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Abstract Let M be a compact Kihler manifold and N be a subvariety with codimen-
sion greater than or equal to 2. We show that there are no complete Kihler—Einstein
metrics on M — N. As an application, let £ be an exceptional divisor of M. Then
M — E cannot admit any complete Kédhler—Einstein metric if blow-down of E is a
complex variety with only canonical or terminal singularities. A similar result is shown
for pairs.

1 Introduction and main theorem

A basic question in Kihler geometry is how to find on each Kédhler manifold a canonical
metric such as Kdhler—Einstein metric, constant scalar curvature Kdhler metric, or even
extremal metric. When the Kdhler manifold is compact with negative or zero first Chern
class, the question has been solved by the senior author’s celebrated work on Calabi’s
conjecture [21]. Whereas the first Chern class is positive, there is an obstruction called
Futaki invariant for the existence of Kihler—Einstein metric.

For the noncompact case, the majority of work focuses on open Kéher manifolds
or quasi-projective manifolds. A complex manifold M is open (resp. quasi-projective)
if there is a compact Kihler (resp. projective) manifold M with an effective divisor D
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such that M is biholomorphic to M — D. The second author raised the question con-
cerning existence of complete Kihler—Einstein metrics on quasi-projective varieties
in [22], where the results of [3] were announced for the case with constant negative
scalar curvature. Also, the second author announced in [22] the existence of com-
plete Ricci-flat Kéhler metrics on the complement of an anticanonical divisor, using
methods following his earlier work in [19,21].

Cheng and Yau [3] constructed complete negative Kihler—Einstein metrics on M —
D when D is a normal crossing divisor and K s + D positive. In [15,16] the second
author showed that there exists a complete Ricci flat Kidhler metric on quasi-projective
M, if D is a neat and almost ample smooth divisor on M; or Misa compact Kihler
orbifold and D is a neat, almost ample and admissible divisor on M. This follows
the analysis of [21]. In [17] he also proved on open manifold M there are complete
Kéhler—Einstein metrics with negative scalar curvature if the adjoint canonical bundle
K + D is ample. This too follows the analysis of [21].

Several years ago, the second author [5] proposed the following questions.

Problem 1.1 Let M be a compact Kihler manifold and N be a subvariety with codi-
mension bigger than or equal to 2, how to find a complete canonical metric on the
noncompact Kihler manifold M — N?

In the Ricci-flat case, this was answered in [22] based on a theorem proved in
[19] for volume of complete noncompact Riemannian manifolds. In order to handle
this question, the authors (in [4,5]) introduced the concept of complete metrics with
Poincaré—Mok—Yau (PMY) asymptotic property, and constructed many constant scalar
curvature Kéhler metrics with PMY asymptotic property on some special types of
noncompact Kihler manifolds. Since these PMY type metrics are not Kdhler—Einstein,
naturally one can ask the following question.

Problem 1.2 Can M — N be endowed with complete Kdhler—Einstein metrics?

In fact, little is known about the obstruction for the existence of complete Kéhler—
Einstein on noncompact Kéhler manifolds. The unique outstanding result is due to
Mok and Yau’s main theorem in [11] which states that a bounded domain 2 admits a
complete Kidhler—Einstein if and only if €2 is a domian of holomorphy. If N is a higher
codimenion subvariety of a bounded domain €2, then 2 — N is not a domain of holo-
morphy. This implies on €2 — N there are no complete Kihler metrics with nonpositve
Ricci curvature. In our discussions on Problem 1.2, the senior author proposed that
the answer should be negative and the original work in [11] will give hints. Here we
follow this idea and it turns out that we can obtian the following theorem.

Theorem 1.3 There are no complete Kdhler metrics w on M — N satisfying —\ <
Ric, < 0 with nonnegative constant \.

Since M — N is noncompact, according to Bonnet-Myer’s compactness theorem M — N
cannot admit Kdhler—Einstein metrics with positive Ricci curvature. Immediately, we
find a negative answer for Problem 1.2 that

Corollary 1.4 There are no complete Kdihler—Einstein metrics w on M — N.
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If N was allowed to have singularities, Corollary 1.4 would imply there are no
complete Kihler—Einstein metric on M — D, where M is a compact Kihler manifold
that desingularizes M and D the exceptional locus of M. By Hironaka’s theorem
on resolution of singularities, such desingularizations always exist over a field of
characteristic 0, also true for analytical varieties. More precisely, blowing up M along
N, one obtains a new compact Kihler manifold M = Bly(M). Then M — N is bi-
holomorphic to Bly (M) — D where D is the exceptional set. And it’s clear M-—D
has a complete Kihler—Einstein metric if and only if M — N has one.

Similarly one could ask about the inverse operation, whether there is a complete
Kihler—FEinstein metric on M — E if E is an exceptional divisor which blows down to
a singularity. It is natural to expect that the answer depends on the type of singularities
produced for example by a divisorial contraction. In fact, by a local analysis we can
show the following.

Theorem 1.5 Let f : M — X be two complex normal varieties which are birational,
and E the sum of the exceptional divisors. Then if X has only canonical or terminal
singularities, and the codimension two singular locus is non-empty in X, there are no
complete Kahler—Einstein metrics on M — E.

This result holds in general dimension. But it is difficult to relax the assumption
on codimension of the singular locus in X and the non-emptiness of codimension two
locus is a necessary condition. We also thank Chenglong Yu for discussion on this
point. As a corollary, we obtain in dimension two

Corollary 1.6 If M is a complex surface and the singularities of X are of type A-D-E,
then there are no complete Kihler—Einstein metrics on M — E.

We can generalize Theorem 1.5 to the case of pairs (M, D) with boundary divisor
D. As our analysis essentially depends only on the curvature condition, it can be
carried out for these open cases as well. For pairs, we have

Theorem 1.7 If the pair (X, D) is klt, then there are no complete Kdihler—Einstein
metrics on M — E, where E is the exceptional divisor of a log resolution f : M — X
where E N £~ (supp(D)) is simple normal crossing.

It is clear any open manifold (non-complete variety) birational to these pairs also
cannot admit complete Kéhler—Einstein metrics.

In Theorems 1.5 and 1.7 the adjoint canonical bundle Kj; + E is generally not
ample. It demonstrates that the ampleness condition in [15-18] is necessary. Besides,
various generalizations of Kéhler—Einstein metrics to the singular setting for pairs have
been proposed in the literature, see e.g. [1,2, 12] etc. Our theorems assert immediately
that these singular metrics for klt pairs are not complete, and it has been shown for kit
pairs these metrics have cone singularities [7].

The rest of this note is devoted to the proof of Theorems 1.3, 1.5 and 1.7.

2 The Proof of Theorem 1.3

The Proof of Theorem 1.3 We prove Theorem 1.3 by contradiction and the key point
is to show the boundedness of volume element nearby N. Let dimc M = n and
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dimg N =1/ and! < n — 2. We assume that over M — N there is a complete Kihler
metric w with Ricci curvature

—A < Ric, <0

with a nonnegative constant A. Locally, let p € N, there is a local open ball By =
{(z1,22,23, ..., 2Zn), |zi| < &} such that p ={0,...,0} and N N B¢ is

Zl :Z2:~-~:Zn_[:O,
On this open set B¢ — N, we assume that = +/—1g;7dz; AdZ ;. Choose a two dimen-

sion polydisc A, (&) to be {(zl, 22,0, ...,O)||Z1| <&, |z < &}, then the logarithm

log det(gijf

of the volume form of the metric, i.e. det g; j=e ) is plurisubharmonic over

A, (&) — p according to
—Ric = 33(logdet(g;7)) > 0.
Applying the maximum principle,

det(g; )], = Sup_det(g; ).
2=

where D, is the disc defined by
Dy, = {(z1,22,0, ..., 0) with |z | is fixed} C A, (&) — p.

Since the set {(z1, 22,0, ..., 0) with |z2] = &} in A, (&) is a close subset of M — N,
we have

det(g;7(z1,22)) = sup det(g;;) = Cy for0 < |z <&, |2l <&,  (2.1)

|z2|=§

with constant C;. Similarly, the following inequality is satisfied for some constant C3

det(g;;(z1,22)) < sup det(g;;) < Ca forfzi| <&, O0<lz2| <& (22)

lz11=§

Combining (2.1) and (2.2), we have

det(g; j)| ApE)—p = max Ci, Cs. (2.3)

@ Springer



Nonexistence for complete Kihler—Einstein metrics... 1275

N
D,
Ap(§) p
! 21
the diagram of A, (§)
On the other hand, we claim
w > Cidz; Ndz; 24
on the ball B¢ — N with some constant C3 and B: = {(z1, ..., zZa), |Zi| < %}.
2 2

If the claim (2.4) is true, then det(gijv)|BE _y > C. In particular, (2.3) and (2.4)
yield ’

- < C
811l a,5)-p =

for some constant C. Let z; = x1 4+ +/—1y1, the length of the real line segment in
space {(z1, 0, ...,0)} from (%, 0,...,0) to pis given now by

3
/0 JEdx) < e 25)

which contradicts the completeness of the metric w nearby N, and the proof is com-
plete.
It remains to show the claim (2.4). In fact, put Poincaré metric wp on Bg, and let
u = trace,wp. It is clear that
wp <uw. (2.6)

Now we just need to show the boundedness of supremum supp (N U There are two
3

cases that u tends to its supremum sup z (N U
3

Case 1 Denote 1§§ ={(z1, ..., 2n) lzil < %}, if there is a point pg € Bg — N such
2 2
that there is a sequence py € B¢ satisfying
2

sup u = lim u,
Bg —N Pk— Po
2
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then one has

sup u = lim u < oo
Bs —N Pk— Po
3

since pg ¢ N, and wp and w are both finite at py.
Case 2 Otherwise, u achieves its supremum nearby B¢ N N. Here one cannot apply
2

Yau’s Schwartz lemma to get the boundness of u directly since w is not complete over
the entire B — N. However, we can follow the method in [20] to verfy it. In fact,

2
applying Chern—Lu inequality [20], we have
Au > —u + cu? 2.7

where A is the Laplace operator under the metric w and —c is the upper bound of the
bisectional curvature of wp. Now, we need the following lemma
Lemma 2.1 Let f be a smooth function which is bounded on B¢ — N and f achieves
2
its supremum nearby N, then for all ¢ > 0, there exists a point p € Bz — N such that
2

at p,
IVfl<e, Af<e and f(p)> sup f —e. (2.8)
Bg—N
3

The proof of this lemma follows Theorem 1 in [19]. We give a concise description.
Let R be the real line, consider the graph I' = (f(z), z) as a submanifold of R x
(B¢ — N), where R x (B: — N) is the product manifold with the product metric.
Fixzing a point pp € B¢ —ZN , consider the point py = (k, pgp) where k is a positive
integer. Let g be a geédesic segment from py to the graph I" such that the length of
gk 1s the distance between py and I'. Let (f(gx), gx) be another end point of g, and
one can check (f(gx), k) is not a conjugate point of py. Let [} be the arclength of g,
and let 7 (z) be the geodesic distance between py and z. By the geodesic equation of
8k, for each k and gy, one has

= (k= f(g)* +rg)*
Then we can show

limksup flgr) = sup f(2).

Bg —N
3
In fact, if one can find some § > 0 and z( such that

f(zo) > lim sup f(qx) + 6,

k— 00

then for k large enough
(k= fzo)* +7(z0)* < (k— fg)) +r(q)* =1}
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which contradicts the minimality of the geodesic distance between p; and I'. In this
sense, we can choose a subsequence still denoted by gx such that

sup fqx) = sup f(2). (2.9
Be—N

k—o00 £—
3

For simple, we assume f(pg) = 0. By the boundenss of f and the assumption r(gy) >
1, then there is no difficulty to verify the followings (or see page 205 in [19]):

1) Af(gr) < (0 + r(f]k)) J: ((g:)) for some constant Q (not dependent on k),

i 2f(qK)
(i) 1V (g0l < 2.

Since f attains its supremum nearby N and w is complete nearby N, thus r(py) goes
to infinity as k tends to infinity. Consequently, together with (i), (ii) and (2.9), we can
obtain Lemma 2.1.

Then let K be any positive number, a direct computation shows

A(— ! ) Au S P (2.10)

Vit K) 2w+ K wt k)P
From (2.7),
1 1 3 5 —AU+ cu’®
Al- + Vul* 2 ——— (2.11)
Ju+ K ( «/u—l—K) (u+K)3| | 2(u + K)?
Then by Lemma 2.1 and let f = ——=— there are sequences py such that

JVu+K’

. 1 . |Vul? .
Iim A{—-——————=)=0, lim —— =0, lim = su 2).
koo ( Juqo + K K) k00 (ulqe) + K)3 a, S0 = sup fi@)

£—
2

When f(qk) goes to its supremum, # goes to its supremum supg (N U Obviously,
2
limsupy N U # 00, otherwise the term on the right hand in (2.11) tends to 5 which

2
leads to a contradiction. Therefore

A

sup u < —.

Bg —N c
2

In short, from Case (1) and Case (2) u is bounded and the claim (2.4) is obtained.
O

Remark 2.2 From the proof above, we see that all analysis is local (that is, there are
no Kihler-Einstein metrics w on B¢ — N such that w is complete nearby N). It means
Theorem 1.3 is still true when M is not compact which therefore allows us to prove
similar statements in cases when more than one smooth subvariety of codimension 2
or higher are removed.
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3 The Proof of Theorem 1.5

Although our proof shall be local and mainly differential geometric in nature, it is
useful to phrase the theorem in the right algebraic setting. The notations are standard
in the literature, the readers can consult the standard [9] for further detail.

3.1 Canonical singularities

First we recall some properties of the class of singularities known as canonical singu-
larity. We do not restrict to any specific number of dimension of the variety.

Unless otherwise stated, we will be considering normal varieties. Then by Zariski’s
main theorem which applies to normal varieties, we know that the fundamental locus
of all birational morphisms are closed subvarieties of codimension at least 2.

Denote by Myeg = M — Ming the complement of the singular set Ming, We then

have the open immersion Me, 4 M . The canonical sheaf wy = i*meg exists by
Hartog’s extension theorem and M being normal. We note that the fundamental locus
is generally not contained in Mj;yg, and vice versa. The former clearly depends on the
choice of a birational morphism.

Definition 3.1 (Canonical singularity) A n-dimensional normal variety M with Q-
Cartier canonical divisor K is said to have only canonical singularities, if there
exists a birational morphism f : ¥ — M from a smooth variety Y such that in the
ramification formula

Ky = f*Ky +ZaiEi

a; > 0 for all divisors E; which are exceptional.

We shall need later the following result (3.4)(A) from [13].

Theorem 3.2 (Canonical = Du Val in codim 2) Let M be a n-fold with canonical
singularities, not necessarily isolated, then M is isomorphic to the following form
analytically

M = (Du Val sing.) x A"~2

in the neighborhood of a general point of any codimension 2 stratum.

Where surface canonical singularities are Du Val singularities, also called A-D-E sin-
gularities. This can be easily proved using the ‘general section theorem’ for canonical
singularities, see e.g. theorem (1.13) in [14].

3.2 The Proof of Theorem 1.5

To proceed we need also the following lemma which proves a version of Theorem 1.5
for a canonical (Du Val) singularity in two dimensions.
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Lemma 3.3 (Du Val surface singularity) If M is a normal complex surface with only
canonical singularities, then there does not exist a complete Kdhler—Einstein metric
on the complement of a finite number of points on M.

The proof of the lemma Here we will show the case that there is only one exceptional
divisor E and M is smooth. If f(E) consists purely of smooth points of M, we get
form Theorem 1.3 that there cannot exist complete Kéhler metrics on M — f(E) with
Ricci curvature satisfying —A < Ric < 0. So we assume f(E) C Miing.

Recall a Du Val singularity is given locally by a polynomial in A3, i.e. a hypersur-
face. By Weierstrass preparation theorem, near p, M — p can be covered by finitely
many disjoint open sets B such that each B} is biholomorphic to standard punctured
disc B* = {(z1,...,21),0 < Z:’:I |z|2 < 1}, n = 2. Then if there is a complete
Kihler—Einstein metric w on M — p, each Bi* admits a Kdhler—Einstein metric @

B}*
It implies B* can be endowed with a Kihler—Einstein metric that is complete at the
punctured point. But this is impossible from the Proof of Theorem 1.3. This finishes
the proof. O

Du Val singularities are also quotients of C? by finite subgroups of SL(2, C). By
Cartan’s lemma any quotient singularity is isomorphic to C"* /G with G C GL(n,C) a
finite group. The following theorem applies to quotient singularities in all dimensions
n > 2 by small subgroups G of GL(n, C). They are fixed point free in codimension 1.

Proposition 3.4 (Quotient singularities) Let G C GL(n, C) be a small finite group
acting on C", then there does not exist a complete Kdihler—Einstein metric on the
complement of the singular locus in C"/G.

Proof Let S = {x € C"|x = g(x) forsome g # 1}. It is standard that the sin-
gular locus is § = S/G. Let V¥ = B — S with B = {(z1,...,2a), |z:]> < 1}
be an open neighborhood of the singular locus. For small enough V*, it is covered
by a disjoint union of open sets V; (i = 1,...,[) for some finite integer / < |G]|.
If on C"/G — § there is a complete Kiihler—Einstein metric o, then there is a
G-invariant Kéhler—Einstein metric @€, whose restriction @ |v; toeach V; is a Kéhler—
Einstein metric which is complete at S N V;. From the proof of Theorem 1.3 this is
impossible. O

The Proof of Theorem 1.5 Here is the main’s proof. We make use of Theorem 3.2, by
which the claim reduces to showing non-existence of Kéhler—Einstein metrics for the
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complement of the singular points which are Du Val on the codimension two strata.
This stratum is non-empty by assumption and the statement then follows from Lemma
3.3. O

4 The Proof of Theorem 1.7
4.1 Log terminal singularities

For simplicity, we will only consider normal varieties. Then by Zariski’s main theorem,
we know that the fundamental locus of all birational morphisms involved in our setup
are closed subvarieties of codimension at least 2. Denote by Mg = M — Mgy the

complement of the singular set Mjing, we then have the open immersion Myey < M.
The canonical sheaf wy = ixwp,,, exists by Hartog’s extension theorem and M being
normal. We note that the fundamental locus is generally not contained within Mg,
and vice versa.

To measure the local valuative property of a singularity, the notion of discrepancy
was introduced (see e.g. [10]). This notion can be defined for R-linear combinations
of Weil divisors D = > a; D; but often Q-linear is sufficient. Since Weil divisors
are not always pulled back, we assume K + D is Q-Cartier. Let f : Y — M bea
birational (bimeromorphic) morphism, and Y normal, we let

Ky + f~'(D) = f*(Km + D)+ D ap(M, D)E

where E are distinct prime divisors of Y and ag (M, D) € Q. This is now a statement
regarding linear equivalence of divisors and not local. As non-exceptional divisors
appear in this formal sum, the right hand side needs some explanation.

We demand as in [10] that for a non-exceptional divisor E, the coefficient
ap(M, D) # 0iff E = (f~1),(D;) for some i, in which case we set ap;(M, D) =
—aj. This defines ag (M, D) € R, called the discrepancy of E with respect to the pair
(M, D).

A more global measure of singularity of the pair is defined by taking the inf of
ag(M, D) over distinct primes E C Y.

Definition 4.1

discrp(M, D) := iréf{aE(M, D)|E C Y exceptional with center # & on M}
discrpyoi (M, D) = iréf{aE (M, D)|E C Y has non-empty center on M}

We are ready to recall the definition of a log terminal ‘singularity’. The following
is def. (2.34) in [9].
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Definition 4.2 Let (M, D) be as above, then we say (M, D) or Kj; + D is

terminal >0
canonical e 1 >0
kit if discrp(M,D) = _land D] <0 “.1)

le >—1

The running of MMP preserves both the Kawamata log terminal (klt) and log
canonical (Ic) property of pairs. This means the statements we make may easily be
extended to the context of birational geometry.

4.2 Local property of kit pairs

We will need the following lemma characterizing klt singularity structures in codi-
mension 2. This comes from a cutting by hypersurface technique similar to the case
of complete varieties, and for details we refer to [6].

Lemma 4.3 (Property in codimension 2) Let (X, D) be a kit pair. Then there exists a
closed subset N C X with codimy N > 3 such that X\N has quotient singularities.

This is proposition (9.3) in [6]. However, using [9], Corollary (2.39), this will follow
as a corollary of Theorem 3.2. In that case, we can give a proof of Theorem 1.7 based
on Theorem 1.5, since we may consider the pair (X, &). However, we will end up
with a redundant restriction on the codimension of the singular locus. The proof of
Theorem 1.7 now parallels that of Theorem 1.5 in the previous section.

The Proof of Theorem 1.7 By resolution of singularities the log resolution claimed
in the theorem exists. Let § = f(E) N Xing. The existence of a complete Kihler—
Einstein metric on the complement of the exceptional divisor M\ E is equivalent to the
existence of a complete Kédhler—Einstein metric on X\ S. By Lemma 4.3, we only have
to show the case when codimy S = 2, in which case each irreducible component of S
is a finite quotient. Clearly S has only finitely many irreducible components, and the
non-existence of a complete Kiahler—Einstein metric on X\ S follows from Proposition
3.4. O

A simple application of our results is in the context of desingularization of the Satake
compactifications [8]. Without using any detail on modular forms, we can conclude that
the compactification of locally symmetric spaces must proceed by adding boundary
components which contain singular points, i.e. cusps. This follows from the simple
fact that arithmetic quotients admit complete Kédhler—Einstein metrics.
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