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Preface
This volume presents the proceedings of a series of lectures hosted by the Mathematics Department of The University of Tennessee, Knoxville, March 22-24,
1995, under the title "Nonlinear Partial Differential Equations in Geometry and
Physics" .
While the relevance of partial differential equations to problems in differential geometry has been recognized since the early days of the latter subject, the
idea that differential equations of differential-geometric origin can be useful in the
formulation of physical theories is a much more recent one. Perhaps the earliest
emergence of systems of nonlinear partial differential equations having deep geometric and physical importance were the Einstein equations of general relativity
(1915). Several basic aspects of the initial value problem for the Einstein equations, such as existence, regularity and stability of solutions remain prime research
areas today. eighty years after Einstein's work.
An even more recent development is the realization that structures originally
introduced in the context of models in theoretical physics may turn out to have
important geometric or topological applications. Perhaps its emergence can be
traced back to 1954, with the introduction of a non-abelian version of Maxwell's
equations as a model in elementary-particle physics, by the physicists C.N. Yang
and R. Mills. The rich geometric structure ofthe Yang-Mills equations was brought
to the attention of mathematicians through work of M.F. Atiyah, :"J. Hitchin, I.
Manin, I.M. Singer and others, dating back to the early 1970's. By the early
1980's, through the work of S.K Donaldson, C.H. Taubes, KK Uhlenbeck and
others, studying moduli spaces of anti-self-dual solutions of these systems had led
to profound developments in understanding the differential topology of compact
simply connected 4-manifolds.
Simultaneously, in the 1970's and 80's, several other researchers pursued the
formulation of global geometric and topological questions on manifolds in terms
of questions of solvability of systems of nonlinear partial differential equations
involving special geometric differential operators, in both Riemannian and Hermitian geometry. Some of the key developments were S.-T. Yau's solution of the
Calabi conjecture involving Monge-Ampere equations (1977), Y.- T. Siu's rigidity
theorems using harmonic maps (1980), R. Hamilton's work on evolution of Riemannian metrics through curvature-driven flows (1982) and R. Schoen's analysis
of the scalar curvature equation, which led to the crucial step in the resolution of
Yamabe's conjecture (1984).
The present volume contains four sets of lectures on topics which represent
some of the most active areas of research today in the field of partial differential
equations originating from problems in geometry, topology or theoretical physics.
The lectures are of an expository nature, and directed at graduate students and
researchers in the interface of geometric analysis and mathematical physics.
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In 1994 N. Seiberg and E. Witten introduced new topological invariants for
smooth 4-manifolds, computed from moduli spaces of solutions to equations which
have their origin in 4-dimensional "N = 2" supersymmetric Yang-Mills theories
in quantum chromodynamics. Understanding the relationship between S. Donaldson's theory and these new invariants is a topic of intense current activity. In the
first set of lectures, Ronald Fintushel begins with a brief overview of Donaldson's
invariants and an introduction to the Seiberg-Witten equations, and describes
some of their applications to the theory of differentiable 4-manifolds. His second
and third lectures deal primarily with the recent proof of the "Immersed Thorn
conjecture" using the new invariants, and with very recent progress towards the
"11/8 conjecture" - an attempt to characterize the indefinite integral quadratic
forms which occur as intersection forms of smooth 4-manifolds.
Sergiu Klainerman's lectures deal with the nonlinear hyperbolic differential
equations arising from classical field theories described by a Lagrangean variational
principle in Minkowski spacetime. The key issues in the mathematical analysis are
break-down of solutions in finite time from smooth initial data, global existence
of solutions, and the minimal regularity of the data required for well-posedness
of the Cauchy problem. The main examples are wave maps, the Yang-Mills equations and the Einstein field equations. In each case the natural scaling invariance
of the equations characterizes the number of space dimensions for which the problem is "critical", "supercritical" or "sub critical" . General conjectures regarding
local well-posedness and asymptotic behavior are set forth in each case, and the
currently available evidence is discussed. Klainerman's lectures then focus on the
question of optimal conditions for local well-posedness, including a detailed survey
of his recent and ongoing work (jointly with M. Machedon) in which a structural
feature of many equations with physical origin ("null forms") plays a key role.
This has enabled them to obtain results on local well-posedness for the wave maps
and Yang-Mills systems that are much closer to the expected minimal Sobolev
regularity class than those known classically.
The topic of Fang-Hua Lin's three survey lectures are the Ginzburg-Landau
equations occurring in a classical model for superconductivity. The main mathematical issue discussed is the limiting behavior of vortex lines as the "GinzburgLandau parameter" approaches zero, in both static and time-dependent models.
The starting point is the recent work of Bethuel, Brezis and Helein on the limiting
distribution of vortices for energy minimizers in two-dimensional domains. In these
results a key role is played by finite configurations of points which are critical for
a "renormalized energy"; the problem of finding Ginzburg-Landau minimizers (or
critical points) corresponding to given critical configurations is described in the
second lecture. The third lecture deals with the time-dependent problem; specifically, the determination of the precise time scale in which motion of the vortices is
observed, and of the finite-dimensional dynamical system describing the motion.
In the final set of lectures, Michael Struwe surveys "wave maps" -harmonic
maps from Minkowski spacetime to a Riemannian manifold. Wave maps occur
naturally for example in non-linear "sigma models" and in the Einstein vacuum

John H. Barrett (1922-1969)
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equations in the presence of symmetry. Following a survey of local existence results
for the quasilinear hyperbolic system defined by wave maps (obtained by energy
methods), Struwe's lectures concentrate on the problems of blow-up, global existence and well-posedness in the energy class (in two space dimensions). The
attempt to understand the latter problem has led to weak-compactness results for
wave maps obtained by "concentration compactness" techniques, which parallel
similar developments in the elliptic and parabolic cases; these are described in the
last lecture in the volume.
The 1995 Barrett Lectures received financial support from the National Science Foundation (grant DMS-9404089) and from Science Alliance. The organizational assistance provided by the conference secretary, Ms. Kelly Nicely, was also
essential for their success.
Garth A. Baker and Alexandre Freire
April 1996

John H. Barrett (1922-1969)
John H. Barrett was born in 1922 and grew up on a farm In Kansas. He received
his A.B. in 1944 from Fort Hays Kansas State College. He did his graduate work
at the University of Texas and was an instructor there from 1946-1951. His thesis
was on differential equations of non-integer order and under the direction of H.J.
Ettlinger. He was an assistant professor at Delaware from 1951-1956, an associate
professor at Utah from 1956-1961, and professor at Tennessee from 1961-1969,
where he was also head from 1964-1969. He also spent the year 1955-1956 visiting
Yale and the year 1959-1960 visiting the Research Center at Wisconsin. In January,
1969, he died from complications following a kidney transplant. His wife, Lida, was
also a faculty member at Tennessee, where she was head from 1973 to 1980. They
had three children.
John was well known for his work on oscillation and disconjugacy theory
of linear differential equations as well as the study of boundary value problems.
One of his best known contributions was the extension of the classical Priifer
transformation for 2nd order scalar differential equations to systems of differential
equations. He had several Ph.D. students. In a time when a common teaching load
was three courses, he regularly ran a seminar on differential equations in addition.
Typically it would meet very early on a Tuesday or Thursday morning with John
as the most frequent lecturer. Through his efforts and influence, an active group
in differential equations evolved at the University of Tennessee. This tradition has
continued since that time. The Barrett Lecture series is a fitting reminder of his
many contributions to the university and community.
(A tribute delivered by Don Hinton, March 22, 1995)
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