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Abstract

We give quantum Pieri rules for quantum cohomology of Grassmannians of classical types, expressing
the quantum product of Chern classes of the tautological subbundles with general cohomology classes.
We derive them by showing the relevant genus zero, three-pointed Gromov—Witten invariants coincide with
certain classical intersection numbers.
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1. Introduction

The complex Grassmannian Gr(k,n + 1) parameterizes k-dimensional complex vector sub-
spaces of C"*!. It can be written as X = G/P with G being a complex Lie group of type A,
iie. G =SL(n 4+ 1,C), and P being a maximal parabolic subgroup of G. We will continue to
call such X’s as Grassmannians even when G is not of type A. Indeed when G is a classical
Lie group of type B, C or D, such a Grassmannian parameterizes subspaces in a vector space
which are isotropic with respect to a non-degenerate skew-symmetric or symmetric bilinear form.
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Therefore it is usually called an isotropic Grassmannian. Recall that the tautological subbundle
S over any point [V] € Gr(k,n + 1) is just the k-dimensional vector subspace V itself. And it
restricts to the tautological subbundle S of any isotropic Grassmannian.

The cohomology ring H*(X, Z) of an isotropic Grassmannian X = G/ P, or more generally
a generalized flag variety, has a natural basis consisting of Schubert cohomology classes o*, la-
beled by a subset of the Weyl group W of G. The (small) quantum cohomology ring QH*(X)
of X, as a vector space, is isomorphic to H*(X) ® Q[¢]. The quantum ring structure is a deforma-
tion of the ring structure on H*(X) by incorporating three-pointed, genus zero Gromov—Witten
invariants of X. Since H» (X, Z) = Z, the homology class of a holomorphic curve in X is labeled
by its degree d. In the case of X = IG(k,2n) being a Grassmannian of type C,, the Schubert
cohomology classes 0% = o can also be labeled by shapes a, which are certain pairs of parti-
tions. Every nonzero Chern class ¢, (S*) = (—=1)?¢,(S) = o (up to a scale factor of 2) is then
a special Schubert class given by a special shape p, and they generate the quantum cohomology
ring QH*(IG(k, 2n)). One of the main results of the present paper is the following formula.

Quantum Pieri rule for tautological subbundles of IG(k, 2n). (See Theorem 4.4.) For any
shape a and every special shape p, in QH*(IG(k, 2n)), we have

ol xo? = ZZe(a’b)ob +t ZZe(ﬁ’E)ac.

Here a and ¢ are shapes associated to a and ¢ respectively; e(a, b) and e(a, ¢) are cardinalities
of certain combinatorial sets, determined by the classical Pieri rules of Pragacz and Ratajski [27].
We have also obtained similar formulas for Grassmannians of type B and D, details of which are
given in Section 4.

The aforementioned quantum Pieri rule is a quantum version of the classical Pieri rule for
isotropic Grassmannians. The famous classical Pieri rules are known firstly for complex Grass-
mannians (see e.g. [15]). For X = Gr(k,n + 1), they describe the cup product of a general
Schubert class in H*(X) with ¢,(S*) or ¢,(Q), where Q is the tautological quotient bundle
over X given by the exact sequence 0 — S — C"*! — Q — 0. It was generalized for other
partial flag varieties of type A, firstly given by Lascoux and Schiitzenberger [22], and was also
generalized for Grassmannians X of type B, C or D. Note that there is also a tautological quo-
tient bundle Q over X. When X parameterizes maximal isotropic subspaces (roughly speaking)
there is no difference between the Chern classes of S* and Q, and the classical Pieri rules has
been given by Hiller and Boe [16]. When X parameterizes non-maximal isotropic subspaces,
the classical Pieri rules with respect to ¢, (S*) have been given by Pragacz and Ratajski [27,28],
while the classical Pieri rules with respect to ¢, (Q) are just covered in the recent work of Buch,
Kresch and Tamvakis [5] on quantum Pieri rules. In contrast to complex Grassmannians, know-
ing either of them cannot deduce the other one. There is also a previous work of Sert6z [29]
as well as a generalized classical Pieri rule given by Bergeron and Sottile [1], which gives the
formula for multiplying a Schubert class on a complete flag variety of type B or C by a special
Schubert class pulled back from the Grassmannian of maximal isotropic subspaces.

The story of quantum Pieri rules are almost parallel to the story of the classical Pieri rules. The
quantum Pieri rules are also known firstly for complex Grassmannians, which were firstly given
by Bertram [2]. They were generalized by Ciocan-Fontanine [11] for other partial flag varieties
of type A, and by Kresch and Tamvakis [19,20] for those X that parameterize maximal isotropic
subspaces. Recently in [5], Buch, Kresch and Tamvakis have given us the quantum Pieri rules
with respect to ¢, (Q) for those X that parameterize non-maximal isotropic subspaces. In contrast
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to complex Grassmannians, (in general) the quantum Pieri rules with respect to ¢, (Q) do not
imply the quantum Pieri rules with respect to ¢,(S*) and vice versa.
Our quantum Pieri rules are consequences of the following main technical result.

Main Theorem. Let X = G/ P be a Grassmannian of type B, C or D, and S denote the tau-
tological subbundle over X. Let ", oV be Schubert classes in QH*(X) with o = (=1)Pc,(S)
(possibly up to a scale factor of %, see Section 3.1 for more details) for any p. In the quantum
product

c'xo’=0"Uc? + ZN;”;fltddw,
d>1

all the degree d Gromov—-Witten invariants N, ;,d coincide with certain classical intersection
numbers. More precisely, we have

(1) Ifd =1, then there exist uy, vy, w; € W such that N,fbl = Ll,‘ilg’v(:.

. 2 ,0
(2) If d =2, then there exist uy, va, wo € W such that N;f;) = N;Uz%vz.
(3) Ifd >3, then N¥! =o0.

Here N, ;B’s are classical intersection numbers of the corresponding Schubert varieties in the
complete flag variety G/B, where B C P is a Borel subgroup of G. The elements u;, v;, w; can
be explicitly written down in terms of u, v, w as given in Theorem 3.13 and Theorem 3.21. In
fact N, 2 also vanishes for some cases.

The above theorem is an application of the main results of [24], where the authors studied the
“quantum to classical” principle for flag varieties of general type. Roughly speaking, the “quan-
tum to classical” principle says that certain three-pointed genus zero Gromov—Witten invariants
are classical intersection numbers. Such phenomenon, probably for the first time, occurred in
the proof of quantum Pieri rule for partial flag varieties of type A by Ciocan-Fontanine [11],
and later occurred in the elementary proof of quantum Pieri rule for complex Grassmannians by
Buch [3] and the work [19,20] of Kresch and Tamvakis on Lagrangian and orthogonal Grass-
mannians. This principle has been studied mainly for Grassmannians in the works (especially)
by Buch, Kresch, and Tamvakis [4,5], by Chaput, Manivel, and Perrin [9,10] and by Buch and
Mihalcea [7,8]. There are relevant studies for some other cases by Coskun [12] and by Li and
Mihalcea [25].

The proofs of our quantum Pieri rules are combinatorial in nature. The ideas of all these proofs
are the same, namely we obtain all the theorems by showing that the relevant Gromov—Witten
invariants of degree d vanish unless d is small enough (for instance d < 2), and for such a small
d they coincide with certain classical intersection numbers. Moreover, all these relevant classical
intersection numbers are exactly or can be calculated from certain structure constants in classical
Pieri rules of same type. We should note that in [23], the authors established natural filtered
algebra structures on QH*(G/B). Using structures of these filtrations, we obtained relationships
among three-pointed genus zero Gromov—Witten invariants for G/B in [24], which enable us to
carry out the above ideas in real proofs. Finally, we should also note that our quantum Pieri rules
for type B, D are not quite satisfying, as signs are involved in some cases.

This paper is organized as follows. In Section 2, we fix the notations and review the main
results of [24]. In Section 3, we reduce all the relevant Gromov—Witten invariants to certain
classical intersection numbers, for the quantum Pieri rules for Grassmannians of type B, C or
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D with respect to ¢,(S*). In Section 4, we obtain the quantum Pieri rules by computing those
classical intersection numbers in Section 3 combinatorially. Finally in Appendix A, we reprove
the well-known quantum Pieri rules for Grassmannians of type A (i.e. complex Grassmanni-
ans).

2. Preliminary results
2.1. Notations

We recall notations in [24] which we will use here as well. Readers can refer to Section 2.1 of
[24] and references therein for more details.

Let G be a simply-connected complex simple Lie group of rank n, B C G be a Borel subgroup
and h be the corresponding Cartan subalgebra. Let A = {«y, ..., ®,} C b* be the simple roots
with the associated Dynkin diagram Dyn(A) being the same as in Section 11.4 of [17]. Let
{alv, ...,a,)} C b be the simple coroots, {x1, .., x»} be the fundamental weights and R™ be
the set of positive roots in the root system R. Denote Q¥ = B7_, Za and p = Yo'y xi- The
Weyl group W is generated by the simple reflections s;’s on h* defined by s;(B) = 54, (B) 1=
B — (B, ;" )a; foreach i, where (-,-) : b* x h — Cis the natural pairing. Each parabolic subgroup
P D B is in one-to-one correspondence with a subset Ap C A. Let £ : W — Z3( be the length
function, Wp denote the Weyl subgroup generated by {s, | @ € Ap} and W denote the minimal
length representatives of the cosets W/ Wp. Let wp denote the (unique) longest element in Wp.

The (co)homology of a (generalized) flag variety X = G/P is torsion free and it has an
additive basis of Schubert (co)homology classes o,,’s (resp. o’s) indexed by W¥. Note that
o' € H*W(X,Z) and that Hy(X,Z) = @,,ca\n, Zos; can be canonically identified with
0Y/Q}, where QY := EBaeAP Za . For each aj € A\ Ap, we introduce a formal variable
Gay+0y- FOr Ap =3 g cava, ajo} + Qp € Hy(X, Z), we denote ¢, =[]y, ca\a, QZ§+Q;-
The (small) quantum cohomology QH*(X) = (H*(X) ® Q[q], *) of X (see e.g. [13] for more
details) is a commutative ring and has a Q[q]-basis of Schubert classes 0% = o* ® 1. The struc-
ture coefficients N, ;))‘P for the quantum product

u v w,A w
0 *0 = Z Nyt o
weW? 1peQV/0}
are three-pointed genus zero Gromov—Witten invariants and they are all nonnegative.

When P = B, we have Ap =0, Q} =0, Wp = {1} and WP = W. In this case, we simply
denote A =Ap and g; = q,v. It is well known that N,/ ’U)‘ = 0 unless both of the following hold:
J

(1) e(w)+ (2p, L) =£(u) + £(v) (which comes from the dimension constraint);
(2) A is effective,i.e. A = 27:1 ajajy with a; € Zx for all j.

2.2. Preliminaries

In this subsection, we collect some known propositions. As we will see in the next section,
we give the quantum Pieri rules for Grassmannians of classical types, based on the main result
of [24] (see Proposition 2.1), the Peterson—-Woodward comparison formula (see Proposition 2.4)
and the quantum Chevalley formula (see Proposition 2.5).
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As in [24], given any simple root o € A, we define a map sgn,, as follows:

1, if &(w) — L(wsy) >0,

sgn, : W — {0, 1}; sgn, (w) = {O if £(w) — £(wsy) < 0.

It is well known that (see e.g. [18]) sgn, (w) = 0 if and only if w(x) € RT.

The following proposition relates numbers of rational curves representing “different” homol-
ogy classes of G/B.

Proposition 2.1. (See Theorem 2.2 of [24].) For any u,v,w € W and . € QV, we have

€)) N;,‘f;f‘ =0 unless sgn, (w) + (o, A) < sgn, (1) 4 sgn, (v) forall a € A.
(2) Suppose sgn, (w) + (o, A) = sgn, (u) + sgn, (v) =2 for some o € A, then

N:j;,}‘ = NL%;}:;&V, whenever sgn, (w) =0 or 1; 2.1)
NPk = NPsat=e - f sen, (w) = 0; 2.2)
Nb = NP, if sgny (w) = 1. 2.3)

As a consequence, we obtain the next vanishing criterion for the Gromov—Witten invari-
ants' N, 2.

Corollary 2.2. For any u, v, w € W and A € QV, we have N,ff;))“ = 0 whenever there exists o € A
such that one of the following holds.

(1) (o, 2) =2 and N5~ = 0;
) (@A) =1, sgny (u) =0 and N3zt~ = 0;
(3) (o, 1) =0, sgn, (u) =sgn, (v) =0 and N3+ =0.

Proof. Note that sgn, is a map frow W to {0, 1}. Thus if any one of the above three assumptions
holds, we have sgn, (w) + (o, A) > sgn, (u) + sgn, (v).

When the inequality “>" holds, we are already done by using Proposition 2.1 (1). Now
we assume the equality “="" holds. As a consequence, if assumption (2) holds, then we have
sgn, (w) =0 and sgn, (v) = 1. Applying Proposition 2.1 (2) for u’ = v, v/ = usq and w’ = wsy,

A r /S sk ' a—aY A—aV ..
we deduce that N.")' = N3 = N;f i‘fs = N;fs U,‘; = Ny @ =0. Similarly, we can show
’ ’ 5 o as o ’

N,/ ;,’\ = 0 whenever either assumption (1) or assumption (3) holds. O

We will use Proposition 2.1 and Corollary 2.2 very frequently in Section 3. Whenever neces-
sary, we will point out what we are applying explicitly, by using the words “Applying (reference)
to (', v, w, N, a')”.

The next identity for certain classical intersection numbers is also a direct consequence of
Proposition 2.1.

1 By “Gromov—Witten invariants”, we always mean “three-pointed genus zero Gromov—Witten invariants” in this pa-
per.
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Corollary 2.3. Let u,v,w € W and o € A. Suppose sgn, (w) = sgn, (u) + 1 =1, then N;,‘f;,o is
equal to N,fffﬁ(;o if sgn, (v) =1, or O otherwise.

Proof. If sgn,(v) =0, then N,;UUO = 0 follows directly from Proposition 2.1 (1). If sgn,, (v) =1,

WSy w,0

then we have NU,MS;O‘v = N:f;s"u = Nyu , by Proposition 2.1 (2). O

The next comparison formula tells us that every Gromov—Witten invariant (N,ff ;,AP ) for G/ P

. . . . /A
equals a certain Gromov—Witten invariant (N;ff f,up @pr:rB ) for G/B.

Proposition 2.4 (Peterson—Woodward comparison formula). (See [31]; see also [26,21].)

(1) Let Ap € QV/ QY. Then there is a unique Ag € Q" such that hp =Ap + Q} and (y, kp) €
{0, =1} forally € R (= RT N @gcn, ZB).
(2) Denote Apr:={B € Ap | (B, rg) =0}. For every u,v,w € WP, we have

NI = NOPer
Here wp (resp. wp) is the longest element in the Weyl subgroup Wp (resp. Wp:).

Thanks to the above comparison formula, we obtain an injection of vector spaces

YA Ap i OH*(G/P)— QH"(G/B) defined by g ,0" > ¢ ,0"""P .

We denote by P, the parabolic subgroup (containing B) that corresponds to the special case of a
singleton subset {a} C A, and simply denote /4 = YA (o). Note that R;a = {a}and Q\F/,a =Za".
In addition, we have the natural fibration P, /B — G/B — G/ P, with P, /B = P!,

The (Peterson’s) quantum Chevalley formula, proved in [14], describes the quantum product
of two Schubert classes when one of them is given by a simple reflection.

Proposition 2.5 (Quantum Chevalley formula for G/B). Foru e W, 1 <i <n,

ot xS = Z(X“ o™y &+ Z Xis Y qua

where the first sum is over positive roots y for which £(us,) = £(u) + 1, and the second sum is
over positive roots y for which £(us,) =£Lu) +1— (2p,y").

When A is of A-type, the above formula is also called the quantum Monk formula.
In addition, we will need the next two lemmas.

Lemma 2.6. (See Lemma 3.9 of [23].) Let ve W and y € R satisfy L(vsy) =L(v) + 1 —
(2p,y"). Then for any oj € A with (aj, y") > 0, we have £(vsys;) = £(vs,) + 1.

Lemma 2.7. For ve W* and o € Ap, we have sgn, (v) =0

Proof. It is a well-known fact that v € WP and o € Ap imply v() € RT. Thus, £(vsy) > £(v),
and then the statement follows. O
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3. Quantum Pieri rules for Grassmannians of classical types: classical aspects

In this section, we study the quantum Pieri rules for Grassmannians of classical types, which
describe the quantum product of general Schubert classes with the Chern classes of the dual of
the tautological subbundles. We will only deal with Grassmannians of type B, C, D here, and
will reprove the well-known quantum Pieri rules for Grassmannians of type A (i.e. complex
Grassmannians) [2] in the appendix. Furthermore, we will only reduce all the relevant Gromov—
Witten invariants in the quantum Pieri rules to certain classical intersection numbers. As we will
see in next section, further reductions can be taken so that these rules can be reformulated in a
traditional way.

3.1. Grassmannians of type B, C, D

In this subsection, we review some facts on Grassmannians of type C, B, D, i.e. the quotients
of Lie groups G of the aforementioned types by their maximal parabolic subgroups P. More
details on these facts can be found for example in [30] and [5]. We also illustrate the idea of our
proof of quantum Pieri rules.

Every such Grassmannian X parameterizes isotropic subspaces in a vector space E = CV
equipped with a standard non-degenerated bilinear form (-,-) which is skew-symmetric in the C
case and symmetric in the B or D cases. Thus it is usually called an isotropic Grassmannian and
it can be described explicitly as follows. The maximal parabolic subgroup P corresponds to a
subset Ap = A\ {ax} (we use the convention of labeling the base as in Humphreys’ book [17])
and the space X is given by

(i) IG(k,2n) ={V < C?* |dim¢c V =k, (V, V) =0} for type Cy,;
(i) OG(k,2n+1)={V <C>*1 |dimc V =k, (V, V) =0} for type By;
(iii) OG(k,2n +2) ={V < C¥*2 |dimcV =k, (V,V) =0}, if G is of type D, 41 and 1 <
k<n-—1;
(iv) aconnected component OG°(n + 1,2n+2) of OG(n+1,2n+2), if G is of type D, and
ke{n,n+1}.

In the first three cases, we have N = 2n, 2n + 1 and 2n + 2 respectively. For convenience,
we have assumed G to be of type D41, rather than D,, in cases (iii) and (iv). Furthermore
when this holds, we can always assume k < n — 1, since case (iv) can be reduced to case (ii)
(see Remark 3.1). Customarily, IG(n, 2n) (resp. OG(n,2n + 1), OG°(n + 1,2n + 2)) is called a
Lagrangian (resp. odd orthogonal, even orthogonal) Grassmannian.

There are tautological bundles over the isotropic Grassmannian G/ P:

0->-S—E—Q9—0.

The Chern classes of the dual of the tautological subbundle S are given by the Schubert classes
cp(8*) =0 (where 1 < p < k) with

U= Sk—p+1- - Sk—15k,

possibly up to a scale factor of 2. Precisely, for cases (i), (ii) and (iii), we always have
cp(S8*) = 0", except for the special case of k = n for case (ii). Furthermore for this excep-
tional case, we have ¢, (S*) = 20" (see e.g. [27,28]). Note that case (iv) has been reduced to the
exceptional case. In the next two subsections, we will show the classical aspects of the quantum
Pieri rules with respect to ¢, (S*) (or equivalently ¢, (S) = (—1)?¢,(S5*)). That is, we give a for-
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mula for the quantum product o x 0¥ of a general Schubert class o in QH*(G/ P) with such
a special Schubert class o, in which we reduce all the Gromov—Witten invariants to classical
intersection numbers.

Note that the quantum Pieri rules with respect to ¢,(Q) have been given by Buch, Kresch
and Tamvakis [5]. In contrast to complex Grassmannians, (quantum) Pieri rules with respect to
¢p(Q) do not imply (quantum) Pieri rules with respect to ¢, (S*), whenever 1 < k < n (see the
next remark and note that ¢{ (S*) = ¢1(Q)).

Remark 3.1. (See e.g. [30] and [5].)

(1) OG(n+1,2n+2) has two isomorphic connected components, either of which is projectively
isomorphic to OG(n,2n + 1).

(2) 0G(n,2n +2) is a flag variety G/f_’ of Dy y1-type with A 5 = A\ {o,, g1}

(3) For any Lagrangian or orthogonal Grassmannian (i.e. for k = n), we have c,(S*) = ¢, (Q)
whenever p < rank(S).

The idea of our proof of such a formula is as follows. For the isotropic Grassmannian G/ P,
we have H>(G/P,Z) = Q¥ /Q} = Z and consequently QH*(G/ P) contains only one quantum
variable 7 := g,y gy . Thus we can write

olxo'=c"Uc" + Z N,;”;Jdawtd.
weWP d>1

Here we have N;,’f;)d = ,l” ;}AP where Ap = dot,l’ + Q5. compared with the previous notations.

L. A Do - .
In addition, we have N,:‘f PP = N,;'f B, where W = wwpwp' and Ap are given by the Peterson—
Woodward comparison formula. We can show

(1) Nf,‘f;)d =0 unless d is small enough (for instance d < 2).

(2) Forasmalld, N, ;,AB is equal to a certain classical intersection number N;‘f ;)(,) for which the
classical Pieri rules (or other known formulas) can be applied.

The dimension constraint may also be helpful. That is, we have N, ;)d =0unless £(u)+£(v) =
£(w) 4+ d - degt. Here we have degt = 2n + 1 — k (resp. 2n — k, 2n + 1 — k) for case (i) (resp.
(i), (iii)) if k < n, and degt =n + 1 (resp. 2n) for case (i) (resp. (ii) or (iv)) if k = n.

In fact, the above method can also been used to recover the well-known quantum Pieri rules
for complex Grassmannians. Details will be given in Appendix A.

Note that whenever referring to N, ;)AB (resp. N,/ ;f\” or Ny ;,d), we are discussing the quantum
product o xp oV in QH*(G/B) (resp. o xp o¥ in QH*(G/ P)).

Due to the above assumptions on A, the Dynkin diagram of {«q, ..., a,—1} is of type A,_1 in
the standard way. As a consequence, we have the following fact on certain products in the Weyl
subgroup generated by {s1,...,S,—1}.

Lemma 3.2. (See Lemma 3.3 of [23].) For 1 <i < j<m <nand1<r <m, we have
(SrSra1 - Sm)(SiSit1 - 85)s ifr>j+2
SiSi4+1 " Sm, ifr=j+1
(Sr+18r42Sm)(SiSi1-++8j—1), fi<r<j
(Sr8r41- - Sm)(Si—18i *+85j-1), ifr <i.

(SiSip1 -+ Sj)(SrSrg1 - Sm) =
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3.2. Classical aspects of quantum Pieri rules for Grassmannians of type C

Throughout this subsection, we consider a Grassmannian of type C,. Precisely, we consider
the isotropic Grassmannian G/P = IG(k,2n). Thus the base A is of type C,,. Unless otherwise
stated, we will always use the following definition of u in the rest of this section.

Definition 3.3. Fix 1 < p < k, we define
u = Sk—p+1 s Sk—15k-

To show Theorem 3.13, the main result of this subsection, we need to compute all the
Gromov—Witten invariants N;,‘f;,d for the quantum product o* x oV. Recall that for a given d,
we have N;,‘f;jd = NS = NL’,If;,)‘B, where Ap = da;,” + Q), and = wwpwp, A are both de-
fined in Proposition 2.4. For each j, we simply denote sgn; := SNy -

Lemma 3.4. Write d = mk + r where m,r € Z with 1 <r < k. Then we have ,gp = X' with
. k—1 . -1 .
MNi=m E =1 ‘]a;/—l— g ;:1 ]alz/—r+j +d g ?:kay'

Proof. It is easy to check that {o;, \') = —1if i = k —r, or 0 otherwise. Hence, (y, 1) € {0, —1}
forall y € R;ﬁ. Thus the statement follows from the uniqueness of Ap (see Proposition 2.4). O

Lemma 3.5. With the same notations as in Lemma 3.4, we have {ax, \p) =m + 1 ifk <n, or
2m+1) ifk =n.

Proof. If k = n, we have (ax,Ap) = (an,m(n — Dy + (r — De)_ | + (mn + r)a,)) =
2(m + 1), by noting (ot,,,ajy) =0 for all j <n — 1. If kK < n, we have {(ag, Ap) = (o,
mk — Doy + (r — Dy + (mk + 1)y + (mk +r)ea)f ) =m+1. O

Lemma 3.6. Suppose d > k + 1, then we have N,;‘f’vd =0 foranyw e WP,

Proof. Sinced > k+1,wehaved =mk+r withl1 <r<kandm > 1.

When k = n, we have (ay,Ap) =2(m + 1) > 2 by Lemma 3.5. Thus we have N,Z‘f;)d =
NP =0 by Proposition 2.1 (1).

When k < n, we have (o, Ap) =m + 1 > 2, by Lemma 3.5 again. If “>" holds, then we are
already done by using Proposition 2.1 (1) again. Note v € W¥ and a4 € Ap. By Lemma 2.7,

we have sgn;  (v) = 0. If (o, Ap) =2, then we have sgn;_;(usp) + sgn; 1 (v) =0 < 1<

sgny | (Wsg) + (Ag+1, A — alz/). Thus we have N,iﬁi’f;,AB_a" = 0 by Proposition 2.1 (1). Conse-

W,AB

quently, we still have N,}‘f;)d =N, =0by Corollary 2.2 (1). O
Remark 3.7. The above lemma also follows directly from the dimension count.

Lemma 3.8. Let u’, v, w' € W and ) € Q. For the quantum product o xa? in QOH*(G/B),
the structure constant N ;‘,} U’} vanishes, if both (a) and (b) hold:

@) (ay, M) =2, {ap_1,A)=0; (b) sgn,, (u'sysp—1) =0, sgn,_;(v')=0.
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Proof. Note that sgn, («'sus—1) + g, (v)) = 0+ sgn, () <1< 2= o, ) = {an. 1 — 07}
nSn—1,A— v
a, ). By Proposition 2.1 (1), we have Nws Sn—t, Aoy —a?

u'spSy_1,v
)“_ Vv
(@t k=) = —(an_1,@y) = 1, we have N/~

u'sy, v’
we have N:,)/v),‘ =0by Corollary 2.2 (1). O

= 0. Since sgn,_;(v) =0 and
= 0 by Corollary 2.2 (2). Consequently,

The next proposition shows us that  is the largest power t¢ appearing in the quantum product
o %oV in QH*(G/P).

Proposition 3.9. Suppose d > 2, then we have Ny, ;,d =0 foranyw e WP,

Proof. We can assume 2 < d < k due to Lemma 3.6. It suffices to show N,ff ;,)‘B =0, where we
note Ag = szi;; jozkv_dﬂ. +d Z?:k a‘/V. Consequently, {ax_1,Ag) =0.

Suppose k = n, then (o, Ap) = 2. Clearly, we have sgn,, (us,s,—1) =0 and sgn,_;(v) =0
Thus we are done by Lemma 3.8.

Now we assume k < n. Since sgny_ ;(u) = sgn;,(v) =0 and (ax+1, Ap) = 0, it suffices to
show N,x;ﬁl'v)‘B =0, due to Corollary 2.2 (3). Note sgny (usg+1) = 0 and (o, Ag) = 1. Then

s Vv
WSk+15k A B—0y

it suffices to show N, =0, due to Corollary 2.2 (2). For any 1 <i <m < n, we

USk41,VSk
denote v( m . = SmSm—1-"-Sm—i+1. By induction on i, we reduce the above statement to the
_ *) 1
following one. To show N;;Zﬂf,’}’:ra"v _ N (,()Arz"' L 0, it suffices to show
USk+1,VV;
. *) d
:;ikH:”l’)(k’)ABizj =1 % = 0. Furthermore by induction on m, it suffices to show N v A/ =0,
Sk+1,VV,
in which ' = usg1---Sp_18:, vV = vvflk) ("71), W = WSk Sp 1snvfik) vff’*l) and
Mg =Aip — Z?zlak_ﬁl — = Z’]j A i = Z?zljan_dﬂ. (Here we always use

Corollary 2.2 (2), (3) for the inductions.)
Note that (e, Ap) = 2, (ay—1,Ay) = 0 and sgn, (u’s,s,—1) = 0. In addition, we note that

d>2,sothatv(1)(a1)—a1 | for each k < j <n — 1. Thus we have v'(a,—1) = v(x—1) € R

/ ’

and consequently sgn,_;(v") = 0. Hence, we do have N, U)/” =0, by using Lemma 3.8. O

Remark 3.10. Proposition 3.9 (resp. Proposition 3.20) can also be proved by using Theo-
rem 1.3 (d) (resp. Theorem 2.3 (d) and Theorem 3.3 (d)) of [5].

The next lemma also works with exactly the same arguments, for either of the cases: (1) A is
of type By; (2) A is of type D, 11 and k < n.

Lemma 3.11. Let u' = s;_;11- sj 1s] where 1 < i < j <k, and L be effective with
(xj,A)=0.If L #0, thenwehaveN v —Oforanyv w ew.

Proof. Note that the product (o%/)! := o% % --- % 0%/ of i copies of o/ is the summation of
’ . T / ’ ’ .
o" and other nonnegative terms. Hence, (6%)' xc? = o" x oV + (other nonnegative terms) =

/ /
N;,’ ;Jk,q,\aw + (other nonnegative terms). On the other hand, we have
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Py v S‘yl 1 v DRy ) V'Sy Sy, s i /A,y sy
( J *G _Z Z s JU'sy, ..NSj,vsyl~ Sy QILH- 41 0 ! !
l

- Z Z 1_[ Xjo yh ‘Iu1+ A+ O o Vs sy, ,

Yi 1
by the quantum Chevalley formula. Here for 1 <& <i, y, € R *, wn €10, yhv}, and they satisfy
L'y, - 85p,) =L(sy, -5y, )+ 1 —.(2,0, wn). If N;’f/v’} # 0 for some v', w’, then there exists a
sequence (yi,...,¥;) suchthat A=Y} _, up and [[),_, (Xjs yhv) # 0. Since A # 0, there exists

1< W' < i such that fuy # 0 and 0= (xj. ) = (Xj. Xy i) = (G- i) = (xj2v) > 0.
Contradiction. O

The next well-known fact, characterizing wpwp, works for A of any type.

Lemma 3.12. (See e.g. Lemma 3.5 of [23].) An element w € Wp is equal to wpwpr, if both of
the following hold: (i) £(w) = £(wpwp'); (ii) w(a) € RT forall o € Ap.

In the rest of this subsection, we fix the positive root y := o, + 2 Z;’;}( ;. Note that y =
af +a 4+ +a,) and (2p, yY) =2n — 2k +2.

Theorem 3.13 (Classical aspects of quantum Pieri rules for Grassmannians of type Cp). Let
o, oV be Schubert classes in the quantum cohomology of the isotropic Grassmannian G/P =
IG(k,2n). Recall u = sg_py1---sk—15k, where 1 < p < k. We have
,0 .
oot = ot Uob 4+ 4 wewr Nuglus, ™ 0", if £(vsy) =€) —2n+2k — 1
0, otherwise.

Proof. Due to Proposition 3.9, we have o* x 0¥ =c* Uao” +1) , yr N2 o™, Thus by
the Peterson—-Woodward comparison formula, it suffices to compute the Gromov—Witten in-
AB .
variants N,}”Ul = Nyuy """ with respect to »p = &) + Q. By Lemma 3.4, we have Ap =
Z'Il koz =yV,sothat Apr = Ap\ {a_1}. Consequently, we have £(wpwp:) = |R1J§| — |R+ | =
k—1. Hence we conclude wpwpr = s152---sk—1 by (easily) checking the assumptions in

\2
Lemma 3.12. Therefore, it is sufficient to compute N 5 <7 qua“"“'“sk—l in the product

o' xp o in QH*(G/B). By abuse of notations, we s1mp1y denote “xp” as “x” here. We claim

(1) the contribution Nwsl Sce1y for g, vo 1% =1 from o x 0¥ is the same as the contribution

ws S NIy o o
Nusklskﬁ Ly forq vo WS Sk=1 from o™k x o5k x oV,

vy w’,0 ’
(2) Nmk Sk, U — va v Nusk,vsya for any w € w.

Assuming these clalms if €(vsy) #L(v) +1— (2p,y"), then N;;iyv’y = 0. As a consequence,

1 WS Sk—1, WS-+, 0
Ny =Ny ! 7 20. Nw'mv" P =0 for any w € WP. Hence, o xp o? = o Uo?. If
¥

L(vsy) =L(v)+1—(2p, y vy, then we have Nu v 7 = {xx,v"~) = 1, by the quantum Chevalley
formula. Thus N;,‘fil"'s"‘l’y = N;l;z')vs;" """, In addition, we note £(v) +1 — (2p,yV) =£(v) —
2n + 2k — 1. Hence, we are done.
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It remains to show claims (1) and (2). If ¢(u) = 1, then usy = 1 and we are done. Thus
we assume £(u) > 1 in the rest, and show claim (1) first. Note that u = sg_py1 - - - sg—15k is of
length p. By the quantum Chevalley formula, we have ¢“% x g% = g% + o%*% _ It suffices to
show o %% x oV makes no contribution for g,,vo™*"%-1 Indeed, we have sgn ; (sgus) =0

whenever j > k, by noting sgusi(aj) = sksk p+1 e Sp—2sk—1(aj) € R™. Since (o, yV) =1,

N ™" 7" Z 0 follows if Ns"kj,ilsk ffskl Sy =0, by Corollary 2.2 (2). Repeating this reduc-
"
tion, it suffices to show N;f;ldk f}ékl :xn , = 0, which does follow by using Proposition 2.1 (1) with

respect to sgn,,. Thus claim (1) follows.
’ A\
The contribution Ny, %, . for quaw/ from o x 0% x oV = (0% x V) x 0% is given by

w',y _ w’ A A w,yY
Nussiv = ZWGW’AGQV Ny b Ny st (Wthh contains only finitely many nonzero terms).

Hence, claim (2) becomes a direct consequence of the quantum Chevalley formula and
Lemma3.11. O

U)A]bkl)/ N
- uv

Sk—p+1--Sp, V =Sk -5, and W = ws| - Sk—1Sk+1 - SuSk - - - Sp. AS a consequence, we can

Remark 3.14. Usmg Proposmon 2.1, we can also show N, 0 where u’

apply a generalized classical Pieri rule given by Bergeron and Sottile [1] to express N;‘f/;? more
explicitly.

Example 3.15. For X = IG(2,8), we take u = 5152, v = 5354535152 and w = id. Then vs, =
V52538545352 = 5152, sothat £(v) =2#0=4¢(v) —2-4+2-2— 1. Thus N,}‘f;) = 0. (In terms of
notations in Example 1.3 of [5], we have 6“ = 01,1, 0" = 04,1 and N;ff;,l =(01,1,04.1,06,5)1-)

Denote by P O B the parabolic subgroup corresponding to the subset A \ {«x—1}. That is,

G/P = IG(k — 1,2n). (When k = 1, we mean P= G, ie. WP {id}.) Recall that yV
ijkoz] sothat £(v) +1— (20, yV)=L(v) —2n +2k — 1.

Lemma 3.16. For any v € WP, the following are equivalent:
(@) L(vsy) = L) +1—(2p,y"); (b) vsy (k) € RY; (c)vsy € wr.

Proof. Note that yV = Z?:k Ol;-/ = SkSk+1 - - Sn—1(at,) ). We conclude that s, = sgSk41 - Sn
Sk+18% and £(sy)) = 2p, yY) —1=2n—2k + 1.

Suppose assumption (a) holds first. Note that (o, y ") > 0. By Lemma 2.6, we have
£(vsy sk) = £(vsy) + 1. Hence, vs), (o) € R™. That is, assumption (b) holds.

Assume (b) holds now. Note that («;, V) =0 for any «; € A \ {ax—1, o}, so that vsy (o) =
v(a;) € RT. Hence, (c) follows.

Assume (c) holds, equivalently, vs), («;) € R forall@; € A\ {ax_1}. Then we have v # 1, be-
cause otherwise vsy, (ax) = ag — (o, vY)y ¢ RT. As a consequence, we have v(ax) € —R™ (as
v e WP). Rewrite (o, ..., 0, ..., ) as B1, ..., Ban—2k+1). To show (a), it suffices to show
L(vsysp, --~sﬁj_ls,3j) = £(vsy sg, --~sﬁ_/_1) + 1 (or equivalently to show vs, sg, CSB (Bj) €
RT)forall 1 < Jj <2n — 2k + 1. Since oy = By, this holds when j = 1. When 2 < j < 2n — 2k,
we note that sg, ---sp;, ,(B;) = i + B for a positive root B in the root subsystem with re-
spect to the subbase {og41, ..., o). Thus vs,sg, - “SB; (Bj) = vsy (ag) +vsy (B) = vsy (ax) +
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v(B) € RT. When j =2n — 2k 4 1, we have vs, sg, ---5p,_, (Bj) = VSySySpy,_yps (Brn—2k+1) =
—v(Ban—2k+1) = —v(ag) € RT. Thus we are done. O

Thanks to the above lemma, the assumption “£(vsy, ) = £(v) — 2n + 2k — 17 in Theorem 3.13

. . . C e 1. wsy--Sg—1,0 .
is equivalent to the assumption “vs, € W¥”. This indicates us that N,i’f;,l = Nugos, | is a

classical intersection number involved in the cup product o%-r+1"5%k=1 U g¥Sy in H*(IG(k — 1,
2n)). As a consequence, the classical Pieri rule in [27] can still be applied. In particular, we can
reformulate Theorem 3.13 in a more traditional way, which will be described in Theorem 4.4.

3.3. Classical aspects of quantum Pieri rules for Grassmannians of type B, D

Throughout this subsection, we consider a Grassmannian of type B, or D,. Precisely, we
consider the isotropic Grassmannian G/ P = OG(k, 2n + 1) (resp. OG(k, 2n + 2)) for A of type
By, (resp. D, +1). Note that the even orthogonal Grassmannian OG° (n + 1, 2n + 2) is isomorphic
to the odd orthogonal Grassmannian OG(n, 2n + 1). It suffices to deal with either of them only.
Hence, when A is of D, 41-type, we can always assume k < n — 1. In other words, whenever
referring to “k = n”, we are dealing with A of B,-type, unless otherwise stated. As before, we
need to compute the Gromov-Witten invariants N, ;,d = fff’vk” = N;,'? B (where Ap = do) +
Q}) for the quantum product o x ¥ in QH*(G/ P).

Let [x] denote the integer satisfying 0 < x — [x] < 1. In order to state the results uniformly,
we denote

Y, v v _
ay =a, (resp.ay +a,,,) and sa

n n = Sn (resp. SpSn+1)

when A is of type B, (resp. D,y1). Furthermore, we denote D = d (resp. 2d) if k < n (resp.
k=n).
With the same arguments as for Lemma 3.4, we have

Lemma 3.17. Write D = mk + r where m,r € Z with 1 <r < k. Then we have

k-1 r—l dison—1 v rdisv
ap=mYjal + 3 jay ., +day + | 2L 2k 51 ?Zq
j=1 j=1 ’ JK=n.

Consequently, we have (o, Ap)=m+1+ D — 2[%];f0rk +1<n, (tg+1,AB) = —d+2[%];
for1 <i<k—1,({aj,Ap)=—1ifi =k —r, or 0 otherwise.

Recall u = sg—py1---sp—15¢ where 1 < p <k.
Lemma 3.18. If D > k + 1, then we have N,ff;jd =0 foranyw e WF.

Proof. Use the same notations as in Lemma 3.17. If D > 2k, then we have (ay, Ag) >m+1>2
and consequently N;‘f;,d = 0 by Proposition 2.1. Now we assume k + 1 < D < 2k, so that m = 1.

Suppose k < n, that is, D = d. Note that (wx,Ap) =1+ 14+ d — 2[%] =3 (resp. 2)
if d is odd (resp. even). Thus when d is odd, we are already done. When d is even, we
note that sgn; , | (usr) + sgng(v) =0 < 1 < sgnyy( (Wsg) + (@ky1,Ap — Ol]l/). Thus we have

Dsg.hp—ay . . 7 .
N:)S,S{]iv B7% = 0 by using Proposition 2.1 (1). As a consequence, we have N,;‘f;)’\g =0, by using

Corollary 2.2 (1). That is, N,ffbd =0.
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Suppose k = n, that is, D = 2d. Note that (o, Ap) =2, (an—1,Ap) = 0 and consequently
(an—1,Ap — ;) =2. Since sgn,, _; (usy) +sgn,_;(v) <14+0<2=(a,—1,Ap —«a,), we have

= 0 by Proposition 2.1 (1). Thus we have Nw =0 by Corollary 2.2 (1). O

Wsp,AB—0,)

Nusn,v

Lemma 3.19. Let u’, v/, w' € W and A € QY. For the quantum product c* =" in QH*(G/B),
the structure constant N ;f v)f vanishes, if both (a) and (b) hold:

@) (ap—1,A) = (ap—2,1) =0; (o, A) = 1, whenever j > n.
(b) sgn;(u) =sgn;(v')=0forie{n—2,n—1}; sgnj(u/sn_l) =0,if j >n.

Proof. Since sgn,_,(v') =0, we have v'sz, (@y—2) = v'(ap—2) € RY. Thus sgn,_,(v'sz,) = 0.

Consequently, we have sgn, _,(u')+sgn, ,(v'sz,) =0 < 1= (0,2, —a,_|) = (@2, A—at,) —
/'nf San Sn— vxf_,lvf V, . —
a,_,). By Proposition 2.1 (1), we have N:) i,s_u AT -1 _ ) Since (p—1, 2 —@&)) =

—(otg_1,@)) =2, we have N“’ Sn=13an 2 =8 _ 3 by Corollary 2.2 (1). Note that sgn JW'sim1)=0
and (oj, A — @, +a y=1+4+ (a], —a,) +01V) =1, whenever j > n. Using Corollary 2.2 (2), we

deduce Nw Y" 1% — 0. Then we have Nw ’} =0 by Corollary 2.2 (3). O

lvsn

Proposition 3.20. If D > 3, then we have N, ;Jd =0 foranyw e WF.

Proof. We can assume 3 < D < k, due to Lemma 3.18.

Suppose k =n. Then D =2d and Ap = Zid 11 ja, 2tj T da, . Tt is easy to check that all
the assumptions in Lemma 3.19 hold for u, v, Ap. Thus we are done.

Suppose k < n now. Then D =d. Recall that u = sg_p11 -~ -5, with £(u) =

Assume d is odd. Then Ap = Z? %]otk a+j T dotk +d-1 Z] k1 @ %d,\{.
Consequently, we have (ax,Ap) =2 and {(aj,Ap) =0 for each k —d + 1 < ] k— 1.
Denote d := min{p,d}, u' = usgsi_i e SE gl and A := Ap — jl lock it We claim

Nfifsk’l “Skdr1oh
ing A # 0. Note that p < k. If p > d, then d=d,u =s;_ p+18k—p+2 -+ - Sk—q and we note that
(Xk—d,A) = 0. Thus the claim still follows by Lemma 3.11.) Note that sgnk_g_H(v) =0 and

(g _gpp A+ a) ) = 1. Applying Corollary 2.2 (2) to (v, u'sy_ g 1 WSkSk—1 - Sx_gin+ A +

= 0. (Indeed, if p < d, then u’ = 1 and therefore the claim follows, by not-

k—d+1
WSkSk—1"Sk_dp2 )»Jrzj l"‘k dvi

akv_jH,ak_g_i_l), we obtain N, e ga1? = 0 for & = 1. By induction, we
WSKSk—1-5)_ 7 A+Z o) _
conclude N, Sk (HH:) 1=t i =0 for each 1 < h < d — 1. In particular, we have
k—d+1""Sk—d+h>
N,Zikg;})hg_ak =0when h =d — 1. Since (o, Ag) =2, we have N,i”v)”’? =0 by Corollary 2.2 (1).

Assume d is even. Then Ag = Z;’;} jozkv_dﬂ +d Z _ka +3 4V . Consequently, we have
(o, Ag) =1 and (aj,Ag) =0 for any j ¢ {k,k — d}. Using exactly the same arguments as
in the third paragraph of the proof of Proposition 3.9, we conclude that it suffices to show

w', A _
N, /* =0, in order to show Ny'yB =0.Here u' = usgy1 - Sn—15a,, vV = vvék)~-~v(" D ow =
~ (k) (n—1) @) .
WSk41 - Sn—15a,Vy -V and)h’Bzzj 1]0ln d+]+2an,wherev = SiSio ] Sieda]

for any k <i < n — 1. Hence, we are done, by using Lemma 3.19 with respect to u ,v’, Mg
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(Indeed, we have vf;)(oz,-) = o;j—1 and vfll)(ai_l) = aj_p for each k <i < n — 1, by not-
ing d > 3. Thus we have v'(a,_1) = v(ax_1) € R", v'(0n_2) = v(ag_2) € R and conse-
quently sgn,_;(v") = sgn,_,(v") = 0. It is easy to check that all the remaining assumptions
in Lemma 3.19 hold for u’,v',1%.) O

Theorem 3.21 (Classical aspects of quantum Pieri rules for Grassmannians of type By, Dy 41).
Let o%,0" be Schubert classes in the quantum cohomology of the isotropic Grassmannian
G/P = OG(k, N), where N =2n + 1 (resp. 2n + 2) for A of type B, (resp. Dyy1). Recall
U =Sk—p+1--Sk—1Sk, where 1 < p < k. (Note that c,(S5*) = o*, possibly up to a scale factor of
2, where S denotes the tautological subbundle over OG(k, N).) Then in the quantum product

olxo?'=c"Uc" + Z N,;”;,dtdow,
weWP d>1

all the Gromov-Witten invariants N, ; coincide with certain classical intersection numbers.
More precisely, we have

(1) Ifd =1, then we have
A ,0
N:jv _N;;l,vl

with the elements uy, vy, w; € W given by

(USk, USKSk+41 " Sn—18a,Sn—1 " Sk41, WS1 - -~ Sk—1), Iifk <n

(U, VSpSp—1, WS-+~ Sy_1851 -+ Sp—2857—15n), ifk=n,

(ul,v1,w1)={

provided that £(u) + £(v) = £(w) + degt, and zero otherwise.

(2) If d =2, then we have
e

With v = VUSg * * * Sp—15&,5n—1 -+ S1 and Wy = WS| -+ - Sp—15a,Sn—1* - * Sk, provided that k <n

and L(u) + £(v) = £(w) + 2degt, and zero otherwise.
) Ifd >3, then we have N,;‘f;)d =0.
Proof. Recall that we have N,f ;,d = ;jfp @pr-h , Where wpwpr, Ap are elements associated to
Ap = dozkv + QYJ, defined by the Peterson—Woodward comparison formula. Furthermore, we
have N, ;,d =0 unless £(u) + £(v) = €(w) + d - degt, because of the dimension constraint. By
Proposition 3.20, we have N;,‘f’vd =0, for either of the cases: (1) d >3 and k <n; (2)d > 2 and
k = n. For the remaining cases, we assume d = 1 first.

When k < n,wehave Agp = ozkv (by Lemma 3.17) and consequently A pr = Ap \ {aotk—1, Ok+1}-
Denote v’ := Sg4+1 - Sp—15a,Sn—1 - - - Sk+1. By direct calculations, we conclude that {(wpwpr) =
IR — [Rp| = £(s1---sxk—1v') and s1---s¢_1v'() € R for all @ € Apr. Thus we have
wpwpr = §1--+Sk—1v" by Lemma 3.12. Furthermore by Proposition 2.1 (2), we have N;ff;,l =

w(u;:wp/,otkv wwpwpr,0

Ny = Nusp s Note that v/ = (v/)~! and sgn;(usg) = 0 for all j > k. It follows
directly from Corollary 2.3 that Nﬂﬁ’;?f”o = N;;il’;;"v’,l’o if £(vsgv’) = L(vsg) — £(v"), or 0 oth-

erwise. In the latter case, we have Nﬂi';;"v‘,"o = 0 from the dimension constraint (by noting
Lusg) + L(vsy) = L(w) +degt — 2 = L(wwpwpr) = L(wsy -+ - sx—1) + £(v)). Thus (1) follows

in this case.
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When k = n (in this case A is of B,-type by our assumption), we have Ap =, | + a,/,

so that Apr = Ap \ {o,—2}. Using Lemma 3.2, we obtain wpwp: = s3+--Sp—151 - Sp—2.

1 Wwpwpr,Ap W1SpSn—1,A
Consequently, we have Ny = Ny, 7 "% = N,y """ ""? =: ay. Furthermore, we note that

Lwpwp) + (2p, Ap) =2n =degt = £(u) + £(v) — €(w) < n + £(v). Thus £(v) 2 2 and con-

K wi,A
sequently sgn, (v) = sgn,_;(vs,) = 1. Denote ay := Nat ™8, a3 := Ny’ lesn” and a4 :=

wi,Ap—ay —ay . ..
Nuvs,s,_, . We can show the following identities.

i) a1 = az. Indeed, if a; = 0, then we have a; = 0, by noting sgn,_; () = sgn,_;(v) =
(ap—1,Ap) = 0 and using Corollary 2.2 (3). If ap # 0, then we have sgn,_|(wis,) =
sgn, _q (us,—1) +sgn,_;(v) — (ay—1,Ap) =sgn,_(us,—1) = 1. Thus sgn,,_; (w1sy$n—1) =
0. Note (an_l,a;/f] + Ap) = 2,sgn,_(us,—1) = 1 and sgn,_;(vs,—1) = 1. Applying
“(u, v, w, A,)” in Egs. (2.1) and (2.2) of Proposition 2.1 (2) to (uSp—1, USy—1, W1SnSp—1,

W1SnSn—1.0y_+AB

WiSpSn—1,AB wlYnYn 1,AB

v _ _
a, | + Ap,ap—1), we have Ny, | s, = N,”n S 1 0Sn 151 = Nu and
\2
W1SnSn—1,Q,_1+AB W1SnSn—15n—1,(@)_ +1p)—a, WS A WSnSu_1,AB
Nusn 1,USp—1 = Nus,, 1 USn—1Sn—1 = Nus,, L - Hence, N, =

N,%‘S"’AB That is, a; = as.

ii) ap = as. Indeed, if az = 0, then we have a, = 0 by Corollary 2.2 (2). If a3 # 0, then we
have £(w1) 4+ 2 = L(us,—1) + L(vsy) = L(u) + £L(v) = L(w) + 2n = L(wwpwp') + 4 =
£(w1Spsp—1) +4. Hence, £(w1s,5,—1) = £(w) —2 and consequently we have sgn, (w1) = 1.
Note that sgn,, (#s,—1) = sgn, (vs,) = 0 and (o, “,\1/—1) = —1. Then we have a, = a3 by
Proposition 2.1 (2).

iii) a3 = ay4. If sgn,_;(w1) = 0, then we are done by Proposition 2.1 (2). If sgn,_;(w;) =1,
then we have a3 = 0 and a4 = 0 by Proposition 2.1 (1), so that we are also done.

Hence, we have a; = a4. That is, N,;‘fbl = N,;Ul],’,g.

It remains to deal with the case when d = 2 and k < n. In this case, we have Agp = akv_l +
22 _ka + @,/, which satisfies (o, A1) =0 for all @ € Ap \ {ax—2}. By Lemma 3.12 again,
we conclude wpwpr = 82+ --Sk—151 - - - Sk—2 (by which we mean the unit 1 if £k — 2 < 0). Note
(o1, 0 +Ap) =2, sgny  (wwpwpr) =0, sgny i (usk41) = 1 and sgnyy (vsg41) = 1. Ap-

plying “(u, v, w, A, &)” in Egs. (2.1) and (2.2) of Proposition 2.1 (2) to (USk+1, VSk+1, Wopwpr,
wwpwpr, D(k+]+)ng wwpwp/,a2/+l+)»37a1(v+l

v _ wwpwp/ AB
ak+1 + AB, ak-‘rl)’ we have USK+41,VSk+1 Nusk+1xk+1,vsk+1sk+1 = N and
Y Y
wWwpwpr,0 | +AB _ wawP/Sk+]quk+|+)tB_ak+1 _ ATWOPWPISkt1,AB wa)pwp/ AB
Nusi i1 vsi41 N = NVusp 1,08k 415k+1 = Nusi 1,0 - Hence, we have N,
WWPpWp!Sk+1,AB . . .
= Nuses1,0 *1*F Then by using induction and the same arguments above, we conclude
w2 _ A WOpwpr AR WOPWpISk41+Sn—15a -+ B
NM,U - NL[,'U NuSk+] Sn_]S&n,U N
Denote (81, ..., Bon—2k) := (X, -, Ap—1, 0k—1, ..., 0y—2) and set
n".__ _ "n.__
U = USk4+1"Sn—15a,, UV I1=USB| 8By _ok>»
2n—2k
n.__ _ "o \2
W = WOPWP/Sk41 - Sn—15a,58; " * SBop_ok > Agi=Ap — E B

i=1
Since v”(ap—1) = v(ax—1) € R, we have sgn,_(v”) = 0. Note that Ay =« | +a,’. Apply-
ing “(u, v, w, A, a)” in Egs. (2.1) and (2.2) ofProposition 2.1@2)to (u'sp—1,V"sp1,w", )|+

Mg, any1), we concludeN " )}, —Nuf, Sn=1: /,B Applying “(u, v, w, A, a)” in Egs. (2.3) and (2.1)
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of Proposition 2.1 (2) to (v", u"s,—15g,, W"Sn—15a,, A, @) (Where we use these inductions for

s, I’AB

twice, i.e., for o, and o, respectively, in the case of type Dy+1), we conclude N, =

\%

7" _ "
w'sp—15a, Ap—a, w’s,_ 15y, » )‘B (xn

. Applying Eq. (2.1) of Proposition 2.1 (2), we conclude N, =

—1,V"sg,

N

” .
U Sp—1,V"Sq,

N " . .
u” " sg, Sn—1
grading equality “sgn, (u) + sgn, (v) = sgn, (w) + (&, A)” holds for all the following four struc-
ture constants. If it does not hold for any one of the structure constants, it is easy to show all of
them are equal to 0, so that we always have the following equalities as expected.) That is, we

have

wisn15a:0 (1 order to apply equations in Proposition 2.1 (2) above, we have assumed the

w”,Ap w”s,_1, A

" —N//

~V 7"
w”s,_ |Yan AB—an w”s,_15a,,0

N

u” v

=N

- " MNea- .
_1,Vsg u” v s, Sn—1

=N,

Hence, (2) follows dlrectly from Lemma 3.22 and the next claim:

WWP® prSk+1°+Sp—15a sAB w” M
NMXkJr] Sp—18Gy VU = NMN,U// . (@)
A " h
. w k "sg S Myt B aki
(Indeed if N, .,” =0, then we can show N y a2k he n2kitl — 0 for

" V"SBy ok SBon kg1
1<h<2n— 2k by using Corollary 2.2 (2) and induction on h. In particular for h =

2n — 2k, we have N " '32" S —0 hence (®). Since £(u) + £(v) = E(w) + 2degt,

u U Sﬁn " 'Sﬂl

we have £(u”) + (v) = L(wwpwprSk+1- - Sn—15a,) + (20, Ap). Thus if N 3 )f,B # 0, then
we have £(u”) + £(v") = £(w”) + (2p, ;) and consequently £(u") + £(v” s,g%zk -88,) =
((w”sﬁZn oS + (2p, YK BYy for all 1 < h < 2n — 2k. Hence, we have (B, hp —
Zl_l By =1, sgng, (WO pwp:Sk+1 ---sn_ls&nsm +-sg,_,) =0, sgng, (u") =0 and sgng, (vsg,

--8g,_,) = 1. By using Proposition 2.1 (2) and induction on &, we still conclude that (®)
holds.) O

Lemma 3.22. Using the same assumptions and notations as in Theorem 3.21 (and in the proof
of it), we have

Nw”sn,ls&n,o _ w20

u” v 5q, Sn—1 u,vy *°

Furthermore ifN,%’zO # 0, then we have vy € WP and €(v2) = £(v) — L(v1vy).

Proof. By Lemma 3.2, we have v”sg, Sp—15n—2 -+ 51 = V2 - (SkSk+1---Sn—1) and w”s,_1s5, =
WS -+ Sk_18ka1 " Sn_18k - sn_2sansn_1sa”s1 -$p—2. Denote w3 := w”s,_15q,5n—2 51 =
wsq "‘5k715k+1 © o Sp—18k * - Sn—28a,Sn—15a,, -

Assume N:} f}";s‘Z"’ # 0 first, then £(u”) + €(v"sg,51—1) = €(w"sp_15a,). Observe that
e(u”)=z(u)+z(u—1 "y and £(w ™ w" s, _15,) + €0 55, 5,—1) = 2degt +£(u" u"). Com-
bining the assumption £(u) + £(v) = £(w) + 2deg?, we conclude that both £(w”s,_1s5,) =
w) + L(w™ w"s,—155,) and €(v"sg, sp—1) = £(v) — £(v"'v"s5,5,—1) hold. Furthermore by
Corollary 2.3, we have

7 ”
N "Sn—18ay 0 NY Sn—1S5ay, Sn—2---51,0 w3,0
"o = s ey — ” (*)
U, v Sqy, Sn—1 UV Sqy Sn—15p—2""51 U’ U8k Sk+1"""Sn—1

and

(v s, Sn—15n—2 -+ 51) =L (v" 58, 5n—1) — €(Su—2 -+ 51). ()
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Note £(v) — €™ vaskSkr1 -+ Sn—1) < LU2SKSk41 "+ Sn—1) = LV S5, Sn—15p—2 -+ 51) = £L(v) —
" s5,501-1) — £(sp—2 -~ 51) = £(v) — L(v " vaskSk+1 -+ -Su—1). Hence, the equality holds
and consequently £(vasgSk+1 -+ Sn—1) = £(v2) — £(SkSk+1 - - - Sp—1). Then by Corollary 2.3 again,
we have

w3,0 _ Nw35n—1'--Sk+|Sk,0 (%)
w” voskSp1 oS-t U0 :

Note that $g,S,—15a,51—1 = Sn—15a,Sn—15a,- We have w3s,_1 -+ Sk415k = W2Sk+1 " Sn—15a,
with £(w2sk+y1 -+ - Sn—15a,) = £(w2) + £(Sk+1 - - Sn—15g,). Since v € W?, we have v (ej) € RT
for all j > k. Thus by Corollary 2.3, we have

Nw3s,,,1~-sk+1sk,0 _ Nw25k+l“'5n71~“&ns0 — Nw2.0

u’ vy USk+41°*"Sn—1Say » V2 u,vy * (k)

. w2,0 w”s,_15a,,0
In particular, we have Nuj2 =N, v’f,s, ";”71 #0.
s apdn

Now we assume N,%’zo # 0, which implies £(u) 4 £(v2) = £(wy). Note that (w ™ w;y)™! =

vl and £(v1wy) = degt. Since £(u) + £(v) = £(w) + 2deg?, we have £(w2) = £(w) +
2w~ wy) and £(v2) = £(v) — £(v'vy). Thus we have £(vys1) = £(v2) + 1 and consequently
va(a1) € RT. Note v € WP Tt is easy to check that vo(«) € Rt for all @ € Ap \ {er1}. Hence,
vy € WP and consequently wy € WP . Thus (%) follows directly from Corollary 2.3. Then ()

also follows from Corollary 2.3, by noting £(w3s,—1 - - * Sg+15k) = £(w3) +£€(sp—1 - - - Sk+15%) and
N W3sn-1 “+Sk+15k,0
u”,UQ

# 0. Furthermore, we conclude that (x) holds, by noting () and using Corol-
lary 2.3. In particular, we have N, "0 — N30 £0.,

M//,U//S&" Sn—1

"
. ) Su_158, 0
If none of the above two assumptions holds, we still have N:f, i’},;s‘;” = Ny %,’20, both of
s apn Sn—

which vanish. 0O

Remark 3.23. Recall that the odd orthogonal Grassmannian OG(n, 2n + 1) is isomorphic to the
even orthogonal Grassmannian OG°(n + 1, 2n + 2). It suffices to deal with either of them. The
former case has been covered in the above theorem. The later case has been dealt with earlier by
Kresch and Tamvakis in [20].

As indicated by Lemma 3.22, we can use the classical Pieri rules given by Pragacz and Rata-
jski to interpret the classical intersection numbers N, %’20 explicitly. For N,f;{;g , when k =n we
can make use of the generalized classical Pieri rules given by Bergeron and Sottile (see Theo-
rem D of [1]); when k < n, we can use the classical Chevalley formula for k € {1, 2}. However,
a classical Pieri formula analogous with the one given by Bergeron and Sottile [ 1] is still lacking
in general. It will be desirable to derive such a formula.

Remark 3.24. In our proof of Theorem 3.21, we make use of Proposition 2.1 to reduce N, ;)1 to
a classical intersection number for the two step flag variety OF (k — 1,k + 1; N) first. For this
step, there is another approach using the well-known fact that the parameter space of lines on the
Grassmannian OG(k, N) is OF (k — 1, k + 1; N), as pointed out explicitly by Buch, Kresch and
Tamvakis in [5].
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4. Quantum Pieri rules for Grassmannians of classical types: reformulations in
traditional ways

Historically, the Schubert classes for complex Grassmannians are labeled by partitions, and
the (quantum) Pieri rule therein expresses the (quantum) product of a special partition and a
general partition. There are similar notions for isotropic Grassmannians. In this section, we derive
our quantum Pieri rules for Grassmannians of type C, and B, by reformulating Theorem 3.13
and Theorem 3.21 in a traditional way (i.e. in terms of “partitions”). In addition, we use the same
notations as in Section 3.1 and always assume k < n. The remaining cases will be discussed in
Section 4.3.

4.1. Quantum Pieri rules for Grassmannians of type C,

We first review some parameterizations of the minimal length representatives W for the
isotropic Grassmannian G/P = IG(k, 2n), following [27] (see also [30] and [5]). Each ele-
ment x in the permutation group S, is represented by its image (x(1),...,x(n)), or simply
(x1,...,X,). The Weyl group W of type C, is isomorphic to the hyperoctahedral group S, x Z}
of barred permutations, which is an extension of the permutation group S, = (S1,...,8,-1)
by an element §, acting on the right by (xi,...,x,;)$, = (x1,...,X,—1, X,). Here §; denote
the transposition (i,i 4+ 1) for each 1 <i < n — 1. Each element w in W’ can be identified
with a sequence of the form (y1, ..., Yk—ms Zms -5 215 V15 .-, Un—k), Where y; < -+ < Yk_m,
Zm >--->zrand vy <--- < v,_,as follows. Lete; ;= —e; € {—1,1}e1®--- D {—1, 1}e, =Z’2'
for each 1 <i < n. Write w = u1S,u28, - -u;syuj+1 where u;’s are all in §,,. Denote g; :=
Uig1Uiy2 - ~-uj+1)_l(n) for each 1 <i < j. Then w € W is identified with the barred permu-
tation (uiuz---Ujy1,€q€a, " €a j) €S, X Zg. The inequalities among entries in the identified
sequence automatically hold as a consequence of the property w € W . The element w in WP
can also be identified with an element & = (u///u?) in the set Py of shapes. That is, ! and
ub are strict partitions inside (n — k) by n rectangle and k by n rectangle respectively, and they
satisfy the inequality 11/ , > €(ub) + 1. Here ' = (!, ..., u! ;) and m := €(u”) denotes
the length of the partition ,LLb . Precisely, we have ,ulj’. =n+1-z; foreach 1 < j <m, and
u£=n+1—vr+jj{i | zi < v, i =1,...,m} for each 1 <r <n — k. For such a shape u
in Py, we have |u| == || + |u?| — ("_IZ‘H). There is a particular reduced expression of the
corresponding w = wy, € WP with £(wy) = ||, given by

w“:(sn—ufn—&-l 'sn—u,b,,+2' cee e Spq .sn).
. (Snflj.[]7+1 . Snfuil’+2 B P I sn) . (Sn*ll;_k‘F] e Sy Sl’l—l)
. (Sﬂ—lti,_k_]'l‘] B P I sn_2) P (Sn—u'|+1 Ceee e Sk - Sk)- (*)

In particular, for the special class ¢,(S*) = 0%, u = sx—p41 - - - Sk = u,, corresponds to the special
shape u = ((n —k+ p,n—k —1,...,1)//9). Usually, such a special u is simply denoted as
p € Pr. We note that the quantum Pieri rules with respect to the Chern classes ¢;(Q) (where
1 <i < 2n — k) have been given by Buch, Kresch and Tamvakis [5].

Remark 4.1. In terms of notations i_n [30], ¢;(Q) = o (up to a scale factor of 2) with u’ corre-
sponding to the special shape (1™"¢"=K)| max (i — n + k, 0)). In general, the notation of shapes
(alb) in [30] is slightly different from the notation (/LI//Mh) in [27]. For the same w € WP,
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wehaveb:ub anda= (ay,...,a,—r) wWith a, =M§+r—n+k— lforeachl <r<n—k.In
addition, w can also be identified with the (n — k)-strict partition a’ + b introduced in [5], where
a’ is the transpose of a.

Let P denote the standard parabolic subgroup that corresponds to the subset A \ {ox—1}.

The minimal length representatives W are identified with shapes in P;_;. (Note G/P =
IG(k — 1,2n) in this subsection.) To reformulate Theorem 3.13 and Theorem 3.21 in terms of
shapes, we need the following lemma, which tells us about the explicit identifications.

Lemma 4.2.

(1) Sg—p+1---Sk—1 corresponds to the special shape p — 1 € Pr_1.

(2) Let ve WP correspond to a = (a'//a’) € Py. Denote m := £(ab), y :=a, + 22;’
V| 1= VS, Sk and V3 :=USk -+ Syu—1SpSp—1 " S1.
(a) £(vsy) =4€(v) — 2n + 2k — 1 if and only if all’ > ai. Furthermore when this holds,

vsy € WP corresponds to the shape

l .
aj,

ﬁ:((af,ai —l,aé—l,...,afl_k—1)//(a§,aé’,...,a,bn))6731(,1.

(b) £(vy) = £(v) — 2n + 2k if and only ifa'lb > aé. Furthermore if this holds and £(vs,) =
L(v1) + 1, then al > all’ and vy € WP corresponds to

a= ((ai,a{’,ag —1,...,a_, — 1)//(a§,aé’, ...,aﬁ,)) € Pr_1.
() Ifva € WF and €(v2) = £(v) — (v~ v2), then all’ =n and vy corresponds to the shape
a= ((a{ —l,d5—1,....d,_; — l)//(aé’,a?,...,ai)) € Px.

3) Letwe WP ~corresponaf toc= (c’//ch) € Px. Denote wy := wsy -+ - Sk—1.
(@) wy € WP if and only if ¢\ < n. Furthermore when this holds, w corresponds to the
shape

¢=((n.c}.ch, ...,cﬁl_k)//cb) e Pr_1.

(b) If wisy € wr if and only lfc’1 =n, cé < n — 2. Furthermore when this holds, wisy
corresponds to

c= ((n,n — l,cé,...,c;_k)//cb) € Pr_1.

(4) Let w' € WP correspond to d = (d'//d’) € Py. Denote m' := €(d?) and wy := w's; - --
Sn—18nSn—1+--Sk. If wa € WP and £(wp) = (w') + £(s1 - Sp—1SpSu—1 - - - Sk), then d{’ <n
and wy corresponds to the shape

d=((d +1,dy+1,....d _,+1)//(n,db,d,...,d°,)) € Px.

Proof. Clearly, statement (1) follows.

Note that for every case in Lemma 3.2, the expression on the right-hand side of the equality is
reduced. Furthermore, we note that £(s,) = 2n — 2k + 1 and vs, = vSkSk41 - Sn—1SpSn—1- "
Sk+15k = v1S¢. Hence, £(vs,) = £(v) — £(s)) holds if and only if both £(vsgSky1---5p) =
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L(v) — €(skSk+1---5n) and £(vsy) = L(USkSk+1 -+ Sn) — £(Sp—1--- Sk+15k) hold. Using (x) and
Lemma 3.2, we have

vSy = (USkSk+1-*Sn) - (Sn—1 -+ - Sk+15k)
= ((Sn—a,lf,-i-l e Sp—18p) (Sn—a§+l T sn—lsn)(sn_af_,_l tSp—28n—1)
“(Sn—al_ 4177 Sn=35n-2) "+ (Sy_qt 41 -  Sk—28k—1)) * (Sn—1** Sk+15%)
= (Sn—ai’n—ﬁ—l e Sp—18p) (sn—ag—&-l < Sp—15n) - (Sn_a:z—k+2 et Sp—28p—1)
“Cn—at 427 Sn=38n-2) " Su_gt 42 Sk=18K) (8, gb g o Sk=28k-1),

the right-hand side of the last equality in which gives a reduced expression of vs,, . In other words,
wehaven—a']’—f— I<min{n—a!_,+1,....,n—ay+1,n—al+1,n}=n—a] + 1. Thatis,
a%’ > a}. Since a € Py, we have a = ((a{’,aﬁ —-ld—1,....a , — 1)//(a§,aé’,...,aﬁ,)) €
Pr—1, corresponding to vs,, . Thus statement (2a) holds.

The remaining parts are also consequences of the formula (x) and Lemma 3.2. The arguments

for them are also similar. O

For any shapes u, v € Pk, we denote by ex(u, v) the cardinality of the set of components
that are not extremal, not related and have no (v — u)-boxes over them. The relevant notions,
together with the notion of “v compatible with 1”, can be found on page 152 and page 153
of [27]. We always skip the subscription part of e (u, v), whenever e(u, v) is well understood.
In addition, we denote the Schubert cohomology class o** as o#. The following classical Pieri
rule was given by Pragacz and Ratajski.

Proposition 4.3. (See Theorem 2.2 of [27].) For every a € Py and p < k, we have
oP xo? = 226(“’1’)01’,

where the sum is over all shapes b € Py compatible with a such that |b| = |a| 4 p.

Combining the above proposition and (statements (1), (2a), (3a) of) Lemma 4.2, we can re-
formulate Theorem 3.13 directly as follows.

Theorem 4.4 (Quantum Pieri rule for IG(k,2n)). Let a € Py and p < k. Using the same nota-
tions as in Lemma 4.2, we have

0P xo? = Z 2e(a,b)ab 4t Z 2e(5,6)0c’

where the first summation is over all shapes b € Py with |b| = |a| + p such that b is compatible
with a, and the second summation is over all shapes ¢ € Py with |c| =|a|+ p —2n+k — 1 such
that ¢ € Py is compatible with a € Py_1. (Here we denote the second sum as 0 if a ¢ Py_1.)

4.2. Quantum Pieri rules for Grassmannians of type B,
The Weyl group W of type B, is also isomorphic to the hyperoctahedral group S, x Z5

of barred permutations. The minimal length representatives W * for the isotropic Grassmannian
G/P = OG(k,2n+ 1) can also be identified with shapes in P} as well as other parameterizations
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described for IG(k,2n) in the same way as in Section 4.1. Therefore we can use all the same
notations as in Section 4.1 but replace IG(k, 2n) by OG(k, 2n + 1).

In this subsection, we obtain our quantum Pieri rule for OG(k, 2n + 1) (which may involve
signs in some cases), by reformulating part of Theorem 3.21. For any shapes u, v € P, we
denote by €'(u, v) the cardinality of the set of components that are not related and have no
(v — w)-boxes over them. The following classical Pieri rule for OG(k, 2n + 1) was also given by
Pragacz and Ratajski.

Proposition 4.5. (See Theorem 10.1 of [27].) For every a € Py, and p < k, we have

!
o xo?= ZZe @b)b

where the sum is over all shapes b € Py compatible with a such that |b| = |a|] + p.

Remark 4.6. The rational cohomology of the complete flag varieties of type B, and C,, are iso-
morphic to each other. As a consequence, there is a relationship between the classical intersection
numbers for these two flag varieties, which was explicitly described in Section 3 of [1] (see also
Section 2.2 of [5]). This provides one way to obtain the information on classical intersection
numbers for OG(k, 2n + 1) from that for IG(k, 2n).

R~ecall that the minimal length representatives WP are identified with shapes in Px_;. (Note
G/P =0G(k — 1,2n + 1) in this subsection.)

Definition 4.7. Let {e{,...,e,} denote the canonical basis of Z" and ﬁ € Z" denote the
canomcal vector associated to a given u = (u'/ /uP) € Pr_y; that is, fi = Z" kt1 ,uﬁei +
ijl M./en—k—t-1+j where m := €(u?). We define the sets S(u), I'1 () and I'>(u) associated
to u as follows:

S(u):={vePr_1|v=p—ejforsome2<j<n—k+1+m}

Ulvep ‘{VZM_(f+1)e:1k+l+j+fei
S =wb+j-r-1

0, 1<j<
forsome{f> \]\m};

I1<i<n—k+1

_ V=[1—€p_ktitj
I(u): {vePk—llEll\]\msuchthat{MHAM;_F]._L V2<i<n—k+l

v —(f+Deskr11j + fer
U{UEPkl‘{M j+-]_f_1

forsome f >0, 1 <j <m}
In addition, we note I>(u) C S(u) and denote I (w) := S(u) \ I2(w).

Lemma 4.8. Suppose v',w' € wr correspond to the shapes v, u € Px_1 respectively; then
N O;ﬁOlfandonlylfv € S(u). Furthermore, N / =1lifveli(u),or2ifvelH(u).

skv
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Proof. By the classical Chevalley formula (i.e. the classical part of Proposition 2.5), we have

;f UO # 0 only if w’ = v's,s for some positive root y’ satisfying £(v's,/) = £(v) + 1, and

when this holds, we have NS’:::;JQ = {xx, (¥")Y). Thus v’ is obtained by deleting a unique sim-
ple reflection from the reduced expression of w’ that is given by (x) (with respect to k — 1).
Furthermore, such an induced expression of v’ is reduced. Using Lemma 3.2 (together with
the definition of w as a shape in Px_;), we can derive another reduced expression of v’ in
the form of (x), from the induced reduced expression of v’. In particular, we conclude that
veSu)U{((u)—1,ub, ..., u;_kH)//ub)} (details for which are similar to the proof of state-
ment a) of Proposition 3.4 of [23]).

Note that if v is obtained by deleting a simple reflection s; from the £th position, then we
have y' = x~! (Ol;-/) where x is the product of simple reflections from the (£ + 1)th position to
the end of the reduced expression of w’. Assume v € I»(u). If ¥V = ji — €, k+14; for some
1 < j < m, then v’ is obtained by deleting the simple reflection S, /‘[;‘ 41

1) Ifn— ,ulj’. +1=n, then ,ul; = 1. Consequently, we have j =m and (y")¥ = (w') " ls, (@) =

o +2305 e Thus (e, (7)) =2
2) If n — /Ll; + 1 #n, then it is less than n and (y")¥ =x~!(a)) = ¥, » where for each 1 <i <
n —k + 1 we denote by y,” the following coroot

(Si+k—2 .. .Sn*ll«ltvﬁ’l) e

n—1 n—j
(S"—l"'sn—ui,_k+,+1)<ar\l/+2 Z o) + Z a%).

h=n—j+1 h=n—ph+2—j
1
Denote 14, 4, :=1land y,’ =) +230, o + Zh b2 . Note that
w! is a strict partition. Since v € I (u), ”—M, +1#n— W bio— J f0ra112 <n—k+1;

consequently, there exists aunique 2 < r <n—k+2 such that (n— MI'H)—(” /,L]+2—j)
is positive if i > r, or negative if 2 <i <r.Notethatk +i —j—12k+i—-—m—12>
k+i—pl y=n—_+n—k+1—i+1>n—p f+1>n—M§+2—j,
for each n—k+12>i>r. By induction on i (descendmgly) we conclude v, =« +

22,, ki j—1 % +Z’h<+'n ju 12 ) foralln —k+2 > i > r.In particular, we obtain y,”.

Furthermore, for each r > i >2,wehaven—uj+l+(i —r) >n—/¢L£7] +14+3G—r)=

n— (,u; tr—=10) + 1>n— ,uﬁ_l + 1. Thus, by induction on i (descendingly), we conclude
_ oV kti—j—2 v . .

v =a) + 25 ke 19 Tt Zh:n—u_};+2—j+i—r a, for all r > i > 2. In particular, we

obtain yz , for which we note k +2 — j — 1 < k. Thus

(i (') ) = (s simasia syt (1)) = s v’ ) = 2.

Otherwise, we have vV =i — (f + 1)e,—x+14; + fe; for some f > 0 In this case, v’ is obtained
by deleting s, b f and we have (y)" = (y{)" with (y,_,.,)" =« + 2Zh et o) +

ZZ:izf//._’/’erijJrf Olh and (V,’)V (Sitk—2Sitk—3 """ Sy il +1)((V,+1) ) foreachn —k +12>
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> 1. Notethatk—i—z—J—l n—u —|—1>n—ul—|—1_n—,u]—i—Z—J—i—fforeach
n—k+12>2i>2. Using the same arguments as for case (2), we can show (i, (¥)Y) =
(X Sk—18k—2 -+ Syt () = Xk vs )—2-

Hence, if v € I»(u), then we have ch = {Xks (y")Y) = 2. Similarly, we can show

(k- PNYV)y=Tifve M(w), or 0if v=((u} — L b, ... 1,_ )/ /u").
Hence, the statement follows. O

Theorem 4.9 (Quantum Pieri rule for OG(k,2n + 1)). Let a € Py and p < k. Using the same
notations as in Lemma 4.2, we have

ol xo? —ZZE(M’)U +IZN°16 +t2226/(5’d)0d.

Here the first summation is over all shapes b € Py with |b| = |a| + p such that b is compatible
with a; the third summation occurs only if a € Py, and when this holds, the summation is over all
shapes d € Py, with |d| = |a| + p — 4n + 2k such that d € Py is compatible with a; the second
summation is over all shapes ¢ € Py, with |c| = |a| + p — 2n + k. Furthermore, we have

¢ (a,c) ot b t
2 , ifay>aj >a,
&, _ .
N;,;: 2 , lfa] aj, ci=nandci<n-2
M, lfal/a1 andc1<n
0, otherwise.
with

M= Zze’(ﬁ,u) + Z 21+e’(§1,u) _ Z 26’(1},5) _ 221+e/(v,5)
n I v

v

where the first sum is over {iu | u € I'1 (€)}, the second sum is over {i | u € I'(€)}, the third sum
is over {v|ae I'1(v)}, and the last sum is over {v |a € I[5(v)}.

Proof. The first summation is provided from the classical Pieri rule. Note degt = 2n — k for
OG(k,2n 4 1). The third summation follows directly from Theorem 3.21, Lemma 3.22, (state-
ments (2¢), (4) of) Lemma 4.2 and Proposition 4.5.

Because of the dimension constraint, Nf, !, =N, Ul = N,fs}( ?,1 is nonzero only if £(vy) = €(v) —
2n + 2k (see Lemma 4.2 for the notations). When this holds, we have a? > a}. Note a! > ab.
Assume @ > a’; then vy € WP, so that Nusk v, 7 0 only if w; € WP Thus in this case, we

have N;,; =2¢@9 by using statements (2b) and (3a) of Lemma 4.2 together with the classical
Pieri rule for OG(k — 1,2n + 1). i
Assume a%’ > ai; then vy = vs, s; with vs), € WP, so that sgn; (vy) = 1.

(1) Suppose w; ¢ WP then by Corollary 2.3, we conclude that N,”k v, # Oonlyifsgn (wy) =1,
and Nu“i}( ?,1 = Nuui}f’{m(; when this holds In particular, we have wisy € WP . Thus if c1 =n
and ¢5 < n — 2, then we have Np L =20@0 , by using Lemma 4.2 and Proposition 4.5.

(2) Suppose wj € WP, that is, Cl < n. Using Corollary 2.3 again, we conclude o U g% =

/ /
Sy Sk V0 w0 _ w0 _ wi,0 p;w’,0
o vk 4 Zv/ewP Nsk,vsya . Hence, Nyg' v, = Nusk,vsysk = Z cwP N\‘k w/Nus/(,vsy -
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’
ZU/GW,; Nsl;( ”,(,)sy N;US]I(’?),. Thus in this case, the statement follows from Lemma 4.8, Lemma 4.2

and Proposition 4.5. O

Remark 4.10. One might want to use the method of Buch, Kresch, and Tamvakis on page 372 of
[5] to compute Nf,’,;, but replace OF (im, m + 1;2n+ 1) (resp. OG(m +1,2n+ 1)) by OF (m — 1,
m; 2n + 1) (resp. OG(m — 1,2n + 1)). However, such a method does not work here, since the
identity ¢, 52,0507, = M4} T, used in their proof does not hold any more in our case.

4.3. Remarks

As in the previous two subsections, we have derived the quantum Pieri rules for Grass-
mannians of type C, and B, for k < n. The remaining cases for these two types are about
the Lagrangian Grassmannian /G(n, 2n) and the odd orthogonal Grassmannian OG(n, 2n + 1).
Theorem 3.13 also works for IG(n, 2n), therefore we can also reformulate it in the way of Theo-
rem 4.4, by writing down the explicit identifications as needed and using the classical Pieri rule
of Hiller and Boe [16]. For OG(n, 2n + 1), we can also reformulate Theorem 3.21 in a nice way
like Theorem 4.4, by using generalized classical Pieri rules (Theorem D) given by Bergeron and
Sottile [1]. The former case has been done by Kresch and Tamvakis in [19], and the latter case
has also been done by them in an equivalent way in [20]. Hence, we skip the details here.

When A is of type D, 1, the minimal length representatives W for the isotropic Grassman-
nian OG(k, 2n 4 2) can also be identified with “shapes”, which consist in two types. There are
parallel propositions to Lemma 4.2, Lemma 4.8 and Theorem 4.9 with similar arguments. Since
the notations are more involved and the theorem as expected may also involve signs in some
cases, we skip the details.

Assuming the classical Pieri rules with respect to the Chern classes ¢, (Q) of the tautological
quotient bundle Q over the isotropic Grassmannians, we can also reprove the quantum Pieri rule
of Buch, Kresch, and Tamvakis for type B, and D,,1. For instance for G/ P = OG(k, 2n) where
k < n, the Chern classes of the tautological quotient bundle Q are given by o (up to a scale
factor of 2) for u of the following form (see Section 6 of [6])

Sky Sk+15ks « -+ > SnSn—1"" Sk, Sn—15nSn—1"""Sky - -->, 81 ***Sn—1528Sn—1 " * Sk-

Taking any one of the above u and any v € W’ , we can show the following quantum Pieri rule
given by Buch, Kresch and Tamvakis.

Proposition 4.11. (See Theorem 2.4 of [5].)

o'xo’=0"Uo" + Z N;‘;};%lawt+ Z N;”%’zoawtz,
wew? weWw?
£u)+E()=L(w)+2n—k £(u)+E(v)=C(w)+4n—2k

in which we have vi = vSgSk—1---S1, W] = WSk41 " Sn—1SnSn—1"""Sk+1, V2 = USk---
Sn—15G,Sn—1"- 81 and wy = WSy - -+ Sp—15z,Sn—1 - * * Sk-

We sketch an alternative proof of the above proposition as follows:

(1) Using similar arguments for Proposition 3.20, we can show that N;,‘f ;Jd =0ifd > 3.
(2) Using Proposition 2.1, we can show N;,”’vl = N,%l’?, and Nf,”;,2 = N,%’O. (The arguments
g Prop , X1 , 02 g
here become much simpler than the proof of Theorem 3.21.)
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Furthermore for each i € {1, 2}, it follows directly from the dimension constraint that N, ’;;,.0 #0
only if £(v;) =£(v) — 2(v~'v;). When this holds, we have:

(3) vy € WP where G/ P = OG(k + 1,2n + 1). Furthermore, let A denote the (n — k)-strict
partition corresponding to v; then vy exactly corresponds the (n — k — 1)-strict partition A
defined on page 372 of [5].

(4) Statements (2c) and (4) of Lemma 4.2, which give identifications between W and shapes
(and therefore other parameterizations), can be applied directly for v» and w, respectively.

For IG(k,2n) (i.e. Grassmannians of type C, ), we can also show that there are most degree
0 and 1 Gromov—Witten invariants occurring in the quantum Pieri rule; furthermore, we can
reduce the degree 1 Gromov—Witten invariants to certain classical intersection numbers, for 1 <
p<n—k+1.

We can also use Proposition 2.1 to compute N;,‘f ;jd for certain u, v, w, d, in which none of
u,v e WP is special.

Example 4.12. For X = IG(3,10), we take w = s3, u = $251545352555453 and v =
§18554535254555453. By using Proposition 2.1 directly, we can show N,fsz = N;f;)’,o where
v/ = 5153 and w' = 53505155545352555453. We can easily compute the classical intersection
number N;f;’,o , for instance by using the Chevalley formula with the observation that ¢*1%3 =

’
o®1 Uo%. As a consequence, we have N,;”, ;,2 = N:) v’,o = 1. (Note that in terms of the notations in
Example 1.5 of [5], we have 6% = 6422, 0% =053,1 and 0¥ = 07.)
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Appendix A

In this appendix, we reprove the well-known quantum Pieri rules for Grassmannians of type A
(i.e. complex Grassmannians) with the same method used in the present paper.

Recall that Gr(k,n + 1) = SL(n + 1, C)/P with P being the (standard) maximal parabolic
subgroup corresponding Ap = A \ {ax}. The Weyl group W is canonically isomorphic to the
permutation group S,41, by mapping s; to the transposition (j, j + 1) for each 1 < j < n.
Customarily, Schubert classes in H*(Gr(k, n + 1)) are labeled by the set

Pr={a=(a,....a0) |[n+1—k>a1>ar > >a; >0}

of partitions inside the k by (n + 1 — k) rectangle. Precisely, for each u € W, we can rewrite
the Schubert cohomology class o as o2®) with
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a(u) = (u(k) —k,utk — 1) — (k= 1), ..., u(2) = 2,u(1) — 1)

via the canonical identification between W¥ and Py (see e.g. [14]). For the tautological bun-
dles, 0 > S — C"*! - Q — 0, the ith Chern class ¢;(Q) (resp. ¢;(S*)) coincides with the
Schubert cohomology class oW = g where u = Sk+i—18k+i—2 -+ - Sk+15k and consequently
a(u) =(i,0,...,0)=:iforeach 1 <i<n+1—k (resp. u = Sk—j+1Sk—i+2 - - Sk—15k and con-
sequently a(u) = (1) for each 1 <i < k) (see e.g. [3]). The following quantum Pieri rule with
respect to ¢,(Q) was first proved by Bertram [2].

Proposition A.1 (Quantum Pieri rule). For any p, a € Py, we have

oPxo?=> oP+1) of

where the first is summation over all b € Py satisfying |b| =|a|+ p and n +1 —k > by
ay =2by>ay > --- = by > ag, and the second summation is over all ¢ € P satisfying |c|
a|l+p—n+Danday—1Z2c1z2a—-1202---Z2aq—-12¢.

WV

We will reprove the above proposition, rather than a quantum Pieri rule with respect to ¢, (§*),
for the following two reasons.

(1) The tautological quotient bundle over Gr(k,n + 1) = Gr(k, Ccrtlyis isomorphic to the dual
of the tautological subbundle over the dual Grassmannian Gr(n + 1 —k, (C"*1)*) = Gr(n +
1 —k,n+1). Hence, it is sufficient to know quantum Pieri rules with respect to either ¢, (Q)
or ¢, (S*) for all complex Grassmannians.

(2) From our alternative proof, we can see that one point of our method relies on the combina-
torial property of u, rather than the geometric property (of being a Chern class of Q or §*)
for o“. In particular, our method could have more general applications (see e.g. Theorem 1.2
of [24]).

We will use the classical Pieri rule (as given by the first summation in the above formula) and
the next two lemmas, which are easily deduced from Proposition 2.1. In addition, we use all the
same notations as in Section 3.1 but set u = sgyp_185k+p—2---Sk (Where 1 < p<n+1—-k)
and v € WP with a = a(v). We need to compute the Gromov—Witten invariants N,ff ;Jd for the
quantum product o* x o¥.

Lemma A.2. If d > 2, then we have N,ff;,d =0 forany w € wP.

Proof. Recall that N\ = N2 = N2 """ where Ap = da) + QY. Furthermore, we de-
note d =mik+ri=my(n —k+1)+rp, where ] <ri<kand1<r,<n—k+ 1. Then we

_ k—1 . v ri—1 . v Vi n—k . v rn—1 . v
conclude Ag =my ) iy jo] +3 5 ) ey, itdey +mad iy jo i+ T ey,

(by noting (o, Ap) = —1 if i € {k — ri,k + r2}, or O otherwise). When k = 1 (resp. n),
then (o, Ap) =d + mo + 1 (resp. d + mj + 1) is larger than 2 and thus we are done by
Proposition 2.1 (1). When 2 < k < n — 1, we have (ak, Ap) = mj + my + 2. We still have

N[,‘f;)d =0 unless m| = my =0 and sgn; (wwpwp’) = 0. When both conditions hold, we have

A Wwpwps Sk, Ag—a, ..
N;f?fpw’” b= Nuskf; PO EE T by Proposition 2.1 (2). Furthermore, we have sgn,_; (usg) =

WWpwps Sk, hp—a) . .
sgn;_1(v) =0 < 1= (ax_1,Ap — ;). Hence, we have Nuskf; PRREETE — 0 by using Proposi-

tion 2.1 (1) again. O
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Note that £(«) = p and the degree of the quantum variable is degz =n + 1.

Lemma A.3. For any w € WP with £(w) = £(v) + p — (n + 1), we have

w,l _ AsWSnSp—1---Sk+1,0
Ny Nusg vsesi—1--5251-

Proof. Note that for Ap = o + Q). we have Ap = o and consequently Ap = Ap \
{og—1, ak+1}- Then conclude wpwpr = s,8,—1 - - Sk+15152 - - - Sk—1 by checking the assumptions

N4
. . Wwpwpr,Q, wwpwpr,0 . .
in Lemma 3.12 directly. Thus we have N;,‘f;,l =Ny PR = Nuskf;skp/ , by using Proposi-

tion 2.1 (2).
Note that sgny_ (usx) = 0 and sgn_ (wwpwp’) = 1. By Corollary 2.3, we have N;‘;:)”;’S”k‘“"o =

15k-1,0 . . . . .
N,Zﬁ’;ﬁ’;ks_kl VU £ (usgsk—1) = £(vsg) — 1, or 0 otherwise. By induction and using Corollary 2.3
,0 —1--51,0 .
repeatedly, we conclude N,:l;:)ff;;f/ = Nﬁ?ﬁi’;ﬂ‘l“l.slsl if L(usgsi—1---s1) =L(vsp) — (k—1),

or 0 otherwise. Furthermore, we note £(usy) + £(vsy) = L(wwpwp) = L(WwpwpSk—1---S1) +
WWpWprSk—1-+-81,

(k—1). Thus if £(vsgsk—1---51) # £(vsg) — (k — 1), then we have Ny, vs's; ;s 0_ 0, due to
the dimension constraint. Hence, the statement follows. O

It remains to apply the classical Pieri rule and reformulate the product o x ¢V in terms of
o? xo? (labeled by partitions).

Proof of Proposition A.1. Denote ¢ = c(w) € Py. It follows directly from Proposition 2.1 (1)

and the dimension constraint that N,;Usi’ff,f;;‘ék:f’fféz’?] =0 unless a = a(vsgsg_1---s251) and € =
¢(wsySy—1 - - - Sk+1) are both partitions in Py for Gr(k + 1, n 4+ 1). As a consequence, we have
that a; = vsgsp_1---s251(k+2—i)—(k+2—i)=vk+1—i)—(k+1—i)—1=a; — 1 foreach
I1<i<k,andthatc; = ws,Sp—1-Skp1(k+2—j)—k+2— ) =wk+2—j)—(k+2—j) =
cj—1 foreach 2 < j <k 4 1. Note that |¢| = £(wspSy—1 -+ Sk41) =L(w) +n —k =|c| +n —k.
We have ¢{ =n — k. For |a| = €(vsgsg—1 -+ -s1) = £(v) — k = |a| — k, we conclude az41 =0. In
addition, we note that us; corresponds to the special partition p — 1 in P41 for Gr(k+1,n+1).
Hence, the non-classical part of the quantum product o? x 2 is exactly the second half as in the
statement, by using the classical Pieri rule for o’ 'Uo?in H*Grk+1,n+1)). O

Remark A.4. This is the same approach as taken in the elementary proof of the quantum Pieri
rule by Buch [3], where he uses a different method to obtain Lemma A.2 and Lemma A.3.
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