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Abstract: In this paper, we construct complete constant scalar curvature Kähler (cscK)
metrics on the complement of the zero section in the total space of O(−1)⊕2 over P

1,
which is biholomorphic to the smooth part of the cone C0 in C

4 defined by equation
�4

i=1w
2
i = 0. On its small resolution and its deformation, we also consider complete

cscK metrics and find that if the cscK metrics are homogeneous, then they must be
Ricci-flat.

1. Introduction

An important problem in Kähler geometry is to find on a Kähler manifold a canoni-
cal metric in each Kähler class, such as Kähler–Einstein (KE) metrics, constant scalar
curvature Kähler (cscK) metrics or even extremely Kähler metrics. When the Kähler
manifold is compact or is the complement of divisors in a compact Kähler manifold,
there are lots of references on this problem.

Here, we are concerned with the question of how to look for a canonical metric in
each Kähler class on the complement of varieties with higher codimension in a compact
Kähler manifold. The cscK metric on such a manifold may be a good candidate. For
example, let X be a three dimensional Calabi–Yau manifold with (−1,−1)-curves E1,
. . ., El . These curves are rational curves P

1 and their neighborhoods are isomorphic to
O(−1)⊕2 over P

1. Let M = X\ ∪i Ei . For simplicity, assume that all Ei are disjoint.
So the question is whether there exists a complete cscK metric on M .

Let us first recall the geometry of X . It is well-known that if we blow down these
curves on X , we get a singular Calabi–Yau threefold X0 with singular double points
p1, · · · , pl , and have a biholomorphic map [4]

X\ ∪i Ei → X0\ ∪i pi .

X is called the small resolution of X0. Moreover, under a very not strictly topological
condition on E1, . . . , El , X0 can be smoothed out to get a family Xt of smooth com-
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plex manifolds [8–10]. Sometimes, these complex manifolds may be non-Kähler. The
progress

X → X0 � Xt

is called the conifold transition, which is very important in the superstring theory (c.f.[1,
2,7]). It is in this sense that Candelas and de la Ossa studied the existence of Ricci-flat
Kähler metrics on the local models of the transition above

E → C0 � Ct .

Here E is the total space of the holomorphic vector bundle O(−1)⊕2 over P
1, Ct is the

(complex) hypersurface in C
4 defined by equation

4∑

i=1

w2
i = t.

When t = 0, C0 is the cone. So zero is the singular point in C0. Candelas and de la
Ossa [3] wrote down homogeneous Ricci-flat metrics on these local models, which are
used to construct balanced metrics on Xt by J. Li and the first two named authors [5]
when Xt are non-Kähler. In this note, we use the adjective “homogeneous” as in [3].
That is, when the local model is C0 or Ct for t �= 0, the homogeneous Kähler potential
is a function of r2, where r is the distance function induced from C

4; when the local
model is E , the homogeneous Kähler potential is a function as (1).

Candelas-de la Ossa’s metric on C0\{0} is not complete near zero. Its Kähler potential

is 3
2 (r2)

2
3 . Since C0\{0} is biholomorphic to E\P

1, this metric can be viewed as the one
defined on E\P

1, which is also not complete near P
1. Here P

1 is viewed as the zero
section of O(−1)⊕2. In fact, we cannot find any complete KE metrics on E\P

1. In
this note, as the first step of the problem presented above, we use the natural distance
function, which is also denoted by r (see the next section), to study complete cscK
metrics on E\P

1. We will look for cscK metrics ga on E \ P
1 such that its associated

Kähler potential is

a log(1 + |z|2) + f (r2), (1)

where z is the local coordinate of P
1 and a ≥ 0. We will determine the function f (r2),

which is called the partial Kähler potential in the following. In this note, the constant
scalar curvature will be denoted by c.

Theorem 1.1. When c = 0 and a ≥ 0, there exists on E\P
1 a unique complete cscK

metric ga with associated Kähler potential (1). The partial Kähler potential f (r2) has
the following properties:

(i) When r → +∞, f (r2) approximates to 3
2 (r2)

2
3 , i.e., Candelas-de la Ossa’s metric;

(ii) When r → 0, f (r2) approximates to log r2 − a+1
a+2 log(− log r2).

Theorem 1.2. (i) When c < 0 and a ≥ 0, on the open set U = {0 < r < 1} of E \ P
1

there exists a unique complete cscK metric ga with associated Kähler potential (1);
(ii) When c > 0 and a ≥ 0 with the relation 4 + 2a − (a + 1)c > 0, there exists on E \P

1

a unique cscK metric ga with associated Kähler potential (1) which is complete near
P

1 but not complete when r goes to infinity;
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(iii) In the above two cases, the partial Kähler potentials near P
1

f (r2) = log r2 − 2(a + 1)

4 + 2a − (a + 1)c
log(− log r2) + O((log r2)−1).

The first example of a complete Kähler metric on Dn\{0}, the punctured unit ball of
C

n , is given by Mok and the second named author [6]:

ω = i

2
∂∂̄

(
log r2 − log(− log r2)

)
,

where r2 is the standard distance function on C
n . Its Ricci curvature is bounded and

its volume is finite. How to further use and generalize the metric above is our second
motivation. Inspired by this, we give the following definition.

Definition 1.1. Let X be a Kähler manifold and N a smooth subvariety of X with higher
codimension. Let M = X \ N. A Kähler metric ω on M is called the Poincaré–Mok–Yau
type metric if near the subvariety N,

ω = i

2
∂∂̄

(
a log r2 − b log(− log r2) + O((log r2)−1)

)
,

where r is a distance function to the subvariety N, and a and b are two positive constants.

It is easy to see that near N the Poincaré–Mok–Yau type metric is complete and has
finite volume. Under this definition, our metrics near the zero section for all three cases
are the Poincare–Mok–Yau type metrics.

We have mentioned above that Candelas and de la Ossa [3] also constructed homo-
geneous Kähler Ricci-flat metrics on the local models E and Ct . Since our interest is
enlarged to cscK metrics, it is natural to ask whether there are cscK metrics that are not
Ricci-flat. As a result, we have the following rigidity theorem.

Theorem 1.3. Any complete homogeneous cscK metric on E or Ct is Ricci-flat.

The paper will be organized as follows. We first consider complete cscK metrics
on E\P

1. In Sect. 2, we derive an ODE on the partial Kähler potential and solve this
ODE. In Sect. 3, we will use the standard method to give a necessary condition of
the completeness of metrics. Then in Sect. 4, we will use this condition to discuss the
completeness and the asymptotic behaviors of all three cases for c. Thus we finish the
proof of the first two theorems above. In Sect. 5, we prove the rigidity theorem of cscK
metrics on E and Ct .

2. Equations

Let E be the total space of O(−1)⊕2 bundle over P
1 with the fibre C

2. The base manifold
P

1 can be viewed as the zero section or a complex curve of E . Then, E\P
1 is biholo-

morphic to C0\{0}. In fact, let (z, u, v) be the coordinate of fibre bundle E , where z is a
coordinate of P

1, and u, v are the coordinates of fibres of O(−1)⊕2. The biholomorphic
map between E\P

1 and C0\{0} is given by

w1 = v − zu, w2 = −i(v + zu), w3 = −i(u − zv), w4 = u + zv.
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Under this map, the distance function

r2 =
4∑

i=1

|wi |2

when restricted to C0 can be transformed to the function on E

r2 = (1 + |z|2)(|u|2 + |v|2).
Hence, the above r2 is a globally defined function on whole E . Actually, this can also be
checked by the transition functions. Let (w, x, y) be the another coordinates of E , where
w is the coordinate of P

1 such that w = 1
z when z �= 0. Then the transition functions of

u, v to x, y are

x = zu, y = zv.

Hence, it is easy to see that r2 is well defined on E .
Now we begin to study the cscK metrics ga on E\P

1. Let f (r2) + a log(1 + |z|2) for
a ≥ 0 be its Käher potential. Then

gμν̄ = ∂μ∂ν̄

(
f (r2) + a log(1 + |z|2)

)

= f ′(r2)(∂μ∂ν̄r2) + f ′′(r2)∂μr2 · ∂ν̄r2 + a∂μ∂ν̄ log(1 + |z|2),
where μ, ν are any two coordinates of (z, u, v). By a direct calculation, we have

det g � det(gμν̄) = f ′(r2)
(
a + r2 f ′(r2)

)(
f ′(r2) + r2 f ′′(r2)

)
, (2)

and the fact that the metric g is positive if and only if f satisfies the following conditions:

f ′(r2) > 0, and f ′(r2) + r2 f ′′(r2) > 0.

The Ricci tensor is given by

Rμν̄ = −∂μ∂ν̄ log det g,

and the scalar curvature by

c = gμν̄ Rμν̄,

where (gμν̄) denotes the inverse matrix of (gμν̄). Explicitly, all elements of (gμν̄) are

gzz̄ = (1 + |z|2)2

a + r2 f ′ , gzū = guz̄ = − (1 + |z|2)zū

a + r2 f ′ , gzv̄ = gv z̄ = − (1 + |z|2)zv̄
a + r2 f ′ ,

guū = f ′2 · (r2 − |z|2|v|2) + r2 f ′ f ′′ · (|v|2 + |u|2|z|2) + a( f ′/(1 + |z|2) + f ′′ · |v|2)
f ′ · (a + r2 f ′)( f ′ + r2 f ′′)

,

gvv̄ = f ′2 · (r2 − |z|2|u|2) + r2 f ′ f ′′ · (|u|2 + |v|2|z|2) + a( f ′/(1 + |z|2) + f ′′ · |u|2)
f ′ · (a + r2 f ′)( f ′ + r2 f ′′)

,

guv̄ = gvū = − f ′ f ′′ · r2(1 − |z|2) − f ′2 · |z|2 + a f ′′

f ′ · (a + r2 f ′)( f ′ + r2 f ′′)
uv̄,

where f ′ = f ′(r2) and f ′′ = f ′′(r2).
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Let h(r2) = log det g and for brevity, denote

φ(r2) = r2 f ′(r2), v(r2) = r2h′(r2).

Then through a standard but tedious calculation, we get the scalar curvature

c = − v′(r2)

φ′(r2)
− (a + 2φ)v

(a + φ)φ
. (3)

Integrating (3) with the integrating factor φ2v +aφv, we obtain a relation between φ(r2)

and v(r2)

− c

3
φ3 − ac

2
φ2 = aφv + φ2v + c1, (4)

where c1 is a constant to be determined later. Using the definition of φ, we can rewrite
(2) as

det g = φ(a + φ)φ′

r2 .

Hence,

v = r2h′(r2) = r2
(

φ′

φ
+

φ′

a + φ
+

φ′′

φ′ − 1

r2

)
.

Therefore, (4) is equivalent to

−(
c

3
φ3 +

ac

2
φ2)φ′ = r2(a + φ)φ′2 + r2φφ′2 + r2(a + φ)φφ′′ − (a + φ)φφ′ + c1φ

′.

Integrating the equation with the factor r2(a + φ)φφ′, we have

φ′(r2)r2 = − c
12φ4 + ( 2

3 − ac
6 )φ3 + aφ2 − c1φ − c2

φ(a + φ)
, (5)

where c2 is a constant also to be determined later. In the following, for brevity, we denote
by F(φ) the numerator of the fraction of the above equation

F(φ) = − c

12
φ4 + (

2

3
− ac

6
)φ3 + aφ2 − c1φ − c2. (6)

Using the definition of φ, f (r2) is the partial Kähler potential if and only if

φ(r2) > 0, and φ′(r2)r2 = F(φ)

φ(a + φ)
> 0.

Then Eq. (5) can be rewritten as

dr2

r2 = φ(a + φ)dφ

F(φ)
. (7)

The integration of both sides establishes an implicit function φ(r2) since φ(r2) increases
monotonically. Thus from φ(r2) = r2 f ′(r2) we determine the partial Kähler potential

f (r2) =
∫

φ(r2)

r2 dr2.
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3. Completeness

Now we discuss the completeness of the Kähler metric ga defined in the last section.

Lemma 3.1. The metric ga is complete near r = 0 (near r = ∞, respectively) if
and only if the integration

∫ s2
s1

√
f ′(r2) + r2 f ′′(r2)dr is infinite as s1 → 0 (s2 → ∞,

respectively). Moreover, ga is complete near zero section is equivalent to that F(φ)

defined in (6) has a factor (φ −b)2 and limr→0 φ(r2) = b, where b is any given positive
constant.

Proof. By a direct calculation (please see the “Appendix”), the gradient

∇r = u∂u + v∂v + ū∂ū + v̄∂v̄

( f ′(r2) + r2 f ′′(r2))r

and

∇ ∇r
|∇r |

∇r

|∇r | = 0.

The equation above implies that the gradient ∇r is the geodesic direction. Hence, for
any point (z0, u0, v0) ∈ E\P

1, the curve χ(s) = (z0, su0, sv0) is a geodesic. Clearly

|χ ′(s)| =
√

f ′(z0, su0, sv0)r2
0 + s2 f ′′(z0, su0, sv0)r4

0 .

The length l of χ(s) from s = s1
r0

to s = s2
r0

is l = ∫ s2/r0
s1/r0

|χ ′(s)|ds. Taking the coordinate
transformation s = r

r0
, we have

∫ s2/r0

s1/r0

|χ ′(s)|ds =
∫ s2

s1

√
f ′(r2) + r2 f ′′(r2)dr =

∫ s2

s1

√
dφ

dr2 dr.

Now by (7), the above integration

∫ s2/r0

s1/r0

|χ ′(s)|ds =
∫ φ(s2)

φ(s1)

1

2

√
φ(a + φ)√

F(φ)
dφ.

Hence, the metric ga is complete if and only if the integration of polynomial (φ2 +
aφ)1/2 F−1/2(φ) is infinite when s1 → 0 as s2 is fixed and when s2 → +∞ as s1 is
fixed.

Since φ is the positive and monotonically increasing function, the function φ tends
to a nonnegative constant b as r → 0, the completeness near the zero section P

1 forces
the polynomial F(φ) including a factor (φ − b)2. Therefore, the constants c1 and c2 are
determined and we have

F(φ) = (φ − b)2 F1(φ), (8)

where

F1(φ) = − c

12
φ2 +

(2

3
− (a + b)c

6

)
φ + a +

4b

3
− abc

3
− b2c

4
. (9)
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We should prove b > 0. If b = 0, then

F(φ) = φ2(− c

12
φ2 + (

2

3
− ac

6
)φ + a

)

and hence,

dr2

r2 = (a + φ)dφ

− c
12φ3 + ( 2

3 − ac
6 )φ2 + aφ

. (10)

We discuss the following two cases. The first case is a > 0. In this case, if c = 0, then
we recover Candelas and de la Ossa’s Ricci-flat metric on the small resolution E and it
is complete on entire E ; If c < 0, this metric is the complete cscK metric on the open
set {(z, u, v) ∈ E | r < R} for some positive constant R, which will be seen from the
remark 4.1 in the next section; If c > 0, it follows that φ is defined on the entire E and
not complete as r2 → +∞. So for the completeness near the zero section P

1 of E\P
1,

the constant b should be positive in this case.
Next we discuss the second case a = 0. In this case, Eq. (10) is reduced to

dr2

r2 = dφ

− c
12φ2 + 2

3φ
.

Now, if c = 0, then we recover Candelas and de la Ossa’s Ricci-flat metric on E\P
1 and

it is not complete; If c < 0, the metric is defined on an open set {(z, u, v) ∈ E | 0 <

r < R} for some positive constant R (see Remark 4.1 in the next section), by the above
discussions, which is not complete near the zero section P

1 but complete as r → R; If
c > 0, it follows 0 < φ < 8

c and the metric is complete neither near the zero section
P

1 nor r → ∞. So for the completeness near the zero section P
1, the constant b should

also be positive in this case. �

4. Proof of Theorem 1.1 and 1.2

Without loss of generality, set b = 1.

4.1. Case c = 0. In this case, (8) becomes

F(φ) = 2

3
(φ − 1)2(φ + 2 +

3a

2
) > 0.

Hence,

dr2

r2 = φ(a + φ)dφ

F(φ)
= φ(a + φ)dφ

2
3 (φ − 1)2(φ + 2 + 3

2 a)

= dφ
( A

(φ − 1)2 +
B

(φ − 1)
+

C

φ + 2 + 3
2 a

)
, (11)

where

A = a + 1

a + 2
, B = 3a2 + 10a + 10

3(a + 2)2 , and C =
3
2 a2 + 8a + 8

3(a + 2)2 .
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Fig. 1. The graph of φ(r2) with c = 0 and a = 1

Therefore,

log r2 = A

1 − φ
+ B log(φ − 1) + C log(φ + 2 +

3

2
a).

Since when r → 0, φ → 1, log r2 ∼ A
1−φ

. Also since when r → +∞, φ → +∞,

log r2 ∼ 3
2 log φ. It turns out from φ = r2 f ′(r2) that the partial Kähler potential f (r2)

has the asymptotic behavior

f (r2) ∼
{

log r2 − a+1
a+2 log(− log r2), r → 0,

3
2 (r2)

2
3 , r → +∞.

Hence, the metric approximates to the Poincaré–Mok–Yau type metric near the zero
section P

1 (i.e. as r → 0) and approximate to Candelas-de la Ossa’s Ricci flat metric on
E\P

1 as r → ∞. Thus, we finish the proof of Theorem 1.1.
The picture of φ(r2) in the case a = 1 is Fig. 1.

4.2. Case c < 0. In this case, since a ≥ 0 and c < 0, F1(φ) defined in (1) is automat-
ically positive. Hence F(φ) > 0. The equation (7) implies a function φ(r2) or r2(φ).
Integrating both sides of (7), we have

log r2 + c3 =
∫

φ(a + φ)

F(φ)
dφ

for some constant c3.
Since

∫ ∞

a0

φ(a + φ)

F(φ)
dφ < +∞

for any a0 > 1, then any primitive function of φ(a+φ)
F(φ)

is limited as φ → +∞. We assume
that G(φ) is such a primitive function. Then,

log r2 + c3 = G(φ)
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and φ(r2) is implied in this equation. Since G(φ) is tend to a constant as φ to +∞,
log r2 + c3 is finite as φ to +∞. Hence, we can choose some G(φ) and c3 such that
limφ→+∞ G(φ) − c3 = R2 for some positive constant R. Right now, φ → +∞ as
r → R−. Thus, we have a function φ(r2) defined on open set U(R) = {(z, u, v) ∈
E | 0 < r < R} with the properties that limr2→0 φ(r2) = 1 and limr2→R− φ(r2) = +∞.
In summary, for any a ≥ 0 and c < 0, we can choose some constant c3 = c3(a, c) such
that φ(r2) is only defined on U(R) = {(z, u, v) ∈ E | 0 < r < R}. Without loss of
generality, let R = 1 and U � U(1) = {(z, u, v) ∈ E | 0 < r2 < 1}.
Remark 4.1. From the above discussion, for c < 0, the boundedness of the distance
function r2 is only dependent on the highest order of F(φ) but not the decomposition of
F(φ). That’s to say, any homogeneous negative cscK metric from Eq. (5) is only defined
on some open set {(z, u, v) ∈ E | r < R} for some positive constant R.

Next, we decompose

φ(a + φ)

F(φ)
= A

(φ − 1)2 +
B

φ − 1
+

C

F1(φ)

where A = A(a, c) and B = B(a, c) are constants, C is a polynomial C(a, c, φ). As a
record, we write down A, B and C here in detail

A = 2(a + 1)

4 + 2a − (a + 1)c
,

B = 4(10 + 10a + 3a2 − 2c − 3ac − a2c)

3(−4 − 2a + c + ac)2 ,

C = 8(128 + 128a + 24a2 − 40c − 50ac + 8a2c + 12a3c + 3c2

(−4 − 2a + c + ac)2

+
8(4ac2 − 3a2c2 − 4a3c2 + 12a3c + 3c2 + 4ac2 − 3a2c2 − 4a3c2)

(−4 − 2a + c + ac)2

+
16(10c + 10ac + 3a2c − 2c2 − 3ac2 + a2c2)φ

(−4 − 2a + c + ac)2 .

Hence, near the zero section,

dr2

r2 = φ(a + φ)

F(φ)
dφ ∼ A

(φ − 1)2 dφ,

and the partial Kähler potential f (r2) has the following asymptotic behavior near the
zero section

f (r2) = log r2 − A log(− log r2) + O((log r2)−1).

On the other hand, when r → 1−, φ → +∞. Then dr2

r2 = φ(a+φ)
F(φ)

dφ ∼ −12
cφ2 dφ.

Hence, when r → 1−

f (r2) ∼ 12

c
log(− log r2) ∼ 12

c
log(1 − r2).
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Fig. 2. The graph of φ(r2) with a = 0 and c = −12

The Kähler metric on U approximates to the metric

i

2
∂∂̄

(
a log(1 + |z|2) +

12

c
log(1 − r2)

)
.

Clearly, this metric is also complete when r → 1. Actually, from Lemma 3.1, the curve
χ(s) = (z0, su0, sv0) is a geodesic through any point (z0, u0, v0) ∈ U. Since r0 < 1
and sr0 < 1, s < 1

r0
. As s → 1

r0
, φ(s2r2

0 ) → +∞ and

∫ s

1
|χ ′(s)|ds =

∫ φ(s2r2
0 )

φ(r2
0 )

φ

2
√

F(φ)
dφ → +∞,

which also implies the completeness.
We give a picture of φ(r2) in the case of a = 0, c = −12. In this case,

c3 = 133
√

23π − 391 log 3

4416
and

G(φ)= − 1

8(φ− 1)
+

133

96
√

23
arctan

3φ+ 4√
23

+
17

96
log(φ − 1) − 17

192
log(3φ2 + 8φ+ 13).

4.3. c > 0. In this case, F1(φ) defined in (1) is not automatically positive. We have
assumed that limr→0 φ = 1. Since F1(1) = 2 + a − 1/2(a + 1)c, in order to F1(φ) > 0,
we must assume that (Fig. 2)

4 + 2a − (a + 1)c > 0.

Under this assumption, F1(φ) = 0 has two real solutions

b1 = 4 − (1 + a)c − √
16 + 8c + 4ac − 2c2 − 2ac2 + a2c2

c
,

b2 = 4 − (1 + a)c +
√

16 + 8c + 4ac − 2c2 − 2ac2 + a2c2

c
.
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Fig. 3. The graph of φ(r2) with a = 1 and c = 1

It is easy to see that b1 < 1 < b2. Clearly when 1 < φ < b2, F1(φ) > 0, and hence
dφ

dr2 > 0. So we should prove that 1 < φ < b2 for each r ∈ (0,∞). Write

F1(φ) = c

12
(φ − b1)(b2 − φ)

and hence,

dr2

r2 = φ(a + φ)dφ
c

12 (φ − 1)2(φ − b1)(b2 − φ)
. (12)

Now from the above equation, it is clear that there does not exist a r0 such that φ(r2
0 ) = b2.

Hence, we get a cscK metric with 0 < c < 4+2a
a+1 on entire manifold E\P

1 which is
complete near r = 0. From Lemma 3.1, we also know that the metric is not complete as
r → ∞. This metric approximates to the Poincaré–Mok–Yau type metric when r → 0.
In fact, near the zero section P

1, f (r2) also has the approximate value

f (r2) ∼ log r2 − 2(a + 1)

4 + 2a − (a + 1)c
log(− log r2).

Whereas r → ∞,

f (r2) ∼ b2 log r2 + br−2c4 ,

for

c4 = c(b2 − 1)2(b2 − b1)

12b2(a + b2)
and some constant b > 0.

This fact is, from the Eq. (12), as r2 → +∞,

dr2

r2 ∼ b2(a + b2)
c

12 (b2 − 1)2(b2 − b1)(b2 − φ)
dφ.

The picture of φ(r2) in the case of a = 1 and c = 1 is Figure 3. In this case, b1 =
−3, b2 = 7.

Together with the case of c < 0, we finish the proof of Theorem 1.2.
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5. Rigidity Theorem of cscK Metrics

In this section, we prove Theorem 1.3 by proving the following two propositions.

Proposition 5.1. The Kähler metric on E given by the Kähler potential f (r2)+a log(1+
|z|2) for a > 0 is a complete cscK metric if and only if it is Ricci-flat.

Proof. Assuming the cscK metric g is given by the Kähler potential f (r2)+a log(1+|z|2).
Since g is smooth, we have f (r2) is smooth at r2 = 0. It follows that

lim
r2→0

φ(r2) = lim
r2→0

r2 f ′(r2) = 0,

and

lim
r2→0

φ′(r2) = lim
r2→0

f ′(r2) + r2 f ′′(r2) < +∞.

From Sect. 2, the metric g is a cscK metric if and only if f (r2) satisfies Eq. (5). It
requires c1 = c2 = 0 form limr2→0 φ(r2) = 0 and the existence of limr2→0 φ′(r2).
Then (5) becomes

dr2

r2 = (a + φ)dφ

− c
12φ3 + ( 2

3 − ac
6 )φ2 + aφ

. (13)

From the discussion at the last part of the Sect. 3, the existence of complete cscK metric
from Eq. (13) requires c = 0. This implies g is Ricci flat. In fact, from (4) and c1 = 0,
we have v′(r2) = (r2 log det g)′(r2) = 0. It is easy to see the metric is Ricci-flat. �
Proposition 5.2. Any complete homogeneous cscK metric on the entire deformation
manifold Ct is Ricci-flat.

Proof. Let r2 = �4
i=1|wi |2. Assume that the homogeneous metric g(t) is given by the

Kähler potential f (r2). If take (w1, w2, w3) as the local coordinates of Ct , then for
1 ≤ i, j ≤ 3,

g(t)i j̄ = ∂wi ∂w̄ j f (r2) = f ′(r2)∂wi ∂w̄ j r
2 + f ′′(r2)∂wi r

2∂w̄ j r
2

= f ′(r2)
(
δi j +

wi w̄ j

|w4|2
)

+ f ′′(r2)(wi w̄ j + w j w̄i − w̄2
4wiw j + w2

4w̄i w̄ j

|w4|2
)
.

By a direct calculation, we have

det g(t) = det(g(t)i j̄ ) = ( f ′)2
(
r2 f ′ + (r4 − |t |2) f ′′)

|w4|2 .

The Ricci curvature

Ri j̄ = −∂wi ∂w̄ j log det g(t) = −∂wi ∂w̄ j log(( f ′)2(r2 f ′ + (r4 − |t |2) f ′′)), (14)

since

∂i ∂̄ j log |w4|2 = 0.
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Let

h̃(r2) = log(( f ′)2(r2 f ′ + (r4 − |t |2) f ′′)).
Then the scalar curvature

c = g(t)i j̄ Ri j̄ = −g(t)i j̄∂wi ∂w̄ j h̃,

where g(t)i j̄ is the inverse matrix of g(t)i j̄ . We write g(t)i j̄ in detail as follows

g(t)i j̄ = f ′ · w̄iw j + (|w4|2 + |wk |2)(wi w̄ j + w j w̄i ) f ′′

f ′(r2 f ′ + (r4 − |t |2) f ′′)

− ((w2
4 + w2

k )w̄i w̄ j + (w̄2
4 + w̄2

k )wiw j ) f ′′

f ′(r2 f ′ + (r4 − |t |2) f ′′)
for i �= j , where k �= i , k �= j ; and

g(t)i ī = (r2 − |wi |2) f ′ + ((r2 − |wi |2)2 − |t − w2
i |2) f ′′

f ′(r2 f ′ + (r4 − |t |2) f ′′)
.

Based on these, we find its scalar curvature

c = −2
h̃′

f ′ − r2h̃′ + (r4 − |t |2)h̃′′

r2 f ′ + (r4 − |t |2) f ′′ . (15)

It is obvious that the completeness near r → +∞ of g(t) is the same of g0(0). From
Theorem 1.1 and 1.2, we know that the only case c = 0 can give us a complete metric
near r → +∞. Thus we just need to consider the case c = 0. Hence, the above equation
is reduced to

2
h̃′

f ′ +
r2h̃′ + (r4 − |t |2)h̃′′

r2 f ′ + (r4 − |t |2) f ′′ = 0,

that is

3h̃′ f ′2 · r2 + (h̃′ f ′2)′(r4 − |t |2) = 0.

The general solutions of the above equation are

f ′2h̃′ = c0(r
4 − |t |2)−3/2 (16)

where c0 is any constant.
But the metric we need should be regular at r2 = |t |, then c0 should be zero since

the left side of (16) is limited as r2 → |t |. That’s to say

h̃′ ≡ 0

which implies that the metric is Ricci flat from (14). �
In fact, by setting r2 = |t | cosh τ , the Kähler potential f (r2) of Ricci flat in [3]

satisfies

r2 f ′ = 2−1/3|t |2/3

tanh τ
(sinh 2τ − 2τ)1/3.

Acknowledgements. Fu is supported in part by NSFC grants 11025103 and 11421061. Yau is supported in
part by NSF grants.
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6. Appendix

Lemma 6.1. The gradient of r is

∇r = u∂u + v∂v + ū∂ū + v̄∂v̄

( f ′(r2) + r2 f ′′(r2))r

and satisfies

∇ ∇r
|∇r |

∇r

|∇r | = 0.

Proof. Let f (r2) + a log(1 + |z|2) be the Käher potential and let

gμν̄ = ∂μ∂ν̄ f (r2) + a log(1 + |z|2)
where μ, ν are any two coordinates of (z, u, v) and r2 = (1 + |z|2)(|u|2 + |v|2). The
complex gradient ∇Cr2 is computed as follows:

∇Cr2 = gμν̄ ∂̄νr2∂μ

= {gzz̄ ∂r2

∂ z̄
+ gzū ∂r2

∂ ū
+ gzv̄ ∂r2

∂v̄
} ∂

∂z

+{guz̄ ∂r2

∂ z̄
+ guū ∂r2

∂ ū
+ guv̄ ∂r2

∂v̄
} ∂

∂u

+{gv z̄ ∂r2

∂ z̄
+ gvū ∂r2

∂ ū
+ gvv̄ ∂r2

∂v̄
} ∂

∂v

We use the explicit expression of {gμν} in page 4 to compute the coefficients of ∂
∂z , ∂

∂u

and ∂
∂v

as follows.We assume a = 0 for simplicity since the case of a �= 0 is the same
and the expressions of its calculations are more tedious to write. First,

gzz̄ ∂r2

∂ z̄
+ gzū ∂r2

∂ ū
+ gzv̄ ∂r2

∂v̄

= (1 + |z|2)2

f ′ · r2 (|u|2 + |v|2)z − (1 + |z|2)2

f ′ · r2 |u|2z − (1 + |z|2)2

f ′ · r2 |v|2z = 0

Secondly,

guz̄ ∂r2

∂ z̄
+ guū ∂r2

∂ ū
+ guv̄ ∂r2

∂v̄

= − (1 + |z|2)|z|2(|u|2 + |v|2)
f ′ · r2 u

+
f ′(r2 − |z|2|v|2) + r2 f ′′(|v|2 + |u|2|z|2)

f ′( f ′ + r2 f ′′)r2 (1 + |z|2)u

− f ′′r2(1 − |z|2) − f ′ · |z|2
f ′( f ′ + r2 f ′′)r2 (1 + |z|2)|v|2u

= −( f ′ + r2 f ′′)r2|z2|u
f ′( f ′ + r2 f ′′)r2 +

( f ′ + f ′′(|u|2 + |v|2)|z|2)r2(1 + |z|2)u
f ′( f ′ + r2 f ′′)r2

= u

f ′ + r2 f ′′
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Similarly,

gv z̄ ∂r2

∂ z̄
+ gvū ∂r2

∂ ū
+ gvv̄ ∂r2

∂v̄
= v

f ′ + r2 f ′′ .

Hence, we get

∇Cr2 = u∂u + v∂v

f ′ + r2 f ′′

or

∇Cr = 1

2

u∂u + v∂v

( f ′ + r2 f ′′)r

Then the real gradient ∇r of r is

∇r = u∂u + v∂v + ū∂ū + v̄∂v̄

( f ′ + r2 f ′′)r
.

Next we prove

∇ ∇r
|∇r |

∇r

|∇r | = 0

By the direct calculation , we have

|∇r |2 = 1

f ′ + r2 f ′′

and

∇r

|∇r | = u∂u + v∂v + ū∂ū + v̄∂v̄

( f ′ + r2 f ′′)1/2r

Hence, we should check

∇ u∂u +v∂v+ū∂ū +v̄∂v̄

( f ′+r2 f ′′)1/2r

u∂u + v∂v + ū∂ū + v̄∂v̄

( f ′ + r2 f ′′)1/2r
= 0

This covariant derivative has two terms:

1

( f ′ + r2 f ′′)r2 ∇(u∂u+v∂v+ū∂ū+v̄∂v̄ )(u∂u + v∂v + ū∂ū + v̄∂v̄) (17)

and

(u∂u + v∂v + ū∂ū + v̄∂v̄)

( f ′ + r2 f ′′)1/2r
∇(u∂u+v∂v+ū∂ū+v̄∂v̄ )(( f ′ + r2 f ′′)1/2r)−1

The second term is easily dealt:

(u∂u + v∂v + ū∂ū + v̄∂v̄)

( f ′ + r2 f ′′)1/2r
∇(u∂u+v∂v+ū∂ū+v̄∂v̄ )(( f ′ + r2 f ′′)1/2r)−1

= − f ′ + 3 f ′′ · r2 + f ′′′ · r4

( f ′ + r2 f ′′)2r2 (u∂u + v∂v + ū∂ū + v̄∂v̄) (18)
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Now we deal with the first term. We have

∇(u∂u+v∂v+ū∂ū+v̄∂v̄ )(u∂u + v∂v + ū∂ū + v̄∂v̄)

= (u2∇∂u ∂u + v2∇∂v ∂v + uv∇∂u ∂v + uv∇∂v ∂u + u∂u + v∂v)

+(ū2∇∂ū ∂ū + v̄2∇∂v̄
∂v̄ + ūv̄∇∂ū ∂v̄ + ūv̄∇∂v̄

∂ū + ū∂ū + v̄∂v̄)

We only need to compute

u2∇∂u ∂u + v2∇∂v ∂v + uv∇∂u ∂v + uv∇∂v ∂u + u∂u + v∂v

since the other part is its conjugation.

First we compute ∇∂u∂u. Let ∇∂μ∂ν = �ω
μν∂ω, then �ω

μν = gωλ̄ ∂gμλ̄

∂ν
. Hence,

∇∂u∂u = �ν
uu∂ν = gνμ̄ ∂guμ̄

∂u
∂ν

= {gzz̄ ∂guz̄

∂u
+ gzū ∂guū

∂u
+ gzv̄ ∂guv̄

∂u
} ∂

∂z

+{guz̄ ∂guz̄

∂u
+ guū ∂guū

∂u
+ guv̄ ∂guv̄

∂u
} ∂

∂u

+{gv z̄ ∂guz̄

∂u
+ gvū ∂guū

∂u
+ gvv̄ ∂guv̄

∂u
} ∂

∂v

The above three terms are computed as follows:

(
gzz̄ ∂guz̄

∂u
+ gzū ∂guū

∂u
+ gzv̄ ∂guv̄

∂u

) ∂

∂z

=
(

(1 + |z|2)2

f ′ · r2 ( f ′ + r2 f ′′)′(1 + |z|2)ū2z

− (1 + |z|2)2

f ′ · r2 [2 f ′′ + f ′′′(1 + |z|2)|u|2]ū2z

− (1 + |z|2)2

f ′ · r2 f ′′′(1 + |z|2)|v|2ū2z

)
∂

∂z
= 0;

(
guz̄ ∂guz̄

∂u
+ guū ∂guū

∂u
+ guv̄ ∂guv̄

∂u

)
∂

∂u

=
(

− (1 + |z|2)2

f ′ · r2 ( f ′ + r2 f ′′)′|z|2|u|2

+
f ′ · (r2−|z|2|v|2) + r2 f ′′ · (|v|2 + |u|2|z|2)

f ′( f ′ + r2 f ′′)r2

(
2 f ′′(1+|z|2)2 +s f ′′′(1+|z|2)3|u|2)

− f ′′ · r2(1 − |z|2) − f ′ · |z|2
f ′( f ′ + r2 f ′′)r2 f ′′′(1 + |z|2)3|v|2|u|2

)
ū∂u

= (1 + |z|2)2
(
2 f ′ f ′′(|u|2 + |v|2) + 2r2( f ′′)2|v|2 + f ′ f ′′′r2|u|2) ū∂u

f ′( f ′ + r2 f ′′)r2 ;
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and

(
gv z̄ ∂guz̄

∂u
+ gvū ∂guū

∂u
+ gvv̄ ∂guv̄

∂u

) ∂

∂v

=
(

− (1 + |z|2)2

f ′ · r2 ( f ′ + r2 f ′′)′|z|2

− f ′′ · r2(1 − |z|2) − f ′ · |z|2
f ′( f ′ + r2 f ′′)r2

(
2 f ′′(1 + |z|2)2 + f ′′′(1 + |z|2)3|u|2

)

f ′ · (r2 − |z|2|u|2) + r2 f ′′ · (|u|2 + |v|2|z|2)
f ′( f ′ + r2 f ′′)r2 f ′′′(1 + |z|2)3|v|2|u|2

)
ū2v∂v

= (1 + |z|2)2(−2( f ′′)2r2 + f ′ f ′′′ · r2)ū2v∂v

f ′( f ′ + r2 f ′′)r2

Thus

u2∇∂u ∂u = (1 + |z|2)2
(
2 f ′ f ′′(|u|2 + |v|2)|u|2 + 2r2( f ′′)2|u|2|v|2 + r2 f ′ f ′′′|u|4) u∂u

f ′( f ′ + r2 f ′′)r2

+
(1 + |z|2)2

(−2( f ′′)2r2 + r2 f ′ f ′′′) |u|4v∂v

f ′( f ′ + r2 f ′′)r2 (19)

Similarly,

v2∇∂v ∂v = (1 + |z|2)2
(−2( f ′′)2r2 + r2 f ′ f ′′′) |v|4u∂u

f ′( f ′ + r2 f ′′)r2

+
(1 + |z|2)2

(
2 f ′ f ′′(|u|2 + |v|2)|v|2 + 2r2( f ′′)2|u|2|v|2 + r2 f ′ f ′′′|v|4) v∂v

f ′( f ′ + r2 f ′′)r2

(20)

Now we compute ∇∂u ∂v

∇∂u∂v = �ν
uv∂ν = gνμ̄ ∂guμ̄

∂v
∂ν

= {gzz̄ ∂guz̄

∂v
+ gzū ∂guū

∂v
+ gzv̄ ∂guv̄

∂v
} ∂

∂z

+{guz̄ ∂guz̄

∂v
+ guū ∂guū

∂v
+ guv̄ ∂guv̄

∂v
} ∂

∂u

+{gv z̄ ∂guz̄

∂v
+ gvū ∂guū

∂v
+ gvv̄ ∂guv̄

∂v
} ∂

∂v

We compute coefficients of ∂z , ∂u and ∂v . First,

gzz̄ ∂guz̄

∂v
+ gzū ∂guū

∂v
+ gzv̄ ∂guv̄

∂v
= (1 + |z|2)2

f ′ · r2 ( f + r2 f ′′)′(1 + |z|2)zūv̄

− (1 + |z|2)2

f ′ · r2 zū
(

f ′′(1 + |z|2)2v̄ + f ′′′(1 + |z|2)3|u|2v̄
)

− (1 + |z|2)2

f ′ · r2 zv̄
(

f ′′(1 + |z|2)2ū + f ′′′(1 + |z|2)3|v|2ū
)



1232 J. Fu, S.-T. Yau, W. Zhou

= zūv̄(1+|z|2)3
{
2 f ′′+r2 f ′′′ − f ′′ − f ′′′(1+|z|2)|u|2− f ′′′(1+|z|2)|v|2 − f ′′}

f ′ · r2

= 0.

Secondly,

guz̄ ∂guz̄

∂v
+ guū ∂guū

∂v
+ guv̄ ∂guv̄

∂v

= − (1 + |z|2)2

f ′ · r2 ( f ′ + r2 f ′′)′|z|2|u|2v̄

+
f ′ · (r2 − |z|2|v|2) + r2 f ′′(|v|2 + |u|2|z|2)

f ′( f ′ + r2 f ′′)r2 ( f ′′ · (1 + |z|2)2 + f ′′′(1 + |z|2)3|u|2)v̄

− f ′′ · r2(1 − |z|2) − f ′ · |z|2
f ′( f ′ + r2 f ′′)r2

(
f ′′(1 + |z|2)2 + f ′′′(1 + |z|2)3|v|2

)
|u|2v̄

= (1 + |z|2)2
(

f ′ f ′′(|u|2 + |v|2) + r2( f ′′)2(|v|2 − |u|2) + r2 f ′ f ′′′|u|2) v̄

f ′( f ′ + r2 f ′′)r2

Similarly,

gv z̄ ∂guz̄

∂v
+ gvū ∂guū

∂v
+ gvv̄ ∂guv̄

∂v

= (1+ |z|2)2
(

f ′ f ′′(|u|2+ |v|2) + r2( f ′′)2(|u|2− |v|2) + r2 f ′ f ′′′|v|2) ū

f ′( f ′+ r2 f ′′)r2

Thus,

uv∇∂u ∂v = (1+ |z|2)2
(

f ′ f ′′(|u|2 + |v|2) + r2( f ′′)2(|v|2− |u|2) + r2 f ′ f ′′′|u|2) |v|2u∂u

f ′( f ′ + r2 f ′′)r2

+
(1+ |z|2)2

(
f ′ f ′′(|u|2 + |v|2) + r2( f ′′)2(|u|2− |v|2) + r2 f ′ f ′′′|v|2) |u|2v∂v

f ′( f ′+ r2 f ′′)r2

We also have the similar formula of uv∇∂v∂u. Combined above Eqs. (19–21) and the
similar formula of uv∇∂v∂u, we obtain

u2∇∂u ∂u + v2∇∂v ∂v + uv∇∂u ∂v + uv∇∂v ∂u + u∂u + v∂v

= f ′ + 3r2 f ′′ + r4 f ′′′

f ′ + r2 f ′′ (u∂u + v∂v)

So the first term (17) of ∇ ∇r
|∇r |

∇r
|∇r | is

f ′ + 3 f ′′ · r2 + f ′′′ · r4

( f ′ + r2 f ′′)2r2 (u∂u + v∂v + ū∂ū + v̄∂v̄),

which is the negative second term (18) of ∇ ∇r
|∇r |

∇r
|∇r | . Thus,

∇ ∇r
|∇r |

∇r

|∇r | = 0.

�
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