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Abstract

We formulate a constructive theory of noncommutative Landau-Ginzburg mod-
els mirror to symplectic manifolds based on Lagrangian Floer theory. The construction
comes with a natural functor from the Fukaya category to the category of matrix fac-
torizations of the constructed Landau-Ginzburg model. As applications, it is applied
to elliptic orbifolds, punctured Riemann surfaces and certain non-compact Calabi-Yau
threefolds to construct their mirrors and functors. In particular it recovers and strength-
ens several interesting results of Etingof-Ginzburg, Bocklandt and Smith, and gives a
unified understanding of their results in terms of mirror symmetry and symplectic ge-
ometry. As an interesting application, we construct an explicit global deformation quan-
tization of an affine del Pezzo surface as a noncommutative mirror to an elliptic orbifold.
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CHAPTER 1

Introduction

Mirror symmetry reveals a deep duality between symplectic geometry and complex
geometry. For a mirror pair of geometries (X , X̌ ), homological mirror symmetry conjec-
ture proposed by Kontsevich [Kon95] asserts that the (derived) Fukaya category of La-
grangian submanifolds of X (symplectic geometry) is (quasi-)equivalent to the derived
category of coherent sheaves of X̌ (complex geometry), and vice versa.

Homological mirror symmetry has been proved in several interesting classes of ge-
ometries, see for instance [PZ98, KS01, Fuk02c, Sei11, Sei15, Abo06, FLTZ12, She11,
She15, CHL17, Kea]. A common approach to homological mirror symmetry begins with
a given pair of mirror geometries. Then one attempts to find generators of the categories
on both sides, and compute the morphisms spaces between the generators case-by-
case using highly non-trivial techniques in Lagrangian Floer theory and homological
algebra. Finally one needs to construct isomorphisms between the morphism spaces
on both sides, often with the help of homological perturbation lemma. This would give
the required quasi-equivalence between the two categories.

Strominger-Yau-Zaslow [SYZ96] proposed a uniform constructive approach to mir-
ror symmetry. They conjectured that a Calabi-Yau manifold has a special Lagrangian
torus fibration, and its mirror can be constructed by taking dual of all the torus fibers.
Moreover it asserted that there should be a certain kind of Fourier-Mukai transform
[LYZ00] which can produce a functor for realizing homological mirror symmetry. In
symplectic geometry, Fukaya [Fuk02b] proposed that a family version of Lagrangian
Floer theory applied to the torus fibration would give a functor which establishes a
quasi-equivalence between the two categories.

The groundbreaking works of Kontsevich-Soibelman [KS01, KS06] and Gross-Siebert
[GS11] formulated very successful algebraic versions of the SYZ program. Moreover, the
works [Aur07, Aur09, CLL12, CLLT17, CCLT14, CCLT16, AAK16, Lau14] realized the
SYZ construction in different geometric contexts using symplectic geometry. Family
Floer theory was further pursued by Tu [Tu14a, Tu15] and Abouzaid [Abo, Abo17] and
they studied the functor for torus fibrations without singular fibers.

In [CHL17], we made a formulation which uses weakly unobstructed deformations
of a Lagrangian immersion to construct the mirror geometry (which is a Landau-Ginzburg
model). This is particularly useful when a Lagrangian fibration is not known or too com-
plicated in practice. In this formulation we can always construct a natural functor from
the Fukaya category to the mirror B-model category (namely the category of matrix fac-
torizations for a Landau-Ginzburg model). The theory was applied to the orbifold P1

a,b,c
to construct its mirror by using an immersed Lagrangian invented by Seidel [Sei11], and
we showed that the functor derives homological mirror symmetry for elliptic and hyper-
bolic orbifolds P1

a,b,c (with 1
a + 1

b + 1
c ≤ 1). The formulation can be regarded as a general-

ization of SYZ where Lagrangian immersions are used in place of a torus fibration. Note
that the original SYZ construction is not directly applicable to P1

a,b,c .
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2 1. INTRODUCTION

The natural functor in [CHL17] can be understood as a formal version of the family
Floer functor studied by [Fuk02b, Tu14a, Tu15, Abo, Abo17]. Namely, we fix a reference
Lagrangian L and a space of odd-degree weakly unobstructed formal deformations b of
L. The mirror functor, which is essentially a family version of curved Yoneda embedding,
is constructed by using the (curved) Floer theory between the family (L,b) and other
Lagrangians in the Fukaya category. For Lagrangian fibrations, the singular fibers and
wall-crossing phenomenons make it very difficult to construct the family Floer functor
in an explicit way. On the other hand, our formal family theory allows us to start right at
an immersed Lagrangian, and there is no wall-crossing occurring in our construction.
As a result the construction can be made very clean and explicit.

The idea of applying Yoneda functor to the study of Fukaya category was introduced
in [KS02, Section 1] by Khovanov-Seidel. They asserted that from Fukaya’s construc-
tion in the exact case, there is an A∞-algebra A associated to a fixed collection of La-
grangians L := {L1, . . . ,LN }, and there exists a functor DbFuk(X ) → D(A ).

But our family version of construction is somewhat different from these approaches.
The non-commutative algebras in this paper are obtained from Maurer-Cartan solu-
tions rather than the whole Hom space Hom(L,L). Also, even though we use compact
Lagrangians L to define our functor in our examples, it can still be used to transform
non-compact Lagrangians, which send their infinite dimensional hom spaces (between
non-compact Lagrangians) into infinite dimensional hom’s between matrix factoriza-
tions. For example, this happens in the case of punctured Riemann surfaces, where we
use compact Lagrangians to send wrapped Fukaya category to a matrix factorization
category and this gives an embedding in good cases. Also we work out the construction
of the mirror and functor in detail for possibly curved and non-exact situations. It is
important for us to consider weakly unobstructed odd-degree deformations in order to
obtain the mirrors. Moreover the class of geometries that we are interested in are gen-
erally non-Calabi-Yau. Thus we need to consider curved Z2-graded Fukaya categories
and categories of matrix factorizations in the mirror.

In this paper, we extend our study in [CHL17] to noncommutative deformation di-
rections. Such a generalization is essential and natural from the viewpoint of Lagrangian
Floer theory as explained below.

First, it is important to enlarge the deformation space by noncommutative defor-
mations. In [CHL17], we consider the solution space of the weak Maurer-Cartan equa-
tion associated to L in the sense of [FOOO09]. The solution space can be trivial (namely
the zero vector space), which is indeed the case for a generic Lagrangian L. The condi-
tion that the solution space being non-trivial requires certain symmetry on the moduli
of holomorphic discs bounded by L. Roughly speaking it requires that the counting of
holomorphic discs through a point p ∈ L is independent of the choice of p. By using
noncommutative deformations, we can construct a non-trivial solution space in generic
situations. As an example, the Seidel Lagrangian in a three-punctured sphere (see Fig-
ure 2 in Chapter 5) is generically non-symmetric about the equator. There is no non-
zero commutative solution to the weak Maurer-Cartan equation. On the other hand the
noncommutative solutions form an interesting spaceC〈x, y, z〉/〈x y−ay x, y z−az y, zx−
axz〉. In Section 5.1, we construct the Sklyanin algebras as mirrors to the elliptic orbifold
P1

3,3,3 using noncommutative deformations.
Second, allowing noncommutative deformations gives a practical method to glob-

alize our mirror construction. Namely, the mirror functor constructed in [CHL17] is
localized to the Lagrangian immersion L fixed in the beginning. In this paper, we take a
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family of Lagrangian immersions L= {L1, . . . ,Lk } and apply them to mirror construction.
Using a collection of Lagrangian immersions can capture more about the global geome-
try of X and hence producing a more global functor. Dimer models in dimension one or
skeletons of coamoebas in general dimensions provide methods to produce a collection of
Lagrangians in concrete situations [FHKV08, IU11, UY11, UY13, Boc16]. For example,
we will construct the mirror of the elliptic orbifold P1

2,2,2,2, which cannot be produced
by [CHL17] using only one Lagrangian immersion.

In order to extend the construction from one Lagrangian to several Lagrangians,
the use of noncommutative deformations is natural and unavoidable. For the collection
L = {L1, . . . ,Lk }, the endomorphism algebra is a path algebra of a directed graph and is
naturally noncommutative. While one could always quotient out the commutator ideals
to obtain a commutative space, this generally loses information and the solution space
of weak Maurer-Cartan equation would become too small in general.

The construction is briefly summarized as follows. The odd-degree Floer-theoretical
endomorphisms of L are described by a directed graph Q (so-called a quiver). The path
algebraΛQ is regarded as the noncommutative space of formal deformations of L. Each
edge e of Q corresponds to an odd-degree Floer generator Xe and a formal dual variable
xe ∈ΛQ. Consider the formal deformation b =∑

e xe Xe . The obstruction is given by

mb
0 = m(eb) = ∑

k≥0
mk (b, . . . ,b).

A novel point is extending the notion of weakly unobstructedness by Fukaya-Oh-
Ohta-Ono [FOOO09] to the noncommutative setting. The corresponding weak Maurer-
Cartan equation is

mb
0 =

k∑
i=1

Wi (b)1Li

where 1Li is the Floer-theoretical unit corresponding to the fundamental class of Li (we
assume that Fukaya A∞-category is unital). The solution space is given by a quiver al-
gebra with relations A =ΛQ/R where R is the two-sided ideal generated by weakly un-
obstructed relations. The end product is a noncommutative Landau-Ginzburg model(

A ,W =∑
i

Wi

)
.

We call this to be a generalized mirror of X , in the sense that there exists a natural
functor from the Fukaya category of X to the category of (noncommutative) matrix fac-
torizations of (A ,W ). It is said to be ‘generalized’ in two reasons. First, the construction
can be regarded as a generalization of the SYZ program where we replace Lagrangian
tori by immersions. Second, the functor needs not to be an equivalence, and so (A ,W )
needs not to be a mirror of X in the original sense.

THEOREM 1.1 (Theorem 4.7). There exists an A∞-functor F L : Fuk(X ) → MF(A ,W ),
which is injective on H•(Hom(L,U )) for any U .

An important feature is that the Landau-Ginzburg superpotential W constructed
in this way is automatically a central element in A . In particular we can make sense of
A /〈W 〉 as a hypersurface singularity defined by ‘the zero set’ of W .

THEOREM 1.2 (Theorem 3.10 and 6.6). W ∈A is a central element.

Noncommutative formal space dual to an A∞-algebra was constructed by Kontsevich-
Soibelman [KS09]. The quiver algebra with relations A constructed in this paper can be
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regarded as a subvariety in the formal space (since we restrict to weakly unobstructed
odd-degree deformations). Moreover we obtain a Landau-Ginzburg model instead of a
CY algebra. As we have emphasized several times, weak unobstructedness is crucial for
the construction of the mirror functor. In Chapter 9 we formulate a mirror construction
using the whole formal dual space. The resulting mirror would be a curved dg-algebra.
However it is very difficult to compute in practice, since it involves all the higher mk

operations.
One interesting feature in this approach is multiple mirrors to a single symplectic

geometry X . Note that the construction of a Landau-Ginzburg mirror (AL,WL) and the
associated mirror functor F L : Fuk(X ) → MF(AL,WL) depends on the choice of L ⊂ X .
For a different choice L′, the mirror (AL′ ,WL′ ) becomes different, even though their B-
model categories MF(AL,WL) and MF(AL′ ,WL′ ) can remain equivalent. Similar phe-
nomenon occurs in SYZ mirror symmetry for multiple Lagrangian fibrations [LY10, LL].
In Chapter 5 and 8, we will construct a continuous family of Landau-Ginzburg models
(At ,Wt ) which are mirror to one single elliptic orbifold (with a fixed Kähler structure).

This noncommutative construction has interesting applications even beyond mir-
ror symmetry. First, it provides a Floer-theoretical understanding of noncommutative
algebras and their central elements, which are fundamental objects in noncommuta-
tive algebraic geometry and mathematical physics. For instance, in many situations a
noncommutative algebra arises as the Jacobi algebra of a quiver Q with a potential Φ.
In our formulation, such a Φ naturally appears as a spacetime superpotential (see Def-
inition 3.6), and its Jacobi algebra forms the solution space to the weak Maurer-Cartan
equation.

In practice, a central element of a noncommutative algebra is rather hard to find,
even with the help of computer programs. In our construction we can always show that
the Lagrangian Floer potential W is always a central element (see Theorem 3.10). As a
result, we can compute the central elements using Floer theoretical techniques.

More importantly, our construction provides an interesting link between Lagrangian
Floer theory and deformation quantization in the sense of Kontsevich [Kon03]. The
scenario is the following. Suppose that for a given choice of L, the constructed mirror
quiver algebra A can be obtained from a exceptional collection of a variety X̌ . Then we
obtain a commutative mirror (X̌ ,W ) which is equivalent to the noncommutative model
(A ,W ). Now consider a deformation family of LagrangiansLt withL0 = L. The deforma-
tions can be obtained by equipping L with flat U (1) connections or deforming L using
non-exact closed one-forms on L. Our mirror construction then gives a family of non-
commutative Landau-Ginzburg models (At ,Wt ). As a consequence, the noncommu-
tative hypersurfaces At /Wt should give deformation quantization of the hypersurface
{W = 0} ⊂ X̌ . We realize this idea for mirrors of the elliptic orbifolds P1

3,3,3 and P1
2,2,2,2.

Recall that the elliptic orbifold X = E/Z3 =P1
3,3,3 has a commutative Landau-Ginzburg

mirror (C3,W ) which was constructed in [CHL17] by using the immersed Lagrangian L
given by Seidel [Sei11]. L is symmetric under an anti-symplectic involution on P1

3,3,3.
In Chapter 5, we break this symmetry and consider a deformation family of immersed
Lagrangians Lh for h ∈ (S1)2 with Lh=0 = L. Applying our mirror construction to a fixed
Lh ⊂ X , we obtain (Ah ,Wh) as the mirror, where Ah is a Sklyanin algebra and Wh is its
central element (Theorem 5.1). For h = 0, (A0,W0) = (C[x, y, z],W ) recovers the com-
mutative mirror. We can show that the hypersurface Ah/Wh gives a deformation quan-
tization of the affine del Pezzo surface C[x, y, z]/W (Theorem 5.14), which was studied
by Etingof-Ginzburg [EG10] using the Poisson bracket induced from the function W .
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Note that the deformation quantization we construct here is global, in the sense that
the deformation parameter h belongs to a compact manifold (S1)2.

Sklyanin algebra is one of the most well-studied noncommutative algebras (see for
instance [AS87], [ATdB90]). It takes the form

(1.1) A := Λ< x, y, z >(
ax y +by z + cz2, ay z +bz y + cx2, azx +bxz + c y2

)
for certain fixed a,b,c ∈C. Note that A =C[x, y, z] when a =−b,c = 0. As a graded alge-
bra A gives a noncommutative deformation of P2. Auroux-Katzarkov-Orlov ([AKO06],
[AKO08]) proved that non-exact deformations of the Fukaya-Seidel category associated
with (

{(x, y, z) ∈ (C∗)3 | x y z = 1}, f = x + y + z
)

(given by fiberwise compactifications of the Lefschetz fibration of f ) is equivalent to
derived category of modules over a Sklyanin algebra A . In parallel to their results, we
construct the noncommutative Landau-Ginzburg model (A ,W ) as the mirror of f = 0
(or more precisely its Z3 quotient).

Zaslow [Zas05] and Aldi-Zaslow [AZ06] also obtained Sklyanin algebras from ellip-
tic curves in the following way. An ample line bundle gives an embedding of an elliptic
curve to P2. To reconstruct P2 (or its noncommutative deformations), they considered
the following graded ring

R =
∞⊕

k=0
OY (k) =

∞⊕
k=0

Hom(O ,OY (k)) =⊕
HomFuk(S,ρk (S)),

where S is the Lagrangian mirror to OY and ρ is the symplectomorphism mirror to the
tensor operation ⊗OY (1). Tensoring ⊗OY (1) is the monodromy around the large com-
plex structure limit point. In the case of elliptic curve, the mirror symplectomorphism
is given by the triple Dehn twist ρ.

Aldi-Zaslow [AZ06] considered a more general symplectomorphism ρ by compos-
ing with a translation. As a result they obtained a (noncommutative) twisted homo-
geneous coordinate ring of P2 by computing the m2-products of the Fukaya category.
They find relations between products of degree-one generators, which gives rise to the
Sklyanin algebra relations.

We emphasize that our construction systematically defines the mirror coordinate
ring ALh by generators and relations coming from the Maurer-Cartan equations. More-
over in addition to the Sklyanin algebra ALh , we obtain its central element WLh as the
Lagrangian Floer potential for Lh . Indeed they are constructed as a global family over
h ∈ (S1)2. Furthermore from our general theory there exists a family of A∞-functors
F Lh from the Fukaya category to the matrix factorization categories of WLh .1 Thus our
work significantly strengthens the results of Aldi-Zaslow and Auroux-Katzarkov-Orlov.

Analogously, the mirror and its noncommutative deformations of P1
2,2,2,2 can also

be constructed using our method (Chapter 8). In this case we need to take L = {L1,L2}
rather than a singleton. Thus the mirror quiver consists of two vertices. By taking L to be
symmetric under an anti-symplectic involution, we obtain the mirror Landau-Ginzburg
model (X̌ ,W ), where X̌ is the resolved conifold and W is an explicit holomorphic func-
tion on X̌ . The mirror map can also be derived in this approach, see Theorem 8.9. By
considering a deformation family Lh which breaks the symmetry of L, we again obtain

1In fact the derived category of matrix factorizations obtained in this example are all equivalent to each
other by Theorem 3.6.2 of Etingof and Ginzburg [EG10], which are also equivalent to the derived category of
coherent sheaves on the mirror elliptic curve.
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a deformation quantization (Ah ,Wh) of the affine del Pezzo surface {W = 0} ⊂ X̌ . The
graded algebra Ah can be identified as noncommutative quadrics. The readers are re-
ferred to [BP93, VdB11, OU] for detail on noncommutative quadrics.

The noncommutative construction is applied to punctured Riemann surfaces in
Chapter 10. This is largely motivated from the work of Bocklandt [Boc16], who stud-
ied homological mirror symmetry for punctured Riemann surfaces using dimer models.
(Lee [Leea] and Sibilla-Pascaleff [PS] proved homological mirror symmetry for punc-
tured Riemann surfaces using different approaches.) Our construction provides a con-
ceptual explanation on the construction of the mirror objects and also generalize Bock-
landt’s results. Given a polygon decomposition of a Riemann surface (with vertices of
the decomposition being the punctures), we associate it with a collection of Lagrangian
circles and construct a quiver with potential. When the polygon decomposition is given
by a dimer, we will show that our mirror functor in this case agrees with the one con-
structed combinatorially in [Boc16]. In particular the functor gives an embedding of the
wrapped Fukaya category to the category of (noncommutative) matrix factorizations of
the dual dimer when it is zig-zag consistent.

In the last chapter, we apply our general theory to construct noncommutative mir-
rors of non-compact Calabi-Yau threefolds associated to Hitchin systems constructed
by Diaconescu-Donagi-Pantev [DDP07]. We restrict ourselves to the SL(2,C) case in
this paper, in which the Fukaya category was computed by Smith [Smi15]. Applying the
results from [Smi15], we deduce that the mirror functor gives an equivalence between
the derived Fukaya category generated by a WKB collection of Lagrangian spheres to the
derived category of Ginzburg algebra (Theorem 11.10). The mirror functor in this paper
is in the reverse direction of the embedding constructed in [Smi15]. By the beautiful
work of Bridgeland-Smith [BS15], the functor is a crucial object for studying stability
conditions and Donaldson-Thomas invariants for the Fukaya category. Stability con-
ditions of Fukaya category in the surface case were recently understood by [HKK17].
There is a deep relation between stability conditions and cluster algebras discovered by
Kontsevich-Soibelman [KS]. The theory of cluster algebras was well-studied by Fock-
Goncharov [FG06, FG09]. SYZ mirror symmetry for moduli spaces of Hitchin systems
with structure groups SLr and PSLr (which are Langlands dual) was found by Hausel-
Thaddeus [HT03].

Finally, we remark that our construction is algebraic and can be applied to several
different versions of Lagrangian Floer theory. We assume that the Fukaya category is
unital (for weakly unobstructedness) and cyclic symmetric on Maurer-Cartan elements
(to define spacetime superpotentialΦ), and CF•(L,L) is finite dimensional. In the exam-
ples that are considered in this paper, we use a Morse-Bott version of Lagrangian Floer
theory [Sei11], [Sei08], [She11] to achieve them. Unitality and finite dimensionality can
be also achieved by considering minimal models.

The organization of the article is as follows. From Chapter 2 to 4, we introduce
the noncommutative mirror and the functor for a single Lagrangian immersion. The
construction for several Lagrangians is given in Chapter 6. We discuss the mirror con-
struction for finite group quotient (not necessarily Abelian) and Calabi-Yau grading in
Chapter 7. The extended mirror functor using deformations in all degrees is given in
Chapter 9. Applications to concrete geometries are given in Chapter 5, 8, 10 and 11. We
thank the anonymous referee for valuable suggestions which improved the exposition
of the paper.



CHAPTER 2

A-infinity algebra over a noncommutative base

We generalize the deformation-obstruction theory of A∞-algebra by Fukaya-Oh-
Ohta-Ono [FOOO09] in noncommutative directions. In this chapter, after reviewing
the filtered A∞-category, we introduce noncommutative deformations for A∞-algebras,
and define nc-weak Maurer-Cartan elements and the nc-potential (which will be also
called a worldsheet superpotential in this paper).

2.1. Review of filtered A-infinity category and weak Maurer-Cartan elements

We recall the notion of filtered A∞-algebra (category) from [Fuk02a], [FOOO09]
and set up the notations. The Novikov ring Λ0 is defined as

Λ0 =
{ ∞∑

i=1
ai Tλi

∣∣∣∣∣ λi ∈R≥0, ai ∈C, lim
i→∞

λi =∞
}

and its field of fraction Λ0[T−1] is called the universal Novikov field, denoted by Λ.

FλΛ=
{ ∞∑

i=1
ai Tλi ∈Λ

∣∣∣∣∣ λi ≥λ
}

defines a filtration on Λ (as well as Λ-modules) and we set F+Λ=⋃
λ>0 FλΛ.

DEFINITION 2.1. A filtered A∞-category C consists of a collection of objects Ob(C ),
torsion-free filtered gradedΛ0-module C (A1, A2) for each pair of objects A1, A2 ∈Ob(C ),
equipped with a family of degree one operations

mk : C [1](A0, A1)⊗·· ·C [1](Ak−1, Ak ) →C [1](A0, Ak )

for Ai ∈ Ob(C ), k = 0,1,2, · · · . Each A∞-operation mk is assumed to respect the filtra-
tion, and satisfies the A∞-equation: for vi ∈C [1](Ai , Ai+1),∑

k1+k2=n+1

∑
i

(−1)ε1 mk1 (v1, · · · ,mk2 (vi , · · · , vi+k2−1), vi+k2 , · · ·vn) = 0.

We denote by |v | the degree of v and by |v |′ = |v | − 1 the shifted degree of v j . Then
ε1 =∑i−1

j=1(|v j |′).

A filtered A∞-category with one object is called an A∞-algebra. If m≥3 = m0 = 0,
it gives a structure of a filtered differential graded category, where m1 is the differential
and m2 is the composition (up to sign: see (2.3) [CHL17]).

Let A be an A∞-algebra. When m0 6= 0, m1 may not define a differential, which can
be seen in the following A∞-equation:

(2.1) 0 = m2
1(v1)+m2(m0, v1)+ (−1)|v |

′
m2(v1,m0)

The obstruction and deformation theory of such A∞-algebras have been studied by
Fukaya-Oh-Ohta-Ono[FOOO09], who introduced the notion of weak bounding cochains
(weak Maurer-Cartan elements).

7



8 2. A-INFINITY ALGEBRA OVER A NONCOMMUTATIVE BASE

For this purpose, recall that an element 1A ∈C 0(A, A) is called a unit if it satisfies
m2(1A , v) = v v ∈C (A, A′)
(−1)|w |m2(w,1A) = w w ∈C (A′, A)

mk (· · · ,1A , · · · ) = 0 otherwise.

Note that if m0 is a constant multiple of a unit, then the latter two terms of (2.1) vanishes
by the property of a unit. This happens for A∞-algebras of monotone Lagrangians. In
general, a boundary deformation of a given A∞-algebra via an weak Maurer-Cartan el-
ement b can be used to define a deformed A∞-algebra {mb

k } such that mb
0 becomes a

multiple of a unit. Let us use the notation

bl = b ⊗·· ·⊗b︸ ︷︷ ︸
l

, eb := 1+b +b2 +b3 +·· · .

DEFINITION 2.2. An element b ∈ F+C 1(A, A) is a weak Maurer-Cartan element if
m(eb) :=∑∞

k=0 mk (b, · · · ,b) is a multiple of the unit, i.e.

m(eb) = PO(A,b) ·1A , for some PO(A,b) ∈Λ

Denote by M̃+
weak (A) the set of all weak Maurer-Cartan elements.

Thus PO(A,b) defines a function from M̃+
weak (A) to Λ. The positivity assumption

of the energy of b is to make sure that the infinite sum in m(eb) makes sense. In many
important cases, PO(A,b) indeed extends to the energy zero elements, and such an ex-
tension is also denoted by PO(A,b) : M̃weak (A) →Λ.

In general one should quotient out gauge equivalence between different Maurer-
Cartan elements. In the examples we consider in this paper, different immersed gen-
erators are not gauge equivalent to each other, and hence we do not quotient by gauge
equivalence.

The notion of weak Maurer-Cartan element b, which provides a canonical way to
deform the given A∞-structure, plays an important role both in Lagrangian Floer theory
and mirror symmetry and we refer readers to [FOOO09] for a systematic introduction.

DEFINITION 2.3. Given b ∈ F+C 1(A, A), we define the deformed A∞-operation mb
k

as

mb
k (v1, · · · , vk ) = ∑

l0,··· ,lk≥0
mk+l0+···+lk

(bl0 , v1,bl1 , v2, · · · , vk ,blk )

= m(eb , v1,eb , v2, · · · ,eb , vk ,eb).

Then
{
mb

k

}
defines an A∞-algebra. In general, given b0, · · · ,bk ∈ F+C 1(A, A), we define

mb0,··· ,bk
k (v1, · · · , vk ) = m(eb0 , v1,eb1 , v2, · · · ,ebk−1 , vk ,ebk ).

Note that we have mb
k = mb,b,··· ,b

k .

Given a weak Maurer-Cartan element b, we have mb
0 = PO(A,b) ·1A , and one can

check that (mb
1 )2 = 0. And if PO(A,b0) = PO(A,b1), we have (mb0,b1

1 )2 = 0.
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2.2. A∞-functors and Yoneda embedding

We briefly recall the notion of A∞-functors and Yoneda embedding for A∞-categories
following Fukaya [Fuk02a] to fix the convention. We will assume that our A∞-category
is a filtered A∞-category in the sense of [FOOO09]. For an A∞-category C , let us denote

BkC (A,B) = ⊕
A=A0,··· ,Ak=B

C [1](A0, A1)⊗·· ·⊗C [1](Ak−1, Ak ).

BC =⊕
A,B

BC (A,B) =⊕
A,B

∞⊕
k=0

BkC (A,B).

The completion of BC is denoted as B̂C . We have the coderivation d̂ on BC induced
from A∞-operations {mk }, such that the A∞-equations can be succintly written as a
codifferential equation d̂ 2 = 0 (this naturally extends to B̂C ).

DEFINITION 2.4. Given two A∞-categories C1,C2, an A∞-functor F : C1 → C2 is
given by the map on objects and by collection of maps Fk for k ∈Z≥0:

(1) A map between objects F : Ob(C1) →Ob(C2).
(2) A sequence of degree 0 maps (for morphisms) for any two objects A1, A2 ∈

Ob(C1)
Fk : BkC1(A1, A2) →C2[1](F (A1),F (A2))

(3) These should satisfy the A∞-functor equations

d̂ ◦ F̂ = F̂ ◦ d̂

where F̂ is defined by

F̂ (v1 ⊗·· ·⊗ vk ) =∑
F (v1 ⊗·· ·⊗ vi1 )⊗F (vi1+1 ⊗·· ·⊗ vi2 )⊗·· ·⊗F (vi j +1 ⊗·· ·⊗ vk )

An A∞-functor is said to be strict if F0 = 0. The A∞-functors that we construct in this
paper will be always strict.

Now, let (C , {mk }) be an A∞-category with m0 = 0. Given an object A ∈ Ob(C ),
Fukaya [Fuk02a] defined a hom functor Hom(A, ·) so that it becomes an A∞-functor
from the A∞-category C to the differential graded category of chain complexes C H .
Here, an object of C H is a chain complex over Λ, and morphism is given by the maps
between two chain complexes. For a morphism x between chain complexes (C ,d), (C ′,d ′),
the differential is defined as m1(x) = d ′◦x−(−1)|x|x ◦d , and the composition m2(x, y) =
(−1)|x|(|y |+1) y ◦ x. Putting mk = 0 for k ≥ 3, this defines an A∞-category (or dg-category)
C H .

The A∞-Yoneda embedding was introduced by Fukaya [Fuk02a] as follows. (Here
we give a slightly modified version from [CHL17].)

DEFINITION 2.5. Given an object A ∈ Ob(C ), the A∞-functor F A : C → C H is
given by the following maps:

(1) For B ∈Ob(C ), the corresponding object F A(B) is a chain complex defined as

F A(B) = (C (A,B),m1)

(2) For B1,B2, · · · ,Bk+1 ∈ Ob(C1), and morphisms xi ∈ C (Bi ,Bi+1) for i = 1, · · · ,k,
A∞-functor map F A

k (x1, · · · , xk ) ∈C H (F A(B1),F A(Bk+1)) is defined as

F A
k (x1, · · · , xk )(y) = (−1)|y |

′(|x1|′+···+|xk |′)mk+1(y, x1, · · · , xk )

for y ∈C (A,B1). (Here k ≥ 1.)
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Note that C H has m≥3 = 0 (dg-category), and the higher A∞-morphisms Fk are
needed in general to define an A∞-functor between an A∞-category and a dg-category.

2.3. A∞-algebra over a noncommutative base and weakly unobstructedness

In this section we perform a base change of an A∞-algebra A. Originally A is over
the Novikov ring, and we enlarge the base to be a noncommutative algebra. This is an
important step for deformations.

Let K be a noncommutative algebra overΛ0. Consider a filtered A∞-algebra (A, {mk })
over Λ0. We will consider an induced A∞-algebra structure on the completed tensor
product K ⊗̂Λ0 A where we take a completion with respect to the energy, namely the
power of the formal variable T.

DEFINITION 2.6. We define an A∞-structure on

(2.2) Ã0 := K ⊗̂Λ0 A

For fi ∈ K ,ei ∈ A i = 1, · · · ,k, the A∞-operation is defined as

(2.3) mk ( f1e1, f2e2, · · · , fk ek ) := fk fk−1 · · · f2 f1 ·mk (e1, · · · ,ek ).

Then we extend it linearly to define the A∞-structure on Ã0 and also tensor over Λ to
get the A∞-structure on Ã := Ã0 ⊗Λ.

REMARK 2.7. The order of fi in (2.3) is crucial for the definition of the mirror functor
in Chapter 4 and 6. Also, the variables fi have degree zero. Later we consider extended
deformations with variables fi of non-trivial gradings, then there will be additional signs
(see (9.1), (9.2)).

REMARK 2.8. There is a well-known construction of the dual of an A∞-algebra,
which is a noncommutative formal space with a vector field Q satisfying [Q,Q] = 0 (see
Kontsevich-Soibelman [KS09]). Hence. it is not surprising that we can introduce non-
commutative coefficients for an A∞-algebra. The relation between [KS09] and our work
will become clearer for extended deformations in Chapter 9.

In several recent mirror symmetry literatures, the A∞-category or A∞-algebra it-
self is regarded as a part of non-commutative geometry. But the definition of “non-
commutativity” in our non-commutative mirror symmetry framework has more classi-
cal meaning. Namely, we obtain the classical non-commutative algebras via the study
of weakly unobstructedness of the deformations (2.4) and Maurer-Cartan equations.

One can easily check that

LEMMA 2.9. (Ã, {mk }) satisfies the A∞-equation.

PROOF. From linearity, it is enough to prove it when inputs are multiples of basis
elements. Namely, we consider the expansion of m(m̂( f1e1, f2e2, · · · , fnen)) which are
given by ∑

k1+k2=n+1
mk1 ( f1e1, · · · ,mk2 ( f j+1e j+1, · · · ), · · · , fnen).

Here, m̂ is the coderivation corresponding to m. From the A∞-equation of A, we have

fn fn−1 · · · f2 f1
∑

k1+k+2=n+1
mk1 (e1, · · · ,mk2 (e j+1, · · · ), · · · ,en) = 0.

�

The unit 1A of A is also the unit of Ã. Thus the noncommutative version of the weak
Maurer-Cartan equation makes sense.
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DEFINITION 2.10. An element b ∈ F+ Ã1 is said to be a noncommutative weak Maurer-
Cartan element if it satisfies

(2.4) m(eb) = PO(Ã,b) ·1A for some PO(Ã,b) ∈Λ+K ,

where m(eb) is defined from the A∞-operations of Ã. The potential PO(Ã,b) is called a
noncommutative potential.

Later on PO(Ã,b) will also be denoted as W and referred as the worldsheet super-
potential.





CHAPTER 3

Noncommutative mirror from a single Lagrangian and the
centrality theorem

In the previous chapter, we extend the base of an A∞-algebra A to be a noncommu-
tative space. In this chapter, we take the base to be the algebra of odd-degree (or degree-
1 in Z-graded case) weakly unobstructed deformations in the dual of A. The construc-
tion can be regarded as a noncommutative version of that in [CHL17]. In [CHL17], we
considered only the cases that solutions of Maurer-Cartan equation form a vector space,
but in this paper, we consider a more general setting that non-trivial Maurer-Cartan
equation defines an interesting algebraic variety, which is not necessarily commutative.

The key theorem we derive in this chapter is Theorem 3.10, which states that the
potential function W is automatically a central element. This already makes the the-
ory rather interesting since finding central elements of a noncommutative algebra is in
general challenging and done by computer calculations, while our construction auto-
matically provides a central element (which is a non-trivial element in non-Calabi-Yau
situation).

For the purpose of mirror construction, the A∞-algebra is taken to be the Floer
chain complex of a single (immersed) Lagrangian in a Kähler manifold X . Then the base
space together with the potential W we construct here is regarded as a mirror (noncom-
mutative Landau-Ginzburg model) of X in a generalized sense. Namely, we will show
in Chapter 4 that there exists a natural functor from the Fukaya category of X to the
category of matrix factorizations of W . Thus symplectic geometry of X is (partially) re-
flected from the (noncommutative) algebraic geometry of W . However the functor is
not necessarily an equivalence in general. We remark that the above construction is al-
gebraic, and hence can be applied to any A∞-algebras or A∞-categories, not necessarily
a Fukaya category.

In Chapter 6 we shall perform a more powerful construction using finitely many La-
grangians (instead of a single Lagrangian), and the corresponding base space will form a
quiver algebra with relations. This provides a useful approach to make the generalized
mirror more global and capture more geometric information of X . It will be used to
study the mirror of punctured or orbifold Riemann surfaces and certain non-compact
Calabi-Yau threefolds constructed by Smith [Smi15].

We may also consider the whole dual algebra of A instead of taking only odd-degree
noncommutative weakly unobstructed deformations. This would result in curved dg-
algebras which will be constructed in Chapter 9. We will mostly stick with the smaller
deformation space though, since it can be better understood and is more practical to
compute.

13
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3.1. Noncommutative family of Maurer-Cartan elements

Let C be an A∞-category over Λ, and we fix an object L of C , which is called a
reference object. We will consider a family of Maurer-Cartan equations for L as follows.

Let {Xe } be a set of odd-degree generators in A := Hom(L,L), where e runs in a label
set E (which we assume to be finite). One may take all odd-degree generators or its
certain subset (to make the deformation space smaller). Let xe be the corresponding
formal dual variables, and take K = Λ0 ¿ xe : e ∈ E À be the tensor algebra on the
subspace of A corresponding to E . Then we obtain an A∞-algebra Ã := K ⊗̂Λ0 A with
coefficients in the noncommutative ring K .

To consider a family of Maurer-Cartan elements, we take the formal sum

b =∑
e

xe Xe .

For Z2 grading, we set xe to have degree zero so that b has total degree one. When
we consider extended deformations later, we set the degree as follows.

DEFINITION 3.1. The degree of xe is defined to be |xe | = 1−|Xe |, so that b has total
degree one.

We find the condition of {xe } that makes b a Maurer-Cartan element (Def. 2.10).

m(eb) := m0(1)+m1(b)+m2(b,b)+·· · = PO(Ã,b) ·1L.

Since m(eb) has even degree, we may write

(3.1) m(eb) =WL ·1L+
∑

f
P f X f

where 1L is the unit of Hom(L,L) and X f runs over all the even-degree generators of
Hom(L,L) other than 1L (and f runs in a certain index set F ). Now, we will redefine our
coefficient ring so that b become Maurer-Cartan elements.

DEFINITION 3.2. Define the ring

A :=Λ0 ¿ xe : e ∈ E À /〈P f : f ∈ F 〉,
where 〈P f : f ∈ F 〉 is a completed two sided ideal generated by P f ’s. We call {P f } the
weakly unobstructed relations or Maurer-Cartan equations.

The potential W = WL (which is the coefficient of 1L in mb
0 ) can be regarded as an

element in A .

We regard WL as an element of A , since the Maurer-Cartan equation holds only
over the ring A . In geometric situations, the coefficient of the unit 1L in m(eb) can be
read off by taking a pairing with a point class of L. If b is a Maurer-Cartan element, then
this number is independent of the choice of a point.

Classically, Maurer-Cartan elements contain the deformation information ofL. Hence
the above construction may be interpreted as considering formal (non-commutative)
deformations of L and the deformation space is given by the non-commutative algebra
A , together with an invariant WL(b) for each b.

REMARK 3.3. One can check that given an A∞-homomorphism A → B , there is a
map of associative algebras B →A .
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3.2. Noncommutative mirrors using a single immersed Lagrangian

Let us apply the previous algebraic formalism to an immersed Lagrangian. Let X be

a Kähler manifold, and L
ι→ X be a compact spin oriented unobstructed Lagrangian im-

mersion with transverse self-intersection points. (By abuse of notations we also denote
its image by L.)

By [AJ10] (generalizing that of [FOOO09] for the case of Lagrangian submanifolds),
it is associated with an A∞-algebra whose underlying vector space is the space of cochains

CF•(L,L) := CF•(L×ι L) =C •(L)⊕⊕
p

Span{(p−, p+), (p+, p−)},

where p runs over the immersed points and p−, p+ are its preimages under ι. We call
(p−, p+) and (p+, p−) complementary immersed generators. The vector space isZ2-graded
in general, and is Z-graded when X is Calabi-Yau and L⊂ X has Maslov class zero.

Recall that the Lagrangian Floer complex C F (L1,L2) for two different transversally
intersecting Lagrangians are generated by their intersection points. Intuitively, at each
self intersection point p of the immersed Lagrangian L, two branches of the Lagrangian
L, say L+,L−, meet transversally, and two generators (p−, p+) and (p+, p−) correspond
to the Floer generators C F (L−,L+) and C F (L+,L−) respectively.

In fact, as we have seen the construction is algebraic and hence can be applied
to any version of Fukaya A∞-category as defined by Fukaya-Oh-Ohta-Ono [FOOO09],
Akaho-Joyce [AJ10], Seidel [Sei08], Seidel-Sheridan [She11, She15] or Abouzaid-Seidel
[AS10a]. The space of cochains C •(L) (and its A∞-operations) depends on the chosen
theory. Here we assume that if necessary, a canonical model is taken so that C •(L) is
finite dimensional. Moreover the A∞-algebra is assumed to be unital, and the unit is
represented by the fundamental class of L.

Now we consider noncommutative formal deformations by the immersed gener-
ators. Let {Xe } be the set of all odd-degree immersed generators in C F •(L,L) where e
runs in a label set E of immersed points (which is a finite set). One can also include
odd degree generators which is not immersed generator, but this case will not be con-
sidered in this paper. As before, let xe be the corresponding formal dual variables, and
take K =Λ0 ¿ xe : e ∈ E À and we obtain an A∞-algebra Ã = K ⊗̂Λ0 A.

The formal bounding cochain

b =∑
e

xe Xe

represents formal smoothing deformation of L at each intersection point e.
We can consider the deformed A∞-algebra Ãb with A∞-operations

{
mb

k

}
from Def-

inition 2.3. Weak Mauer-Cartan equation for b is the condition for mb
0 to be a multiple

of the unit class 1L is the unit of the Floer theory of L. From the weak MC equation (3.1),
and Definition 3.2, we obtain the non-commutative ring A of weak Maurer-Cartan re-
lations.

DEFINITION 3.4. The potential W = WL (which is the coefficient of 1L in mb
0 ) as

an element of A is called a generalized mirror of X (with respect to the choice of an
immersed Lagrangian L). W is also called the worldsheet superpotential.

Recall that m0 counts holomorphic discs bounded in L passing through a generic
point. The worldsheet superpotential WL counts holomorphic discs bounded in L pass-
ing through a generic point with boundary insertions of b’s. Namely, holomorphic discs
are now allowed to turn corners at Xe ’s and the names of the corners are recorded in
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the variables xe ’s. We also remark that even in the case of m0 = 0, the above construc-
tion may provide non-trivial mb

0 , and this is the case in most of the Riemann surface
examples in this paper.

Note that since mb
0 has degree two, and hence W has degree two. Later in this sec-

tion, we show that W ∈ A is always central. Thus W can be regarded as a function on
the noncommutative space defined by A .

REMARK 3.5. In actual computations, we will use the Morse complex of L (induced
from a Morse function) which contains one maximum point 1L and one minimum point
TL . Concretely W counts the number of polygons bounded by Lwhose boundaries pass
through TL , which is the Poincaré dual of 1L .

3.3. Spacetime superpotential and Maurer-Cartan equation

There is another type of superpotential different from W , called the spacetime su-
perpotential, which gives an effective way to describe the weakly unobstructed rela-
tions under good conditions. This employs the intersection pairing 〈·, ·〉 on the space
CF∗(L,L), which is graded commutative (before shifting degrees) and has degree−dimL.

The following cyclic potential is defined as an element in K or (its projection to) the
cyclic quotient K /[K ,K ] by (completed) commutators.

DEFINITION 3.6. The spacetime superpotential is defined to be

(3.2) Φ=ΦL :=∑
k

1

k +1
〈mk (b, · · · ,b),b〉 ∈ K /[K ,K ]

We make the following assumption whenever spacetime superpotential Φ is dis-
cussed.

ASSUMPTION 3.7. Assume that the A∞-algebra associated to L is cyclic, namely

〈mk (v1, · · · , vk ), vk+1〉 = (−1)|v1|′(|v2|′+···+|vk+1|′)〈mk (v2, · · · , vk+1), v1〉
for any v1, · · · , vk+1 ∈C∗(L×ι L).

We remark that cyclic symmetric A∞-algebra for a Lagrangian submanifold is con-
structed by Fukaya [Fuk10]. In fact, for the definition of the spacetime supterpotential
(and for the proposition below), the cyclic symmetry of the expression in (3.2) is enough,
which holds all of our examples.

Due to the assumption, every term of Φ appears with its cyclic permutation in the
variables xe . For such a cyclic element of Λ0〈〈xe : e ∈ E〉〉, we have the cyclic derivatives
which are defined by

(3.3) ∂xe (xl1 · · ·xlk
) =

k∑
j=1

∂xe (xl j ) · xl j+1 · · ·xlk
xl1 · · ·xl j−1

where ∂xe (xl ) = δe,l (see [RSS80] or [DWZ08] for more details).
The following proposition is similar to the one for special Lagrangian submanifolds

in Calabi-Yau 3-folds in [FOOO09] (3.6.49) and [Fuk10].

PROPOSITION 3.8. Partial derivatives ∂xeΦ for e ∈ E are (part of) weakly unobstructed
relations. Furthermore, suppose dimC X = n is odd, and L is a Lagrangian sphere with
the non immersed sector (C •(L)) of CF•(L,L) isomorphic to the Morse complex of Sn

equipped with the standard height function. Then the algebra in Definition 3.2 equals
to

A = Jac(Φ) =Λ0〈〈xe : e ∈ E〉〉/(∂xeΦ : e ∈ E).
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PROOF. From the cyclic symmetry and the definition of ∂xa , we have

∂xeΦL = ∑
k
〈mk (b, · · · ,b), Xe〉

= 〈Pē ·X ē , Xe〉 =±Pē .

where X ē is the complementary immersed generator to Xe . Thus ∂xeΦL for each e gives
a part of weakly unobstructed relation.

When dimC X is odd, X ē for every odd-degree immersed generator Xe has even de-
gree. Suppose further that L is a sphere and CF•(L,L) is generated by exactly one maxi-
mum point and one minimum point. The minimum point T have degT = dimL which
is odd, and hence cannot be a term in mb

0 . Therefore mb
0 is a linear combination of the

even-degree immersed generators, and all the weakly unobstructed relations are ∂xeΦL
for some e. Hence A = Jac(Φ) in this case. �

REMARK 3.9. The idea of relating critical points of spacetime superpotential and
Maurer-Cartan equation appeared in [FOOO09, (3.6.49)] for the case of special Lagrangian
submanifolds in Calabi-Yau 3-folds.

3.4. Centrality

The following centrality theorem is an important feature of our noncommutative
mirror construction. Note that our approach gives a conceptual way to produce a cen-
tral element of a non-commutative algebra, and moreover the proof is surprisingly neat
which employs weak unobstructedness in a systematic way.

THEOREM 3.10 (Centrality of the potential). The noncommutative potential WL ∈A

is central, namely

WL · xe = xe ·WL

for all xe .

PROOF. The key is that we have mb
0 =WL1L over A . Let us denote by m̂ the coderiva-

tion induced from m, and the A∞-equation can be rephrased as m ◦ m̂ = 0 on tensor
coalgebra of the A∞-algebra. Then

0 = m ◦m̂(eb) = m(eb ,m̂(eb),eb)

= m2(b,WL1L)+m2(WL1L,b)

= ∑
e

(WL · xe −xe ·WL)Xe .

The second and third equalities follows from the property of the unit 1L. �

REMARK 3.11. Centrality is also needed to have (mb,b
1 )2 = 0. For any x, the centrality

implies the cancellation of the last two terms in the following A∞-equation

(mb,b
1 (x))2 +m2(WL1, x)+ (−1)|x|

′
m2(x,WL1) = 0.

We conclude this section with the following.

DEFINITION 3.12. A triple (Λ0 ¿ xe : e ∈ E À,Φ,W ) is called a noncommutative
Landau-Ginzburg model if the noncommutative Jacobi algebra

A = Jac(Φ) :=Λ0 ¿ xe : e ∈ E À /
(∂xeΦ)

has W in its center.
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COROLLARY 3.13. Under the conditions in Proposition 3.8, the generalized mirror

(Λ0 ¿ xe : e ∈ E À,Φ,W )

associated to L defined in Section 3.2 is a noncommutative Landau-Ginzburg model.

In the next chapter we transform Lagrangian submanifolds in X to matrix factor-
izations of W . Thus symplectic geometry naturally corresponds to noncommutative
algebraic geometry in our generalized mirror.



CHAPTER 4

The mirror functor from a single Lagrangian

In this chapter, we construct a canonical A∞-functor from the Fukaya category of X
to the category of matrix factorizations of its generalized mirror (A ,W ) constructed in
the previous chapter. It explains the fundamental reason why symplectic geometry of X
should correspond to algebraic geometry of its mirror. Most of the proofs in this chap-
ter is similar to those in [CHL17] in the commutative setting, and so we will be brief.
Fuk(X ) is the Fukaya category of unobstructed Lagrangians with a bounding cochain in
this chapter. If L is unobstructed, then, either L has a vanishing m0 or has a bounding

cochain b0 such that mb0
0 = 0. For simplicity, we assume that b0 = 0 (i.e. the first case)

since it is straightforward to modify the construction nontrivial b0 6= 0 (see [CHL17] for
more details).

First let us recall the category of matrix factorizations of a central element W in a
ring A which is not necessarily commutative.

DEFINITION 4.1. A matrix factorization of (A ,W ) consists of two projective left A -
modules M0, M1 with maps δ0 : M0 → M1,δ1 : M1 → M0 such that

δ0δ1 = δ1δ0 =W · Id.

Alternatively it can be defined as a Z2-graded projective A -module M = M0 ⊕M1 with
an odd endomorphism δ= δ0 +δ1 satisfying δ2 =W · Id.

REMARK 4.2. We may also consider Z-graded matrix factorizations in Calabi-Yau
setting. This will be discussed in Section 7.2.

DEFINITION 4.3. The differential graded category of matrix factorizations of (A ,W )
is defined as follows. A morphism between two matrix factorizations (M ,δM ) and (N ,δN )
is simply an A -module homomorphism f : M → N . The morphism space is Z2-graded
and is equipped with a differential m1 (or d) defined by

m1( f ) = δN ◦ f − (−1)deg ( f ) f ◦δM .

The composition of morphisms is denoted by m2.

Now we are ready to construct the functor. Recall that A is the space of weakly
unobstructed odd-degree noncommutative deformations of the reference Lagrangian
L, and W is the counting of holomorphic discs bounded by L whose boundary pass
through a generic marked point (see Definition 3.2 and Remark 3.5).

DEFINITION 4.4. Let Fuk(X ) be theZ2-graded Fukaya category of unobstructed La-
grangian submanifolds of X . For an object U of Fuk(X ), its mirror matrix factorization
of (A ,W ) is defined as

(4.1) F (U ) :=
(
A ⊗̂Λ0 CF•((L,b),U ),d = (−1)deg(·)mb,0

1 (·)
)

.

19
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REMARK 4.5. The above functor can be defined for any Fukλ for λ ∈C (which maps
to MF (W −λ)), where Fukλ is the subcategory whose objects are weakly unobstructed
Lagrangians with potential value λ. See [CHL17] for more details. The same applies
throughout the paper, but we will consider only unobstructed ones just for simplicity.

There are different ways of realizing Lagrangian Floer theory, and CF•((L,b),U ) de-
pends on the choice. In the theory developed by Fukaya-Oh-Ohta-Ono [FOOO09], U
can have clean intersections with L, and CF•((L,b),U ) is the direct sum of the spaces
of singular chains (or differential forms) in the intersections. In the theory of Seidel
[Sei08], U is made to have transverse intersections with L, and CF•((L,b),U ) is spanned
by the intersection points. We will fix any one of the choices to carry out the construc-
tions.

Recall that the Floer theory operation mb,0
1 on A ⊗Λ0 CF•((L,b),U ) is

mb,0
1 (p) =

∞∑
k=0

mk+1(b, · · · ,b︸ ︷︷ ︸
k

, p)

for p ∈ CF•((L,b),U ). Intuitively the mirror matrix factorization is counting pseudo-
holomorphic strips bounded by L and U , where arbitrary number of boundary inser-
tions b’s are allowed along the upper boundary mapped in L (see Figure 1). The matrix
coefficients are noncommutative power series, each term of which records the bound-
ary insertions along the upper boundary.

Recall that the intersection points L∩U has a well-defined Z2-grading given by the
signed intersection number. The differential mb,0

1 is a matrix of decorated counting from
even to odd, or odd to even intersection points.

FIGURE 1. Holomorphic strip contributing to mb,0
1

The key observation is that the above really defines a matrix factorization of (A ,W ),
whose proof is essentially the same as that of [CHL17, Theorem 2.19].

PROPOSITION 4.6. In Definition 4.4,

δ2 =WL · Id.

PROOF. Recall that A =Λ0 ¿ xe : e ∈ E À /〈P f : f ∈ F 〉where P f are the coefficients

of X f in mb
0 . Consider the A∞-equation

mb,0
1 ◦mb,0

1 (p)+mb,0
2 (mb

0,L, p)+ (−1)deg p−1mb,0
2 (p,m0,U ) = 0.

Since U is unobstructed, m0,U = 0. Moreover mb
0,L = W · 1L as an element in A ⊗Λ0

CF•(L,L) by the definition of A . Hence the second term equals to W ·p. Hence δ2(p) =
(−1)deg p (−1)deg p−1mb,0

1 ◦mb,0
1 (p) =W ·1L.

�
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The essence of the above proof is the following. In Floer theory, the differential (in
our case, decorated by b’s) may not satisfy δ2 = 0. The failure of δ2 = 0 comes from
disc bubblings. The disc bubbling with boundary on L (with b-decorations) provide
the term WL · Id, whereas the disc bubbling with boundary on U is assumed to vanish.
Hence we obtain the equation δ2 =WL · Id. Therefore, the above proposition claims that
appropriate decorated counting for Floer differential δ provides a matrix factorization
of the superpotential WL.

The correspondence between objects defined above extends to be an A∞-functor
F = (Fk )∞k≥1 as follows. Given an intersection point q between two Lagrangians U1

and U2 in Fuk(X ), which can be regarded as a morphism from U1 to U2, we have the
morphism

(−1)(deg q−1)(deg(·)−1)mb,0,0
2 (·, q) : F (U1) →F (U2).

Namely, given an intersection point p ∈ L∩U1, the expression

(−1)(deg q−1)(deg p−1)mb,0,0
2 (p, q) = (−1)(deg q−1)(deg p−1)

∞∑
k=0

mk+2(b, · · · ,b︸ ︷︷ ︸
k

, p, q)

defines an element in the underlying module of F (U2). This defines a map

F L
1 : Hom(U1,U2) → Hom(F (U1),F (U2)).

The higher parts of the functor is given by mb,0,··· ,0
l+1 up to signs. Namely, given (l+1)-

tuple of Lagrangians U1, · · · ,Ul+1 (l ≥ 1) and a sequence of morphisms

(q1, · · · , ql ) ∈ Hom(U1,U2)⊗·· ·⊗Hom(Ul ,Ul+1),

we define
Fl (q1, · · · , ql ) ∈ Hom(F (U1),F (Ul+1))

as a map which sends

p ∈ L∩U1 7→ (−1)εmb,0,··· ,0
l+1 (p, q1, · · · , ql )

where ε= (deg p −1)
(∑l

i=1(deg qi −1)
)
.

The proof of F being an A∞-functor is essentially the same as Theorem 2.18 [CHL17]
and so the detail is omitted here. The key feature is that the underlying ring is taken to be
A =Λ0 ¿ xe : e ∈ E À /〈P f : f ∈ F 〉 rather than Λ0. Over this ring we have mb

0,L =W ·1L.
Moreover Fl (q1, . . . , ql ) defined above are truly A -module homomorphisms, since from
Equation (2.3) we have

mk+l+1(b,b, · · · ,b, g ·p, q1, . . . , ql ) = g ·mk+l+1(b,b, · · · ,b, p, q1, . . . , ql ).

for any g ∈A (where recall that b =∑
e xe Xe ).

THEOREM 4.7. F =F L = (Fi )∞i=1 defines an A∞-functor.

The following proposition transforms Hamiltonian isotopty into homotopy.

PROPOSITION 4.8. [CHL, Proposition 5.4] If L1 and L2 are Hamiltonian isotopic,
then the resulting matrix factorizations F L(L1) and F L(L2) are homotopic to each other.

The proof is the same as in [CHL] and we omit the proof.
The following theorem shows that our functor is injective on a certain class of Hom

spaces related to L.

THEOREM 4.9 (Injectivity). If the A∞-category is unital, then the mirror A∞ functor
F L is injective on H•(Hom(L,U )) (and also on Hom(L,U )) for any Lagrangian U .
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PROOF. We construct a right inverse Ψ to F L
1 . Consider the matrix factorizations

F (L),F (U ) corresponding to L,L respectively. Recall that

F (L) = (
A ⊗Λ0 CF•((L,b),L),mb,0

1

)
.

Let φ be a morphism in Hom(F (L),F (U )). Since 1L is an element of CF•((L,b),L) =
CF•(L,L), we may take φ(1L) which lies in A ⊗Λ0 CF•(L,U ). We define Ψ(φ) as

Ψ(φ) = (
φ(1L)

)|b=0 ∈ CF•(L,U ).

We first show that Ψ is a chain map:

Ψ(m1(φ)) = Ψ(mb,0
1 ◦φ))− (−1)|φ|Ψ(φ◦mb,0

1 )

= (
mb,0

1 (φ(1L))
)|b=0 − (−1)|φ|

(
φ(mb,0

1 (1L))
)|b=0

= (
m0,0

1 (φ(1L)|b=0)
)− (−1)|φ|

(
φ(−b)

)|b=0

= m0,0
1 (Ψ(φ)).

Now, let us show that Ψ is the right inverse of F L
1 :(

Ψ◦F L
1

)
(p) = (

F L
1 (p)(1L)

)|b=0 =
(
mb,0,0

2 (1L, p)
)|b=0 = m0,0,0

2 (1L, p) = p.

�



CHAPTER 5

Elliptic curves and deformation quantizations

In this chapter, we apply the general construction in Chapter 3 and 4 to the ellip-
tic curve quotient E/Z3 = P1

3,3,3 and obtain a family of noncommutative mirrors. As
explained in the Introduction, Zaslow [Zas05] and Aldi-Zaslow [AZ06] obtained non-
commutative mirrors of the elliptic curve by computing the Floer operations for a La-
grangian section and its Dehn twists. In this paper we provide a general systematic con-
struction of noncommutative mirrors. (In Section 8 we work out a similar construction
for P1

2,2,2,2 which involves quiver algebras.)
We consider a family of reference Lagrangians (Lt ,λ), which produces the mirror

functors from Fuk(P1
3,3,3) to a family of noncommutative Landau-Ginzburg models. The

resulting LG-models turn out to be (3-dimensional) Sklyanin algebras with central ele-
ments. Surprisingly, the quotients of the Sklyanin algebras by the central elements gives
rise to the deformation quantization of affine Del Pezzo surface W0(x, y, z) = 0 in C3

where W0 (5.2) is the commutative potential obtained from (Lt=0,λ=−1).
The main result of the chapter can be summarized as follows.

THEOREM 5.1. There is a T 2-family (Lt ,λ) of Lagrangians decorated by flat U (1) con-
nections in P1

3,3,3 for (t −1) ∈R/2Z and λ ∈U (1) whose corresponding generalized mirror
(A(λ,t ),W(λ,t )) satisfies the following.

(1) The noncommutative algebras A(λ,t ) are Sklyanin algebras, which are of the
form

(5.1) A(λ,t ) := Λ< x, y, z >(
ax y +by x + cz2, ay z +bz y + cx2, azx +bxz + c y2

)
for a = a(λ, t ),b = b(λ, t ),c = c(λ, t ) ∈Λ. We have A0 :=A(−1,0) =Λ[x, y, z].

(2) W(λ,t ) lies in the center of A(λ,t ) for all (λ, t ). We denote W0 =W(−1,0).
(3) The coefficients (a : b : c) are given by theta functions, which define an embed-

ding T 2 →P2 onto the mirror elliptic curve

Ě = {(a : b : c) ∈P2 |W0(x, y, z) = 0}.

(4) For each (λ, t ), there exists a Z2-graded A∞-functor

F (Lt ,λ) : Fuk(P1
3,3,3) → MF(A(λ,t ),W(λ,t )).

Upstairs there is a Z-graded A∞-functor

F (L̃t ,λ) : FukZ(E) → MFZ(Â(λ,t ),Ŵ(λ,t )).

When t = 0,λ=−1, they give derived equivalences.
(5) The graded noncommutative algebra A(λ,t )/〈W(λ,t )〉 is a twisted homogeneous

coordinate ring of Ě .
(6) The family of noncommutative algebras A(λ,t )/〈W(λ,t )〉 near t = 0,λ=−1 gives

a quantization of the affine del Pezzo surface defined by W0(x, y, z) = 0 in C3.

23
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FIGURE 2. (a) (E , L̃) and (b) (P1
3,3,3,L)

FukZ denotes the Fukaya category equipped withZ-grading. The category MFZ(Â(λ,t ),Ŵ(λ,t ))
and the functor upstairs are to be defined in 7.2.2. The grading on A(λ,t ) is simply given
by deg x = deg y = deg z = 1.

REMARK 5.2. When t = 0 and λ = −1, we have a = −b,c = 0 so that the relations
in (5.1) become commutators among three variable. Thus the mirror constructed is
commutative as in [CHL17].

5.1. Deforming the reference Lagrangian

Let E be an elliptic curve C/Z⊕Z〈e2πi /3〉, and Z3 act on C (and E) by 2π/3 rota-
tion around the origin. In the quotient orbifold E/Z3 = P1

3,3,3, we consider the family of
Lagrangians Lt for −1 < t < 1. A reference Lagrangian Lt (for a fixed t ) will be the pro-
jection of vertical line L̃t ,0 in C passing through the point

(−t+1
4 ,0

)
. (See (a) of Figure 2

for the original Lagrangian L̃0,0 (red dotted line) and its translated copy L̃t ,0 (blue solid
line).) Applying Z3-action to L̃t ,0, we obtain L̃t ,1, L̃t ,2 which intersect each other at three
points. (Assume t 6= ±1/3 to avoid triple intersections.) They project down to a single
immersed circle L in the quotient E/Z3 with three immersed points Let us denote the
associated degree odd immersed Floer generators by X ,Y , Z . (See (b) of Figure 2.)

An additional holonomy parameter λ is introduced as follows. We further equip the
Lagrangian Lt with a flat line bundle whose holonomy is λ= e2πi s ∈U (1). We represent
this flat bundle by the trivial line bundle on Lt together with the flat connection whose
parallel transport is proportional to the length of a curve. More precisely, if a curve in L
has reverse orientation to L and length l , the parallel transport along this curve is given

by the multiplication of λ
l

l0 = e
2πi sl

l0 where l0 denotes the total length of Lt .
We will apply our construction in Chapter 3 and 4 using each (Lt ,λ) as a reference

Lagrangian. For this, we use the Morse-Bott type construction of A∞-category for sur-
faces following Seidel [Sei11], Sheridan [She11] and we refer readers to these for more
details (see also [CHL17]). In fact, we make the following changes (from that of [CHL17])
for the computations. First, we will choose a Morse function on Lt to have one maxi-
mum and one minimum on each segment of Lt (here, immersed points of Lt divides Lt

into 6 segments). Second, instead of representing the non-standard spin structure of Lt
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by a point in Lt , we will consider a flat line bundle with holonomy (−1), which is evenly
distributed along Lt . These changes will make the computations to be more symmetric.

Given the Lagrangian Lt , we study the Maurer-Cartan equation of b where b is given
by the formal linear combination of immersed generators b = x X + yY + z Z . Note that
in the case of t = 0, the Figure 2 becomes symmetric. Namely, the configuration of L̃0 is
invariant under the reflection along the line which passes through three fixed points of
Z3-action.

It was shown in [CHL17] that if we further set λ = −1 for L0, any such b satisfies
the weak Maurer-Cartan equation (where x, y, z are regarded as commutative variables).
More precisely, when t = 0 and λ = −1 (which is gauge equivalent to choosing a non-
trivial spin structure on L), the following is proved in [CHL17].

THEOREM 5.3 ([CHL17]). When L0 is equipped with a non-trivial spin structure,
b = x X + yY + z Z is a weak Maurer-Cartan solution for any x, y, z ∈ C. The mirror LG
superpotential W0, after a rescaling on x, y, z, takes the form

(5.2) W0 = x3 + y3 + z3 −σ(qorb)x y z

where qorb = Tω(P1
3,3,3) is the Kähler parameter of P1

3,3,3 and σ(qorb) is the inverse mirror
map

(5.3) σ(qorb) =−3−
(
η(qorb)

η(q9
orb)

)3

.

η above denotes the Dedekind eta function.

Weakly unobstructedness of (L0,λ=−1) is mainly due to the symmetry of L0 under
the anti-symplectic involution together with certain sign computations. The potential
W0 was computed by counting infinite series of triangles passing through a given point
class. (In fact, with our new formulation of non-standard spin structure, the coordinate
change y → ỹ in [CHL17] is not necessary. More details will be given below.)

After deformation of (L0,λ = −1), the anti-symplectic involution no longer pre-
serves Lt and b does not satisfy the weak Maurer-Cartan equation for (Lt ,λ) anymore
in the sense of [CHL17]. In this article, we allow x, y, z to be noncommutative formal
variables (subject to weak Maurer-Cartan relations) so that b still solves the noncommu-
tative version of weak Maurer-Cartan equation for (Lt ,λ). This enables us to construct
a noncommutative Landau-Ginzburg model for any t ,λ.

5.2. Sklyanin algebras as Weak Maurer-Cartan relations

In this section we show that the weak Maurer-Cartan relations of (Lt ,λ) produce
Sklyanin algebras, which are important examples of noncommutative algebraic geom-
etry (see for instance [ATdB90, AVdB90, AS87]). It was discussed in [AKO08, AZ06] that
they are closely related with mirrors of elliptic curves and P2.

DEFINITION 5.4 (Sklyanin algebra). The Sklyanin algebra is defined as

Sky3(a,b,c) := Λ< x, y, z >(
ax y +by z + cz2, ay z +bz y + cx2, azx +bxz + c y2

)
for a,b,c ∈Λ.

Let us now compute weak Maurer-Cartan relations explicitly. Formally, we need to
compute mb

0 = m1(b)+m2(b,b)+·· · for (Lt ,λ) where mb
0 takes the form hX̄ X̄ +hȲ Ȳ +

hZ̄ Z̄ +W 1L.
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PROPOSITION 5.5. Weak Maurer-Cartan relations for general λ, t are given by hX̄ =
hȲ = hZ̄ = 0, where

(5.4) hX̄ = Ay z +B z y +C x2,hȲ = Azx +B xz +C y2,hZ̄ = Ax y +B y x +C z2,

and
(5.5)

A =λ 1+3t
2

( ∑
k∈Z

λ3k q (6k+1+3t )2

0

)
,B =λ 1+3t

2

( ∑
k∈Z

λ3k+2q (6k+5+3t )2

0

)
,C =λ 1+3t

2

( ∑
k∈Z

λ3k+1q (6k+3+3t )2

0

)
.

Here, q0 = exp(−Min) where Min is the symplectic area of the minimal non-trivial trian-
gle bounded by L0. (Note that we use e−1 instead of the Novikov parameter T.)

The above proposition can be checked by direct but tedious calculations, and we
provide a brief sketch and omit the details. For example, the coefficient of y z in hX̄
comes from the contribution of m2(z Z , yY ) with an output X̄ , which means that we
count triangles with corners Z ,Y , X in a counter-clockwise order, with weights given by
its areas and flat connections. The contribution comes in two (infinite) sums of triangles
(which is combined nicely)

(5.6)
∑
k≥0

(
λ−1)3k+ 5

2 − 3t
2 q (6k+5−3t )2

0 + ∑
k≥0

λ3k+ 1
2 + 3t

2 q (6k+1+3t )2

0 = ∑
k∈Z

λ3k+ 1+3t
2 q (6k+1+3t )2

0 .

Observe that the (exponent of) holonomy part is proportional to the boundary length
of a triangle. The reason for having λ−1 in the first term but λ+1 in the second is because
the orientations of triangles in two sequences are opposite to each other.

The triangle for the k-th term in the first summand of (5.6) is shown in Figure 3.
As the boundary length of the triangle is

(
3k + 2

5 − 3t
2

)
l0 (l0 = total length of Lt ) and the

holonomy effect is proportional to length, we obtain the first factor
(
λ−1

)3k+ 2
5 − 3t

2 . Also,
it is easy to see from the ratio between edge lengths that the area of this triangle is (6k +
5 − 3t )2-times the area of the minimal x y z-triangle for L0, and so comes the second

factor q (6k+5−3t )2

0 .

FIGURE 3. A triangle contributing to m2(z Z , yY )

As dividing A,B ,C by a common factor does not affect the ideal generated by weak
Maurer-Cartan relations, we set

(5.7) a = q−(3t+1)2

0 λ− 1+3t
2 · A, b = q−(3t+1)2

0 λ− 1+3t
2 ·B , c = q−(3t+1)2

0 λ− 1+3t
2 ·C

which are indeed theta functions in a holomorphic variable u defined as follows.
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As in Theorem 5.3 we put qorb = q8
0 which is the exponentiated symplectic area of

P1
3,3,3 (here we put T = e−1), and e2πiτ := q3

orb, where the right hand side is the exponen-
tiated symplectic area of the elliptic curve E . (The dependence of τ on qorb is the inverse
mirror map.) We write λ= e2πi s (recall λ ∈U (1)), and define

(5.8) u := s +τ t

2
+ τ

6
.

Since s and t have periodicity 1 and 2 respectively, u can be thought of as a (holomor-
phic) coordinate function on Eτ :=C/Z⊕Z〈τ〉.

PROPOSITION 5.6. The function a,b,c in Equation (5.7) are holomorphic functions
in the coordinate u on Eτ, and can be expressed as

(5.9) a(u) =Θ0(u,τ)3, b(u) =Θ2(u,τ)3, c(u) =Θ1(u,τ)3.

In particular a,b,c are convergent over C. Here, Θ j (u,τ)s := θ
[

j
s ,0

]
(su, sτ) (see appen-

dix for more details).

PROOF. See Appendix A.1. �

Such theta functions were also obtained in [AZ06] in a different setting.
Note that a priori the weakly unobstructed relations from Lagrangian Floer theory

are only defined around the large volume limit τ→ i∞. It follows from the above propo-
sition that they are well-defined over the global moduli. We will prove that (a : b : c)
satisfies the mirror elliptic curve equation W0 = 0 later.

Consequently, the mirror noncommutative algebra is the Sklyanin algebra with co-
efficients a,b,c and, at u0 := 1

2 + τ
6 (i.e. t = 0 and λ=−1) the algebra recovers the usual

polynomial algebra, since a(u0) =−b(u0) and c(u0) = 0. This finishes the proof of (1) of
Theorem 5.1.

We finish the section by explaining briefly a geometric meaning of the weal Maurer-
Cartan relations. Intuitively speaking, weak Maurer-Cartan relations are needed to en-
sure the well-definedness of the potential W . Namely, if W is given by the counting of
polygons passing through a generic point p, then we want the counting to be indepen-
dent of the position of p. In actual computation of W (Section 5.3), we will use a differ-
ent type of representatives of a generic point, but here we temporarily choose a point p
as in Figure 2 to illustrate the geometric meaning of weak Maurer-Cartan relation.

When p moves from one segment to the other along a straight line, passing through
a corner labelled X , the set of polygons that intersect p before, get changed into another
family of polygons afterward and their difference gives the coefficient hX̄ below. For L0,
these two sets are related by anti-symplectic involution at X , and actually the signed
counting remains invariant. But if we consider Lt (blue lines), and move p as before, it
is easy to see that the corresponding two set of polygons cannot be identified. For exam-
ple, two small blue triangles sharing a vertex X , have different areas, and hence cannot
be identified. But in a noncommutative setting, the total difference across X , given by
hX̄ , will define a weak Maurer-Cartan relation which is set to be zero after taking quo-
tient.

5.3. Noncommutative potential

We next compute the (noncommutative) potential function W(λ,t ) for (Lt ,λ), by
suitable counts of (holomorphic) triangles. From the weak Maurer-Cartan equation, the
potential function W(λ,t ) can be read off by intersecting the contributing holomorphic
polygons (in this case triangles) with the point class.
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We will pick a representative of the point class of Lt and we count the number of
triangles passing through this representative (hence one triangle can contribute several
times depending on the position of intersection). Note that the configuration of La-
grangians in the universal cover changes for various choice of t ’s (even topologically).
Let us first assume − 1

3 < t < 1
3 so that the topological type of Lt remains the same as in

Figure 2.
To represent the point class, we put a marked point on each minimal segment of Lt

bounded by two self intersection points. Since we have six such segments, each marked
point represents 1/6 of the point class, i.e. 1

6 PD(1L). Thus total contribution of a triangle
is 1

6 of the number of marked points, or equivalently, 1
6 of the number of segments in the

boundary of the triangle. See Figure 4.

FIGURE 4. Each time a polygon passes through ×, it constributes by 1
6 .

REMARK 5.7. The choice of the Morse function (hence the marked points for the
point class) here is different from that of [CHL17], but the resulting potential for the
case of t = 0 and λ=−1 is the same as the one in [CHL17].

Direct counting gives the following x3, y3, z3-terms in the potential.
(5.10)

−λ 1+3t
2

( ∑
k∈Z

(
k + 1

2

)
λ3k+1q (6k+3+3t )2

0

)
(x3+y3+z3) =−q (3t+1)2

0 λ
1+3t

2

6πi

(
c ′(u)+πi c(u)

)
(x3+y3+z3).

In actual counting, each coefficient is given as two sums, both of which are taken over
{k ≥ 0} contributed by two sequences of triangles. We apply the same trick as in (5.6) to
reduce to the above expression.

For example, x3-term comes from the coefficients of 1L in m3(x X , x X , x X ), and the
triangles with all corners labelled by X contribute to it. Therefore, the counting is similar
to that for C (5.5), but the only difference is that we count the number of marked points
(representing 1/6PD(1L)) this time. The k-th x3-triangle has 6k +3 minimal segments
(with end points at self intersections) in one edge whose counting gives rise to (6k +
3)( 1

6 1L) = (k + 1
2 )1L. There are three such edges, and hence, a priori, we get (3k + 3

2 )1L.
However, each x3-triangle has Z3-rotation symmetry, so in view of the orbifold P1

3,3,3,

the total contribution should be 1
3 × (3k + 3

2 )1L = (k + 1
2 )1L.

Observe that each summand in (5.10) is the same as the summand in C (5.5) except(
k + 1

2

)
factor in the coefficient. This is why the derivative c ′(u) appears on the right

hand side of (5.10).
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Likewise, the triangles with X , Y and Z as corners in counterclockwise order con-
tribute

−λ 1+3t
2

∑
k∈Z

(
k + 5

6

)
λ3k+2q (6k+5+3t )2

0 =−q (3t+1)2

0 λ
1+3t

2

6πi

(
b′(u)+πi b(u)

)
to the coefficients of z y x, xz y, y xz respectively. (Recall that m3(x X , yY , z Z ) = z y x ·
m3(X ,Y , Z ) according to our convention. See (2.3).)

On the other hand, triangles with X , Y and Z as corners in clockwise order con-
tribute

−λ 1+3t
2

∑
k∈Z

(
k + 1

6

)
λ3k q (6k+1+3t )2

0 =−q (3t+1)2

0 λ
1+3t

2

6πi

(
a′(u)+πi a(u)

)
to the coefficients of x y z, zx y, y zx respectively.

If t ≤ −1
3 or t ≥ 1

3 , topological type of L changes, but we still put one marked point
at each minimal segment bounded by self intersection points, and each marked point
represents 1

N 1L where N is the total number of minimal segments that form Lt . It is easy
to check that N = 3 for t =± 1

3 and N = 6 otherwise.
In each case, one can obtain the the following three coefficients for Wλ,t by counting

triangles in a similar fashion:

−q (3t+1)2

0 λ
1+3t

2

6πi

(
a′(u)+ rπi a(u)

)
, −q (3t+1)2

0 λ
1+3t

2

6πi

(
b′(u)+ rπi b(u)

)
, −q (3t+1)2

0 λ
1+3t

2

6πi

(
c ′(u)+ rπi c(u)

)
where

r =



−1 for −1 < t <− 1
3

0 for t =− 1
3

1 for − 1
3 < t < 1

3
2 for t = 1

3
3 for 1

3 < t < 1

.

By using weak Maurer-Cartan relations, we obtain the following formula which is
valid for all t (i.e. the formula is valid for any topological type of Lt ).

PROPOSITION 5.8. The noncommutative LG superpotential W(λ,t ) ∈ Sky(a(λ, t ),b(λ, t ),c(λ, t ))
for (Lt ,λ) is given as
(5.11)

W(λ,t ) = − q (3t+1)2

0 λ
1+3t

2

6πi

(
a′(u)(x y z + zx y + y zx)+b′(u)(z y x +xz y + y xz)+ c ′(u)(x3 + y3 + z3)

)
.

In particular W(λ,t ) is convergent over C.

As a direct consequence from Theorem 3.10,

COROLLARY 5.9 ((2) of Theorem 5.1). W(λ,t ) given above is a central element of
Sky(a(λ, t ),b(λ, t ),c(λ, t )).

Historically computer program has been used to find centers in these noncommu-
tative algebras, but our method provides a more conceptual approach.

5.4. (a,b,c) and the mirror elliptic curve

We use a geometric idea to prove that
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THEOREM 5.10 ((3) of Theorem 5.1). The coefficients a(λ, t ),b(λ, t ),c(λ, t ) of Maurer-
Cartan relations (using the coordinate (5.8)) give an embedding Eτ → P2 whose image is
isomorphic to the mirror elliptic curve Ě = {W0 = 0}. In particular, we have

a(λ, t )3 +b(λ, t )3 + c(λ, t )3 −σ(qorb)a(λ, t )b(λ, t )c(λ, t ) = 0,

where σ(qorb) is given in Theorem 5.3.

REMARK 5.11. From the theta function expression of (a(λ, t ),b(λ, t ),c(λ, t )), we know
that it defines a projective embedding onto the Hesse elliptic curve {a3+b3+c3−γabc =
0} ⊂ P2 for some γ ∈ C (See for e.g., [Dol, Theorem 3.2]). The above theorem identifies
this with the mirror elliptic curve, namely we have γ=σ.

REMARK 5.12. The above also works for Λ-valued noncommutative deformations.
Namely, we can take flat Λ∗-connections parametrized by λ ∈Λ∗ (in place of flat U (1)-
connections) on the family of Lagrangians Lt (for t ∈ R/2Z). Flat Λ∗-connections were
used in the work of Abouzaid-Smith [AS10b].

We have the global parameter U = T AE t/2·λ ∈Λ∗/〈T AE 〉which plays the role of e2πi u

(see Equation (5.8)), where AE is the area of the elliptic curve E . Expressions in (5.5) for
A,B ,C with q0 = T AE /24 (and λ ∈ Λ∗) are still valid for the weakly unobstructed rela-
tions, and Expression (5.7) for a,b,c still makes sense and can be written in terms of the
global parameter U . (Novikov convergence for A,B ,C is automatic since for each t there
are only finitely many polygons bounded by Lt with areas smaller than a fixed number.)
(a,b,c) gives a map Λ∗/〈T AE 〉→ΛP2 = (Λ3 − {0})/Λ×. Since the proof to the above The-
orem 5.1 is purely in Lagrangian Floer theory, it still works to prove that (a,b,c) satisfies
the same equation (with qorb = T AE /3). As in [AS10b, Definition 6.3], under this map
Λ∗/〈T AE 〉 should be identified with the variety defined by W0 = 0 in ΛP2.

PROOF. The main idea of the proof is to relate the Maurer-Cartan coefficients a(λ, t ),b(λ, t ),c(λ, t )
with the coefficients of a particular matrix factorization of the mirror potential W0.

This is based on the following geometric observation.

LEMMA 5.13. Consider a Lagrangian L3t , equipped with a flat U (1) connection with
holonomyλ0 =−1 with a small t 6= 0. Mirror functor F (L0,−1) (as in [CHL17, Section 6.3])
maps L3t with holonomy λ0 to a (3×3) matrix factorization

M0 ·M1 = M1 ·M0 =W0 · I3×3,

where M0 (the matrix with linear terms) is of the form

(5.12) −M0 =
 Ax B z C y

C z Ay B x
B y C x Az

 .

(“−" in (5.12) is due to our sign convention (4.1).) Then, we have

(5.13) (A,B ,C ) = (
A(λ0, t ),B(λ0, t ),C (λ0, t )

)
.

PROOF OF LEMMA. We first review the computation of the matrix factorization which
is essentially the same as the one for the long diagonal in [CHL17], which is the Floer
differential on CF((L0,b), (L3t ,λ)) Note that there are six intersection points between L0

and L3t . The (b-deformed) holomorphic strips from odd generators (between L0 and
L3t ) to even generators are all triangles, and that from even to odd generators are all
trapezoids. Since two vertices of these strips are inputs and outputs, entries of M0 con-
sist of linear terms in x, y and z, and those of M1 are all quadratic, and one can check
that M0 is of the form given in (5.12).
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Then, the relation (5.13) can be checked by hand. We only give a few helpful com-
ments, and leave it as an exercise. Consider the vertical Lagrangian Lt ,0 and its Z3-
rotation images Lt ,1,Lt ,2. If one takes two of these Lagrangians, say Lt ,0 and Lt ,1, then
it is easy to observe that they are just simple translates of L0,0,L0,1. Then one can check
that the decomposition of the elliptic curve by three lines (Lt ,0,Lt ,1,Lt ,2) and that by the
three lines (L0,0,L0,1,L3t ,2) are the same (related by a simple translation). The former is
used for Maurer-Cartan relations for Lt and the latter is used for Matrix Factorization of
L3t with reference L0. This is the reason why we take L3t in this lemma. One can check
the labeling of corners to show the rest of the assertion. �

Now to finish the proof of the theorem, we take the determinant of the equation
M0 · M1 = W0 · Id. Thus det(M0) is a cubic polynomial that divides W 3

0 . Since W0 is
irreducible, we should have det(M0) = k ·W0 for some constant k 6= 0. Then

(5.14) det(M0) =−ABC (x3 + y3 + z3)+ (A3 +B 3 +C 3)x y z = k ·W0,

or equivalently, A3+B 3+C 3

ABC =σ, which implies that W0(A,B ,C ) = 0 for (λ0, t ) with t small.
As A,B ,C are holomorphic functions (after overall scaling), this shows that in fact A,B ,C
satisfy the above equation even for large t and all λ. �

5.5. Relation to the quantization of an affine del Pezzo surface

Recall that deformation quantization of a (commutative) Poisson algebra is a formal
deformation into a noncommutative associative unital algebra whose commutator in
the first order is the Poisson bracket.

For any φ ∈ C[x, y, z], the following brackets on coordinated functions extends to a
Poisson struncture on C[x, y, z]:

(5.15) {x, y} = ∂φ

∂z
, {y, z} = ∂φ

∂x
, {z, x} = ∂φ

∂y
.

One can check that φ itself Poisson commute with any other element, and hence the
above Poisson structure descend to the quotientC[x, y, z]/(φ) by the principal ideal gen-
erated by φ, which is denoted as Bφ.

Our theory provides the quantization of the affine del Pezzo surface in the sense of
[EG10]. We write v = u −u0 so that now v = 0 corresponds to the commutative point
(see the last paragraph of 5.2).

THEOREM 5.14. The family of noncommutative algebra Av /(Wv ) near v = 0 gives a
quantization of the affine del Pezzo surface, given by the mirror elliptic curve equation
W0(x, y, z) = 0 in C3 in place of φ in (5.15).

PROOF. As v → 0, we have

Av /(Wv ) →C[x, y, z]/(W0).

So it remains to check that the first order term of the commutator of Av is equivalent to
the Poisson bracket induced by W0. We may write a(v) as ( similarly for b(v),c(v))

a(v) = a(0)+a′(0)v +o(v).

(Here, a(0) and a′(o) means a(v) and a′(v) evaluated at v = 0.) Since a(0) = −b(0) and
c(0) = 0, the Sklyanin algebra relation becomes

−r (x y − y x)+ v(a′(0)x y +b′(0)y x + c ′(0)z2)+o(v) = 0.
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where we set r := b(0) =−a(0) ∈C. Therefore,

lim
v→0

x y − y x

v
= 1

r
(a′(0)x y +b′(0)y x + c ′(0)z2).

(On the right hand side, x, y, z are commutative variables since the algebra itself is com-
mutative at v = 0.) By Proposition 5.8, a′(0)x y +b′(0)y x+c ′(0)z2 is a multiple of ∂W0

∂z , so
the result follows. �

Etingof-Ginzburg [EG10] constructed a deformation quantization of such affine del
Pezzo surfaces via different method, but the resulting noncommutative algebra is of
the same form. Namely, in [EG10], the deformation quantization of C[x, y, z]/(φ) is ob-
tained in a two step process, where first, C3 with the Poisson structure given by φ is
deformed into a Calabi-Yau algebra A, and the Poisson center φ then gets deformed
into a central element Ψ of this algebra A. The Calabi-Yau algebra A is defined as a Ja-
cobi algebra of some superpotential Φ, and the existence of the center Ψ uses a deep
theorem of Kontsevich on deformation quantization [Kon03].

In our approach, Φ is given by the spacetime superpotential which is related to the
Maurer-Cartan equation, and the central element W is obtained as a worldsheet super-
potential, where both Φ and W are obtained by the elementary counting of triangles in
elliptic curves.

It is known by [ATdB90, Ste97] that the quotient algebra of Sklyanin algebra by its
central element can be written as a homogeneous coordinate ring. In our setting, it can
be written as follows.

THEOREM 5.15 ([ATdB90, Ste97]). Let W be a non-zero central element of the Sklyanin
algebra Sky3(a,b,c). Then A(λ,t )/(W(λ,t )) = Sky3(a,b,c)/(W ) is isomorphic to the twisted
homogeneous coordinate ring⊕

m≥1
Γ(Ě ,L ⊗σ∗L ⊗·· ·⊗ (σm−1)∗L ),

where Ě is the mirror elliptic curve defined by {W0 = 0} ⊂P2, L is O (1) and σ is an auto-
morphism of Ě given by the group structure of Ě .

THEOREM 5.16 (Theorem 3.6.2 of [EG10]). We have a derived equivalence for each
(λ, t )

(5.16) DbCoh(Ě) ' DbMFZ(AL(λ,t ) ,W(λ,t )).

It is show in [EG10] that both categories in (5.16) are equivalent to a certain triangu-
lated category canonically constructed from the twisted homogenous coordinate ring of
Ě . It is important in the above two theorems that the coefficients (a,b,c) of the Sklyanin
algebra satisfies the mirror elliptic curve equation (Theorem 5.10).

Recall that P1
3,3,3 = [E/Z3]. From the construction to be given in Chapter 7, we

will have an upstair functor from the Fukaya category of E to the graded matrix fac-
torization category of W(λ,t ). (See Proposition 7.46.) In the commutative case (where
(λ, t ) = (−1,0)), upstair functor gives an equivalence.

PROPOSITION 5.17. The Z-graded functor

(5.17) F L̃0 : FukZ(E) → MFZ(A0,W0)

induces a derived equivalence. (A0 =Λ[x, y, z].)
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PROOF. Recall that in [CHL17, Theorem 7.24] we have proved that the Z2-graded
functor gives a derived equivalence from DbFuk(P1

3,3,3) to DbMF(A0,W0), by showing
that the functor takes the split generatorL0 to a split generator which is a wedge-contraction
type matrix factorization ξ [Dyc11]. We will show in Proposition 7.46 that the corre-
sponding functor upstairs preserves the Z-gradings. The derived Fukaya category of

the torus E is split generated by the three Lagrangian lifts L1,Lg ,Lg 2
for Z3 = {1, g , g 2}

with gradings given by

θ0 = 1

2
, θ1 = 1

2
+ 2

3
, θ2 = 1

2
+ 4

3
.

Under the mirror functor, they are sent to ξ,ξ[− 2
3 ],ξ[− 4

3 ] respectively, which split-generate
the category of graded matrix factorizations MFZ(A0,W0) by Tu [Tu14b, Theorem 6.2].
Hence the functor derives an equivalence. �

By composing the upstair functor with (5.16), we obtain

COROLLARY 5.18. There exists a family of functors parametrized by (λ, t )

(5.18) DbFukZ(E) −→ DbMFZ(A(λ,t ),W(λ,t ))
'−→ DbCoh(Ě).

We expect that these functors are all equivalent to each other, and in particular
equivalent to the commutative one when (λ, t ) = (−1,0). This is still unknown to us
for general (λ, t ) since noncommutative matrix factorizations are not well understood
yet. In the commutative case of L0, Lee [Leeb] showed that (5.18) agrees with the equiv-
alence constructed by Polishchuk-Zaslow [PZ98] by further analyzing our construction
in [CHL17].





CHAPTER 6

Mirror construction using several Lagrangians and quiver
algebras

In this chapter, we take the reference L to be a set of Lagrangians, instead of a single
Lagrangian immersion. Allowing L to be a set of Lagrangians provides a way to construct
global mirrors. For instance, one may take L to be a set of generators of the Fukaya
category. If we take their union as a single Lagrangian and carry out the construction
in Chapter 3, the noncommutative algebra obtained does not know about the sources
and targets of the morphisms since it does not record the individual branches. In this
section we use quiver algebra to take care of this point.

The result of the construction is a quiver Q with relations R, together with a central
element W of the quiver algebra with relations ΛQ/R. Under good conditions, the re-
lations can be obtained as partial derivatives of a cyclic element Φ in the path algebra
ΛQ. We will regard (ΛQ/R,W ) as a generalized mirror of X , in the sense that there exists
a natural functor Fuk(X ) → MF(ΛQ/R,W ).

The quiver Q =QL is a finite oriented graph, whose vertices correspond to elements
in L, and whose arrows correspond to odd-degree immersed generators of L. The path
algebra of Q is taken to be the base of the Fukaya subcategory L. Alternatively L can
be associated with an A∞-algebra over the semi-simple ring Λ⊕ [Sei15], which will be
explained shortly. The occurrence of idempotents π′

i s is a key feature when we use a
family of Lagrangians as a reference, and the subalgebra generated by π′

i s is isomorphic
to Λ⊕. The path algebra of QL can be regarded as an algebra over this semi-simple ring.

The relations R of the quiver algebra come naturally from the weakly unobstructed
condition on the formal deformations of L. ThusΛQ/R is essentially the space of weakly
unobstructed noncommutative deformations of L. As before, the counting of holomor-
phic discs passing through a generic marked point on each member of L defines several
superpotentials Wi . Then

WL :=∑
i

Wi ∈ΛQ/R.

We will show that the centrality theorem continues to hold in this setting, namely the
potential WL defined above lies in the center of ΛQ/R.

6.1. Path algebra and the semi-simple ring

We first construct the quiver QL in detail. Let X be a Kähler manifold, and L =
{L1, . . . ,Lk } be a set of spin Lagrangian immersions of X with transverse self-intersections.
(In case there is no confusion, Li may refer to the immersion map, the domain or the im-
age of the immersion, depending on situations.) Suppose that any two Lagrangians in
this family intersect transversely with each other. We regard

⋃
1≤i≤k Li as an immersed

Lagrangian.

35
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DEFINITION 6.1. Q = QL is defined to be the following graph. Each vertex vi of Q
corresponds to a Lagrangian Li ∈ L. Thus the vertex set is

QL
0 = {v1, · · · , vk }.

Each arrow from vi to v j corresponds to odd-degree Floer generator in CF•(Li ,L j ) (which
is an intersection point between Li and L j ). In particular for i = j , we have loops at vi

corresponding to the odd-degree immersed generators of Li .
Q will be sometimes called the endomorphism quiver of L.

FIGURE 5. Endomorphism quiver QL

Given a quiver Q, we can define a path algebra ΛQ spanned by paths in Q. We will
use the following convention for the path algebra.

DEFINITION 6.2. For a quiver Q, with the set of vertices Q0 and the set of arrows
Q1, we have maps h, t : Q1 → Q0 which assign head and tail vertices to each arrow re-
spectively. Each vertex v corresponds to a trivial path πv (of length zero). A sequence of
arrows p = ak−1ak−2 · · ·a1a0 is called to be a path of length k if

h(ai ) = t (ai+1), for each i .

We set h(p) := h(ak−1), t (p) := t (a0), and we call p a cyclic path if h(p) = t (p). We can
concatenate two paths p and q to get the path pq if t (q) = h(p). Otherwise, we set
pq = 0.

DEFINITION 6.3. A path algebra Λ0Q over the ring Λ0 for a quiver Q is defined as
follows. As a Λ0-module Λ0Q is spanned by paths in Q. The product is defined by lin-
early extending the concatenation of paths. We take a completion �Λ0Q of Λ0Q using a
filtration defined by the minimal energy of the coefficients of elements in Λ0Q. In fact,
all quiver path algebra in this paper will be the completed ones, and we will simply write
them as Λ0Q without the hat notation. We set ΛQ :=Λ⊗Λ0 Λ0Q.

For a vertex v , πv is an idempotent in ΛQL. They generates a semi-simple ring Λ⊕
defined below and ΛQL can be regarded as a bimodule over Λ⊕.

DEFINITION 6.4. The ring Λ⊕ is defined as

(6.1) Λ⊕ =Λπ1 ⊕·· ·⊕Λπk ,

with πi ·πi =πi and πi ·π j = 0 for i 6= j .
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It is well-known that a category is like an algebra over a semi-simple ring. For in-
stance, Seidel used the semi-simple ringΛ⊕ to regard an A∞-category as an A∞-algebra.
We have a Λ⊕-bimodule

C =F (L,L) :=⊕
i , j

F (Li ,L j ),

where F (Li ,L j ) = SpanΛ(Li ∩L j ) for i 6= j and F (Li ,Li ) = CF•(Li ×ιLi ), and the module
structure is given by

πi ·C ·π j =F (Li ,L j ).

Then, the tensor product of C over Λ⊕ boils down to composable morphisms and can
be identified as

C ⊗r = ⊕
i1,··· ,ik

F (Li1 ,Li2 )⊗Λ · · ·⊗ΛF (Lik−1 ,Lik ).

In this setting, C is said to be unital if each CF(Li ,Li ) has a unit 1Li and if 1L :=⊕1Li

becomes a unit of C .

6.2. Mirror construction

As in Section 2.3, first we perform a base change for the A∞-algebra:

ÃL :=ΛQL⊗̂Λ⊕CF(L,L).

Due to the bimodule structure, an expression p Xe := p ⊗ Xe for a path p and Xe ∈
CF(Li ,L j ) is non-zero if and only if t (p) = i . We use Definition 2.6 to extend the A∞-
structure on CF(L,L) to ÃL.

Denote the formal variable in ΛQ associated to each arrow e of Q by xe , and de-
note the corresponding odd-degree immersed generator in CF(L,L) by Xe . Now take the
linear combination

b =∑
e

xe Xe ∈ ÃL.

As in Definition 3.1, deg xe := 1−deg Xe so that b has degree one. In particular deg xe is
even. We define nc-weak Maurer-Cartan relations in the following way (assuming the
Fukaya category C is unital).

DEFINITION 6.5. The coefficients P f of the even-degree generators X f of CF(L,L)
(other than the fundamental classes 1Li ) in

mb
0 = m(eb) =∑

i
Wi 1Li +

∑
f

P f X f

are called the nc-weak Maurer-Cartan relations. Let R be the completed two-sided ideal
generated by P f . Then define the noncommutative ring

A :=ΛQ/R.

WL =∑
i Wi is called the worldsheet superpotential of L.

We regard A to be the space of noncommutative weakly unobstructed deforma-
tions of L. Instead of working on ÃL =ΛQL⊗̂Λ⊕CF(L,L), we define A =ΛQL/R as above
and work on

AL =A ⊗̂Λ⊕CF(L,L).

Now, the induced A∞-structure on AL satisfies

(6.2) mb
0 =WL ·1L =

∑
i

Wi ·1Li ∈A ⊗̂Λ⊕CF(L,L)
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where WL =∑
i Wi and 1L :=∑

i 1Li . We have Wi =WL·πi whereπi is the idempotent cor-
responding to the vertex vi (which is just the trivial path at vi ). Geometrically Wi counts
the holomorphic polygons bounded by L passing through a generic marked point in Li .

(A ,W ) is called a generalized mirror of X , and we will construct a natural mirror
functor from Fuk(X ) to MF(A ,W ).

6.3. Centrality and the spacetime superpotential

As in the construction for a single Lagrangian, the worldsheet superpotential WL

constructed in our scheme is automatically central. The proof is similar and we include
it here for readers’ convenience.

THEOREM 6.6 (Centrality). The worldsheet superpotential WL ∈ A given in Defini-
tion 6.5 is central.

PROOF. Over A , we have mb
0 =WL1L =∑

i Wi 1Li . Therefore

0 = m ◦m̂(eb) = m(eb ,m̂(eb),eb)

= m2(b,
∑

i
Wi 1Li )+m2(

∑
i

Wi 1Li ,b)

= ∑
i ,e

(
Wi xe ·m2(Xe ,1Li )+xeWi ·m2(1Li , Xe )

)
= ∑

i ,e

(
Wi xe ·δt (e),vi )−xeWi ·δvi ,h(e)

)
Xe

= ∑
e

(WL · xe −xe ·WL)Xe .

where δv w = 1 if v = w and zero otherwise. �

In good situations the quiver algebra A can be neatly written in the form of the Ja-
cobi algebra with respect to a spacetime superpotential ΦL ∈ΛQ. Recall that the Jacobi
algebra of a quiver Q with a cyclic potential Φ in the path algebra is defined as follows:

DEFINITION 6.7. Let Q be a quiver andΦ ∈ΛQ be cyclic. The Jacobi algebra Jac(Q,Φ)
is defined as

Jac(Q,Φ) = ΛQ

(∂xeΦ : e ∈ E)

where xe are generators of the path algebra corresponding to the arrows of Q, partial
derivatives ∂xe are defined in (3.3), and (∂xeΦ : e ∈ E) denotes the completed two sided
ideal generated by ∂xeΦ.

Definition 3.6 and Proposition 3.8 for the spacetime superpotentialΦ=ΦL extends
naturally to the current setting. The proof is exactly the same and hence omitted.

PROPOSITION 6.8. Partial derivatives ∂xeΦ for e ∈ E are noncommutative weak Maurer-
Cartan relations. Suppose dimC X is odd. If further every Li ∈ L is a Lagrangian sphere
equipped with the standard height function, then

A = Jac(Q,Φ).
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6.4. The mirror functor

In this section, we construct an A∞-functor

(6.3) F =FL : Fuk(X ) → MF(Jac(QL,ΦL);WL).

The construction is essentially the same as the one given in Chapter 4, except that now
we are working over the semi-simple ring Λ⊕. We give a detailed description of the
object level functor (FL)0 which gives a concrete manifestation of the role of Λ⊕.

Recall that we have AL =A ⊗̂Λ⊕CF(L,L) and A =ΛQL/R, where R denotes the ideal
generated by weak Maurer-Cartan relations. Then the object level correspondence

Ob(Fuk(X )) → Ob(MF(W ))

is defined by sending an unobstructed Lagrangian U to the following projective Z2-
graded A -module with an odd endomorphism δU .

(6.4) F (U ) := (A ⊗Λ⊕ CF(L,U ),δ) ∼=
(⊕

i

⊕
v∈Li∩U

A ·πi ,δ

)

whereΛ⊕-modules structure on CF(L,U ) is defined by πi ·v = 1 for v ∈ Li ∩U and πi ·v =
0 otherwise. In the last identification, πi is the idempotent corresponding to the vertex
vi so that A ·πi consists of (classes of) paths which start from the vertex vi .

The Z2-grading naturally comes from the standard Lagrangian Floer theory. For
v ∈ L∩U , δ(v) = (−1)deg v−1mb,0

1 which counts holomorphic strips bounded by L and U .
This defines δ by A-linearity.

PROPOSITION 6.9. F (U ) defined above is a matrix factorization of (A ,WL), namely
δ2 =W · Id.

PROOF. For v ∈ Li ∩U , we have

δ2(v) = (−1)|v |(−1)|v |+1mb,0
1 ◦mb,0

1 (v)

= mb,b,0
2 (mb

0,L, v)

=
k∑

j=1
m2(W j 1L j , v)

by the property of the unit. Since v ∈ Li ∩U , π j · v = 0 for j 6= i so that∑
j

m2(W j 1L j , v) =Wi ·m2(1Li , v) =Wi · v.

Using the same property again, we have

Wi · v = (W1π1 +·· ·+Wkπk ) · v =W · v

and hence δ2v =W · v . �

The rest of the construction of FL is similar to that in Chapter 4 and we do not re-
peat here. We finish the section with the proof of the injectivity of our functor restricted
to Hom(L,U ) for any L ∈ Fuk(X ) which is a generalization of Theorem 4.9.

THEOREM 6.10 (Injectivity). If the A∞-category is unital, then the mirror A∞ functor
F L is injective on H•(Hom(L,U ) (and also on Hom(L,U )) for any U .
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PROOF. The only difference is that now we are working over the semi-simple ring
Λ⊕. Recall that F (U ) = (A⊗Λ⊕CF(L,U ), (−1)deg(·)mb,0

1 (·)). For a morphismφ ∈ Hom(F (L),F (U )),
we define Ψ(φ) by

Ψ(φ) :=φ(1L)|b=0 =
k∑

i=1
φ(1Li )|b=0 ∈ CF(L,U ) =⊕k

i=1CF(Li ,U )

which is a chain map by the same argument as in the proof of Theorem 4.9.
Now, for p ∈ Li ∩U (⊂ L∩U ),(

Ψ◦F L
1

)
(p) = (

F L
1 (p)(1L)

)|b=0 =
(
mb,0,0

2 (1L, p)
)|b=0 = m0,0,0

2 (1Li , p) = p

which implies that Ψ is a right inverse of F L
1 . �



CHAPTER 7

Finite group symmetry and graded mirror functors

In this chapter, we consider the noncommutative mirror construction for a Käh-
ler manifold with a finite group symmetry and define Z-graded mirror functors in the
Calabi-Yau cases. The former is in parallel with the commutative construction in [CHL17,
Section 5]. One advantage of the current setup is that it naturally allows non-Abelian
groups.

Finite group symmetry was used in the study of mirror symmetry since the ear-
liest work of Candelas et.al. [CdlOGP91]. It plays an important role in recent proofs
of homological mirror symmetry for Fermat-type hypersurfaces by Seidel and Sheri-
dan [Sei15],[Sei11],[She15]. Quotienting out a finite group symmetry often reduces to
simpler geometries (for instance orbifold projective spaces) where homological mirror
symmetry can be proved. Then one can go back to the original manifold by incorporat-
ing the equivariant and/or Z-graded constructions.

EXAMPLE 7.1. P1
3,3,3 is the (Z3)2 quotient of the hypersurface

M = {
[x, y, z] ∈P2 | x3 + y3 + z3 = 0

}
where (Z3)2 ∼= (Z3)3/(1,1,1) acts on [x, y, z] by componentwise multiplication. The quo-
tient of M by Z3 (generated by (1,−1,0)) is the elliptic curve E with complex multi-
plication by the cube root of unity. By the equivariant construction in this section, a
Z2-graded mirror of the Fukaya category of E (resp. M) is given as the Z3-equivariant
(resp. (Z3)2-equivariant) matrix factorization category of W3,3,3. On the other hand both
M and E are Calabi-Yau. But Z3-action on E (whose quotient is P1

3,3,3 ) does not pre-
serve the holomorphic volume form. Thus, the mirror functor from orbi-sphere is not
Z-graded, but upstairs functors can be made Z-graded. Namely, from our graded con-
struction in this section, we obtain a Z-graded mirror of the Fukaya category of E (resp.
M), which is given as theZ-graded (resp. Z-gradedZ3-equivariant) matrix factorization
category of W3,3,3.

EXAMPLE 7.2. Consider the superpotential W = x y z defined on C3. This is mirror
to the pair-of-pants (see [Sei11], [AAE+13]). Let Q be the quiver with only one vertex
and three arrows labeled by x, y, z. Take A =ΛQ/R = C[x, y, z] where R is generated by
the commutator relations x y − y x, xz − zx, y z − z y . Then C3 = SpecA .

First take the following Z2-grading. The variables x, y, z have degree 0. (The dual
generators X ,Y , Z have degree 1 so that x X + yY + z Z has degree 1.) Let M0 = A and
M1 = A [−1] regarded as free A -modules. Then the left multiplications x : M0 → M1

and y z : M1 → M0 (which are of degree 1 due to the shifting) give a Z2-graded matrix
factorization of W .

We can refine it by taking a fractional grading of A , where x, y, z have degree 2/3.
This is mirror to the fact that the pair-of-pants equals to a Z3-quotient of a punctured
elliptic curve (which is Z-graded). Then W has degree 2. (See Example 7.29 below.) The

41
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previous factorization can be modified so that the following left multiplications

x : A →A [−1/3], y z : A [−1/3] →A

both are degree one maps. In this way, they give a 1
3 ·Z-graded matrix factorization of

W .
Equivalently we can make it integrally graded by multiplying the fractional degree

by 3/2. Then x, y, z have degree 1 and W has degree 3. We take x : A → A [−2] which
has degree 3 and y z : A [−2] →A which has degree 0. This gives a graded matrix factor-
ization in the sense of Orlov.

The above gives theZ-graded Landau-Ginzburg model for the quotient (C3/Z3,W =
x y z), which is mirror to the punctured elliptic curve as a 3-to-1 cover of the pair-of-
pants. We can introduce a quiver in order to describe Z3-equivariant modules. The
quiver is depicted in Figure 6, where the arrows are labeled by xi , yi , zi for i ∈ Z3 (see
Example 7.10 for more details). Z3-equivariant modules are given as modules over
Â which is the path algebra of Q#Z3 quotient by the commutator relations xi+1 yi −
yi+1xi , xi+1zi−zi+1xi , yi+1zi−zi+1 yi for i ∈Z3. The lifted superpotential is Ŵ =∑

i∈Z3 xi yi+1zi+2.
We have the corresponding matrix factorization (z2 y1+z0 y2+z1 y0) ·(x0+x1+x2). It can
be made into Z-graded by taking deg xi = deg yi = deg zi = 0 for i = 0,1 and deg x2 =
deg y2 = deg z2 = 2. W has degree 2 and the differential in the matrix factorization has
degree 1 (by suitable degree shiftings). See Examples 7.42 and 7.47 for more details.

FIGURE 6. The quiver corresponding to C3/Z3.

The above example manifests some interesting aspects of group action and grad-
ing, and we will study them in a general framework. Proposition 7.18 provides the mir-
ror quotient geometry. The mirror B-model category is given in Proposition 7.16. If in
addition the manifold is Calabi-Yau and the group action preserves the holomorphic
volume form up to scaling, then the mirror quotient geometry is equipped with a natu-
ral Z-grading and the functor respects the grading (Proposition 7.46).

7.1. Kähler manifolds with finite group symmetry

Let (X̃ ,ω) be a Kähler manifold where ω denotes a Kähler form. Suppose we have a
finite group G acting on X̃ such that for each g ∈G , g∗ω=ω. Then X = X̃ /G is a Kähler
orbifold. At this point we do not assume that G is Abelian.

Let L = ⋃
i Li ⊂ X 0 be a compact spin oriented weakly unobstructed immersed La-

grangian with clean self-intersections, where

X 0 := (X − {p ∈ X : Gp 6= {1}})/G ,

and assume that each Li lifts to a smooth compact unobstructed Lagrangian subman-
ifold L̃1

i ⊂ X̃ (and we fix this choice of lifting). We have |G| choices of a lifting, which
are denoted as Lg := g · L1 where L1 = ⋃

i L̃1
i . The union

⋃
g L

g is denoted as L̃. By



7.1. KÄHLER MANIFOLDS WITH FINITE GROUP SYMMETRY 43

assumption Lg intersects with Lh cleanly for g 6= h (and it is assumed that Lg 6= Lh).
We assume that the Fukaya A∞-category of X̃ is strictly G-equivariant (i.e. we have
mk (g w1, · · · , g wk ) = g mk (w1, · · · , wk ) for any g ∈ G) and unital. Then the Fukaya cate-
gory of X is defined as the G-invariant part of the Fukaya category of X̃ .

We carry out the construction described in Chapter 6 for L⊂ X downstairs and ob-
tain (A ,W ) where A =ΛQ/R is a quiver algebra and W is a central element of A . We
have a functor F : Fuk(X ) → MF(A ,W ). Similarly we can carry out the mirror construc-
tion upstairs for L̃ ⊂ X̃ . The aim is to understand the relation between the mirror and
the functor of X̃ upstairs and that of X downstairs.

7.1.1. Action by the character group. We show that there exists a canonical action
of Ĝ on A , where Ĝ = Hom(G ,U (1)) denotes the character group of G . Moreover we

have W ∈ A Ĝ , the Ĝ-invariant subalgebra. When G is Abelian, the Ĝ quotient (A Ĝ ,W )
is essentially the mirror of X̃ . (See 7.1.4 for the precise mirror category.)

On the other hand taking the character group of G loses information when G is
non-Abelian. In the next subsection we formulate the notion of a ‘formal dual group
quotient’ (Definition 7.12). We shall formulate the mirror of X̃ as a formal dual-G quo-
tient of (A ,W ) for a general finite group G .

DEFINITION 7.3. Fix a smooth lift L1 ⊂ X̃ of L ⊂ X . An immersed generator x of L
is lifted to a Floer morphism from L1 to Lg for some g ∈G . This defines a map f : x 7→ g
from the set of immersed generators of L to G .

f extends to a map ΛQ →G . A loop in Q is mapped to 1 ∈G .

REMARK 7.4. Denote the lift of x by x̂. If we change the lift to h·L1 instead of L1, then
x is lifted to h · x̂ instead, which is a morphism from h ·L1 to h ·g ·L= (h ·g ·h−1) · (h ·L1).
Thus the function f changes to h ·f·h−1. Throughout the section we have fixed the choice
of lift L1.

DEFINITION 7.5. We define an action of Ĝ on the path algebra ΛQ as follows. Let
χ ∈ Ĝ , and xp . . . x1 ∈ΛQ. Let gi = f(xi ). Then

(7.1) χ · xp . . . x1 :=χ(g1) . . .χ(gp )xp . . . x1

which extends linearly to give an action of Ĝ on ΛQ.

The following proposition ensures that (A ,W ) is preserved by the action of Ĝ . The
mirror of X̃ can be taken to be the Ĝ quotient of (A ,W ) when G is Abelian.

PROPOSITION 7.6. Ĝ acts on each weakly unobstructed relation by an overall U (1)-
scaling. Thus the two-sided ideal R generated by the weakly unobstructed relations
remains invariant under Ĝ , and hence the action of Ĝ descends to A =ΛQ/R. Moreover
W ∈ΛQ/R is invariant under Ĝ .

PROOF. Consider each term P X̄ · X̄ of m(L,b)
0 where X̄ is an even-degree morphism.1

Each P X̄ is a weakly unobstructed relation. Note that by assumption m(L,b)
0 is G-invariant.

Fix a smooth lift L1 of L. X̄ corresponds to certain morphism from L1 to Lg for some
g ∈G . Each term in P X̄ corresponds to a polygon with ordered inputs x1, . . . , xl and the
output X̄ , which has a lift as it is null-homologous. Observe that f(xl ) . . . f(x1) = f(X̄ ) = g .

1In Chapter 5 and 8, X̄ is used to denote the even-degree complementary generator to an odd-degree
immersed generator X . In general complementary generators can have either even or odd degrees depending
on the dimension of the Lagrangian. In this section X̄ just refers to an arbitrary even-degree generator.
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Hence χ·P X̄ =χ(g )P X̄ for all χ ∈ Ĝ . Moreover when X̄ is the unit of a branch Li for some
i , we have g = 1 and hence χ(g ) = 1. Thus W is invariant under Ĝ . �

7.1.2. Formal dual group quotient of an LG model. The mirror of the geometry
X̃ upstairs should be given by the quotient of the LG model (A ,W ) of X by the ‘dual
group’ of G . When G is Abelian, its dual is simply the character group Ĝ , and we have
the quotient of (A ,W ) by Ĝ from the last section. However we do not have a direct
definition of the dual group when G is non-Abelian. Nevertheless we can formally define
the dual group quotient of (A ,W ) using G-grading and smash product specialized to
quivers.

First we need an action on (A ,W ). It is given by a G-grading on the quiver algebra
A =ΛQ/R ([GM94]) such that W has degree 1 ∈G . Concretely it is a function f from the
set of arrows of Q to G satisfying the properties in the following definition. We call it to
be a formal dual group action on (A ,W ).

DEFINITION 7.7 (Formal dual group action). Let Q be a quiver and A =ΛQ/〈p1, . . . , pK 〉
be a path algebra with relations. A G-grading on the algebra A is given by a function f
from the set of arrows of Q to G (which induces a map from the set of paths to G) such
that relation R is generated by homogeneous elements ( i.e. relations pl can be chosen
so that for each l , each term of the relation pl is mapped to the same gl ∈G),

A formal dual-G action on (A ,W ) is a G-grading on the algebra A such that W has
grading 1 ∈G (i.e. it has a representative in ΛQ whose every term is mapped to 1 ∈G).

When G is Abelian, the function encodes an action of the character group Ĝ on the
path algebra of Q, namely χ ∈ Ĝ acts by χ · x = χ(f(x))x for each edge x. We may also
denote f(x) by gx . In our context, the function is given by Definition 7.5 from the A-side
geometry.

The proof of Proposition 7.6 gives the following.

PROPOSITION 7.8. Let (A ,W ) be a generalized mirror of X constructed in Chapter
6. The function given in Definition 7.5 defines a formal dual-G action on (A ,W ).

Then we define the quotient algebra Â essentially as the smash product of A with
G . In the following we specialize to our case of quiver algebras and make a concrete
description in Definition 7.12.

DEFINITION 7.9. Given a quiver Q and a formal dual group action f of G on its path
algebra, define the quiver Q#G as follows. The number of vertices in Q#G is |G| times the
number of vertices in Q. Each vertex is labeled as v g , where v is a vertex in Q and g ∈G .
The number of arrows in Q#G from ug1 and v g2 is defined as the number of arrows x
in Q from u to v with f(x) = g2g−1

1 . Each corresponding arrow in Q#G is labeled by xg1

(whose source vertex is ug1 ).

EXAMPLE 7.10. In the case of Example 7.2, the downstair quiver Q has one vertex
v with three arrows x, y, z together with commuting relations among three arrows. The
corresponding path algebra with relations is nothing but C[x, y, z].

We consider the Z3-grading induced by f(x) = f(y) = f(z) = 1 ∈ Z3. Then Q#Z3 has
three vertices v0, v1, v2, and there are three arrows from v i to v i+1 labeled by xi , y i , zi

for i ∈Z3. See Figure 7.

There is a canonical correspondence between paths in Q#G and that in Q.
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FIGURE 7. The quiver Q corresponding to C3 and Q#Z3.

DEFINITION 7.11. Fix g ∈ G . For a path xk . . . x1 in Q, define a path in Q#G to be
xgk

k . . . xg2
2 xg1

1 , where g1 = g and f(xi ) = gi+1g−1
i for i = 1, . . . ,k − 1. It gives a map Lg :

ΛQ →Λ(Q#G) by extending linearly.
Moreover we have a canonical mapΛ(Q#G) →ΛQ by forgetting the group elements,

namely
xgk

k . . . xg2
2 xg1

1 7→ xk . . . x1

if f(xi ) = gi+1g−1
i for i = 1, . . . ,k −1, and zero otherwise.

Now we define the formal dual G-quotient of (A ,W ).

DEFINITION 7.12. Let Q be a quiver and A =ΛQ/〈P1, . . . ,PK 〉 be a path algebra with
relations. Suppose there is a formal dual group action f on A by G . Then we define the
quotient to be the algebra Â = Λ(Q#G)

/〈Lg (Pi ) : g ∈ G , i = 1, . . . ,K 〉, where Lg : ΛQ →
Λ(Q#G) is given in Definition 7.11.

If further we have W ∈A which is invariant under the action, define Ŵ :=∑
g∈G W g

where W g are the lifts of W .

PROPOSITION 7.13. In the above definition, if W is a central element of A , then Ŵ
is a central element of Â .

PROOF. We need to prove that xg ·∑g ′ W g ′ =
(∑

g ′′ W g ′′)·xg for all xg upstairs. Since

W is invariant, each term in W g ′
(which is a path in Q#G) has its final vertex to be v g ′

for
some v . Thus for the left hand side, only the term with g ′ = g survives. Similarly for the
right hand side, W g ′′ · xg 6= 0 only when f(x) = g−1g ′′. Thus the left hand side is xg ·W g

and the right hand side is W g ′′ · xg where f(x) = g−1g ′′. The initial vertex is ug and the
final vertex is v g ′′

for both sides, for some u and v .
Downstairs we already know from Theorem 6.6 that x ·W =W ·x. Lifting this by the

group element g , we obtain xg ·W g =W g ′′ · xg as desired. �

Now we give a description of the category MF(Â ,Ŵ ) from the formal dual group
quotient as follows.

DEFINITION 7.14. A #G is defined to be the category whose set of objects is given
by Q0 ×G , where Q0 denotes the vertex set of Q. We denote the objects by A(v,g ). The
morphism space HomA #G (A(v1,g1), A(v2,g2)) is defined to be the subspace of A spanned
by paths xp . . . x1 in Q from v1 to v2 with

(7.2) f(xp ) . . . f(x1) = g2g−1
1 .

The category Tw(A #G ,W ) consists of objects of the form(⊕
i∈I

A(v(i ),g (i ))[σi ],δ

)
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where σi ∈ Z2, δ is an odd-degree endomorphism of
⊕

i∈I A(v(i ),g (i ))[σi ] satisfying δ2 =
W · Id. It is an analog of twisted complexes.

The morphism space from
(⊕

i∈I A(v(i ),g (i ))[σi ],δ1
)

to
(⊕

k∈K A(u(k), f (k))[τk ],δ2
)

is
defined as ⊕

i ,k
HomA #G (A(v(i ),g (i )), A(u(k), f (k)))[τk −σi ]

equipped with a differential d defined by du = δ2 ◦u − (−1)deguu ◦δ1.

REMARK 7.15. In other words, objects in A #G are simply vertices of Q#G . The mor-
phism space HomA #G (A(v1,g1), A(v2,g2)) is v g2

2 · Â ·v g1
1 spanned by paths from v g1

1 to v g2
2 .

PROPOSITION 7.16. MF(Â ,Ŵ ) is isomorphic to Tw(A #G ,W ).

PROOF. An object in MF(Â ,Ŵ ) is a projective Â -module of the form
⊕

i∈I Pv(i )g (i ) [σi ]

together with an odd endomorphism δ̂ with δ̂2 = Ŵ , where σi ∈ Z2 and Pv g is the pro-
jective Â -module v g · Â which is spanned by all paths in Q#G ending at v g (recall that
vertices of Q#G are labeled by v g ). The morphism space from

(⊕
i∈I Pv(i )g (i ) [σi ],δ1

)
to(⊕

k∈K Pu(k) f (k) [τk ],δ2
)

is ⊕
i ,k

Hom(Pv(i )g (i ) ,Pu(k) f (k) )[τk −σi ]

where Hom(Pv g ,Pu f ) is spanned by all paths starting from v g to u f .
We define the object in Tw(A #G) corresponding to

⊕
i∈I Pv(i )g (i ) [σi ] to be

⊕
i∈I A(v(i ),g (i ))[σi ].

We need to identify HomA #G (A(v,g ), A(u, f )) with Hom(Pv g ,Pu f ). Given a path xp . . . x1 in

Q from v to u and the group element f ∈G , by Definition 7.11 we have a path x
gp
p . . . xg1

1
in Q#G from v g to ugp+1 , where g1 = g , f(xi ) = gi+1g−1

i for i = 1, . . . , p. Thus gp+1 = f if
and only if f(xp ) . . . f(x1) = f g−1.

From the above identification between the morphism spaces, the endomorphism
δ̂ upstairs corresponds to an endomorphism δ of

⊕
i∈I A(v(i ),g (i ))[σi ]. From the identifi-

cation between paths upstairs and downstairs by Definition 7.11, it is clear that δ̂2 = Ŵ
if and only if δ2 =W . Thus the two categories are isomorphic. �

7.1.3. The mirror and the functor upstairs. Now we carry out the mirror construc-
tion upstairs for L̃⊂ X̃ and identify it with the formal dual group quotient (Â,Ŵ ) defined
in the previous subsection.

First of all, it is clear from definition that

PROPOSITION 7.17. The quiver Q̂ formed by odd-degree generators of L̃ equals to
Q#G , where Q is the quiver of L and the G-grading f in Definition 7.9 is taken to be the
one given in Definition 7.5.

Then we consider the weakly unobstructed relations and worldsheet superpoten-
tial. By using the correspondence between holomorphic polygons bounded by L̃ up-
stairs and those bounded by L downstairs, one easily obtains the following proposition.

PROPOSITION 7.18. Let P X̄ ∈ΛQ be the weakly unobstructed relations in the defini-
tion of A , where X̄ runs over the even-degree generators of L other than the fundamen-
tal classes of Li . Then the weakly unobstructed relations for L̃ are given by P g

X̄
which are

the lifting of P X̄ ∈ ΛQ̂ by g ∈ G given in Definition 7.11. Thus the quiver algebra with
relations upstairs is given by Â =ΛQ̂

/〈P g

X̄
〉.

Let W ∈A be the worldsheet superpotential for L⊂ X . Then the worldsheet super-
potential upstairs for L̃⊂ X̃ is given by Ŵ =∑

g W g ∈ Â .
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PROOF. The weakly unobstructed relations for L̃ are given by counting holomor-
phic polygons with output X̄ g . The moduli space of stable holomorphic polygons in
X̃ /G with inputs (X1, . . . , Xk ) and the output X̄ is isomorphic to the moduli space of sta-
ble discs in X̃ with the corresponding inputs (X g1

1 , . . . , X gk
k ) and the output X̄ g , where

g1 = g and gxi = gi+1g−1
i for i = 1, . . . ,k −1. Thus the counting with output X̄ g equals to

P g

X̄
.

Similarly by considering holomorphic discs with output 1g
i (i.e. those passing through

Poincaré dual of 1g
i ) instead of X̄ g , we obtain that the superpotential for X̃ is

∑
g W g . �

In conclusion, we have a mirror functor Fuk(X̃ ) → MF(Â ,Ŵ ) = Tw(A #G ,W ) up-
stairs.

7.1.4. Abelian case: Ĝ-equivariant matrix factorizations. Let’s examine the above
notions in the case that G is Abelian.

PROPOSITION 7.19. Suppose G is Abelian. The action of Ĝ on the path algebra of Q
by a U (1)-scaling on each generator x is equivalent to a formal dual group action of G .

PROOF. Given the action of Ĝ , for each arrow x of the quiver, we have χ · x = f(χ)x

where f(χ) ∈U (1) for every χ ∈ Ĝ . This defines a character of Ĝ . Since G is Abelian, ̂̂G =G
and hence it defines an element gx ∈ G . Conversely given a function f from the arrow
set of Q to G , we have the action of χ by χ · x =χ(f(x)) · x. �

We have learned from Proposition 7.16 that there is a natural identification be-
tween MF(Â ,Ŵ ) and Tw(A #G ,W ), no matter whether G is Abelian or not. On the other
hand, when G is Abelian, we already know that the geometry upstairs is essentially the
Ĝ-quotient of (A ,W ), and the mirror category should consist of Ĝ-equivariant matrix
factorizations. This motivates the following definition.

DEFINITION 7.20. Suppose G is Abelian. The category of Ĝ-equivariant matrix fac-
torizations is defined as MFĜ (A ,W ) := Tw(A #G ,W ).

The objects in Tw(A #G ,W ) can be identified with Ĝ-equivariant twisted modules
over A , and so the above is the same as the standard definition of Ĝ-equivariant matrix
factorizations. Intuitively speaking, the objects in MFĜ (A ,W ) are endomorphisms δ

on orbi-bundles over the quotient geometry described by the invariant subalgebra A Ĝ

with δ2 =W . We can describe the morphism spaces more explicitly as follows.

PROPOSITION 7.21. Suppose G is Abelian. The morphism space HomA #G (A(v1,h1), A(v2,h2))
is given by the invariant subspace of v2 ·A · v1 under the (h−1

1 ,h2)-twisted action of Ĝ .
The twisted action of χ ∈ Ĝ on a generator x1 . . . xp is defined as

χ ·(h−1
1 ,h2) (x1 . . . xp ) :=χ(h−1

1 h2f(x1) . . . f(xp ))x1 . . . xp .

PROOF. Since G is Abelian, Condition 7.2 is equivalent to χ(h−1
1 h2f(x1) . . . f(xp )) = 1

for all χ.
Thus HomA #G (A(v1,g1), A(v2,g2)) admits the above alternative description. �

In the case when the quiver Q has only one vertex and G =Zd , the definition agrees
with the one given in [CT13, AAE+13]. By the construction in Section 6.4, we have a
functor from Fuk(X̃ ) to MFĜ (A ,W ).
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7.2. Calabi-Yau manifolds with finite-group symmetry

Let (X̃ ,ω,Ω) be a Calabi-Yau manifold, where ω denotes a Kähler form and Ω de-
notes a holomorphic volume form2. Suppose we have a finite group G acting on X̃ such
that for each g ∈ G , g∗ω = ω and g∗Ω = cgΩ for some cg ∈ U (1). X = X̃ /G is a Kähler
orbifold, while the Calabi-Yau form Ω does not necessarily descend to X̃ /G . Let m be
the smallest integer such that cm

g = 1 for all g ∈G .
The association g 7→ cg defines a homomorphism G →U (1), and we denote its ker-

nel by K . The image of G is Zm in U (1), and hence we have the exact sequence

0 → K →G →Zm → 0.

As in the previous subsection, let L=⋃
i Li ⊂ X 0 be a compact spin oriented weakly

unobstructed immersed Lagrangian with clean self-intersections, where X 0 := (X −{p ∈
X : Gp 6= {1}})/G , and assume that each Li lifts to a smooth compact unobstructed La-
grangian submanifold L̃1

i ⊂ X̃ (and we fix this choice of lifting). We have |G| choices of a
lifting, which are denoted as Lg := g ·L1. The union

⋃
g L

g is denoted as L̃. By assump-

tion Lg intersects with Lh cleanly for g 6= h. We additionally assume that each L̃1
i has

zero Maslov class, such that it can be equipped with a Z-grading with respect to Ω.
Downstairs we have constructed a functor F from the Z2-graded Fukaya category

of X to the Z2-graded category of (noncommutative) matrix factorizations of the su-
perpotential W ∈ A = ΛQ/R associated to L. (The objects in Fuk(X ) are Lagrangian
immersions in X 0 which lift to compact unobstructed Lagrangian submanifolds in X̃ .
Morphism spaces are the G-invariant parts of the corresponding morphism spaces in
Fuk(X̃ ). A∞ operations mk for Fuk(X̃ ) restrict to give an A∞ structure on Fuk(X ).) Up-
stairs we have defined a functor F̃ from the Z2-graded Fukaya category of X̃ to the
Z2-graded category Tw(A #G ,W ).

In this section, we will equip both sides downstairs with 1
mZ-gradings and enhance

F to a 1
mZ-graded functor (Proposition 7.34). Moreover, by studying the relation be-

tween the fractional grading of X and the integer grading of X̃ , we will define a Z-
grading on the category of equivariant matrix factorizations Tw(A #G ,W ) and enhance
F̃ to a Z-graded functor (Proposition 7.46).

Z-graded matrix factorizations were introduced by Orlov [Orl09]. The formulation
we make here is similar to that in Căldăraru-Tu [CT13] when G =Zd and A is the usual
polynomial ring. Fractional grading has been used by Abouzaid et al. [AAE+13] for the
mirror symmetry of cyclic covers of a punctured sphere.

7.2.1. Fractional grading downstairs. The fractional grading on Fuk(X ) is defined
as follows. Consider Ω⊗m on X̃ which is invariant under G , namely g∗Ω⊗m =Ω⊗m .

DEFINITION 7.22. A 1
mZ-graded immersed Lagrangian in X 0 is an immersed La-

grangian L equipped with a phase function θL : L̃ →R such that Ω⊗m(Tp L̃) = eπiθL (p) for
all p ∈ L̃ (where L̃ denotes the normalization of L).

L is called to be a special Lagrangian with respect toΩ⊗m if it can be equipped with
a constant phase function.

DEFINITION 7.23. Let S be a clean intersection between two 1
mZ-graded Lagrangians

submanifold L1 and L2. The degree of 1S , the fundamental class of S as a morphism

2We do not require the metric condition ωn = cΩ∧ Ω̄ for a constant c ∈C.
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from L1 to L2, is defined as

(7.3) deg1/m(1S ) := 1

m
(θL2 (p)−θL1 (p)+∠m(ÚL2L1)|p ) ∈ 1

m
Z

where p ∈ S is any chosen point,π·∠m(ÚL2L1)|p is the phase angle of the positive-definite

path ÚL2L1 from Tp L2 to Tp L1 measured by Ω⊗m(p).
For a general degree l element a ∈ H l (S), deg1/m(a) := deg1/m(1S )+ l .

Note that the definition is independent of the choice of p since all quantities in-
volved are continuous in p while the whole expression is a rational number.

The following relates theZ2 grading coming from the orientation and the fractional
grading.

LEMMA 7.24. If m is odd, then the parity of a morphism a (under the Z2 grading)
equals to m ·deg1/m(a) mod 2. If m is even, then m ·deg1/m(a) is always even.

REMARK 7.25. If m is even, Ω⊗m(Tp L̃) becomes independent of the orientation of
L. So, the second statement of the lemma is natural.

PROOF. Taking a lifting of Li in X̃ , and correspondingly a lifting ã of the morphism
a. (θLi +2kiπ)/m for some ki ∈ Z gives a Z-grading of the liftings under Ω. Note that
m ·deg1/m(a) = m ·degZ(ã)+2k under theZ-grading for some k ∈Z. This is always even
if m is even.

The parity of a equals to that of ã under the Z2 grading, which equals to degZ(ã). If
m is odd, the parity equals to m ·degZ(ã)+2k. �

PROPOSITION 7.26. Suppose L is an immersed special Lagrangian with respect to
Ω⊗m in X 0. Then the degree of 1S as a morphism from one branch L1 to another branch
L2 at a clean self-intersection S is given by ∠(ÚL2L1), where π∠(ÚL2L1) is the phase angle
of the positive-definite path ÚL2L1 from L2 to L1 at any point in S measured by Ω3.

PROOF. Since L is special, at each self-intersection point, the 1
mZ-gradings of the

two branches are equal. Then by Equation 7.3, deg1/m(1S ) = 1
m (θL2 −θL1 +∠m(ÚL2L1)) =

1
m∠

m(ÚL2L1) =∠(ÚL2L1). �

Now let Fuk
1
m Z(X ) be the full subcategory of Fuk(X ) whose objects are oriented and

1
mZ-graded. Then the morphism spaces are 1

mZ-graded, namely a transverse intersec-
tion point between L1 and L2 (regarded as a morphism from L1 to L2) can be associated
with a fraction in 1

mZ. Moreover from the orientations we have a Z2 grading on the
morphism spaces.

PROPOSITION 7.27. The A∞-multiplications mk has degree 2 − k under the 1
mZ

grading.

This follows from the index formula (see [Sei08], [Sei11]). Namely, one can mea-
sure the Maslov index using the quadratic volume formΩ⊗2 by combining the effects of
grading along the Lagrangians Ω⊗2(Tp L̃i ) = e2πiθLi (p)/m and the angles of the intersec-

tions∠(ÜLi Li+1) for each i .
Let us go back to the immersed Lagrangians L = ⋃

i Li ⊂ X 0 that we begin with.
Since it is assumed that the lifting L1 ⊂ X̃ is equipped with a grading θ with respect toΩ,
L can also be equipped with a grading mθ with respect to Ω⊗m . Thus L is 1

mZ-graded.

3Note that ∠( ÚL2L1) is well-defined since the phase angles measured by Ω and g∗Ω = e−πiαg Ω are the
same for any g .
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Recall that we consider formal deformations b = ∑
i xi Xi of L where Xi are odd-

degree generators (under the canonicalZ2 grading) and xi ∈ΛQ. Using the 1
mZ-grading,

each Xi is associated with a fraction deg1/m Xi .

DEFINITION 7.28. Define a grading on the path algebra ΛQ generated by xi by
deg xi := 1−deg1/m Xi .

EXAMPLE 7.29. Let us consider the immersed Lagrangian L discussed in Chapter
5, regarded as an immersion in the pair of pants (by removing three singular point of
P1

3,3,3). It is easy to see that the resulting potential is given by W = x y z. The 1/3-grading
of the self-intersection point X (see Figure 8) can be computed as follows:

deg1/3(X ) = 1

3

(
∠3(ÚL2L1)|X

)
= 1

3
.

where L1 and L2 are local branches of L which intersect at X . (Here, θL is a constant on
L, and hence the first two terms in (7.3) cancel out. See also Proposition 7.26.) Therefore

FIGURE 8. Two branches meeting at the immersed generator X in
C F (L,L) drawn in the 3 : 1 cover.

the corresponding variable x has deg x = 1−deg1/3(X ) = 2
3 . Likewise, we have deg y =

deg z = 2
3 . Observe that deg(W ) = deg(x y z) = 2.

By definition b =∑
i xi Xi always has degree one. Note that deg xi > 0 if deg1/m Xi <

1. In this case a homogeneous series in xi must have finitely many terms.

LEMMA 7.30. deg xi = 2ki /m for some ki ∈Z.

PROOF. By Lemma 7.24, m ·deg1/m(Xi ) is always even if m is even. When m is odd
it equals to the parity of Xi (which is odd). Thus m deg xi = m −m ·deg1/m(Xi ) is again
even. �

Note that m = 1 is the case that the Fukaya category is Z-graded. Then Xi are taken
to have odd degree, and so xi must have even degree such that xi Xi has degree 1.

PROPOSITION 7.31. Under the above grading on xi ∈ 1
mZ, the weakly unobstructed

relations in R are homogeneous. Hence the grading descends from ΛQ to A = ΛQ/R.
Moreover W has degree 2.

PROOF. Since b =∑
i xi Xi has degree one, mb

0 has degree 2. A weakly unobstructed

relation is a coefficient in mb
0 , and hence is homogeneous. Moreover 1Li has degree

zero, and hence its coefficient Wi in mb
0 has degree 2, and so W = ∑

i Wi has degree
2. �

COROLLARY 7.32. If deg1/m Xi < 1 for all i , the mirror superpotential W has only
finitely many terms.
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Now we consider the mirror B-side.

DEFINITION 7.33. Given a 1
mZ-graded algebra A with all homogeneous elements

having degree 2k/m for some k ∈Z, and a central element W ∈A of degree 2, the cate-

gory MF
1
m Z(A ,W ) consists of (M ,δ), where M is a 1

mZ-graded andZ2-graded projective

A -module, and δ is a degree-one endomorphism (with respect to both the 1
mZ and Z2

gradings) of M satisfying δ2 = W · Id. When m is even, it is required that every homo-
geneous element of M has degree 2k/m for some k. When m is odd, it is required that
every homogeneous element of M has degree k/m where k mod 2 is the parity of the
element under the Z2 grading. The morphism spaces are just the usual ones between
A -modules. (See Definition 4.3.)

PROPOSITION 7.34. F defines a functor Fuk
1
m Z(X ) → MF

1
m Z(A ,W ).

PROOF. We already have aZ2-graded functor from Section 6.4. We just need to take

care of the fractional grading. Since b has degree 1, m(L,b),L1,...,Lk
k has degree 2− k for

every k. In particular the matrix factorization δ= m(L,b),L
1 corresponding to L has degree

1, and the functor on the morphism level given by m(L,b),L1,L2
2 has degree zero and hence

preserves grading. Similarly the higher parts of the functor also have the correct degrees.
The last requirement follows from Lemma 7.24. �

EXAMPLE 7.35. We continue Example 7.29 for the pair-of-pants. Let’s take the La-
grangian L depicted by the red vertical line in Figure 9. L goes from one puncture to
another and is a noncompact Lagrangian in the pair-of-pants.

Let’s fix the 1
3Z-grading onL to be the constant phase function 3/2 (and soΩ⊗3(Tp L̃) =

e3πi/2 for all p). Fix the 1
3Z-grading on L to be the constant phase function 1/2 (and so

Ω⊗3(Tp L) = eπi/2).
L intersects L in two points p and q shown in the picture. Then

deg1/3(p) = 1

3
(1/2−3/2)+∠p (ØLL) = 0, deg1/3(q) = 1

3
(1/2−3/2)+∠q (ØLL) = 1

3
.

FIGURE 9. The noncompact Lagrangian L in the pair-of-pants drawn
in the 3 : 1 cover.

Therefore the resulting matrix factorization is

x : M0 → M1, y z : M1 → M0 (M0 =C[x, y, z], M1 =C[x, y, z][−1/3])

where M0 is spanned by p and M1 is by q . Notice that this is precisely the one introduced
in Example 7.2.
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We can also shift the phase function of L by 2k. Then the corresponding matrix
factorization has grading shifted by 2k/3. They correspond to theZ-graded Lagrangians
in the punctured elliptic curve which have the same image as that of L in the pair-of-
pants. (Those shifted by 2k/3 ∈ Z correspond to L in the punctured elliptic curve with
different Z-gradings.)

REMARK 7.36. Suppose the algebra A is connected (that is, there are no non-trivial

idempotent elements). Then the above definition of MF
1
m Z(A ,W ) is an equivalent for-

mulation of Orlov’s graded matrix factorizations

(P0,P1, p0 : P0 → P1, p1 : P1 → P0)

for (Â ,Ŵ ). Namely, we multiply every fractional degree by m/2 and get an integer grad-
ing on A . W then has degree m.

For a 1
mZ-graded and Z2 graded A -module M as in Definition 7.33, we set P0 and

P1 to be the even and odd parts of M with respect to the Z2 grading respectively; δ is
sending P0 to P1 and P1 back to P0. P0 and P1 are 1

mZ-graded, and we multiply all the

degrees by m/2, so that they become 1
2 -graded, and δ becomes degree m/2. We shift the

grading on P1 by m/2. Then p0 := δ : P0 → P1 has degree m, and p1 := δ : P1 → P0 has
degree 0. If m is even, both P0 and P1 areZ-graded (since elements in M are required to
have degree 2k/m for some k ∈ Z under the fractional grading). If m is odd, recall that
elements in M are required to have fractional degree k/m where k mod 2 equals to the
parity in Z2 grading. After multiplying by m/2, P0 is Z-graded; further shifting by m/2
(where m is odd) makes P1 also Z-graded.

Since δ2 = W · Id, we have a corresponding quasi-periodic sequence. The above
process is reversible, and hence it is equivalent to Orlov’s graded matrix factorization.
(Here the setting is a bit more general: the quiver algebra A is not connected when the
quiver has more than one vertices.)

7.2.2. Integer grading on equivariant matrix factorizations. In this subsection we
purely work on grading on the B-side. Let W be a central element of a quiver algebra
with relations A =ΛQ/R, and suppose we have a formal dual group action of Ĝ on A

(denoted by x 7→ gx ) such that W is invariant (see Definition 7.7). Then we have the
formal dual group quotient (Â ,Ŵ ) from Definition 7.12.

We fix the following additional grading information and consider Z-graded matrix
factorizations of (Â ,Ŵ ), which are 1

mZ-graded matrix factorizations (Definition 7.33)
for m = 1. Under our mirror construction, this information is provided by Definition
7.28 from the A-side.

DEFINITION 7.37. A grading on the formal dual G-quotient (Â ,Ŵ ) is a choice of
a character G → U (1) together with a factional grading on A , namely an assignment
deg x ∈Q for each generator x of A , such that the character maps gx to eπi deg x . More-
over W is required to be homogeneous of degree 2 under the grading.

The image of a character G →U (1) equals to Zm for some m ≥ 1. Thus we have the
exact sequence

(7.4) 0 → K →G →Zm → 0

where K is the kernel of G →U (1). Then automatically deg x ∈ 2
mZ in the above defini-

tion. (This matches with Definition 7.33.) Moreover the character maps each g to eπiαg

for a unique αg ∈ [0,2). In particular we have αgx ≡ deg x mod 2Z for every x.
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We use the above information to give a Z-grading on the category A #Ĝ given in
Definition 7.14.

PROPOSITION 7.38. An element in HomA #Ĝ (A(v,g ), A(u,h)) (as a series) has every
term with deg ≡αh −αg mod 2Z.

PROOF. Recall from Definition 7.14 that an element in HomA #Ĝ (A(v,g ), A(u,h)) has

every term xp . . . x1 with gxp . . . gx1 = hg−1. Hence e
πi

(
αg −αh+

∑p
i=1αgi

)
= 1. Thus

αg −αh +
p∑

i=1
αgi ≡αg −αh +deg(x1 . . . xp ) ≡ 0 mod 2Z.

�

DEFINITION 7.39. For a homogenous polynomial f ∈ HomA #Ĝ (A(v,g ), A(u,h)), its
twisted degree is defined as

d̃eg f := deg f + (αg −αh) ∈ 2Z.

From Proposition 7.16, MF(Â ,Ŵ ) is identified with Tw(A #Ĝ). Now we define the
Z-graded enhancement TwZ(A #Ĝ) and denote it by MFZK (A ,W ), where K is given in
the exact sequence (7.4). (The notation MFZK (A ,W ) emphasizes that the choice of Z-
grading depends on K .) Similar to Proposition 7.16, TwZ(A #Ĝ) is equivalent to MFZ(Â,Ŵ ),
where MFZ is given in Definition 7.33 with m = 1.

DEFINITION 7.40. The category TwZ(A #Ĝ) consists of objects of the form
(⊕

i∈I A(v(i ),g (i ))[σi ],δ
)

where σi ∈ Z, δ is an endomorphism of
⊕

i∈I A(v(i ),g (i ))[σi ] satisfying δ2 = W · Id. The
graded morphism space is

Hom

(⊕
i∈I

A(v(i ),g (i ))[σi ],
⊕
k∈K

A(u(k),h(k))[τk ]

)
=⊕

i ,k
HomA #Ĝ (A(v(i ),g (i )), A(u(k),h(k)))[τk−σi ]

where on the right hand side, HomA #Ĝ (A(v(i ),g (i )), A(u(k),h(k))) is a graded vector space by
using the above twisted degree, and [τk −σi ] means to shift this grading by τk −σi . The
differential δ above is required to have degree one with respect to this grading.

REMARK 7.41. Given a fractional grading on A , we have Orlov’s graded matrix fac-
torizations. (See Definition 7.33 and Remark 7.36.) However MFZK (A ,W ) is more than
this, namely we need the group G , and the G-grading on A : x 7→ gx .

Suppose K = {1} (and in particular G ∼=Zm is cyclic). Then MFZK (A ,W ) is an equiva-

lent formulation of MF
1
m Z(A ,W ) (which is an equivalent formulation of Orlov’s graded

matrix factorizations). The integer degree of x[h] ∈ Â (where [h] ∈ Zm) is written in
terms of the fractional degree of x ∈A as d̃eg x[h] = deg x + (α2h/m −α2h/m+deg x ). Here,

the subscripts on the right hand side are the elements ofZm identified with eπi (2h/m) and
eπi (2h/m+deg x) in Zm ⊂ U (1). The fractionally-graded projective A -module Pv [−k/m]
(for k ∈Z is identified with the projective Â -module P̂v [k] [−bk/mc] where [k] ∈Zm . (Re-
call that Pv and P̂v [k] denote v ·A and v [k] · Â respectively.)

EXAMPLE 7.42. Let us consider the pair-of-pants in Example 7.35 and its 3-fold
cover. The variable x downstairs gives rise to three different variables x[0], x[1], x[2] for
Q#Z3 ([i ] ∈Z3). More precisely, xi is taken to be the dual variable corresponding to the
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lift of X in L̃i ∩ L̃i+1 (see Figure 10). From the above discussion, their integer degrees are
given by

d̃egx[0] = deg1/3 x + ( 2
3 − 4

3

)= 0
d̃egx[1] = deg1/3 x + (

0− 2
3

)= 0
d̃egx[2] = deg1/3 x + ( 4

3 −0
)= 2.

(One can check this directly using the standard volume d z form upstairs.) The integer
gradings of y [i ] and z[i ] are given similarly.

7.2.3. Graded functor upstairs. Now we show that the functor upstairs respects
the gradings on Fuk(X̃ ) and MFZK (A ,W ).

Recall that for each g ∈ G , we have g∗Ω = eπiαgΩ for some αg ∈ [0,2). We have
equipped the lifting Lg=1 with the grading θ with respect to Ω, and have equipped L

with the grading mθ with respect toΩ⊗m . Since g∗Ω= eπiαgΩ, another lifting Lg can be
equipped with the grading θ+αg . We stick with this setting throughout this section.

The following two lemmas relate the gradings upstairs and downstairs.

LEMMA 7.43. Suppose an Ω-graded Lagrangian of L ⊂ X̃ intersects Lg at a point S
transversely. Then

degS = deg1/m S −αg

where S is identified as a morphism from Lg to L in Fuk(X̃ ) on the left hand side, and as
a morphism from L to L in Fuk(X ) on the right hand side.

PROOF. It follows from the equalities

deg1/m S = 1

m

(
mθL(S)−mθ(S)+m∠( ÙLLg )

)
= θL(S)−θ(S)+∠( ÙLLg )

and
degS = θL(S)− (θ(S)+αg )+∠( ÙLLg )

where θL denotes the Ω-grading of L, θ is the Ω-grading of the lifting Lg=1, and ∠( ÙLLg )
denotes the phase angle of the positive-definite path ÙLLg measured by Ω at S. �

LEMMA 7.44. Suppose S ⊂ X̃ is a clean intersection between Lg and Lh for g 6= h ∈G.
Then

deg(1S ) = deg1/m(1S )+ (αh −αg )

where 1S is regarded as a morphism in Hom(Lg ,Lh) of Fuk(X̃ ) and as an endomorphism
in Hom(L,L) of Fuk(X ) on the left and right hand sides respectively.

PROOF. Pick a point in S, which corresponds to p ∈ Lg and q ∈ Lh . Then

deg(1S ) = (θ(q)+αh)− (θ(p)+αg )+∠( ÚLhLg )|(p,q)

and

deg1/m(1S ) = 1

m
(mθ(q)−mθ(p)+m∠(ÛLhLg ))|(p,q) = θ(q)−θ(p)+∠( ÚLhLg |)(p,q).

Thus the equality follows. �

For the category of matrix factorization, recall from Definition 7.37 that the grading
information consists of a character of G and a degree deg x ∈Q for each generator x of
A . We take the character of G to be the one defined by g∗Ω= eπiαgΩ for αg ∈ [0,2), and
we take the degree deg x to be the one defined by Definition 7.28. The following lemma
verifies the compatibility between the character and the degree.
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LEMMA 7.45. αgx ≡ deg x mod 2Z for each generator x.

PROOF. x corresponds to an immersed generator X of L, and by definition deg x =
1−deg1/m X . Lifting to upstairs, X is lifted to a morphism from L1 to Lgx . By Lemma
7.44, deg X = deg1/m X +αgx . Moreover deg X is odd since we only take odd-degree
deformations in our construction. It follows that deg x −αgx = 1−deg X is even. �

Finally we show that the mirror functor upstairs is Z-graded.

PROPOSITION 7.46. F defines a graded functor FukZ(X̃ ) → MFZK (A ,W ) where FukZ(X̃ )
is the Z-graded Fukaya category of X̃ .

PROOF. Let U1, . . . ,Uk ⊂ X̃ be Ω-graded Lagrangians intersecting each other trans-
versely and also intersecting L̃ transversely. Let θi be the Ω-grading on Ui . The La-
grangians downstairs have corresponding fractional grading mθi with respect to Ω⊗m .

Since downstairs m(L,b),U1,...,Uk
k has degree 2−k, we have

deg1/m m(L,b),U1,...,Uk
k (ι, a1, . . . , ak−1) = 2−k +deg1/m(ι)+

k−1∑
i=1

deg1/m(ai ).

Now

m(L,b),U1,...,Uk
k (ι, a1, . . . , ak−1) =

∞∑
p=0

mL,...,L,U1,...,Uk
p+k (b, . . . ,b, ι, a1, . . . , ak−1)

=
∞∑

p=0

∑
|I |=p

xip . . . xi1 mL,...,L,U1,...,Lk
p+k (Xi1 , . . . , Xip , ι, a1, . . . , ak−1).

This implies

deg(xip . . . xi1 )+2−k −p +
p∑

l=1
deg1/m Xil = 2−k

for consecutive morphisms Xil ∈ Hom(Lgil−1 ,Lgil ), l = 1, . . . , p, contributing to m(L,b),U1,...,Uk
k .

Since deg1/m Xil = deg Xil − (αgil −αgil−1 ), we have

d̃eg(xip . . . xi1 ) := deg(xip . . . xi1 )+ (αgi0 −αgip ) =
p∑

l=1
(1−deg Xil ) ∈ 2Z

where the last expression is even because each deg Xil is odd (we always choose odd-
degree deformations). Then for the degree upstairs,

deg(xip . . . xi1 )mL,...,L,U1,...,Uk
p+k (Xi1 , . . . , Xip , ι, a1, . . . , ak−1)

=d̃eg(xip . . . xi1 )+2− (p +k)+
p∑

l=1
deg Xil +deg ι+

k−1∑
j=1

deg a j

=deg f +2−p −k +
p∑

l=1
deg1/m Xil +deg ι+

k−1∑
j=1

deg a j

=2−k +deg ι+
k−1∑
j=1

deg a j .

Thus m(L̃,b),U1,...,Uk
k also has degree 2−k upstairs since we use the twisted degree d̃eg.

For an Ω-graded Lagrangian U ⊂ X̃ which intersects L̃ transversely, the functor F

maps it to F (L) = ⊕
g∈G

⊕
p∈Lg ∩U Ag [−deg p] together with m(L̃,b),U

1 , where p ∈ Lg ∩
U is identified as a morphism from Lg to U . We need to show that m(L̃,b),U

1 belongs
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to Hom(F (U ),F (U )) in the sense defined in 7.2.2, and it has degree one. From the

above calculation, the component f of m(L̃,b),U
1 which maps

⊕
p∈Lg ∩U Ag [−deg p] to⊕

q∈Lh∩U Ah[−deg q] has deg f +(αh−αg ) ∈ 2Z and hence m(L̃,b),U
1 belongs to Hom(F (U ),F (U )).

Also the above shows that m(L̃,b),U
1 has degree one.

Similarly, the functor on morphism level Hom(U1,U2) → Hom(F (U1),F (U2)) is de-

fined by m(L̃,b),U1,U2
2 and hence has degree 0, and the higher part Fk : Hom(U1,U2)⊗. . .⊗

Hom(Uk−1,Uk ) → Hom(F (U1),F (Uk )) is defined by m(L̃,b),U1,...,Uk
k and hence has degree

2−k. �

EXAMPLE 7.47. We take the lift L̃ of L in Example 7.35 as shown in Figure 10. By
Lemma 7.43, the liftings p̃, q̃ of p, q ∈ L∩L have the following integer gradings

deg p̃ = deg1/3(p)+0 = 0, deg q̃ = deg1/3(q)+ 2

3
= 1.

Here, we choose a grading of L̃ to be 1/6 so that it is compatible with 1
3Z-grading down-

stairs (which was 3×1/6 = 1/2).

FIGURE 10. 3-fold cover of the pair-of-pants

Therefore the resulting matrix factorization is

y [0]z[1] · x[2]

for [i ] ∈ Z3. Note that this indeed acts on p̃ as Ŵ · Id (where W = ∑
i x[i ] y [i+1]z[i+2]),

since p̃ ∈C F (L̃, L̃) is supported at v [2] of the quiver. Likewise, the Z3-family ∪[i ]∈Z3 [i ] · L̃
transforms into the matrix factorization given at the end of Example 7.2

In summary, given a Kähler manifold X̃ with a finite group symmetry G , we can
first construct the mirror of the quotient X = X̃ /G by consider an immersed Lagrangian
L in X . The geometrically constructed mirror (A ,W ) automatically admits a (formal)
dual-G action, and the mirror of X̃ is given as the formal dual-G quotient (Â ,Ŵ ). If X̃
has a holomorphic volume form and G preserves the holomorphic volume form up to
rescaling by constants, then we have a canonical way to enhance the mirror (Â ,Ŵ ) and
the mirror functor F to be Z-graded.



CHAPTER 8

4-punctured spheres and the pillowcase

In this chapter we apply our theory to construct the mirror of the elliptic orbifold
E/Z2, where Z2 acts on C by z 7→ −z and the action descends to an elliptic curve E .
Topologically the quotient is a sphere, and there are four orbifold points which are lo-
cally isomorphic to C/Z2. Thus the orbifold is denoted as P1

2,2,2,2, which is also known
as the pillowcase.

We begin with a set of Lagrangian immersions L0 := {L1,L2} in P1
2,2,2,2 as shown in

Figure 12 and apply the construction in Chapter 6. The following shows the main result.

THEOREM 8.1. The generalized mirror of E/Z2 =P1
2,2,2,2 corresponding to L0 is given

by (A0,W0) where

(1) Q is the directed graph with two vertices v1, v2, two arrows {y, w} from v1 to v2

and two arrows {x, z} from v2 to v1.
(2) A0 = A (Q,Φ0) is the noncommutative resolution of the conifold ΛQ

(∂Φ0) , where
Φ0 := x y zw −w z y x.

(3)

W0 =φ(q
1
4

orb)((x y)2+(xw)2+(z y)2+(zw)2+(y x)2+(w x)2+(y z)2+(w z)2)+ψ(q
1
4

orb)(x y zw+w z y x)

lies in the center of A0, where φ and ψ are given in Theorem 8.7 and qorb =
exp

(
−∫

P1
2,2,2,2

ω
)

is the Kähler parameter.

(4) ψ(q
1
4

orb)

(
φ(q

1
4

orb)

)−1

equals to the mirror map of P1
2,2,2,2.

(5) We have Z2-graded, and Z-graded A∞-functors

F L0 : Fuk(P1
2,2,2,2) → MF(A0,W0), F L0 : FukZ(E) → MFZ(A0,W0).

In the later part of this chapter, we deform L0 to Lt , and the generalized mirror is
then deformed to (At ,Wt ). In this way we obtain an interesting class of noncommuta-
tive algebras with central elements.

THEOREM 8.2. There is a T 2-family (Lt ,λ) of Lagrangians decorated by flat U (1)-
connections for (t −1) ∈R/2Z and λ ∈U (1) such that

(1) the corresponding mirror noncommutative algebras A(λ,t ) takes the form

A(λ,t ) := ΛQ(
∂Φ(λ,t )

) ,Φ= a(λ, t ) x y zw+b(λ, t ) w z y x+1

2
c(λ, t ) ((w x)2+(y z)2)+1

2
d(λ, t ) ((x y)2+(zw)2)

(A(1,0) is the same as A0 in Theorem 8.1 (2))
(2) Coefficients (a : b : c : d) defines an embedding T 2 → P3 onto the complete in-

tersection of two quadrics given as follows. For [x1, x2, x3, x4] ∈P3 and σ= ψ
φ ,

x1x3 = x2x4

x2
1 +x2

2 +x2
3 +x2

4 +σx1x3 = 0.

57
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This is isomorphic to the mirror elliptic curve Ě given by Hesse cubic in Theorem
5.1.

(3) The family of noncommutative algebra Aλ,t /(Wλ,t ) near t = 0,λ = 1 gives a
quantization of the complete intersection given by above two quadratic equa-
tions in C4 in the sense of [EG10].

8.1. Mirror of the four-punctured sphere

More general case of punctured Riemann surfaces will be discussed in Chapter 10.
We make it into an independent chapter to give a nice illustration of our construction
and to compactify it as the orbifold P1

2,2,2,2.

Let p1, p2, p3, p4 be four distinct points in P1. We take p1, p2, p3, p4 to lie in the real
locus RP1 ⊂ P1. This fixes the complex structure of X = P1 − {p1, p2, p3, p4}. The Kähler
structure on X is given by the restriction of the Fubini-Study metric ω on P1 (which can
be rescaled). We have the anti-symplectic involution ι defined by [z1 : z2] 7→ [z1 : z2] on
X .

To carry out our construction, we fix the Lagrangian immersion L0 as depicted in
Figure 12, which consists of two circles L1 and L2. Note that L1∪L2 is invariant under the
anti-symplectic involution ι. There is a quadrilateral contained in the upper hemisphere
{[z1 : z2] ∈ P1 : Im(z1/z2) > 0} ⊂ X bounded by L1 ∪L2, and let qd = exp(−A) where A
denotes its area. There is also a quadrilateral contained in the lower hemisphere {[z1 :
z2] ∈ P1 : Im(z1/z2) < 0} ⊂ X bounded by L1 ∪L2 which has the same area due to the
anti-symplectic involution.

Equip L1 and L2 with the orientations indicated in Figure 12 and the trivial spin
structure. There are four immersed points which are denoted as X ,Y , Z ,W using coun-
terclockwise convention. We denote the corresponding odd-degree immersed gener-
ators also by X ,Y , Z ,W , and the corresponding even-degree immersed generators by
X̄ , Ȳ , Z̄ ,W̄ . X and Z are morphisms from L2 to L1, while Y and W are morphisms from
L1 to L2. Thus

LEMMA 8.3 ((1) of Theorem 8.1). The corresponding endomorphism quiver Q = QL

in Definition 6.1 is given as in (a) of Figure 11.

FIGURE 11. Dimer structure on the endomorphis quiver Q

Let Λ̂Q be the completed path algebra of Q which is generated by x, y, z, w , and con-
sider the infinitesimal deformation b = x X + yY +z Z +wW . The A∞-algebra (CF∗(L1∪
L2), (mk )∞k=0) is deformed by b to (CF∗(L1∪L2), (mb

k )∞k=0). A basis of CF∗(L1∪L2) is given
by

{X ,Y , Z ,W, X̄ , Ȳ , Z̄ ,W̄ ,1L1 ,1L2 ,TL1 ,TL2 },
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where 1Li and TLi are the fundamental class and point class of Li respectively (for i =
1,2). They can be represented by the maximum and minimum points of a Morse func-
tion, and here we take the Morse function to be the standard height function on the
circle Li . 1Li for i = 1,2 serve as units of the Floer complex of Li . TLi for i = 1,2 are
marked as crosses in Figure 12.

The only holomorphic polygons contributing to mb
0 are the two quadrilaterals con-

tained in the upper and lower hemispheres mentioned above. Hence we have the fol-
lowing.

PROPOSITION 8.4. For X =P1 − {p1, p2, p3, p4} and an odd-degree immersed defor-
mation b = x X + yY + z Z +wW of the immersed Lagrangian L1 ∪L2, we have
(8.1)
mb

0 = qd
(
(x y z − z y x)W̄ + (y zw −w z y)X̄ + (zw x −xw z)Ȳ + (w x y − y xw)Z̄ + (x y zw1L1 + y xw z1L2 )

)
where 1Li denotes the unit corresponding to the Lagrangian Li for i = 1,2 respectively.

According to our construction scheme given in Chapter 6, we quotient the path
algebra Λ̂Q by the weakly unobstructed relations and define W to be the sum of the
coefficients of 1Li in mb

0 . The weakly unobstructed relations are given by the coef-

ficients of even-degree generators other than 1Li in mb
0 . Note that the weakly unob-

structed relations can be obtained as cyclic derivatives of the spacetime superpotential
Φ= x y zw −w z y x. Thus we obtain the mirror given below.

THEOREM 8.5. The generalized mirror of P1 − {p1, p2, p3, p4} is the noncommutative
Landau-Ginzburg model (A0,W punc), where A0 is the algebra stated in Theorem 8.1, and
W punc is the central element of A0 defined by

W punc = x y zw +w z y x.

From the relations we have x y zw = y zw x, w z y x = xw z y and so on. The quiver
Q in this case can be embedded into a torus in the way depicted by (b) of Figure 11. It
gives a dimer which will be discussed in Chapter 10 in detail.

The algebra A0 is a noncommutative crepant resolution of the conifold Y [AK06,
Section 5.1]. Namely, the derived category of left A0-modules is equivalent to the de-
rived category of coherent sheaves over the commutative crepant resolution of the coni-
fold. Below we provide a brief review and establish explicit relations between the coor-
dinates of A0 and Y .

The conifold is the affine variety

Y = {(Z1, Z2, Z3, Z4) ∈C4 : Z1Z3 = Z2Z4}

which has an isolated singularity at the origin. It admits a crepant resolution by the
total space of the vector bundle Ŷ =OP1 (−1)⊕OP1 (−1), which can be written as the GIT
quotient (C4 −V )/C×, where (x, y, z, w) are the standard coordinates of C4, V = {x = z =
0}, and C× acts by λ · (x, y, z, w) = (λx,λ−1 y,λz,λ−1w). 1 The resolution map Ŷ → Y is
given by Z1 = x y, Z2 = y z, Z3 = zw, Z4 = w x.

The variables x, z have degree 1 and can be regarded as generating sections of the
line bundle O (1) over Ŷ . Similarly y, w have degree −1 and can be regarded as generat-
ing sections of the line bundle O (−1) over Ŷ . The trivial line bundle O has generating
sections Z1 = x y, Z2 = y z, Z3 = zw, Z4 = w x.

1Here we use the same notations for the coordinates ofC4 and the generators of the quiver Q, since there
is a natural correspondence between them, by identifying them as sections of O (1) and O (−1) over Ỹ .
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FIGURE 12. The universal cover of P1
2,2,2,2. The bold lines show the

lifts of the equator of P1
2,2,2,2, and the dotted lines show the lifts of the

Lagrangians L1 and L2.

T = {O ,O (1)} forms a full strongly exceptional collection of the derived category
of coherent sheaves over Ŷ . The morphism spaces of T are represented by the quiver
Q. Moreover, since multiplications of the sections x, y, z, w are commutative, it follows
that the relations between morphisms are exactly given by the cyclic derivatives of Φ=
x y zw −w z y x.

By the result of Bondal [Bon89], the derived category of left A0-modules is equiv-
alent to the derived category Db(Ŷ ). Given an A0-module M , we obtain the complex
T ⊗A0 M which is the corresponding object in Db(Ŷ ). The reverse functor is given by
Hom(T ,−).

The superpotential W ∈A0 in Theorem 8.5 can be lifted to a function over Ŷ , which
is given as W = 2Z1Z3 = 2Z2Z4.

In conclusion, the constructed mirror of the punctured sphere X is equivalent to
(Ŷ , Z1Z3), which agrees with the one used in [AAE+13].

8.2. Mirror of the pillowcase

Now we construct the mirror of the elliptic orbifold P1
2,2,2,2, which is obtained by

compactifying the punctured sphere P1 − {p1, p2, p3, p4} by four Z2-orbifold points. We
also denote these four orbifold points by p1, p2, p3, p4. Again we have the anti-symplectic
involution ι on P1

2,2,2,2.

The elliptic orbifold P1
2,2,2,2 is the quotient of an elliptic curve E =C/Λ by Z2, where

Λ ∼= Z2 is a lattice in C and [1] ∈ Z2 acts by [z] 7→ −[z] on E . Since we focus on the
Kähler structures, let’s fix the complex structure of E , say taking Λ = Z〈1, i 〉 ⊂ C. The
universal cover of E and the lifts of the Lagrangians L1,L2 (given in the previous section)
are depicted by Figure 12.
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We use the formal deformation parameter b = x X + yY + z Z +wW for L0 = L1 ∪L2

as in the previous section. In particular we have the same quiver Q and its path alge-
bra Λ̂Q. On the other hand, the obstruction term mb

0 is different since there are more
holomorphic polygons in P1

2,2,2,2. In general the weakly unobstructed relations could
become much more complicated. It turns out that in this particular case, the weakly
unobstructed relations remain to be the same. The main reason is that the immersed
Lagrangian L0 is taken to be invariant under the anti-symplectic involution ι. (In 8.4, we
will study the case where the symmetry breaks.)

LEMMA 8.6. The weakly unobstructed relations for L0 ⊂P1
2,2,2,2 are the cyclic deriva-

tives of Φ= x y zw −w z y x.

PROOF. The weakly unobstructed relations are given by the coefficients of W̄ , X̄ , Ȳ , Z̄
in mb

0 . We just consider W̄ and the others are similar.

The polygons contributing to mb
0 appear in pairs due to the anti-symplectic involu-

tion ι, and the polygons in each pair have the same area and opposite signs. Moreover
the corresponding monomials for each pair are related to each other by reversing the or-
der (since the anti-symplectic involution flips the orientation of a polygon). As a result,
the coefficient of W̄ takes the form f (qd )(x y z−z y x) where f (qd ) = qd +. . . is a non-zero
series in qd . Thus it gives the weakly unobstructed relation x y z ∼ z y x.

Hence we conclude that the weakly unobstructed relations remain to be the same as
those for the four-punctured sphere, namely x y z ∼ z y x, y zw ∼ w z y, zw x ∼ xw z, w x y ∼
y xw . �

Then we directly compute the worldsheet superpotential W = W1 +W2, where Wi

are the coefficients of 1Li for i = 1,2 They are computed by counting holomorphic poly-
gons bounded byLwith corners at the immersed generators X ,Y , Z ,W , which are quadri-
laterals in this case, see Figure 12. More precisely, we count the number of Ti = PD(1Li )
on the boundary of such polygons. We omit the detailed computations here and only
state the result as below.

THEOREM 8.7 ((2) and (3) of Theorem 8.1). The generalized mirror ofP1
2,2,2,2 is (A0,W0),

where
(8.2)
W0 =φ(qd )((x y)2+(xw)2+(z y)2+(zw)2+(y x)2+(w x)2+(y z)2+(w z)2)+ψ(qd )(x y zw+w z y x)

which is a central element of A0, and

φ(qd ) =
∞∑

k,l≥0
(k + l +1)q (4k+1)(4l+3)

d ,

ψ(qd ) =
∞∑

k,l≥0
(4k +1)q (4k+1)(4l+1)

d +
∞∑

k,l≥0
(4k +3)q (4k+3)(4l+3)

d .

As explained in the previous section, A0 is a noncommutative resolution of the
conifold. W0 corresponds to a unique element in the conifold algebra

2
(
φ(qd )(Z 2

1 +Z 2
2 +Z 2

3 +Z 2
4 )+ψ(qd )Z1Z3

)
which lifts to a holomorphic function on the commutative resolution OP1 (−1)⊕OP1 (−1).
By a simple change of coordinates on (Z1, Z2, Z3, Z4), we can change the expression to

W open = Z 2
1 +Z 2

2 +Z 2
3 +Z 2

4 + ψ(qd )

φ(qd )
Z1Z3.
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In this way the generalized mirror should be equivalent to (OP1 (−1)⊕OP1 (−1),W open).
We will leave HMS for future work.

The quotient construction by Z2 given in Chapter 7 can be applied to obtain the
generalized mirror (Â0,Ŵ0) of the covering elliptic curve E . Recall from Definition 7.12
that Â0 = Λ(Q#Z2)

/〈P g
i : g ∈ G , i = 1, . . . ,K 〉, where P g

i are the lifts of the weakly unob-
structed relations Pi . Q#Z2 is the quiver with vertices (i , [ j ]) ∈ {0,1}×Z2, and with arrows
x[i ], y [i ], z[i ], w [i ] (where the upper-index [i ] ∈Z2 indicates the second component of the
head vertex). Ŵ0 is the lift of W0 downstairs according to Definition 7.11.) We conclude
by the following.

PROPOSITION 8.8. The generalized mirror of E corresponding to L̃0 is (Â0,Ŵ0).

8.3. Open mirror theorem

We compare the above worldsheet superpotential W0 with the family

W mir := Z 2
1 +Z 2

2 +Z 2
3 +Z 2

4 +σZ1Z3

parametrized by σ. By direct computation, the critical locus of W mir is the zero section
P1 ⊂OP1 (−1)⊕OP1 (−1) instead of a point.

We wants to compare our generalized mirror with the mirror map determined by
Frobenius structure. Unfortunately the Frobenius structure on the universal deforma-
tion space of W mir is not known since Saito’s theory is not yet known for non-isolated
singularities.

On the other hand, W mir descends to the quotient of OP1 (−1)⊕OP1 (−1) byZ2. After
blowing up along P1, it is the total space of canonical line bundle KP1×P1 . The critical
locus of W mir in KP1×P1 is the elliptic curve {W mir = 0} ⊂ P1 ×P1, where (x : z, y : w) are
the standard homogeneous coordinates of P1 ×P1. It can also be embedded into P3 via
Segre embedding

(8.3) x1 = x y, x2 = xw, x3 = zw, x4 = z y.

Then we obtain the following family of elliptic curves, which are complete intersections

{x1x3 = x2x4}∩ {x2
1 +x2

2 +x2
3 +x2

4 +σx1x3 = 0} ⊂P3.

The flat coordinate q of moduli of elliptic curves is classically well-known, and can
be found explicitly by embedding the above family into P2. This gives a way to obtain
the flat coordinate qorb of W mir, which is related to q by q = q2

orb.
Explicitly the change of coordinates between σ and q is given by

σ(q) = η12(q)

η8(q2)η4(q
1
2 )

where η(q) = q1/24 ∏∞
n=1(1−qn) is the Dedekind η function.

Now we can compare W open with W mir. The following can be verified by direct
calculations.

THEOREM 8.9 ((4) of Theorem 8.1).

W open(qd ) =W mir(σ(q))

where qorb = q4
d , and q = q2

orb = q8
d .
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FIGURE 13. Translation to obtain Lt

As a consequence, the elliptic curve family defined by the complete intersection{
W open = Z 2

1 +Z 2
2 +Z 2

3 +Z 2
4 + ψ(q

1
8 )

φ(q
1
8 )

Z1Z3 = 0

}
∩ {Z1Z3 = Z2Z4} ⊂P3

equals to the Hesse elliptic curve family

{x3 + y3 + z3 +
−3−

(
η(q

1
3 )

η(q3)

)3
x y z} ⊂P2

given in Theorem 5.3. This is a natural expectation from mirror symmetry, since both
are the mirror elliptic curve family.

More explicitly, we can state the above in terms of the j -invariant. The j -invariant
of the elliptic curve family

{((x y)2 + (xw)2 + (z y)2 + (zw)2)+σx y zw = 0} ⊂P1 ×P1

is given by [LZ15]

(8.4) j (σ) =
(
σ4 −16σ2 +256

)3

σ4
(
σ2 −16

)2

which can be obtained by constructing an explicit isomorphism between the Hesse el-
liptic curve {x3 + y3 + z3 + sx y z = 0} and the above family. Then we have

j

(
ψ(qd )

φ(qd )

)
= 1

q
+744+196884q +21493760q2 +864299970q3 + . . .

(recall that q = q8
d ) equals to the j -function in flat coordinate.

8.4. Deformation of the reference Lagrangian L

In the rest of this chapter, we consider a geomtric deformation Lt of L0, and the mir-
ror construction will produce a family of noncommutative algebras. The weak Maurer-
Cartan relations become much more complicated. Miraculously we will show that coef-
ficients in the relations determines a point in the mirror elliptic curve. The construction
here is parallel to that in Chapter 5 for P1

3,3,3.
We define Lt as follows. Let l be the length of minimal x y zw-rectangle for the orig-

inal reference Lagrangian L= L0. We translate L1 by l t to get (L1)t while L2 being fixed.
(See Figure 13.) As in 5.2, we also deform the flat line bundle on (L1)t to have holonomy
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λ, and we represent this flat bundle by the trivial line bundle on (L1)t together with a
flat connection whose parallel transport is proportional to the length of a curve. The
line bundle on L2 remains unchanged with trivial holonomy.

We now consider the (noncommutative) mirror induced by formal deformation of
(Lt := (L1)t ∪L2,λ) with b = x X +yY +z Z +wW . For (Lt ,λ), the coefficients of X̄ , Ỹ , Z̄ ,W̄
in mb

0 are given as

(8.5)

hX̄ = A y zw +B w z y +C w xw +D y x y
hȲ = A zw x +B xw z +C z y z +D x y x
hZ̄ = A w x y +B y xw +C y z y +D w zw
hW̄ = A x y z +B z y x +C xw x +D zw z.

These relations generate the ideal R(λ,t ) of the weak Maurer-Cartan relations in Λ̂Q (with
Q given as in Figure 11). Corresponding spacetime potential Φ is given by

Φ= A (x y zw)+B (w z y x)+ 1

2
C ((w x)2 + (y z)2)+ 1

2
D ((x y)2 + (zw)2).

Thus the mirror algebra A(λ,t ) arising from (Lt ,λ) can is the Jacobi algebra of Φ, A(λ,t ) =
ΛQ

(∂Φ(λ,t ))
. This proves (1) of Theorem 8.2.

One can express A, B , C and D in terms of theta series with deformation parameters
(λ, t ). By direct counting from the picture, we see that

(8.6)

A(λ, t ) =
∞∑

k,l≥0
λ−2l− 1

2 q (4k+1−2t1)(4l+1−2t2)
d −

∞∑
k,l≥0

λ2l+ 3
2 q (4k+3+2t1)(4l+3+2t2)

d

B(λ, t ) =
∞∑

k,l≥0
λ−2l− 3

2 q (4k+3−2t1)(4l+3−2t2)
d −

∞∑
k,l≥0

λ2l+ 1
2 q (4k+1+2t1)(4l+1+2t2)

d

C (λ, t ) =
∞∑

k,l≥0
λ−2l− 1

2 q (4k+3−2t1)(4l+1−2t2)
d −

∞∑
k,l≥0

λ2l+ 3
2 q (4k+1+2t1)(4l+3+2t2)

d

D(λ, t ) =
∞∑

k,l≥0
λ−2l− 3

2 q (4k+1−2t1)(4l+3−2t2)
d −

∞∑
k,l≥0

λ2l+ 1
2 q (4k+3+2t1)(4l+1+2t2)

d .

For instance, holomorphic polygons with small areas for the coefficients A, B , C and D
are shown in Figure 14.

Recall qor b = q4
d , and set q2

or b = e2πiτ, λ = e2πi s . Up to a common factor, A,B ,C ,D

are holomorphic functions in a variable u := −s −τ t
2 − 1

4 which can be thought of as a
coordinate on Eτ := C/(Z⊕Z〈τ〉). To see this, we multiply K = θ0(K ′)−1 to A,B ,C ,D to
get
(8.7)

K A = θ[0,0](2u,2τ)

θ
[ 3

4 ,0
]

(2u,2τ)
, K B =−i

θ[0,0](2u,2τ)

θ
[ 1

4 ,0
]

(2u,2τ)
, KC = i

θ
[ 2

4 ,0
]

(2u,2τ)

θ
[ 1

4 ,0
]

(2u,2τ)
, K D = θ

[ 2
4 ,0

]
(2u,2τ)

θ
[ 3

4 ,0
]

(2u,2τ)

where K ′ := 1
2πe

πiτ
2 θ′((2τ+1)/2,2τ) and θ0 := θ [ 3

4 ,0
]

(−1/2,2τ). The proof of these iden-
tities will be given in Appendix A.2. Denote the above four functions K A,K B ,KC ,K D
by a,b,c,d . By our choice of the holomorphic coordinate u, u0 := − 1

4 gives back the
algebra A0 studied in Section 8.2. Namely, a(u0) =−b(u0) and c(u0) = d(u0) = 0.

It is easy to see that a,b,c,d define a map (a : b : c : d) : Eτ → P3. Indeed, it gives an
embedding of Eτ into P3 whose proof will be given in Appendix A.3. The image of this
map in P3 is a complete intersection of two quadrics, one of which is {ac +bd = 0}. One
can check this relation directly from the expression (8.7). Defining equation of the other
quadric can be also found explicitly as follows.
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We apply the same trick as in Chapter 5 to obtain a matrix factorization of W (=WL0 )
one of whose matrices has a, b, c, d as coefficients. Namely, we translate L1 further
by 2t and compute the mirror matrix factorization of L := (L1)2t which is by definition
CF(L0,L) with mb,0

1 . Here, we set the flat connection on L to have trivial holonomy (λ=
1) and only t varies. So, both L0 and L have trivial holonomies in what follows.

Note that L intersects only one branch, L2, of L0. Thus, we restrict ourselves to the
subalgebra π2 ·

(
Λ̂Q/R0

)·π2 of Λ̂Q/R0 which are generated by four loops based at π2. We
write these four loops as

α= y z, β= w z, γ= w x, δ= y x.

It is easy to see that these variables commute to each other. For example,

αβ= y zw z
(8.1)= w z y z =βα.

One can deduce αγ=βδ similarly so that

π2 ·
(
Λ̂Q/R0

) ·π2
∼=C[α,β,γ,δ]/αγ−βδ

which defines a conifold in C4.
Also, the potential W reduces to

(8.8) W (α,β,γ,δ) =φ(α2 +β2 +γ2 +δ2)+ψαγ
Finally, L intersects L2 at four points denoted by p1, p2 with odd degree and q1, q2 with
even degree (see Figure 14), and our functor produces a 2 by 2 matrix factorization of
W (α,β,γ,δ) over the commutative algebra C[α,β,γ,δ]/αγ−βδ (after taking π2 · (−) ·π2)

(8.9) Podd→even ·Peven→odd =W · I d2.

One can see from Figure 14 that there is an obvious one-to-one correspondence
between “polygons for a, b, c, d (or A,B ,C ,D)" and “holomorphic strips contributing to
Podd→even", which is area preserving. In the figure, holomorphic strips for CF(L0,L) are
arranged along the diagonal dashed line representing L. By direct computation we get

Podd→even =
( p1 p2

q1 a w x + c y z b y x +d w z
q2 b w z +d y x a y z + c w x

)
=

(
aγ+ cα bδ+d β
bβ+d δ aα+ c γ

)
(up to scaling) where a,b,c,d above are evaluated at (λ, t ) = (1, t ). Since we are now
working over the commutative algebra, it makes sense to take the determinant of the
both sides of the equation 8.9,

detPodd→even = ac(α2 +γ2)−bd(β2 +δ2)+ (a2 + c2 −b2 −d 2)αγ

which should be a constant multiple of W by the (generic) irreducibility of W as in the
proof of Theorem 5.10. Comparing with (8.8), we see that

ac +bd = 0, a2 + c2 −b2 −d 2 − ψ

φ
ac = 0

hold for (λ, t ) = (1, t ). As a,b,c,d are holomorphic functions in s + τt
2 , this relations

extend to hold over whole Eτ.
We conclude that for all (λ, t ) ∈ Eτ, (ã : b : c̃ : d̃) := (−i a : b : i c : −d) ∈ P3 lies on the

complete intersection

{ãc̃ −bd̃ = 0}∩ {ã2 +b2 + c̃2 + d̃ 2 + (ψ/φ)ãc̃ = 0} ⊂P3

which is precisely the mirror elliptic curve in Section 8.3.
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FIGURE 14. Correspondence between {polygons contributing to a, b,
c, d} and {holomorphic strips contributing to Podd→even}

For later use, we provide the formula of the worldsheet potential W(λ,t ) (only whose
first component will be given). Since we have two branches L1 and L2,

W(λ,t ) = (W(λ,t ))11L1 + (W(λ,t ))21L2 .

By the similar computation as in Section 5.3, one can check that the coefficients of W1

are u-derivatives of A,B ,C ,D :
(8.10)

(W(λ,t ))1 = ( K
4πi a′(u)+ 1

8 A(u)
)

(x y zw + zw x y)+ ( K
4πi b′(u)+ 1

8 B(u)
)

(xw z y + z y xw)
+( i K

4πi c ′(u)+ 1
8C (u)

)
(xw xw + z y z y)+ ( i K

4πi d ′(u)+ 1
8 D(u)

)
(x y x y + zw zw)

= K
4πi

(
a′(u)(x y zw + zw x y)+b′(u)(xw z y + z y xw)+ c ′(u)((xw)2 + (z y)2)+d ′(u)((x y)2 + (zw)2)

)
where we used the weak Maurer-Cartan relations to get the simpler expression in the
second line.

In order to obtain the similar result for W2, one needs to deform the second La-
grangian L2 as well so that a,b,c,d now become two variable functions. Then the coef-
ficients of W2 will be partial derivatives of a,b,c,d with respect to the second variable.
We omit this computation here as it will not be used in this paper.
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8.5. Relation to the quantization of an intersection of two quadrics in C4

In parallel with Section 5.5, we relate the algebra A(λ,t ) obtained in the previous
section with a deformation quantization of a hypersurface in the conifold.

We first restrict A(λ,t ) to the subalgebra generated by the loops based at the first
vertex of Q ((a) of Figure 11). Let us denote this algebra by A . We take x1 := x y, x2 :=
xw, x3 := zw, x4 := z y to be the generators of A similarly to (8.3). Multiplying a suitable
variable to front or back of the original relations (8.5), we obtain relations among the
generating loops x1, x2, x3, x4:

(8.11)

K · xhX̄ = a x1x3 +b x2x4 + c x2
2 +d x2

1
K ·hȲ y = a x3x1 +b x2x4 + c x2

4 +d x2
1

K · zhZ̄ = a x3x1 +b x4x2 + c x2
4 +d x2

3
K ·hW̄ w = a x1x3 +b x4x2 + c x2

2 +d x2
3 .

(There is one redundant relation in (8.11).)

(8.12)

K · zhX̄ = a x4x3 +b x3x4 + c x3x2 +d x4x1

K ·hȲ w = a x3x2 +b x2x3 + c x4x3 +d x1x2

K · xhZ̄ = a x2x1 +b x1x2 + c x1x4 +d x2x3

K ·hW̄ y = a x1x4 +b x4x1 + c x2x1 +d x3x4.

The subalgebra A of A is obviously the quotient of C{x4, x3, x2, x1} by the ideal gener-
ated by these eight relations. Recall that a,b,c,d are functions in

u =−s −τ t

2
− 1

4

(and λ= e2πi s ). To emphasize the dependence of A in u, we write A u from now on.
Note that A u0

represents the commutative conifold since a(u0) =−b(u0) and c(u0) =
d(u0) = 0:

(8.13) A u0
∼=C[x1, x2, x3, x4]/x1x3 −x2x4.

Thus one may view A u as a noncommutative conifold. Let

f = x1x3 −x2x4

be the defining equation of the conifold.
If we are given another function g on C4, we can define a Poisson structure in the

following way.

(8.14) {xi , x j } = ζ d xi ∧d x j ∧d f ∧d g

d x1 ∧d x2 ∧d x3 ∧d x4
= ζ

(
∂ f

∂xk

∂g

∂xl
− ∂g

∂xk

∂ f

∂xl

)
.

where (i , j ,k, l ) is equivalent to (1,2,3,4) up to an even permutation. ζ in (8.14) will be
some constant in our case though it could be a more complicated function in general.
Such a structure is in fact a special case of certain higher brackets among functions
called the Nambu bracket. (See for e.g. [OR02].) Choice of g will be fixed shortly.

One can check that (8.14) satisfies a Jacobi relation, and f and g lie in the Pois-
son center. Therefore it descends to the quotient algebra B f ,g = C[x1, x2, x3, x4]/〈 f , g 〉
which is a coordinate ring of a hypersurface in the conifold defined by g = 0. Now we
provide some relation between our A u/Wu and the deformation quantization of B f ,g

associated with the Poisson structure (8.14).
First, we make the following specific choice of the second function g in (8.14). Re-

stricted to the loops based at the first vertex of Q, world sheet potential (W(λ,t ))1 (8.10)
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can be written as
(8.15)

Wu := K

4πi

(
a′(u)(x1x3 +x3x1)+b′(u)(x2x4 +x4x2)+ c ′(u)(x2

2 +x2
4)+d ′(u)(x2

1 +x2
3)

)
Compared with Theorem 8.7, this should reduce to

g :=φ(qd )(x2
1 +x2

2 +x2
3 +x2

4)+ψ(qd )x1x3

at u = u0, which we denote by g . Thus, if we set v = u −u0 (so that v = 0 gives the
commutative conifold (8.13)) and expand a,b,c,d in terms of v , we have

a(v) = a(0)+a′(0)v+O(v), b(v) = b(0)+b′(0)v+O(v), c(v) = 2ζφv+O(v), d(v) = 2ζφv+O(v)

with a(0) = −b(0) and a′(0)+b′(0) = ζψ for some constant ζ. Here, a(0) and a′(0) are
evaluated at v = 0 (i.e. u = u0) and similar for b,c,d .

THEOREM 8.10. The family of noncommutative algebra A v /(Wv ) near v = 0 gives
a quantization of the complete intersection given by two quadratic equations f = 0 and
g = 0 in C4 in the sense of [EG10].

We remark that { f = 0}∩ {g = 0} defines the mirror elliptic curve in P3 after pro-
jectivization. As in Theorem 5.15 [ATdB90, Ste97], we expect that A v /(Wv ) is given
as a twisted homogeneous coordinate ring of the mirror elliptic curve embedded in
the quadric {x1x3 = x2x4} ⊂ P3 (which can be identified as P1 ×P1) by the line bundle
L =OP1 (1)�OP1 (1).

PROOF. As v → 0, we have

A v /(Wv ) →C[x1, x2, x3, x4]/〈 f , g 〉.
So it remains to check that the first order terms of the commutators for Av are equivalent
to the Poisson bracket induced by f and g with the formula (8.14). The first equation in
(8.12) gives rise to

r (x3x4 −x4x3) = v
(
a′(0)x4x3 +b′(0)x3x4 + c ′(0)x3x2 +d ′(0)x4x1

)+o(v),

where r := a(0) =−b(0) ∈C. Thus we obtain

(8.16) lim
v→0

x3x4 −x4x3

v
= 1

r

(
(a′(0)+b′(0))x3x4 + c ′(0)x3x2 +d ′(0)x4x1

)
since x3 and x4 commute at v = 0 (and so do other variables).

On the other hand, the Poisson bracket between x3 and x4 from (8.14) is given by

{x3, x4} = ζ
(
∂ f

∂x1

∂g

∂x2
− ∂g

∂x1

∂ f

∂x2

)
= ζ(

ψx3x4 +2φ(x3x2 +x4x1)
)

,

which is proportional to the right hand side of (8.16) since a′(0)+b′(0) = ζψ and c ′(0) =
d ′(0) = 2ζφ. Similarly, the first order commutator between xi and xi+1 for other i ’s
agrees with the Poisson bracket of the corresponding variables.

Lastly, the remaining two commutators can be computed from (8.11). Considering
the difference between two equations in (8.11), we have

(8.17)
a x3x1 −a x1x3 + c x2

4 − c x2
2 = 0

b x4x2 −b x2x4 +d x2
3 −d x2

1 = 0.

By the same trick, the above implies

r (x1x3 −x3x1) = v(c ′(0)x2
4 − c ′(0)x2

2)+ va′(0)(x3x1 −x1x3)+o(v)

r (x2x4 −x4x2) = v(d ′(0)x2
1 −d ′(0)x2

3)+ vb′(0)(x4x2 −x2x4)+o(v),
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and hence,

lim
v→0

x1x3 −x3x1

v
= 1

r
(c ′(0)x2

4 − c ′(0)x2
2) = ζ

r
(2φx2

4 −2φx2
2)

lim
v→0

x2x4 −x4x2

v
= 1

r
(d ′(0)x2

1 −d ′(0)x2
3) = ζ

r
(2φx2

1 −2φx2
3)

since variables commute at v = 0. One can easily check that these coincide (up to

scaling) with the Poisson brackets (8.14), which in this case are ζ
(
∂ f
∂xk

∂g
∂xl

− ∂g
∂xk

∂ f
∂xl

)
for

(k, l ) = (4,2) and (k, l ) = (3,1) respectively. �

From the relations (8.12) and (8.17), we can capture some information on noncom-
mutative deformation ofC4 (or that of P3 regarded as a graded algebra). Note that at the
commutative point v = 0, these six relations ((8.12) and (8.17)) boil down to the com-
mutators among four variable x1, x2, x3, x4. Therefore, the algebra Av defined by

Av := C{x1, x2, x3, x4}〈 ax4x3 +bx3x4 + cx3x2 +d x4x1, ax3x2 +bx2x3 + cx4x3 +d x1x2

ax2x1 +bx1x2 + cx1x4 +d x2x3, ax1x4 +bx4x1 + cx2x1 +d x3x4

ax3x1 −ax1x3 + cx2
4 − cx2

2 , bx4x2 −bx2x4 +d x2
3 −d x2

1

〉

can be thought of as a noncommutative deformation of C4.
A v is obtained by quotienting Av by the conifold relation C1 which can be taken

as the first line in (8.11). Set C2 to be the (pre)image of Wv (∈ A v ) in Av defined by the
same equation (8.15). From the proof of Theorem 8.10, we see that the six relations in
Av determine the Poisson bracket on C[x1, x2, x3, x4] 8.14 with f =C1, g =C2.

If we equip Av with the grading by deg xi = 1 (i = 1,2,3,4), it may also be regarded
as a deformation of the homogeneous coordinate ring of P3. We conjecture that Av is
isomorphic to the 4-dimensional Sklyanin algebra, which was known as a noncommu-
tative P3 having a 2-dimensional center (see for instance [Smi94]).

CONJECTURE 8.11. Av is isomorphic to the 4-dimensional Sklyanin algebra. In ad-
dition, C1 and C2 are central in Av , which generate the whole center of Av .

We give a brief summary of our deformation quantization construction in Chapter 5
and Chapter 8 . In the case ofP1

3,3,3 (resp. P1
2,2,2,2), the commutative weak Maurer-Cartan

space of the reference Lagrangian L0 is given by C3 (resp. a conifold x1x3 − x2x4 = 0 in
C4) with a potential function W0. For P1

2,2,2,2, we first applied a quiver construction to
obtain a non-commutative mirror LG model, and reduced it to a commutative LG model
by restricting to loops based at one vertex of the mirror quiver.

We defined a Poisson structure on this weak Maurer-Cartan space using the func-
tion W0 (resp. W0 and f0 = x1x3 − x2x4 in the case of C4) so that W0 (resp. f0,W0) lies in
the Poisson Kernel. In particular, this Poisson structure descends to the quotient hyper-
surface W0 = 0 in C3 (resp. the complete intersection f0 = W0 = 0 in C4). Geometrically
the hypersurface W0 = 0 gives the strict (or “flat”) Maurer-Cartan space. Namely, it con-
sists of unobstructed deformations whose corresponding potential values are 0.

Then we obtain the deformation quantization of the affine spaces C3 (resp. coni-
fold f0 = 0 in C4) by considering non-commutative Maurer-Cartan equations for the
family of deformed Lagrangians Lt . Moreover, the further quotient by the central ele-
ment Wt (in the deformation quantization algebra) gives the deformation quantization
of the (singular) hypersurface W0 = 0 in C3 (resp. the complete intersection f0 =W0 = 0
in C4) in the sense of [EG10]. This should correspond to the deformation of the strict
Maurer-Cartan space.
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However, the Fukaya category obviously remains invariant under t since we do not
deform the symplectic structure, and hence we expect that the singularity category of
the deformation quantization of the hypersurface which arises in this way remains in-
variant. (See for e.g., Corollary 5.18.) Presumably, this is related to the fact that the
superpotential Wt is central for any t .



CHAPTER 9

Extended mirror functor

In this chapter we construct an extended noncommutative Landau-Ginzburg model
(A,d ,W ), which is a curved dg-algebra (see for instance [KL03, Seg13]), from the La-
grangian Floer theory of L. We also construct an A∞-functor from the Fukaya category
of X to the category of curved dg-modules of (A,d ,W ). In this sense (A,d ,W ) is a gen-
eralized mirror of X (and it is the mirror in the ordinary sense when the functor induces
an equivalence between the corresponding derived categories).

The construction uses Lagrangian deformations in all degrees (instead of odd-degree

immersed deformations only). More concretely, it uses m(L,b̃),...
k where b̃ parametrizes all

Lagrangian deformations. In practice it is much more difficult to compute (A,d ,W ) and
the full general form of (A,d ,W ) does not appear much in the study of mirror symme-
try. More frequently used is its simplified forms. For instance when d = 0, it reduces
to a curved algebra which we use throughout this paper. When W = 0 it reduces to dg
algebras. For a Calabi-Yau threefold with certain additional grading assumptions on
the reference Lagrangian L (see Proposition 9.10), the construction produces Ginzburg
algebra (with W = 0), which is explicit and was used in [Smi15] for studying stability
conditions on Fukaya category of certain local Calabi-Yau threefolds.

9.1. Extended Landau-Ginzburg mirror

Suppose L=⋃
i Li has transverse self-intersections. In general the Lagrangian Floer

theory is Z2-graded. When we have a holomorphic volume form on the ambient space
X and L is graded, then the Lagrangian Floer theory is Z-graded. We work with either
case in this paper. (In the Z2-graded case all degrees below take value in Z2.)

Let {Xe } be the set of odd-degree immersed generators of L. As explained in Chapter
6, we have a corresponding endomorphism quiver Q = QL whose vertices are one-to-
one corresponding to Li and whose arrows are one-to-one corresponding to the gener-
ators Xe . The completed path algebra is denoted as Λ̂Q.

DEFINITION 9.1 (Extended quiver). Let {X f } be the set of even-degree immersed
generators. Moreover take a Morse function on each Li and let {Tg } be the set of their
critical points other than the maximum points (which correspond to the fundamental
classes 1Li ). The extended quiver Q̃ is defined to be a directed graph whose vertices are
one-to-one corresponding to {Li }, and whose arrows are one-to-one corresponding to
{Xe }∪ {X f }∪ {Tg }.

Recall that mb
0 takes the form

mb
0 =∑

i
Wi 1Li +

∑
f

P f X f +
∑
g

Pg Tg .

W =∑
i Wi ∈ Λ̂Q/R is a central element, where R is the two-sided ideal generated by P f

and Pg . As explained in Chapter 6, we obtain a Landau-Ginzburg model (Λ̂Q/R,W ).

71
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PROPOSITION 9.2. Suppose X is Calabi-Yau and L is Z-graded such that deg Xe ≥ 1
for all odd-immersed generators Xe . Then W ≡ 0.

PROOF. Since deg Xe ≥ 1, deg xe ≤ 0 for all e, and hence degWi ≤ 0. But degWi = 2.
Thus W ≡ 0. �

Now we consider extended deformations in directions of X f and Tg .

DEFINITION 9.3. Take

b̃ =∑
e

xe Xe +
∑

f
x f X f +

∑
g

tg Tg .

Define deg xe = 1−deg Xe , deg x f = 1−deg X f and deg tg = 1−degTg such that b̃ has
degree one.

The deformation parameter deg xe is always even, but the other parameters may
not be. Hence we need to modify the sign rule of (2.3) in the definition 2.6 to the follow-
ing.

(9.1) mk ( f1ei1 , f2ei2 , · · · , fk eik ) := (−1)ε fk fk−1 · · · f2 f1 ·mk (ei1 , · · · ,eik ).

where ε is obtained from the usual Koszul sign convention. For example, if f j is the dual
variable of ei j for all j = 1, . . .k, then we have

(9.2) mk ( f1ei1 , f2ei2 , · · · , fk eik ) := (−1)
∑k

j=1 deg f j fk fk−1 · · · f2 f1 ·mk (ei1 , · · · ,eik ),

since one can pull out fk , fk−1, . . . , f1 one at a time and by assumption f j ei j will have
(shifted) degree 0. One can check that this defines an A∞-structure.

Then mb̃
0 will additionally have odd-degree part, i.e., it is of the form

mb̃
0 =∑

i
Wi 1Li +

∑
e

Pe Xe +
∑

f
P f X f +

∑
g

Pg Tg .

The constructions in previous chapters generalize to this setting, to give the non-
commutative ring A modulo the relations (Pe ,P f ,Pg ), and an extended A∞ functor to

matrix factorizations of an extended potential function W̃ .
Alternatively, we explain a construction which gives a curved dg-algebra (A,d ,W̃ ),

and an A∞-functor to the category of curved dg-modules over (A,d ,W̃ ).
We will construct a curved dg-algebra from the extended deformations.

DEFINITION 9.4 ([KL03]). A curved dg-algebra is a triple (A,d ,F ), where A is a
graded associative algebra, d is a degree-one derivation of A, and F ∈ A is a degree 2
element such that dF = 0 and d 2 = [F, ·] = F (·)− (·)F .

If d 2 = 0 (or equivalently F is central), a curved dg-algebra structure gives rise to a
noncommutative Landau-Ginzburg model on its d-cohomology with the cohomology
class [F ] as a (worldsheet) superpotential. If the dg-algebra is formal, then d g -modules
over A (Definition 9.11 below) boils down to matrix factorizations of [F ] over H(A). In
this section we don’t take this assumption and work with d g -modules.

Now take the path algebra ΛQ̃. It carries a natural curved dg structure as follows.

DEFINITION 9.5. Define the extended worldsheet superpotential to be W̃ = ∑
i W̃i ,

where W̃i are the coefficients of 1Li in mb̃
0 . Define a derivation d of degree one on ΛQ̃

by
d(ae xe +b f x f + cg tg ) = ae Pe +b f P f + cg Pg
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for ae ,b f ,cg ∈Λ, and extend it using Leibniz rule. (Our sign convention is d(x y) = xd y+
(−1)deg y (d x)y .)

Then the A∞-relations for L can be rewritten as follows.

PROPOSITION 9.6. dW̃ = 0 and d 2 = [W̃ , ·]. In other words (ΛQ̃,d ,W̃ ) is a curved dg
algebra.

REMARK 9.7. It is well-known (see [KS09]) that A∞-algebra structure on V is equiv-
alent to a codifferential d̂ on the tensor coalgebra T V . And if V is finite dimensional (as
in our case), then one can take its dual algebra (T V )∗ with a differential d̃ (with d̃ 2 = 0).
We may regard {xe , x f , xg } as dual generators of the dual algebra (T V )∗. There is one
more generator x1 that we have suppressed in the previous formulation. Turning it on
simply results in adding a multiple of unit in W̃ . The desired identities can be obtained
from d̃ 2 = 0 by setting x1 = 0. But we show the direct proof below due to signs. These
two formulations are equivalent.

PROOF. Consider a deformed A∞-structure
{

mb̃
k

}
k≥0

(see Definition 2.3), and the

first A∞-equation:

mb̃
1 (mb̃

0 ) = 0.

From the definition, we have mb̃
0 = W̃ 1+∑

X (d x)X for X are elements in {Xe }∪ {X f }∪
{Tg }. Hence we have

mb̃
1 (W̃ ·1)+mb̃

1 (
∑
X

(d x)X ) = 0.

The first term becomes (writing b̃ =∑
X x X )

m2(W̃ ·1, b̃)+m2(b̃,W̃ ·1) =∑
X

(xW̃ −W̃ x)X =−∑
[W̃ , x]X .

The second term can be written as follows.

mb̃
1

(∑
X

(d x)X

)
= ∑

k,i ,X j ,X
mk+1(x1X1, · · · , (d x)X , xi Xi , · · ·xk Xk )(9.3)

= ∑
k,i ,X j ,X

(−1)|xi−1|+···+|x1|xk · · ·xi (d x) · · ·x1mk+1(X1, · · · , X , · · ·Xk )

= ∑
X j ,X

d(xk , . . . , x1)mk+1(X1, · · · , X , · · ·Xk )

=d(mb̃
0 ) = d(W̃ 1+∑

X
(d x)X )

=d(W̃ )1+∑
X

(d 2x)X

Here, the degree of the dual variable x j is the negative of the shifted degree of the cor-
responding generator X j . Since the whole sum vanishes, we have dW̃ = 0 and d 2x −
[W̃ , x] = 0 for all x. �

The following proposition and its proof is an extended version of Proposition 9.2.

PROPOSITION 9.8. When X is Calabi-Yau, andL is graded such that deg Xe ,deg X f ,degTg ≥
1, we have W̃ = 0. Thus (ΛQ̃,d) is a dg algebra.

PROOF. Since deg X ≥ 1 for X ∈ {Xe }∪ {X f }∪ {Tg }, deg x ≤ 0, and hence degW̃i ≤ 0.
But degW̃i = 2. Thus W̃ ≡ 0. �
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In general it is difficult to write down (ΛQ̃,d ,W̃ ) explicitly since it requires comput-
ing all mk ’s forL. On the other hand, for Calabi-Yau threefolds with grading assumptions
(see below), a lot of terms automatically vanish by dimension reason, and (ΛQ̃,d ,W̃ )
can be recovered from the quiver Q with potentialΦ (and W̃ = 0). The resulting dg alge-
bra (ΛQ̃,d) is known as Ginzburg algebra.

DEFINITION 9.9 ([Gin]). Let (Q,Φ) be a quiver with potential. The Ginzburg algebra
associated to (Q,Φ) is defined as follows. Let Q̃ be the doubling of Q by adding a dual
arrow ē (in reversed direction) for each arrow e of Q and a loop based at each vertex of
Q. Define the grading on the path algebra ΛQ̃ as

deg xe = 0,deg xē =−1,deg ti =−2

where ti corresponds to the loop at a vertex. Define the differential d by

d ti =
∑

e
πvi · [xe , xē ] ·πvi , d xē = ∂xeΦ, d xe = 0

where πvi denotes the constant path at the vertex vi . Then the dg algebra (ΛQ̃,d) is
called the Ginzburg algebra.

PROPOSITION 9.10. Suppose X is a Calabi-Yau threefold, Li are graded Lagrangian
spheres (equipped with a Morse function with exactly one maximum point and one
minimum point) such that deg X equals to either one or two for all immersed generators
X . Then (ΛQ̃,d ,W̃ = 0) produced from the above construction is the Ginzburg algebra
associated to (Q,Φ).

PROOF. Since each branch Li is a sphere and we take the standard height function
to be the Morse function which has exactly one maximum point and one minimum
point, Ti are the minimal points of the Lagrangian spheres Li with degTi = 3. Moreover
there is an one-to-one correspondence between {Xe } and {X f }, and each pair is denoted
as (Xe , X ē ). As a result, the extended quiver Q̃ is the doubling of Q in Definition 9.9. We
have deg xe = 0, deg xē =−1 and deg ti =−2. Since all elements in ΛQ̃ has deg ≤ 0, d xe

which has degree one must vanish. Moreover d xē has degree zero, and hence must be a

series in {xe }. Thus the coefficient of xē in mb̃
0 is the same as that in mb

0 , which is ∂xeΦ. As
a consequence d xē = ∂xeΦ. Finally only constant disc can contribute to the coefficient

of Ti in mb̃
0 . Moreover since d ti has degree -1, each term has exactly one xē factor. Thus

each term must take the form xe xē or xē xe which is a path from vi back to itself. As a
result d ti =∑

e πvi ·[xe , xē ]·πvi . (The sign difference between xe xē and xē xe follows from
the cyclicity of (m2(xe , xē ),1Li ) and the property of unit 1Li .) �

9.2. Extended mirror functor

In this section we define an A∞-functor from Fuk(X ) to the dg category of curved
dg modules of (ΛQ̃,d ,W̃ ) constructed in the previous section. In this sense (ΛQ̃,d ,W̃ )
can be regarded as a generalized mirror of X .

Curved dg-modules were well studied in existing literature and the definition is as
follows.

DEFINITION 9.11. A curved dg-module over a curved dg-algebra (A,d ,F ) is a pair
(M ,dM ) where M is a graded A-module and dM is a degree one linear endomorphism
of M such that

(9.4) dM (am) = a(dM m)+ (−1)degm(d a)m

and d 2
M = F .
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Note that our convention for d and dM is “differentiating from the right", and so the
sign is defined as above. The same sign convention applies below.

DEFINITION 9.12. Given two curved dg-modules (M ,dM ) and (N ,dN ), the mor-
phisms from M to N form a graded vector space HomA(M , N ) with a degree-one dif-
ferential defined as

dM ,N f := dN ◦ f − (−1)deg f ( f ◦dM )

with d 2
M ,N = 0. Thus the category of curved dg-modules is a dg category.

The construction of the functor is similar to the one in Section 6.4. Namely, we
consider intersections between an object L of Fuk(X ) with the reference Lagrangian L
and their Floer theory to construct the functor. Here since we consider extended de-
formations of L, we need to take account of extra contributions from the even-degree
immersed generators X f and also the critical points Tg . Also we need to be careful with
signs since we use deformations of all degrees (instead of just odd degrees).

Let U be a Lagrangian which intersects transversely with L. Given Y ∈U ∩L, as in
Section 6.4, we want to define the differential acting on Y to be

mb̃,0
1 (Y ) =

∞∑
n=0

mn+1(b̃, . . . , b̃,Y ) =∑
n

∑
(X1,...,Xn )

(−1)
∑n

j=1 |x j |xn . . . x1mn+1(X1, . . . , Xn ,Y ).

Due to the sign difference in dg-category and A∞-category, we define the dg-module
structure as follows.

DEFINITION 9.13. Let Pv := ΛQ̃ ·πv , the left ΛQ̃-module consisting of all paths of
Q̃ beginning at a vertex v (we read from right to left). Given a Lagrangian U (which
intersects transversely with L), the corresponding module is defined as M = F (U ) =⊕

i
⊕

Y ∈U∩Li
Pvi 〈Y 〉. Then the differential dM is defined by

dM Y = (−1)degY mb̃,0
1 (Y )

and extending to the whole module by linearity and Leibniz rule (9.4).

PROPOSITION 9.14. d 2
M = W̃ and hence (M ,dM ) is a curved dg-module.

PROOF. We start by noting that (dM )2 6= (mb̃,0
1 )2 as we need to take d of the coeffi-

cient by Leibniz rule in the case of (dM )2. We need to prove dM (dM (Y )) = W̃ ·Y for any
Y ∈ L∩U . We will use the following deformed curved A∞-bimodule equation:

(mb̃,0
1 )2 +mb̃,b̃,0

2 (mb̃
0 (1),Y ) = 0,

which implies that

−(mb̃,0
1 )2 = m2(W̃ 1,Y )+mb̃,b̃,0

2 (
∑
X

(d x)X ,Y )

= W̃ ·Y + ∑
k,Xi ,X

mk+2(x1X1, · · · , (d x)X , · · · , xk Xk ,Y )

= W̃ ·Y + ∑
k,Xi ,

d(xk · · ·x1)mk+1(X1, · · · , Xk ,Y )
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where the last identify is explained in (9.3). Now we can prove the desired identity as
follows.

d 2
M (Y ) = dM ((−1)|Y |mb̃,0

1 (Y ))

= (−1)|Y |(−1)|Y |+1(mb̃,0
1 )2(Y )− ∑

Xi ,k
d(xk · · ·x1)mk+1(X1, · · · , Xk ,Y )

= W̃ ·Y .

�

In particular, when W̃ = 0 Lagrangians are transformed to dg-modules over ΛQ̃,
which can be identified as dg representations of Q̃. By Proposition 9.8 this is usually the
case in Calabi-Yau situations. Typically these representations have infinite dimensions
since they consist of all paths of Q̃. Taking the cohomologies of dM , one obtains (graded)
quiver representations.

The functor on (higher) morphisms is defined as follows. Given unobstructed La-
grangians U1, . . . ,Uk which intersect transversely with each other and also with L, we
define a map Hom(U1,U2)⊗. . .⊗Hom(Uk−1,Uk ) → Hom(MU1 , MUk ) by sending Y ∈ MU1

to

mb̃,0,··· ,0
k (Y , ·, . . . , ·) =

∞∑
l=0

mk+l (b̃, . . . , b̃,Y , ·, . . . , ·) =∑
n

∑
(Xi )

(−1)
∑

j |x j |xn . . . x1mk+n(X1, . . . , Xn ,Y , ·, . . . , ·) ∈ MUk .

Again the signs have to be modified to make it to be an A∞-functor.

DEFINITION 9.15. Given unobstructed Lagrangians U1, . . . ,Uk which intersect trans-
versely with each other and also withL, we define a map Hom(U1,U2)⊗. . .⊗Hom(Uk−1,Uk ) →
Hom(MU1 , MUk ) by

F (A1 ⊗ . . .⊗ Ak−1)(Y ) := (−1)(|Y |+1)·∑k−1
i=1 (|Ai |+1)mb̃,0,··· ,0

k (Y , A1, · · · , Ak−1).

THEOREM 9.16. The above definition of F gives an A∞-functor Fuk(X ) → cdg(W̃ )
where cdg(W̃ ) is the dg category of curved dg modules of (ΛQ̃,d ,W̃ ).

PROOF. The proof is almost the same as that of Theorem 2.18 [CHL17] together
with an argument that is used in the proof of Proposition 9.14, and we leave the proof as
an exercise. �



CHAPTER 10

Mirror construction for punctured Riemann surface

In [Boc16], Bocklandt considered a pair of “mirror" dimers Q and Q∨ equipped
with perfect matchings, which are embedded in two different Riemann surfaces Σ and
Σ∨ (with the number of punctures ≥ 3). He combinatorially defined a category from Q
which was proven to be isomorphic to the wrapped Fukaya category ofΣ−Q0, and found
an embedding into the category of matrix factorizations associated to Q∨. In this way,
Bocklandt generalized the construction of Abouzaid et al. [AAE+13] of the homological
mirror symmetry for punctured spheres.

In this chapter, inspired by the work of Bocklandt, we apply our construction de-
veloped in Chapter 6 to punctured Riemann surfaces and recover the result of [Boc16],
and also generalize them. In particular, our approach gives a geometric explanation of
the mysterious combinatorial construction of a mirror dimer in [Boc16]. This gives a
nice application of the theory developed in this paper.

DEFINITION 10.1. Let Σ be a closed Riemann surface, with finitely many points
Q0 = {pi }. We consider a polygonal decomposition of (Σ,Q0) with vertices only at Q0.
Choosing orientations of all edges defines a quiver Q with the set of arrows Q1. The
complement Σ \ Q consists of polygons, and the closure of these open polygons are
called faces of Q. We assume that every vertex has valency at least 2. Also by Q we
denote the quiver or the associated polygonal decomposition of Σ.

THEOREM 10.2. We can take a family of Lagrangians L canonically for a given polyg-
onal decomposition Q of Σ to obtain a noncommutative mirror LG model (A ,W ) so that
the following holds:

(1) There exists a graded quiver QL (whose arrows are Z2-graded) with a space-
time superpotential Φ such that A = Jac(QL,Φ) and we have a Z2-graded A∞-
functor

FL : Fukwrap(Σ\Q0) → MF(Jac(QL,Φ),W ).

(2) If Q is a dimer, then the quiver QL is also a dimer (with degree zero arrows) em-
bedded in a Riemann surface Σ∨. Here Σ∨ can be constructed from the space-
time superpotential Φ.

(3) If Q is a zig-zag consistent dimer , then FL defines an Z2-graded derived equiv-
alence

FL : DFukwrap(Σ\Q0) → Hmf(Jac(QL),W ) ⊂ HMF(Jac(QL,Φ),W ).

(4) When Q has a perfect matching, then FL defines a Z-graded functor.
(5) When Q is zig-zag consistent dimer with a perfect matching, FL defines a Z-

graded derived equivalence to Hmf(Jac(QL),W ). This Z-graded functor agrees
with that of Bocklandt [Boc16].

REMARK 10.3. The previous elliptic curve examples can be regarded as an analogue
of this construction for closed surfaces without punctures.

77



78 10. MIRROR CONSTRUCTION FOR PUNCTURED RIEMANN SURFACE

Here, Fukwrap(Σ\Q0) is the wrapped Fukaya category of [AS10a], and the definitions
of a dimer model, and the dg-category mf(Jac(QL),W ) will be given in Definition 10.7,
10.29. Proof of this theorem will occupy the rest of the chapter.

The result (5) was proved by Bocklandt [Boc16] by computing enough of both wrapped
Fukaya category (of generating non-compact Lagrangians) and matrix factorizations
and proving a uniqueness theorem of A∞-structures using such computations and Z-
grading. Without a perfect matching condition of a dimer (that is a Z-grading), it is
difficult to mach A∞-structures of both sides. On the other hand, in our formulation an
A∞-functor is given canonically, once we determine L and its Maurer-Cartan equations.

The result (3), (4) are also partly based on the work of Bocklandt. For (3) we use his
explicit calculation of basis on B-side for zig-zag consistent dimers to show that it is an
equivalence and for (4), we use the Z-grading defined by Bocklandt’s explicit choice of
vector fields on punctured Riemann surfaces.

REMARK 10.4. Throughout the paper, the endomorphism quiver QL (Definition 6.1)
was often denoted as Q for simplicity, but just in this chapter, by Q we denote a quiver
embedded in a Riemann surface. We will see that QL equals the mirror dimer Q∨ (as
dimers).

10.1. Reference Lagrangian L from a polygonal decomposition

The reference Lagrangian L for a given polygonal decomposition Q of Σ will be ob-
tained from the inscribed polygons to every faces of Q. Namely, for each face P of Q, we
connect the midpoints of neighboring edges of P to obtain P̌ which is inscribed to P .
See Figure 15 (a).

DEFINITION 10.5. We may choose P̌ ⊂ P for each face P of Q such that when two
faces P1,P2 share an edge e, then the edges of P̌1, P̌2 connect smoothly at the midpoint
of e (locally forming a triple intersection of smooth embedded curves). In this way,
edges of P̌ for faces P of Q define a family of (possibly immersed) curves L= {L1, · · · ,Lk }
in Σ \ Q. Each Li may be also obtained by starting from a mid-point of an edge of Q
and traveling to the midpoint of the left neighboring edge of a face, and next the right
neighboring edge of the following face and continuing this process (see Figure 16 (b)).
Therefore, we call each Li a zigzag Lagrangian.

FIGURE 15. (a) dimer Q (b) L= {L1,L2,L3} (c) QL
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FIGURE 16. Zigzag Lagrangians

Note that Σ\Q is an exact symplectic manifold, and we can also make L exact.

LEMMA 10.6. L can be made an exact Lagrangian by a suitable smooth isotopy.

PROOF. Let α be the fixed Liouville form, dα = ω. For every i we want to suitably
deform Li such that

∫
Li
α = 0. Near a puncture, α is locally given as r dθ where r goes

to ∞ approaching the puncture. Hence the integral of α along a circular arc in coun-
terclockwise (clockwise resp.) direction increases to ∞ (decreases to −∞ resp.) when
the arc moves closer to the puncture. Since Li is a zigzag Lagrangian, it contains arcs in
both directions. Hence we can deform Li near a puncture to achieve

∫
Li
α= 0. �

Let us recall the definition of a dimer.

DEFINITION 10.7. A quiver in the Definition 10.1 is called a dimer model if it is em-
bedded in a surface Σ, and for each face P of Q, the boundary arrows of Q are either all
along with or all opposite to the boundary orientation of ∂P . Hence the set of arrows
bounding each face can be regarded as a cycle in Q which we call a boundary cycle.

DEFINITION 10.8. The set of boundary cycles of Q is decomposed into two sets Q+
2

(positive cycles) and Q−
2 (negative cycles). We will call a face of Σ bounded by a cycle in

Q+
2 (resp. Q−

2 ) a positive (resp. negative) face.

Each arrow in a dimer model Q is contained in exactly one positive cycle and one
negative cycle.

For a dimer model Q, the inverse image Q̃ in the universal cover Σ̃ of Σ gives rise to
a quiver in an obvious way. For a given arrow ã of Q̃, a zig ray (zag ray, resp.) is defined
as an infinite path in Q̃

· · · ã2ã1ã0

where ã0 = ã, ãi+1ãi is a part of a positive boundary cycle for even i and is a part of a
negative boundary cycle for odd i . A zig or zag ray projects down to a cycle in the path
algebra of Q which we will call a zigzag cycle. The following lemma is easy to check. (See
(a) of Figure 16.)

LEMMA 10.9. For a dimer model Q, there is an one-to-one correspondence between
zig-zag Lagrangian of Q and zig-zag cycle in the path algebra of Q.



80 10. MIRROR CONSTRUCTION FOR PUNCTURED RIEMANN SURFACE

10.2. Floer theory for L and its Maurer-Cartan space for a dimer Q

We will apply our formalism to the set L of zigzag Lagrangians. Let us first discuss
the case of a dimer Q, in which we can directly apply the result of Chapter 6. For a
quiver Q which is not a dimer, we will consider somewhat extended deformation theory
to construct QL later.

Lagrangians in L are compact exact Lagrangians in Σ \ Q0, and we have an A∞-
algebra CF•(L,L) following [Sei11]. Here, Lagrangians are oriented in a canonical way,
following the orientation of the corresponding zigzag cycles.

LEMMA 10.10. The endomorphism quiver QL (in the Definition 6.1) for a dimer Q
is described as follows. Its vertices QL

0 = {v1, · · · , vk } corresponds to zigzag Lagrangians
L = {L1, · · · ,Lk }. There exist an one-to-one correspondence between the set of arrows QL

1
and Q1, given by the following rule. For an arrow e ∈Q1, there exist a (dual) arrow xe ∈QL

1
of degree zero from a zag ray of e to the zig ray of e.

PROOF. An arrow of QL
1 is given by an odd degree intersection between Li and L j .

Recall that the generator p in CF•(Li ,L j ) is odd (resp. even) if at TpΣ, one can rotate by
an angle less than π, the oriented unit tangent vector of Li in a counter-clockwise (resp.
clockwise) direction to obtain the oriented unit tangent vector of L j . Since Q is a dimer,
for each edge e, we have an odd degree morphism Xe from the zag ray Li of e to the zig
ray L j of e. See the Figure 16 (b). �

From now on, we will identify QL
1 and Q1 using this Lemma.

Due to the punctures, and to our choice of Lagrangian L, the following lemma is
immediate

LEMMA 10.11. The only non-trivial holomorphic polygon with boundary on L is
given by the polygon P̌ inscribed to each face P of Q (see Definition 10.5).

Following Chapter 6, we set the Maurer-Cartan element b =∑
e∈Q1 xe Xe and obtain

mb
0 =∑

i
Wi 1Li +

∑
e

Pe X̄e

where Pe is counting discs with insertions of b’s with an output X̄e , and Wi is counting
discs U with output to be the minimum point of Li . By definition AL is the (completed)
path algebra of QL quotient by Pe and WL = ∑

i Wi . Since we work in the exact setting,
we can work over C-coefficient rather than the Novikov ring Λ0. Indeed completing the
path algebra is not necessary in this case.

From now on, a holomorphic polygon P̌ contributing to mb
0 will be said to be posi-

tive, denoted as P̌+ if the induced boundary orientation match with that of L, and nega-
tive, denoted as P̌− otherwise.

We will put non-trivial spin structure on L to match our construction to the combi-
natorial mirror description of Bocklandt [Boc16].

DEFINITION 10.12. Assign a spin structure on L by placing a marked point on one
of the edges of every negative k-gon P̌ for odd k.

Recall that a marked point may be thought of as a place where trivialization of tan-
gent bundle is twisted. Thus the sign of a holomorphic disc with boundary on L passing
through k marked points (for spin structures) will have an additional sign twist by (−1)k .
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LEMMA 10.13. The coefficients Pe can be defined as partial derivative ∂eΦ of the
spacetime superpotential Φ. With the spin structure given in Definition 10.12, we have

Φ=∑
P̌+

(boundary word of P̌+)−∑
P̌−

(boundary word of P̌−)
)

Here |P̌ | is the number of vertices in the polygon P̌ , and a boundary word of P̌ is recorded
in clockwise direction starting from any point (it is well-defined in the cyclic quotient).

PROOF. Since the only non-trivial holomorphic polygons bounded by L come from
the polygons P̌ , it only remains to check the sign. A positive polygon contributes with
a positive sign, and the negative k-gon contributes with (−1)k−1 according to the sign
convention of [Sei11], but we added further twisting by (−1)k . Therefore, any negative
polygon P̌− always contribute with the negative sign. �

For example, the spacetime potential Φ for the dimer Q in Figure 15 is given by

Φ= xa xb xe xc xd −xa xe xd xc xb .

The Lagrangian Floer potential W can be also computed combinatorially as follows.

LEMMA 10.14. The potential W as an element in AL = Jac(QL,Φ) can be written as

W =
k∑

i=1
Wi

where Wi is the boundary word of the unique polygon P̌ passing through the minimum
Ti ⊂ Li . Here, the word is recorded clockwise starting from Ti (but Ti itself is not recorded)
and with the spin structure given in Definition 10.12, all signs of Wi ’s are positive.

PROOF. It is enough to show that the signs of all holomorphic polygons contribut-
ing to WL are positive. A positive polygon contribute positively. A negative k-gon con-
tributing to mk with the output 1L contributes as (−1)k with the standard spin structure
on L. Hence, the spin structure of Definition 10.12 additionally contributes (−1)k to the
negative k-gon counting, and hence even the negative k-gon is counted positively. �

The Lagrangian Floer potential for the example drawn in Figure 15 can be com-
puted as

W = xc xd xe xa xb +xb xc xd xe xa +xd xe xa xb xc ,

where the minimum Ti is represented by ? in the picture.

10.3. Relation to the mirror dimer model Q∨

We show that the combinatorial mirror dimer construction of Bocklandt [Boc16]
can be recovered from our construction (QL,Φ,W ) (with the spin structure given in Def-
inition 10.12).

We first recall the definition of the mirror quiver Q∨.

DEFINITION 10.15 ([Boc16]). The dual quiver Q∨ of Q is defined by the following
data:

(1) The vertices of Q∨ are zig-zag cycles in Q.
(2) The sets of arrows for Q and Q∨ are the same. a ∈ Q1 gives the arrow of Q∨

with h(a) the cycle coming from the zig ray and t (a) that from the zag ray.

From Lemma 10.10, we have

COROLLARY 10.16. The dual quiver Q∨ can be identified with QL.
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The dual dimer Q∨ embeds into a surface Σ∨. Combinatorial construction of Σ∨
was given by physicists Feng-He-Kennaway-Vafa [FHKV08].

DEFINITION 10.17. The dual dimer Q∨ embedded in a surface Σ∨ consists of the
following data:

(1) The positive faces of Q∨ coincide with those of Q in Σ;
(2) The negative faces of Q∨ are obtained from the negative faces of Q by flipping

and reversing the order of their arrows. (See Figure 17.)

i.e. Σ∨ may be obtained as follows. First cutΣ along the arrows of Q, and flip the negative
faces, and reverse the direction of arrows in the flipped negative faces. One finally glues
back the faces (the original positive faces and the flipped negative faces) by matching
arrows (forgetting the information of vertices). This defines an involution on the set of
dimer models.

FIGURE 17. Combinatorial construction of dual dimer

Let us explain how to obtain Σ∨ in our geometric construction. Roughly speaking,
we patch together holomorphic polygons P̌ ’s bounded by L to obtain Σ∨. But we need
to attach P̌ after suitable modification.

Let F be a face of Q, and denote by P̌F the holomorphic polygon in F bounded by L.
Each polygon P̌F will be replaced by a dual polygon F∨ in the following way. An edge of
P̌F is given by Lagrangian Li , and hence corresponds to a vertex vi (of the quiver QL). A
vertex of P̌F is given by the intersection point of C F (Li ,L j ) and hence can be replaced by
an edge ei j ( which are arrows of the quiver QL). This process provides the dual polygon
F∨, which can be attached to the quiver QL. If we attach F∨ to QL for each face F of Q,
we obtain the surface Σ∨.

Note that this dual polygon F∨ has the same shape as the face F , in fact, if F is a
positive face, edges of F can be identified with edges of F∨ (but vertices cannot be iden-
tified). If F is a negative face, edges of F can be identified with edges of F∨ but with
reverse orientation. Since branches of L crosses at the edges the polygonal decompo-
sition Q, we need to glue the modifications of the holomorphic polygons via flipping
negative faces, which identifies vertices and edges of the neighboring tiles.

Formally, this procedure of attaching 2-cells can be naturally read from the space-
time superpotential Φ (see (3.6)), which records the holomorphic polygons P̌ , and the
sign determines the orientation of the cell.

LEMMA 10.18. For each positive term (r+)c yc in Φ, we glue a polygonal face to QL

along the edges of (r+). For each negative term −(r−)c yc in Φ, we glue a polygonal face
to QL along the edges of (r−) in the reverse order (See Figure 15 (b)). Then the resulting
Riemann surface can be identified with Σ∨.
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We leave the proof of the lemma as an exercise. It is interesting that the “space"-
time superpotential Φ contains additional information about the mirror “space”.

From Lemma 10.13, it is easy to identify combinatorial Jacobi algebra of the mirror
dimer Q∨ with the Jacobi algebra of QL from Φ, where the combinatorial Jacobi algebra
of a dimer is defined as follows.

DEFINITION 10.19. For a dimer Q, Jac(Q) is defined to be the quotient of the path
algebra by the ideal generated by re := re,+− re,− (for every arrows e) where e · re,+ is the
unique positive cycle in Q containing e, and e ·re,− is the unique negative cycle contain-
ing e.

COROLLARY 10.20. With the spin structure given in Definition 10.12, we have

Jac(QL,Φ) = Jac(Q∨).

Hence, our formalism explains why Jacobi relation appears in the mirror quiver al-
gebra in [Boc16].

LEMMA 10.21. With the spin structure given in Definition 10.12, the potential W of
Lemma 10.14 agrees with a combinatorial central element l , defined in [Boc16]

(10.1) l := ∑
v∈Q∨

0

Cv

where for each v ∈Q∨
0 , Cv is an a cycle starting from v.

Therefore, the generalized mirror (AL,WL) coincides with the Landau-Ginzburg model
(Jac(Q∨), l ).

PROOF. A vertex v ∈ Q∨
0 corresponds to a Lagrangian Lv ∈ L, and a cycle Cv cor-

responds to a boundary word of a polygon P̌ with an edge in Lv . But there may be
several polygons P̌ with an edge in Lv . Let P1,P2 be the two faces of Q sharing an edge
a, and suppose that Lv passes through the mid-point of a. See figure 15. Then it is easy
to check that the boundary word of P̌1 and that of P̌2 are the same up to Jacobi rela-
tion of Φ. Hence, by applying this fact several times if necessary, we may assume that
P̌ that corresponds to a cycle Cv meet the minimum Tv of the Morse function on the
Lagrangian Lv . Therefore WL can be identified with l . �

10.4. The case of a non-dimer Q

The construction in this case will be a generalized version of that in Chapter 6, as
we also consider even degree immersed generators like in the case of extended mirror
functors, but we will not take the full extended directions. We will take only half of im-
mersed generators of CF•(L,L) =⊕i , j CF•(Li ,L j ) to form a formal deformation space.

Let us first choose any orientation for each Li of L. An intersection point p ∈ Li ∩L j

at the midpoint of an arrow e of Q1 gives rise to two generators Xe (odd degree ) and X̄e

(even degree) in CF•(L,L).

DEFINITION 10.22. Consider a face P of Q, and a corresponding polygon P̌ bounded
by L. For each vertex p of P̌ , we choose an immersed generator Ye in {Xe , X̄e } using the
polygon P̌ : here Ye corresponds to the intersection CF•(La ,Lb) so that the order of the
branch of La ,Lb at p is counterclockwise with respect to P̌ . We denote by Ȳe the other
generator in {Xe , X̄e }. If Q is a dimer, we have Ye = Xe .

We will only turn on Ye as a formal deformation direction, since Ȳe do not play
any significant role in the Floer theory of L. Since Ye is Z2-graded, the quiver QL is Z2-
graded.
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DEFINITION 10.23. We define the graded quiver QL as follows. Its vertices QL
0 =

{v1, · · · , vk } corresponds to zigzag Lagrangians L= {L1, · · · ,Lk }. For each Ye , we assign an
(dual) arrow xe ∈QL

1 from the zag ray to the zig ray of e of degree

deg (ep ) = 1−deg (Yp ).

Here, zag ray (resp. zig ray ) of an arrow e is the Lagrangian which pass through the
midpoint of the arrow e and travel to the right (resp. left) side of the arrow.

The following lemma holds by the definition.

LEMMA 10.24. Since each midpoint of an edge in the original quiver Q is an inter-
section point, there is an obvious one-to-one correspondence between the arrow set of Q
and QL,

DEFINITION 10.25. We set

b = ∑
e∈Q1

xe Ye .

As the degree of xe = 1−deg (Ye ), b has total degree one.

Now, we may proceed as in 6, to obtain

mb
0 =∑

i
Wi 1Li +

∑
e

Pe Ȳe .

By definition AL is the (completed) path algebra of QL quotient by Pe and WL = ∑
i Wi .

The computation of Φ and the central element WL can be carried out in a similar way
as in the case of a dimer. But the main difference from the case of dimers is that first,
arrows in QL may have non-trivial grading, and second Φ and WL can be computed as
in the Lemma 10.13, 10.14, but signs in the formula will not be simple as dimers.

FIGURE 18. Example of non-dimer

In the non-dimer example of Figure 18, we turn on the half of immersed generators{
X̄a , X̄b , Xc , X̄d , Xe , X̄ f

}
as formal deformation. Thus, four variables xa , xb , xd , x f have

odd degrees, and the other two variable xc and xe have even degrees. One can directly
compute from the picture that

Φ= xa x f xc +xc xd xb +xe xa xd +xe x f xb

WL = xa x f xc +xc xa x f

where ? in the figure represents the location of minimum Ti . Here Φ defines a cyclic
potential (in the graded sense).
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By applying the (generalized) construction of Chapter 6, we obtain aZ2-graded A∞-
functor FL from the wrapped Fukaya category to the dg-category of matrix factoriza-
tions of WL, and this finishes the proof of (1).

10.5. Perfect matching andZ-grading

We will show that a perfect matching on Q induces a Z-grading on L, and this also
induces the Z-grading for categories and functors.

DEFINITION 10.26. A perfect matching for a dimer Q ⊂ Σ is a subset P of Q1 such
that every boundary cycle of a polygon contains exactly one arrow in P .

From a perfect matching, [Boc16] constructed a nowhere-vanishing vector field V

on Σ \ Q0 which essentially plays the role of a Calabi-Yau volume form. Let e be the
unique edge of a positive face F+ which belongs to P . Over F+, the vector field V is
defined in such a way that its flow trajectories are loops starting and ending at h(e) and
turning in counterclockwise direction. Over the negative face F− which has e as the
unique edge in P , the flow trajectories are loops starting and ending at t (e) and turning
in clockwise direction. See (a) of Figure 19 for the illustration.

From the vector field V , any Lagrangian L (which is simply a curve) in Σ \ Q0 has a
phase function L →U (1) which is measuring the angle from V (p) to Tp L at each p ∈ L.
A grading on L is a lift of the phase function to L →R.

LEMMA 10.27. Suppose Q is given a perfect matching. Then each branch of L admits
a grading.

PROOF. As illustrated in (a) of Figure 19, V (p) once makes a 2π-rotation with re-
spect to Tp Li , and then rotates back to the opposite direction by 2π as we travel along
Li . Therefore, after slight adjustment, the angles from Tp Li to V (p) can be chosen to lie
in the interval (−π,π), and hence the phase function can be lifted to R. �

COROLLARY 10.28. We have an A∞-functor FL : Fukwrap(Σ \Q0) → MF(Jac(Q∨),W )
which is graded if there exists a perfect matching on Q.

10.6. Mirror functor

Recall that the wrapped Fukaya category Fukwrap(Σ \ Q0) has classical generators
{Ue } given by the arrows e ∈Q1, which are considered as non-compact Lagrangians (see
Abouzaid [Abo10]). For simplicity, we will assume that Q is a dimer. We will compute the
images of these generators under our mirror functor FL, and show that it matches with
the result of Bocklandt. We will also show how the morphism Hom(Ua ,Ub) in wrapped
Fukaya category maps to that of the corresponding matrix factorizations through our
functor too. Note that Hom(Ua ,Ub) is nonzero if and only if the two arrows a and b are
incident to the same vertex v in Q.

Using the notation of Corollary 10.20, we define the relevant matrix factorizations
of WL.

DEFINITION 10.29. For any edge e ∈QL
1 , a matrix factorization Pe of (A = Jac(QL,Φ),W )

is defined as follows. The underlying module of Pe is A ·h(e)⊕A · t (e). (Recall that A ·v
is spanned by paths starting from v .) The matrix factorization is given by

Pe : A ·h(e)
·e−→A · t (e)

·re,+−→A ·h(e).

We denote by mf(Jac(QL,Φ),W ) the dg-subcategory of MF (Jac(QL,Φ),W ), generated by
{Pe }e∈QL .
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FIGURE 19. (a) Perfect matching and the grading of L (b) Mirror
matrix factorization Pe

Note that p ·e ·re,+ = p ·W =W ·p for any p ∈A ·h(e), and p ′ ·re,+ ·e = p ′ ·W =W ·p ′
for any p ′ ∈A · t (e), and hence Pe defined above is a matrix factorization of W .

PROPOSITION 10.30. We have F (Ue ) = Pe for every e ∈QL
1 .

PROOF. We compute F (Ue ). To avoid a triple intersection, we slightly perturb Ue

(to a dashed curve) as in (b) of Figure 19. Ue intersects two branches {Lh(e),Lt (e)} of
L at exactly two points ph(e) and pt (e). Hence the underlying module of F (Ue ) is A ·
h(e)⊕A · t (e), where the first and second summands are even and odd respectively by
considering the degrees of ph(e) and pt (e).

Let U denote the holomorphic polygon whose boundary cycle is ere,+. Ue splits
U into two holomorphic strips, one from ph(e) to pt (e) which has a corner at Xe , and
another one from pt (e) back to ph(e) which has corners at Xe ′ where e ′ are arrows con-

tained in re,+. These are the only two strips contributing to mb,0
1 , and hence the matrix

factorization is the one given above. �

Next, we consider a morphism level functor. Bocklandt already has found a class of
morphisms between matrix factorizations Pa ,Pb when a,b lie on a zig-zag cycle of Q∨
(caution: this is not Q), which we recall first.

DEFINITION 10.31. [ [Boc16] ] Fix a zigzag cycle in Q∨ and let a and b be two arrows
in the cycle. Without loss of generality suppose it is a zig cycle with respect to a. Take
a lifting of the arrow a to the universal cover and also denote it by a, and denote by b(i )

the liftings of b which are contained in the zig ray of a for i ∈ Z, where b(0) is the first
one met by the zig ray. (b(0) = a when b = a.) Let a0 . . . ak be the zig path with a0 = a
and ak = b(i ) (where k depends on i ). a j+1a j for even j is a part of a positive cycle F+

j in

Q∨. Hence the complement of a j+1a j in this cycle gives a path from h(a j+1) to t (a j ). By
composing all these paths over all even j , we obtain a path opp1, which is from h(b(i ))
(t (b(i ))) to t (a) when k is odd (even). Likewise, we take the complement of a j+1a j for
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FIGURE 20. Holomorphic polygons corresponding to paths opp1 and
opp2 in Q̌

odd j in the unique negative cycle F−
j containing it, and compose them together to have

a path opp2, which is from t (b(i )) (h(b(i ))) to h(a) when k is odd (even).
For any element p in (Pa)0 =A ·h(a), p ·opp2 defines a path in (Pb)1 =A · t (b) (or

(Pb)0 =A ·h(b)) when k is odd (or even). Similarly opp1 defines a map from (Pa)1 =A ·
t (a) to (Pb)0 (or (Pb)1) when k is odd (or even). Thus we get the elements ζ(i ) = (ζ(i )

0 ,ζ(i )
1 )

in Hom(Pa ,Pb), where ζ0 : p 7→ p ·opp2 and ζ1 : p 7→ p ·opp1.

In the above definition, when k is odd ζ(i ) takes the form

(Pa)0

ζ(i )
0 ##

// (Pa)1
ζ(i )

1

##
(Pb)1

// (Pb)0

See the left side of Figure 20 for opp1 and opp2.
Using the fact that (Q∨)∨ = Q, a zigzag cycle of Q∨ corresponds to a vertex v in Q.

Therefore, the condition on a,b to lie on a a zigzag cycle in Q∨ corresponds to the fact
that the arrows a and b share the vertex v in Q, and therefore, there exist a morphism in
wrapped Fukaya category.

We show that generators of Hom(Ua ,Ub) at that puncture are mapped to the above
morphisms between matrix factorizations.
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PROPOSITION 10.32. The functor F L sends the generators of Hom(Ua ,Ub) to±ζ(i ) ∈
Hom(Pa ,Pb).

PROOF. Here we only consider the chordα from Ua to Ub which has minimal wind-
ing number and assume that h(a) = t (b) is the common vertex of a and b in Q. Then
degα is odd. The other cases are similar.

Setη :=F L
1 (α), the image of the morphismαunder our functor. Sinceη :

(
A · vh(a) ⊕ A · vt (a)

)→(
A · vh(b) ⊕ A · vt (b)

)
is linear over A and so is ζ : (A ·h(a)⊕ A · t (a)) → (A ·h(b)⊕ A · t (b)),

it suffices to show that

η(vt (a)) = ζ(t (a)) (= opp1, identified with opp1 · vh(b)) and
η(vh(a)) = ζ(h(a)) (= opp2, identified with opp2 · vt (b))

up to overall sign change. (Recall from the proof of Proposition 10.30 that the isomor-
phism PLa → Pa identifies vh(a) with h(a) and vt (a) with t (a), and does the similar for
b.) We only show the first identity “η(vt (a)) = opp1" in detail as the proof for the second

identity is essentially identical. Recall thatη(vt (a)) = mb,0,0
2 (vt (a),α) =∑

k mk (b, · · · ,b, vt (a),α).
By definition of mirror quiver (Definition 10.15), the zigzag cycle containing ak ak−1 · · ·a1a0

(with a0 = a and ak = b) in Q∨ corresponds to the vertex v in Q, where we used the fact
that Q = (Q∨)∨. In the mirror Q of Q∨, the counter part of the zigzag path a0 · · ·ak and
oppi (i = 1,2) in Q∨ have the following configuration. The positive cycle F̃+

i in Q mirror
to each positive cycle F+

i (for even i ) contains the vertex v , while no two such cycles in Q
share an arrow. The same happens for the mirror cycles F̃−

i to F−
i (for odd i ). If we walk

around the vertex v in Q counterclockwise, we meet F̃+
k−1, F̃−

k−2, F̃+
k−3, · · · , F̃+

2 , F̃−
1 , F̃+

0 in
order. The arrow ai in Q sit between two consecutive cycles F̃±

i , F̃∓
i−1 in this sequence.

(See right side of Figure 20).
Now, the path opp1 in Q∨ gives rise to a piecewise smooth curve γ contained in L

whose corners lie only on arrows of F̃+
i for even i . More precisely, γ turns at each middle

point of arrows in F̃+
i except ai and ai+1. (See the dotted curve in upper right diagram

in Figure 20.) Observe that γ intersects both La and Lb once. Checking the degrees of
intersections, we see that they should be vt (a) and vh(b), respectively. Therefore, we have
a bounded domain in Σ enclosed by γ and La and Lb . Since α is a minimal Hamiltonian
chord from La to Lb around the puncture v in Σ, it lies in this bounded domain. Thus,
after chopping off the corner around v alongα, the domain become a holomorphic disc
T1 contributing to mb,0,0

2 (vt (a),α), and obviously there are no other contributions due to
punctures. Note that the corners of T1 along L is precisely opp1. Therefore, this disc
defines a map

(10.2) η : vt (a) 7→ ±opp1 · vh(b).

Similar procedure produces a holomorphic disc T2 which gives rise to

(10.3) η(vh(a)) =±opp2 · vt (b)(=±ζ(h(a))).

We finally show that the signs in (10.2) and (10.3) are the same. We divide the computa-
tion for the sign difference in the following two steps.

(i) Ignoring special points, the sign of T1 is positive since its boundary orientation
agrees with that of La , Lb and L. The boundary orientation of T2 agree with
those of Lagrangians only along La and Lb . So, the sign of T2 is (−1)|opp2| where
|opp2| is the number of arrows contained in opp2. Observe that

(10.4) |opp2| ≡
∑

i
|F̃−

i | mod 2
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where |F̃−
i | is the number of edges of F̃−

i .
(ii) Now, we take the special points into account. Recall that precisely one spe-

cial point is placed on the boundary of each negatively oriented polygon (for
the potential) with the odd number of edges. Therefore, the sign difference
between T1 and T2 due to special points is

(10.5) (−1)
∑

|F̃−
i
|≡1 1

where the sum in the exponent is taken over all F̃−
i with the odd number of

edges.

It is easy to see that the sign differences (10.4) and (10.5) cancel with each other,
which completes the proof. �

In what follows we show that the functor is an embedding assuming that Q∨ is
zigzag consistent using the following result of Bocklandt on matrix factorization cat-
egory. We first recall the zigzag consistency condition introduced by Bocklandt. He
showed that the Jacobi algebra of a zigzag consistent dimer is 3 Calabi-Yau [Boc16, The-
orem 4.4]. Similar results were obtained by Ishii and Ueda [IU11]. For the construction
of generalized mirrors and functors we do not need this condition. However, the condi-
tion is needed in the B-side to ensure the functor is an embedding (see Section 10.6).

DEFINITION 10.33 (Zigzag consistency [Boc12]). A dimer model is called zigzag
consistent if for each arrow e, the zig and the zag rays at e in the universal cover only
meet at e.

PROPOSITION 10.34 ([Boc16]). Suppose Q∨ is zigzag consistent. Then for every pair
of arrows a and b, the set {ζ(i ) : i ∈Z} defined in Definition 10.31 forms a basis of the co-
homology H∗(Hom(Pa ,Pb),δ). In particular H∗(Hom(Pa ,Pb),δ) vanishes when a and
b do not share a common vertex in Q.

As a consequence, when a and b share a common vertex in Q, the induced map
on cohomologies Hom(Ua ,Ub) → H∗(Hom(Pa ,Pb),δ) is an isomorphism. When a and
b do not share a common vertex in Q, the statement remains true since both sides are
zero. Hence we have

COROLLARY 10.35. Suppose Q∨ is zigzag consistent. Then the functor F : Fuk(Σ−
Q0) → MF(Jac(Q∨),W ) is an embedding.





CHAPTER 11

Mirrors of Calabi-Yau threefolds associated with quadratic
differentials

The mirror construction and the natural functor formulated in this paper has im-
portant applications to Calabi-Yau threefolds associated to Hitchin systems constructed
by Diaconescu-Donagi-Pantev [DDP07]. Using the functor, Fukaya categories of the
Calabi-Yau threefolds are transformed to derived categories of certain Calabi-Yau alge-
bras known as the Ginzburg algebras [Gin]. In this paper we will focus on the SL(2,C)
case. Calabi-Yau algebra has the advantage of being more linear and was rather well-
understood in existing literature, see for instance [KS09, KS, CBEG07, LF09]. In par-
ticular stability conditions and wall-crossing of Donaldson-Thomas invariants of the
Fukaya categories can be understood by using Ginzburg algebras and the functor. Kontsevich-
Soibelman [KS] developed a deep theory on the stability structures on Calabi-Yau alge-
bras in dimension three and their relations with cluster algebras.

Recent mathematical studies in this direction were largely motivated by the works
of Gaiotto-Moore-Neitzke [GMN10, GMN13b, GMN13a], who studied wall-crossing of
BPS states over the moduli spaces of Hitchin systems and the relations with hyper-
Kähler metrics. SYZ mirror symmetry for moduli spaces of Hitchin systems with struc-
ture groups SLr and PSLr was found by Hausel-Thaddeus [HT03]. Mathematically the
BPS states are stable objects of Fukaya categories of the associated (non-compact) Calabi-
Yau threefolds. Later Smith [Smi15] computed the Fukaya categories for SL(2) systems,
and constructed an embedding by hand from the Fukaya categories to derived cate-
gories of Ginzburg algebras. Moreover Bridgeland-Smith [BS15] provided a detailed
study of stability conditions of derived categories of Ginzburg algebras. Furthermore
Fock-Goncharov [FG06, FG09] provided a combinatorial approach to study SL(m) (or
PGL(m)) systems for general m using techniques of cluster algebras.

The approach taken in this paper is constructive and functorial. We apply our gen-
eral construction to produce the noncommutative mirror A = Λ̂Q/(∂Φ). Then it auto-
matically follows from our general theory that there exists a god-given injective functor
from the Fukaya category to the mirror derived category (which is in the reverse direc-
tion of the embedding by Smith). The functor is the crucial object for studying stability
conditions and Donaldson-Thomas invariants for the Fukaya category.

The computations in this chapter rely essentially on [Smi15]. From the viewpoint
of this paper, the quiver algebra A can be regarded as a mirror of X , in the sense that
Lagrangian submanifolds of X (symplectic geometry) are transformed to quiver repre-
sentations (algebraic geometry).

REMARK 11.1. The notations for the superpotentials here are different from that in
[Smi15]. The spacetime superpotential Φ here was denoted by W in [Smi15]. In this
paper W denotes the worldsheet superpotential, which vanishes in this case.

91
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11.1. Non-compact Calabi-Yau threefolds associated with quadratic differentials

We first briefly recall the Calabi-Yau geometry from [DDP07, Smi15]. Let S be a
closed Riemann surface of genus g (S) > 0, with a set M 6= ; of marked points. An
SL(m,C) Higgs bundle on (S, M) is the data (E ,D,φ) where E is a holomorphic vector
bundle with a Hermitian metric, D is a metric connection, and φ ∈ Ω1(EndE) satisfies
that D+φ is a flat connection (with certain parabolic asymptotic behavior at the marked
points) [Hit87, Sim90]. The set of eigenvalues of the one-form valued skew-Hermitian
matrix φ produce a spectral curve Σ⊂ KS , whose defining equation takes the form

(11.1) ηm +
m∑

r=2
φr ·ηm−r = 0

for η ∈ KS , where φr are meromorphic r -differentials, that is sections of K ⊗r
S , with poles

at P . The projection KS → S restricts to a ramified m : 1 covering map Σ→ S.
The associated (non-compact) Calabi-Yau threefold X is a conic fibration over the

total space of KS with discriminant locus being Σ⊂ KC . It is defined by the equation

uv = ηm +
m∑

r=2
φr ·ηm−r .

To make sense of the above equation, u, v are taken to be sections of certain vector
bundles. Moreover since φr are meromorphic, u, v are also meromorphic. This means
we need to modify the bundles by tensoring the divisor line bundles associated to P .
This was carefully carried out by Smith [Smi15] for m = 2, which is recalled below for
the readers’ convenience. From now on we focus on the case m = 2, and so φ = φ2 is a
quadratic differential.

Assume that the meromorphic quadratic differentialφ only has zeroes of order one,
and has poles of order two at the set of marked points M . The Calabi-Yau threefold
is locally defined by a quadratic equation uv −η2 = ϕ(z) (away from poles) where the
quadratic differential on S is locally written as φ(z) =ϕ(z)d z⊗2.

In order to make sense of this equation globally, one can consider a rank-two vector
bundle V over S with the property that detV = KS (M). Denote S2V to be the symmetric
square of V . Any map V →V ∗ induces a map detV → detV ∗. Hence we have the deter-
minant map det : S2V → (detV )⊗2 = KS (M)⊗2 which is a quadratic function over each
fiber of S2V (and u, v,η above are fiber coordinates of S2V ). Sinceϕ can be identified as
a section of KS (M)⊗2, the equation

det =π∗ϕ

makes sense where π is the bundle map KS (M)⊗2 → S.
In order to specify the poles of u, v,η and ensure the Calabi-Yau property, Smith

made a modification of the bundle S2V as follows. Let W be a rank 3 vector bundle
defined by the exact sequence of sheaves

0 →W → S2V → (ιM )∗C→ 0

where (ιM )∗C is the skyscraper sheaf supported at the poles of φ, and the map S2V →
(ιM )∗C around each p ∈ M is defined by (u, v,η) 7→ u(p), where a choice of local trivial-
ization of V at each p ∈ M is fixed and (u, v,η) are the corresponding local fiber coor-
dinates of S2V . It essentially means that the local section u is allowed to have a simple
pole at p. The map det can be pulled back from S2V to W and hence the above equation
also makes sense for W .
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PROPOSITION 11.2 (Lemma 3.5 of [Smi15]). X := {det = π∗ϕ} ⊂ W is a Calabi-Yau
threefold, namely it has a trivial canonical line bundle.

We have a natural fibration X → S which is the restriction of the bundle map W → S.
A fiber over p ∈ S is a smooth conic u2+v2+η2 = t for t 6= 0 when p is neither a zero nor
a pole; it is a degenerate conic u2 + v2 +η2 = 0 when p is a simple zero; it is a disjoint
union of two complex planes C2 ∐

C2 defined by u2 = c when p is a double pole.

11.2. Generalized mirrors

Recall that we need to fix a set of Lagrangians in order to construct the generalized
mirror. In the current situation the quadratic differential φ on S gives a collection of
Lagrangian spheres {Li } in X . It is called to be a WKB collection of spheres whose asso-
ciated A∞-algebra was computed by [Smi15]. It is briefly summarized as follows. See
Figure 21a.
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(A) A triangulation induced
from a quadratic differential.
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(B) The corresponding
quiver Q.

FIGURE 21. On the left, dots are double poles and crosses are simple
zeroes of a quadratic differential. The edges of the induced triangu-
lation are shown by dotted lines. The solid lines show the dual graph,
which are images of Lagrangian spheres upstairs labeled by Lk . Lk cor-
respond to the vertices vk of the quiver Q on the right, and arrows in
Q correspond to degree-one morphisms among Lk ’s.

It is classically known from the theory of quadratic differentials that a triangulation
can be obtained from a quadratic differential. This was a main ingredient in the work of
Gaiotto-Moore-Neitzke [GMN13b] and Bridgeland-Smith [BS15].

DEFINITION 11.3 (Triangulation induced from quadratic differential). The trian-
gulation induced from a quadratic differential φ is defined as follows. The quadratic
differential φ defines a horizontal foliation on S, which consists of horizontal trajecto-
ries γ such that φ|γ are real-valued. Assume that φ is generically chosen such that it is
saddle-free, which means that there is no horizontal trajectory connecting two zeroes.
Now consider the finite set of all separating trajectories, which are horizontal trajecto-
ries connecting double poles with zeroes. The image divide the surface S into finitely
many chambers. In each chamber fix one generic trajectory connecting two double
poles. The finite set of all such chosen generic trajectories gives a triangulation of S
whose vertices are double poles.
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For simplicity assume that there is no self-folded triangle (see [Smi15, Lemma 3.21]).
Then the WKB collection of spheres is defined as follows.

DEFINITION 11.4 (WKB collection of spheres). The WKB collection of Lagrangian
spheres {Li } associated to a quadratic differential is defined as follows. There is one
simple zero in each triangle of the associated triangulation. Take the embedded dual
graph of the triangulation, whose vertices are simple zeroes and whose edges are paths
connecting simple zeroes. It gives the so-called Lagrangian cellulation of the Riemann
surface S. The edges are called to be matching paths, and each of them corresponds
to a Lagrangian sphere in the threefold X . The WKB collection is the set of all these
Lagrangian spheres.

By Lemma 4.4 of [Smi15], {Li } are graded such that for each zero of φ correspond-
ing to an intersection point of three Lagrangian spheres (Li1 ,Li2 ,Li3 ) ordered clockwise
around the zero, the morphism from Lip to Lip+1 has degree one and that from Lip+1

back to Lip has degree two (where p ∈Z3).
Intuitively given a matching path, the Lagrangian is obtained by taking union of

the real loci of the conic fibers over each point of the matching path. The real loci are
two-spheres over interior points of the path, which degenerate to points over the two
boundary points of the path, and hence the resulting Lagrangian is topologically a three-
sphere.

Following Bridgeland-Smith [BS15], define a quiver Q below. See Figure 21b.

DEFINITION 11.5 (The associated quiver Q). For each triangle ∆ of the triangula-
tion mentioned above, take a triangle ∆′ inscribed in ∆. Moreover the edges of ∆′ are
oriented clockwise. Define a quiver Q which is the union of all the inscribed triangles: a
vertex of Q is a vertex of one of the inscribed triangles, and an arrow of Q is an oriented
edge of an inscribed triangle.

For each zero f of φ, define T ( f ) to be the boundary path (which has length three)
of the corresponding inscribed triangle. For each pole p of φ, define C (p) to be the
corresponding cycle of Q which is counterclockwise oriented.

Now take L = {Li } to be the reference Lagrangians and carry out the mirror con-
struction given in Chapter 6. The following essentially follows from the computations
of [Smi15].

THEOREM 11.6. The generalized mirror of the non-compact Calabi-Yau threefold X
corresponding to the above choice of reference Lagrangians L= {Li } is given by

A = Λ̂Q/〈∂eΦ : e is an arrow of Q〉
(with the worldsheet superpotential W ≡ 0) where Q is defined in Definition 11.5 and

Φ := ∑
zerof

T ( f )− ∑
pole p

np TAp C (p)+ ∑
k∈K

nk TA(Uk )Uk ,

np ,nk ∈Q− {0} and Ap , A(Uk ) ∈ R>0, K is a certain index set, Uk are loops in Λ̂Q which
are different from C (p) and T ( f ). Note that Φ is cyclic. It is understood that the above
expression is given in terms of cyclic representatives, and differentiation is taken cyclically.

PROOF. From the definition of Q (Definition 11.5) and the chosen grading on {Li }
(Definition 11.4), it is clear that the vertices of Q correspond to Li and the arrows of Q
correspond to degree-one morphisms among {Li }. Let’s denote the generators of the
Floer complex of L by Xe which are the degree-one morphisms corresponding to each
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arrow e of Q, and X ē which are the degree-two morphisms corresponding to each re-
versed arrow ē, and Ti which are the point classes of Li , and 1Li which are the funda-
mental classes of Li . The generalized mirror takes the form (Λ̂Q/I ,W ), where I is the
ideal generated by weakly unobstructed relations, which are the coefficients Pē of X ē in

mb=∑
e xe Xe

0 =∑
i

Wi 1Li +
∑

e
Pē X ē

and W = ∑
i Wi . In the above expression e runs over all the arrows of Q, Xe are the

corresponding degree-one morphisms and X ē are the corresponding reversed degree-
two morphisms.

In this Calabi-Yau situation, by Proposition 9.2 we have W = 0. Fix an edge e of Q
and consider

Pē =
∑
k≥0

∑
(Xe1 ,...,Xek

))
xek . . . xe1

(
mk (Xe1 , . . . , Xek ),e

)
.

Suppose β is a polygon class contributing to mk (Xe1 , . . . , Xek ). The input morphisms
have degree one and the output morphism has degree two. If β is a constant polygon
class, then it is supported at certain an intersection point of three Lagrangian spheres
in {Li } corresponding to a zero of φ. By degree reason, β is a class of constant triangles
with two inputs of degree one and an output of degree two, and the counting is one
by [Smi15, Lemma 4.8]. It gives the term xe2 xe1 in Pē where (Xe1 , Xe2 , Xe ) are the three
degree-one morphisms at the same zero f of φ labeled clockwise. It equals to ∂e T ( f ).

If β is a non-constant polygon class, it is projected to a non-constant polygon class
in the surface S bounded by matching paths (since the intersection of Li with a fiber is
the real locus in a smooth conic which do not bound any non-constant holomorphic
disc). In particular it includes the term np TAp xek . . . xe1 , where Xe1 . . . Xek Xe is a cycle in
Q corresponding to a pole of φ, np is the counting and Ap is the symplectic area of β.
By [Smi15, Lemma 4.10], np 6= 0. The term equals to ∂e (np TAp C (p)). All the other terms
are denoted by Uk .

Consequently, Pē = ∂eΦ and result follows. �

We can also carry out the extended mirror construction given by Chapter 9 which
uses formal deformations in all degrees rather than just odd-degrees.

THEOREM 11.7. The extended generalized mirror of the non-compact Calabi-Yau
threefold X is the Ginzburg dg algebra (ΛQ̃,d) where Q̃ is the doubling of Q by adding to
Q a reversed edge ē for each edge e of Q, and adding a loop t at each vertex of Q; d is the
derivation defined by

d ti =
∑

e
vi [xe , xē ]vi , d xē = ∂xeΦ, d xe = 0.

PROOF. Let’s denote the generators of the Floer complex of L by Xe which are the
degree-one morphisms corresponding to each arrow e of Q, X ē which are the degree-
two morphisms corresponding to each reversed arrow ē, Ti which are the point classes
of Li , and 1Li which are the fundamental classes of Li . The extended generalized mir-
ror uses deformations of L in all directions except those along fundamental classes. In
particular from Definition 9.1, the corresponding quiver is Q̃ described above.

Consider the deformation b̃ =∑
e xe Xe+∑

e xē X ē+∑
i ti Ti where deg xe = 0, deg xē =

−1 and deg ti =−2 such that b̃ has overall degree 1. We need to compute

mb̃
0 =∑

i
W̃i 1Li +

∑
i

(d ti )Ti +
∑

e
(d xē )X ē +

∑
e

(d xe )Xe
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which has overall degree 2. By Proposition 9.8, W̃i = 0. Also by degree reason d xe = 0.
Consider the coefficient d ti . Only constant polygons can contribute to the output

Ti since the output marked point is unconstrained and no non-constant disc can be
rigid. Such constant polygons are supported at an intersection point of Li with another
Lagrangian sphere. By degree reason, only m2(Xe , X ē ) or m2(X ē , Xe ) contributes, where
e is an arrow from or to vi respectively, and hence d ti =∑

e vi [xe , xē ]vi .
For d xē which has degree zero, only degree-zero variables can appear. This means

we only need to consider polygons with degree one morphisms to be inputs (and the
degree-two morphism X ē to be the output). Thus we only need to consider mb

0 and
result follows from Theorem 11.6. �

The derived category on the mirror side can be described using either the Ginzburg
algebra (ΛQ̃,d) or the Jacobi algebra (its d-cohomology) A = Λ̂Q/〈∂eΦ〉. Namely by
Lemma 5.2 of [KY11], the derived category of finite-dimensional dg modules of (ΛQ̃,d),
which is a C Y 3 triangulated category by [Kel08], has a canonical bounded t-structure,
whose heart is the category of nilpotent representations of A .

11.3. Mirror functor

From Section 6.4 we have a mirror functor

Fuk(X ) → dg(A ) = MF(A ,W = 0).

In this section we describe the mirror functor explicitly, namely we compute the quiver
module mirror to a Lagrangian matching sphere L0 in a WKB collection L.

The mirror quiver module is by definition F ((L,b),L0) together with the differential
m(b,0)

1 . L0 intersects with five Lagrangian spheres in the WKB collection, namely, L0

itself, and four other Lagrangian spheres L1, . . . ,L4 as shown in Figure 21a. Thus the
mirror module is

Ľ0 = P0 ·10 ⊕P0 ·T0 ⊕P2 ·X−−−→v2v0
⊕P4 ·X−−−→v4v0

⊕P1 ·X←−−−v0v1
⊕P3 ·X←−−−v0v3

where Pi := Λ̂Q · vi for each vertex vi , and −−→v w denotes the edge from vertex v to vertex
w in Q and ←−−v w denotes the reversed arrow in the extended quiver Q̃. Recall that X−−→v w
has degree 1 and X←−−v w has degree 2. Moreover 10 has degree 0 and T0 has degree 3. (Also
recall that xe has degree zero for all edges e of Q, and hence elements in Pi has degree
0.)

We need to compute the differential dĽ0
of the module Ľ0, which is defined by

m(L,b),L0
1 .

PROPOSITION 11.8. L0 is transformed to the dg module (Ľ0,dĽ0
) under the mirror

functor, where Ľ0 is given above and dĽ0
: Ľ0 → Ľ0 is given by

dĽ0
(10) = x−−−→v2v0

X−−−→v2v0
+x−−−→v4v0

X−−−→v4v0

dĽ0
(X−−−→v2v0

) = (x−−−→v1v2
+α · x−−−→v1v8

)X←−−−v0v1
−p1X←−−−v0v3

dĽ0
(X−−−→v4v0

) =−p2X←−−−v0v1
+ (x−−−→v3v4

+β · x−−−→v3v9
)X←−−−v0v3

dĽ0
(X←−−−v0v1

) = x−−−→v0v1
T0

dĽ0
(X←−−−v0v3

) = x−−−→v0v3
T0

dĽ0
(T0) = 0

for some α ∈ v2 ·A · v8, β ∈ v4 ·A · v9, p1 ∈ v2 ·A · v3, p2 ∈ v4 ·A · v1. The leading order
terms of pi are ni TAi pi respectively, where ni ∈Q, Ai ∈R>0, p1 is the path from v3 to v2
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such that p1 ·−−−→v0v3 ·−−−→v2v0 is a loop in Q which contributes to a pole term in Φ, and p2 is
the path from v1 to v4 such that p2 ·−−−→v0v2 ·−−−→v4v0 is a loop in Q which contributes to a pole
term in Φ.

PROOF. The differential is computed using Theorem 11.7, which gives an explicit

expression of mb̃
0 . The first equality follows from m2(X ,10) = X . The second and third

equalities follows from the expressions of mk (Xe1 , . . . , Xek ). The higher order terms of Φ
correspond to the terms α · x−−−→v1v8

, β · x−−−→v3v9
, p1,p2. The fourth and fifth equalities come

from m2(X−−−→v0vi
,←−−−v0vi ) = T0 for i = 1,3. The last equality is due to degT0 = 3 which is the

highest degree. �

Taking the cohomology, we have

PROPOSITION 11.9. The cohomology of the dg module (Ľ0,dĽ0
) mirror to L0 equals

to

H i (dĽ0
) =

{
Λ ·T0 for i = 3;
0 otherwise.

PROOF. First we compute H 0, which is the kernel of the map dĽ0
: P010 → P2X−−−→v2v0

⊕
P4X−−−→v4v0

defined by c10 7→ cx−−−→v2v0
X−−−→v2v0

+ cx−−−→v4v0
X−−−→v4v0

for c ∈ P0. Suppose c 6= 0. Since

cx−−−→v2v0
= 0 but c 6= 0 in Λ̂Q/R, cx−−−→v2v0

∈ Λ̂Q · {∂iΦ}. The only elements in {∂iΦ} containing
terms of the form .. . x−−−→v2v0

are

∂x−−−→v5 v2
Φ= x−−−→v6v5

x−−−→v2v6
+px−−−→v2v0

+ . . .

and

∂x−−−→v1 v2
Φ= x−−−→v0v1

x−−−→v2v0
+qx−−−→v2v6

+ . . .

where the first two terms correspond to polygons of the quiver. In order to get rid of the
term x−−−→v6v5

x−−−→v2v6
or qx−−−→v2v6

, we have to subtract by

(∂x−−−→v2 v6
Φ) · x−−−→v2v6

= x−−−→v5v2
x−−−→v6v5

x−−−→v2v6
+x−−−→v1v2

qx−−−→v2v6
+ . . .

Hence cx−−−→v2v0
must be of the form u ·

(
x−−−→v5v2

∂x−−−→v5 v2
Φ+x−−−→v1v2

∂x−−−→v1 v2
Φ− (∂x−−−→v2 v6

Φ)x−−−→v2v6

)
for

some u. But

x−−−→v5v2
∂x−−−→v5 v2

Φ+x−−−→v1v2
∂x−−−→v1 v2

Φ= (∂x−−−→v2 v6
Φ)x−−−→v2v6

+ (∂x−−−→v2 v0
Φ)x−−−→v2v0

since both the left and right hand sides are sums of all the polygons with one of its sides
bounded by L2. Thus cx−−−→v2v0

= u · (∂x−−−→v2 v0
Φ)x−−−→v2v0

, implying that c itself is zero in Λ̂Q/R, a

contradiction. Hence H 0 = 0.
Now we compute H 1. First consider the kernel of the map dĽ0

: P2 · X−−−→v2v0
⊕ P4 ·

X−−−→v4v0
→ P1 ·X←−−−v0v1

⊕P3 ·X←−−−v0v3
given by

hX−−−→v2v0
+k X−−−→v4v0

7→ (h(x−−−→v1v2
+α · x−−−→v1v8

)−kp2)X←−−−v0v1
+ (−hp1 +k(x−−−→v3v4

+β · x−−−→v3v9
))X←−−−v0v3

.

We only need to consider the case (h,k) 6= (0,0) ∈ (Λ̂Q/R)2. In order to be in the kernel,
h = 0 if and only if k = 0. Thus neither h nor k is zero. We have h(x−−−→v1v2

+α · x−−−→v1v8
)−

kp2,−hp1 +k(x−−−→v3v4
+β · x−−−→v3v9

) ∈ Λ̂Q · {∂iΦ}.

Note that since p2 ∈ v4 · Λ̂Q · v1, it can be written as

p2 = a · x−−−→v1v8
+b · x−−−→v1v2
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for some a ∈ v4 · Λ̂Q · v8 and b ∈ v4 · Λ̂Q · v2. The leading order term of a is the path a0

such that x−−−→v4v0
a0x−−−→v1v8

x−−−→v0v1
corresponds to a polygon of Q. The only elements in {∂iΦ}

containing terms of the form .. . x−−−→v1v2
or . . . x−−−→v1v8

are

∂x−−−→v0 v1
Φ=x−−−→v2v0

x−−−→v1v2
−x−−−→v4v0

p2 +x−−−→v2v0
·α · x−−−→v1v8

,

∂x−−−→v7 v1
Φ=x−−−→v8v7

x−−−→v1v8
−x−−−−→v10v7

p+x−−−→v8v7
γ · x−−−→v1v2

.

Thus

(h−kb)x−−−→v1v2
+(−ka+hα)x−−−→v1v8

=λ(x−−−→v2v0
x−−−→v1v2

−x−−−→v4v0
p2+x−−−→v2v0

·α·x−−−→v1v8
)+µ(x−−−→v8v7

x−−−→v1v8
−x−−−−→v10v7

p+x−−−→v8v7
γ·x−−−→v1v2

)

for some λ ∈ Λ̂Q ·v0 and µ ∈ Λ̂Q ·v7. Consider the terms (. . . x−−−→v1v8
) in the above equation.

It gives
(k −λx−−−→v4v0

)a + (λx−−−→v2v0
−h)α+µ(x−−−→v8v7

−x−−−−→v10v7
p′) = 0

where p = p′x−−−→v1v8
+ p′′x−−−→v1v2

. The leading order terms of x−−−→v8v7
− x−−−−→v10v7

p′ is x−−−→v8v7
, while

the leading order term a0 of a does not begin with x−−−→v8v7
. If the leading order term of α

does not begin with x−−−→v8v7
, then the coefficient of a has to be zero: k =λx−−−→v4v0

. Otherwise
µ= 0.

Now consider the terms (. . . x−−−→v1v2
). In the first case that k =λx−−−→v4v0

, it gives

h −λx−−−→v2v0
=µ(x−−−→v8v7

γ−x−−−−→v10v7
p′′).

Substituting back to the above equation (λx−−−→v2v0
−h)α+µ(x−−−→v8v7

−x−−−−→v10v7
p′) = 0, we obtain

µ(x−−−→v8v7
γ−x−−−−→v10v7

p′′)α=µ(x−−−→v8v7
−x−−−−→v10v7

p′).

The right hand side has the term µ · x−−−→v8v7
while the left hand side does not. It forces

µ= 0. As a result, we have

k =λx−−−→v4v0
,h =λx−−−→v2v0

,µ= 0.

Hence hX−−−→v2v0
+k X−−−→v4v0

∈ Im(dĽ0
).

In the second case that µ= 0, it gives

h −λx−−−→v2v0
= (k −λx−−−→v4v0

)b.

Substituting back to the above equation (λx−−−→v2v0
−h)α+ (k −λx−−−→v4v0

)a = 0, we obtain

(k −λx−−−→v4v0
)bα= (k −λx−−−→v4v0

)a.

But bα 6= a since the leading order term a0 does not pass through v2. Hence k −λx−−−→v4v0
,

and the same conclusion follows.
A similar argument shows that H 2 = 0 and we will not repeat the argument. Now

consider H 3, which is the cokernel of dĽ0
: P1 ·X←−−−v0v1

⊕P3 ·X←−−−v0v3
→ P0T0 defined by

dĽ0
(aX←−−−v0v1

+bX←−−−v0v3
) = (ax−−−→v0v1

+bx−−−→v0v3
)T0.

Any element in P0 is of the form cv0+ax−−−→v0v1
+bx−−−→v0v3

for some c ∈Λ and a,b ∈ Λ̂Q. Hence

the cokernel is one dimensional, which is H 3 =Λ ·T0. �

In summary, on cohomology level a Lagrangian sphere in a WKB collection is trans-
formed to a simple module at the corresponding vertex under the mirror functor. Com-
bining this result together with Theorem 6.10 on injectivity of the functor, and the result
of [KY11] on the morphism spaces of the simple modules, we can conclude that

THEOREM 11.10. The mirror functor restricts to be an equivalence from the derived
category generated by a WKB collection of Lagrangian spheres in the Fukaya category to
the derived category of modules of the mirror.
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PROOF. By Theorem 6.10, the induced functor on HF∗(Li ,L j ) → H∗(Ľi , Ľ j ) is in-
jective. By Proposition 11.9, we have Ľi being resolutions of the corresponding simple
module Si of the quiver (up to shifting). By Lemma 2.15 of [KY11], the morphism space
from Si to S j is one-dimensional when vi and v j are adjacent vertices in Q with i 6= j ,
and is two-dimensional when i = j . These dimensions agree with HF∗(Li ,L j ) where Li

are unobstructed Lagrangian three-spheres. Hence the induced maps on HF∗(Li ,L j ) →
H∗(Ľi , Ľ j ) are indeed isomorphisms. Furthermore, the simple modules generate the
derived category of the Ginzburg algebra corresponding to Q (see the proof of Theorem
2.19 in [KY11]. Hence the functor gives an equivalence between the derived category of
WKB Lagrangian spheres and the derived category of the Ginzburg algebra. �





APPENDIX A

Theta function calculations

A.1. Weak Maurer-Cartan relations for P1
3,3,3

To obtain simpler expressions of A,B ,C (5.5) in terms of theta functions, observe
first that

A(λ, t ) = q9t 2+6t+1
0 λ

1+3t
2

∑
k∈Z(q36

0 )k2
(
λ3(q36

0 )(t+ 1
3 )

)k

B(λ, t ) = q9t 2+6t+1
0 λ

1+3t
2

∑
k∈Z(q36

0 )(k+ 2
3 )2

(
λ3(q36

0 )(t+ 1
3 )

)(k+ 2
3 )

C (λ, t ) = q9t 2+6t+1
0 λ

1+3t
2

∑
k∈Z(q36

0 )(k+ 1
3 )2

(
λ3(q36

0 )(t+ 1
3 )

)(k+ 1
3 )

.

Since λ= e2πi s and q3
or b = e2πiτ (for qor b = q8

0 , we have

q36
0 = eπi (3τ) and λ3 (

q36
0

)(t+ 1
3 ) = e6πi

(
s+τ t

2 + τ
6

)
= e2πi (3u)

where u = s +τ t
2 + τ

6 . Therefore, dividing A,B ,C by a common factor, we obtain

a(λ, t ) := q−(3t+1)2

0 λ− 1+3t
2 A(λ, t ) = ∑

k∈Z eπi (3τ)k2
e2πi k(3u) = θ [0,0](3u,3τ)

b(λ, t ) := q−(3t+1)2

0 λ− 1+3t
2 B(λ, t ) = ∑

k∈Z eπi (3τ)(k+ 2
3 )2

e2πi (k+ 2
3 )(3u) = θ [ 2

3 ,0
]

(3u,3τ)

c(λ, t ) := q−(3t+1)2

0 λ− 1+3t
2 C (λ, t ) = ∑

k∈Z eπi (3τ)(k+ 1
3 )2

e2πi (k+ 1
3 )(3u) = θ [ 1

3 ,0
]

(3u,3τ).

Recall that the theta function above is defined as

θ[a,b](w,τ) = ∑
m∈Z

eπiτ(m+a)2
e2πi (m+a)(w+b).

Define Θ j (u,τ)s := θ
[

j
s ,0

]
(su, sτ) so that

a(u) =Θ0(u,τ)3, b(u) =Θ2(u,τ)3, c(u) =Θ1(u,τ)3.

See for e.g. [Dol, Theorem 3.2] to observe that (a(u) : b(u) : c(u)) : Eτ → P2 gives an
embedding of the elliptic curve into the projective plane.

A.2. Weak Maurer-Cartan relations for P1
2,2,2,2

In order to simplify A,B ,C ,D (8.6), we use the following meromorphic function

f (z1, z2;τ) = ∑
(α(z1)+l )(α(z2)+k)>0

sign(α(z1)+ l )e2πi (τkl+l z1+kz2)

where α(z) = Im(z)/Im(τ). f can be written as (constant multiple of) a ratio involving
three theta functions as

(A.1) f (z1, z2;τ) = θ′(τ+1/2,τ)

2πi
· θ(z1 + z2 − (τ+1)/2,τ)

θ(z1 − (τ+1)/2,τ)θ(z2 − (τ+1)/2,τ)

This function is well known from the literature (see for e.g. [Kro68]), and appeared in
[Pol00] in connection with m3-products on the Fukaya category of an elliptic curve.
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Observe that A can be rewritten as

A(λ, t ) =
∞∑

k,l≥0
λ−2l− 1

2 q (4k+1−2t )(4l+1)
d −

∞∑
k,l≥0

λ2l+ 3
2 q (4k+3+2t )(4l+3)

d

=
∞∑

k,l≥0
λ−2l− 1

2 q (4k+1−2t )(4l+1)
d −

−∞∑
k,l≤−1

λ−2l− 1
2 q (4k+1−2t )(4l+1)

d

We set τ̃= 2τ and ũ′ =−2s −τt =−2s − τ̃ t
2 . Then

A(λ, t ) = q1−2t
d e−πi s

∑
k,l≥0

exp

(
2πi

(
τ̃kl + l

(
−2s − τ̃

(
t

2
− 1

4

))
+k

(
τ̃

4

)))
−q1−2t

d e−πi s
∑

k,l≤−1
exp

(
2πi

(
τ̃kl + l

(
−2s − τ̃

(
t

2
− 1

4

))
+k

(
τ̃

4

)))
= qd e

πi
2 ũ′ ∑

k,l≥0
exp

(
2πi

(
τ̃kl + l

(
ũ′+ τ̃

4

)
+k

(
τ̃

4

)))
−qd e

πi
2 ũ′ ∑

k,l≤−1
exp

(
2πi

(
τ̃kl + l

(
ũ′+ τ̃

4

)
+k

(
τ̃

4

)))
= qd e

πi
2 ũ′

f
(
ũ′+ τ̃

4 , τ̃4 ; τ̃
)

since α
(
ũ′+ τ̃

4

)= Im
(−2s − τ̃ t

2 + τ̃
4

)
/Im(τ̃) = 1

4 − t
2 and α

(
τ̃
4

)= 1
4 . Now, we apply (A.1) to

obtain

A(ũ) = K̃
θ(ũ′− 1

2 , τ̃)

θ(ũ′− (τ̃+2)/4, τ̃)θ(−(τ̃+2)/4, τ̃)

= K̃
θ(ũ, τ̃)

θ
(
ũ − τ̃

4 , τ̃
)
θ

(
ũ0 − τ̃

4 , τ̃
)

= K̃ e−πi τ̃e−2πi (ũ+ũ0) θ(ũ, τ̃)

θ
(
ũ1 + 3τ̃

4 , τ̃
)
θ

(
ũ0 + 3̃τ

4 , τ̃
)

= K̃ eπi ( 9
16 τ̃+ 3

2 ũ)eπi ( 9
16 τ̃+ 3

2 ũ0)e−πi τ̃e−2πi (ũ+ũ0) θ(ũ, τ̃)

θ
[ 3

4 ,0
]

(ũ, τ̃)θ
[ 3

4 ,0
]

(ũ0, τ̃)

= K̃ e−
πi
2 (ũ+ũ0)e

πi τ̃
8

θ(ũ, τ̃)

θ
[ 3

4 ,0
]

(ũ, τ̃)θ
[ 3

4 ,0
]

(ũ0, τ̃)
= K ′ θ(ũ, τ̃)

θ
[ 3

4 ,0
]

(ũ, τ̃)θ
[ 3

4 ,0
]

(ũ0, τ̃)

where we made a change of coordinate by ũ := ũ′− 1
2 =−2s −τt − 1

2 =−2s − τ̃ t
2 − 1

2 and
ũ0 := −1/2. Note that u := ũ/2 = −s − τ t

2 − 1
4 is a variable on Eτ = C/(Z⊕Z〈τ〉). The

precise constants are given by

K̃ :=−i
qd

2π
θ′((τ̃+1)/2, τ̃)e

πi ũ
2 , K ′ := K̃ e−

πi
2 (ũ+ũ0)e

πi τ̃
8 = 1

2π
e
πi τ̃

4 θ′((τ̃+1)/2, τ̃).

We set θ0 to be the constant θ
[ 3

4 ,0
]

(ũ0, τ̃) (ũ0 =−1/2) to get

θ0(K ′)−1 A = θ[0,0](ũ, τ̃)

θ
[ 3

4 ,0
]

(ũ, τ̃)
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which we denote by a. Setting K = θ0(K ′)−1, we have a := K A = θ[0,0](ũ, τ̃)

θ
[ 3

4 ,0
]

(ũ, τ̃)
.

b := K B =−i
θ[0,0](ũ, τ̃)

θ
[ 1

4 ,0
]

(ũ, τ̃)

c := KC = i
θ

[ 2
4 ,0

]
(ũ, τ̃)

θ
[ 1

4 ,0
]

(ũ, τ̃)

d := K D = θ
[ 2

4 ,0
]

(ũ, τ̃)

θ
[ 3

4 ,0
]

(ũ, τ̃)

It directly follows that ac +bd = 0.

A.3. Embedding of Eτ into P3

We next show that (a : b : c : d) : Eτ = C/(Z⊕Z〈τ〉) → P3 is an embedding of the
elliptic curve. Define two maps Φ1,Φ2 : Eτ→P1 by

Φ1 := (b : c) = (θ[0,0](ũ, τ̃) : −θ [1/2,0](ũ, τ̃)] = (Θ0(u,τ)2 : −Θ1(u,τ)2)

and

Φ2 := (a : b) = (θ[1/4,0](ũ, τ̃) : −iθ [3/4,0](ũ, τ̃))

=
(
θ[0,0]

(
ũ + τ̃

4
, τ̃

)
: −θ [1/2,0]

(
ũ + τ̃

4
, τ̃

))
=

(
Θ0

(
u + τ

4
,τ

)
2

: −iΘ1

(
u + τ

4
,τ

)
2

)
.

(Recall Θ j (u,τ)2 := θ
[

j
2 ,0

]
(2u,2τ) for j = 0,1 and τ̃= 2τ and ũ = 2u.)

Consider the map Φ :C/(Z⊕Z〈τ〉) →P1 ×P1 given by

Φ= (Φ1 :Φ2) = ((b : c), (a : b)) .

Composing with the embedding

ι :P1 ×P1 ,→P3 ([z0 : z1], [w0 : w1]) 7→ (z0w0 : z0w1 : z1w1 : −z1w0)

we obtain back the original map (a : b : c : d) since

ι◦Φ= (ba : bb : cb : −ca) = (a : b : c : −ca/b) = (a : b : c : d)

where we used ac =−bd . Thus it suffices to show that Φ gives an embedding of Eτ into
P1 ×P1.

Note that Θ j (−u) =Θ j (u) for all j . Using this property, it is easy to check that Φ1 :
Eτ → P1 is a branched double cover whose fiver is {u,1+τ−u} where u ∈ Eτ. On the
other hand, Φ2 : Eτ → P1 is also a branched double cover by the same reason, but the
fiber is {u,1+ τ

2 −u} in this case. This shows that Φ= (Φ1 :Φ2) is injective.
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