from these
subsectors.

We believe that these quiver gauge theory descriptions provide compelling evidence
that our program of using singularity theory to classify N’ = 2 SCFTs is correct. In the
following subsection, we will list some of the interesting examples.

3.2 Matter system

The obvious matter system are free hypermultiplets. We also need to use strongly coupled
matter systems such as theories defined by three punctured spheres [17, 21] and Argyres-
Douglas matters [18, 19]. For later convenience, we will summarize some properties about
these strongly coupled matter systems.

3.2.1 Gaiotto theory

We can have the strongly coupled matter defined by six dimensional (2,0) type J = ADE
SCFTs on a sphere with regular punctures [17]. We are going to mainly use J = Ay_; in

which case the regular punctures are classified by Young Tableaux Y = [n’;S, el né”,ni“]
with the ordering ng > ns_1 > ... > ni. The flavor symmetry of a regular puncture is

given by .
Gy = [[Tuma/v). (3.4)
i=1

The flavor central charge of a non-abelian factor SU(h;) is given by the following formula
[21]:

kSU(hi) = ijSj, (35)
Jj<i
here s; is defined by the transposed Young Tableaux Y7 = [s1"", 852, ... S ]

8Recall from [43] that the Dynkin index of embedding for G C J is computed by

Ig ;= % (3‘2)
where r denotes a representation of J which decomposes into @®;r; under G, and T'(-) computes the quadratic
index of the representation (which can be found for example in [44]).

9For strongly coupled matter theories (e.g. Argyres-Douglas matters), we can think of n, and n, as
counting the effective number of vector multiplets and hypermultiplets. To get a and c in those cases, the
formula (2.16) is more useful.



The flavor symmetry of a theory defined by a three punctured sphere is G = Gy, X
Gy, X Gy, and it can be enhanced to a larger symmetry group using the 3d mirror as
described in [45].

The Coulomb branch spectrum of these theories can be computed as follows: label the
boxes of Yj from 1,2,...n row by row, and define the number (pole order associated with
i-th fundamental invariant)

pl(j) =7—s5; (3.6)

where s; is the height of the ith box in Y;. The number of degree (scaling dimension) ¢
Coulomb branch operators are given by

3
di=Y p¥ —2i+1. (3.7)
j=1

The conformal central charges a and ¢ can be found (or rather n, and ny,) using the puncture
data [21] or equivelently the method described in [46].

3.2.2 Argyres-Douglas matters

The class of Argyres-Douglas (AD) matters (general NV = 2 SCFTs with large flavor sym-
metry) is huge but as we will see in the next subsection, many of the AD matters that show
up in the gauge theory descriptions of our theories from ICISs, fall in the simple subclass
of D,(G) theories!® [18, 47] and its twisted analog [19].

One type of D,(G) matter theory that shows up often in our analysis is D SU(N),
and its basic property is summarized as follows (more details can be found in |18, 47]):

e When N = 2n, D3sSU(N) represents the SU(n) SQCD with 2n hypermultiplets in
the fundamental representation, and we have the quiver description

SU(n)

with flavor symmetry SU(N)x x U(1).1!

2

e When N = 2n + 1, D;SU(N) is an isolated SCFT with flavor symmetry SU(N)w .
2
The Coulomb branch spectrum is

NAN-Z2 341
27 2 T~ (3.8)
N-1
The conformal central charges are given by
7 1
alD2(SU(2n +1))] = ﬁn(n +1), [D2SU2n+1)] = gn(n +1). (3.9)

19This is denoted by (G [k], F) in the more general classification of [19] with the restriction b = h" (G)
and p =k + h"(G).

HEor simplicity of notation, we will use subscript to denote the flavor central charge for the global
symmetries.

~10 -



We also use D,,SU(n) to denote the following quiver tail

[1|—8SU@©2) —SU@B) ——...—— SU(n —1) ——[n]

with flavor symmetry SU(n),_1 x U(1)""L.

More general Argyres-Douglas matter can be engineered using 6d J = ADE type (2,0)
theory on a sphere with one irregular puncture and one regular puncture [19]. These theories
are denoted by (J®)[k],Y) where J(®)[k] specifies the irregular puncture and Y labels the
regular puncture (which are certain types of Young-Tableaux for classical Lie groups and
Bala-Carter labels for exceptional groups [21, 48]). The simplest cases correspond to Y = F'
by which we mean the regular puncture is of the full (maximal, principal) type thus enjoys
a maximal J flavor symmetry but as we shall see, AD matters from degenerations of the
full punctures also show up as building blocks of the 4d theories from ICISs.

In addition, we will make use of two matter theories from twisted D-type punctures in
[19]. These theories are constructed by introducing a Zy outer-automorphism twist in the
compactification of D-type (2,0) SCFT on a sphere with one irregular twisted puncture
and one full regular twisted puncture. We denote such theories by (Ds;) k], F).

e The parameters b, k specifies the irregular singularity and satisfy i. k£ € Z and b =
2n—2orii. k€ Z+1/2 and b=n [19].

e [ indicates that the regular twisted puncture is full (maximal) which gives rise to
USp(2n — 2) flavor symmetry with central charge k = n — W%'

e Moreover for b = 2n — 2 and k odd, we have an additional U(1) flavor symmetry.

3.3 Examples

We adopt the labeling of [31] to keep track of the ICISs that we are going to study below.
For each case, we list the quiver gauge theory description and compute the conformal central
charges. The meaning of the symbols appearing in each example is

e ICIS (¢) denotes the (i)-th ICIS appearing in [31], and we record the defining equa-
tions here.

o (w1, w2, ws,wq,ws;1,d) are the weights of the coordinates and degrees of the poly-
nomials. We do not normalize the weights here such that d < 1.

e 1 denotes the Milnor number of the ICIS, which is also the dimension of the charge
lattice of the SCFT.

e 11 + p gives the effective number of A; singularities.
e « is the scaling dimension near the A; singularities.

e 7 is the dimension of Coulomb branch, namely counting the part of the spectrum
with scaling dimension larger than one.

e f denotes the number of mass parameters.

e a,c denote the conformal central charges.

— 11 —



ICIS (1)

o+ ad+ a4+ ai+al =0
22 + 223 + 325 + 423 + 52l =0

n> 2
(wlaw27w37w47w5; 17d) = (%7 %7 %7 %7 %a 17 ]-)
dn—6 ne€2Z 5 ne2Z
p=-=7+8n, pm=n—-1, a=n, r= ) f: ’
dn—4 ne2Z+1 1 ne2Z+1
Sn2—% ne2z Sn2—1 ne2zZ
a = s C =
%nQ—% ne2Z+1 %n2—% ne2Z+1

D,SU(n) DySU(n)

SU(n)

SU(n)

For illustration, let’s discuss how we identify the quiver. To start, we see from the
singularity data (using the program Singular [40]) the Coulomb branch spectrum is given
by (including positive scaling dimensions only)

n+ln+l nnnnn—-—1n-1 3
2 ) 2 72727272’ 2 ) 2 7"'727
2 2 -2 n—-2
nEEimAEIm R R R RT2 9 991.1,1,1,1

(3.10)

ne2+1: nnn—1n—1,..., ,1

)

| W
N W

3
27

ne2l: nnn—1n—1,..., 5 "9 '9'3'9°3 5 ' 3

We see immediately that this is the affine D5 theory when n is even (Figure 1)

SUm2)  SU(n/2)

SU(nj2) —— SU(n) SU(n) SU(n/2)
Figure 1. Affine D5 quiver from ICIS (1) with n € 27

while more generally we have

DySU(n) DySU(n)

DySU(n) SU(n) SU(n) DySU(n)

- 12 —



We can compute the central charges from the spectrum (3.10) using (2.16)

%nQ—g n € 27
a = s C =
%nz—% ne2Z+1

n € 27

n%—1
nQ—% ne2Z+1

(3.11)

IN[SCI'NToV]

It’s easy to check that they agree with those computed from the quiver description (using
(3.9)).

For most of the examples below we will omit unnecessary details. The interested reader
is welcome to follow the strategy outlined in the previous subsections to double check these
gauge theory descriptions in comparison to the singularity theory point of view.

ICIS (2)

x%—i—x%—l—az%—i—xi—f—x%zo
22 + 223 + 322 + 423 + 523 = 0

(wl,wg,wg,w4,w5; 17d) = (%7 %a %7 %a %; 1) 1)
p=32, wm=4, a=6, r=12, f=46, a:%, c:l%
3,3,1,1]
SU(2) —— SU(4) —— Dy| [1,1,....1] | — SU4) — 5U(2)
[1,1,....1])

The middle conformal matter theory D4([3,3,1,1],[1,1,...,1]?) is defined in the ordi-
nary type Dy class S construction, by two full SO(8) punctures and one puncture of the
type [3,3,1,1] on S2. This conformal matter supplies three CB operators 6,4, 3 and flavor
symmetry (SO(8)g)? x U(1)2. Note that the index of embedding Is;(4)—s50(s) = 1 from the
decomposition 8 — 4 4+ 4. Therefore the conformal matter theory supply current central
charge rgy(4) = 6 for both SU(4) gauge groups, making them conformal

Bsua) =8—-6—-2=0. (3.12)

The left over flavor symmetry has rank 6 from the quiver which agrees with that from the
singularity.

Furthermore, we can compute the conformal central charges from the quiver as follows.
The conformal matter theory supplies n, = 41,n;, = 72 (or a = 22—747, c= %) Including the
contributions from the SU(2) and SU(4) vector and bifundamental multiplets we have

ny=41+23+15) =77, n,=T72+2x 8 =883 (3.13)

or

4 121
g W _ 121 (3.14)
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ICIS (7)

123 + 24205 =0
4 ai+al+ai+222=0

n>3J3
<U)1, W2, W3, W4, Ws; 17 d) = (24_%7 2+an 2_;,_%7 Q_i_Lna 24_%7 17 23_%)
n(n+1)—2
—_— € 27 +3 €27
T R e S
=5 ne€2Z+1 n+1 ne2Z+1
o (n+2)(2n;81)(2n+3) n € 27 B n(n+11)2(n+2) n € 27
(n+2)(2n—ig(2n+3)+13 ne2z+1 n(n+1)1(;z+2)+2 neoz+1
DQSU(TL + 2)
DySU(n) SU(n) D, SU(n)
ICIS (8)

123 + 24205 =0
;v% + x% + mgﬂci + azgn + 2:U§” =0

n>2
. _ 3n 3n 2 —143n 3 . 6n
(w1, w2, ws, wa, ws; 1,d) = (5357, 355307 7730 21305 3350 b 230)

p=3+Tn+6n% pu=Bn+1)2n-1), az%, r=3n(n+1), f=n+3,
a=1n(n2in+37)+11)+ 2, c=1in(6n®>+9n+5)+ ¢

D,SU(2n +5)

SU(3n) .. —— 8U(6) —— DySU(9) —— SU(3) —— DaSU(3)

DQSU(41’L - 2)

ICIS (9)

(9) r1x3 + 1475 =0
23 + 23 4+ w3xd + 23" 4 223220 = 0

n>1

(w1, w2, w3, wy, ws; 1,d) = (

143n_ 1+3n 2 n_ 1 .4 2(1+3n))
3(14n)’ 3(1+n)’ 3(14+n)’ 1+n’ 14+n’ 77 3(1+n)

=06+ 11n+ 6n2, u1:6n2+3n—%, a:?)(nT—H), r=nBn+5)+1, f=n+4,
a=in(6n(2n+5)+25)+2, c=1in(3n(2n+5)+13)+ 2.

DQSU(SH + 2)

DySU(3n+3) —— SUBn+1) —— ... —— SU(7) —— D,SU(11) —— SU(4) —— D,SU(5)

— 14 —



ICIS (10)

r123 + 2425 =0
2 + 23 + 2323 + 23 + 22 =0
8 8 1 5 4.1 16

(wl,WQ,lUg,W4,U}5; 17d) = (§7 9°9797 9> a@)

M:1277 /UJ1:997 a:9’ 7":59’ f:9, a:%’ C:5§78.

SU(9)

SU(4) — SU(8) — SU(12) —— SU(16) —— SU(11) —— SU(6) ——

ICIS (11)

123 + 24205 =0
22+ 23+ 2323 + 230+ 22 =0
20 20 1 13 8.1 40

(wl,IUz,’lU3,IU4,’LU5; 17d) = (ﬁv 217217217 21° aﬁ)

_ _ _ _ _ _ __ 2445
p=358, =324, a=21, r=174, f=10, a=1221, c= 245

SU(21)

SU(8) —— SU(16) —— SU(24) —— SU(32) —— SU(40) —— SU(27) —— SU(14) ——

ICIS (12)

123 + 24205 =0
23+ 23 + z3zi + 210 + 2523 = 0

(’11)1,1U2,’1U3,w4,’w5; 17d) = (%7 %a %7 %7 %7 L, g)
p=73, =49, a=6, r=32, f=9, a=21" =19
SU(6)

—— SU(4) — SU(7) —— SU(10) —— SU(7) — SU(4) —

~15 —



ICIS (13)

123 + 24205 =0
23+ 23 + z32i + 21 + 252d =0
19 19 2 4 3.7 38

<w1aw27w3aw47w5; lad) = (ﬁv 21210 70 7T 7ﬁ)

— _ 377 _ 21 _ _ __ 3085 __ 3095
/,L—155, ,U/I_T’ O[—?, T—74, f—7, G/—ﬁ, C_ﬁ'

D»SU(21)

SU(7) SU(13) —— SU(19) —— D,SU(29) —— SU(10) —— D,SU(11)

ICIS (14)

123 + 24205 =0
2} + 23 + z32i + 24° + 2323 = 0
23 23 1 5 3.7 23

(wl,QUQ,’lU3,’lU4,'lU5; lad) = (ﬂv 2459247878 7@)

p=417, = a=24, r=203, f=11, o= =35

SU(24)

—— SU(10) —— SU(19) —— SU(28) —— SU(37) —— SU(46) —— SU(31) —— SU(16) ——

ICIS (15)

123 + 2425 = 0
pi+ i+ ai+a+ai=0

(wl,wz,U)3,UJ4,UJ5; 17d) = (%7 %7 ia %7 %7 17 %)
=39, w1 =20, a=4, r=16, [f=7T, a:21627, 02%7.
SU(4)

SU(2) —— SU(4) —— SU(6) —— SU(4) —— SU(2)

~16 —



ICIS (16)

123 + 24205 =0
x%—l—x%—i—xi—l—m?—i—xézo
6 6 14 3. 12

(wl,wg,wg,w4,w5;1,d) (777)777777 ’ 7)

p=92, u =66, a=7 r=42, f=38, a:%gg’, c:%.

SU(T)

SU(3) —— SU(6) —— SU(9) —— SU(12) —— SU(8) —— SU(4)

ICIS (17)

r123 + 2425 =0
it ad+ai+a3’ +22 =0

(101,1,U2,103,1U4,w5;1,d) (%’%7171(3757@) ’§5)
=265, 41 =232, a=16, r—128, f=9, a=683, c=—G684.
SU(16)

SU(6) —— SU(12) —— SU(18) —— SU(24) —— SU(30) —— SU(20) —— SU(10)

ICIS (18)

r123 + 2425 =0
i+ a3+ 2i+af+asad =0

. 4 4 1 8 7 8
(wlaw27w3aw47w5a]—ad) (g7gagaﬁ,15 175)

pw=>56, pu =34, a=5 r=206 f=4, a=2%8 =2
(A8[-71,[2,1,1,....1])
D3SU(8) ————— SU(8) ————— SU(5) —[2]

The theory (Aélo)[—ﬂ, [2,19]) is defined by six dimensional Ag (2,0) theory on a
sphere with irregular puncture Agm) [—7] and a regular puncture labeled by Young Tableaux

17 -



of SU(8) is %7 The Coulomb branch spectrum is (17, 14 1L 10 /8 75 4

13 35 353,3,3,3), and the central
charges are a = 3, ¢ = 1. The theory D3SU(8)
16

(A (8)[—5] [1,1,...,1]) has flavor
symmetry SU(8), and the flavor central charge is 3 The Coulomb branch spectrum of
16 13 10 8 7 5 4

this theory is (3, 5, 5, 5, 3, 5, 3). Using the above data, one can check that the gauging

of the SU(8) gauge group is conformal,

[2,1,...,1]. This theory has flavor symmetry SU(8) x U(1), and the flavor central charge
14
3

=16— &> — — — 5=0 3.15
Bsu(s) T3 (3.15)
Futhermore, using (2.16), we find the central charges for (Aélo) [—7],[2,1%) isa =22, c = 3,
while for D3SU(8) we have a = %, c= %, hence the central charges of the quiver is
35 77 5(24+63)4+50 83 38 21  2(24+63)+50 251
22t =22 = 4 = == (3.16
‘T3t 24 3 ‘T3 TaT 12 g (310
which agrees with that from the singularity.
ICIS (19)
123 + 24205 =0
23+ 23+ 23 + 2 + 2328 =0
(101,1U2,1U3,W4,U)5;1,d) (%7%7%7%7%,15?7))
p=120, p1 =92, a=4%, r=57, f=6 a=1P =22
D,SU(17)
U(5) — SU(10) —— SU(15) —— D,SU(23) —— SU(8) —— D,SU(9)

ICIS (20)

r123 + 2425 =0
2?+ 23+ 23+ 230 + a2l =0
. 18 18 1 12 7 36
(wlaw27w3aw47w5a]—ad) (Eaﬁ,ﬁaﬁ7ﬁ71719)

p=324, =290, a=19, r=157, f=10, a=2829 =295

SU‘(19)

SU(8) SU(15) —— SU(22) —— SU(29) —— SU(36) —— SU(24) —— SU(12)

~ 18 —



ICIS (41)

3+ a3+ 2i+2i=0
2 3 3 3 _
ZL‘1+$2+$3+$4—0

. (3111 1.1 3
(101,11]2,’11}3,1,04,’11.157 17d) - (Z? 25925299 1> i)
437 109
M:317 M1:16, @:4’ 7“:15, f:l, a:ﬁ, C:T'

SO(4)

SO(4) —— USp(4) —— SO(8) —— USp(4) —— SO(4)

Here the conformal matter is provided by the E7 Minahan-Nemeschansky theory with
a single coulomb branch chiral primary of dimension 4 and (E7)4 flavor symmetry [13].
From the decomposition of 56 under SO(8) C E7,

56 58-1+2-8,+2-8,+2-8, (3.17)

the embedding index

2T(8,) + 2T'(8,) + 2T(8.) 6-1

SO(8)—Er T(56) 6 (3 8)

Hence the E; theory supplies SO(8)4 for the SO(8) gauge coupling, leading to conformal
gauging, similarly for the SO(4) gauge node.

The central charges can also be verified. The E; theory’s central charges are charac-
terized by n, = 7 and nj = 24. Together with the rest of the quiver, we have

2-16+2-32

ny=74+3-64+2-10+28=73, n, =24+ 5 72 (3.19)
or
437 109
sl - = 3.20
a= ;. c= (3.20)
in agreement with the singularity.
ICIS (42)
as+ai+ai+ad=0
a;%—i—x%—i—x%—i—xizo
(wlaw27w37w47w5; 17d) = (%7 %7 %7 %7 %7 17 %)

p=>54, p =28 a=12, r=27, f=0, a=% =15

~19 —



D3(Er7)

Ay
SU(2) —EG(EG(GS)) E; D3(E7)
0

Here the N' = 2 SCFT in the weakly coupled frame is described by E7 and SU(2)
N = 2 vector multiplets coupled conformally to matter of the D,(G) type and Gaiotto
type.

The Eg¢(Aq4, Eg(as),0) theory has Coulomb branch spectrum (12,8,6,4,3) and flavor
symmetry (E7)12 x SU(2)4 [50]. It’s conformal central charges are a = 132 ¢ = 22 (or
n, = 61, np = 112).

The D3(E7) theory has Coulomb branch (12,8, 6, 6,4, 2,2) and flavor symmetry (E7)i2.
It’s conformal central charges are a = &9 ¢ = 133 (or n, = 73, ny, = 120).

We can check immediately that the gauge groups are conformal

Bp, =2-18-2-12-12=0 (3.21)

similarly for the SU(2) node.
The conformal central charges can also be verified. The F~ theory’s central charges are
characterized by n, = 7 and ny = 24. Together with the rest of the quiver, we have

Ny =3+614+1334+2-73 =343, np=11242 120 = 352 (3.22)
7 689 173
o= 80 1T (3.23)
8 2

in agreement with the singularity.

ICIS (55)

x1x2+x§+mz—l—x§:0
x1x3—|—2x3+$2x§:0
3 1 1 1 1.1 5)

(wl,ZUQ,’lUg,UJ4,7.U5; 17d) = (Z? 452292144

p=31, w=9 a=4, r=12, f=1, a:%, c:%G.

SU(3)

SU(2) — SU(4) —— SU(5) —— SU(3) ——

—90 —



ICIS (56)

Ty + 23+ 23+ =0
22113 + 15 + 277 = 0

. (3111 1.1 5
<w17w27w37w47w57 lvd) - (Z? 4527273 17 1

p=5, m=% a=12, r=27, f

‘ | ~—

SU(3) Eg Dg(E7)

The conformal matter theories here are provided by Eg and EFg Minahan-Nemeschansky
theories which have flavor symmetry (Eg)s and (Eg)e respectively [12, 13]., as well as an
AD matter theory Dg(E7).

The Dg(E7) theory has Coulomb branch spectrum (15,12,11,9,9,8,7,6,6,5,5,3,3)
1273 166

c= =" (orny =

and flavor symmetry (E7)15 x U(1). Its central charges are a = 5=, 3

203, np = 258).

Since index of embedding are Ig; gy = Iggp, = Isy@E)—p, = 1, it’s easy to verify
that the gauge couplings are finite. The central charges can also be matched with the
singularity: together with Eg theory (n, =5, nj = 16) and Eg theory (n, = 11, nj = 40),

Ny =8+ 1145+ 784203 =305, mnp =40+ 16+ 258 = 314 (3.24)

or
a=—, c=11. (3.25)
ICIS (57)

T1Ty + 23+ 23+t =0
x1x3+x%+x2x§ =0

. _ (531 11.19

(w1, w2, w3, wg, ws; 1,d) = (5,5, 3,3, 73 1, 5)
35 893 113
M:43, M1:T7 a:8’ ’]“:197 f:5’ a:ﬁ’ C:T

[1,1,..
[1]—— SU(5) —Ag( [5,4
[3

Here the conformal matter is a Gaiotto type theory Ag([1,1,...,1],[5,4],[3,3,3]) with
Coulomb branch spectrum (9,8,6) and flavor symmetry SU(12)g. Note that from the
regular punctures, one can immediately read off the subgroup SU(9)g x SU(3)9 x U(1).
The flavor symmetry enhancement can be seen from its 3d mirror in Figure 2.
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0

Figure 2. 3d N' = 4 mirror of Ag([1,1,...,1],[5,4],[3,3,3]). The circle nodes denotes U(n) gauge
groups and the double circle node denotes an SU(n) gauge group. The balanced nodes are shaded.

Recall that the enhancement is due to 3d monopole operators hitting the unitarity
bound. This happens when the corresponding 3d quiver node is balanced, meaning Ny —
2N. = 0 [51]. In the above 3d mirror quiver, we see that the balanced nodes form the
Dynkin diagram of Aq; thus the enhanced flavor symmetry.

ICIS (58)

TTe+ 23+t + a3 =0
Tr1T3 + 3:31:4 + x4x§ =0

(w17w27w37w47w5; 17d) = (%7 %7 %7 %7 %7 17 6)
u = 36, ulz%, a=6, r=15 f =06, a:%, c:%.
[1,1,...,1]
[1]— SU@B) — SU(B) — Ag|  [4,3] | —— SU(B) — SU(3) —]1]
(2,2,2,1]

Here the conformal matter is a Gaiotto type theory Ag([1,1,...,1],[4,3],[2,2,2,1])
with Coulomb branch spectrum (7,6,4) and (enhanced) flavor symmetry SU(10)7 x U(1)
which can be seen from the 3d mirror in Figure 3.

@)
OnOROR0R 0t O

Figure 3. 3d N = 4 mirror of Ag([1,1,...,1],[4,3],[2,2,2,1]). The balanced nodes are shaded.

ICIS (59)

T1Te + 23+ 23+l =0
T1w5 + 223 + 2 + 325 =0
n>3

(w1, we, w3, wy, ws; 1,d) = (2 L 11011 0)

n 'n’2’2'n’

— 22 —



1
5 +3)—6 € 27
p=-3+4n+n% w=n-1, a=n, r= 3(n(n+3)=6) n ,
sn—1)(n+4) ne2Z+1
_ n+3 neaz . (n(4n(n+468)77)730) n e 27 . (nfl)(nlgl)(n+6)
n+l ne22Z+1’ ("(4n(n+46g_7)_17) ne2zZ+1’ ("_1)("+112)("+6)+2
ICIS (60)
T1Te+ 23+ 23+l =0
xy25 + 3" 4 22923 + 2923 = 0
n>3
(wla w2, W3, W4, Ws, 17 d) - (71222:7 ﬁ7 %) %a %, 17 1<2Fn2n)
pw=>5+9n42n%, :w, a=2n, r=n’>+4n, f=n+5,
= n(8n(n+6)+49)+4 c—= n(2n(n+6)+13)4-2
- 24 ) - 6 .
DQSU(ZTL + 2)
DySU(2n+2) —— SU(2n+1) —— D, ;1 SU(2n + 2)
ICIS (74)
x1x2—|—$§+xi =0
15 + w%n + x5 + 23:2.%% + a@xi =0
n>3
. _ (2(=14n) 1 11 2 . 2
(w1, wa, w3, wy, ws; 1,d) = ( ,14@2 » T142n0 20 20 “iton’ 1, T&n)
p=1+7n+2n2 = ?22"7:11) , a=2n—1, r=nn+3)—-1, f=n+3,
_ n(4n(2n+9)+7)—>5 _ n(2n(2n+9)+5)—2
a= 21 » €= 12 :
D,SU(2n +1)
DySU(2n + 1) SU(2n) SU(2n—1)—...—SU(S)—SU(B)—
ICIS (113)

T1To + 2425 =0
T1T4 + 25 4 2h? + 2l =

ng > 3 and 2 < ns < no

~93 -

n € 27
ne€2Z+1



. __ (n2—ns+nons 2ns nans —na+ns+nons 2n2 2nans
(’Ll)l, W2, W3, W4, Ws; 1’ d) - (n2+n5+n2n5 ’ no+ns+nens’ notns+nans’ notns+nans ’ neo+ns+nans 1 n2+ns+nans )

For no =ns =n

1 2
sn*4+n—2) ne22Z
/,L:(Tl+1)2’ H1 :(n—l)Q, a:L—2l-27 r = {2( )

in(n+1) ne2l+1’
[n+3 ne2z [ DCS) -, ¢ 9y, I s S 7/
n+l ne2Z+1 et DEESTT 97,41 Rt D2y e 97,41
DySU(n +2) —— SU(n) SU(n-1) — ... —— SU(2) — 1]

ICIS (114)

1T + x4a:5 =0
124 + $3 + z5? + x1x55 =
ng > 3 and 2 < 2ns5 < ng

. _ (n2—ns+nans 1+2ns na2+2nons na2+2naons
(w1, w2, w3, we, ws; 1, d) = ((1+n2)(1+n5)’ (TFna)(Lms)? 2(0tna)(14ns)? Thos 1+n5’1’ (1+n2)(1+n5))

For 2ns = no = 2n

p=1+2n)? wm=02n-12 a=n+1, r=2n2+n-1,

f=2n43, a= (n+1)(4n2;1)(4n+3), = n(2n+§)(n+1) .

SU(n+1)

SU(n) SU(2n)

SU@2n-1) — ... —— SU(2) —|[1]

Note that this is a special case of ICIS (113) for ny = ns = 2n.

ICIS (115)

T1To + 2425 =0
T1T4 + 25 + 2h?ws + 285 =0
ng > 2 and 2 < ng < 2ng

. _ (_n2 1 ns+2nons —na+ns+nons 14209 . ns+2nans
(w1, w2, w3, wa, ws; 1,d) = (327, 1555 2(1+n2)(1+n5)° (1+n2)(1+ns) * (1+n2)(1+ns)’ = (1+n2)(1+n5))
pw=14+2(14 ng9)ns

For ns = 2ny = 2n this coincides with ICIS (114).
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ICIS (116)

T1To + 2425 =0
T174 + 223 + 3z’ xy + dzyas® + Sxy?ar® =0
ng >2and 1 <ns <ng
(w1, wa, w3, wy, ws; 1,d) = (
n= (1 + 217,2)(1 + 2715)
For ns = ng = n this coincides with ICIS (114).

na 1 na+ns+2nons ns 1. n2+n5+2nzn5)
14+n2’ 14n2”’ 2(1+n2)(1+n5)’ 14n5’ 14n5’ 7 (1+n2)(1+n5)

ICIS (118)

x1m2+xi+m§:()
x1x4+x§+x§:0
n>3J3

. _ (—142n _ 3 3n 1 1.1 3
(w1, we, w3, wg, ws; 1,d) = (FAE21 T L 5y

2(1+n)’ 2(1+n)’ 4(1+n)’ 27 3> 7 2(1+n))

For n = 8

p=>59, =21, a=6 r=26 f=7 a=32 =13

SU(3) —— SU(6) —— SU(8) —— SU(6) —— SU(4) —— SU(2)

ICIS (119)

xla:Q—f—xi—i—:L‘é:O
x1x4+x§+x§‘:0
n>3

(w1;w27w3aw47w5; 17d) = (_1+2n 4 o 1L 17 v )

2(1+n)’ 2(1+n)’ 4(1+n)’ 27 4> 5 2(1+n)

Forn =6k —1
p=60k—5 3 =30k—16+%, o=5%21 r=3(10k-3),
f=1 a=60k—3E 4+ 2 =60k —9k+ 2.

50(2) USp(6k - 2)

SO(4k +2) —— USp(8k) ——— SO(12k) ——— USp(10k - 2) —— SO(8k) —— USp(6k - 2) —— SO(4k) —— USp(2k - 2)

ICIS (143)

1T + 25 + 25 =0
175 + 13 + 2h? =

ng > 3 and 3 < ns < no

— 95



—14nans 1+ns no+nons 1 1, n2+n2n5)

(w17 wa, w3, Wy, ws; 1, d) = ((1+n2)n5 » (T4 ng)ns’ 2(1+n2)ns 22 ns? ) (1+n2)ns

M= -3+ 2n5 + TZQ(Q +n5)
For ns = ng = k this is the same as ICIS (59).

ICIS (144)

T1T9 + 23 + 250 =

7175 + 23 + 25?34 = 0

no > 2 and 3 < ng < 2n9
. _ (=24n5+2nons 2+ns5 2n2+ns+2nons 1 1 .1 2ne+ns+2nons
(’U)l, w2, W3, W4, Ws; 17 d) - ( 2(1+n2)n5 ? 2(1+n2)n5 ? 4(1+n2)n5 727 ny? 17 2(1+n2)n5 )

p=3(—1+ns) + 2ns(1 + n3)
For ns = 2ng = 2k this is a subclass of ICIS (59) with n = 2k.

ICIS (152)

:clxg—i—xi—i—xg:()
x1x4+x§+z320

?wj,iz,w3,w4,w5; Ld)= (33335511
p=34, w=4, a=6, r=16, f=2, a:%, c:63—5
USp(2) SO(2)
| |
SO(4) — USp(4) —— SO(8) —— U Sp(6) —— SO(6) —— USp(2) —— SO(2)
ICIS (154)

Time + i+ 2 =0
124 + x% + s =0
n>2
n 1 1+4n 1 1.1 1+4n)

(wl,wg,wg,w4,w5; 17d) = (1+na 1+n° 6(14+n)’ 37 37 2 3(1+n)

Forn=3k—1

p=2(18k—1), u =12k+2-10, a=6k r=18k—2 f=2,
a=24k? — Bk +3 =24k -3k + 2

USp(4k - 2) 50(2)

USp(2k - 2) —— SO(4k) —— USp(6k - 2) SO(8k) USp(6k) —— SO(4k +2) —— USp(2k) —— SO(2)

For general n

2n(2n—1
w=205+6n), pu = n%fl ), a=2(n+1), r=6n+4, f=2,
q = 320°=TTn+55  , _ 8n’~19n+13
12 ) 3 :
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S0(2)

(DS [-n+ 1], F) —— USp(2n) —— (DS [-2n - 4], F) —— USp(2n +2) —— (D521 - 2n], F)

n+l n+2

It’s straightforward to check that the gauge groups are conformal. Explicitly, let’s look

at the USp(2n) node. Recall from subsection (3.2.2) that the (Dgfll)[k],ﬁ) has flavor

while (D57 [k], F) has

n+1
2n+2+k

symmetry USp(2n) with flavor central charge n + 1 — 2(71717%’
non-abelian flavor symmetry USp(4n + 2) with flavor central charge 2n + 2 —

and
the Dynkin index of embedding I¢,<c,,,, = 1. Together the beta function is

n+1 n+1
—2(n+1) - 1 —(2n+2- -
fo, =2n+1) <”+ 2(n+1—n+1/2)> <"+ 2n—|—2—2n—1/2> 0

(3.26)
Similarly the other gauge node USp(2n + 2) is also conformal. One can also check that the

left over flavor symmetry from the quiver has rank 2 which agrees with what we see from
the singularity.

ICIS (182)

T1To + x304 = 0
Tx3 + 2§ + 2+ 22 =0

(w1, w2, w3, wa, ws; 1,d) = (335, 550 5t o170 215 1

2n )
24n’ 24n’ 24n’ 24n’ 2+n’

' 24n

Forn=2k+1

p=4k+1)?2 =4k a=k+3, r=(k+1)(2k+1), f=2(k+1),

_ (k+1)(4k—1)(4k+3) _ k(k+1)(2k+1)
- 24 ’ - 3 :
For n = 2k

p=02k+12 wm=02k-172 a=k+1, r=2k*+k-1, f=2k+1)+1,
o = k(16k(k+3)+41)+14 c— k(4k(k+3)+11)+4
- 24 ) - 6 :

Dy SU(2k)

Dy SU(2k +2) ——— SU(2k) ——— Dy SU(2K)
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ICIS (234)

r1T2 + 2374 + 25 = 0
124 + 2325 + 25 =0
ng > 3 and 2 < ng < ng
(w17w27w37w47w5;17d) :( n' n Yndn
p=1+2n% m=n—-1, a=n, r=n’—n, f=2n+1,
. n(4n2+6n*7) _ n(n+2)(2n—1)
a= 24 » €= 12

[1]—5sU@) —...— SU(n) — SU(n) — ... —— SU(2) —[1]

ICIS (253)

T1To + 23204 = 0
x1x4+x§—|—x%x4+x§:0
413 23,16

(wlaw27w3aw47w5; lvd) - (57 535757 59 75)

p=21, m=5 a=3 r=8 f=5 a=7%, c=%

DsSU(5) —— SU(3) —— DySU(5) —— SU(2) —— D,SU(3)

ICIS (261)

T12 + w334 + 2 =0
T175 + 73 + 23 + 25 =0
. _ (7 3 321,16
(w11w27w37w47w5717d) —( 2.2 %:1 5)

p=24, w=6  a=32 r=11, f=2 a=% (=6

3 24 6
D3SU(4)
D3SU(5) —— SU(4) —— SU(2)
ICIS (262)
T1To + X374 + x% =0
Trs+ a3 +ai+ a5 =0
(11)1,'(02,'11)3,104,11)5; 17d) = (%7 %7 %7 %7 %7 17 %)

p=>59, =21, a=6 r=26 [f=7 a=2 =138
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SU(4)

SU(2) —— SU(4) —— SU(6) —— SU(8) —— SU(6) —— SU(3)

ICIS (263)

{

x1x2+$3x4—|—x§ =0
2 5 20 _
T1T5 + a3 + Xy + 25 =

(wla wa, w3, Wy, ws; 1, d) = (%7 ﬁ’ %7 %a %; L, %)
p=174, =76, a=14, r=283, [f=8, a=22 =01
SU(10)

SU(4) —— SU(8) —— SU(12) —— SU(16) —— SU(20) —— SU(14) —— SU(7)

ICIS (264)

{

:U1:B2+;E3:E4+:E§ =0
175 + 23 + 25 + 25 =0

D3 SU(9) —— SU(9) —— DySU(15) —— SU(5) —— DySU(5)

(wla wa, w3, Wy, ws; 1, d) = (?7 %7 %7 %a %7 L, g
M=68, /L1=327 a:%, 7’:327 f:
SU(3)
SU(6)
ICIS (265)

x1x2+x3m4+x§ =0
2 3 24 _
T1rs + a3 +xy + x5 =

{

(’lUl,'lUQ,'lU3,U]4,’U)5; 17d) = (%7 %7 %7 %7 iv 17 g)
p=212, =46, a=20, r=102, f=8, a=135 =447
SU(12)

SU(8) —— SU(16) —— SU(24) —— SU

(20) —— SU(15) —— SU(10) —— SU(5)
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ICIS (266)

T1To + 304 =0
Txs + 25+ 2+ 2 + 232 =0

(’LU]_,’LU27U)3,UJ47U)5; 17d) - (%) %a %7 %7 %7 17 %)
p=94, p1 =33 «a=9, r=43, f=8 a=% =12
SU(6)

SU(3) — SU(6) — SU(9) —— SU(12) —— SU(9) — SU(5) —

ICIS (267)

r129 +x324 =0

wiws + x5 +xf +ad + 23 =
(wl,wg,wg,w4,w5; 17d) = (%7 21717 %7 %a %; 17 %)
=267, =116, a=21, r=129, f=9, a=2PE =20

SU(15)

SU(6) —— SU(12) —— SU(18) —— SU(24) —— SU(30) —— SU(21) —— SU(11) ——

ICIS (268)

T1To + 23204 = 0
w5+ 22+ i+ ot +2d2 =0
9 1 32 3.6

<w1aw27w3aw47w5; lvd) = (Toa 10°5°5° 107 = 5)

p=96, pu =22 a=10, r=44, f=8, o= =31

SU(6)

SU(4) — SU(8) — SU(12) —— SU(10) —— SU(7) —— SU(4) —

ICIS (269)

T1To + 304 =0
rxs + 23 +ai+ad+ 230 =0

. _ (24 1 3 2 6. 6
(11)1,'(02,'11)3,104,11)5, 17d) — (%7 2575757 257 17 5)

p=271, =58, a=25 r=131, f=9, a=2B =22
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SU(15)

SU(10) —— SU(20) —— SU(30) —— SU(25) —— SU(19) —— SU(13) —— SU(T) ——

ICIS (271)

T12o + T3T4 + :Ué“n =0

T1T5 -f—SUg +=T255421+l‘
n>1
(wl,wz,w3,W4,U)5; 17d) = (3

24+3n __
2 — 0

1+6n 2 24-3n 14+3n L 2(2+3n))
(1+2n) 3(1+2n)’ 3(1+2n)* 3(1+2n)’ 1+2n° = 3(1+2n)

p=9+19n+6n?, =3n+1), a=%2" r=3nn+3)+1), f=3,
a=3(n+1)2n2n+7)+5), c=3i(n+1)(3n(2n+7)+38).

DQSU(gTL + 2)

DySU(Bn+3) —— SU(Bn+2) —— Dy SU(6n+3) —— SU(3n) —— ... —— SU(3) —— D, SU(3)
ICIS (272)

1175 + 23 + 20xi + 25 =0

. _ (11 3 9 5 1.1 9
(w17w27w37w47w57 17d) - (ﬁa 14°14° 140 2 ]-7 7)

pw=41, 3 =13, a:%, r=19, f=23, a:%, c:%

{a:la:g + x374 —i—a:% =0

(A®[-5],[2,1,1,...,1])

DsSU(7) ————— SU(6) ———  SU(3)

The AD matter theory (Ags)[—5], [2,19]) is defined by six dimensional A7 (2,0) theory
on a sphere with irregular puncture A78 [—5] and a regular puncture labeled by Young
Tableaux [2,15]. This theory has flavor symmetry SU(6) x U(1), and the flavor central
charge of SU(6) is % The Coulomb branch spectrum is (1—33, 13—0, %, %, g, %), and the central
charges are a = 3 ¢ = 2. The theory D3(SU(7)) has flavor symmetry SU(7), and the
flavor central charge is %. The Coulomb branch spectrum of this theory is (i, L & T 5 2y

Using the above data, one can check that the gauging for gauge group SU(6) is conformal.

ICIS (273)

T1To + X374 + x% =0
T1@5 + 23 + zox + 23 =0
7111 5 11

(wla w2, W3, W4, Ws, 17 d) - (g) 8716’ 16° %7 17 @)
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p=_87, w =34, a=8, r=87, f=5 a=5% =15

D,SU(11)

SU(4) —— SU(8) —— SU(11) —— D,SU(17) —— SU(6) —— DoSU(T7)
ICIS (274)

1125 + 25 + 20z + 236 =0
. _ (17 1 13 5 1. 13
(U)l, w2, W3, W4, Ws, 17 d) - (Tga 187 187 187 2 ]-7 ?)

p=233, =105 a=18, r=112, f=9, a=39 =180

{xlmg + x374 —i—x% =0

SU(13)

SU(9) —— SU(18) —— SU(26) —— SU(21) —— SU(16) —— SU(11) —— SU(6) ——
ICIS (275)

125 + 23 + zomi + 233 =0

. _ (19 2 13 8 1. 2
<w1aw27w3aw47w57 lvd) - (ﬁa 212217217 37 17 T)

1
p=103, p =27, a=%, r=49, f=5 a=2%L =48

{1311'2 + x374 +;L‘§ =0

D,SU(13)

SU(5) SU(9) —— SU(13) —— D, SU(21) —— SU(7) —— D, SU(T)

ICIS (276)

T1To + X374 + xé =0
1175 + 13 + z0m3 + 231 =0
27 1 17 11 1.9 17

('ll)l,'lUQ,'lU3,w4,w5; 17d) = (787 287287287 47 ﬁ)

p=305 =69, a=28 r=148 [f=9, a=20 =202

SU(17)

SU(7) —— SU(14) —— SU(21) —— SU(28) —— SU(34) —— SU(23) —— SU(12) ——
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ICIS (278)

T1To + x3204 = 0
175 + 23 + 2oz + 2 + 23" =0

n> 2
. _ (3(=142n) 2 3n  —143n 3 . 6n
(w1, w2, w3, wa, ws; 1,d) = (“=75" —T56n Tton’ —1ton® —Tron L 1460

p=—1+1ln+6n% 4 =1+3n, aan—%, r=@Bn-1)(n+2), f=n+3, a=
37 (3613 +90n? + 3n — 10), ¢ = 5 (18n3 + 45n% + 3n — 4)

DySU(3n+1) SU(3n)

DySU(6n—1) —— SU(3n—2) —— ... —— SU(4) —— DySU(5)

ICIS (279)

T1To + 304 =0
T 2 3 3 8_0
11‘5—|—$3—{—$2$4—{—.’E5—{—1’2_

16 3 12 7

. — 8. 24
(wlaw27w3aw4>w57 17d) - (Tgv 19°19° 197 19° 1, Tg)

pw=>58, u =17, a:%, r=27, f=4, a:%, c:%

(ASO[-71,[2,1,1,...,1])
(AGV[-8],[2,1,1,...,1]) ——————— SU(8) —————— SU(4)

The theory (A%l) [—8], [2, 19]) is defined by six dimensional Ajq (2,0) theory on a sphere
with irregular puncture A%l) [—8] and a regular puncture labeled by Young Tableaux [2,17].

This theory has flavor symmetry SU(9) x U(1), and the flavor central charge of SU(9) is

19 . (19 16 13 11 10 8 7 5 4
5. The Coulomb branch spectrum is (3, 3, 5, %5, 35, 3, 3, 3), and the central charge

isa=2,c= 8. The theory (Agw)[—ﬂ, [2,18]) is defined by six dimensional Ao (2,0)

2
theory on a sphere with irregular puncture Aglo) [—7] and a regular puncture [2,1%], and the

flavor symmetry is SU(8) x U(1). The flavor central charge of SU(8) is %7 The Coulomb

branch spectrum is (&7, 1, L 108 75 4y "and the central charge is a = %, c= 33—8. Using

the above data, one can check that the gauging for gauge group SU(8) is conformal.

ICIS (280)

T1To + 304 =0
1175 + 23 + 2oxi + 25 + 20 =0

. _ (12 1 8 5 4. 16
(wlaw27w37w47w57 17d) — (Tga 13> 137 13’ 13 17 T3)

p=131, =33, a=13, r=61, f=9, a=%8 =1%
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SU(8)

SU(5) SU(9) — SU(13) —— SU(16) —— SU(11) — SU(6) —[1]

ICIS (281)

T1To + 23204 = 0
7125 + 22 + 2023 + 23 + 230 = 0

. _ (32 1 20 13 8.1 40
<w1aw27w3aw47w57 lvd) - (@7 335337 337 33" L, ﬁ)

p=364, =81, a=33 r=177, f=10, o= =233

Y

SU(20)

SU(9) SU(17) —— SU(25) —— SU(33) —— SU(40) —— SU(27) —— SU(14) —

ICIS (282)

T1To + 2304 = 0
7125 + 22 + 2oz + 23 + 28 =0
10 1 15 7

. — 5.1 15
(wl,wg,wg,w4,w5, lvd) - (ﬁv 11° 227227 11° 17 ﬁ)

p=122, py =46, a=11, r=58, f=6 a=10 =491

D, SU(15)

SU(6) SU(11) —— SU(15) —— D,SU(23) —— SU(8) —— D,SU(9)

ICIS (283)

7125 + 22 4+ z02] + 23 + 235 =0

. _ (24 1 18 7 12, 36
<w1aw27w3aw4aw57 17d) - (%7 255 257 257 25 L, 75)

p=326, =145 a=25 r=158, [f=10, a=243 =129

{ T1To + 2304 = 0

SU(18)

—— SU(8) —— SU(15) —— SU(22) —— SU(29) —— SU(36) —— SU(25) —— SU(13) ——
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ICIS (284)

T1To + X374 + a;% =0
T1@5 + 2975 + 23 + 25 =0

(w1, w, w3, wa, ws; 1,d) = (13, &, 15 15- 33 1 56)
M:47, M1:16, Oé:§, ’r‘:22, f:?)7 (L:%7 c:%
D3SU(8)
DsSU(7) —— SU(7) —— SU(4) — 1]

ICIS (285)

T1To + X374 + x% =0
T125 + 1923 + 2] + 13t =0
9 1 13 7 1

. — 107
<w17 w2, W3, Wy, Ws; 17 d) - (Toa 102 20° 200 2° 17 5)

w=109, pu; =45 «a=10, r=>52, f=5, a:%, c =137

D,SU(15)

SU(5) —— SU(10) ——— SU(14) ——— D,SU(21) —— SU(7) —— D,SU(7)

ICIS (286)

T1T9 + T3xy + x% =0
125 + 562.1’% + xi + x%‘r’ =0
23 1 17 7 1.1 35)

(wl,wz,wg,w4,w5; ]-ad) = (ﬂa 247242242271 24

p=311, =144, a=24, r=151, f=9, a=21 =51

SU(18)

SU(T) —— SU(14) —— SU(21) —— SU(28) —— SU(35) —— SU(24) —— SU(12)

ICIS (287)

T1To + X374 + xg =0
1175 + w273 + 23 + 25 =0

. _ (11 1 7 5 1.1 5
(11)1,'(02,'11)3,104,11)5, 17d) - (ﬁa 120127127 3> ]-7 1)

p=118, =32, a=12, r=55 [f=8, a=BE =9
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SU(8)

SU(4) —— SU(8) —— SU(12) —— SU(15) —— SU(10) —— SU(5)

ICIS (288)

T1To + x3x4 + x‘é =0
r1x5 + :vgzn% + wf’l +x
31 1 19 13 1.1 39

(wl,ZUQ,’lU3,ZU4,7.U5; 17d) = (3727 329327327 47 5 37)

p=349, 3 =80, a=32, r=170, f=9, a=4Pl =31

39 _
5 =

SU(20)

SU(8) —— SU(16) —— SU(24) —— SU(32) —— SU(39) —— SU(26) —— SU(13)

ICIS (289)

T1To + 304 =0
2 3 3 9_0
125 + Xox3 + Ty + T + x5 =

(w17w27w37w47w5; 17d) = (g) %7 %7 %7 %) 17 9)
p=64, =20, a=7 r=28 f=8 a=8I =18
SU(5)

—— SU(4) — SU(7) SU(9) SU(6) — SU(3)

ICIS (290)

T1To + 304 =0
1175 + 223 + 2] + 23 + 238 =0

. _ (12 1 17 9 6. 18
(11)1,'(02,'11)3,104,11)5, 17d) — (Tga 137 267 26’ 13’ 17 T3)

p=144, =57, a=13, r=69, f=6 a=2 =
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D,SU(19)

SU(7) SU(13) —— SU(18) —— D,SU(27) —— SU(9) —— D,SU(9)

ICIS (291)

r129 +x324 =0
r1x5 + $2x§ + xZ + mg + x‘215 =
30 1 22 9 15.1 45

(wl,IUQ,’lU3,IU4,U)5; 17d) = (ﬁv 31731317 31" 7ﬁ)

p=404, gy =184, a=31, r=197, f=10, a=321 =951

SU(23)

SU(9) —— SU(18) —— SU(27) —— SU(36) —— SU(45) —— SU(31) —— SU(16) ——

ICIS (292)

T1To + 304 =0
T1X5 + T9xd + 23 + 2f + 238 =0

. _ (27 2 17 12 9. 36
(’LU]_,U)27U)3,U]4,U)5, 17d) — (@a 297 297 297 297 17 @)

p=146, =38, a=%, r=70, f=6 a=23 =234

D,SU(19)

SU(6) —— SU(12) ——— SU(18) —— DySU(29) —— SU(10) —— D,SU(11)
ICIS (293)

1175 + 223 + 23 + 22 + 237 =0

. _ (36 1 22 15 9. 45
(11)1,'(02,'11)3,104,11)5, 17d) — (ﬁa 375377 377 37 17 ﬁ)

p=408, =92, a=37, r=199, f=10, a=3P3 =990

{ T1To + x304 =0
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SU(23)

—— SU(10) —— SU(19) —— SU(28) —— SU(37) —— SU(45) —— SU(30) —— SU(15)

ICIS (294)

T1T9 + T3x4 + x% =0
125 + 5621’% + :cgmz + :cg =0

. _ (1t 3 3 2 1. 27
(wlaw27w3aw4vw5a ]-7d) — (%a 20°5° 52 ]-a %)

p=64, ;=% a=% r=30, f=4, a=2 =2

(Ag(l)l)[_8]a [27 17 LR 1])

DsSU(10) —— SU(9) —— SU(5) ——

Let’s explain some details about AD matter (A%l)[fS], [2,1%]), which is defined by
six dimensional Ajy (2,0) theory on a sphere with irregular puncture A%l)[—S] and the
regular puncture is labeled by Young Tableaux [2,1°]. This theory has flavor symmetry

SU(9) x U(1), and the flavor central charge of SU(9) is %. The Coulomb branch spectrum

: (19 16 13 11 10 8 7 5 4 _ 29 . _ 63
of this theory is (g, 353953 §,§,§,§), and the central charges are a = 5,¢ = 7.

The flavor central charge of SU(10) flavor group of D3SU(10) theory is 2. The Coulomb

3
branch spectrum is (23—0, 1—37, %, %, %, %, %, %, %), and the central charges are a = 1gl,c = %

Using the above data, one can check that the gauging for gauge group SU(9) is conformal.

ICIS (295)

T1To + x3T4 + :Eg =0
x1w5+x2$§+x2xi+x%9:0
14 1 32 1.9 19)

(’U)l,QUQ,’lUg,U]4,’lU5; 17d) = (ﬁv 1525757 37+ 15

/’[/:1537 /[1/1:%7 a:15’ ’]":72, f.:g7 a:%7 C:%

SU(10)

SU(5) —— SU(10) —— SU(15) —— SU(19) —— SU(13) —— SU(7) ——
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ICIS (296)

T1To + T3T4 + xé =0
(296) 2 3 49 _
T1T5 + Tows + Toxy + 75 =0
39 1 3 2 1,

. — 49
(wla w2, W3, Wy, Ws; 1, d) - (Ev 40° 57 57 47 L, E)

p=442, pp =32 a=40, r=216, f=10, a=2F =22

SU(25)

SU(10) —— SU(20) —— SU(30) —— SU(40) —— SU(49) —— SU(33) —— SU(17) ——

ICIS (297)

T1T9 + T3x4 + :c% =0
x1x5+x2$§+x2$3+x§720
11 1 2 1 1,

. — 17
(wla wa, w3, Wy, Ws; 1, d) - (ﬁa 12537372 1, ﬁ)

w=137, m:%, a=12, r=64, f=9, a=086 =123

SU(9)

—— SU(5) — SU(9) —— SU(13) —— SU(17) —— SU(12) —— SU(6)

ICIS (298)

T1To + X374 + azg =0
x1x5+x2x§+x2xi+x§1:0
27 1 5 2 1.9 41)

(’LU]_,’LU27U)3,UJ47U)5; 17d) - (%7 28771934y 98

p=38l, =% a=28 r=180, f=10, a=324B =151

SU(21)

SU(9) SU(17) —— SU(25) —— SU(33) —— SU(41) —— SU(28) —— SU(14)
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ICIS (299)

T1T5 + 562.73% + :1323:2 + :cg + x%l =0

. _ (22 3 3 2 11. 33
(’LU1,U}2,U)3,1U4,U)5, 1ad) - (ﬁa 25557 57 259 1, %)

_ _ 138 _ 25 _ _ _ 1949 _ 327
p=38l wm==, a=%5, r=38, [ =5, a= 51, =7

{ T1To + 384 = 0

(ALY[-10],[2,1,1,...,1])
(A%Zl)[_ll]v 2,1,1,...,1]) ——— SU(11) ———— SU(6) _

In above case, the AD matters are engineered using six dimensional A1s and A;3 theory
with the irregular puncture type Ag123)[—10] and A§§4)[—11], and the regular puncture has
the the Young Tableaux type [2, 1] and [2, 1!2] respectively. The theory (Ag123) [—10], [2, 11])

has flavor symmetry SU(11) x U(1), and the flavor central charge for SU(12) flavor group

is 233. The Coulomb branch spectrum is (23—3,%,%, %,%, %,1—30, %,%,%,%), and the cen-
tral charge is a = 23, ¢ = 222 The theory (Agé4)[—1l],[2,112}) has flavor symme-

try SU(12) x U(1), and the flavor central charge for SU(12) flavor group is 22. The

3
Coulomb branch spectrum is (23—5, %, 13—9, %, %, %, %, %, %, %, g, %), and the central charge
149

is a = %=, ¢ = 27. Using the above data, one can check that the gauging is conformal for
SU(11) gauge group.

ICIS (300)

T1T5 + x2x§ + xgxi + :1:‘51 + x%Z =0

. _ (33 2 3 2 11, 44
<w17w27w37w47w57 lvd) - (%7 35755 57 357 17 %)

— __ 345 _ 35 _ _ __ 8383 __ 1051
p=181, w =2, a=3, r=387, =T, a= =55, =3

{ T1To + 2304 = 0

D,SU(23)

SU(8) SU(15) —— SU(22) —— D,SU(35) —— SU(12) —— D,SU(13)

ICIS (301)

T1To + 304 =0
1175 + 223 + Tox] + 22 + 25° =0

. _ (44 1 3 2 11, 11
(wlaw27w37w47w57 17d) — (Ra 457 51 57 457 17 @)

p=501 =190 a=d45 r=245 [=11, a=%P, c=%P
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SU(28)

—— SU(12) — SU(23) —— SU(34) —— SU(45) —— SU(55) —— SU(37) —— SU(19) ——

ICIS (302)

T1To + 2304 = 0
T1T5 + ;ngg) + ;ngj + ;Ug + x%l =0

(wla wa, w3, Wy, ws; 1, d) = (%7 %7 %7 %a %a L, %)
p=172, =32 a=15 r=81, f=10, a=2%2 =083
SU(11)
SU(6) SU(11) —— SU(16) —— SU(21) —— SU(15) —— SU(8) —[1]

ICIS (303)

T1To + 2304 = 0
T1T5 + x2x§ + xgxi + ;rg + acgl =0
34 1 5 2 17.q 51

<w1aw27w3aw47w5; lad) = (%7 35777 77 357 7%)

p=463, pp =10 =35 r=226 f=11, o= =241

SU(26)

—— SU(11) — SU(21) —— SU(31) —— SU(41) —— SU(51) —— SU(35) —— SU(18) ——

4 Discussion

In this paper, we studied physical properties of four dimensional A" = 2 SCFT defined by
three-fold isolated complete intersection singularities with a C* action which is classified in
[31]. Let’s summarize the major findings:
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e The Seiberg-Witten solution is identified with the mini-versal deformation of the
singularity, see formula (2.10), and the Seiberg-Witten differential is given by formula
(2.11).

e The Coulomb branch spectrum (the scaling dimensions of Coulomb branch parame-
ters) can be found from the basis of Jacobi module and the charges associated with
the C* action, see formula (2.12).

e The dimension of charge lattice is given by the weights and degrees of the defining
equation of the singularity, see formula (2.15).

e The central charges a and ¢ can be found using formula ((2.16), (2.18), (2.19), (2.20)
and (2.21)).

We also provide a type IIB string theory realization of our SCFTs using the defining data
of ICIS.

Many SCFTs studied in this paper have exactly marginal deformations, and it is ex-
pected that one can find the weakly coupled gauge theory descriptions. Using the Coulomb
branch spectrum, we identify such descriptions for many SCFTs. Those quiver gauge theo-
ries often take the form of the (affine) D or E shape quivers (see [49, 52| for other descrip-
tions of these theories). We compute various physical quantities such as the central charges
which are in complete agreement with the results from singularity theory, which provides
strong evidence for the correctness of the singularity approach.

There are some interesting questions that we would like to study in the future: a) We
have identified the weakly coupled gauge theory descriptions by guessing, it is desirable
to have a more systematic way of finding all the weakly coupled duality frames, perhaps
the hypersurface examples studied in [53| can be useful. b): In the hypersurface case 23],
we identify the BPS quiver as the intersection form of the vanishing cycles of the Milnor
fibration; the naive generalization to ICIS case does not work so well as the number of
the vanishing cycles is bigger than the dimension of the middle homology of the Milnor
fibration [54], it is interesting to further investigate this issue. c¢): The renormalization flow
of SCFTs defined by hypersurface singularities has a remarkable semicontinuity property
[55], similar semicontinuity property of ICIS was also studied in [56], however, the details
of ICIS case is much less understood, and it is interesting to further study RG flows along
this line.

Acknowledgements

YW is supported in part by the U.S. Department of Energy under grant Contract Number
DE-SC00012567. The work of DX is supported by Center for Mathematical Sciences and
Applications at Harvard University, and in part by the Fundamental Laws Initiative of the
Center for the Fundamental Laws of Nature, Harvard University. The work of S.T Yau is
supported by NSF grant DMS-1159412, NSF grant PHY- 0937443, and NSF grant DMS-
0804454. The work of Stephen Yau is supported by NSFC (grant nos. 11401335, 11531007)
and Tsinghua University Initiative Scientific Research Program.

— 492 —



References

[1] E. Witten, Some comments on string dynamics, in Future perspectives in string theory.
Proceedings, Conference, Strings’95, Los Angeles, USA, March 13-18, 1995, 1995.
hep-th/9507121.

[2] E. Witten, Geometric Langlands From Siz Dimensions, arXiv:0905.2720.

[3] A. Kapustin, Wilson-’t Hooft operators in four-dimensional gauge theories and S-duality,
Phys. Rev. D74 (2006) 025005, [hep-th/0501015].

[4] O. Aharony, N. Seiberg, and Y. Tachikawa, Reading between the lines of four-dimensional
gauge theories, JHEP 08 (2013) 115, [arXiv:1305.0318|.

[5] Y. Tachikawa, On the 6d origin of discrete additional data of 4d gauge theories, JHEP 05
(2014) 020, [arXiv:1309.0697].

[6] D. Xie, Aspects of line operators of class S theories, arXiv:1312.3371.

[7] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N=2
supersymmetric QCD, Nucl. Phys. B431 (1994) 484-550, [hep-th/9408099].

[8] N. Seiberg and E. Witten, Electric - magnetic duality, monopole condensation, and
confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys. B426 (1994) 19-52,
[hep-th/9407087|. [Erratum: Nucl. Phys.B430,485(1994)].

[9] P. C. Argyres and M. R. Douglas, New phenomena in SU(3) supersymmetric gauge theory,
Nucl. Phys. B448 (1995) 93-126, [hep-th/9505062].

[10] P. C. Argyres, M. R. Plesser, N. Seiberg, and E. Witten, New N=2 superconformal field
theories in four-dimensions, Nucl. Phys. B461 (1996) 71-84, [hep-th/9511154].

[11] T. Eguchi, K. Hori, K. Ito, and S.-K. Yang, Study of N=2 superconformal field theories in
four-dimensions, Nucl. Phys. B471 (1996) 430-444, [hep-th/9603002).

[12] J. A. Minahan and D. Nemeschansky, An N=2 superconformal fized point with E(6) global
symmetry, Nucl. Phys. B482 (1996) 142-152, [hep-th/9608047].

[13] J. A. Minahan and D. Nemeschansky, Superconformal fized points with E(n) global
symmetry, Nucl. Phys. B489 (1997) 24-46, [hep-th/9610076].

[14] S. Cecotti, A. Neitzke, and C. Vafa, R-Twisting and 4d/2d Correspondences,
arXiv:1006.3435.

[15] E. Witten, Solutions of four-dimensional field theories via M theory, Nucl. Phys. B500
(1997) 3-42, [hep-th/9703168].

[16] D. Gaiotto, N=2 dualities, JHEP 08 (2012) 034, [arXiv:0904.2715].

[17] D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-crossing, Hitchin Systems, and the WKB
Approzimation, arXiv:0907.3987.

[18] D. Xie, General Argyres-Douglas Theory, JHEP 01 (2013) 100, [arXiv:1204.2270].

[19] Y. Wang and D. Xie, Classification of Argyres-Douglas theories from M5 branes,
arXiv:1509.0084.

[20] E. Witten, Gauge theory and wild ramification, arXiv:0710.0631.

[21] O. Chacaltana, J. Distler, and Y. Tachikawa, Nilpotent orbits and codimension-two defects of
6d N=(2,0) theories, Int. J. Mod. Phys. A28 (2013) 1340006, [arXiv:1203.2930].

— 43 —


http://xxx.lanl.gov/abs/hep-th/9507121
http://xxx.lanl.gov/abs/0905.2720
http://xxx.lanl.gov/abs/hep-th/0501015
http://xxx.lanl.gov/abs/1305.0318
http://xxx.lanl.gov/abs/1309.0697
http://xxx.lanl.gov/abs/1312.3371
http://xxx.lanl.gov/abs/hep-th/9408099
http://xxx.lanl.gov/abs/hep-th/9407087
http://xxx.lanl.gov/abs/hep-th/9505062
http://xxx.lanl.gov/abs/hep-th/9511154
http://xxx.lanl.gov/abs/hep-th/9603002
http://xxx.lanl.gov/abs/hep-th/9608047
http://xxx.lanl.gov/abs/hep-th/9610076
http://xxx.lanl.gov/abs/1006.3435
http://xxx.lanl.gov/abs/hep-th/9703166
http://xxx.lanl.gov/abs/0904.2715
http://xxx.lanl.gov/abs/0907.3987
http://xxx.lanl.gov/abs/1204.2270
http://xxx.lanl.gov/abs/1509.0084
http://xxx.lanl.gov/abs/0710.0631
http://xxx.lanl.gov/abs/1203.2930

[22] A.D. Shapere and C. Vafa, BPS structure of Argyres-Douglas superconformal theories,
hep-th/9910182.

[23] D. Xie and S.-T. Yau, 4d N=2 SCFT and singularity theory Part I: Classification,
arXiv:1510.0132.

[24] V. Arnold, A. Tacob, V. Goryunov, O. Lyashko, and V. Vasil'ev, Singularity Theory I.
Encylopedia of Mathematical Sciences. Springer Berlin Heidelberg, 2012.

[25] V. I. Arnol’d, V. V. Goryunov, O. V. Lyashko, and V. A. Vasil’ev, Singularity Theory IT
Classification and Applications, pp. 1-235. Springer Berlin Heidelberg, Berlin, Heidelberg,
1993.

[26] V. Arnold, A. Varchenko, and S. Gusein-Zade, Singularities of Differentiable Maps: Volume
I: The Classification of Critical Points Caustics and Wave Fronts. Monographs in
Mathematics. Birkhauser Boston, 1985.

[27] E. Arnold, S. Gusein-Zade, and A. Varchenko, Singularities of Differentiable Maps, Volume
2: Monodromy and Asymptotics of Integrals. Modern Birkh&duser Classics. Birkh&user
Boston, 2012.

[28] P. Argyres, M. Lotito, L. Yongchao, and M. Martone, Geometric constraints on the space of
N=2 SCFTs I: physical constraints on relevant deformations, arXiv:1505.0481.

[29] P. C. Argyres, M. Lotito, Y. Lii, and M. Martone, Fzpanding the landscape of N = 2 rank 1
SCFTs, JHEP 05 (2016) 088, [arXiv:1602.0276].

[30] S.S. T. Yau and Y. Yu, Classification of 3-dimensional isolated rational hypersurface
singularities with C* - action, math/0303302.

[31] B. Chen, D. Xie, S.-T. Yau, S. S. T. Yau, and H. Zuo, 4d N=2 SCFT and singularity theory
Part II: Complete intersection, arXiv:1604.0784.

[32] A.D. Shapere and Y. Tachikawa, Central charges of N=2 superconformal field theories in
four dimensions, JHEP 09 (2008) 109, [arXiv:0804.1957].

[33] F. A. Dolan and H. Osborn, On short and semi-short representations for four-dimensional
superconformal symmetry, Annals Phys. 307 (2003) 41-89, [hep-th/0209056].

[34] C. Cordova, T. T. Dumitrescu, and K. Intriligator, Deformations of Superconformal
Theories, arXiv:1602.0121.

[35] H. Ooguri and C. Vafa, Two-dimensional black hole and singularities of CY manifolds, Nucl.
Phys. B463 (1996) 55-72, [hep-th/9511164].

[36] A. Giveon, D. Kutasov, and O. Pelc, Holography for noncritical superstrings, JHEP 10
(1999) 035, [hep-th/9907178].

[37] D. Kutasov, Introduction to little string theory, in Superstrings and related matters.
Proceedings, Spring School, Trieste, Italy, April 2-10, 2001, pp. 165-209, 2001.

[38] B. R. Greene, C. Vafa, and N. P. Warner, Calabi- Yau Manifolds and Renormalization Group
Flows, Nucl. Phys. B324 (1989) 371.

[39] B. R. Greene, Superconformal compactifications in weighted projective space, Comm. Math.
Phys. 130 (1990), no. 2 335-355.

[40] W. Decker, G.-M. Greuel, G. Pfister, and H. Schénemann, “SINGULAR 4-0-2 — A computer
algebra system for polynomial computations.” http://www.singular.uni-k1.de, 2015.

— 44 —


http://xxx.lanl.gov/abs/hep-th/9910182
http://xxx.lanl.gov/abs/1510.0132
http://xxx.lanl.gov/abs/1505.0481
http://xxx.lanl.gov/abs/1602.0276
http://xxx.lanl.gov/abs/math/0303302
http://xxx.lanl.gov/abs/1604.0784
http://xxx.lanl.gov/abs/0804.1957
http://xxx.lanl.gov/abs/hep-th/0209056
http://xxx.lanl.gov/abs/1602.0121
http://xxx.lanl.gov/abs/hep-th/9511164
http://xxx.lanl.gov/abs/hep-th/9907178
http://www.singular.uni-kl.de

[41]

42|

[43]

J. M. Wahl et al., The jacobian algebra of a graded gorenstein singularity, Duke
Mathematical Journal 55 (1987), no. 4 843-871.

G.-M. Greuel and H. A. Hamm, Invarianten quasihomogener vollstindiger durchschnitte,
Inventiones mathematicae 49 (1978), no. 1 67-86.

P. C. Argyres and N. Seiberg, S-duality in N=2 supersymmetric gauge theories, JHEP 12
(2007) 088, [arXiv:0711.0054].

[44] W. G. McKay and J. Patera, Tables of dimensions, indices, and branching rules for

[45]

[46]

[47]

48]

[49]

[50]
[51]

[52]

53]

representations of simple Lie algebras. Marcel Dekker Inc, 1981.

F. Benini, Y. Tachikawa, and D. Xie, Mirrors of 3d Sicilian theories, JHEP 09 (2010) 063,
[arXiv:1007.0992].

D. Xie and P. Zhao, Central charges and RG flow of strongly-coupled N=2 theory, JHEP 03
(2013) 006, [arXiv:1301.0210].

S. Cecotti, M. Del Zotto, and S. Giacomelli, More on the N=2 superconformal systems of
type D_p(G), JHEP 04 (2013) 153, [arXiv:1303.3149].

D. H. Collingwood and W. M. McGovern, Nilpotent orbits in semisimple Lie algebra: an
introduction. CRC Press, 1993.

O. Chacaltana, J. Distler, and Y. Tachikawa, Gaiotto duality for the twisted Aan71 series,
JHEP 05 (2015) 075, [arXiv:1212.3952].

O. Chacaltana, J. Distler, and A. Trimm, Tinkertoys for the E_6 Theory, arXiv:1403.4604.

D. Gaiotto and E. Witten, S-Duality of Boundary Conditions In N=4 Super Yang-Mills
Theory, Adv. Theor. Math. Phys. 13 (2009), no. 3 721-896, [arXiv:0807.3720|.

S. Katz, P. Mayr, and C. Vafa, Mirror symmetry and exact solution of 4-D N=2 gauge
theories: 1., Adv. Theor. Math. Phys. 1 (1998) 53-114, [hep-th/9706110].

D. Xie and S.-T. Yau, New N = 2 dualities, arXiv:1602.0352.

[54] W. Ebeling, The Monodromy Groups of Isolated Singularities of Complete Intersections.

[55]

Springer, 2014.

D. Xie and S.-T. Yau, Semicontinuity of 4d N=2 spectrum under renormalization group flow,
JHEP 03 (2016) 094, [arXiv:1510.0603].

[56] W. e. Ebeling and J. Steenbrink, Spectral pairs for isolated complete intersection

singularities, Journal of Algebraic Geometry 7 (1998), no. 1 55-76.

— 45 —


http://xxx.lanl.gov/abs/0711.0054
http://xxx.lanl.gov/abs/1007.0992
http://xxx.lanl.gov/abs/1301.0210
http://xxx.lanl.gov/abs/1303.3149
http://xxx.lanl.gov/abs/1212.3952
http://xxx.lanl.gov/abs/1403.4604
http://xxx.lanl.gov/abs/0807.3720
http://xxx.lanl.gov/abs/hep-th/9706110
http://xxx.lanl.gov/abs/1602.0352
http://xxx.lanl.gov/abs/1510.0603

	1 Introduction
	2 4d N=2 SCFT and ICIS
	2.1 Generality of 4d N=2 SCFT
	2.2 Geometric engineering and 2d/4d correspondence
	2.3 Mini-versal deformations and Seiberg-Witten solution
	2.4 Central charges a and c

	3 Gauge Theory Descriptions
	3.1 Strategy of finding gauge theory descriptions
	3.2 Matter system
	3.2.1 Gaiotto theory
	3.2.2 Argyres-Douglas matters

	3.3 Examples

	4 Discussion

