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Abstract: In this paper, we construct complete constant scalar curvature Kéhler (cscK)
metrics on the complement of the zero section in the total space of O(—1)®? over P!,
which is biholomorphic to the smooth part of the cone Co in C* defined by equation
E?zlwl.z = 0. On its small resolution and its deformation, we also consider complete
cscK metrics and find that if the cscK metrics are homogeneous, then they must be
Ricci-flat.

1. Introduction

An important problem in Kéhler geometry is to find on a Kihler manifold a canoni-
cal metric in each Kahler class, such as Kihler-Einstein (KE) metrics, constant scalar
curvature Kéhler (cscK) metrics or even extremely Kihler metrics. When the Kéhler
manifold is compact or is the complement of divisors in a compact Kahler manifold,
there are lots of references on this problem.

Here, we are concerned with the question of how to look for a canonical metric in
each Kihler class on the complement of varieties with higher codimension in a compact
Kihler manifold. The cscK metric on such a manifold may be a good candidate. For
example, let X be a three dimensional Calabi—Yau manifold with (—1, —1)-curves Ej,
..., E;. These curves are rational curves P! and their neighborhoods are isomorphic to
O(—=1)®? over P!. Let M = X\ U; E;. For simplicity, assume that all E; are disjoint.
So the question is whether there exists a complete cscK metric on M.

Let us first recall the geometry of X. It is well-known that if we blow down these
curves on X, we get a singular Calabi—Yau threefold X¢ with singular double points
pP1, -+, p1, and have a biholomorphic map [4]

X\U; E; — Xo\ Ui p;.

X is called the small resolution of X¢. Moreover, under a very not strictly topological
condition on Eq, ..., E;, Xo can be smoothed out to get a family X, of smooth com-
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plex manifolds [8—10]. Sometimes, these complex manifolds may be non-Kihler. The
progress

X—)XO'V‘-)X;

is called the conifold transition, which is very important in the superstring theory (c.f.[1,
2,7]). It is in this sense that Candelas and de la Ossa studied the existence of Ricci-flat
Kéhler metrics on the local models of the transition above

E — Co~ Cy.

Here E is the total space of the holomorphic vector bundle O(—1)®? over P!, C, is the
(complex) hypersurface in C* defined by equation

4

2 _
> wi=t.
i=1

When ¢ = 0, Cp is the cone. So zero is the singular point in Cp. Candelas and de la
Ossa [3] wrote down homogeneous Ricci-flat metrics on these local models, which are
used to construct balanced metrics on X; by J. Li and the first two named authors [5]
when X; are non-Kihler. In this note, we use the adjective “homogeneous” as in [3].
That is, when the local model is Cy or C; for t # 0, the homogeneous Kihler potential
is a function of 2, where r is the distance function induced from C*; when the local
model is E, the homogeneous Kéhler potential is a function as (1).

Candelas-de la Ossa’s metric on Cy\ {0} is not complete near zero. Its Kéhler potential

is %(rZ) % Since Cp\{0} is biholomorphic to £ \[P!, this metric can be viewed as the one

defined on E \IP’I, which is also not complete near P!, Here P! is viewed as the zero
section of O(—1)®2. In fact, we cannot find any complete KE metrics on E\P'. In
this note, as the first step of the problem presented above, we use the natural distance
function, which is also denoted by r (see the next section), to study complete cscK
metrics on E\P'. We will look for cscK metrics g, on E \ P! such that its associated
Kihler potential is

alog(l+ |z)%) + f(r?), (1)

where z is the local coordinate of P! and @ > 0. We will determine the function f (r2),
which is called the partial Kdihler potential in the following. In this note, the constant
scalar curvature will be denoted by c.

Theorem 1.1. When ¢ = 0 and a > 0, there exists on E\P' a unique complete cscK
metric g, with associated Kihler potential (1). The partial Kéhler potential f(r?) has
the following properties:

. . 2, s .
(1) Whenr — +oo, f (r?) approximates to %(rz) 3, i.e., Candelas-de la Ossa’s metric;

(ii) When r — 0, f(r?) approximates to logr* — % log(— log r?).

Theorem 1.2. (i) When ¢ < 0 and a > 0, on the open set U = {0 < r < 1} of E \ P!
there exists a unique complete cscK metric g, with associated Kdihler potential (1);
(i) When ¢ > 0 and a > 0 with the relation 4+2a — (a+ 1)c > 0, there exists on E \]P>1
a unique cscK metric g, with associated Kdhler potential (1) which is complete near

P! but not complete when r goes to infinity;
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(iii) In the above two cases, the partial Kéhler potentials near P!

2(a+1)

——————log(—logr?) + O((logrH)™").
1424 — @+ e og(—logr®) + O((logrs)™")

f?) =logr? —

The first example of a complete Kihler metric on D"\ {0}, the punctured unit ball of
C", is given by Mok and the second named author [6]:

w = %aé(log r? — log(—log rz)),

where 2 is the standard distance function on C”. Its Ricci curvature is bounded and
its volume is finite. How to further use and generalize the metric above is our second
motivation. Inspired by this, we give the following definition.

Definition 1.1. Let X be a Kiihler manifold and N a smooth subvariety of X with higher
codimension. Let M = X \ N. A Kdihler metric w on M is called the Poincaré—Mok—Yau
type metric if near the subvariety N,

w= %Bé(a logr? — blog(—logr?) + O((logr)™")),

where r is a distance function to the subvariety N, and a and b are two positive constants.

It is easy to see that near N the Poincaré—-Mok—Yau type metric is complete and has
finite volume. Under this definition, our metrics near the zero section for all three cases
are the Poincare-Mok—Yau type metrics.

We have mentioned above that Candelas and de la Ossa [3] also constructed homo-
geneous Kihler Ricci-flat metrics on the local models E and C;. Since our interest is
enlarged to cscK metrics, it is natural to ask whether there are cscK metrics that are not
Ricci-flat. As a result, we have the following rigidity theorem.

Theorem 1.3. Any complete homogeneous cscK metric on E or C is Ricci-flat.

The paper will be organized as follows. We first consider complete cscK metrics
on E\P!. In Sect. 2, we derive an ODE on the partial Kihler potential and solve this
ODE. In Sect. 3, we will use the standard method to give a necessary condition of
the completeness of metrics. Then in Sect. 4, we will use this condition to discuss the
completeness and the asymptotic behaviors of all three cases for c. Thus we finish the
proof of the first two theorems above. In Sect. 5, we prove the rigidity theorem of cscK
metrics on £ and C;.

2. Equations

Let E be the total space of O(— 1)®2 bundle over P! with the fibre C2. The base manifold
P! can be viewed as the zero section or a complex curve of E. Then, E\EDl is biholo-
morphic to Co\{0}. In fact, let (z, u, v) be the coordinate of fibre bundle E, where z is a
coordinate of P!, and u, v are the coordinates of fibres of O(— 1)692. The biholomorphic
map between E\P' and C¢\{0} is given by

wy=v—zu, wy=—i(v+zu), w3 =—i(u —zv), wg =u+zv.
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Under this map, the distance function

4

2 2

r?=>" |l
i=1

when restricted to C can be transformed to the function on £
2 2 2 2
ro =1+ z[)(ul” + [v]%).

Hence, the above 2 is a globally defined function on whole E. Actually, this can also be
checked by the transition functions. Let (w, x, y) be the another coordinates of E, where
w is the coordinate of P! such that w = % when z # 0. Then the transition functions of
u,vtox,yare

X =zu, y=2zv.

Hence, it is easy to see that 2 is well defined on E.
Now we begin to study the cscK metrics g, on E\P'. Let f(r?) + alog(l + |z|?) for
a > 0 be its Kiher potential. Then

g = 0uds (£ +alog(l +12P))
= 1 @udsrD) + £ 20 - 3507 +ad, 5 log(1 + |z]%),

where 1, v are any two coordinates of (z, u, v). By a direct calculation, we have

detg £ det(gus) = [/ (a+r2f'02) (f' ) +r2 1 (?)), 2)
and the fact that the metric g is positive if and only if f satisfies the following conditions:

f/r*) >0, and £GP +r2f"r%) > 0.
The Ricci tensor is given by
Ry = —09,0; logdet g,
and the scalar curvature by
¢ =g"" Rus,

where (¢"") denotes the inverse matrix of (gup)- Explicitly, all elements of (g"V) are

e U+l o = (A+lPz = (2o
Tasr2p 8 TR T T 8 TS T T
gui = A7 = PR+ 2 f T (P 4 uPleP) +a(f/ A+ D) + £ o)
frta+r2 O +r2f)
oo = S0 PP 2 (ul? + Pl + a S/ A )+ 7 el
[+ r2 ) +r2f7)
A R R e T
fr(a+r2 f)(f +r2f") ’

where f' = f/(r*) and " = f"(r?).

’
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Let i(r?) = log det g and for brevity, denote
¢ =20 we?) =0,
Then through a standard but tedious calculation, we get the scalar curvature
V'(r?)  (a+2¢)
T a+¢e

Integrating (3) with the integrating factor ¢>v+a¢v, we obtain a relation between ¢ ()
and v(r?)

3)

— §¢3 — %qﬁ —apv+ v+l 4)

where ¢ is a constant to be determined later. Using the definition of ¢, we can rewrite
(2) as

_$la+d)e’
_ @9

r

det g

Hence,

¢/ ¢)/ ¢//_i)
o a+re ¢ )

v=r>20 ) =12 (— +
Therefore, (4) is equivalent to
—(§¢>3 + “—;¢2>¢>/ = r2(a+ )¢ + 290 +r(a+ )" — (@+d)pd +c1¢.

Integrating the equation with the factor r2(a + ¢)¢¢’, we have

— 591+ G- D’ +ap’ —cg -
$(a+@)

where ¢, is a constant also to be determined later. In the following, for brevity, we denote
by F(¢) the numerator of the fraction of the above equation

¢’ =

) ®)

2
F(¢) = —gw +(G- “—60)¢>3 +ag? — c1p — c. ©6)

Using the definition of ¢, f(r?) is the partial Kiihler potential if and only if

F@)

¢ >0, and ¢ ()’ = o

Then Eq. (5) can be rewritten as
dr’  ¢(a+d)de
r2 F@@)

The integration of both sides establishes an implicit function ¢ (r?) since ¢ (r?) increases
monotonically. Thus from ¢ (r2) = r? f'(r?) we determine the partial Kihler potential

2
JiG) :/_¢(r2 ) ar2.
r

)
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3. Completeness

Now we discuss the completeness of the Kihler metric g, defined in the last section.

Lemma 3.1. The metric g, is complete near r = 0 (near r = o0, respectively) if
and only if the integration fsslz V2 + r2 f7(r2)dr is infinite as 51 — 0 (s — 00,
respectively). Moreover, g, is complete near zero section is equivalent to that F(¢)
defined in (6) has a factor (¢ — b)* and lim,_,o ¢ (r2) = b, where b is any given positive
constant.

Proof. By a direct calculation (please see the “Appendix”), the gradient

uoy, +voy + ud; + vo;

LT

and
Vr _
MV

The equation above implies that the gradient Vr is the geodesic direction. Hence, for
any point (zo, uo, vo) € E\P!, the curve x (s) = (2o, suo, svo) is a geodesic. Clearly

X' ()| = \/f/(zo, suo, sv0)rg + 52 (20, sug, sV)rG -

The length [ of x (s) froms = £ tos = 2 is/ = [0

o /ro 1X'($)]ds. Taking the coordinate

transformation s = % we have

52/ 1 s K
/52 0|)(/(s)|ds=/S12\/f’(r2)+r2f”(r2)dr=/S12‘/j%¢2dr.

1/70

Now by (7), the above integration

/WO| /(s)|ds—/¢(”)l p@+9)
s X ~Josn 2 V(@)

Hence, the metric g, is complete if and only if the integration of polynomial (¢ +
a¢)1/2F’1/2(¢) is infinite when s; — 0 as s is fixed and when s, — +00 as s1 is
fixed.

Since ¢ is the positive and monotonically increasing function, the function ¢ tends
to a nonnegative constant b as » — 0, the completeness near the zero section P! forces
the polynomial F(¢) including a factor (¢ — b)2. Therefore, the constants ¢ and c; are
determined and we have

dé.

1/ro

F(¢) = (¢ — b)*Fi(¢), (8)
where
Fi(¢) = i2+(% (a+b)c) + .,.ﬁ @ & 9)
@) =—Ro+ 3 - g Jerat 5 -~
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We should prove b > 0. If b = 0, then

2
F(9) =¢*(—15¢7+ (5 — D)o +a)
and hence,
dr? (a+¢)do
- = . (10)
rP =56+ G- ) +ag

We discuss the following two cases. The first case is @ > 0. In this case, if ¢ = 0, then
we recover Candelas and de la Ossa’s Ricci-flat metric on the small resolution E and it
is complete on entire E; If ¢ < 0, this metric is the complete cscK metric on the open
set {(z,u,v) € E | r < R} for some positive constant R, which will be seen from the
remark 4.1 in the next section; If ¢ > 0, it follows that ¢ is defined on the entire E and
not complete as 7> — +00. So for the completeness near the zero section P! of E\P!,
the constant b should be positive in this case.
Next we discuss the second case a = 0. In this case, Eq. (10) is reduced to
dr? d¢

2 T g2, 24"
r ¢ +39

Now, if ¢ = 0, then we recover Candelas and de la Ossa’s Ricci-flat metric on E \}P>1 and
it is not complete; If ¢ < 0, the metric is defined on an open set {(z,u,v) € E |0 <
r < R} for some positive constant R (see Remark 4.1 in the next section), by the above
discussions, which is not complete near the zero section P! but complete as r — R; If
c > 0,1t follows 0 < ¢ < % and the metric is complete neither near the zero section

P! nor r — o0. So for the completeness near the zero section P!, the constant b should
also be positive in this case. O

4. Proof of Theorem 1.1 and 1.2

Without loss of generality, set b = 1.

4.1. Case ¢ = 0. In this case, (8) becomes

2 ) 3a
F(¢)=§(¢—1) (¢>+2+7)>0-

Hence,
dr? _¢la+¢)d¢  ¢la+¢)dg
r? F($) $(p— 1P +2+3a)
A B C
=d , 11
N2 G- 1 pr2edd (v
where
a+1 3a +10a + 10 3a® +8a+8
A= = and = —

a+?2’ T 3@+2)? T 3(a+2)?2
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r2

10 20 30 40 S0

Fig. 1. The graph of ¢(r?) withc =0anda = 1

Therefore,

log rr =

3
+ Blog(¢p — 1)+ Clog(¢ +2+ —a).
1—¢ 2
Since when r — 0, ¢ — 1, logr? ~ %d)' Also since when r — +00, ¢ — +00,
'(r?) that the partial Kihler potential f (r>)

D —

logr? ~ % log ¢. It turns out from ¢ = r
has the asymptotic behavior
fr?) ~ log r22— % log(—logr?), r — 0,
303, F— +00.

Hence, the metric approximates to the Poincaré—Mok—Yau type metric near the zero
section P! (i.e. as r — 0) and approximate to Candelas-de la Ossa’s Ricci flat metric on
E\P! as r — oo. Thus, we finish the proof of Theorem 1.1.

The picture of ¢ (r?) in the case a = 1 is Fig. 1.

4.2. Case ¢ < 0. In this case, since @ > 0 and ¢ < 0, Fi(¢) defined in (1) is automat-
ically positive. Hence F(¢) > 0. The equation (7) implies a function d(r?) or r2(¢).
Integrating both sides of (7), we have

2 _ ¢(a+¢)
logr=+c3 = —F(¢) do
for some constant c3.
Since
- —q)(a +¢)d¢ < 400
a F@)

¢a+o)

forany ap > 1, then any primitive function of = @

that G (¢) is such a primitive function. Then,

is limited as ¢ — +00. We assume

logr? +¢3 = G(¢)
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and ¢ (r?) is implied in this equation. Since G(¢) is tend to a constant as ¢ to +00,
log r? + c3 is finite as ¢ to +o0o. Hence, we can choose some G(¢) and c¢3 such that
limy_ 400 G(¢) — 3 = R? for some positive constant R. Right now, ¢ — +00 as
r — R~. Thus, we have a function ¢ (r?) defined on open set U(R) = {(z,u,v) €
E |0 < r < R} with the properties that lim,>_ ¢(r?) = land lim,2_, p- d(r?) = +oo.
In summary, for any @ > 0 and ¢ < 0, we can choose some constant c3 = c3(a, ¢) such
that ¢ (2) is only defined on U(R) = {(z,u,v) € E | 0 < r < R}. Without loss of
generality, let R = 1 and U £ U(1) = {(z,u,v) € E |0 < r% < 1}.

Remark 4.1. From the above discussion, for ¢ < 0, the boundedness of the distance
function 72 is only dependent on the highest order of F (¢) but not the decomposition of
F(¢). That’s to say, any homogeneous negative cscK metric from Eq. (5) is only defined
on some open set {(z, u, v) € E | r < R} for some positive constant R.

Next, we decompose

P(a+¢) A B c
= + +
F(¢9) (-1 ¢—1 Fi(¢p)

where A = A(a, ¢) and B = B(a, c) are constants, C is a polynomial C(a, c, ¢). As a
record, we write down A, B and C here in detail

2(a+1)
T 4+2a—(a+ e
B— 410 + 10a + 3a% — 2¢ — 3ac — a?c)
3(—4 —2a +c +ac)?
8(128 + 128a + 24a% — 40c — 50ac + 8a%c + 12a°¢ + 3¢
- (=4 —2a +c+ac)?
+8(4a02 —3a2c? — 4432 + 12a3¢ + 3¢% + dac? — 3a%c% — 4a3¢h)
(=4 —2a +c+ac)?
16(10¢ + 10ac + 3a%c — 2¢% — 3ac? + a*c?)¢
(—4 —2a+c+ac)? ’

’

C

Hence, near the zero section,

dr?  ¢a+¢) A
=" iy~ ———do,
r? F(¢p) ¢ (¢ —1)? ¢

and the partial Kihler potential f(r%) has the following asymptotic behavior near the
Zero section

f(r?) =logr? — Alog(—logr?) + O((logr®)™ ).

On the other hand, when r — 17, ¢ — +o00o. Then erzz = ¢1(;’(;§’)d¢ ~ ;T}%d¢.

Hence, whenr — 1~

) 12 2 12 )
f@re) ~ ?log(—logr ) ~ ?log(l —re).
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40

20

20

10

L gy

0.2 0.4 0.6 0.8
Fig. 2. The graph of ¢ (r2) witha = 0 and ¢ = —12

The Kéhler metric on U approximates to the metric
| 12
%Ba(a log(1 + [z[%) + — log(1 — r?)).
c
Clearly, this metric is also complete when r — 1. Actually, from Lemma 3.1, the curve

x(s) = (zo, sup, svo) is a geodesic through any point (zg, 1o, vg) € U. Since rp < 1
andsro < 1,5 < 7. Ass — %, ¢ (s?r§) — +oo and

s (%) b
"($)|ds = —d ,
/1 [x (s)lds /<t>(r§) 2 JFD) ¢ — +00

which also implies the completeness.

We give a picture of ¢(r2) in the case of a = 0, ¢ = —12. In this case,
1334237 — 3911og 3
<= 4416
and
G(p)=— ! + 133 arctan 3¢+4+£ log(¢p — 1) — i 10g(3(]§2 + 8¢+ 13).
8(p—1) 96423 J23 96 192

4.3. ¢ > 0. In this case, F1(¢) defined in (1) is not automatically positive. We have
assumed that lim, o ¢ = 1. Since F1(1) =2+a —1/2(a+ 1)c, in order to Fy(¢) > 0,
we must assume that (Fig. 2)

4+2a—(a+1)c > 0.
Under this assumption, F(¢) = 0 has two real solutions

b 4—A+a)c—~16+8c+4ac —2c2 — 2ac? + ac?
1= ,

c

b 4 —(1+a)c+ 16 +8c +4ac — 2¢2 — 2ac? + a?c?
2 = .

c
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r2

0.8 1 1.5 2 2.5 3

Fig. 3. The graph of¢(r2) witha =landc =1

It is easy to see that by < 1 < by. Clearly when 1 < ¢ < by, Fi(¢) > 0, and hence

% > 0. So we should prove that 1 < ¢ < b, for each r € (0, 00). Write

Fi(¢) = %(:ﬁ — b)) (by — ¢)
and hence,

ar* ¢(a+p)dep
2 S —DXo—b)br—¢)

Now from the above equation, itis clear that there does not exist a ro such that ¢ (rg) = b).
44+2a

12)

Hence, we get a cscK metric with 0 < ¢ < on entire manifold E\IP>1 which is
complete near » = 0. From Lemma 3.1, we also know that the metric is not complete as
r — oo. This metric approximates to the Poincaré—Mok—Yau type metric when r — 0.
In fact, near the zero section P!, f(r?) also has the approximate value

2(a+1)
442a —(a+1)c

f(r2) ~ log P2 log(—log r2).

Whereas r — o0,
f(r2) ~ by log P2+ br2,
for

_c(by — )by — by)
T Rb(a+by)

and some constant b > 0.

This fact is, from the Eq. (12), as r2 — +o00,

d_rz N by(a + by)
2 15(by — 1)2(by — b1)(by — )

dé.

The picture of ¢ (+2) in the case of @ = 1 and ¢ = 1 is Figure 3. In this case, b; =
-3, by=1.
Together with the case of ¢ < 0, we finish the proof of Theorem 1.2.
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5. Rigidity Theorem of cscK Metrics
In this section, we prove Theorem 1.3 by proving the following two propositions.

Proposition 5.1. The Kiihler metric on E given by the Kiihler potential f (r*)+alog(1+
1z|%) for a > 0 is a complete cscK metric if and only if it is Ricci-flat.

Proof. Assuming the cscK metric g is given by the Kihler potential f (r2)+a 10g(1+|z|2).
Since g is smooth, we have f(r2) is smooth at r2 = 0. It follows that

lim ¢(r%) = lim r2f'(r*) =0,
r2—0 r2—0
and
lim ¢'(%) = lim f'(?) +r?f"(r?) < +oo.
r:—0 r¢2—0
From Sect. 2, the metric g is a cscK metric if and only if f (r?) satisfies Eq. (5). It
requires ¢; = ¢ = 0 form lim,>_, ¢ (r*) = 0 and the existence of lim,>_, , ¢'(r?).
Then (5) becomes

2
r* (a+¢)dp 03

2 2 :
S AR Rl Sl

From the discussion at the last part of the Sect. 3, the existence of complete cscK metric
from Eq. (13) requires ¢ = 0. This implies g is Ricci flat. In fact, from (4) and ¢; = 0,
we have v/ (r2) = (r2 log detg)’(rz) = 0. It is easy to see the metric is Ricci-flat. O

Proposition 5.2. Any complete homogeneous cscK metric on the entire deformation
manifold C; is Ricci-flat.

Proof. Letr? = E;‘zl |w;|?. Assume that the homogeneous metric g(¢) is given by the

Kéhler potential f (r?). If take (wy, wo, w3) as the local coordinates of C,, then for
1<i,j<3,

8(1);7 = O, 0, f(r*) = £, ;1% + (723,20,

w,-zI)j lbiwin+w£ﬁ)ile

)+f”(r2)(wi111j+wjlbi— )

= f(r*) (8 +

|wg |? |wg |?

By a direct calculation, we have

D2 (2 + 0 =) f")

lwa |?

det g(1) = det(g(1);5) =
The Ricci curvature
R = —du, da, logdet (1) = —du, 0, log(f)? > f'+ (* = 1) ). (14)
since

3;9; log |wa|* = 0.
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Let
h(r?) =1og((f)V 2 f'+ (r* = 111P) 7).
Then the scalar curvature
¢ =g R = —g(1) ., 05, h.
where g(¢)i/ is the inverse matrix of g(1); 7. We write ¢(t)'7 in detail as follows
ST wiw; + (wal? + [wg ) (i + w ;) f
Fra2fr+ =12 f)
(i + wpwiw; + (0 + wHwiw)) f
Frar2fr 4+t =112 f)
fori # j, where k #i, k # j;and
r? —Jwi ) '+ (2 = Jwi ))? — |t — wi?) f”
Fra2fr+ @t =112 f)
Based on these, we find its scalar curvature

5 N a1V )
c=—2— - .
£ f

It is obvious that the completeness near » — +00 of g(¢) is the same of go(0). From
Theorem 1.1 and 1.2, we know that the only case ¢ = 0 can give us a complete metric
near r — +00. Thus we just need to consider the case ¢ = 0. Hence, the above equation
is reduced to

gt =

gt =

/’~l/ },2;;/ + (r4 _ |l‘|2)/'~l// B

AT

)

that is
3R (W R @t = 11P) = 0.
The general solutions of the above equation are
fPR = co(r* — 1) (16)

where ¢ is any constant.
But the metric we need should be regular at r2 = |t|, then ¢( should be zero since
the left side of (16) is limited as r> — |¢|. That’s to say

=0
which implies that the metric is Ricci flat from (14). O

In fact, by setting r2 = |t| cosh T, the Kihler potential f (r%) of Ricci flat in [3]
satisfies
271/3|t|2/3

———(sinh 27 — 2r)]/3.
T

2 pr
r =
f tanh

Acknowledgements. Fu is supported in part by NSFC grants 11025103 and 11421061. Yau is supported in
part by NSF grants.
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6. Appendix
Lemma 6.1. The gradient of r is
_ uody, +voy +ud; + vy

C )

and satisfies
Vr
Vr —— =
™l | Vr|
Proof. Let f(r?) +alog(1 + |z|*) be the Kiher potential and let
8o = 0,05 f (r?) + alog(l +[z|*)

where /1, v are any two coordinates of (z, u, v) and 72 = (1 + |z|?)(|u|* + |v|?). The
complex gradient vCr2is computed as follows:

ver2 = g”‘_’évrzaﬂ

;0rr  gort o sor? 9
= {gF g+ g —

5 v 07 92

20r2  aor? o Lor? 9
+ MZ_+ Mu_+ MU__
8 5 T8 5

20rr  port  sort
+ UZ_+ UM_+ UU_ _
58 3 il

We use the explicit expression of {g"*"} in page 4 to compute the coefficients of -L 32 a m
and % as follows.We assume a = 0 for simplicity since the case of a # 0 is the same
and the expressions of its calculations are more tedious to write. First,

2 2 2
-or zﬁar N Zﬁ8r

2z~
8% T8 3 T8 5
2 2\2 1 272
_ (e S+ Pz — P = SER e — 0
Secondly,
- or? - or? - or?
uz —~ uu uv ="
8 T8 T
D) (ul + o)
= — f’ ) r2 u
@ =1z + 2 (ol + [ul?)z)?) A
f/(f/+r2f//)r2 ( +|Z| )u
e =z — )z
_ f/(f/ N rzf//)r2 (1 + |Z|2)|v|2u
—(f 2212+ T (ul? + P12+ zP)u
f’(f’+r2f”)r2 f/(f/+r2f//)r2

f/ r2f//
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Similarly,
-or? ~or? ~or? _ v
0z it v fl+r2fr

Hence, we get

C o Uy +voy
Ve _f/+r2f//

or
C, _ l uoy, + voy
20+
Then the real gradient Vr of r is

udy +vdy +ud; + vy

r =

(f +r2f"r
Next we prove
Vr
NV
By the direct calculation , we have
V= e

and
Vr . Uuoy, +vdy + ud; + vo;
[Vr]| - (f/+r2f//)l/2r

Hence, we should check

\V4 udy +v0y + idz + V0
Udy+vdy+itd;+00y _
i (f + 2 f) 2y

This covariant derivative has two terms:

1 _ _
a2 V (udy+vdy+adz+od;) U0y + V0, + Uz + 005) (17)
and

(udy, +v0y + ud; + v0y)

(f + r2f//)1/2r

The second term is easily dealt:

Vs rvoyrivg+oay) ((F+12 27!

(udy +v0y + ud; + voy) _
iy Vs (47 120

f/+3f”'r2+fw‘r4
== (f' +r2f")2r2

(udy, +voy + udy + vdy) (18)
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Now we deal with the first term. We have

V (udy+voy+idz+0d;) U0y + V0, + 10z + V0y)
= UV, 8, + V>V, 8y + uvVy, 8y + uvVy, 3, + ud, +v0y)
+(i1>Vy, 07 + 02V, 05 + 0V, 05 + 0V, 0; + idy + 005)

We only need to compute
u?Vy, 0, + v2Vy, 8, + uvVa, 8y + uvVy, du + ud, + vd,

since the other part is its conjugation.

. Z g =
First we compute Vy, du. Let Vg, dv = Fffu 0y, then Fﬁv = g“’A %. Hence,

09,5
Voudu =TV 3, = g"" 284 g

du
{ 2z aguz +gzu aguu v aguﬁ}i
ou ou u 0z
{ uz aguZ + uu 881”2 +guf) aguﬁ}i
ou u ou ou
; 08uz 7 08uii 508uy, 0
+ vZ + vu + v _
8 ou § ou u }Bv

The above three terms are computed as follows:

08uz  q08ui | 508usy D
yos + u + 70 o
& S "8 S Y5 )3
_ (1’
= ﬁ
fror?
(1+|Z|2)2 " 201 122 d .
2 A RDREE ) 2 =0;

(guzaguz +gu,z 08ui +gmjaguz7) i

(f+r2 (A + 2Pz

2"+ " (1 + |2 |uf]

ou ou u ou

1 2
=( (;'.Z' Z ey
PP 2 £ (o Pl
fIf +r2fr?
1A=z = 2P, 2312112 ) 2
BTy ey M G LR LR )uau
_ W2 2 (ulP + ) + 20 (D2 + 2 ul?) ddy
N fIS +r2fr? ’

QF A+1z? +sf" A+1z1%) 3 ul?)
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and

z08uz i 08ui 508upy 0
vZ + vu + Vv _

(8 S 8" o *8" 53
U+ )2
_ o

"y 201 _ 2y _ gl 2
_f (I —1z19) f2 |z| (Zf//(l+|Z|2)2+fm(1+|Z|2)3|M|2)

(Y 12

I +r2 fr
(2 112012 2 rn 2 21,12
E— }7L;/irrz§,/)fLu| OEED gy +|z|2)3|v|2|u|2) oy
A+ D20+ T rDitvdy
- [+ e
Thus
gy LD QLG + Pl + 22 PPl + r £ ) ud
v T
L) (20702 4 r2f 1) iy 19
f (f/+r2f”)r ( )
Similarly,
vzv‘ 5 (1 + |Z|2)2 (_2(f//)2r2+r2f/f///) |v|4u8u
me P+
L+ 1212 2f " (ul® + [P )2 + 2P (D) uP o + 72 £ £ [v]*) vd
FI(f +r2 e
(20)

Now we compute Vj, 0,

09,5
Voudv =T,,9, = g”“—guu dy

ov
{ 44 ag"‘z +gzﬁ aguu ZU aguv}_
av av av

ag ~0g -0g ad
+He" aff +e™ aﬁ" +et a:v Bu
+g vzaégzz +gv12 a;’zu vuaguv}_

We compute coefficients of 9., d,, and 9,. First,

08u: 0% .50 1+]22)2
2 gMZ + zu guu + 0 guv _( +|Z|) (f f//)/(1+|z|2)zﬁl_}

v & v & v f-
1 2
(;# i (74 120+ 7 122 )
1 2
%z (f”(1+|z| i+ (1 + 2153 v u)
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a2 2 = = AP P £ (D) P - )
- f/ .2

=0.
Secondly,

- 08uz 7 08uii 5 08uv
uz + uu + uv
§ ov § dv § Jdv

1 2
- (;L'Uf P2 Y |2 Pl
’. _ 2 rn 2 21,12
L |Z|fl/lz|f/)::2]{//)(,|fgl PUEED e+ P
21 = 1212 = 7|2
I L (17 e+ 1 1P ) P
DSl )+ 2Rl = ul?) + e ) ©
- f’(f’+r2f”)r2

Similarly,
vz 8gu2+gvﬁ E)g"“2 +gv1_) 8gm—1
Jv v Jv
T+ 122 (Ff7QulP+ ) + r2 (D2 (ul> = ) + 72 £ 7o) i

FGr
Thus,
(1+I1|2)2 (' f"ul + 101 + P22 (0P = [ul®) + 72 £ f ) [o]2ud,
uvVy, 0y
FIfT+r2fr?
+(1+ 12132 (f7 " Qul?+ o)+ r2(FD2(ul = (o) + 72 £ £ 0]?) [ul*vd,
f/(f/+r2f//)r2

We also have the similar formula of uvVjy,0u. Combined above Egs. (19-21) and the
similar formula of uvVjy,0u, we obtain

UV, 8, + 0>V, 8y + uvVy, 8y + uvVy du + ud, + vd,
f/ + 3r2f// + r4f///
= f/ + r2f//
So the first term (17) of V 73 IV |

(udy +v0y)

f/+3f//_r +f///.r4
(f/ + r2f//)2r2

which is the negative second term (18) of V 3 Ig_:l' Thus,
Vr

(udy, + vy, + ud; + vdy),

Vr
Vr —— =
Vil | Vr|
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