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We consider N = 2 superconformal field theory with following properties: a) Coulomb branch
operators have fractional scaling dimensions, b) there are exact marginal deformations . The weakly
coupled gauge theory descriptions are found by decomposing 3d mirror into different components,
and different decompositions correspond to different duality frames. The gauge theory is formed
by gauging Argyres-Douglas matter, and we write down all duality frames for several classes with
infinite sequence of theories.

I. INTRODUCTION

Dualities of superconformal field theories have played a
central role in our understanding of their dynamics. The
typical examples are S dualities of four dimensional N =
4 Super Yang-Mills theory [1] and N = 2 SU(2) gauge
theory with Nf = 4 fundamental flavors [2]. Argyres-
Seiberg [3] found a remarkable generalization of these
dualities by showing that the dual of N = 2 SU(3) gauge
theory withNf = 6 is SU(2) theory coupled to E6 matter
and a fundamental hypermultiplet, later Gaiotto found a
vast generalization of such dualities by using M5 brane
constructions [4].
The special property of the above theories is that the

Coulomb branch operators have integral scaling dimen-
sions. There is a much larger class ofN = 2 SCFTs which
have fractional scaling dimensions and exact marginal
deformations [5–8] (we call them Argyres-Douglas (AD)
theories), and one may wonder whether they also have in-
teresting S dualities. Indeed, two very interesting exam-
ples have been found in [9], and later a class of self-dual
theories are found using compactification of 6d (1, 0) the-
ories in [10]. However, the S duality properties of most
of these theories have not been studied.
The purpose of this letter is to find S duality for above

mentioned theories. We first revisit S duality of theories
considered by Gaiotto [4], and reinterpret it in terms of
decompositions of the 3d mirror. Since many Argyres-
Douglas theories do have 3d mirrors [6], we may wonder
if S duality also corresponds to different decompositions
of the 3d mirror, and it is found that such procedure
works well and in a much more non-trivial way. We ap-
ply this method to many classes of infinite sequence of
theories and find all the duality frames. These new dual-
ities exhibit many new features, which we hope can help
us better understand dynamics of quantum field theories.

II. REVIEW OF GAIOTTO DUALITY

A large class of N = 2 SCFTs can be engineered by
putting 6d (2, 0) theory on a Riemann surface with reg-
ular punctures. The S duality of these theories are inter-
preted as different decompositions of punctured Riemann

surface into three punctured spheres [4].

We would like to interpret S duality of these theories in
terms of different decompositions of its 3d mirror. The 3d
mirror of above theories is a star shaped quiver which has
a single central node and legs (quiver tail) given by punc-
tures [11]. The Higgs branch of 4d theory is equivalent to
Coulomb branch of its 3d mirror. The following two facts
about 3d quiver we have are important to us: a) A node
is called balanced if nf = 2nc, and a quiver is called
good if nf ≥ 2nc for all quiver nodes [12]; b) if there is
a balanced subquiver with ADE shape, then there is a
corresponding ADE flavor group on the Coulomb branch.
We always assume the quiver is good as there is a way to
turn a bad quiver into a good quiver [13].

Let’s focus on theory defined by a fourth punctured
sphere. We could reinterpret the S duality as three ways
of decomposing the mirror into two star-shaped quivers
with 3 legs (see figure.1), and the gauging process cor-
responds to eliminating new legs carrying non-abelian
symmetries on the Coulomb branch and merging central
nodes. The central task of finding S duality is to find the
new legs appearing in decompositions.
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FIG. 1. S duality of a SCFT defined by fourth punctured
sphere is interpreted as different decompositions of its mirror.

III. ARGYRES-DOUGLAS MATTER

Argyres-Douglas theories can be engineered by putting
6d (2, 0) theory on a Riemann sphere with irregular sin-
gularity [6, 7, 14]. To define a SCFT, one can have the
following two types of configurations: a) a single irregu-
lar singularity; b) an irregular singularity and a regular
singularity. For 6d AN−1 theory, the irregular singulari-
ties have been classified in [6] using the classification of
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irregular singularity of Hitchin’s equation:

Ik,N : Φ =
T

z
k
N

+2
+ . . . , IIk,N : Φ =

T

z
k

N−1
+2

+ . . .

IIIYn,...,Y1
: Φ =

Tn

zn
+ . . .+

T1

z
, Yn ⊆ Yn−1 ⊆ · · · ⊆ Y1

(1)

Here Yi denotes the Young Tableaux describing degen-
eracy of the eigenvalues of Ti. The AD theory defined
by them are called type I, II and III theories1. Type IV
theory is defined by an irregular singularity and a regular
singularity, and it is denoted as (P, Y )2, where P spec-
ifies irregular singularity and Y specifies regular singu-
larity [4]. The Seiberg-Witten (SW) curve and Coulomb
branch spectrum for these theories are described in [6],
i.e. the SW curve is identified with the spectral curve of
corresponding Hitchin’s system:

xN +

N∑

i=2

φi(z)x
N−i = 0. (2)

The major new features about these theories are: a): the
scaling dimensions of Coulomb branch operators are frac-
tional; b): there are other dimensional coupling constants
besides mass deformations.
The type III and type IV theory are particularly in-

teresting for this paper: a) they can admit non-abelian
flavor symmetry which can be gauged to form supercon-
formal gauge theory, b): they can have exact marginal
deformations.
We define Argyres-Douglas matter as those isolated

SCFTs with the following properties: a): the scaling di-
mension of Coulomb branch operators are fractional; b):
the theory carries non-abelian flavor symmetry. The
non-abelian flavor symmetry of type IV theory is carried
by the regular singularity, and that of type III theory can
be found using its 3d mirror.

A. flavor central charge

The flavor symmetry of an Argyres-Douglas matter has
the form G1×G2 . . .×Gn, and we need to know the flavor
central charge k for various non-abelian factors. These
numbers are computed for type IV theory if Y is taken
to be the full puncture [17], and the answer is

(Ik,N , F ) : kF =
N(N + k − 1)

N + k
,

(IIk,N , F ) : kF =
kN + (N − 1)2

N + k − 1
. (3)

1 Type I theory is first discovered in [15] and called (Ak−1, AN−1)
theory.

2 The integer k take values k > −N for (I, Y ) case, and k >

−N + 1 for (II, Y ) case . When Y is a full puncture F , the
theory (Ik,N , F ) is also called DN+k(SU(N) theory in [16].

They are found by identifying kG as the maximal scaling
dimension of the Coulomb branch operators. We would
like to generalize the computation of kG to arbitrary reg-
ular puncture.
Let’s consider a regular puncture with Young Tableaux

(rn1

1 , rn2

2 , . . . , rns
s ) with r1 > .. > rs, then the flavor sym-

metry is G = (∪s
i=1U(ni))/U(1) with non-abelian factor

SU(n1) × . . .× SU(ni). To determine the flavor central
charge, let’s first draw the Young Tableaux such that the
columns are r1, .., r1, r2, .., r2, . . ., then label the boxes of
Y from 1 to N row by row starting from bottom left.
The order of pole of ith differential φi at the regular
puncture is i − si with si the height of ith box. The
boxes at the right edges are special, and we record their
labels as (a1, . . . , ar). We record the scaling dimension

of the operator associated with monomials
Oai

z
ai−sai

xN−i:

(∆a1
, . . . ,∆ar

), see figure. 2. Let’s now consider a non-
abelian factor SU(ni)(associated with columns of Y with
height ri) and assume that the maximal label for those
columns are Ai, then we have

kSU(ni) =
∑

aj≤Ai

∆aj
. (4)

For the full puncture Y = [1, . . . , 1], we have A = N and
there is only one edge box with label N . So kG = ∆N

which is actually the maximal scaling dimension in the
spectrum. Notice that the maximal scaling dimension is a
local concept associated with regular puncture, globally,
there might be no such Coulomb branch operators, and
this resolves a puzzle raised in [9]. The above procedure
can also be generalized to type III theories [18] using
the isomorphism between type III theories and type IV
theories.

1 2 3 4 5 6
7 8 9 10

11 12 6

9
1 2

FIG. 2. Here Y = [3, 3, 2, 2, 1, 1], and the boxes of Young
Tableaux are labeled. The edge boxes are also indicated.

The flavor central charge of a subgroup G′ of a non-
abelian simple flavor group G can be calculated using
group representation theory as described in [5]. One

useful result is that for a G
′

= SU(n) subgroup of a
G = SU(n +m) flavor group, the flavor central charges
satisfy the condition kG′ = kG.
If we gauge a flavor group G of an AD matter, the

flavor central charge kG is equal to the contribution to
the β function. One can form superconformal gauge the-
ory by choosing AD matters appropriately. Given the
rich choices of AD matter, there are many new interest-
ing SCFTs one can construct. In this paper, we take
a different route by focusing on AD theories with exact
marginal deformations and try to find its gauge theory
descriptions involving gauging AD matters.
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IV. S DUALITY

Many of type III and type IV theories have exact
marginal deformations which are associated with the pa-
rameters in the leading order matrix Tn specifying irreg-
ular singularity. We would like to find out the weakly
coupled gauge theory descriptions for them. These the-
ories do admit 3d mirror, and one might wonder if we
can find different duality frames by decomposing the 3d
mirror into different components, just as what we did for
Gaiotto duality. In this section, we will show that this
procedure indeed works well.
Let’s first review how to find 3d mirror for type III

theories [6, 19]: Step I: Start with Young Tableaux
Yn = [n1, . . . , ns], and draw s quiver nodes with ranks
n1, . . . , ns, then draw n − 2 edges between each pair;
Step II: Look at Yn−1, if a column ni of Yn is split as
[n1i, n2i, . . . , nri], we split the initial quiver node ni into
quiver nodes with rank n1i, . . . , nri, and draw n−3 edges
between each pair; Step III: continuing step two until Y1,
for Y1 we do not split the quiver nodes of Y2 any more,
but add a quiver tail to the split column of Y2. The initial
quiver nodes n1, . . . , ns (each node might split latter, but
we group those quiver nodes which have the same origin
in Y1 as a single set) are called core of this quiver. For
theory (III, Y ), we just attach a quiver tail of Y to the
core of irregular singularity.
The 3d mirror has many uses: a): one can read the

corresponding M5 configurations and there are usually
more than one realizations of the single 3d mirror; b):
One can find out flavor symmetries of the original 4d
SCFT.
The AD matter typically has a three node core if the

maximal quiver edges are one, and has a two node core if
the maximal quiver edges is bigger than one, see figure.3.
For the cases shown in figure.3, If the quiver tail attached
to core node with rank a has maximal flavor symmetry,
the flavor central charge is kG = a + 1

2 for the left AD

matter, and kG = a+ 1
x+1 for the middle AD matter.
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FIG. 3. Left: 3d mirror for one type of AD matter; Middle:
3d mirror for other AD matters. Right: The 3d mirror for
D2(SU(2k + 1)) theory, with kSU(2k+1) = k + 1

2
.

Let’s consider following two classes of type III theories
whose defining data are listed in table.I. The 3d mirror
for these theories are depicted in figure.4.
Let’s now study the decompositions of its 3d mirror.

Let’s focus on class A theories, and the core of its 3d mir-
ror has rank (k, k − 1, 1, 1) as indicated in figure.4. The
decompositions are regarded as decomposing the core
into two sets. There are three such decompositions (two

Y3 Y2 Y1

A [k, k − 1, 1, 1] [k, k − 1, 1, 1] [1, . . . , 1]
B [k − 1, k − 1, 1, 1] [k − 1, k − 1, 1, 1] [1, . . . , 1]

TABLE I. Defining data for class A and class B theories.

of them are isomorphic), see figure.5. We can write down
the corresponding gauge theory descriptions by recogniz-
ing that the decomposed components are the 3d mirror
for AD matter shown in figure.5. One can match various
physical quantities such as the Coulomb branch spectrum
of two gauge theory descriptions with the original SCFT.

A B

11

1 1

k−1

11

1 1

k k−1 k−1

FIG. 4. 3d mirror for class A and class B theories.
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D
2
(SU(2k+1))

D
2
(SU(3))

D
2
(SU(2k−1))SU(k)

III
[k,k−1,2],[k,k−1,2],[1,..,1]SU(2)

FIG. 5. Decompositions of 3d mirror of class A theory and
the corresponding gauge theory.

This procedure can be easily generalized to class B the-
ories, and the two gauge theory descriptions are shown in
figure. 6. We leave the verification to interested reader.

1

D
2
(SU(3)) III

[k−1,k−1,2],[k−1,k−1,2],[1,..,1]SU(2)D
2
(SU(2k−1)) D

2
(SU(2k−1))SU(k)

FIG. 6. Different duality frames of class B theory.

V. GENERALIZATIONS

Using the idea described in last section, we can find
many new interesting S dualities. Here only some sim-
ple examples are given with full stories left for another
publication.
Four core quiver with single edge: Let’s consider

the SCFT whose 3d mirror has single edge and whose core
has four sets. There are usually three decompositions, see
figure. 7. The interesting question is to identify the new
quiver tail appearing in decomposition.
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FIG. 7. Three duality frames for theory whose 3d mirror has
a four node core and has only single quiver edge.

3d mirror with multiple edges: We now consider
SCFT whose 3d mirror has quiver edges bigger than one.
3d mirror of SCFT with one exact marginal deformation
has three node core. We can still find the S duality by
decomposing the 3d mirror. As an illustration, let’s con-
sider theory I3a,3 whose 3d mirror and decompositions
are shown in figure.8. There are three isomorphic dual-
ity frames, and the gauge theory descriptions are shown
in figure.8 (When a = 2, the left sub-quiver is bad, and
we can reduce it to a good quiver of D3(SU(2)) theory.
An extra fundamental to SU(2) gauge group is needed.).
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D
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1,a

,[a−2,1,1])SU(2)

FIG. 8. The decomposition of 3d mirror of I3a,3 theory and
its gauge theory description.

Generalized quiver: S duality of SCFT with more
than one exact marginal deformations can be found using
the S duality of theory with a single exact marginal de-
formation. Here we only give an example. Let’s consider
I6,6 theory which has three exact marginal deformations,

and its 3d mirror is shown in figure.9. The two duality
frames are found in figure.10 by using different decom-
positions of its 3d mirror (see figure.9).
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FIG. 9. The two different decompositions of 3d mirror of I6,6
theory.
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FIG. 10. The two duality frames for I6,6 theory.
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