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Given a compact complex surface X with an ADE singularity and p, =0, we construct
ADE bundles over X and its minimal resolution Y. Furthermore, we describe their
minuscule representation bundles in terms of configurations of (reducible) (—1)-curves

inY.

1 Introduction

It has long been known that there are deep connections between Lie theory and the
geometry of surfaces. A famous example is an amazing connection between Lie groups
of type E, and del Pezzo surfaces X of degree 9 — n for 1 <n<8. The root lattice of E,
can be identified with K3, the orthogonal complement to Kx in Pic(X). Furthermore, all
the lines in X form a representation of E,. Using the configuration of these lines, we
can construct an E, Lie algebra bundle over X [15]. If we restrict it to the anti-canonical
curve in X, which is an elliptic curve X, then we obtain an isomorphism between the
moduli space of degree 9 — ndel Pezzo surfaces which contain ¥ and the moduli space of
E,-bundles over X'. This work is motivated from string/F-theory duality, and it has been
studied extensively by Friedman-Morgan-Witten [8-10], Donagi [3-5, 7], Leung—Zhang
[14-16], and others [6, 13, 17, 18].
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In this paper, we study the relationships between simply laced, or ADE, Lie

theory and rational double points of surfaces. Suppose
T:Y—>X

is the minimal resolution of a compact complex surface X with a rational double point.
Then the dual graph of the exceptional divisor } I | C; in Y is an ADE Dynkin diagram.
From this, we have an ADE root system @ := {a = Y @[C;]|a? = —2} and we can construct
an ADE Lie algebra bundle over Y:

& =09" o @ Oy(@).
aed
Even though this bundle cannot descend to X, we show that it can be deformed to one
that can descend to X, provided that p,(X) =0.

Theorem 1 (Propositions 6, 7, Theorem 9, and Lemma 10). Assume that Y is the minimal
resolution of a surface X with a rational double point at p of type g and C =X ,C; is

the exceptional divisor. If py(X) =0, then

(1) given any (pc,), € 2%1(Y, P, 0(C;)) with d¢c, =0 for every i, it can be
extended to ¢ = (¢)gco+ € 201 (Y, @,cp+ O(@)) such that 9, :=3 + ad(p) is a
holomorphic structure on &;. We denote this new holomorphic bundle as £2;

(2) such a 9, is compatible with the Lie algebra structure;

(3) & is trivial on C; if and only if [¢¢,|c, ] #0 € HY(C;, Oc,(C))=C;

(4) there exists [pc,] € H' (Y, O(C;)) such that [¢c,|c,] #0;

(6) sucha & can descend to X if and only if [¢c,|c,] # 0 for every i. O

Remark 2. Infinitesimal deformations of holomorphic bundle structures on & are
parameterized by H'(Y, End(&j)), and those that also preserve the Lie algebra struc-
ture are parameterized by H' (Y, ad(£5)) = H' (Y, &3), since g is semi-simple. If py(X) =
q(X) =0, for example, rational surface, then for any a € -, H!(Y, O(«x)) =0. Hence,
HY (Y, ) = H'(Y, Byep: O()). U

This generalizes the work of Friedman—-Morgan [8], in which they considered E,
bundles over generalized del Pezzo surfaces. In this paper, we will also describe the
minuscule representation bundles of these Lie algebra bundles in terms of (—1)-curves

inY.
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Here is an outline of our results. We first study (—1)-curves in Y which are (pos-
sibly reducible) rational curves with self-intersection —1. If there exists a (—1)-curve Cy
in X passing through p with minuscule multiplicity Cy (Definition 15), then (—1)-curves
I's in Y with n(l) = Co form the minuscule representation V of g corresponding to Ck
(Proposition 21). (Here V is the lowest weight representation with lowest weight dual to
—Ck, that is, V is dual to the highest weight representation with highest weight dual to
Cx.) When V is the standard representation of g, the configuration of these (—1)-curves
determines a symmetric tensor f on V such that g is the space of infinitesimal symme-
tries of (V, f). We consider the bundle

= P ov,

l:(—1)—curve
T[(l):Co

over Y constructed from these (—1)-curves I's. This bundle cannot descend to X as it is
not trivial over each C;. (Unless specified otherwise, C; always refers to an irreducible

component of C, that is, i #0.)

Theorem 3 (Theorems 23 and 24). For the bundle SBQ’V) with the corresponding minus-

cule representation p: g —> End(V),

(1) there exists ¢ = (¢y)gco+ € 2% (Y, @,cp+ O(e)) such that 9, :=dy + p(p) is a
holomorphic structure on EBE’V) . We denote this new holomorphic bundle as
V).
gé}g )
(2) £ is trivial on C; if and only if [¢c,|c,] # 0 € H' (Y, Oc,(C));
(3) when V is the standard representation of g, there exists a holomorphic fiber-

wise symmetric multi-linear form

QL") — oy(D),

with r=0,2,3,4 when g=A,, D,, Es, E;, respectively, such that Sg =
auto (L8, f). O

When V is a minuscule representation of g, there exists a unique holomorphic
structure on £ := @, O(l) such that the action of &J on this bundle is holomorphic

and it can descend to X as well.
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Example 4. When we blowup two distinct points, we have a surface Y with two (—1)-
curves I, and I, as exceptional curves. £9:=0y(l;) ® Oy(ly) is a C*>-bundle and the bundle
;641 of its symmetries is an sl(2)- or A;-bundle over Y.

When the two points become infinitesimally close, then C, =1, —[; is effective,
namely a (—2)-curve in Y. If we blow down C; in Y, we get a surface X with an A4,
singularity. £y, cannot descend to X as £ol¢c, = Op:1(—1) & Op: (1). Using the Euler sequence
0— Opi(—1)— OH?IZ — Op (1) — 0, we deform £ol¢, to become trivial and using p; =0 to
lift this deformation to Y. The resulting bundles £, and ¢/ do descend to X. O

For every ADE case with V the standard representation, we have Sgg’v)|ci =~
O]??lm + (Opi1 (1) + Op (—1))®™. For A, cases, our arguments are similar to the above A
case. For D, cases, further arguments are needed as the pairs of Op:(£+1) in SE)D"’(Czn)|Ci
are in different locations comparing with the A4, cases, and we also need to check that

. = 2n
the holomorphic structure 9, on SE,D"‘C )

preserves the natural quadratic form g. For the
Eg (respectively, E7) case, since the cubic form c (respectively, quartic form t) is more
complicated than the quadratic form g in D,, cases, the calculations are more involved.
The Ejg case is rather different and we handle it by reductions to A; and D, cases.

The organization of this paper is as follows. Section 2 gives the construction of
ADE Lie algebra bundles over Y directly. In Section 3, we review the definition of minus-
cule representations and construct all minuscule representations using (—1)-curves in
Y. Using these, we construct the Lie algebra bundles and minuscule representation bun-
dles which can descend to X in A,, Dy, and E, (n# 8) cases separately in Sections 4-6.
The proofs of the main theorems in this paper are given in Section 7.

Notation: For a holomorphic bundle (Ey, ), if we construct a new holomorhic

structure éw on Ej, then we denote the resulting bundle as E,.

2 ADE Lie Algebra Bundles
2.1 ADE singularities

Arational double point pin a surface X can be described locally as a quotient singularity
C?%/I with I' a finite subgroup of SL(2,C). It is also called a Kleinian singularity or
ADE singularity [2]. We can write C?/T as zeros of a polynomial F(X, Y, Z) in C3, where
F(X,Y,2)is X"+ YZ, X" + XV? + 72, X* + V3 + 22, X®Y + Y® + Z%, or X° + Y3 + Z? and
the corresponding singularity is called of type A,, D, Es, E;, or Eg, respectively. The
reason is if we consider the minimal resolution Y of X, then every irreducible component

of the exceptional divisor C =)/ | C; is a smooth rational curve with normal bundle
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Op1(—2), that is, a (—2)-curve, and the dual graph of the exceptional divisor is an ADE
Dynkin diagram.

There is a natural decomposition
H*(Y.Z)=H*(X,2) ® A,

where A ={>" @[C;l|a; € Z}. The set @ := {« € Ala? = —2} is a simply laced (i.e., ADE) root
system of a simple Lie algebra g and A = {[C;]} is a base of @. For any « € @, there exists a

unique divisor D =) ;C; with o =[D], and we define a line bundle O(«) := O(D) over Y.

2.2 Lie algebra bundles

We define a Lie algebra bundle of type g over Y as follows:

&=0"aow.
acd
For every open chart U of Y, we take xU to be a nonvanishing holomorphic section
of Oy(a) and AY (i=1,...,n) nonvanishing holomorphic sections of OZ". Define a Lie

algebra structure [,] on & such that {xU’s, h's} is the Chevalley basis [12], that is,

(1) [h, h{1=0,1<i,j<mn

2) [hY, xV1=(a,C1)xV, 1<i<n ac®;

(3) [xV, xU,]=HhU is a Z-linear combination of hY;

(4) if o, B are independent roots, and 8 —re, ..., B + quo is the a-string through

B, then [xY, Xg] =0 if g = 0; otherwise [xY, Xg] =+(r+ 1)X£’+ﬂ.

Since g is simply laced, all its roots have the same length, we have that any
a-string through B is of length at most 2. So (4) can be written as [x7, Xg] = nﬂ,,,gxg%,
where ny g ==1 if « + f € @, otherwise n, g =0. From the Jacobi identity, we have for
any o, B,y € @, Ny gNyyp,y + M8,y Ngyy.o + My o1y 4q,p = 0. This Lie algebra structure is com-
patible with different trivializations of £; [15].

By Friedman-Morgan [8], a bundle over Y can descend to X if and only if its
restriction to each irreducible component C; of the exceptional divisor is trivial. But
5g|ci is not trivial as O([C;])|¢, = Op:1 (—2). We will construct a new holomorphic structure
on Sg, which preserves the Lie algebra structure, and therefore, the resulting bundle Eg
can descend to X.

As we have fixed a base A of @, we have a decomposition ® = @* U @~ into posi-

tive and negative roots.
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Definition 5. Given any ¢ = (9y)aco+ € 2°1(Y, @, o+ O(@)), we define 9, : 2°°(Y, &) —
201y, &) by

3y =00+ ad(p) =+ Y _ ad(gs).

acdt

where 9y is the standard holomorphic structure of &5 More explicitly, if we write ¢, =

cYxY locally for some one form c?, then ad(g,) = c”ad(xY). O
Proposition 6. 9, is compatible with the Lie algebra structure, that is, 3,[,] =0. 0
Proof. This follows directly from the Jacobi identity. |

For 9, to define a holomorphic structure, we need

0=02=Y |docl + >  m,cyc)|ad)),

aePt B+y=a

that is, doga + Y ., — (s, 9p9,) =0 for any « € @, Explicitly:

dowc, =0, i=1,2...,n

dogc,+c; = Ne,.c,9c,9c;, if Ci+Cje @,

Proposition 7. Given any (¢p¢,)", € 2%1(Y, @, 0(C;)) with dpgc, =0 for every i, it can
be extended to ¢ = (¢o)uco+ € 2% (Y, P,cp+ O()) such that 53 =0. Namely, we have a

holomorphic vector bundle £§ over Y. O

To prove this proposition, we need the following lemma. For any « =) 1" | ¢;C; €
@7, we define ht(a) =) "1 | .

Lemma 8. Forany o e ®*, H*(Y, O(x)) =0. O

Proof. Ifht(a)=1,thatis, a =C;, H*(Y, O(C;)) =0 follows from the long exact sequence
associated to 0 - Oy — Oy(C;) — Oc,(C;) — 0 and py =0.

By induction, suppose that the lemma is true for every g with ht(8) = m. Given
any « with ht(e) =m + 1, by Humphreys [12, Section 10.2, Lemma A], there exists
some C; such that o - C;=—1, that is, B:=a — C; € ®" with ht(8) = m. Using the long
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exact sequence associated to 0— Oy(B) — Oy(¢) — O¢, (@) = 0, Oc,(a¢) = Op1(—1), and
H?(Y, O(B)) =0 by induction, we have H?(Y, O(«)) = 0. [ |

Proof of Proposition 7. We solve the equations dop, =) piy=a By PpPy fOr ¢, €
2%1(Y, O(@)) inductively on ht(w).

For ht(a) =2, that is, «=C; + C; with C;-C;=1, since [¢c,¢c;1€ H*(Y, O(C; +
C;)) =0, we can find ¢, ¢, satisfying dogc,+c, = £¢c,¢c;-

Suppose that we have solved the equations for all ¢g's with ht(8) <m. For

dogpu = Z M.y PPy
Bt+y=a

with ht(e)=m + 1, we have ht(B), ht(y) <m. Using éO(Zﬁer:a My P80y) = D sistyima
s3T50+ T i+ T 5 Tss D@5 @0 = 0, D0 M5, 90590,]1 € HA(Y, O(@)) =0, we can
solve for ¢,. [ |

Denote

Wy £ !ct): (@o)acor € 2% (Y B O(a)) 107 =0}

Pt

and

Uy =g e Wyllpe,lc] #0fori=1,2,...,n}.

Theorem 9. & is trivial on C; if and only if [¢¢,|c,] # 0 € H' (Y, Oc¢,(Ci)). O

Proof. We will discuss the ADE cases separately in Sections 4-6 and the proof will be

completed in Section 7. |

The next lemma says that given any C;, there always exists ¢, € %1y, 0(Cy))
such that 0+ l¢c,|c,] € H' (Y, O¢,(C;)) = C.

Lemma 10. For any C; in Y, the restriction homomorphism H!(Y, Oy(C;)) — H!(Y,

O¢,(Cy)) is surjective. O

Proof. The above restriction homomorphism is part of a long exact sequence induced
by 0 — Oy — Oy(C;) = Oc,(C;) — 0. The lemma follows directly from p4(Y) = 0. [ |
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3 Minuscule Representations and (—1)-Curves
3.1 Standard representations

For ADE Lie algebras, A,=sl(n+ 1) is the space of tracefree endomorphisms of C"'!
and D,=o0(2n) is the space of infinitesimal automorphisms of C?* which preserve a
nondegenerate quadratic form g on C?" In fact, Eg (respectively, E;) is the space of
infinitesimal automorphisms of C?’ (respectively, C®¢) which preserve a particular cubic
form ¢ on C?’ (respectively, quartic form ¢t on C56) [1]. We call the above representation

the standard representation of g, that is,

g Standard representation
A,=sl(n+1) | C*!

D, =o0(2n) c?n

Es c27

E, 56

Note that all these standard representations are the fundamental representations cor-
responding to the left nodes (i.e. C;) in the corresponding Dynkin diagrams (Figures 1-3)

and they are minuscule representations.

@ — @ceo@0— 0 —0O
Cl 02 Cn—2 Cn—l On

Fig. 1. The Dynkin diagram of A,
Ch

@ — @ ¢ o o
Cl C'2 CnfB Cn72 Cnfl

Fig. 2. The Dynkin diagram of Dy,
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3.2 Minuscule representations

Definition 11. A minuscule (respectively, quasi-minuscule) representation of a
semi-simple Lie algebra is an irreducible representation such that the Weyl group acts

transitively on all the weights (respectively, nonzero weights). O

Minuscule representations are always fundamental representations and quasi-

minuscule representations are either minuscule or adjoint representations.

g Miniscule representations
A,=sl(n+1) | AkC™! fork=1,2,...,n
D,=o0(2n) Cc*, S*, 8-

EG C27 CZ7

E; (O

Note that Eg has no minuscule representation.

3.3 Configurations of (—1)-curves

In this subsection, we describe (—1)-curves in X and Y.

Definition 12. A (—1)-curve in a surface Y is a genus-zero (possibly reducible) curve [
in Ywithl -1=-1. O

Remark 13. The genus-zero condition can be replaced by I - Ky = —1 by the genus for-

mula, where Ky is the canonical divisor of Y. O
Let Co be a curve in X passing through p.

Definition 14. (1) Cg is called a (—1)-curve in X if there exists a (—1)-curve [ in Y such
that (l) = Co, or equivalently, the strict transform of Cq is a (—1)-curve Cq in Y. (2) The
multiplicity of Cy at p is defined to be > ;_; [C;] € A, where @; = Co-C;. O

Recall from Lie theory that any irreducible representation of a simple Lie alge-
bra is determined by its lowest weight. The fundamental representations are those irre-
ducible representations whose lowest weight is dual to the negative of some base root.
(The usual definition for fundamental representations uses highest weight. But in this
paper, we will use lowest weight for simplicity of notations.) If Co C X has multiplicity
Ck at p whose dual weight determines a minuscule representation V, then we use C£ to

denote C,. The construction of such X’s and C's can be found in Appendix.
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Definition 15. (1) We call Cqg has minuscule multiplicity Cx € A at pif Co has multiplicity
Ck and the dual weight of —Cj determines a minuscule representation V. (2) In this case,
we denote I®Y) ={l: (—1)-curve in Y|z () = Co}. O

If there is no ambiguity, we will simply write I®") as I. Note that I C C& + A,
where Aso={) @lC;]:q; > 0}.

Lemma 16. In the above situation, the cardinality of I is given by |I| =dim V. O

Proof. By the genus formula and every C; = P! being a (—2)-curve, we have C; - Ky =0.
Since Cg - Ky =—1, each (—1)-curve has the form [ = Cé‘ + Y a;C; with @;'s nonnegative
integers. From [- [ = —1, we can determine {@;}'s for[ to be a (—1)-curve by direct compu-

tations. [ |

Remark 17. The intersection product is negative definite on the sublattice of Pic(X)

generated by C&, C1, ..., C, and we use its negative as an inner product. O

Lemma 18. In the above situation, foranyl eI, « € &, we have |l - «| < 1. O

Proof. We claim that forany v e Cg + A, we have v - v < —1. We prove the claim by direct

computations. In (4, AKC™*1) case:

2
(ch+Yac) =-1+20— @ +@ -+ + @1 - @) - (@ —a)? + - +a)

<-1.

The other cases can be proved similarly.
Since [,l+ o, |l —a € Cg—i— A by assumptions, we have [ - I=—-1>((+a) - (1 + a),

and hencel-a<1.Alsol-l=—1>((—«a)-( —«a), and hencel - a > —1. [ |

Lemma 19. In the above situation, for any [ € I that is not C(’)‘, there exists C; such that
l-Ci=-1. O

Proof. From l:C'g—f-ZaiCi;éC(’)“ (@;>0), we have gz>1. From [-1=-1, we have
(>" aC;)* = —2q. If there does not exist such an i with [ - C; = —1, then by Lemma 18,
l-Ci=0foreveryi,l- (O aC;)>0.Butl- Y aC)=a+ (O aCi)*=—-a<—1leads to a

contradiction. [
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Lemma 20. In the above situation, for any 1,1’ € I, H*(Y, O(l —1')) =0. O

Proof. Firstly, we prove H?(Y, O(Céc —1))=0 for any I = C(’)c + > a;C; € I inductively on
ht():=>  q. If ht(l) =0, that is, [ is Cg, the claim follows from py,=0. Suppose that
the claim is true for any I’ € I with ht(I’) <m — 1. Then for any [l € I with ht(l) =m, by
Lemma 19, there exists i such that [ - C; = —1. This implies (I — C;) € I with ht(l — C;) =
m — 1, and therefore, H%(Y, O(C’g — (- Cy))) =0 by induction hypothesis. Using the long

exact sequence induced from
0— Oy(CE—1)— Oy(CE— (- Ci))— Oc,(CE— 1 —-Ci)—0,

and Oc¢,(C¥ — (I — C;)) = Opi(—1) or Op:, we have the claim.

If H?(Y, O(l —1'))#0, then there exists a section se H°(Y, Ky(I’ —1)) by Serre
duality. Since there exists a mnonzero section te H(Y, O( — C’g)), we have ste
HO(Y, Ky(l' — Ck) = H%(Y, O(Ck - I')) =0, which is a contradiction. [ ]

3.4 Minuscule representations from (—1)-curves

Recall from the ADE root system & that we can recover the corresponding Lie algebra
g=b® P,.p9.. As before, we use {x,'s, h;'s} to denote its Chevalley basis. If Cy has

minuscule multiplicity Cg, we denote

Vo :=C" = PCw).

lel

where v; is the base vector of 7, generated by [. Then we define a bilinear map [,]:

g® Vo — T (possibly up to £ signs) as follows:

(a,1) if x=h,
x,ul=1+vy,, ifx=x, l+acl,
0 ifx=x,, l+a ¢1.

Proposition 21. The signs in the above bilinear map g ® Vo — V can be chosen so that
it defines an action of g on V. Moreover, V; is isomorphic to the minuscule representa-
tion V. O

Proof. For the first part, similar to [19], we use Lemma 18 to show [[x, yl, vl =[x, [y, v/]l —

Ly, [x, v]l.
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For the second part, since [x,, Uc’g] =0 for any ¢ € @, vck is the lowest weight
vector of TV, with weight corresponding to —Ck. Also we know the fundamental
representation V corresponding to —Cj has the same dimension with 7, by Lemma 16.

Hence, 1; is isomorphic to the minuscule representation V. [ |

Here, we show how to determine the signs. Take any ! € I, v; is a weight vector of
the above action. For x = x, and v; with weight w, we define [x, v/l = 1y, Vi 1o, Where 1y, =
+1ifl + « € I, otherwise n,,, = 0. By [[x, 1, vl =[x, [y, wll — [y, [x, v]], we have n, gny, 15, —
N8 wNy, p+w + Mo, wlg atw = 0.

Remark 22. Recall that for any [ = C(’)c + > a;C; €I, we define ht(l) :=>_ @;. Using this,
we can define a filtered structure for I: I =1 > I; D---D I, where m =max;.; ht(l), I; =
{leIht(l) <m —i}and L;\I;1; ={l € I|ht(l) = m — i}. This ht(l) also enables us to define a
partial order of I. Say |I| = N, we denote Iy := C¥ since it is the only element with ht =0.
Similarly, ly_; := C¥ + Cy. Of course, there are some ambiguity of this ordering, and if

so, we will just make a choice to order these (—1)-curves. O

3.5 Bundles from (—1)-curves

The geometry of (—1)-curves in Y can be used to construct representation bundles of £§
for every minuscule representation of g. The proofs of theorems in this subsection will
be given in Section 7.

When Cy C X has minuscule multiplicity Cx at p with the corresponding minus-
cule representation V, we define (When X is a del Pezzo surface, we use lines in X to

construct bundles [8]. So here we use (—1)-curves in X to construct bundles.)

"= P ow.

lelta.V)

287 has a natural filtration F*: £¢" = FOL 5 F1€¢>... 5 F™¢, induced from
the flittered structure on I, namely Fig®" = Dic;, OD).

£ cannot descend to X as O, (CK)= Op (1) (because Ci-CE=1 by the
definition of the minuscule multiplicity). For any C; and any l €I, we have O¢,(l) =
Op1(£1) or Op by Lemma 18. For every fixed C;, if there is a [ € I such that O, (1) =
Op:(1), then (I +C;))*?=-1=(+C;) Ky, that is, [+ C; €I, also Oc,(l + C;) = Opi(-1).
That means that among the direct summands of Sf)g‘v)|ci, Op: (1) and Opi(—1) occur in
pairs, and each pair is given by two (—1)-curves in I whose difference is C;. This gives

us a chance to deform £ to get another bundle that can descend to X.
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Theorem 23. If there exists a (—1)-curve Cq in X with minuscule multiplicity Cy at p

and p: g —> End(V) is the corresponding representation, then

(E;g,w =P ow), d,:=d+ p(w)) ;

lel

with ¢ € ¥y is a holomorphic bundle over Y which preserves the filtration on Eég’v) and
it is a holomorphic representation bundle of £J. Moreover, £ is trivial on C; if and
only if [¢c,|c,] # 0 € H (Y, Oc,(Cy)). O

For Cj with k=1, the corresponding minuscule representation V is the standard
representation of g. When g = A4,, it is simply sl(n+ 1) = auty(V). When g= D,, (respec-
tively, E¢ and E7), there exists a quadratic (respectively, cubic and quartic) form f on V
such that g = aut(V, f). The next theorem tells us that we can globalize this construction
over Y to recover the Lie algebra bundle £} over Y. But this does not work for Efﬂ as Eg

has no standard representation.

Theorem 24. Under the same assumptions as in Theorem 23 with k=1, there exists a

holomorphic fiberwise symmetric multi-linear form

.
f: Qe — ov(D),
withr =0, 2, 3,4 when g = Ay, Dy, Es, E7, respectively, such that £9 = auto(Efpg*V), H. 0O

It is obvious that £J does not depend on the existence of the (—1)-curve Co, for

the minuscule representation bundles, we have the following results.

Theorem 25. There exists a divisor B in Y and an integer k, such that the bundle ILE/?*V) =
Skg(eV) @ 0(—B) with ¢ € Wx can descend to X and does not depend on the existence of
Co. ([l

3.6 Outline of proofs for g #Eg

When g #Eg, there exists a natural symmetric tensor f on its standard representation
V such that g =auty(V, f). The set I'®") of (—1)-curves has cardinality N = dim V. Given
n =i ) nxy With n; j € 2%1(Y, O(l; — 1)) for every [; #1; € I'®V), we consider the operator
3y =3 +non £2" =P, wn Oy(l). We will look for n that satisfies:

(1) (filtration) n; ; =0 for i > j for the partial ordering introduced in Section 3.4;

(2) (holomorphic structure) (3o + n)*=0;
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(3) (Lie algebra structure) 8, f=0;
(4) (descendent) for every Cy, if [; —1j = Cy, then 0+ [; jl¢,] € HY(Y, Oc,(Ck)).

Remark 26. Property (2) implies that we can define a new holomorphic structure on
SE)Q’V). Properties (1) and (3) require that for any #7;;#0, n;; € 2%V, O(«)) for some
a € . We will show that if 5 satisfies (1)—(3), then (4) is equivalent to 2579*") being trivial

on every Cy, that is, Efﬁvv) can descend to X. O

Denote

E £ {n =i j)nxnn satisfies (1)-(3)}

and

E3 £ {neEy|n satisfies (4)};

then each 7 in £ determines a filtered holomorphic bundle £,(79'V) over Y together with a
holomorphic tensor f on it. It can descend to X if n € E5.

Since g=aut(V, f), for any n €&y, we have a holomorphic Lie algebra bundle
¢8 :=aut(L®", f) over Y of type g, and £ is automatically a representation bundle
of ¢7. Furthermore, if n €&}, then ¢ can descend to X.

For a general minuscule representation of g, given any n € £y, we show that there
exists a unique holomorphic structure on Ség’v), such that the action of ¢J on the new
holomorphic bundle 2579"’) is holomorphic. Furthermore, if n €£%, then S;Q’V) can descend
to X.

4 A, Case

We recall that A,=sl(n+ 1, C) =auty(C™!) (where aut, means tracefree endomor-
phisms). The standard representation of A, is C*! and minuscule representations of
A, are AKC™! k=1,2,.... n

1
4.1 Ajpstandard representation bundle £§A“’Cm )

We consider a surface X with an A, singularity p and a (—1)-curve C, passing through

p with multiplicity C;; then 1(4»C") = (Cl + ZL Ci| 0 < k< n} has cardinality n+ 1. We

order these (—1)-curves: [y =Cj + Z?:ll_k Ciforl1<k<n+1. Foranyl;#ljel, l;-1;=0.
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Fix any C;, we have
1, k=n+2-1i,
lg-Ci=3-1, k=n+1-1,

0, otherwise.

n+1
Define £{*© = @,.; O) over Y, for simplicity, we write it as £4". £4" cannot

descend to X, since for any C;,
£ie, = 05"V @ Opi (1) ® Opi (—1).

Our aim is to find a new holomorphic structure on 254" such that the result-

ing bundle can descend to X. First, we define 9, : 2°°(Y, £5") — Q2%1(Y, £5") on £i" =

ZZ} O(ly) as follows:

[e5]]

N2 -+ MNintl
_ 0 0 - Nan
0y = ,
o o --- 3

where 7; ;€ 2°1(Y, 0(; — 1)) for any j>i. When j>1i, l; —l;€ A is a positive root

because of ; - I; =0 and our ordering of Ii’s.

The integrability condition 53 =0 is equivalent to, fori=1,2,...,n,
dniiy1 =0,
j-1
Mij==— Y NimNmj JZi+2.
m=i+1

Note that n; j € 2°%1(Y, O(; — 1;)) = 2% (Y, O(a)) for some « € @*. From

j-1
> Wimnm jl€ HA(Y. O — 1)) =0,

m=i+1

we can find 7; ;, such that dn; ; = — an_:l”l Ni,m M, j- That is,
Proposition 27. Given any 7;;,; € 2% (Y, O(; — l;11)) with 31,4, =0 for i=1,2,...n,
there exists n; ;€ 2%1(Y, 0(; —;)) for every j>i such that 5,7 defines a holomorphic

structure on £5", that is, 55 =0. O
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We want to prove that there exists n eE{,“" such that S,IA" can descend to X, that is,

E,IA”|ci is trivial for every C;. To prove this, we will construct n+ 1 holomorphic sections

of 2,‘7“"|Ci which are linearly independent everywhere on C;. The following lemma will be

needed for all the ADE cases.

Lemma 28. Consider a vector bundle (£:= @f\il 0(;), de =0 + (i, j)nxn) over Y with

ni,j =0 whenever i > j. Suppose that C is a smooth (—2)-curve in Y with H'(C, 0c()) =

0 for every i=1,2, ..., N; then for any fixed i and any s; € H°(C, O¢(l;)), the following

equation for sy, s, ..., s;_1 has a solution,
3 male male - o mwle
0 0 n23lc -+ 0 mawle
0 0 3 cee oo manle
0 0 0 3

Proof. The above equation is equivalent to:
5si =0,

Mi—1.iSi + 8s;_1 =0,

N.iSi+ -+ 1282 + s =0.

S1

Si

(1)

(2)

(i)

Equation (1) is automatic as s; € H°(C, O¢(l;)). For Equation (2), since 5171-,1,1- =0

and ds; =0, we have [;_; ;51 € H'(C, O¢(l;_,)) =0, and hence, we can find s;_; satisfying

0Si—1 = —1i-1,iSi-

Inductively, suppose that we have found s;, ..., s;_; for the first (i — j) equations;

then for the (i — j + 1)th equation: n;;8; +--- + n; j1Sj41 + ésj =0, we have

njiSi+ - +nj 18541 € 2%1(C, Oc (1))

From 92 = 0, we have

Miem = —Meet1 * Mt 1m + Nkks2 - Metzom + -+ Neme1 * Tm—1,m)-
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Then
Z_)(Sm) = _(nm,m+lsm+1 + -+ nm,isi)
implies
dM;jiSi+ -+ +njj+18j+1) = 0.

Therefore, [n;;5; +--- + nj j+15j41] € H'(C, O¢(lj)) =0, and hence, we can find s;j such that
9sj = —(njiSi + -+ nj jr1841)- -

Let us recall a standard result that says that the only nontrivial extension of
Opi1(1) by Opi(—1) is the trivial bundle. We will give an explicit construction of this

trivialization as we will need a generalization of it later.

Lemma 29. For an exact sequence over P! :0 — Op (=1) - E — Op (1) — 0, the bundle E
is determined by the extension class [¢] € Extfm (0(1), O(—1)) =C up to a scalar multiple.
If [p] # 0, E is trivial, that is there exists two holomorphic sections for E that are linearly

independent at every point in P!. |
Proof. With respect to the (topological) splitting E = Op:(—1) @ Op:(1), the holomor-

_ 9
0p = gf) ,
0 9

with ¢ € Exty, (O(1), O(—1)). Let t.,% be a base of H°(P', O(1))=C2 Since [ptle
HY (P!, 0(-1)) =0, we can find w;, up € 2°(P!, O(—1)), such that

)6

that is, s; = (w1, t)! and s, = (up, t;)! are two holomorphic sections of E. Explicitly, we can

phic structure on E is given by

take s; = (%Iz\“ 2)t sy = (ﬁ, 1)t in the coordinate chart C c P!. It can be checked that

s; and s, are linearly independent over P!, |

From the above lemma, we have the following result.

Lemma 30. Under the same assumption as in Lemma 28. Suppose that £|¢ = Ofﬁm &)
(Op1(1) ® Op1 (—1))®" with each pair of Opi(+1) corresponding to two (—1)-curves [; and
liy1y with [; — ;11 =C. Then £|¢ is trivial if and only if [5;;11lc]#0 for every n;ii1 €
%1y, 0(C)). O
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Proof. For simplicity, we assume m=n=1 and O¢(l;) = Op1, Oc () = Op:1(—1), Oc(l3) =
Op1 (1) with I, — I3 =C. If [2.3|c] # 0, by Lemmas 28 and 29, there exists two holomorphic
sections for £|¢ that are linearly independent at every point in C: s; = (x1, w1, ;) and s, =
(X2, Up, b))t with wy, t;, up, t; given in the proof of Lemma 29. By H°(Y, O¢(,,)) = H°(P!, 0) =
C, there exists one holomorphic section for £|; that is nowhere zero on C: s; = (x3, 0, 0)".

These s1, Sz, s3 give a trivialization of £|¢c. If [23|c]=0, then £y|c is an extension of

Op: (1) ® Op1 (—1) by Op: and there is no such nontrivial extension. |
Proposition 31. The bundle £nA" over Y with n eEé” can descend to X if and only if
0 # [Mni1-inr2—ilc,] € HY (Y, Oc,(Cy)) for every i, that is, n eE}‘?". g

Proof. Restricting E(‘;‘" to C;, the corresponding line bundle summands are

Opl(l), k=n+2—l,
Oc,(l) =1 0p(-1), k=n+1-1,

Op1, otherwise.

By Lemma 30 and our assumption, we have the proposition. |

4.2 AjpLie algebra bundle ;,,A"

As A,=sl(n+ 1, C) =autg(C™"), A :=aute (L") (n €E4" is an A, Lie algebra bundle over
Y that can descend to X. This {n“‘n does not depend on the existence of Cy. And 2,‘7“" is
automatically a representation bundle of ;“,;“".

krn+l
4.3 Apminuscule representation bundle 25,A"’A ™

Consider a surface X with an A4, singularity p and a (—1)-curve C, passing through
p with multiplicity Cy. By Proposition 16, I4»"C") has cardinality (,r,). Define
SBA"’AkC"H) =, 0() over Y.

Lemma 32. £5*""") = (aked(Ck — kC) — YTk — f)C). O

Proof. The bundles on both sides have the same rank, so we only need to check that
every line bundle summand in the right-hand side is Oy(l) for[ a (—1)-curve in I¢4="“C**".
For any k distinct elements [;; in 14" we denote =1, +1j, +---+1;, +CE— (1, +

I + - --lx). Then Oy(l) is a summand in the right-hand side. Since the intersection number
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of any two distinct (—1)-curves in I“C"" is zero, we have [2=1 Ky =—1, that is,
[ € [T, n

From the above lemma and direct computations, for any C;,

k k-2 _
ggereyg = 02 ) 6 (0,1 @ 0p 1P,

Proposition 33. Fix any 7 eE{,“”. There exists a unique holomorphic structure on
£E)A"’Ak(cn“) such that the action of ¢** on the resulting bundle £§7A"'Ak(cn+l) is holomorphic.
Furthermore, if n €& ;?”, then }35]‘4"“@"“) can descend to X. O
Proof. As the action of ¢** on £/ is holomorphic, ¢** acts on S%An’Ak‘C"“) = (AFgA) (CE -
kC§ — Z’;;i(k— J)C;) holomorphically. The last assertion follows from Proposition 31
and the fact that O(C{ — kC} — Y71 (k— j)C))lc, is trivial for every C;. |
5 D, Case

We recall that D, =o(2n, C) =aut(C?", q) for a nondegenerate quadratic form g on the
standard representation C?". The other minuscule representations are S* and S~ and
the adjoint representation is A2C2™

2n
5.1 Dpstandard representation bundle £§,D n G

We consider a surface X with a D, singularity p and a (—1)-curve Cq passing through p
with multiplicity C,. Then 1P~ = [, U I, with I, = {C} + Zle Cil0<k<n-1}and I, =
{F — 1|l € I}, where F = 205 +2C1+---+2Cy_2 + Cpn_1 + Cy. We order these (—1)-curves:
Lk=F—Cl—Y¥1ciand oy k1 =Co+ X  Cifor1<k<n

For any l; #1lje I, we have l; - ;=0 or 1. Given any /; € I, there exists a unique
ljeIsuchthatl;-l;=1.1Inthis case, [;+1;=F.

Define E(()D"’(CZ") :=@,; O() over Y. For simplicity, we write it as £5". If we ignore

Cn, then we recover the A, case as in the last section. They are related by the following.

Lemma 34. £0"= g0 @ (£0")*(F). 0

Proof. Since A4,_; is a Lie subalgebra of D,,, we can decompose the representation of D,
as sum of irreducible representations of A, ;. By the branching rule, we have 2n=n+n,
that is, C?*=C" @ (C"* with C?" and C" the standard representations of D, and A, i,
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respectively. For I®»C") =, U I,, I, forms the standard representation C" of A4, ;, and
I, forms the (C™)*. [ |

From the above lemma and direct computations, for any C;,
£6"le; = 027" @ (01 (1) ® Op1 (—1))%2.

Similar to the (4, C™*!) case, we define 3, : 2°°(Y, E(Jf") — 20y, EOD”) on EOD" =
,2;1 O(ly) by 3, := 8o + (1 )2nx2n, Where n; j € 2%1(Y, O(; — 1)) for any j > i, otherwise
n;,; =0.
By Lemma 20 and arguments similar to those in the proof of Proposition 27 for
the A, case, given any 7; ;+1 with éni,iﬂ =0 for every i, there exists n; ; € %1y, 0(; — D))
for every j > i such that 92 =0.
From the configuration of these 2n (—1)-curves, we can define a quadratic form

g on the vector space Vo = C! = @,_;C(v;) spanned by these (—1)-curves,
q: V0® VO_)(Ca q(vli’vlj)zli l]

The D, Lie algebra is the space of infinitesimal automorphism of g, that is, D,=
aut(l, q).

Correspondingly, we have a fiberwise quadratic form g on the bundle SHD":
q:L)"® L£P" — O(F).

Proposition 35. There exists 5 with 92 = 0 such that d,q =0. O

Proof. d,q=0 if and only if q(3,s;, s;) + q(si, 3,5;) =0 for any s; € H(Y, 0(;)) and s; €
HOY, O(l;)). From the definition of g, this is equivalent to #2n41—j; + 720411, =0, that is,

Ni,j = —MN2n+1—j2n+1—i for any j > i. From l; + lopp1-; =1j + lons1—j = F, we have

nij € 1Y, 0 — 1)) = 2%, OUans1—j — lans1-0) > N2nt1—j.2n41-i-

We construct n that satisfies 55 =0 with n; j = —n2n11-j 2n+1—; inductively on j —i.
For j —i=1, we can always take 7;;+1 = —0an—i2n+1-i- Note we have ;1 =0. For j —i=
2, we have
ONiiv2 = —Nii+1Mi+1.i+25
0M2n—i—1,2n-i+1 = —N2n—i—1,2n-iN2n—i,2n—i+1 = —Ni+1,i+2Mi,i+1 = —0Nj 42,

so we can take 112 = —N2n-i-1.2n-i+1-
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Repeat this process inductively on j — i. We can take 1; j = —92n41—j2n+1—; fOr any

j > 1i. So there exists 7 satisfying 3,q = 0. |

Until now, we have proved that Ef " is not empty.

Restricting Sg " to Cy, the corresponding line bundle summands are:

Op1 (1), j=n+1lorn+2,
Oc, ) =1 0pm(-1), j=n-1lorn,

Op1, otherwise.

The pairs of Op:(£1) in Slg "¢, are given by {l,,_1, l,+1} and {l,, l,,+2}. To construct a trivial-

ization of S,ID"|cn, we need the following generalizations of Lemmas 29 and 30.

Lemma 36. Under the same assumption as in Lemma 28. Assume that l; 1,12, ..., li12k
satisfy li+j .C=-1 and li+k+j ZZHJ' —C for j=1,2,..., k. If Nitpitq=0 for 2< p<k,
k+1<g<2k—1and q— p<k-1, that is, the corresponding submatrix of d¢ given by

li+1 y li+2, ey li+2k looks like
Nit1,i+k+1  Mitlivk+2 - Mitli+2k
0 Nit2itke2  ° Mit2,ir2k
*
0 0 C Mitkiv2k
Okxk *
with Nit1itkt1s Mit2,i+k+25 - - > Mitk,i+2k in 2%y, 0(C)). Suppose that
Mit1ivkrilc)s Miv2ivkizlcls - ., ivkit2klc] are nonzero, we can construct 2k holomor-
phic sections of £|¢ that are linearly independent at every point in C. ]

Proof. In order to keep our notation simpler, we assume k= 2. The above matrix given

by liy1,liv2, liy3, liy4 has the form

3 Nit+1,i+2 Ni+1,i+3 *
0 0 0 Ni+2,i+4
3 o
Ozs T]l+:i,l+4
0 d

From H°(Y, O¢(I;;4)) = H°(P', O(1)) = C? and [9;,2.,4lc] #0, there exist two holomorphic

sections of £|c that are linearly independent at every point in C: s; = (y1, w1, X1, ;) and
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Sy = (Y. Uz, X, t)! with uy, t;, up, &, given in Lemma 29. Similarly, from H°(Y, O¢ (I;,3)) = C?
and [n;41.543lc] #0, we also have two holomorphic sections of £|; that are linearly
independent at every point in C: s3 = (y3, 0, x3, 0)! and s4 = (ya, 0, x4, 0)%. If there exist
a, a4, az, as such that a;s;+ aps, + azss + a454 = 0 at some point in C, then we have a4+
axt; =0 and a;u; + a,u, =0 at some point, which is impossible by the explicit formulas

for uy, t, up, t; in Lemma 29. Hence, we have the lemma. [ |

~

Lemma 37. Under the same assumption as in Lemma 28, we assume £|¢ = O]}i‘im @
(Op1(1) ® Op1(—1))®" with each pair of Opi(+1) and the corresponding holomorphic
structure as in Lemma 36. Then £|¢ is trivial if and only if [n;jlc]#0 for any n; ;e
2%y, 0(C)). O

Proof. The same arguments as in the proof of Lemmas 30 and 36. [ |

Proposition 38. The bundle £~ over Y with €&y can descend to X if and only if for
every C and n; j € 2%(Y, O(Cy)), [n:jlc,] #0, that is, n eZ2". &

Proof. Restricting EOD" to C; (1 <i<n-—1), the line bundle summands are

Om(1), Jj=i+1or2n—i
Oc,(Ij)) =1 0pm(—-1), j=ior2n—i+1,

Op1, otherwise.

By Lemma 30, 2,1,)”|c,- is trivial if and only if [7;;41lc;], [n2n—i2n+1-ilc;] are not zeros. For
Cy, the pairs of Opi(£+1) in £€“|cn are given by {l,,_1, l,+1} and {l,, l,12}. By Lemma 37 and
Nnne1 =0 (Proposition 35), Ef”|cn is trivial if and only if [9-1.nt1lc,], [nni2lc,] are not
An
"

n Cn. [ |

zeros. In fact, this 25" is just an extension of 2,‘]4/"’1 by (£7)*(F) for some n'c E;‘”’l with

5.2 DpLie algebra bundle ¢,™

Note that ¢,”» = aut(£]", q) is a D, Lie algebra bundle over Y. In order for ¢ to descend
to X as a Lie algebra bundle, we need to show that g, :2}77"|ci ® 2,,D”|C,- —> O¢,;(F) is a
constant map for every C;. This follows from the fact that both L‘f" and O(F) are trivial

on all C;'s and E_),,q = 0. From the construction, SnD" is a representation bundle of {nD".
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. . (D, 5%)

5.3 Dpspinor representation bundles £,

We will only deal with S*, as the S~ case is analogous. Consider a surface X with a D,
singularity p and a (—1)-curve C, passing through p with multiplicity C,. By Proposi-
tion 16, [IP~5)| = 2m-1, Define £°~5" :=p,_, O(1) over Y.

Lemma 39. £S5 = @lil A2m(edeiy (mF 4 o). O

Proof. First we check that every line bundle summand in the right-hand side is Oy(() for
a (—1)-curve [ in I~ For any [; € [‘41-®", we have [; - C?=0,l; - F=0and F - F =0,
F - C}'=1. For any 2m distinct elements [;,'s in 14", we denote I = —(l;, + - +1;,,) +
mF + CJ. Then Oy(l) is a summand in the right-hand side. Since I?=—1and!l-Ky=-1,
1 e IP»57), Also the rank of these two bundles are the same, which is 2" = (§) + (})

+ -+ (2(1). Hence, we have the lemma. [

From the above lemma and direct computations, for any C;,

on=3

£PrSD| 0 = 087 @ (0p (1) @ Op (—1)%".

The D, Lie algebra bundle ¢, has a natural fiberwise action on £’ wSh

. #Dn (Dn.ST) (Dn.S%)
p . ;0 ® £0 —> £0 ’

which can be described easily using the reduction to A4, ; (with the node C, being

removed): recall

(Or = (N2EEH(—F)) @ (£0)" ® £8) @ (A2L8)* (F)),

12
LS = @ AF(ER ) (mF),

m=0

and p is given by interior and exterior multiplications for /\'an"’l. (For simplicity, we
omit the C{ factor.)

Proposition 40. Fix any 5 655 ", there exists a unique holomorphic structure on ESD S
such that the action of ¢,” on the resulting bundle S;D"*5+> is holomorphic. Furthermore,

if neZ 2", then SgD"’Sﬂ can descend to X. O
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Proof. First, we recall the holomorphic structure on ¢ In I DuC™ — 1, U T, with I =
{li=C} + Zzn_i Cmin+1<i<2n}and I, ={F —;|l; € I}, lets;, s}, and f be local holomor-

m=1

phic sections of O(l;), O(F —1;), and O(—F), respectively. By Proposition 35, we have

i—1
3 * ¥
82?”%’ - 2 :np’lsp
p=1
and

n n

a *

dgonS; = E Np.2n+1-iSp — E 1i,pSp-
p=1 p=i+1

Back to (£57)*, we define sj,..4,, =Sy, A- - ASp,, ® fM€ F(/\zmi)g‘"’l(—mF)), where i; e

{1,2,...,n} and define S(E(Dmer) . as follows:

)

".._2:_ p+q.,,. . s s _2:2: A . .
028, iy, = (=1 nzp,2n+1—1qsilA..ip.“iq‘..im Nip, kSiyip-1Kip1-iam>
p.q P k#ip

where f]- means deleting the i; component. We verify 3% = 0 by direct computations.
We claim that d¢ is the unique holomorphic structure such that the action of {,’D”

on (£57D"*5+))* is holomorphic, that is,
Bon(9) - X+ g+ (Bex)=de(g - ), *)

for any g€ I'(¢P") and xe I'((£57)").

We prove the above claim by induction on m. When m=0, x=sg € I“(/\OE(?"‘I),
by direct computations, (x) holds for any ge F(gf") if and only if d¢sp =0 and 5gSij =
—Ni2n+1-jS0 — ZZZH] i, pSpj — ZZ:].H nj,pSip for any s;; € F(/\Zﬂg‘"’l). When m = 2, from the
above formula for d¢s;;, we can get the formula for d¢s;j. Repeat this process inductively,
and we can get the above formula for dgs;,..;,,. Hence, we have the first part of this
proposition.

For the second part, we will rewrite d¢ in matrix form. Firstly, we have

= 8<23"*1>*<F> ‘
8£(Dn.C2") ==
n 0 ‘

B

5 Ap—1
Sn’
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with ” C n and the upper right block B has the following shape:

for [BleH (Y, O(Cy)).

In particular, we have an exact sequence of holomorphic bundles:

0— (&) (F) — &P — glr' — 0. (4)

An1

By tensoring (A) with £,7H(=F), we obtain a bundle S; as follows:

0— Oy — S — A28, (=F) > 0,

with the induced holomorphic structure given by

3 B 3 48

Ay
A" !

5s, =
0 ‘a

AZQ;‘,"*I (—F) 0 ‘ aAZ)::/"*l (—F)

The occurrence of +8 in that location is because lnii + lyo With lnii, Inss € IP2C g
the largest element in 14"*C" and F —1l,,; — 12 = C,, because F =2C} +2C, +--- +
261172 + Cnfl + Cn-

Similarly, we have an extension bundle

0— AZL ! (—F) — S, — A*L0 (—2F) — 0,

with )
- aAZ):A/'H (—F) ‘ By
ds, = 1 - ,
0 ‘ 8A4£:‘/’H (—2F)
where
18
0 48
By=| . . ,
0 0 ... 48

for [] €H' (Y, Hom(O(; +Lj + Ints + Inrz — 2F), O +1; — F))) = H'(Y, O(Cy)) with i, j
{n+3,n+4,...,2n}. And the number of £8's is (";?).
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Inductively, we obtain 5(£(Dms+))* as above which has the shape that satisfies
n

Lemma 37:
3A0£;n71 B,
3 B 0 9,2 ) B,
(P = -
0 0 8A42;‘,"*1 (=2F)
The number of £8 €2'(Y, O(C,)) in d¢ is (%) + ( ( o 2]) =273,

To prove that (£;]S+)* can descend to X When negy Dn we need to show that
(Ef)*lci is trivial for every C;. When i # n, this follows from the fact that Sn,”" is triv-
ial (Proposition 31) and Ext&,,l(O, 0)=0. When i =n, this follows from Lemma 37 and
B =n_1ns €2%1(Y. O(Cr)) With D1 ns1lc,] #0. .

6 E,Case
6.1 Eg case

We recall that [1] Eg=aut(C?’, ¢) for a nondegenerate cubic form c on the standard rep-
resentation C%’. The other minuscule representation is C%7.

We consider a surface X with an Eg singularity p and a (—1)-curve C, passing
through p with multiplicity C,. By Proposition 16, I®C*) has cardinality 27. For any
two distinct (—1)-curves l; and [; in I, we have ; - [; =0 or 1.

Define S(()EG‘C27) :=@,.; 0() over Y, for simplicity, we write it as £5°. If we ignore

Cg, then we recover the As case as in Section 4.1.

Lemmadl. £5° =25 @ (A2L5°)"(H) @ (A°L5°)*(2H), where H =3C} 4 3C, +3C2 + 3C3 +
2C4 + Cs5 + Cs. O

Proof. Eg has As as a Lie subalgebra. The branching rule is 27 =6 + 15 + 6, that is,
C?” =C5 @ A%(C®)* @ AS(CB)*. The first six (—1)-curvesin I:l; =C}, L =C} + Cy,..., lg=
Cd+C1+ C2 + C3+ C4+ Cs form the standard representation C® of As. The next 15 (—1)-
curves are given by H —I; — [ withi# je€{1, 2, ..., 6}. The remaining six (—1)-curves are
givenbyZH—h—lg—-~-—fi—~-~—le. [ |

From the above lemma and direct computations, for any C;,

£5%e, = 05 @ (0p1 (1) @ Op1 (—1))%.

¥T02Z ‘¥ $qo100 uo Buoy BuoH Jo AsieAlun assuiyd ay L e /io'sfeuinolpioxorulwi//:dny woly papeojumod


http://imrn.oxfordjournals.org/

ADE Bundles over Surfaces with ADE Singularities 4075

Since the Weyl group of Es acts transitively on these (—1)-curves, we can easily
determine the configuration of these 27 (—1)-curves [20]: Fix any (—1)-curve, there are
exactly 10 (—1)-curves intersect it, together with the fixed (—1)-curve, they form 5 trian-
gles. A triple [;, 1}, Iy is called a triangle if [; +1; + [y = K/, where K’ =3C} +4C; + 5C, +
6C3 +4C4 + 2Cs5 + 3Cs.

From the configuration of these 27 (—1)-curves in Y, we can define a cubic form

c on the vector space Vo =C! =@,_,C(v;) spanned by (—1)-curves,

+1 ifli+lj~|-lk=K/,
C:VO®V0®VO—)(Cv (vli» Uljvvlk)'_)
0 otherwise.

The signs above can be determined explicitly [1, 11] such that E¢ = aut(Vp, ¢).

Correspondingly, we have a fiberwise cubic form c on the bundle S,IEG,
c: L ®Lr L — 0(K).
Proposition 42. There exists n with 92 =0 such that d,c=0. 0

Proof. Note 3,c=0 if and only if
C(8,Si, ;. Sk) + C(Si, 0,5j, Sk) + C(Si, S, DySp) =0, (*)

for any s; € H(Y, 0(;)), sj € H*(Y, 0(l;)), and s, € H°(Y, O(ly)). From the definition of ¢, if
l; +1; + = K’, then the above equation (x) holds automatically. If I; +1; + [ # K’, with-
out loss of generality, we assume [; - [; =0, then we have the following four cases.

Case (i), if [; - [y =0 and [; - [y =0, then (x) holds automatically.

Case (ii), if l; - [y =0 and [ - [y = 1, then (x) holds if n;, x'—1,~1, = 0.

Case (iii), if l; - [y =1 and [; - [y = 0, then (*) holds if n;, x4, = 0.

Case (iv), if [; - [y =1 and [ - [y =1, then (x) holds if n, x'—1;,-1, = m, x 1,1, =0, here
the sign is determined by the signs of cubic form.

In conclusion, for any [;,1; € 1% if I; -1; #0, then n; ; =0.If [; - ; =0, then [; —
li=a (j>1i) fora € T, that is, n; ; € 2% (Y, O(«)). And for any other 1,4 € 2% (Y, O(x)),
we have n; ; £ p 4 =0. From the signs of the cubic form ¢, we know that given any posi-
tive root «, there exists six n; ;'s in 2%!(Y, O(«)), where three of them are the same and
the other three different from the first three by a sign. We use a computer to prove that

we can find such »; ;'s satisfying 55 =0. [

Until now, we have proved that Ef‘* is not empty.
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Proposition 43. The bundle Efﬁ over Y with  €Z;° can descend to X if and only if for
every Cy and n; j € 2%'(Y, O(Cy)), [n:jlc,) #0, that is, n eZ2°. O

Proof. From Lemma 41, Proposition 42 and the order of I-C*), for eEfﬁ, SnEﬁ can be
constructed from E,]AF for some n’eE{,“‘*” with n’ C n. Under the (nonholomorphic) direct
sum decomposition £5° = £5° @ (A2L5%)*(H) ® (A°L4%)*(2H), 3, for £} has the following

block decomposition:

= B x *
Sy am 0 5 *
0 0 =£p
= 8 x *
0 a 2 ah5
(A2L09)(H) 0 4f =
0 0 =B
0 0 0 gts

Here £8 €2%1(Y, O(Cs)), it is because of the corresponding two (—1)-curves [ and I’ sat-
isfying I — I’ = Cg. The signs of g can be determined by d,c=0.

From the above, we know that SnEﬁ lc, (k+#6) is trivial if and only if E;‘F lc, (kK+#6)
is trivial. From Proposition 31, we have the theorem for k+# 6. For Cg, from Lemma 37,
£fﬁ|06 is trivial if and only if these £8's satisfy [8|¢,] #O. [ |

Note that ¢ =aut(£}®, ¢) is an Es Lie algebra bundle over Y. In order for ¢
to descend to X as a Lie algebra bundle, we need to show that |, :Sfelci ® SnEﬁlci ®
£5%lc, — Oc,(K') is a constant map for every C;. This follows from the fact that both £/’
and O(K’) are trivial on all C;'s and 5,,0: 0. From the construction, ,SnEﬁ is a representa-
tion bundle of ¢".

The only other minuscule representation C?’ of Eg is the dual of the standard

representation C?7. Therefore S;EG‘CW) = (EgEG'Cw))*.

6.2 Ey case

We recall that [1] E;=aut(C%, t) for a nondegenerate quartic form ¢ on the standard

representation C%. There is no other minuscule representation of E.
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We consider a surface X with an E7 singularity p and a (—1)-curve Cy passing
through p with multiplicity C,. By Proposition 186, IEC®) has cardinality 56. For any
two distinct (—1)-curves [; and [; in I, we have l; - 1; =0, 1, or 2.

Define SE)E“C%) := @, 0() over Y, for simplicity, we write it as £5’. If we ignore

C-, we recover the Ag case as in Section 4.1.

Lemma 44. £ = ¢ g (A285)"(H) @ (ASL2)*(2H) @ (A°£2%)*(3H), where H=
3C§+3C1 +3C243C3 +3Cs+ 2Cs5 + Cs + C7. O

Proof. Similar to the Eg case. u

From the above lemma and direct computations, for any C;,
£571c, = 05 & (Op1 (1) ® Opi (—1)®12,

Since the Weyl group of E; acts transitively on these 56 (—1)-curves, the con-
figuration of these 56 (—1)-curves is as follows: Fix any (—1)-curve, there are exactly
27 (—1)-curves intersect it once, 1 (—1)-curve intersects it twice. If [; +1; + 1, +1; = 2K’
with K’ = 203 +3C1 +4C, +5C3 4+ 6C4 +4Cs + 2Cs + 3C7, the four (—1)-curves ;, I, I,
and [, will form a quadrangle.

From this configuration, we can define a quartic form ¢ on the vector space Vp =
C! =®,.,C(u) spanned by all the (—1)-curves,

+1 ifli+1;+1,+1;=2K,
t:V0®VO®VO®VO—>(C1 (vli’vlj3vlpvvlq)'_)
0 otherwise.

The signs above can be determined explicitly [1] such that E; = aut(V, ?).

Correspondingly, we have a fiberwise quartic form ¢ on the bundle 257,
t: L7 Ll Ll Ll — 0@2K).
Proposition 45. There exists 1 with 92 = 0 such that 9,¢=0. O

Proof. Similar to the Eg case, but even more calculations involved. We will omit the
calculations here and only list the conditions for Z_)nt:O. From 5,,1?:0, we have when
l;-1;#0, n; j =0. That means all the nonzero #; ;'s correspond to /; - [; =0, and then [; —
l; =« for some root «, that is, n; ;€ 2°%1(Y, O(a)). Conversely, given any positive root

«, there exists 12 n; ;'s in 2%!(Y, O(«)), where 6 of them are the same and the other 6
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different from the first 6 by a sign. We use a computer to prove that we can find such

ni.j's satisfying 97 =0. [ |

Until now, we have proved that 557 is not empty.

Proposition 46. The bundle £77 over Y with €Z, can descend to X if and only if for
every C and n; j € 2%(Y, O(Cy)), [n:jlc,) #0, that is, n e 55", m

Proof. Similar to the Eg case (Proposition 43). [ |

Note that {7 =aut(£}7, t) is an E; Lie algebra bundle over Y. In order for ¢ to
descend to X as a Lie algebra bundle, we need to show that t|¢, : £57|¢, ® £57|c, ® £F7|¢, ®
£f7|ci — O¢,;(2K’) is a constant map for every C;. This follows from the fact that both
£f7 and O(2K’) are trivial on all C;'s and 5,71‘ =0. It is obvious that £f7 is a representation
bundle of ¢

6.3 Eg case

Although Eg has no minuscule representation, the fundamental representation corre-
sponding to C; is the adjoint representation of Eg.

We consider a surface X with an Eg singularity p and a (—1)-curve Cy passing
through p with multiplicity C;. By direct computations, |I| =240. In this case, [ €I if
and only if [ — K’ € ®, where K' = Cé +2C1+3Cy+4C3+5C4+6C5+4Ce + 2C7 + 3Cs.
So £7® defined in Section 2 can be written as follows:

aed

& =0"odHow= <0(I</)@8 o P 0(1)) (-K').

lel

We will prove that (858, Z_i,)) with ¢ = (py)eco+ € Wx descends to X in Section 7.

7 Proof of Main Results

In the above three sections, we have constructed and studied the Lie algebra bundles
and minuscule representation bundles in A4,, D,, and E, (n# 8) cases separately. We will
prove that the holomorphic structures on these bundles can be expressed by forms in

the positive root classes and the representation actions.

Proof of Theorems 23 and 24. Recall that when p:g—> End(V) is the standard

representation, ££79~V)(n € &y) admits of a holomorphic fiberwise symmetric multi-linear
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form f. And 8, f=0 implies that ; ;=0 unless [; —; =« (j > i) for some « € &*. Thus,
Ni.j = ¢ € 2% (Y, O(@)). Furthermore, if n; ; and n; j are in 2%!(Y, O(«)), then they are
the same up to sign. Thus, we can write »; ; = 1y w,¢a, Where n,,,'s are as in Section 3,
since p preserves f. Namely, 9, =00 + Y ,cp+ Caf (X)) =00 + Y _gep+ £(@o) With ¢y = Cu X,

The holomorphic structure on the bundle ¢9:=aut(®"), f) is 3y = o +
Zae¢+ cyad(xy), which is the same as 9, for Sg in Section 2, that is, ;,79 = Sg.

The only minuscule representations (g, V) besides standard representations are
(A, AFC™1), (D, S), and (Eg, C¥7). We denote corresponding actions as p as usual.
In each case, for £} to act holomorphically on the corresponding vector bundle, the
holomorphic structure on £f)g‘V) can only be 9,.

The filtration of )ZE,Q’V) gives one on 2579*"), since it is constructed from extensions
using elements in I;\I;;; (Section 3.3).

We note that all the above Lie algebra bundles and representation bundles
over Y can descend to X if and only if 0# l¢c,|c,] € H (Y, Oc,(C;)) for all C;'s, that is,
¢ = (Po)aco+ € ¥x. u

From the above arguments, Theorem 9 holds true for ADE except Eg case.

Proof of Theorem 9. It remains to prove the Eg case.

&' =0"oow@= (O(K/)@s o P O(l)) (—K').

aed lel

We want to show that the bundle (658, E_iw) with ¢ = (¢y)eco+ € ¥x can descend to
X, that is, S‘fﬂci is trivial for i =1, 2, ..., 8. Note that O(K")|¢, is trivial for every i, but
O()|¢, can be Opi1(£2), and hence, Lemma 28 is not sufficient. However, if we ignore Cg
(respectively, C7) in Y, then we recover the A; case (respectively, D; case). Our approach
is to reduce the problem of trivializing SfSICi to one for a representation bundle of A;
(respectively, D).

Step 1: As A; is a Lie subalgebra of Eg, the adjoint representation of Eg decom-
poses as a sum of irreducible representations of A;. The branching rule is 248 =
8 + 28 + 56 + 64 + 56 4+ 28 + 8, and correspondingly, we have the following decomposi-

tion of é}f" over Y:

EP =L (—K) @ AHLE) (H — K') @ AS(887)"(2H — K')

B LY ® (L8 @ A (L8 (H) ® A (L8) (2H) @ (£57)*(K),
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where H=3C}+3C;+3C,+3C3+3C4+3C5+2Cs+C7+Cs and K =C}+2C;+
3C, +4C3+5C4+6Cs5 +4Cs + 2C7 + 3Csg.

Step 2: Instead of 2(‘;‘7, we use )3;;‘7, which is trivial on C; for i # 8. We consider the
bundle

EF =88 (—K) @ A (&) (H — K) & A°(£07)"(2H — K')
B L7 ® (£5)" @ A* (L9 (H) ® A%(L57) " (2H) @ (£5)"(K)).

We have 55/58 =30+ Zaeq ad(gy). Since O(K’) and O(H) are both trivial on C; for i #8,
7
£'Fs is trivial on C; for i #8.
Step 3: We compare £ ¢ with Efs. Topologically they are the same. Holomorphi-
cally,
der =00+ ) adg) =g + ) ad(g).

+ +\pt
wedt aedf \@;

If we write the holomorphic structure of Ef*‘ as a 248 x 248 matrix, then ¢, with o €
dﬁgs\cb; must appear at those positions (8, y) with 8 — y =«, where g has at least one
more Cg than y. That means that after taking extensions between the summands of £ 7s,
we can get Efa. Since £ is trivial on C; for i # 8 and Ext}, (0, 0) =0, we have 558 trivial
on C; fori #8.

Similarly, if we consider the reduction of Eg to D7, from the branching rule 248 =
14 4+ 64 + 1 + 91 + 64 + 14, we have the following decomposition of Sf":

£ =20 (—K) @ £7°7(Cr - COH @ 0 @ £ @ (£ )" (C§ - C7) & (£5) (K.

Instead of £§7, we consider 257. Similar to the reduction to the A; case as above, we will
get for (£}, d,), if we take [gpc,|c,] # 0, then &Er is trivial on C; for i # 7. Hence, we have

proved Theorem 9 for type Eg. |

Proof of Theorem 25. We only need to find a divisor B in Y such that (1) B is a combi-
nation of C;'s and C, with the coefficient of Co not zero and (2) O(B) can descend to X.
Then if we take k to be the coefficient of Cy in B, LE" = SkS((ﬂg'V) ® O(—B) with ¢ € ¥y
can descend to X and does not depend on the existence of Cg.

(A, C™1) case, B=(n+1)Co+nC; + (n—1)Cy+---+ Cy,

(An, AFC™1)  case, B=n+1)Co+ (n—k+1)C1+---+ (k-1 (n—k—1)Cr_1 +
k(n—k)Cri1 + - + kCh,

(D, C?") case, B=F =2Co+2C1 + -+ +2Cy 2+ Cp 1 + Cp,
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(Dp, ST) case, B=4Co+2C1 +4Cy + -+ 2(n— 2)Cpp + (n— 2)Cp1 + NCn,
(Eg, C?7) case, B=3Cy +4C, +5C + 6C3 + 4C4 + 2C5 + 3Cg,
(E7, 056) case, B= 26’0 + 301 +4Cz + 5C3 + 604 +4Cs + 266 + 307 |

Remark 47. We can determine Chern classes of the Lie algebra bundles and minuscule

representation bundles. For any minuscule representation bundle ngg’v),

aP)y= " e H (V7).

leI(aV)

For any Lie algebra bundle £¢, we have

a@Ed =0
and
QED= Y al0@)c(0p) = a(0@)c(0(—a)=dim(g)—rank(g).
aF#ped aedt
In particular, the bundles we defined above are not trivial. O

Remark 48. There are choices in the construction of our Lie algebra bundles and minus-
cule representation bundles. We will see that these bundles are not unique. Take ,Q;;‘Z

(¢ = (Pa)aes: € ¥x) as an example. The holomorphic structure on E;‘Z is as follows:
2

3 $c, Pci+c,
aw = 0 8 §0(,‘1 )
0 O P

with [§0C1 |Cl] 7é 0 and [¢C2|C2] 7é 0. We replace Yci+c, bY Pci+c, + 1//1 where I/f € Hl (Y’ O(Cl +
C»)) #0. If [y] #0, then 8, is not isomorphic to d,. a

Remark 49. Our g-bundle £ over Y is given by aut(£#", f) with f: ®" £!V) — Oy (D).
If O(D)= O(rD’) for some divisor D’, then

QL (D) — Oy.

And Aut(£{#"(~D’), f) is a Lie group bundle over Y lifting £9. In general, we only have

a G x Z,-bundle, or so-called conformal G-bundle in [8]. O
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Appendix

We now construct examples of surface with an ADE singularity p of type g and a (—1)-
curve Cq passing through p with minuscule multiplicity Cy. We call its minimal resolu-
tion a surface with minuscule configuration of type (g, V), where V is the fundamental
representation corresponding to —Cp.

First we consider the standard representation V ~C™! of A,=sl(n+ 1). When
we blowup a point on any surface, the exceptional curve is a (—1)-curve E. If we blowup
a point on E, the strict transform of E becomes a (—2)-curve. By repeating this process
n+ 1 times, we obtain a chain of (—2)-curves with a (—1)-curve attached to the last one.
Namely, we have a surface with a minuscule configuration of type (A4, C*1).

Suppose that D is a smooth rational curve on a surface with D? = 0. By blowing
up a point on D, we obtain a surface with a chain of two (—1)-curves. If we blowup their
intersection point and iterative blowing up points in exceptional curves, then we obtain
a surface with minuscule configuration of type (D,, C?").

Given a surface together with a smooth rational curve C with C%?=1 on it, we
could obtain every minuscule configuration by the following process. If we blowup three
points on C, then the strict transform of C is a (—2)-curve. By the previous construction
of iterated blowups of points in these three exceptional curves E;'s, we could obtain
many minuscule configurations. Let us denote the number of iterated blowups of the
exceptional curve E; as m; with i € {1, 2, 3}. Then we can obtain minuscule configuration

of type (g, V) by taking suitable m;’s as follows.

Minuscule configuration of type (g, V) (m;, my, ms)

(A, AKC™1) for any k (k—1,0,n—k)
(D,,, C*™), (Dy,, ST, and (D, S7) (n—3,1,1)
(Es, 27), (Eg, 27) (2,1,2)

(E7, 56) 3,1,2)
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Note that we could obtain such a configuration for every adjoint representation

of E,, this way. We remark that surfaces in this last construction are necessarily rational

surfaces because of the existence of C with C2=1.
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