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Introduction

It is the purpose of this paper to introduce and study a nonlinear elliptic system of
equations imposed on a map from a Hermitian into a Riemannian manifold which seems
to be more appropriate to Hermitian geometry than the harmonic map system. Thus,
let X be a complex manifold with Hermitian metric (,3) in local coordinates, N a
Riemannian manifold with metric (¢;;) and Christoffel symbols I‘j- x- A harmonic map
f: X — N then has to satisfy

19 50\ 1 8 5Of° _ afi afk . .
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2028 (’)’ Oz ) + 2 §z¢ (7 azﬁ) +v FJk(f(z))aza 3—25 0, i=1,..,dimN
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in local coordinates. A disadvantage of this system is that, unless X is Kahler, a holo-
morphic map need not be harmonic. We therefore replace (H1) by
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af vy i ZJ 2
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) =0, i=1,..,dimN. (H2)

We point out that (H1) and (H2) are equivalent if X is Kéhlerian. In general, (H2) is
analytically more difficult than (H1) because it neither has a divergence nor a variational
structure.

A vague analogue of the difference between (H1) and (H2) is given by the two dif-
ferent possibilities of defining geodesics on a manifold when the connection is not the
Levi-Civita connection, i.e., not compatible with the metric. One can define geodesics
metrically, namely as critical points for a length or energy integral, or via the connection,
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namely as being autoparallel. As on a Hermitian non-Kéahlerian manifold, the canonical
complex connection is not compatible with the metric, (H1) is analogous to the first
possibility of defining geodesics, and (H2) to the second. We call a solution of (H2)
Hermitian harmonic. From the preceding discussion, it is clear that a Hermitian har-
monic map need not be harmonic in the ordinary sense, unless X is Kahlerian.

We study the existence problem for (H2) by looking at the associated parabolic
system, i.e., we take f(z,t): X x [0,00)— N and put 8f%/8t instead of 0 on the right hand
side of (H2), with given (continuous) initial values f(z,0)=g(z). In order to show that
a solution of this system exists for all >0 and converges to a solution of (H2) as t—o0
we need to impose a negativity condition on the curvature of V. In §2, we present an
example that shows that the negativity requirement on the image curvature is necessary.
Namely, we observe that there is no nontrivial Hermitian harmonic map from a Hopf
surface into the unit circle.

In §3, we study the Dirichlet problem associated with (H2), X now being a compact
Hermitian manifold with smooth boundary. We solve the Dirichlet problem for given con-
tinuous boundary values, if N is complete and has nonpositive sectional curvature. This
may be useful for obtaining existence results for noncompact domains via an exhaustion
procedure.

A study of parabolic and elliptic systems with a nonlinearity as in the harmonic
map problem and without variational or divergence structure has been undertaken by
von Wahl [vW]. Apart from the fact that both his and our paper use stability results in
a crucial manner, our arguments are rather different from his. Also, his main interest is
not in the context of Riemannian manifolds, and in the harmonic map situation, he does
not provide conditions that guarantee that as t— o0 a solution of the parabolic problem
converges to a solution of the elliptic one. Some of our estimates are reminiscent of the
ones of Al’ber [All, 2], Eells-Sampson [ES] and Hartman {Ht] for harmonic maps, but in
other places we shall need more refined techniques.

In §4, we study applications of our existence result to complex geometry, We extend
Siu’s rigidity theorems [S1] to the case where the manifold M compared with the model
space is only astheno-Kahlerian, meaning that it carries a (1,1) form w with 89w™2=0
(m=dim¢ M) for which w™ is a positive multiple of the volume form.

If m=2, the condition 89w™ 2=0 is automatically satisfied. We can hence show,
without using Kodaira's classification of compact complex surfaces, that a compact
complex surface homotopy equivalent to a quotient of the unit ball in C? is already
+ biholomorphically equivalent to this quotient. Also, without either using Kodaira’s re-
sults or Donaldson’s theory of differentiable structures on 4-manifolds, we show that if N
is a compact quotient of the unit ball in C? (without singularities), and M is a 4-manifold
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with nontrivial fundamental group, then the connected sum of N and M cannot be ho-
motopy equivalent to a complex surface. In any case, when compared with the theory
initiated by Donaldson, we only have to make assumptions on the topological, but not
on the differentiable structure here. We obtain a partial extension to higher dimensions,
namely for complex manifolds M of algebraic dimension at least dimc M —2. In complex
dimension 3, the result says that if the connected sum of a nonsingular compact quotient
of the unit ball in C3? and a compact manifold with nontrivial fundamental group can
carry a complex structure at all, it certainly cannot admit any nonconstant meromorphic
functions.

We plan to treat further applications in a future paper.

Background material about the analytic aspects can be found in [J1], and the geo-
metric context is described in [J2].

Several extensions of our results are possible. For example, one can consider cases
where domain and target are not compact but only complete and of finite volume, or
where they may have certain singularities. The techniques necessary for such extensions
are developed in our papers [JY1], [JY2], [JY3], and here we simply refer to them instead
of elaborating these points any further.

The first author acknowledges the hospitality of the Institute of Advanced Study
and financial support from Stiftung Volkswagenwerk and the DFG. The second author
was partially supported by an NSF grant.

We are grateful to Paul Gauduchon for discussions and comments leading to the
remark at the end of §1.

1. Hermitian harmonic maps between closed manifolds

We let X be a compact complex manifold with a Hermitian metric (v,3), @, =1, ...,m:=
dim¢ X, in local coordinates z=(z!, ..., 2™), and N a compact Riemannian manifold with
metric (gi;), 4,j=1,...,n:=dimgr N in local coordinates (f2, ..., f*).
We let g: X — N be a continuous map and look at the parabolic system
[: X x[0,0) > N
f(z,0)=g(z)

,Yaﬁ 62]“'(2,?) +sz%a_flf _ afi(za t) —

022028 77 0z% 928 ot

(P)

0, z=1,..,n

with (729)=(v,5)7%, L =59 (git e+ k15— 9ik,1)-
We put for abbreviation for f: X - N
o S
022928

of’ af*

a'(f)i:='7 a?a—zﬁ, i=1,...

+7°PTii(f)
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The equation in (P) then takes the form

({2 )~ 551 1) =0.

By linearizing and using results about linear parabolic systems and the implicit
function theorem, it follows in a standard manner that (P) has a solution for small ¢ and
that the integral of existence in [0, 00) is open.

In order to show closedness and hence existence for all ¢, we assume that N has
nonpositive sectional curvature.

We put ‘ '
aft of’

82 8P

(7&7 az?;zﬁ - %)e(f )

We may assume that at the point under consideration

e(f) =7"Pgi;(f(2,1))

We want to compute

Yo =~ %ap (1)

9ij =6ij, gijk=0, for all indices, (2)

by choosing appropriate local coordinates. Then denoting partial derivatives by sub-
scripts

2

(5252 ) o) = Fis et i
+7° 6(fra s fip+ Fiafrn8)
+7°P 5(flays flat fiafis,e)
+7°8 g5 fiafis
+9ij k1 fia flafhs frg
+f:azﬁz§f:& + fia ziazszé
~ fiarfia—fiafras:

Differentiating the equation (P) for f(z,t), we obtain

(3)

Flas s = Fias = (gij et +Gik,t—Gikit) fs f 5 fla-
Changing indices to combine the terms with second derivatives of g;; into a curvature
term and using the Schwarz inequality to get rid of the terms with first derivatives of
’y"‘E, we obtain

0 9 1112 £12 i pi gk gl
= |e(f) = 31D fI* = Rijui fra fls f7a f 5 —ce( ) (4)
Jt

082%02%
Here, (Rijii) is the curvature tensor of N, and D?f is the matrix of second derivatives
of f in our local coordinates, and ¢>0 is a constant.
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Remark. The Bochner type inequality (4) and its derivation are the same as for
ordinary harmonic maps (cf. [ES]) except that now an additional term containing first
derivatives of the domain metric has to be handled by the Schwarz inequality. This
accounts for the factor § in (4). The curvature term remains the same.

Since the curvature of NV is nonpositive, consequently

(7" 03— 31 ) L) ~e<(1) Q

We now consider families f(z,¢, s) of solutions of (P), with initial values f(z,0,s)=
g(z, 8), for 0<8< sp. As before, we compute (assuming again (2))

o7_0" _ﬁ) _Of* of7
T 928621 0t )\9 Bs Bs

6
Caperfy, BF P 1, oroportery
77 94 02585 02105 2 1* 8 828 Bs 027
by our curvature assumption.
Applying this with
f(z,t,8):=f(z,t+s) at s=0,
we obtain with of 6f
i g fi
k(z’t) gl] as as
50 o 9 6%, £i g 67 ipi gk opl
Y 925027 ot k=2y Giifroefn— Rijklftfzﬁft fan 7

= 2|Vftlz—'76ﬁ(R(ftv fz")fta fzﬁ>

in invariant notation; here, (-, -} is the scalar product in TN, and V is the covariant
derivative in f"1TN, and the norm comes from the metric in f !TNQT*X.
A consequence of (7} is

LEMMA 1. Suppose that N has nonpositive sectional curvature. Then

aft Bf

sup 9i(f(z, t)) v

where f is a solution of (P), is nonincreasing in t.
Proof. We put f(z,t,s)=f(z,t+s). Then

afi afi

k(z,t) =95 B
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Since by (7)

- 0° 0
A — — |k >0, 8
(7 825027 6t> ®
the claim follows from the maximum principle for parabolic equations. O

We let fO: X — N be any map with bounded C%-norm in the homotopy class of
f(+,0), eg., f(-,0) itself or a harmonic map homotopic to it.

Furthermore, for two homotopic maps g, g2: X — NN, we define the homotopy dis-
tance

d(g1,92)(2)

by choosing a homotopy

G: X x[0,1] - N,
G(z,0)=g1(2), G(2,1)=92(2)

and defining d(g1, g2)(2) as the length of the unique shortest geodesic arc from g,(z) to
g2(z) homotopic to G(z,s), 0<s<1.
We now want to compute
ap_ 0%
082202

We have to establish some notation first. In order not to deviate from our previous

gl P(f(-,1), f°).

conventions we continue to use a complex notation although we are going to embark
upon a purely real argument.
We put, for a=1,...,m, and similarly for 3=1, ..., m,
=@ = O -2 19 € Ty(. yNOToN
v i=vy] Oy .—~5Z-‘;f(', )@5;;]‘ Edy. ) foiv.
We furthermore let
c=c.:[0,d(f(-,t), f°)(2)] = N
be the geodesic arc from f(z,t) to f%(z) with |¢'|=1, defined as before through the
homotopy between f(-,t) and f°,
e1(2) = ~c;(0)
ez(2) =, (d(f(-, ), £°)(2)),
q,ta.n . a,nor . a q,tan ’t= 1, 2

v; = (v, e)ei, =vf—v]",

We also note the chain rule for

¢:X—N, {v2N-R
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50 dg(z) 99(2)

afl aﬂ 2 [}

18 sy @) =10 S, 2D (ad w)oa(a), o). (O)
We then have, based on Jacobi field estimates of Karcher [Kr] and Jager-Kaul [JaK], cf.
[J1], Sections 2.2 and 2.5 and in particular (2.5.6),

2

0z

af 2(f( t) fO) >,),aﬂ(( o tan o2 tan’ f,tan_‘_vg‘tan)

! (10)

(U =g o)) — ey d(£( -, 1), £°),

noting that |o(f(-,t))|=K8f/0t)(-,t)| is bounded by Lemma 1 and that |o(f%) is
bounded by assumption. We also have, if the curvature of N is bounded from above
by —,U<0,

3 62 T h J 0 3 o,nor nor a,nor nor
v e d2<f(»t>’f°>>u§%:—%wﬂ(<vl’ ) 1, 0 ))
smh(“ 1(£, PP (o, o) — s, (11)

cf. [J1}, formula before (2.5.6), again using that |o(f(-,t))| and |o(f°)| are bounded;
these bounds of course determine the values of the constants ¢; and cs.
We integrate (10) and then integrate the left hand by parts twice and obtain

[ etrtse [ @G0, (12)
X X
where the constants depend on c;, |f°|c2, and the bounds for the second derivatives of
yeh.

We also recall (4):

~ 2
<7aﬁé‘zga? gt) e(f(-,1) 2 —ce(f(-,0)+3ID*F (-, )% (13)

Since
z 02 10 3 O
af _ = af_~ ) _
('y 822928 2 0z2¢ (7 Bzﬂ)

with ¢5 depending on first derivatives of 'y"‘ﬁ , we also have

18 ;3 0 19 5 0 7]
aff iy IV 7- S B L)) = - - 1)), 15
<2 8za (Py 3zﬁ) +2 8Zﬁ <7 aza) a!)e(f( ? )) cse(f( ¥ )) ( )
From (15), one obtains the pointwise bound (cf. [ES] or [J1], 3.3)

%%('f’t pyes ))e(f( ))‘<c5|D2f|.e(f)1/2’
(14)

e(f(z 1) <cr sup / e(F(, 1)), (26)

toTStI X
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for some constant depending also on (t—tp)~! and t;', with ¢,>0.
Noting that

ci2(f(-,T),f0)<2J2(f(-,t),f(-,T))+2d2(f(-,t),f0)

and
Jz(f( ’ vt)a f( 'aT)) < |t—T| sup

TRS%

by Lemma 1, we obtain from (12) and (16), with |df(z,t)|:=e(f(z,t))'/?,

<eglt—T|

of
5?('75)

ldf (2, 1) < co (/X Jz(f(-,t),f"))l/2+66 (17)

and then also
df (z, )] < e10 sup d(f(-,), fO)(w)+ci (18)

LEMMA 2. Suppose again that N has nonpositive sectional curvature. Then a solu-
tion of (P) exists for all t>0.

Proof. We already observed that the set of those ¢ up to which a solution exists is
open and nonempty.

Furthermore, (18) implies in conjunction with Lemma 1
ldf (z, ) < c(1+¢)

for some constant c.
Since we also have a bound on |(8f/8t)(z,t)| by Lemma 1, linear parabolic regularity
yields C%*-estimates for a solution of (P).

This implies closedness and hence global existence. O

We now want to study the question whether f(-,t,) converges smoothly to some
map in the same homotopy class, at least for some sequence t,, —oc.
We let 20€ X be a point where

Jz(f('7t)’f0)

attains its minimum.
From (10), we have

ap_ 0%
02902P

Y Jz(f("t)afo)>_Cld~(f('at),f0)7 (19)
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and applying the maximum principle on X\ B(zp, R) and on B(zp, R), for R>0, we
obtain

sup 6P(f( : ’t), fo)(z) < sup &z(f( ‘s t)’ f0)+C(R) sup d~(f( : 7t)a fo)’ (20)
z€X a zeX

zo,R

for some constant depending on R and the geometry of X. Now

sup Jz(f(-,t),fo)ng(f(-,t),fo)(zo)
8B(zo,R) i (21)
+2R sup  d(f(-,), FO)(2)(1df (2, 1) +|df* (=)D

z€B(z0,R)

Using (20), (21), (18), we obtain for an appropriate choice of R>0,
sup d°(f(-,t), f°)(2) < inf d*(f(-,8), fO) =) +eu supd(f(-,0), fO)(=)  (22)
2€X z€X z€X

where c;; depends on | f°|¢z, a bound for |8f/8t|, and the geometry of X (through c(R)).

Before we study the general existence problem, we treat two—not mutually
exclusive—cases, which are easier to handle:

Case 1. N has negative curvature.

Let —u<0 be an upper curvature bound.

We want to estimate d(f(z,t), f(y,t)) for z,y€X. From (22), we see that for lifts
to universal covers, f, fo and any z€ a fundamental domain of X, f (z,t) is contained
in B(f°(z), R2)\B(f°(2), R1), where the ratio Ry/R; of the radii is uniformly bounded.
We define v{"" (2), vf’"or(z), a=1,...,m, B=1,...,m, as above as that component of the
resp. derivative of f(z,t) that is normal to the geodesic from f(z,t) to f°(z) defined by
the homotopy between f(-,t) and f°. We then have

Yy =
T

47,0, Fw0) < [ 0B, B @) dotens,

where z runs on the shortest geodesic from z and y and c;2 depends on the above ratio
R3/R1 and on d(f°(z), f°(v)); actually c;3=2Ry/R;+d{(f°(z), f°(y)) will do.
Hélder’s inequality yields

- - v _
& (f(z,t), f(y, 1)) <2d(z,y) / Y8 (U7, 0] ") (2) de 26, (24)
Then, identifying X with a fundamental domain,

/ &(f(z,1), f(y,1)) dy < 1 / d(z,y)? 2" (P 0" PPN () dy+es (25)
X X
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by introducing polar coordinates centered at z (2m=dimg X); c¢;3 and c14 depend on
the geometry of X.
From (25)

/ / E(f(z,1), f(y,1)) dydz < 1 / 7B " o)) (y) dy+ers.  (26)
xJx X
We now return to {11). On the left hand side, we may write

By (22), this quantity is bounded by a lower order term.
We then integrate (11) over X and integrate the left hand by parts twice. We obtain

/X‘f“‘?< 2R WP (y) dy < ear, (27)

with ¢17 depending on the energy of f° and p, and also on the constant ¢;; of (22) and
on bounds for the second derivatives of y2~.
Combining (26) and (27),

/ [ (7,0, fu, ) dyds < s
XJX

In particular, there exists some zg€ X with putting

p:= f(-’[o, t)a

[ Geonasan (o) (29)

Returning to (12), we conclude

/ e(f(z,t)) dz < c20,
X

and finally from (16)
e(f(zr t)) < ca,

for all ze X, t>t,>0. Having fixed t;,>0 sufficiently small, the constant c,; is indepen-
dent of t>1,.

Since by Lemma 1, also |3f/dt| is bounded independently of ¢, standard results
about linear parabolic equations imply C?® bounds for a solution of (P), again indepen-
dent of ¢, and hence global existence.



A NONLINEAR ELLIPTIC SYSTEM AND RIGIDITY THEOREMS 231

Moreover, there exists a sequence t,, — o0, for which f(-,t,) converges to a smooth
map fo in the same homotopy class.
Case 2. This case is the following:

N, as always, has nonpositive sectional curvature, our initial map ¢ is smooth, and
we have

e(g*TN)#0,

where e denotes the Euler class.
We have the following simple topological result.

LEMMA 3. Let M, N be compact differentiable manifolds, g: M — N smooth, and
e(g*TN)#0.
Then for any continuous h: M — N, homotopic to g, there exists some zo€ M with

9(@o) = h(zo)-

Proof. Let H: M x[0,1]—N be a smooth homotopy with H(z,0)=g(z), H(z,1)=
h(z) for all ze M.

We now suppose g(z)#h(z) for all z€ M. We may then parametrize the homotopy
H in such a way that (0H/0t)(z,t)|t=0#0 for all z. Then (0H/0t)(x,t)|:=0#0 is a
nowhere vanishing cross section of g*TN. Consequently

e(¢*TN) =0,
where e denotes the Euler class, cf. [St].

This contradiction proves the claim. 0

We apply Lemma 3 to f(-,t) and f°. Then
inf &(£(-,1), f)(2) =0,
and from (22)
sup d(f(-,t), fO)(z) < enr.

(18) then yields a bound for e(f(z,t)), independent of t, and since |(8f/0t)(z,t)| is also
bounded by Lemma 1, we get global existence and convergence of f(-,¢,) to a smooth
map in the same homotopy class for some sequence t, —0oc as before in Case 1.

We can now address the existence question.

16935202 Acta Mathematica 170. Imprimé le 30 juin 1993
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Definition. We call a solution f: X — N, X Hermitian, N Riemannian, of
_ 92fi - 9fi OfF
,yaﬁ f 4 aﬂr\z f f _

_ 90T g i=1,..m, E
822828 T ik e 828 ’ " (E)

Hermitian harmonic.

THEOREM 1. Let X be a compact Hermitian manifold. Let N be a compact Rie-
mannian manifold of negative sectional curvature. Let g: X — N be continuous, and sup-
pose that g is not homotopic to a map onto a closed geodesic of N. Then there erists a
map

f:X—>N
homotopic to g and satisfying

= 62fi . afj afk .
af z — ] = = . .
K (020825 +Lk 0z 62'6) 0 t=hoom

Proof. The assumptions mean that we are in the situation of Case 1. As noted
there, for some sequence k, —o0, f(z,t,) converges to a smooth map f(z) in the same
homotopy class. We have to show that f is Hermitian harmonic. Putting s=¢ in (7), we

obtain
;3 02 0 afiofi 3
ef__ -~ _ 2 LY T Y — 2_.aB N o).
(7 022028 &)(g”at 6t) 2AV£il* =77 (R(f1s fz=) i, fo8)
Since o7 o5
5% g5 >0

the maximum principle implies that both terms on the right hand side converge to zero
as t—00. Therefore,

. Of
v(z):= t}lg;loo E(m, tn)
is a parallel section of TN along f(X). The assumptions that N has negative curvature
and that f cannot map M onto a closed geodesic then imply v=0. Hence

: . Of
a(f(x)) - t}lPOO G'(f(.’l,‘, tn)) —t,}ljl}oo E(za tn) - 0’
and f is Hermitian harmonic. u
Remark. In the case where g is homotopic to a constant map, of course g is homo-

topic to a Hermitian harmonic map, namely a constant one. In this case also the global
existence and convergence become easy, since in this case

&*(f(z,1),p),
for any pe N, is a globally defined smooth subsolution of

(st 5%)
A e — ]
0290z° Ot
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THEOREM 2. Let X be a compact Hermitian manifold. Let N be a compact Rie-
mannian manifold of nonpositive sectional curvature. Let g: XN be smooth and
e(g*TN)#0, where e is the Euler class.

Then there again exists a Hermitian harmonic map f homotopic to g.

Proof. Using the analysis of Case 2, the proof is similar to the one of Theorem 1.
From the proof of Lemma 3, we see that f*T N cannot have a nonzero cross-section, in
particular no nontrivial parallel section. This finishes the proof. 0

Remark. Similarly, we can show existence if x(N)#0, and g: X — N is continuous
with g*: H*(N,Z)— H™(X, Z) injective (n=dim N).

Namely, we may assume that g is smooth, and since e(T'N)=x(N)wn, where wy is
a generator of H™(N,Z), we then have by functoriality

e(¢"TN)=g"(e(TN))=x(N)g"(wn) #0

by our assumptions, and Theorem 2 applies.

We now return to the general case of a nonpositively curved target N.
In (10), we replace d*(f(-,t), f°) on the left hand side by

P10, 1) - inf B, 1)(2).

(22) implies that this quantity is bounded by ¢;; supy d(f(-,t), f°). We then integrate
the left hand side by parts twice and obtain

/X e (201)) d < exa sup d(f(-, 1), °)(2) s (29)
and using (16) as above then
42, )] < eaa ( sup (S, ), 1) (w)) ez (30)
Consequently, for any z;,2:€ X,
A(f (a1, 1), (22, 1) < cas( sup d(F(-1), £) () +eas. (31)
Now suppose that for some sequence ¢, — 00,

J(f('atn)» fo)(w)—'oo (32)

for some w and hence by (22) for all weX.
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For any two z;,22€ X, we look at the geodesics 4, 73 from f°(z;) resp. fO(z2) to
f(z1,tn) resp. f(2s,t,), as always in the homotopy class determined by the homotopy
between f® and f(-,t). We parametrize each of these geodesics by arclength on some
interval [0, T}, with 47(0)=£°(2:), and Y*(T)=f(2i,ts) (1=1,2). Actually, T;, should
also carry an index ¢=1,2, but on account of (22), this will be inessential for the sequel.
By (32), T,,—o0. After selection of a subsequence, 47 and <7 converge to geodesic rays
71 and 7, resp.

Since N has nonpositive sectional curvature,

d(77'(7), 72 (1)),

where the distance is always measured in some fixed homotopy class of arcs connecting
77 (7) and v3(7) (alternatively, we lift things to universal covers), is a convex function
of 7. Since by (30), d(V}(Tn), ¥3(Ty)) < c28(Tn)Y/?, for large Ty, this convexity implies
that for any fixed 720

) n . T T
lim d(v7(r),28(r)) < Jlim {(1-2-)dr2(0), 75 (0)+ -z v/Tr }
n-—00 n-—00 T, Tn
=d(77(0),77(0)).
Therefore, the limiting rays +;, v satisfy
d(71(7),72(7)) < d(m(0),12(0)) for all 72>0. (33)
We let f° be a harmonic map homotopic to f(-,t), and put
f(z1):=m(r) forz1€X, 720.
Differentiating (33), we obtain
e(f7(2)) <e(f°(z)) forall z€ X. (34)
Since f° as a harmonic map is energy minimizing, we conclude
e(f7(2)) =e(f%(z)) forall z€ X.

In particular, each f7 is harmonic and, by the uniqueness theorem of Al’ber and Hartman
(the argument is given in Theorem 4 below), satisfies the same estimates on its C?%-norm
as fO.

The preceding construction implies that, if (32) holds, for each ¢, (after selection of
a subsequence), we can find a harmonic map f™ of the same energy as f° with

d.(f( : 9t'n)1 fn) < 029(J(f( : 7tﬂ)’ fO))1/2+030' (35)
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We can repeat the procedure with f™ in place of f°. After a finite number of iterations,
we either obtain for each n a harmonic map f" homotopic to f, satisfying the same
estimates as f°, and with

d(f(-1tn), F*) < const. (36)

independent of t,, or N is flat. Namely, in each iteration step, we generate at least one
more flat direction, cf. the argument of Theorem 4 below. Of course, if N is flat, we may
assume that N is a torus, by lifting to finite covers, and then we can also trivially find a
harmonic map f*, homotopic to f°, and satisfying (30).

We may apply the reasoning leading to (18) with the variable map f™ instead of the
fixed map f® and obtain

|df (2,tn)| < c10 sup d(£( -, tn), F*)(w)+c}o < const., (37)
weX

by (36).
Estimate (37), combined with the reasoning of the proof of Theorem 1, yields

THEOREM 3. Let X be a compact Hermitian manifold, N a compact Riemannian
manifold of nonpositive sectional curvature. Let g: X — N be continuous, and suppose g
s not homotopic to a map §: X >N for which there is a nontrivial parallel section of
§gHTN).

Then g is homotopic to a Hermitian harmonic map f: X —N.

We can also study the uniqueness question. We should remark that the statement
and proof of Theorem 4 below apply as well to harmonic as to Hermitian harmonic maps.

THEOREM 4. Suppose N has nonpositive sectional curvature. Let fo, fi be homo-
topic Hermitian harmonic maps. Then fo and fi can be joined by a parallel family f,,
0<s<1, of Hermitian harmonic maps, and

oft afi
g Sula)) e 2L

is independent of s.
Also, for any veT, X,

<R(df(u), g—i) f;{, df(v)> =0.

If N has negative sectional curvature, and if fo and f1 are not maps onto points or closed
geodesics, then fo=/f;.

Proof. We shall use a method of Al’'ber [All, 2] and Hartman [Ht].
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We let f,(z), 0<s<1, « fixed, be the geodesic from fo(z) to fi(z) in the homotopy
class determined by the homotopy between fo and fi. We let f(z,t,s) be a solution of
(P) with initial values f,(z), for each s, 0<s<1.

We recall (6), i.e.,

AV & afi
" 5eoa? %) \99 55 - >0,
(7 82288 at) (gzj s (.’L‘,t, 3) 95 (:c,t,s)) 0 (38)

We denote by d the distance function obtained by measuring the length of geodesic arcs
in the homotopy class determined by the homotopy between f; and fs.
Now

@(f(z,1,5), fo(@)) < sup gi(f(2,1, 0)) (JC L) 2L Ep (m t,0)

oK

<& (fs(2), fol))

by the maximum principle from (38).

Then (18) yields a bound for the spatial gradient of f(z,t,s) independent of ¢, and
we conclude that the solution to (P) with initial values fs(z) exists for all time and
converges to some map f(z,s) as t—oo. We choose zo€ X with

(39)

d(fo(zo), f1(20)) = sup d(fo(a), f1(=))-
By construction therefore

J(fo(zo), fs(-TO)) = :lel)g Ci(fO(‘T)’ .fs(w))

From (39)
d(fo(z,t,5), fo(zo)) = d(fs+(0), fo(0)) (40)
and similarly
J(f(.’l:o,t, 3)7 fl(mo))z‘i(fs(xO)’fl(xO)) (41)
(40), (41) and the choice of f,(z) imply f(zo,s)=f(zo,t,8)=Ffs(zo) for all s.
Recalling
f'
s

oft afI

%
sup 9i; (f(z,t, s))af sup g,](f,,(:z)) P for 0<s<1, 0<t< o0,

we note that for all ¢, the supremum is attained at z=xz, and is independent of t.
The strong maximum principle applied to (38) then shows that

s (o, 5) 2L 2L
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is independent of z and t.

Since s was the arc length parameter on the geodesic fs(xp),

aft of’
gij(f(wo,t,s))‘af—sa—i

and consequently

aft of’

9i;(f(z,1, ) aj; 6—];

is independent of s as well. Thus, for each z and ¢, f(z,t,-) is a curve of equal length
from fo(x) to fi(z). Since f(z,0,-) was a minimal geodesic, f(z,0,s)=f(=z,t,s) for all
z, t, s. In particular, f(z,t,s) is independent of ¢, i.e.,

f(m,t,s):f(m,s):fs(m)

then is Hermitian harmonic for each s.

The claims then are easy consequences of the fact that because

aft afI
gij(f(xvt, 3)) a]; %

is constant and because of the curvature assumption on N, both terms on the right hand

side of (6) have to vanish.

Remark. The Hermitian harmonic map equation differs from the standard one by
a linear first order term. Our method described in this paragraph works more generally
if we replace the second order elliptic operator in the harmonic map equation by one
which differs from it by such a linear first order term. Of course, one has to make sure
that such an operator is invariantly defined. For example, one may take a vector field V
on the domain X and add a term of the form (df, V'), the brackets denoting evaluation
of a vector field on a one-form. Actually, the difference between the Hermitian and the
standard harmonic map equation can be expressed in such a manner.

2. ‘A counterexample
We let H™ be the quotient of C™\ {0} by the action of
w— A(w) == dw
for some A>1.
For m=2, H? is a Hopf surface.
We put

1
ds?:= ;(dr2+r dw?),

where r:=|w|, and dw? in the standard metric on the unit sphere $?™~!. This defines a
Hermitian metric on C™\ {0} which passes to the quotient H™.
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THEOREM 5. For m>2, there is no nontrivial Hermitian harmonic
f:H™ > S,

where S is the unit circle (parametrized by [0,21)).

Proof. If there would exist such a map, then by the uniqueness result of Theorem 4,
it would have to be homotopically nontrivial and independent of the angle weSrm-1
depending only on the radius .

We consider the lift to universal covers, denoted by the same letter

f:c™\{0}-R.
The fact that f passes to quotients means that
FOw) = f(w)+2r

for all weC™\ {0}. Also, because of the uniqueness result of Theorem 4, we get for p>1

f(#w)=f(w)+27r%-

This is a functional equation for the logarithm, implying that

logw
log A’

f(w)=2r

We shall now show that for m>2, f(w)=2rlogw/log A does not satisfy the equation
for a Hermitian harmonic map. In order to derive the equation, we consider

92 fe ) (Qi Br)
Bwedwh’ ~ Ow> \ 8r uwh )’

since f depends only on r,

_&for or of &
T r2 Qwe dwh  Br AweduwP
& f w® wP 6f(6_a_g__w‘_’w”>

251'_2_—275;-‘-57‘— 2r 473

The equation for a Hermitian harmonic map then is

0o #f _rdf 2m-108f

"Sweows 402 4 or
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or equivalently

_&f  2m-10f
0=%z o

The logarithm, however, satisfies the equation

_ 8 18f
0=%2 7o

which is different from the previous one for m>2. This completes the proof. O

One can actually even show that for m=2, for any Hermitian metric on the Hopf
surface H=H?, not just for the above radially symmetric one, there is no nontrivial
Hermitian harmonic

f:H— S,

Namely, by Lemma 7 below, such a Hermitian harmonic map would be pluriharmonic,
hence harmonic w.r.t. any Hermitian metric (compatible with the complex structure),
thus in particular w.r.t. ds? as above. This, however, was just seen to be impossible.

3. The Dirichlet problem

We now let X be a compact complex manifold with a nonempty smooth boundary 6X.
Otherwise, the assumptions on X and N and the notation are as in §1, except that N
need only be complete, but not compact. For the moment, we assume that the map
g: X — N is of class C%2,

We look at the parabolic system

f: X x[0,00) =N
f(z,0)=g(z) forzeX
f(z,t)=g(2) for z€8X,0<t< 0 P

7aﬁ<?_2f_iﬁ,z?_’f)_pi Qf_"ﬂ)_af‘(z,t) o

azaazﬁ jkaza azﬁ at y 7'=1,...,n.

Again, it follows from the theory of linear parabolic systems that (P’) has a solution for
small ¢t and that the interval of existence is open. A detailed treatment of the relevant
construction can be found in [Hm)].

We now assume again that N has nonpositive sectional curvature. Since

%%:0 on X fort>0,

Lemma 1 pertains to the present situation.
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In order to obtain spatial estimates, we let f° be any map with bounded C2-norm
and f°|sx =glox, for example, g itself, or the harmonic extension of g|sx. Of course, f°
has to be homotopic to g.

(22) of §1 holds again, and the maximum principle this time implies

sup &*(f(-,t), f°)(z) <« ¢))
z€X
for some constant ¢, independent of ¢, since for wedX,

@(f(-,1), f)(w)=0.

This then can be used to obtain interior gradient bounds as in §1.
At the boundary, we need a more refined argument.

LEMMA 4. There exist 6o>0 and Ry>0 with the following property:

If f is a solution of (P) for 0<t<T and if for some to, 0<to<T, f(B(zo,R),t0)C
B(p,8), ro€X, B(zo,Ro)CX, 0<6<K8y, for some R, 0<KRL Ry, peN, (B(g,r):=
{¢':d(q,q')<r}, d being the distance function of the manifold containing q), then

| grad f(zo, o) < % (grad denotes the spatial gradient), (2)

where 6y, Ro and c depend on the geometry of X and N and on
df(z,t)

ot

L (B(zo,R))

Proof. We shall use ideas of E. Heinz [Hz] and of [JK]:
We put

= - o)l
Iz megl(ii(,R)(R d(z,20)) | grad f(z, to)]

There exists z; € B(zg, R) with

p=(R—d(z1,70)) | grad f(z1,%0)|

and

|gradf(z0,to)l< . (3)

= Ih S

We put
d:=R—d(z, zo).

We choose local coordinates near q= f(z;,p) with

9ii(9) =6ij, 9ijk(q)=0 for all 4,3, k. (4)
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In these coordinates,

5 O? ; 5ei Of1 0f%  Ofi(z,to)
aff _ gt to) = — aﬁrl‘ A N y O 1.
Y 8z°“3zﬁf (Ia 0) v ik 92% §.8 ot ’ R L
Thus, since the ]."j-k are obtained from the first derivatives of g;;,
_ 32 X
v*e 5 f'(2,to)| < 16| grad f(z, to)* +c2. ®)
822828

¢z of course depends on the L*°-norm of df/dt.

We now choose local coordinates at z; with
Yap(21) = bap- (6)

We also abbreviate
p(z):=f(z,t0) and ¢'(z):=p(z)—p(z1).
We choose a linear function { (linear w.r.t. the coordinates) with
li(@)| <lz—z1] and (gradi(z:),grad p(z1)) =|grad ¢(z1)|

and put, for p>0, p<d,
ao(z) :=1l(z)(je—2:| 72" —07%™)

(the absolute value again being taken w.r.t. the coordinates); we also let
Dyi={lo—=1| <o}

We compute, for 0<e<p, with y:=detvy,3

/ (a'yag & _ ' —p'y?P & _a)'ydz1 e d2™
D,\D. 022028 022028

o 5., 8
52—5(’7 Ay)e 572 (7)

I
Sp
<
o
|
®
e
o
R
)
2
@
N
@I
.G\
_..I..

+/ (agrad ¢’ —¢' grad a, d5).
(Do\Dx)

Now

ay

2

Jo

_ 2 aB(5219,29:8 V'
0 O e [ D000
D,

822928 lx—zq|2m1
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'l
1<
/D,, = Jp, lz—z1 ™

because of (6), the Lipschitz continuity of ~°P and the fact that

since l(z)< |z —241],
2

822928

o'r°? a

82
0822828

a=0, alap,=0,

Y 2m
/ ' grada, ) < 2= [ 141,

8D, sz oD,

Moreover,

e—0

lim ( / <agrad¢'—¢'grada,d&'>) — wam| grad p(z1)]-
8D,

We conclude

2m ~2B(82/82°82P )p(x
ssmlgado@) =20 [ o) -pleyi+ [ TOTOZTE )
4 |z—-z1|=e D, z 1 (8)
+Cll/ l‘p(z)_‘p(xl)l_*_cm/ Igrad‘p(m)l
2m Zm—1"
p, lz—=l D, lz—=1|
We put
o=df, 0<@<1.
Then, from (8), (5)
i ¢
= lgrde(@)|< gz [ lple)=pla)
z—z1|=
9)
| grad p(z)[? / | grad o(z)|
+c50 == 4cgdf+c =T
° le—x1|<db lx_zl|2m—1 ! je—z1]<d8 ,x_xIIZm—l
By definition of y and d, for £€ Dy
U
< L
consequently from (9)
u 2046 686/120 (7]
Pt 8t —_—
i< a Yan—gp TeBraigH
or, assuming 6< 3,
u< 2ﬁ§+¢99#2+0109R2+0119MR- (10)

6
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This holds for all § with 0<8<1.

If we choose & sufficiently small, we can find some A>0 with the property that

whenever 0<6<dg

2c
S Hears <)

Then either p<2\é, or there exists 0<% with

6=22
“
Using this 8 in (10), we get
12 € 2c10M6R* +c11 A6uR,
whence
p<cra(6+6Y%)R.

This and (3) would imply
| grad f(zo, to)| € c12(6+6%/2).

Since this then would have to hold for all §, 0<6< 8y (by just shrinking R accordingly),
we conclude that in the above alternative, the first case has to occur, i.e.,

1< 2)6.

In conjunction with (3), this implies (2). O
We can now prove a gradient bound at the boundary:

LEMMA 5. Let f be a solution of (P'), where N is simply connected and nonposi-
tively curved. Then for 2€8X, t21¢>0

| grad f(z,t)| < const. (grad denotes the spatial gradient),

where the constant depends on the geometry of X and N and the initial and boundary
values g, and on tp.

Proof. We shall use arguments from {[HKW] and [JK].
Lemma 4 gives interior gradient bounds, and it consequently suffices to show that if
d(zp, 0X)=R, we have

d(zrgoa')ngd(f(z’ t),f(zo,t))QCR (11)
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or equivalently, if d(21,20)=R, 21€8X, d(22,20)< R, 220€ X, we have

d(f(21,1), f(22,1)) <R, (12)

for some constant ¢ depending only on X, N, g.

We may assume that R is smaller than the injectivity radius of X. We can then lift
f(-,t)B(z0,R) to a map into the universal cover N of N. We denote the lifted map again
by f(z,1).

We may obviously assume

f(zht) #f(22,t)-

We fix some 7>0. Since N has nonpositive sectional curvature and is complete, any
two points in N can be joined by a unique geodesic arc. We continue the geodesic arc
from f(22,t) to f(z1,t) beyond f(z1,t) until we reach a distance 7 from f(z;,t). The
corresponding point is denoted by g=q(22). Because of the nonpositivity of the curvature
of N again, the squared distance function from q, d2(-,q) is (strictly) convex. From the
chain rule, as f satisfies (P')

(1 5255 ¢ ) (S 1) 20, (13)

There exists some fixed Ry >0, smaller than the injectivity radius of X, with the property
that for every 2, €0X,

X':=X'(z1):={z € X :dist(21, 2) < Ro}

is homeomorphic to a ball.

As before, we lift f|x+ to a map into N.

In order to have X’ smooth, we may round off the corners slightly, without changing
the notation.

We then solve the following linear parabolic problem:

h: X'x[0,00) =R

5 0° 7]
af _Yv —
(v 5055 57 ) Hz =0 ®)
h( : at)|¢9X’ =d2(f( ,t),Q)|8x' for t>0 (14)

h(z,0)=d?(f(z,0),q) for all z€ X".

Since f has C%“ boundary values on 8X'NdX, so does h.



A NONLINEAR ELLIPTIC SYSTEM AND RIGIDITY THEOREMS 245

The maximum principle implies

d*(f(z,t),q) <h(z,t) forallt>0, z€X. (15)

d(F(21,), (22,1 = d(F (22, ),9) ~d( (21, 1), ) by choice of g
< - (@(f (a2, 0, 0) - (1 21,0),0) (16)
< 5= (h(a2, )= h(z1,1)

by (14), (15), since z; €6X.

Thus, (12) is reduced to a boundary Lipschitz bound for the solution of the linear
problem (L). This in turn is known from the theory of linear parabolic equations, noting
that h has C*° boundary values on 8X'NdX. O

Since we have established time-independent gradient estimates, we obtain global
existence of a solution of (P’) as in §1, and likewise convergence to some smooth map f
with flax=glax, at least for some sequence f(-,t,), t, —o0.

THEOREM 6. Let X be a compact complex manifold with nonempty smooth boundary
0X and Hermitian metric (7,3)-

Let N be a complete Riemannian manifold of nonpositive sectional curvature. Let
g: X — N be continuous. Then there exists a unique Hermitian harmonic map f: X — N,
i.e., | satisfies
, of of*

= 62 .
afB 1 Al A
Y ( ‘f +FJk82a aZB

=0, i=1,...,dimN
8220z ) '
in local coordinates, with

flax =glax
and which is homotopic to g w.r.t. fized boundary values.
Proof. We first assume that g is of class C%“, and let f(z,t) be a solution of (P’).
As just observed, f(z,t) exists for all £>0, and a subsequence f(2,t,), t,— 00,

converges to a smooth map f, homotopic to g, and with flax=g|ax-
As in §1, proof of Theorem 1,

v(z):= tl_l_)rgo %ti(:z:, t)

is a parallel section of f~'T'N. Since v(z)=0 on 8X as we keep the boundary values fixed,
v(z) vanishes identically. This implies that f is Hermitian harmonic. Also flax =glax
by construction, and f is homotopic to g.
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In order to treat the case where g is only continuous, we choose a sequence g, of
C%* maps converging uniformly to g. For each g,, we get a corresponding solution
fn(z,t) of (P’) with Hermitian harmonic limit f,(z) by what we have already proved.
By a reasoning analogous to the proof of Theorem 4, for n,meN

sup d(fn(2,1), fm(2,1)) < sup d(fa(z,1), fm(z,1))

z€X,t20 (z,t)€(8X,[0,00))
or z€X,t=0

= sup d(gn(z), gm(z)).
z€X

Consequently, (f,(z,t)) forms a Cauchy sequence in the C°-topology and thus converges
to some limit f(z,t). Since the maps f.(z,t) satisfy uniform interior estimates, they also
solve our parabolic system, and the limit f(z) for t—o0 is the limit of f,(z) for n— o0
and is Hermitian harmonic, coincides with g on X and is homotopic to g.

Uniqueness follows from the proof of Theorem 4. a

4. Some rigidity theorems in Hermitian geometry
For our first applications, we formulate

Definition. Let X be an m-dimensional Hermitian manifold. X is called astheno-
Kahler(?) if it carries a (1,1) form w satisfying:
(i) 80w™2=0,

(ii) w™ is a positive multiple of the volume form.

We do not know the most general condition under which a compact Hermitian
manifold is astheno-Kéahler.
One necessary condition, however, is immediate:

LEMMA 6. Let X be a compact astheno-Kdhler manifold. Then every holomorphic
1-form on X is closed.

Proof. Let w satisfy the conditions of the definition. Let ¢ be a holomorphic 1-form,
i.e., p=0. Then

/(’9(p/\5<;‘7/\w"‘_2 =/<p/\¢/\65¢;.1’"‘2 since ¢ is holomorphic
=0 by (i),

and this implies 8p=0 by (ii).

(2) after the Greek word for “weak”
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LEMMA 7. Let N be a compact locally Hermitian symmetric space of noncompact
type, and assume that the universal cover of N does not have the upper half plane H as
a global factor. Let X be a compact astheno-Kdéhler manifold of dimension m.

Let

i X—>N

be Hermitian harmonic. Then f is pluriharmonic. If f has real rank =2dimc N at some
point, then f is + holomorphic.

Proof. This follows as in [S1]. Namely, from (19) and our assumption on w, we get
0=/gi]—5fiA3f’_A35wm_2
=/(Ri]-kl—éfiA6fjA8fk/\5fl_/\wm‘2—gi]-D'éfiAD"ijAwm“z).

The integrand on the right hand side is pointwise nonnegative, because w™ is a positive
multiple of the volume form of X, cf. [S1] or [J2], pp. 132 ff. Hence, the integrand is
identically zero, and the analysis of [S1] of the curvature expression yields the claim. [J

The rank condition imposed on f can be considerably relaxed, depending on the
dimension and rank of N, cf. [S2]. Here, we only note the following result, obtained in
the same manner as Lemma 7.

LEMMA 8. Let N be a compact Kdhler of strongly negative curvature, i.e.,
Ri(A'BT-C'D7)( AlBF—CIDF) >0
unless the terms in brackets vanish. Let f and X be as in Lemma 8.

If the real rank of f at some point is at least 3, then f is & holomorphic.

Remark. Actually, for the preceding results, w™ need only be a positive multiple of
the volume form on a dense subset of X.

Combining these results with Theorem 1 or Theorem 2, we obtain

THEOREM 6. Let N be a compact locally Hermitian symmetric space of noncompact
type, without the upper half plane H as a global factor of its universal cover, or let N be a
compact strongly negatively curved Kahler manifold. Let X be a compact astheno-Kdhler
manifold.

If X is homotopy equivalent to N, then X is + biholomorphically equivalent to N.

Proof. By Theorem 1 there exists a Hermitian harmonic homotopy equivalence

f:X—N.

17—-935202 Acta Mathematica 170. Imprimé le 30 juin 1993
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By Lemma 7 or 8, resp., f is + holomorphic. Since f, as a homotopy equivalence, is of
degree +1, an easy argument shows that f has maximal rank everywhere, cf. [S1]. Thus
f is £ biholomorphic. O

‘We note that the condition
w™2=0

is automatically satisfied for m=2. Thus we obtain the following result, without having
to use Kodaira’s classification of compact complex surfaces.

COROLLARY 1. Let the compact Kéhler manifold N be covered by the unit ball in C2.
Then any compact complex surface X which is homotopy equivalent to N already is £
biholomorphically equivalent to N.

This easily follows from Theorem 3 by equipping X with a Hermitian metric and
noting that N has strongly negative curvature, cf. [S1].

COROLLARY 2. Let N be a compact complex surface with a Kdhler metric of strongly
negative curvature, for example a nonsingular quotient of the unit ball in C2. Let M be
a compact manifold of four real dimensions with m1(M)#0. Then the connected sum of
M and N cannot carry a complex structure.

Proof. We proceed by contradiction and assume that the connected sum of M and
N, denoted by X, carries a complex structure. We equip X with a Hermitian metric
and choose a (1,1) form w for which w? is a positive multiple of the volume form. There
exists a map
f:X—>N

of degree one, obtained by collapsing M to a point. By Theorem 1, we may assume that
f is harmonic. Lemma 8 implies that f is & holomorphic.

The next lemma then yields the desired contradiction, since f maps m (M) to
Oem(N):

LEMMA 9. Let X, Y be compact complex manifolds of the same dimension, and
let f: X—=Y be holomorphic and of degree £1. Then [ is injective on the fundamental
group.

Proof. Let V be the subset of X where the Jacobian of f vanishes. V is a complex
hypersurface, and f restricted to X \V is injective, since of degree +1.

If f is not injective on 71 (X), then V#@. We let aem(X), a#0, with fu(a)=0.

Since V' has real codimension 2, a can be represented by a loop v with yNV=g.
Consequently, f is injective on . Since fx(a)=0, f(y) bounds a disk D in Y. Since
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F(V) is of complex codimension at least 2, i.e., of real codimension at least 4, we may
assume DN f(V)=2. Since

F: X\V-Y\f(V)

is bijective, f~!(D) is a disk with boundary ~, contradicting the assumption that
represents a nontrivial element of w1 (X).

Remark. For Corollary 2, we neither need Kodaira’s classification of compact com-
plex surfaces nor Donaldson’s theory of differentiable structures on 4-manifolds, and in
any case, we only need an assumption on the topological, but not on the differentiable
structure of X, the connected sum of M and N.

The preceding results can be partially extended to higher dimensions as follows:

THEOREM 7. Let N be a compact complex manifold of dimension n, with Kdihler
metric of strongly negative curvature, for ezample a nonsingular quotient of the unit ball
in C™. Let M be a compact manifold of 2n real dimensions, with w1 (M)#0. For any
complex structure on the connected sum of M and N, denoted by X, there cannot be any
meromorphic map from X onto a compact complex manifold of (complex) dimension
n—2. In particular, the algebraic dimension of X is at most n—3.

Remark. We do not know whether X can carry any complex structure at all.

Proof. Assume H: X —Y is a meromorphic map from X onto a compact complex
manifold Y of dimension n—2. Removing the points of indeterminancy of H by blowing
ups, we may assume that H is holomorphic. Since H is onto, the generic fibre is a
smooth compact complex surface. We denote the fibers by C,=H *(y), for any y€Y.
We call yeY regular, if C, is nonsingular, and call y singular otherwise. We note that
the singular fibers may be of higher dimension than the regular ones. We equip X with
a Hermitian metric. This then induces a Hermitian metric on each C,.

We look at the map

gX—-N
of degree one, obtained by collapsing M to a point. We put
gy =4glc,, foryey.

We now distinguish several cases:

Case 1. For each regular fiber Cy, g, is homotopic to a constant map. We consider
the Hermitian metric on Cy as a Riemannian metric (yog), with real indices o, 3, and
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consider the heat flow for the ordinary harmonic map problem:

Jy: Cyx[0,00) = N,

OF) _ 1 0 (ap oOf\ oaps OBOR (o o
= =\ V5.6 ) P17 Tik goa 5.8 =1,.. N,
at \/’7 dzre (7 ﬁawﬂ>+')’ F]k Bz° 9zP fori=1,...,dimg (1)

with real coordinates z%,

fy(z,0)=gy(z) forall zeCy.

By stability of the heat flow, f, depends smoothly on y, for y regular, and so does the
limit map f,(-,00). Each fy(-,o00) is constant, by uniqueness of harmonic maps because
the image has nonpositive curvature. The constant may depend on y, however.

Although our subsequent argument will not exploit this, we note here that we may
extend this convergence to the smooth part of the singular fibers by taking limits. The
reason is the following:

Since g may be assumed smooth, we have a uniform bound of the energies of the maps
gy. We then get uniform estimates on the maps f,, at least away from the singularities
of the singular fibers, because we can always control the maps on a ball of radius R by
the total energy and the geometry of the ball of radius 2R, cf. [J1] for details.

In any case, for each singular fiber C, we choose a small neighborhood U and put
¥:=8U, in such a way that U in particular intersects no other singular fiber and that C
is a deformation retract of U. Since ¥ intersects only regular fibers, we obtain a limiting
map fx(-,00). Since a fiber generically intersects ¥ in a curve and since the limit map
is constant on each fiber, the real dimension of the image of X under fs(-,00) is at most
2n—2. Since N is a K(=,1)-space, fs(-,00) may be extended smoothly to U as a map
fu(-,00), in such a way that the real dimension of the image is at most 2n—1. We have
thus constructed a continuous map f: X — N which is homotopic to g but which cannot
be surjective as its image has dimension at most 2n—1. This is a contradiction, since g
is of degree 1.

Case 2. For each regular y, g, is homotopic to a map onto a closed geodesic of
N. Since closed geodesics in N are unique in their homotopy classes, because of the
negativity of the sectional curvature, each g, then is homotopic to a map onto the same
closed geodesic.

One can then use the heat flow (1) for the ordinary harmonic map problem as in
Case 1 and extend the resulting map again to the singular fibers and homotop g into a
map ¢’ of lower rank, reaching a contradiction as before.

Having ruled out Case 1 and Case 2, we can apply Theorem 1 to homotop each g,
for regular y, into a Hermitian harmonic map f,:C,—N. We have to distinguish two
further cases.
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Case 3. The maps f, have real rank <2 everywhere. As in [JY3], one obtains a
compact holomorphic curve X, and a holomorphic map h,:C,— X, and a harmonic
map @,: Xy, — N with

fy=pyohy.

If the curves ¥, have genus 0, ¢, is constant, and the analysis of Case 1 applies. If ¥,
has genus 1, ¢, maps ¥, onto a closed geodesic, by Preissman’s theorem (cf. e.g. [J2]),
and the analysis of Case 2 applies. We may therefore assume that the genus of ¥, for
generic y, is at least 2.

If the conformal structure of 3, is independent of y, then all maps ¢, have the same
image in N by uniqueness of harmonic maps, and we can homotop ¢ into a map of lower
rank essentially as in Case 2.

We then treat the case of varying conformal structure. We have a smooth map
[: X\D—- M,

by mapping each Cy holomorphically onto X,, where D is some divisor (possibly empty)
in X, and M, is the universal modular curve of genus g. Of course, strictly speaking,
the universal modular curve only exists after lifting to finite covers. We therefore have to
check local liftability near the branch points of M,. Since X is smooth, we can locally
choose a fixed marking for the fundamental group of each Cy, and the image of this
fundamental group under h, can then be used to fix a local marking for the fundamental
group of X,. This implies local liftability.

We can thus lift to finite covers (without changing notation) so that the image M,
is smooth. We equip M, with its Weil-Petersson metric. Since its holomorphic sectional
curvature is negative by an old result of Ahlfors, we can use an argument of Kalka [KI]
to conclude that f as a smooth family of holomorphic maps from the fibers C, is also
holomorphic in the directions transverse to the fibers. We shall discuss Kalka's argument
in Case 4 below in more detail. Thus,

f: X\D—-M,

is holomorphic. Since the holomorphic sectional curvature of My has a negative up-
per bound (see [T]), we can use an extension of Yau’s Schwarz lemma, due to Royden
(Theorem 2 in [R]), to show that f extends to a holomorphic map

f:X—»/Wg

into the stable curve compactification M, of M,; details can be found in [JY4].



252 J. JOST AND S.-T. YAU

This means that we can associate a Riemann surface L,, possibly with nodes, to
each y€Y, not only to the regular ones. Moreover, because N is negatively curved we
can then also define harmonic maps ¢,: Xy — N for singular y’s as limits of those for
regular ones.

We thus obtain

g:X—>N

by defining ¢'(z)=,oh,(z) for z€C,, and as before we see that on the one hand ¢’ is
of lower rank, and on the other hand homotopic to g, thus reaching a contradiction as
before.

Case 4. Tt remains to study the case where for generic y, the Hermitian harmonic
fy:Cy— N has real rank >3 at some point. Lemma 8 implies that such a f, has to be
+ holomorphic. Also f, depends smoothly on y, by uniqueness and a priori estimates.
We now want to display Kalka’s argument [Kl] to show that such a smooth family of
holomorphic maps into a negatively curved target, defined on a complex parameter space
is a holomorphic family.

We look at the holomorphic map

H: X —>Y.

Let yo be regular, with f,, holomorphic.
We let w!, w? denote local holomorphic coordinates on Cy,. The Cauchy-Riemann

equations on Cy, for close to yo, then take the form

O it o (1)

w  Figws

where of course p(yo)=0.
Putting f=f, and differentiating (4) w.r.t. §, we obtain

il B it B )
dyowt Oyowi = 0y OwI
Since H is holomorphic, dul/85=0, and consequently (5) implies that 8f/d7 is holo-
morphic on C,.

0f /07 is a section of f 1T N which is a negative bundle as N has negative holomor-
phic sectional curvature and f is not constant on the fibers. As all holomorphic sections
of a negative bundle vanish, 8f/0§=0, and f is holomorphic in y, as claimed.

So far, f is defined only on the regular fibers, but since N has negative holomorphic
sectional curvature, we may again apply the Schwarz lemma to extend f as a holomorphic
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map to all of X. Since the action of f on the fundamental group is the same as that of g

(this follows, because the union of the singular fibers has real codimension at least 2 in

X) and since N is a K(m,1)-space, f is homotopic to g, and this time Lemma 9 yields a

contradiction as in the proof of Corollary 2.

In conclusion, we have reached a contradiction in every possible case, and thus a

meromorphic H: X —Y as above cannot exist. This proves the result. O

Corollary 1 can obviously be extended in the same way as Corollary 2.
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