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1. Introduction

In this paper we study functorial and homotopy properties of path complexes that were introduced in
previous papers of the authors as a natural discrete generalization of the notion of a simplicial complex. Now
we systematically describe properties of path complexes and provide new definitions, including notion of
homotopy, and prove theorems that are similar to the results of simplicial homology theory. As an application
we construct homology theories of various categories of hypergraphs (see [6]).
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Note that the particular case of the theory, the path homology theory of digraphs and (nondirected) graphs
was investigated in [8], [9], [10], and [11]. For the case of (nondirected) graphs, the path homology coincides
with the graph homology defined in [3] and [4] which is closely connected with the A-homotopy theory. See
[1], [2], and [3]. The Kiinneth formulae for the Cartesian product and for the join of path complexes were
proved in [7] and [12].

In Section 2, we recall the notion of the path complex on a finite set V' and the definition of path
homology. We describe also functorial properties of path homology.

In Section 3, we introduce the notion of homotopy for path complexes and prove the homotopy invariance
of path homology groups.

In Section 4, we introduce the notion of a sub-complex of a path complex and corresponding relative
homology groups. We construct also several natural homology exact sequences.

In Section 5, we apply obtained results to construct homology theories on various categories of hyper-
graphs and describe theirs properties. We provide also several examples of explicit computations of path
homology groups of hypergraphs.
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2. Path complexes on finite sets

In this section we recall the notion of the path complex on a finite set V' and define the path homol-
ogy theory of such complexes. Then we introduce a notion of morphism for path complexes and describe
functorial properties of path homology groups.

Let V be an arbitrary non-empty finite set. We call a verter any element v € V. An elementary n-path
on a set V is a sequence ig .. .14, of n > 0 vertices from V.

For a unitary commutative ring K, consider a free K-module A,, = A,, (V') generated over K by elements
€io...i, Where ig...7,, is an elementary n-path. The elements of A,, for n > 0 are called n-paths on V. Set also
A_; = K and A_, = 0. Each n-path v € A,, for n > 0 has a unique representation of the form

_ 0. lng, .
v = E v Cin..in s
7 9

where v'oin € K.
For n > 1, define the boundary operator

d: A'n — An—l

as a linear operator that acts on elementary paths by
n
Oeiy...i,, = Z <_1>S Cipniniing? (2'1)
s=0

where the hat zAs means omission of the index i5. For n = 0,—1 we define 9 : Ay — A_1 = K as the
augmentation homomorphism e given by

e(kaz'p) =Yk k€K, i€V,
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and define 9 : A_; — A_s = 0 to be zero.

It is an easy exercise to check that 8% = 0 [7] and, hence, A, = {A,} is a chain complex.

An elementary path ig...i, is called non-regular if i1 = ix for some k =1, ..., n, and regular otherwise.

For n > 2, let I, = I,(V) C A,,(V) be a submodule generated by non-regular paths. For n = —2,—-1,0,1
we put I, = 0. Then for n > —1, the restriction of 8 to I, satisfies the condition 8% = 0: I,, = I,,_» and
hence a chain complex I, is defined. Thus we obtain a quotient chain complex

Re =R (V) := A(V)/L(V),
and we continue to denote by 0 the induced differential. It is clear, that for n > 0 we have isomorphisms
R, = span {eig.‘.ip 1ig...0p 1S regular} .

The elements of R, are called regular p-paths.
Let V, V' be two finite set. Any map f : V — V' induces a morphism of chain complexes

fi t A(V) = A(V)
given on the basis of A, (V) for n > 0 by the rule
fr (€ig..in) = €f(io)...f(in) a0d fi is an isomorphism for n = —1, 2. (2.2)
Since fy(I,(V)) C I,(V'), the morphism f, induces a morphism of chain complexes of regular paths
R.(V) = R.(V') (2.3)
which we continue to denote f,.

Definition 2.1. [7] A path complex over a set V is a collection P = P(V) of elementary paths on V such
that:

e (€ Pforanyi eV,
o if Z()Zn € P then iO-nin—l € P and Zl’Ln e P.

For n > 0, the set of all n-paths from P is denoted by P,. The (n — 1)-paths ig...i,—1 and i;...3,, are
called the truncated paths of the n-path ig...i,,. The elements of P are called allowed elementary paths, and
the elementary paths that are not in P are called non-allowed. Note that Py = V. The elements of P, are
called edges of P. It follows immediately from Definition 2.1 that for n-path ig...i,, € P(n > 1), all 1-paths
ik—11% are edges.

Definition 2.2. We say, that a map f : V — V' induces a morphism of path complexes P and P’ if, for any
path v € P, the path f, (v) defined in (2.2) lies in P’. We denote this morphism as

fo: (fvf*) <V7P)_> (V/aP/)'

Let (V, P),(V', P"),(W,S) be path complexes and f: V — V', g: V' — W be maps of sets that define
the morphisms

fo=(f1): (V,P) = (V', P) and go = (g,9:): (V', P') — (W, 5)
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of path complexes. Then we define the composition g fe as

Gefe: = (9f, g fs)-

The map gf: V — W defines a morphism of path complexes

(gf)- = (gfv(gf)*): (‘/,P) - (W7S)

that evidently coincides with the morphism g fe.

In this way we obtain a category P whose objects are path complexes and whose morphisms are morphisms
of path complexes.

For any integer n > 0, define the K-module A, (P) that is spanned by all the elementary n-paths from
P:

-An = -An (P) = <ei0..‘in

10...0n € Pn> R

and we put A_; = K, A_5 = 0. The elements of A,, are called allowed n-paths of the path complex P. Thus
we have a natural inclusion of modules A, (P) C A, (V) for n > 1 and A, (P) = A, (V) for n = —2,—1,0.

Note that the set of all paths on the set V' gives a path complex which we denote by Py. We shall call
Py a full path complex on the set V. For this path complex we have A, (Py) = A, (V).

For some path complexes it can happen that d.A,, C A,_1 (see [9], [7], [11]), but in the general case this
is not true.

Define a submodule Q,(P) C A, (P) as follows. For n = —2,—-1,0,1 we put Q,(P) = A,(P), and for
n > 2 we put

N, =0, (P)={veA,|ove A,_1}.

It is clear that 9(Q,) C Q,_1, since 9> = 0. The elements of Q,, are called d-invariant n-paths, and we
obtain a reduced chain complex:

0 K Qo4 oo Qg < Qpy Qg ... (2.4)
where the boundary maps are induced by 0. The corresponding non-reduced chain complex has the form
0 Qo+ . Qpg + Qp Qg+ . (2.5)

Homology groups of (2.5) are referred to as the path homology groups of the path complex P and are denoted
by H, (P),n > 0. The homology groups of (2.4) are called the reduced path homology groups of P and are
denoted by H, (P),n > —1.

Now we introduce regular path homology groups of a path complex P. We have a commutative diagram
of inclusions of K-modules

A, (P)  — AL (V)
T 1)
A (PYnT, — I,

which induces homomorphisms of K-modules
Rn(P)=A,(P)/{A(P)NT,} = Ay(V) /I, =Rp(V)

for n > —2. Denote the image of this homomorphism as
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RIY(P) C Rp(V).

Note, that R, (P) = RI9(P).
Define a submodule Q7°9(P) C RI?9(P) as follows. For n = —2,—1,0 we put Q/¢9(P) = RI*(P), and
for n > 1 we put

Q19 = Qred (P) = {v € Ri9(P)|0v € R, (P) where 8: Ry (V) = Ry—1(V)} .

n—1

The elements of 7 are called 0-invariant regular n-paths, and we obtain a reduced regular chain
complex:

0 K+ QY .9, 09 7+ .. (2.6)
where the boundary maps are induced by 9. The corresponding non-reduced complex has the form
0 QY .Y U9 Q) — . (2.7)

Homology groups of (2.7) are referred to as the regular path homology groups of the path complex P and
are denoted by H!¢9 (P),n > 0. The homology groups of (2.6) are called the reduced reqular path homology
groups of P and are denoted by ﬁ;eg (P),n>—1.

Some properties of the introduced chain complexes, various special types of path complexes, and examples
of computing homology groups are given in [12] and [7]. From now on we shall consider only non-reduced
chain complexes and non-reduced homology groups if otherwise is not state.

Let C, denote the category whose objects are chain complexes and whose morphisms are chain maps.

Now we discuss morphisms of chain complexes which are induced by morphisms of path complexes. The
proofs of following statements follow immediately from definitions.

Lemma 2.3. (i) Let A, and A, be chain complexes with the differentials O and &', respectively, and f.: A —
Al be a morphism. Let the submodules A,, C Ay, and A,, C A, be given in a such way that f.(A,) C A,.
Define the modules Q,, and €, in such a way

Qy={veA|ved,1} and Q, ={ve A |oveA,_}. (2.8)
(i) Then
D) C Vry D) C (2.9)

and f. induces a morphism of chain complexzes Q. — QU which we continue to denote by f..
(ii) If fi: Ax — AL is a monomorphism, then f.: Q. — Q, is a monomorphism, too.

Proposition 2.4. Any morphism fo: (V,P) = (V', P') of path complezes induces a morphism f. of chain
complezes

Qu(fo) = fo : Qu(P) = Q.(P) (2.10)
and a morphism of reqular chain complexes
QI(fa) = f. s QUEI(P) - QL9(P) (2.11)

and, consequently, homomorphisms
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fe: Ho(P) = H.(P'), fo: H®(P) — H“(P'), (2.12)
of homology and regular homology groups.

Corollary 2.5. We have functors Q. and Q5% from the category P of path complexes to the category Cs of
chain complezes.

Proposition 2.6. For any path complex P we have a morphism of chain complezes
Q.(P) = Q*9(P)
and hence the homomorphisms of homology groups
fe: Ho(P) = H®9(P).
Now we give yet one definition we shall need in the next section (see [12] and [7]).
Definition 2.7. A path complex P is called regular if all the paths ig...i,, € P are regular.

It is possible to give a weaker definition of a morphism of path complexes that induces a morphism of
regular chain complexes [7].

Definition 2.8. [7] We say, that a map f : V — V' of sets provides a weak morphism of path complexes P
and P’ if, for any path v € P, the path f. (v) defined in (2.2) lies in P’ or it is an irregular path in the full
path complex Py-. In this case we shall write
fo: (V,P)— (V' P".
Let
for (V,P) = (V',P') and go: (V', P') — (W, 5)
be a weak morphism of path complexes. Similarly to the case of morphism of path complexes, the composition
Jofo is defined. Thus we obtain a category PW whose objects are path complexes and whose morphisms

are weak morphisms of path complexes.

Proposition 2.9. Any weak morphism fo: (V, P) — (V', P') of path complexes induces a morphism of chain

complezes
Q9 (fo): Q9(P) = Q9(P) (2.13)
and, consequently, a homomorphism
H®9(P) — HL*(P") (2.14)
of reqular homology groups.

Proof. Let I/, C A, (V') be a submodule generated by non-regular paths. The result follows from the natural
isomorphism
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An(P) [{A(P') N I} = A (P'UTL) {AL(P U T) N 1)

and from Lemma 2.3 as above.
Consider a commutative diagram

A, (P) £ A (P'UT) — An(P)
{ i) {
AP HAP) 012} L AP UL AP UL NI} E AP AP L)
R (P) Iy R (P) - R (P')
{ 4 {
Rieo(P) 5 Ryeo(P') - Ryco(P')
Rj(V) - R.(V')

where the bottom vertical arrows are natural inclusions, and the morphism f induces the morphism of
quotients

fe: R(V) = Ro(V').
Now the morphism (2.13) follows from Lemma 2.3 and the rest of the claim is standard. O

Corollary 2.10. We have that Q.7 is a functor from the category PW of path complexes to the category Cy
of chain complexes.

3. Homotopy theory for path complexes

In this section we construct a homotopy theory for path complexes and prove the homotopy invariance
of homology groups introduced above.

Let I = {0,1} be a set with two elements. For any set V = {0,...,n}, let V x I be the Cartesian product.
Let V' be a copy of the set V and we denote such a set by V/ = {0’,...,n’} where i’ € V' corresponds to
i € V. Then we can identify V x I with VUV” in such a way that (¢, 0) corresponds to ¢ and (%, 1) corresponds
to ¢’ for any ¢ € V. Thus V is identified with V' x {0} C V' x I and V" is identified with V' x {1} C V x I.

The natural isomorphism V = V' defines a path complex P’ on the set V' by the following condition:
ig...1, € P'iff ig...i, € P.

Define a path complex P x I as a path complex on V x I =V UV’ by

PxI={wweP}u{w|w € PYU{d =1iq...ixi}.. .50 ikiks1-..in € P} (3.1)
where 0 < k < n. It follows from (3.1) that we have natural morphisms
ie: (V,P) = (V. xI,Px1I)
and
Jo: (V',P") = (VxI,PxI)

which are induced by natural inclusions ¢: V -V x I =V UV and j: V' >V x I =V UV
Now, we define the notion of homotopy in the category of path complexes. Let P be a path complex on
the set V and S be a path complex on the set W. Note that any map f: V — W defines naturally a unique
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map f: V! — W, and similarly, any morphism fo: (V, P) — (W, S) defines naturally a unique morphism
fio (V',P) — (W,S).

Definition 3.1. i) We call two morphisms f,,ge: (V,P) — (W, 5) of path complexes one step homotopic
(and write fo ~1 go) if there exists a morphism Fo: (V x I, P x I) — (W, S) of path complexes such that
at least one of the two following conditions are satisfied.

1. F.|(V)P) - f.7 F’|(V’,P’) = g‘.
2. Felv.p) = ge, Felvi.pry = fo

ii) We call two morphisms f,, ge: (V,P) — (W, S) of path complexes homotopic and write fo =~ go if
there exists a sequence of morphisms

fie: (V,P) = (W,S)

such that f. = fo. >~ fl. >0 X fn. = Je-
iii) Two path complexes (V, P) and (W, S) are homotopy equivalent if there exist morphisms

fe: (V,P) - (VVWS% e (VV,S) — (VvP)
such that

fogo =~ IdW.a g.fo = Ich

where Idy: V' — V and Idy : W — W are the identity morphisms. In this case, we shall write (V, P) ~
(W, S) and shall call the morphisms f,, ge homotopy inverses to each other.

It follows directly from Definition 3.1, that the relation “to be homotopic” is an equivalence relation on
the set of morphisms between two path complexes, and homotopy equivalence is an equivalence relation on
the set of path complexes. Moreover, we will denote by P’ the category whose objects are path complexes
and morphisms are the classes of homotopic morphisms of path complexes.

Let V be a set. For n > 0, define a homomorphism

T A(V) = A (V x I)

on elementary n-paths v = e;,. ., € A (V) by

T(v) = Z (-1) Cig...inily...il, s (3.2)

k=0

an extending to A, (V) by K-linearity. Recall that we consider non-reduced complexes, hence A; = 0
for i < —1 and we define 7 = 0: A_1(V) — Aog(V x I). Recall that we have a natural isomorphism
A (V) 5 A, (V') of submodules of A, (V x I). It is given on the basis elements by e;, ., — ey.. i and
extending by linearity to A, (V). We shall denote by v' € A, (V') C A,(V x I) the image of the element
veA(V)CTA(V xI)

Lemma 3.2. For n > 0 and any path v € A, (V') we have

ot(v) + 1(0v) = v —v. (3.3)
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Proof. Tt is sufficient to prove the statement for basis elements v = e;,.. ;.. For n =0 and v = e;, € Ag(V),
we have

O7(eiy) = 0(€igiy) = €i — €ig,  T(Ov) = 7(0) =0,

and the condition (3.3) is satisfied. Consider a path v = e;,. ; € A, (V) with n > 1. We have

I(r(v)) =0 <Z(1)k€¢0...¢k¢;€...i;114l>

k=0
n k n
= Z(_l)k [(Z(_1)me¢0...?m.,.iki;€...i;) + (Z(_l)mHQO ...... W;%:;)]
k=0 m=0 m=k
= Z (_1)k+m€io...?m...iki;€...z‘;l+ Z (_1)k+m+leio ...... gl il il
0<m<k<n 0<k<m<n
and
n
T(Ov) =T (Z(_l)meio,.im..in>
m=0
n m—1 n
k k—1
SR O SETAIENPA IS (5 SRS |
m=0 k=0 k=m+1
_ k k+m—1
- Z ( 1) o A T A L 14 + Z ( 1) " 620 ...... im Qg ty .0
0<k<m<n 0<m<k<n
Hence

Or(v) + 7(0v) = Z (_1)k+kei0.“§ki;€“.i;+ Z (_1)k+k+1eio ny...i!

0<k<n 0<k<n
= E Cig..ig_1}...30, — E €ig...... il
0<k<n 0<k<n
= €y..i, T E Cig..vigg_1ily..il, ™ E Cigeinilyy ity T Cig..i,
1<k<n 0<k<n—1
=€y ..i!, — Cig...i,, T E Cig..vig_1ily..il, ™ § €igunnipily il
0<k—1<n—1 0<k<n—1
= €i)..it. — Cig...i, =V — V.

Remark 3.3. It is easy to transfer results of Lemma 3.2 to the regular paths. The module R, (V') has the
basis {e;,...i, [i0 - - - in, is regular path on V'}. Then we can define

T:Rp(V) = Rpp1(V x I) (3.4)
by the same formulae as for 7: A, (V) = Ay (V X I).
Theorem 3.4. (i) Let

fo~ge: (V,P) = (W,5)
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be homotopic morphisms of path complexes. Then these morphisms induce chain homotopic morphisms of
reduced and non-reduced chain complezxes

fo 2 ge: Qu(P) = Q(S) and fi >~ g.: QL9(P) = Q.%9(S)
and hence the same homomorphism of corresponding homology groups, respectively.

(ii) If the path complexes (V, P) and (W, S) are homotopy equivalent, then they have isomorphic homology
groups. Furthermore, if the homotopy equivalence is provided by homotopy inverse morphisms fo and ge (as
in (i) of Definition 3.1) then the induced homomorphisms f. and g. provide mutually inverse isomorphisms
of reduced and non-reduced homology groups of (V, P) and (W, S).

Proof. At first we prove the statement for non-regular and non-reduced chain complexes. It is sufficiently
to consider only the first case of one-step homotopy F, between f, and ge as in (i) case 1 of Definition 3.1.
By Definition 3.1 we have

Foie = fo: Q(P) — Q.(5)
and

Fuje = gb: Qu(P') = Q.(5)
which we identify naturally with the morphism

ge: 2. (P) — 2.(9).
By Proposition 2.4, morphisms f, and g, induce morphisms of chain complexes
and F, induces a morphism
Fo: Q.(P xTI)— Q.(S)

such that

F*lQ*(P) = f*7 F,

Q.(P) = g;'

In order to prove that f, and g. induce the same homomorphism H,.(P) — H.(S), it suffices by [14,
Theorem 2.1, p. 40] to construct a chain homotopy

Ly: Qu(P) = Qpy1(5)
such that
OLp +Lp_10 =gs — [«
For n > 0, define a homomorphism

T: Ap(P) = Api1 (P x I)
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on elementary n-paths v = e;,. ;. € A,(P) by formulae (3.2) and extend it to A, (P) by K-linearity. We
put also A; =0 for i = —1 and define 7 = 0: A_1(P) — Ao(P x I). We prove now that if v € Q,,(P) then
T(v) € Qpy1(P x I). Let v € Q,(P) that is v € A,(P) C Q,(V) and dv € A,,_1(P) C Q,,—1(V). Hence, by
(3.2) and definition of A, (P x I), we have 7(v) € A, +1(P x I) and 7(0v) € A, (P x I). By Lemma 3.2, we
have

or(v) = —7(0v) +v' —v

where the right summands lie in A,,(P x I). It follows that if v € Q,,(P) then 7(v) € Qp41(P x I).
For n > 0, define the homomorphism

L,(v): = Fu(7(v)) : Qu(P) = Qpy1(S) forall veQ,(P).
We obtain

(OLy, + Lyp—10)(v) = O(Fu(7(v))) + Fi(7(0v)) (by definition L)
F, (07(v)) + Fi(7(0v))  (since Fi is a chain map) 3.1)
F.(07(v) + 7(v)) (
F, (v =) (by Lemma 3.2)
g« (V) — fi (V) (by definition of F).

since F is a homomorphism)

Thus the case (i) for reduced non-regular chain complexes is proved. The proof of (ii) in this case is
standard.

For the case of non-reduced non-regular chain complexes the proof is similar. Recall that K is a ring of
coefficients. In this case fi|x = g«|xk = Fi|k is the identity map, and define 7: K — Qq(P x I) as the
trivial homomorphism.

In the case of reduced regular chain complexes the proof is similar. It is necessary to use the Remark 3.3
instead of Lemma 3.2. O

Now consider two full path complexes Py and Py . In this case any map of sets f: V — W defines the
morphism fo: (V, Py) — (W, Py) of path complexes.

Proposition 3.5. Any two morphisms

fesge: (V, Pv) — (W, Py)

of full path complexes are one step homotopic and, hence, any full path complex is homotopy equivalent to
the full path complex (x, P.) on the one point set x. The similar statement is true for any regular full path
complez.

Proof. Define the map F: V x I =V UV’ — W by Fly = f, F|y, = ¢'. This map defines a morphism of
path complexes

Fo: (VXI,PyxI)— (W, Py)

which satisfies evidently the conditions on one-step homotopy from Definition 3.1. The Proposition is
proved. O
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Corollary 3.6. For any full path complex (V, Py) we have

K, forn=0,

H,(Pv) = H,;"(Pv) =
0, forn>1.

The proof is trivial.
Now we return to arbitrary path complexes.

Definition 3.7. 1) We call two weak morphisms fo,g.: (V, P) — (W, S) of path complexes weak one step
homotopic (and write fo ~71 go) if there exists a weak morphism Fo: (V x I, P x I) — (W,S) of path
complexes such that at least one of the two following conditions are satisfied.

L Folwv.py = fo, Folvr,pry = g
2. Folwv,py = 9o, Fol(vr,py= [0

ii) We call two weak morphisms fo,g.: (V, P) — (W, S) of path complexes weak homotopic and write
fo ~ go if there exists a sequence of weak morphisms

fio: (V. P) = (W, 5)

such that fo = foo ~1 fio ~1 - ~1 fno = go.
ili) Two path complexes (V, P) and (W, S) are weak homotopy equivalent if there exist weak morphisms

for V,P)—= (W,S), go: (W,S) = (V,P)
such that

fogo ~ IdVVoa gofo ~ IdVo

where Idy: V. — V and Idy : W — W are the identity morphisms. In this case, we shall write (V, P) ~
(W, S) and shall call the weak morphisms f5, go weak homotopy inverses to each other.

It follows directly from Definition 3.7, that the relation “to be weak homotopic” is an equivalence relation
on the set of weak morphisms between two path complexes, and weak homotopy equivalence is an equivalence
relation on the set of path complexes. Moreover, we will denote by PW' the category whose objects are
path complexes and morphisms are the classes of weak homotopic weak morphisms of path complexes.

Theorem 3.8. (i) Let
forrgo: (V. P) = (W, 5)

be weak homotopic morphisms of path complexes. Then these morphisms induce the chain homotopic mor-
phisms of reqular chain complexes

fe = g U(P) = Q9(S)

and hence the same homomorphism of corresponding homology groups.

(ii) If the path complexes (V, P) and (W,S) are weak homotopy equivalent, then they have isomorphic
reqular homology groups. Furthermore, if the weak homotopy equivalence is provided by homotopy inverse
morphisms fo and g, then the induced homomorphisms f. and g. provide mutually inverse isomorphisms
of reduced and non-reduced homology groups of (V, P) and (W, S).
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Proof. The proof is similar to the proof of Theorem 3.4. O
4. Relative path homology groups

In this section we introduce relative path homology groups and construct several exact sequences with
these groups.
Let (W, S) be a path complex and V C W.

Definition 4.1. A path complex (V, P) over a set V is a path subcomplex of the path complex (W, S) if any
elementary path p € P lies in S. We write in this case (V, P) C (W, S) or, to simplify notations, P C S.

For a subcomplex P C S, the inclusion morphism ie: (V,P) — (W,S) induces a monomorphism
is: Au(V) = A (W) of chain complexes such that i, (A, (P)) C A, (S). By Lemma 3.2, this implies that i,
induces a monomorphism of chain complexes i,: Q.(P) — Q.(S). Thus we obtain a short exact sequence
of (reduced and non-reduced) chain complexes

0 — Q. (P) — Q.(S) — Q.(5)/Q.(P) — 0. (4.1)

For the reduced chain complexes, the homomorphism %, in dimension —1 is the identity homomorphism
K — K. Hence the factor-complex €,(5)/Q.(P) will be the same for the reduced and non-reduced chain
complexes. We define homology groups H.(S,P) = H.(Q.(S)/Q(P)), that are called the relative path
homology groups.

The same line of arguments show that we have also a short exact sequence of (reduced and non-reduced)
regular chain complexes

0 — QU¥(P) — QU9(S) — QL9(S) /U (P) — 0. (4.2)

Proposition 4.2. Let (V, P) be a path subcomplex of (W,S). There are long exact sequences of homology
groups

0 < Ho(S,P) < Hy(S) < Ho(P) « H1(S,P) + Hy(P) + ...
and
0« H)(S,P) « H{(S) + Hy,9(P) «+ H{**(S,P) «+ H{*(P) + ...
and similarly for reduced homology groups.

Proof. Follows from (4.1) and (4.2). O
5. The path homology of hypergraphs

In this section we apply the above results to construct a homology theory on the category of hypergraphs.
The homology theory based on the theory of path complexes for the particular case of digraphs and (nondi-
rected) graphs was constructed in [9], [10], [11]. As before, we fix a commutative ring K with a unity as a
ring of the coefficients.

Definition 5.1. [5] (i) A finite hypergraph is a pair G = (V, E) where V is a non-empty set of vertices and F
is a family {ey,...,ex} of non-empty and non-ordered subsets of V' such that
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Ye =W (5.1)

The elements of E are called edges. A loop is an edge e; that has exactly one vertex v that is e; = {v}.
Degree |e;| of an edge e; is defined as the number of containing in e; vertices.

The hypergraph is called simple if all edges are distinct. A hypergraph is called h-homogeneous if |e;| =
h>1foralle € FE.

(ii) We say that a hypergraph G = (Vg, Eg) is a sub-hypergraph of a hypergraph H = (Vg, Eg) if
Vo C Vg and Eg C Eg. If for any e = {iy ...i,} € Eg and 41,...,i, € Vi, we have e € Eg, we call the
sub-hypergraph G an induced sub-hypergraph.

It follows immediately from Definition 5.1 that simple 2-homogeneous hypergraph is a graph without
isolated vertices.

Definition 5.2. In a hypergraph G = (V, E), two vertices are said to be adjacent if there is an edge e that
contains both of these vertices. Two edges are said to be adjacent if their intersection is not empty. Two
edges are said to be h-adjacent (h > 1) if their intersection contains at least h vertices.
A walk in G is an alternating sequence vq,e1,v2,€2,...,€n, Unt1 Of vertices v; and edges e; of G such
that: v; # v;41 and v;,v;41 € e; for 1 <4 < n. In this case we say that there exists a walk from v1 to v,41.
We call a hypergraph G connected if there is a walk between any two vertices of G.

Now we introduce the notion of a hypergraph morphism and a product of hypergraphs (as in [6]). These
morphism and product have good categorical properties and they are effective to construct natural path
complexes of hypergraphs.

Let V be a finite set. Denote by S(V) the set of all non-empty non-ordered subsets of V. By Definition 5.1,
for a hypergraph G = (V, E), we have a natural map

va: E— S(V)\ 0.
Note that any map f: V — W induces a map
S S(V)\ 0 —S(W)\ 0.
For example, f(0) =0, f(1) =0, f(2) =1 implies, that S;{0,1,2} = {0,1}.

Definition 5.3. A morphism f: G — H of a hypergraph G = (Vg, Eg) to a hypergraph H = (Viy, Eg) is
given by a pair of maps (fv, fg) where fv: Vo — Vi and fg: Eq — Eg provided the diagram

Eq 2% S(Ve)\0
) 1Sy

is commutative. The set of morphisms from G to H we shall denote by Hom(G, H).

Let H denote the category whose objects are hypergraphs, and whose morphisms are morphisms of
hypergraphs defined above.

Definition 5.4. Let G; = (V4, E1) and G2 = (Va, E2) be two hypergraphs. Following [6,13], define the product
G1 x Gy =G = (V, E) as follows:
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V =V; x V4 is the direct product with the natural projections p;: V — V,

and F is a family of triples {(4, e1,e2)} where e; € F1,e2 € E2 and A is a subset of the direct product

va,(€1) X pa,(e2) C Vi x Vo,
for which p;(A) = pg, (ei). Note, that pg(A,e1,e2) = A.

Definition 5.5. For a hypergraph G = (V| E) define a path complex (V, P1(G)) of density ¢ > 1 on the set V'
of vertices in the following way. A path p of the length n > 0 and density ¢ is defined as the sequence p of
n + 1 vertices ig . . .1, such that any ¢ consecutive vertices of p lie in some edge of G.

For example, condition (5.1) implies that the path complex P(G) coincides with the full path complex
Py defined in Section 2.

In what follows, we shall consider only non-reduced path-complexes and non-reduced homology groups.
All results can be immediately transferred to the case of reduced homology. Thus, for a hypergraph G and
any ¢ > 1 we have chain complexes

Q.(G,q): = Q(PUG)) and Q9(G.q): = QU9(PIG))
which have the following homology groups

o H,(G,q): = H,(Q.(G,q)) = H,(P1(G)),
o H(G,q): = H.(Q\(G,q)) = HI(P1(G)).

These homologies we call path g-homology and regular path q-homology, respectively. Recall that this ho-
mology groups depend also from the ring of coefficients K.
For example, Corollary 3.6 implies that for any hypergraph G we have

K, forn=0,

H,(G,1)=H*(G,1) = {
0, forn>1.
In the case, when G is a simple graph without loops (in this case all edges consist of two vertices) the
homology H.(G,2) coincide with the graph homology from [3], [4], [9].
We call an edge e € E of a simple hypergraph G = (V| E) mazimal if there is no an edge e; € E(e; # ¢€)
such that ¢ (e) C da(eq).

Proposition 5.6. The path homologies of a hypergraph depend only on the set of its mazximal edges.

Proof. For any simple hypergraph G = (V, E) define a sub-hypergraph Gy; = (Vir, Er) as follows. We put
Vi =V and E); will be subset of E consisting only of maximal edges. We have a natural inclusion m: G —
Gy that is the identity map on the set of vertices. For ¢ > 1, the map m induces the identity map of path
complexes me: P1(G) — P9(Gyr) and the identity morphism of chain complexes Q.(G,q) — Q. (G, q).
Hence H.(G,q) = H.(Gpy,q). O

Proposition 5.7. For ¢ > 1, any morphism of hypergraphs f: G — H induces a morphism
Pq(f): = (fV7 fV*): (VGan(G)> - (VH7Pq(H))

of path complexes, and thus we have a functor P4: H — P.
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Proof. The result follows directly from Definition 5.3. O
Theorem 5.8. Let ¢ > 1. Any morphism of hypergraphs f: G1 — G2 induces morphisms

fe 1 Qu(G1,q) = Qu(G2,q) and f.: QL9(G1,q) = Q(G2,q) (5.2)
of chain complexes and, consequently, homomorphisms

H.(G1,q9) > Hi(G2,q) and H"(G1,q) — Hi(G2,q)

of homology and regular homology groups, respectively.
Proof. The result follows from Propositions 2.4 and 5.7. O
Corollary 5.9. For q > 1, we have functors Q.(7,q) and Q.°(?,q) from the category H to the category Cy.

Proposition 5.10. (i) For any hypergraph G and q > 2, we have a morphism of path complezes A,: P1(G) —
P97Y(Q) and, hence, induced morphisms of chain complexes

Qu(G,q) — (G, q—1), Q9(G,q) — AY(G,q—1)
that define homomorphisms
H(G,q) = H.(G,q—1), H“(G,q) = H[(G,q—1)

of homology groups.
(ii) Let f: G — H be a morphism of hypergraphs. Then the morphisms AL and AY, fit into the commu-
tative diagram:

) LAY,
Q*(G7q_1) L Q*(H7q_1)

and there is a similar commutative diagram for reqular chain complezes.

Proof. The condition p € P%(G) implies evidently that p € P?"!(G) and we obtain a morphism of path
complexes. Now the result follows from Proposition 2.4 and Theorem 5.8. O

Definition 5.11. A simple hypergraph G = (V, E) is simplicial if the condition
e ={vo,v1,...,0n € E
implies that any non-empty subset e; of {vg,v1,...,v,} is also an edge of G.

It follows immediately from this definition, that any simplicial complex A with the set of vertices V'
defines a simplicial hypergraph T'(A) with the same set of vertices and with the edges that are given by
simplexes of A (and vice versa, a simplicial hypergraph defines an unique simplicial complex).

Let S be the category whose objects are finite simplicial complexes and whose morphisms are simplicial
maps. Consider a simplicial map ¥: A; — As. The map 1 defines a morphism I'(¢0): T'(A1) — T'(A3) of
hypergraphs by a natural way. It is easy to see that we obtained a functor I': C — H. In what follows,
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we shall consider only finite simplicial complexes. For a simplicial complex A, we shall use the following
notations

Q(A,q): = Q(T(A),q) and Q9(A,q): = QU(T(A),q).

As follows from the consideration above, for any ¢ > 1 we have a functor Q.(?,¢q) from the category S of
simplicial complexes to the category C of chain complexes. Thus (see Definition 5.12 below) we obtain a
new collection of path homology theories on the category S of simplicial complexes.

Definition 5.12. For any simplicial complex A and ¢ > 1 define g-labelled path homology groups
Hi (A, q): = Ho(Qu(A,q)) = H (PYT(A)))
and
HI(A,q): = H.(QY(A, q)) = H*(PYT(A))).

It follows from this definition that the path homology groups depend functorially on the simplicial
complex. Now we state a proposition which describes the dependence on ¢ and follows immediately from
the consideration above. Fix ¢ > 1.

Proposition 5.13. (i) For any simplicial complez A and q > 2, we have a morphism of path complezes
P4T(A)) — PT=YT(A)) which induce morphisms of chain complexes

(A q) — Qu(Ag—1), QYA q) — UY(A q—1),
that defines homomorphisms
Ho(A q) = Hi(A,q—1), H{(A,q) = H{*(A,q—1)

of homology groups.
(ii) A simplicial map : Ay — Ay induces a commutative diagram of chain complexes

Q*(AMQ) ﬂ) Q*(A27Q)
) I (5.3)
Q(ALg—1) 25 Qu(Agq—1)

and a similar diagram for reqular chain complexes. These diagrams imply commutative diagrams of homology
groups.

Now we apply path homology theory to the construction homology theories on the category of directed
hypergraphs.

A partially ordered set V is called a linearly ordered if for any two distinct elements a,b € V' the one of
the conditions a < b or b < a is satisfied.

We shall consider only finite directed hypergraphs without double edges. We shall use the bold fonts for
designations directed hypergraphs and their morphisms, vertices, and edges.

Definition 5.14. A directed hypergraph is a couple G = (V, E) where V is a non-empty finite set of vertices,
and E = {ey,...,ex} is a set of directed edges consisting of non-empty and distinct subsets of V such that
Jei = V and the elements of any edge e = {ig,i1,...in} € E are distinct and linearly ordered. Without
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restriction of generality we suppose that ipg < i; < --- < ip. We do not suppose that the order of elements
are agree on the intersection of edges. If the order of the elements agree on the intersection of the edges, we
call such a hypergraph strong directed.

Definition 5.15. A morphism f: G — H of directed hypergraphs is given by a pair of maps fy: Vg — Vg,
fg: Eq — Eg that satisfy the following properties:
i) there is a commutative diagram

I fe 1 S¢
Ex 5 S(Vm)\0,

ii) for any edge e = {ig,i1,...in} € Eg we have fy(ip) < fy(iy) < -+ < fy(in). The set of morphisms
from G to H we shall denote by Hom(G, H).

It is clear that the set of directed hypergraphs with the defined above morphisms form a category which
we denote by HT.

To any directed hypergraph G = (V,E) we can assign the hypergraph F(G) = G = (V, E) putting
V' =V and to any ordered edge e € E we assign the edge e consisting from the same non-ordered elements
as e. From Definitions 5.3 and 5.15 it follows that we have a (forgetting the order) functor F: HT — H. A
directed hypergraph G is h-homogeneous if the hypergraph G is h-homogeneous (connected, without loops)
if the hypergraph G is homogeneous (connected, without loops).

Definition 5.16. For a directed hypergraph G = (V, E) define a path complez (V, P1(QG)) of density ¢ > 1
on the set V of vertices by the following way. The path p of length n > 0 is defined as the sequence of n+ 1
vertices ipiy . ..in = p such that any ¢ or less consequent vertices from p give an ordered subsequence of an
edge e € E.

Thus, for a directed hypergraph G and any ¢ > 1 we have chain complexes
0(G,q): =Q(P1G)), DAY (G, q): =Q7(PYG))
that define the homology groups of G as follows:
Hi(G,q): = H(%(G,q)), HIY(G,q): = H.(QL7(G, q)).

Let G be a 2-homogeneous directed hypergraph. Then G defines a simple digraph (in this case, all edges
consist of two ordered vertices). The homology H.“(G,2) coincides with the path homology of simple
digraphs from [9], [11], [8].

For a directed hypergraph G, we have by Corollary 3.6

K, forn=0,

5.4
0, forn>1. 5:4)

H,(G,1) = H,(G, 1) = H*(G,1) = H*(G, 1) = {

Let G; = (Vi, E;), (i = 1,2) be directed hypergraphs. Analogously to Proposition 5.7, for ¢ > 1, any
morphism f: G; — Gy induces a morphism

PIf): (V1, PY(G1)) = (V1, PY(Gy))

of path complexes, and thus we have a functor P9: Ht — P.
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Theorem 5.17. Any morphism of directed hypergraphs £: G; — G induces morphisms of chain complexes
£ Q(G1,9) = Qu(Gz,q), £ : QL9(G1,q) — QU (Ga,q)
and, consequently, homomorphisms
fo: Ho(G1,q) = Hi(Ge,q), fo: H(G1,q) — H;*(G2,q)
of homology groups.
Proof. Similar to the proof of Theorem 5.8. O
The next statement is similar to Proposition 5.10.

Proposition 5.18. For any directed hypergraph G and g > 2, we have a morphism of path complexzes P1(G) —

P9=Y(G) and, hence, morphisms of chain complexes
2(G,q) — Q(G, g - 1), UG, q) — AY(G,q—1)

that are natural relative to morphism of directed hypergraphs and that define homomorphisms
H.(G,q) = H.(G,q—1), H(G,q) = H(G,q—1)

of homology groups.

For any directed hypergraph G = (V, E) define a simple digraph R(G) =G = (V, ) as follows. We put
Y = V and we have an arrow (v — w) € £ for v,w € V iff there is at least one edge e € E such that
v,w € e and v < w. It is easy to see that we have a functor R from the category H™ to the category D of
digraphs defined in [9, Section 2].

Consider several examples in which the ring of coefficients is Z.

Example 5.19. i) Let G = (V,E) be a directed connected hypergraph with
V =1{1,2,3,4,5,6} and E={e;]l <i<T}
where the vertices in the edges

e = {1a275}3 €y = {]—7475}a €3 = {2733 5}7 €4 = {374;5}7
e; ={1,2,6}, eg = {1,4,6}, e; ={2,3,6}

have the natural order. Now we compute the homology groups H,“(G,q) for all ¢ > 1.
Note, that for ¢ > 1, the module Q(“(G, q) is generated by the set of vertices V.
The homology in the case ¢ = 1 are given by (5.13) and we have

Z, forn=0,
0, formn>1.

H,9(G,1) = {

Let ¢ = 2, the module 2/°9(G, q) is generated by the set of paths e, i, in which any pair of consequent
induces i;i;41 is an ordered subset of one from the edges in (5.5). Thus the regular chain complex Q:°(G, 2)
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1 2

Fig. 1. The planar digraph G from Example 5.19.

is isomorphic to the regular chain complex (see, [8], [9], [10], and [11]) for path homology groups of the
digraph G = (V,€) where V =V and & consists of the edges

122, 1—-4,1—=5,1—6,2—3,2—5, 206,
3—4,3—5, 3—-6,4—5,4—6.

The digraph G is presented on Fig. 1.
Thus we have

(eili € V), fori =0

QZGQ(G’ 2) _ <eij‘i —j€ €>a fori=1 (56)
(esae; eijk[{i,J, k} = e, 1 <m <7), fori=2
0, for i > 3,

where (...) means the free abelian group generated by the elements in the angle brackets. Now it is easy
to compute the homology group directly, using definition (2.1) of the of differentials. The that the planar
digraph of Fig. 1 is the suspension SC over the following digraph C:

4 +— 3
) T
1 — 2

and, hence, its regular homology groups are the following (see [8, Theorem 4.13])

Z, forn=0,2

0, for others cases.

H}*(G,2) = H;(SC,Z) = {

For ¢ > 3, we have

Q/9G,2), for i = 0,1
(G, q) = { (el {i.d, k} = en, 1 <m <7),  fori=2 (5.7)
0, for ¢ > 3.

We note the groups Q5,°(QG, 2) and Q5°(QG, q) differs only by one generator ezqg. We have
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Oesqe = €46 — €36 + €34 = (5.8)
= Ole125 — €145 + €235 + €345 — €126 + €146 — €236]-

Comparing (5.15) and (5.7) we see that the images of

9: 0Y(G,q) = %Y (G, q) (5.9)

reg

are the same for ¢ = 2 and for ¢ > 3. Hence H; (G, ¢) = 0 for ¢ > 3. Now we check directly (or using Euler
characteristic of chain complex), that the differential in (5.9) is a monomorphism. Hence H3“(G,q) = 0
for ¢ > 3.

i) Let G; = (V, E) be directed connected hypergraph with the same set of vertices as G in the previous
example and the set of edges

€y = {1a4a 5}7 €3 = {2a3,5}7 €4 = {3a475}a

1
€5 = {17276}7 €6 = {17476}7 €7 = {27376} (5 O>

that obtained from the set of edges G by deleting the edge e;.
Using the same line of arguments as in the previous example we obtain that

H}9(Gq,q) = H¥(G,q) for ¢=0,1,2
and, for any ¢ > 3,

Z, forn=20
H}(G1,q) =1 Z, forn=1

0, for others cases.

Now we discuss the application of homotopy theory to the categories Ht and H of hypergraphs.

Let I = (V;,Er) be the hypergraph with two vertices V' = {0,1} and the set of edges F; = {fy =
{0}, f1 = {1}, fo = {0,1}}. For any hypergraph G = (V, E) with the set of edges E = {e1,...,ex}, let
H = G x I be the product of hypergraphs as in Definition 5.4. The hypergraph H has, in particular, the
edges

(As, s, fo) with p1(As) = dales), p2(As) = fo

and

(A5a657f1> with pl(As) = ¢G(es)7 p2(As) = fl'

It is clear that pq

A, is the bijection in both cases.
Consider two natural inclusions of the hypergraphs i = (iy,ig): G — G x I where

tv(v) = (v,0) and ig(es) = (As, es, fo),v € V,es € E
and j = (jv,Jjr): G — G x I where
Jv(v) = (v,1) and jr(es) = (As, €5, f1),v € V,es € E.

Thus by means i we shall identify G with the sub-hypergraph of G x I that we shall call the bottom
boundary of G x I and by means j we shall identify G with the sub-hypergraph of G x I that we shall call
the top boundary of G x I.
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Definition 5.20. (i) We call two morphisms f,g: G — H of hypergraphs one-step homotopic and write
f ~1 g if there exists a morphism F: G x I — H of hypergraphs such that the restriction of F' to the
bottom boundary is f and the restriction of F' to the top boundary is g.

ii) We call two morphisms f,g: G — H of hypergraphs homotopic and write f ~ g if there exists a
sequence of morphisms of hypergraphs f;: G — H such that f = fo ~1 fi>~ - >~ fn=9.

iii) Two hypergraphs G and H are homotopy equivalent if there exist morphisms

f:G—H, g: H— G suchthat fg~Idy, g¢gf>~Idg

where Idg: G — G and Idy: H — H are the identity morphisms. In this case, we write G ~ H and call
the morphisms f, g homotopy inverses to each other.

Theorem 5.21. i) Let
f~g: Gy = Gy

be homotopic morphisms of hypergraphs. Then for any q > 1, these morphisms induce chain homotopic
morphisms f. ~ g. of chain complexes

2.(G1,9) = (G2, q) and Q7(Gr1,q) = Q7 (Ga,q)
and, hence, the same homomorphism f, = g,
H(G1,q) = Hi(G2,q) and H[*(G1,q) = H[¥(G2,q)

of homology groups.
ii) If the hypergraphs G and Go are homotopy equivalent, then for q¢ > 1, then theirs homology and
regular homology groups are isomorphic:

H.(Gr,q) = Hi(G2,q) and H(G1,q) = H(Ga,q).

Furthermore, if the homotopy equivalence is provided by the homotopy inverse morphisms f and g then
theirs induced maps f. and g, provide mutually inverse isomorphisms of homology groups.

Proof. It is sufficiently to consider the case of one-step homotopy. For ¢ > 1, the morphisms i, j, f, g, and
F induce morphisms of path complexes

fo: 961 PU(G1) = PYG),
i.,j.l Pq<G1) — Pq(Gl X I)

and
F,: P1(Gy x I) = PI(G>)
such that
Feoie=fo and Fe 0 jo = ge-

Consider the path complex P?(G;) x I as in (3.1) of Section 3. Any path of density ¢ from P?(G;) x I that
isin P or in P’ (as in (3.1) has the form
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w=vy...vx and W =vy... v},
respectively. These paths define evidently the unique paths

T(w) = ie(w) = (v9,0) ... (vk,0), 7T(w") =je(w') = (vo,1)...(vk,1) (5.11)

in P%(Gy x I). Consider the path @ =vg...v40}, ... v, € P! x I where0 <k <nand w=1vg...0...0, €
P%(Gy) (similarly to (3.1)).
We state that the path

T(W) = (v0,0) ... (g, 0)(vk, 1) ... (Vn, 1) (5.12)

lies in P9(Gy x I). Consider ¢ or less consequent elements of the path 7(w). If the set of these elements is the
subset of (vg,0)... (vg,0) or the set (vg, 1) ... (vy, 1) the statement directly follows from the hypothesis that
w € P9(G1). If these consequent elements have the form (vy,,0) ... (vg, 0)(vg, 1) ... (v, 1) with0 <k <[ <n
the statement also trivial, since the elements vy, ... v ... v; lies in some edge e; of G and hence the elements
(Um,0) ... (vg,0)(vg, 1) ... (v, 1) lies in the edge (A, e;, f2) of G1 x I. Hence (5.11) and (5.12) define natural
inclusion

7: PI(G1) x I = PGy x I).
Hence the composition

Fyor: PI(Gy) x I — P1(G>)
gives one-step homotopy fe ~1 ge. Now the result follows from Theorem 3.4. 0O
Remark 5.22. For directed hypergraphs Theorem 5.21 remains valid.

Now we present several results about homology groups of hypergraphs.
Define a hypergraph path I = (V, E) of density ¢ > 1 and of length n > 0 as follows

vV ={0,1,...,n}, E={ei,ea,...,exlk=n—q+2}
where e; = {0,1,...,¢—1},ea ={1,2,...,q},...,ex ={n—qg+1,n—qg+2,...,n}.

Proposition 5.23. For any simplicial hypergraph G = (V,E) we have an one-to-one correspondence
PY(G) +— Hom(I4,G) between the paths of length n > 0 from P1(G) and the set of hypergraph mor-
phisms Hom(I?, G).

Proof. Let p = igt1...1, € PY(G). We define the morphism (fy, fg): IZ — G putting fy(j) = ¢; for
0<j<mnandforl<j<n-—gq+2 we define fg(e;) as the unique minimal edge in G that consists
of the vertices {fv(j — 1),..., fr(¢+ 7 — 2)}. Such edge exists as follows from definition p and since G is
a simplicial hypergraph. It follows from Definition 5.3 of hypergraph morphism that any f € Hom(I¢, Q)
defines a path p € P4(G) by the rule p = fy(0)... fy(n). O

Now we describe one more relation of our construction to the simplicial theory. For a simple hypergraph
H = (V,E), let H: = (V,FE) denote the simplicial hypergraph constructed in the following way. We put

V =V and we add a minimal number of edges to F to obtain E of the simplicial hypergraph H. We shall
say that the simplicial hypergraph H is associated with the hypergraph H.
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Lemma 5.24. Any morphism f: G — H of simple hypergraphs induces a morphism f: G- H of associated
simplicial hypergraphs in such a way that fy = fy.

Proof. Any morphism f of simple hypergraphs is defined by the restriction fy : Vo — Vg and, hence, by the
restriction fi to the maximal edges of G. Consider the restriction of fi/|. on a maximal edge e = {ig, ..., %n}-
By Definition 5.3, we have fr(e) = ¢’ € Ey where

e ={jo,.-,Jx}tand fv ({io,---sin}) = {Jo,- - Jr}-

The map fy|. gives a unique map of all subsets of the set {io, ..., %, } to the all subsets of the set {jo, ..., jk}
which automatically provide the well defined map fr on any edge e; C e since f is the hypergraph map by
assumption. Now the result follows. O

Proposition 5.25. Let H be a simple hypergraph and H be an associated simplicial hypergraph. Then the
identity map on the set of vertices V' for any ¢ > 1 gives the inclusion s: H — H of hypergraphs that
induces identity map of path complezes

sy PY(H) = PI(H),
in particular, for any ¢ > 1 and n > 0 we have
Pi(H) = Pi(H).
Moreover, any morphism f: G — H induces a morphism f: Pq(@) — Pq(ﬁ) such that the diagram
Pi(H) - Pi(H)

LF L (5.13)
PiG) = PUG)

is commutative.

Proof. The first statement is trivial, since the collection of maximal edges of H and H is the same. The
second statement follows from Lemma 5.24. O

Lemma 5.26. Let G1 = (V1, E1), Go = (Va, E3) be two simplicial hypergraphs. Then the product G1 x Go is
also a sitmplicial hypergraph.

Proof. Tt is enough to prove that for any two edges e; € Gy, ea € Gy with e; = {ig,...,in}, €2 = {Jo,-.-,Jk}
any subset A of the direct product

{7;07"'7i7I} X {j07"'7jk}

of the sets defines an edge in the hypergraph G; x Ga. Let p;(4) = a; C e; C V;(i = 1,2) where p; are
natural projections. Then a; is an edge of G;, since G; is simplicial. Hence the triple (A, a1, as) is an edge
in G7 X G2 by Definition 5.4 and the result follows. O

Proposition 5.27. Let G1,Go be two simplicial hypergraphs. Then for any q > 1 we have an one-to-one
correspondence

PY(Gy x Go) +—s PUG,) x P1(Gy) (5.14)
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between the path complexes which induces for n > 0 an isomorphism of modules
Q* (Gl X G27 Q) = Qn(Gla Q) 02y Qn(GQa Q) (515)
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