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We show that various genus zero Gromov-Witten invariants for flag varieties represent-
ing different homology classes are indeed the same. In particular, many of them are

classical intersection numbers of Schubert cycles.

1 Introduction

A generalized flag variety G/P is the quotient of a simply connected complex simple
Lie group G by a parabolic subgroup P of G. The (small) quantum cohomology ring
QH*(G/P) of G/P is a deformation of the ring structure on H*(G/P) by incorporating
three-pointed, genus zero Gromov-Witten invariants of G/P. The presentation of the
ring structure on QH*(G/P) in special cases have been studied by many mathematicians
(see, e.g., [4,7,8,13,19, 23, 26, 27] and references, and also an unpublished preprint of D.
Peterson). From the viewpoint of enumerative geometry, it is desirable to have (positive)
combinatorial formulas for these Gromov-Witten invariants. Owing to the Peterson-
Woodward comparison formula [28], all these Gromov-Witten invariants for G/P can
be recovered from the Gromov-Witten invariants for the special case of a complete flag

variety G/B, where B is a Borel subgroup.
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In [25], with the help of the Peterson-Woodward comparison formula, we
established a natural filtered algebra structure on QH*(G/B). In this article, we use
the structures of this filtration to obtain relationships among three-pointed genus zero
Gromov-Witten invariants N, for G/B. The Gromov-Witten invariants N;* are the

structure coefficients of the quantum product

u vo__ w,A w
o *x0' = E N g0
)€Hy(G/B.Z),w

of the Schubert cocycles o% and ¢’ in the quantum cohomology QH*(G/B). The evalua-

tion of q at the origin gives us the classical intersection product
oc%Uo" = Z leboaw.
w

Let A={ay, ..., oy} be a base of simple roots of G and {«y, ..., o, } be the simple coroots
(see Section 2.1 and references therein for more details of the notation). The Weyl group
W is a Coxeter group generated by simple reflections {s, | « € A}. For each « € A, we
introduce a map sgn, : W— {0, 1} defined by sgn, (w) :=1 if £(w) — €(ws,) > 0, and 0 oth-
erwise. Here ¢: W — Z-( denotes the length function. Let h be the dual of the vector
space h* := ®ycaCa and (-, ) : h* x h — C be the natural pairing. Note that H,(G/B, Z) can
be canonically identified with the coroot lattice Q¥ :=&@,., Za" Ch. We prove the fol-

lowing theorem.

Theorem 1.1. For any u, v, w € W and for any A € Q, we have the following

(1) Nl’f;} =0 unless sgn,(w) + (o, A) <sgn, (u) + sgn,(v) for all « € A;
(2) suppose sgn,(w) + (@, A) =sgn,(u) + sgn,(v) =2 for some « € A, then

WSy, A—a” : _
Nl'f;)’\ I N , if'sgn,(w)=0, .

Uar, Ve WSy A :
Ny s, if sgn, (w) =1.

We obtain nice applications of the above theorem that demonstrate the so-called
“quantum to classical” principle.

The “quantum to classical” principle says that certain three-pointed genus zero
Gromov-Witten invariants for a given homogeneous space are classical intersection
numbers for a typically different homogeneous space. This phenomenon, probably for

the first time, occurred in the proof of the quantum Pieri rule for partial flag varieties of
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type A by Ciocan-Fontanine [8], and later occurred in the elementary proof of the
quantum Pieri rule for complex Grassmannians by Buch [2] as well as the works [21, 22]
of Kresch and Tamvakis on Lagrangian and orthogonal Grassmannians. The phrase
“quantum to classical principle” was introduced by Chaput and Perrin [7] for the work
[3] of Buch, Kresch, and Tamvakis on complex Grassmannians, Lagrangian Grassman-
nians, and orthogonal Grassmannians, which says that any three-pointed genus zero
Gromov-Witten invariant on a Grassmannian of aforementioned types is equal to a clas-
sical intersection number on a partial flag variety of the same Lie type. Recently, this
principle has been developed by Buch et al. [4] for isotropic Grassmannians of classi-
cal types. For Grassmannians of certain exceptional types, this principle has also been
studied by Chaput, Manivel, and Perrin [6, 7]. For flag varieties of type A, there are rele-
vant studies by Coskun [10]. For the special case of computing the number of lines in a
general complete variety G/B, this principle has also been studied earlier by the second
author and Mihalcea [25]. In addition, we note that this principle for certain K-theoretic
Gromov-Witten invariants has been studied by Buch and Mihalcea [5].

Using Theorem 1.1, we not only recover most of the above results on the “quan-
tum to classical” principle, but also get new and interesting results. For instance in a
forthcoming paper we can see the applications of Theorem 1.1 in seeking quantum Pieri
rules with respect to Chern classes of the dual of the tautological subbundles for Grass-
mannians of classical types, which are not covered in [4] in general. In a joint work in
progress with H. Duan and X. Zhao, we could also apply Theorem 1.1 to get a presenta-
tion of the quantum cohomology ring of a Grassmannian of type Fj.

For the type A, case, we note that the Weyl group W is canonically isomor-
phic to the permutation group S,;; and G/B=Fly ={V3 <--- <V, <C"!|dimc Vj =
J,j=1,...,n}. An element ue W= S,,, is called a Grassmannian permutation if there
exists 1 < k<nsuch that o€ H*(F{y,1) comes from the pull-back =*: H*(Gr(k, n+ 1)) —
H*(F{y.,) induced from the natural projection map 7 : Fép — {Vi <C™! |dim V, =k} =
Gr(k,n+ 1). Equivalently, a Grassmannian permutation ue€ W is an element such that
all the reduced expressions u=s;,s;, - -s;,,, where m =¢{(u), end with the same simple
reflection sg. When written in “one-line” notation, Grassmannian permutations are pre-
cisely the permutations with a single descent (see Remark 2.16 for more details). As an

application of Theorem 1.1, we have the following theorem.

Theorem 1.2. Letu, v, w € Sy;1 and A € QY. If uis of Grassmannian type, then there exist
v/, w' € Sp41 such that

w,A _ pgw’,0
NUF =N O

uv’
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It is also interesting to investigate the above theorem from the point of view of
symmetries on QH*(F{y,,1), analogous with the cyclic symmetries shown by Postnikov
[26]. In addition, the proof of Theorem 1.2 will also describe how to find v' and w’ (easily).
Special cases of Theorem 1.2 enable us to recover the quantum Pieri rule for partial
flag varieties of type A as in [8] and the “quantum to classical” principle for complex
Grassmannians as in [3].

Geometrically, the Gromov-Witten invariants N}f;} count the number of stable
holomorphic maps from the projective line P!, or more generally a rational curve, to
G/B.In particular, they are all nonnegative. There have been closed formulas/algorithms
on the classical intersection product by Kostant and Kumar [20] and Duan [11] and on
the quantum product by the authors [24]. Yet sign cancelations are involved in all these
formulas/algorithms. For a complete flag variety (of general type), the problem of find-
ing a positive formula on either side remains open. The quantum to classical principle,
in many situations, helps us to reduce the quantum Schubert calculus to the classical
Schubert calculus. When G = SL(n+ 1, C), we note that positive formulas on the classical
intersection numbers have been given by Coskun [9].

The proof of Theorem 1.1 uses functorial relationships established by the
authors in [25] and it is combinatorial in nature. However, for a special case (of A =«")
of Theorem 1.1, both a geometric proof of it and a combinatorial proof of its equivariant
extension can be found in a joint work in progress of the second author and Mihalcea.

We also wish to see a geometric proof of this theorem in the future.

2 Proofs of Theorems

In this section, we first fix the notation in Section 2.1. Then we prove our first main
theorem in Section 2.2. Finally, in Section 2.3 we obtain our second main theorem, as an

application of the first main theorem.

2.1 Notations

More details on Lie theory can be found, for example, in [16, 17].

Let G be a simply connected complex simple Lie group of rank n and B C G be
a Borel subgroup. Let A={«y, ..., ay} Ch* be the simple roots and {«y,...,a,} Ch be
the simple coroots, where § is the corresponding Cartan subalgebra of (G, B). Let Q¥ =
@, Za) and p=3Y" | xi €h*. Here x;'s are the fundamental weights, which, for any
i, J, satisfy (xi, o)) =9;; with respect to the natural pairing (-, -): §* x h — C. The Weyl

group Wis generated by {si, ..., S5}, where each s; = s,, is a simple reflection on h* defined
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by si(B) =B — (B, «;)e;. The root system is given by R=W-A=R" U (—R"), where Rt =
RN, Z-ow; is the set of positive roots. Each parabolic subgroup P D B is in one-to-
one correspondence with a subset Ap C A. In fact, Ap is the set of simple roots of a Levi
subgroup of P. Let £: W — Z-( be the length function, Wp denote the Weyl subgroup
generated by {s, | « € Ap}, and W? denote the subset {w € W|¢(w) < £(v), Yv € wiWp}. Each
coset in W/ Wp has a unique minimal length representative in W?.

The (co)homology of a (generalized) flag variety X = G/P has an additive basis
of Schubert (co)homology classes indexed by W’ :H.(X,Z)=@,yr Zoy,, H*(X,Z)=
D ewr Zo* with (6%, 0,) =8y, for any u, v € W” [1]. Note that each oy, (resp. 0% is a class in
the 2¢(uw)th-(co)homology. In particular, Hy (X, Z) = EB%M\AP Zog, can be canonically iden-
tified with Q¥/Q}, where Q} :=

. a;
variable qoy4qy. For Ap =3, a4, @joj + Qp € Hp(X, Z) we define g,, =[], ca\a, qajv_Jra;.

wea, Loy . For each oj € A\ Ap we introduce a formal
The (small) quantum cohomology QH*(X) = (H*(X) ® QIq], *) of X is a commutative ring
and has a Ql[ql-basis of Schubert classes c¥“=0%® 1. The quantum Schubert structure

constants Ngj;,“ for the quantum product

oxo¥ = Z le'vkpq)\l,aw
weW? 1peQV/Qy

are three-pointed, genus zero Gromov-Witten invariants given by NY}*=
IMo_s(X.AP) evi(o¥) Uevi(o) Uevi((o™¥)?). Here Mos(X,1p) is the moduli space of
stable maps of degree ip e Hy(X,Z) of three-pointed genus zero curves into X,
ev; : Mg3(X, Ap) — X is the ith canonical evaluation map, and {(c*)* | w € WP} are the
elements in H*(X) satisfying [,(c")*Uoc" =38, , for any w’, w” € WP [14]. Note that
NY.)» =0 unless g;, € Qlql. It is a well-known fact that these Gromov-Witten invariants
Nl'jf;}*’ of the flag variety X are enumerative, counting the number of certain holomorphic
maps from P! to X. In particular, they are all nonnegative integers. (Thus, for the
special case of a flag variety X, we can also define QH*(X) over Z whenever we wish.)

In analog with the classical cohomology, there is a natural Z-grading on the

quantum cohomolgy QH*(X), making it a Z-graded ring:

QH*(X)=Ep P Qg0 |. (*)
neZ \deg(q.p,o")=n
Here the degree of g, 0", where Ap = Za]_GA\AP aja; + Qp € Hy(X, Z), is given by

deg(q,0")=t)+ Y ajlog. a(X)),

ajeM\Ap
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in which (., -) is the natural pairing between homology and cohomology classes, and an
explicit description of the first Chern class ¢; (X) can be found, for example, in [15]. When
P =B, we have Ap =@, Q) =0, Wp = {1}, and W* = W. In this case, we simply define 1 =
Ap and gj = g,y As a direct consequence of the Z-graded ring structure (x) of QH*(G/B),

for any u, v, w € W and for any A € Q, we have
N, =0 unless £(w) + (2p, 1) = £(w) + £(v).

2.2 Proof of Theorem 1.1

This subsection is devoted to the proof of Theorem 1.1. The main arguments are given
in Section 2.2.3, based on the results in [25], which will be reviewed in Section 2.2.2.
We introduce the Peterson-Woodward comparison formula first in Section 2.2.1. This
comparison formula not only plays an important role in obtaining the results in [25],
but also shows us that it suffices to know all quantum Schubert structure constants

Nﬁ;j\ for G/B in order to know all quantum Schubert structure constants for all G/P'’s.

2.2.1 Peterson-Woodward comparison formula

We use *p to distinguish the quantum products for different flag varieties G/P’s (when
needed). For any u, ve W” we have 0%xp 0" =3, cypr ;,cavjay Nity " @,0". Note WP C W.
The classes o% and ¢V in QH*(G/P) can both be treated as classes in QH*(G/B) natu-
rally. Whenever referring to N}jj;} where A € QY, we are considering the quantum product
in QH*(G/B): 0%%3 0" =Y., cwrcar NLV@0".

Proposition 2.1 (Peterson-Woodward comparison formula [28]; see also [23)]).

(1) Let Ap € Q/Qj%. Then there is a unique Az € Q¥ such that Ap =1 + Q} and
(v.rp)€{0,—1} forall y € R} (= R* NPy, ZP).
(2) For every u, v, w € W¥, we have

NU},)\.P — NwawP/,)\,B
uv u,v .

Here wp (resp. wp/) is the longest element in the Weyl group Wp of P (resp.
Wp: of P’ where Ap ={B8 € Ap | (B, A5) =0}). O
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Owing to the above proposition, we obtain an injection of vector spaces

Va4, : QH*(G/P) — QH*(G/B) defined by g,,0" — qy,0"""" .

For the special case of a singleton subset {«} C A, we define P, = P and simply define
Yo = V¥4 (o). In this case, we note that R;fu = {a}, O}V,‘x =Z«", and we have the natural fibra-
tion P,/B — G/B — G/P, with P,/B =P,

Example 2.2. Let Aip,=p"+Qp where pfeA\{e}. Then we have (o 8")¢

{0, —1, —2, —3}. Furthermore, we have

apv. if (o, p¥) =0,

Saqpv» if (Ol, ﬂv>=—1,
wa((hpa) - .

qolvqﬁvv 1f (Ola ,3\/>=_2,

SuqGuvqpv, if (o, BY)=-3.

More generally, we consider Ap, ="+ Qp € Q"/Qp, where A'=3% s , (B €Q".

Setting m = (&, A’), we have

q m o", if m is even,
N——aV
Vo(@ry,0") = 2 .
a9 m+1 o', ifmis odd. 0
- oV
2

2.2.2 Z2-filtrations on QH*(G/B)

As shown in [25], given any parabolic subgroup P of G containing B, we can construct
a Z!4»+1_filtration on QH*(G/B). In this subsection, we review the main results in [25]
for the special case of a parabolic subgroup that corresponds to a singleton subset {«}.
Using them, we prove Theorem 1.1 in the next subsection.

Recall that a natural basis of QH*(G/B)lg; ", ..., q,'] is given by g,o"’s labeled
by (w, 1) €e W x Q. Note that g.o” € QH*(G/B) if and only if g, € Q[q] is a polynomial.
In order to obtain a filtration on QH*(G/B), we just need to define (nice) gradings for a

given basis of it. Furthermore, as in the introduction, we have defined a map sgn, with
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respect to any given simple root « € A as follows:

1, ifé(w)— €(ws,) >0,
sgn,: W— {0, 1}; sgn,(w)=
0, if ¢(w)—L(ws,) <O.

Note that ¢(w) — ¢(ws,) = 1 and that £(w) — €(ws,) =1 if and only if w(a) € —R", which
holds if and only if w = us, for a unique ue W (see, e.g., [18]). We can define a grading

map gr, with respect to a given simple root o € A as follows.

gre: Wx Q¥ — 72,

gra(@:0") = (sgn, (w) + (, 1), L(w) + (2p, A) — sgn, (w) — (&, A)).

Here we are using lexicographical order on Z?; that is, a= (a1, @) <b = (b;, b,) if and
only if either (@, =b; and a; < b,) or @ <b; holds. The above Z2?-grading of g0 can
recover the degree grading of it as in Section 2.1. Precisely, if we write gr,(g.o") = (i, J),

then deg(gio™) =1+ j.

Remark 2.3. Following from Corollary 3.13 of [25], our grading map gr, coincides with

the grading map in [25, Definition 2.8] by using the Peterson-Woodward lifting map
Yo = I/fA,{ot}~ O

As a consequence, we obtain a family F ={Fa}aczz of vector subspaces of
QH*(G/B), where F, := GBgra(qw'“)sa Qqg,0” Cc QH*(G/B), and the associated graded vec-
tor space Gr” (QH*(G/B)) = @,;: Gry with respect to F, where Gr] := F,/ Uya Fp.

Proposition 2.4 ([25, Theorem 1.2]). QH*(G/B) is a Z2-filtered algebra with respect to
F; that is, we have F, » F, C Fa,p for any a, b € Z2. O

Define Gry,(QH*(G/B)) =@, ; Gro and Gr, (QH*(G/B)):= @, CGr( ;- We
take the canonical isomorphism OH*(]P’I)E% for the fiber of the fibration P! —
G/B— G/P,.

Proposition 2.5 ([25, Theorem 1.4]). The following maps ¥, and ¥ are well defined

and they are algebra isomorphisms : (In terms of the notations in [25], ¥ . =W
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and ¥y =)

we : QH*(P') — Grl . (QH*(G/B)); X+ Sy, t+> Qo

et QH*(G/P,) — Grhfor(OH*(G/B)); @, 0" > Yo Gy, 0). O

Here we note that s, € Gr(fw) - Grvfert(OH*(G/B)) denotes the graded component
of 0% + Up-1,0)Fp. Similar notations are taken whenever “0)" is used. In addition, we

have the following proposition.

Proposition 2.6 (Proposition 3.23 of [25]). For any uec W' we have oY%xo% =g +

Zw,k by g0 with gr (g.o") < gr,(c¥) whenever b,, ; # 0. O
The next lemma follows directly from the definition of the grading map gr,,.

Lemma 2.7. Letu,v,w e Wand A€ Q". Then gr,(c%) + gr,(c”) = gr,(g2c") if and only if
both ¢(w) + (2p, 1) = €(w) + £(v) and sgn,(w) + (o, 1) = sgn,(u) + sgn, (v) hold. O

2.2.3 Proof of Theorem 1.1

The first half of Theorem 1.1 is a direct consequence of Proposition 2.4. Indeed, if
sgng(w) + (B, A) > sgng(w) + sgng(v) for some B e A, then 8rp(quo) > gry(c™) + gry(o”).
Since 6% x 0¥ € Fyr, (ou) * Fyr,(ov) C Fgr, (o) 1gr,0v) » We conclude Ny} =0.

It remains to show the second half of Theorem 1.1. Note that sgn, is a map from
Wto {0, 1}. Since sgn,, (v) + sgn,(v) =2, we have sgn,(u) = sgn, (v) = 1. Consequently, v :=
us, and v’ :=vs, are both elements in W”’. In the rest, we can assume £(w) + (2p, 1) =
£L(u) + £(v). (Otherwise, both N;L”’U* and N;‘f:ﬁf“v would vanish, directly following from the
standard Z-graded ring structure (x) of QH*(G/B).)

By Proposition 2.6 we have

oY xS =0u€Gr) u and oV 0% =07 € Gry, ).

Note that QH*(G/B) is an associative and commutative Z2-filtered algebra with respect

to F. As a consequence, Gr” (QH*(G/B)) is an associative and commutative Z?-graded

algebra. Thus we have

LHS:=0¥ x0% x 0V x0% =g¥x o’ =: RHS
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in Gr’ By Lemma 2.7 we have

gra (@) +gre(o?)*
RHS=ocUxo" = Y Niygo?=) Nilgo?,

where the summation is over those (i, 1) € W x Q" satisfying £() + (2p, 1) = £(u) + £(v)
and sgn, (@) + (a, 1) = 2. Let %, denote the quantum product for QH*(G/P,). By Proposi-

tion 2.5 we have
LHS = (0¥ x0") % (0% x0%) = W% (0% % 0" ) x G = D Ny " Ve (0" Qi ) G

the summation over those (w', 1p,) € W¥ x Q¥/Qy (with Ap, being effective). Then we
conclude N2} = NL“L;’\US“ by comparing coefficients of both sides. Indeed, for Ap, :=1 +
Qp , we have Ap =1 —a" via the Peterson-Woodward comparison formula (by noting
(o, — V) =—sgn,(w) € {0, —1}). Set w' := w if sgn,(w) =0, or ws, if sgn,(w) = 1. Note that

Vo (0" Gy, )Gov = 0V qy. We conclude
w', Ap, A—aV
Nw + Nu’ v = Nﬁ,v’ .

Note that, for any w € W, we have

N WSy lf n V) =
=l o WS | sgn,(w)=0

WS x oS % 0% = o WSuq,y, if sgn (W) =1.

Hence, we have

olxogV=0lx gV xoS =clx oV xo%
wl D L s,
N, go" xo

_ Z Nw )Lq)bawsu + Z ’qk+ vUwsa

the former (resp. latter) summation over those (w, A ewx QY satisfying £(w) + (2p, i) =
L(u) + L"), sgn, (W) + (a, A)=1 and sgn,(w) =0 (resp. 1); hence, if sgn, (w) =0 (resp. 1),
then we have N}’ gi0" = Z;ﬁ,‘qi_mvolbsa(resp N'” ’\q o¥s«) for a unique (b, A) in the latter
(resp. former) summation. Thus we conclude that N7;* equals NS~ ~@" if sgn,(w) =0, or

U,VSy
NSt if sgn, (w) =1.
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2.3 Applications

In this subsection, we give applications of Theorem 1.1 for A of type A case. (See the
introduction for possible further applications for other cases.) For convenience, we

assume the Dynkin diagram of A is given by ao 0T

. . The flag variety of type
Ay, corresponding to a subset A\ {«g,, ..., aq}, parameterizes flags of linear subspaces
(Vg <--- <V, <C™ | dimc Voy=a;, j=1,...,1} where [ay, ..., a] is a subsequence of
[1,....n]. We fix an o once and for all. Let P D B denote the parabolic subgroup that
corresponds to Ap = A\ {ax}. Note that the complete flag variety F¢,,; = G/B and the
complex Grassmannian Gr(k,n+ 1) = G/P correspond to the subsequences [1, 2, ..., 7]
and [k], respectively, where G =SL(n+ 1, C). The natural projection 7 :G/B — G/P is
just the forgetting map, sending a flag V; <--- <V, < C""! in F¢,,, to the point V, < C""!
in Gr(k, n+ 1). Furthermore, the induced map n*: H*(G/P) — H*(G/B) sends a Schubert
class oY € H*(G/P) (where w € W¥) to the Schubert class n*(oc¥) =0} € H*(G/B). Such a
class 0% in H*(G/B) (with w € W¥) is called a Grassmannian class. By the abuse of nota-
tion, we skip the subscript “B” and “P"”. Using Theorem 1.1, we can show Theorem 1.2

stated in the introduction, a reformulation of which is given as follows.
Theorem 1.2. For any uc W¥, v, w e W, and A € QV, there exist v/, w’ € W such that

w,A _ aqw’, 0
le N .

=N,
To prove the above theorem, we need the following two lemmas.

Lemma 2.8. Given any nonzero A = Z?:l ajoz]V € QY with a; > 0 for all j, there exists m €
{1,...,n} such that («a,;, ) > 0 and a,, > 0. O

Proof. Assume (ay,,A) <0 for all m. Then A is a nonpositive sum of fundamental
coweights. As a consequence, A is a nonpositive sum of simple coroots onV.’s (by Table 1
in Section 13.2 of [17]). Thus A =0, which contradicts the assumptions.

Hence, there exists m such that (o, A) > 0. Consequently, we have a,, >0, by

noting that (o, (x]v.) is positive if j =m, or nonpositive otherwise. |
Remark 2.9. Lemma 2.8 works for A of all types with the same proof. O

Lemma 2.10. Let A= Z?:I aja]V- € QY with a; > 0 for all j. If («m, A) > 0 for a unique m,

then we have (a,,, A) > 2. O
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Proof. Let Dyn(A) denote the Dynkin diagram associated to a subbase A C A.

Define A’ :={«; | a; > 0}. Clearly, a,, € A’. We first conclude that Dyn(A’) is con-
nected. (Otherwise, we can write A’= A; U A, with Dyn(A;) being a connected compo-
nent of Dyn(A’). Then A =A; + A, with A; (resp. 12) belonging to the coroot sublattice of
A; (resp. Aj). Note that A; and A, are orthogonal to each other. For each j € {1, 2} there
exists o, € Aj such that (o, Aj) > 0 by Lemma 2.8. This contradicts the uniqueness of
am.) Thus A" ={o;, aj11, ..., ap} forsome 1 <i<m<p<n.

When i=p, the statements holds, by noting that (ap.c,,) =2 and 1 =ana,,
in this case. When i < p, we can assume i <m without loss of generality. Since 0>
(@i, &) =2a; — @11, we have @41 > 2a; > ¢; > 0. Since 0 > (011, A) = =@ + 2ai11 — Giy2, We
have @;12 > a1 + (@i+1 — &) > @1 > 0. By induction we conclude a,, > @1 > 0. If m = p,
then we have (wm, A) =2am — @n-1>2(@n-1+ 1) — an_1 > 2. If m < p, then we can show
Qm > Gmy1 With the same arguments. As a consequence, we have (¢, A) = —a@n_1 + 2a, —

Any1 > —am1+ @no1 + 1+ apyp1 + 1) — Gy > 2. ]

Proof of Theorem 1.2. Clearly, the statement holds if N;* vanishes or 4 =0.

Given nonzero A = Z?Zl aja]Y € QY, we can assume q; >0 for all j, that is, 1 is
effective, because otherwise Ni’;ﬁ vanishes. Since A # 0, there exists m such that (o, A) >
0 by Lemma 2.8. We simply define sgn,, :=sgn, , which is a map from W to {0, 1} defined
in the introduction (see also Section 2.2.2).

If such an m is not unique, then we can take any one such m that is not equal to
k. Since ue W? where Ap = A\ {ax}, we have sgn,,(u) =0. If sgn,, (v) < sgn,,(w) + (m, A),
then we have Ni;f =0 by Theorem 1.1(1); and hence we are done. Otherwise, we have
sgn,,(v) =sgn,,(w) + (am, A) =1 and sgn,,(w) =0. By Theorem 1.1(2) we have Nl“,jqf""jfz
Ny = N

If such an m is unique, then we have (o, A) >2 by Lemma 2.10. Thus either
sgn,, (w) + sgn,, (v) < sgn,, (w) + (am, A) or sgn,(w) + sgn,,(v) =sgn,, (w) + (am, A) holds.
For the former case, N;' vanishes and then it is done. For the latter case, we con-
clude m =k, sgn,(v) =1, sgn,(w) =0, and (ax, A) =2, by noting that sgn;j(w=1if j= k,
or 0 otherwise. Thus we have N} = NL’;}:ESZ’Z = Nii’;’:ia’z, by using Theorem 1.1(2)
again.

Hence, either of the following must hold: (i) N:jj;}’\ =0 (and then it is done); (ii)
NP} = Npse* with V=1 —ay, = in which ['|=[A—1 with @j=a; —1>0 if

a;. Therefore, the statement holds, by using

! NV
j%%
. . — n
J=m, or a; otherwise. Here [A[:=}"_,

induction on |A|. |
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Besides Theorem 1.2, we can also find other applications of Theorem 1.1.

Example 2.11. Let G/B =F{,. Take u=v=s5,51S;, w =553, and A =y + ;. (Note that
neither of the Schubert classes %, 0¥ are Grassmannian classes.) We have

Nw’k WSty oSy oy ey
wy — Vuuss — £V8525182,82518253 »

in which we increase the degree g; first. Then we have

\ Vv v \ \ 4
NW* — Loy tagt+ag _ aoss.a)tay  aS3spoy NSSSZ’O =1 O
wuv T TVS251,52518283 T VS251,8525152 T “VS251,8281 T “Vspsy T

In fact, we already know that all the nonzero three-pointed, genus zero Gromov-
Witten invariants for F¢, are equal to 1, by the multiplication table in [12]. Using
Theorem 1.1, we can find their corresponding classical intersection numbers, the most
complicated case of which has been given in the above example.

The proof of Theorem 1.2 has also shown us how to find v' and w’. Combining
Theorem 1.2 and the Peterson-Woodward comparison formula (Proposition 2.1), we can
obtain many nice applications, including alternative proofs of both the quantum Pieri
rule for all flag varieties of type A given by Ciocan-Fontanine in [8] and the result that
any three-pointed genus zero Gromov-Witten invariant on a complex Grassmannian is
a classical intersection number on a two-step flag variety of the same type, which is
the central theme of [3] for the type A case by Buch, Kresch, and Tamvakis. In order to
illustrate this clearly, we will show how to recover the “quantum to classical” principle
for complex Grassmannians in the rest.

For the complex Grassmannian X=G/P =Gr(k,n+ 1), we note Hy(X,7Z)=
QY/Q} =7, so that we simply denote N?%:=N2}* where u,v,weW" and ip=
doy + Q). Writed=mk+r=my(n—k+1)+r, wherel <ri<kand1<rm<n-k+1.
Then for A:=my Y0y jooy + 305 jenly, + dey +ma S5y Jonly Y75 joi,
we have (a;, ) = —1if i € {k — r;, k+ 1y}, or O otherwise. Thus it follows directly from the
uniqueness of Ap that Az = A. Furthermore, by Proposition 2.1, we have Ngf;)d = Nli’;)“ with

~ _ (k—1)_ (k—2) (k—r1)  (n—12+1) _ (n—12+2) (n)
W=Wwpwp =Wy U U Uni e Unil k-1 * " Unbl—k—n,

(see, e.g., Lemma 3.6 of [25] for the way of obtaining wpwp/). Here, for any 1 <i<m,
we define uEm) ‘= Sm_it1 - Sm—_1Sm and vi(m) = (u,l(-m))‘1 = SmSm_1- - - Sm—i+1; in addition, we
(m) (m

define )™ = v = id.
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In particular, if 1<d<min{k,n+1—k}, then we have d=r =r, and
Ap = Ap \ {0k_g, @krq}. Furthermore in this case, we go through the proof of

Theorem 1.2 for the above special iz, by reducing it to the zero coroot

3 3 4 4 2 4 4 \ 4 4
according to the ordering ((ay, o ;. .... 0 g 1) (@ 1 0 0o g 1) (@, oo o),
(O 1 g o) s (@ ol ), (@), ). Correspondingly, we denote

e (B k+d-1, (k) _ (k+d—2) (k) (k+1)
X:=Vg Ugy VgalUgp V2l Sk

(Note £(x) = d?.) As a direct consequence, we have the following corollary

Corollary 2.12. For any u, v, w e WP and deZ with 1 <d<min{k, n+ 1 —k}, we have
NYd=NPx0, provided that £(vx)=£(v) — €£(x) and £(bx)=£(D) + £(x), and zero other-

uvx !

wise. O

Let P D B denote the parabolic subgroup that corresponds to the subset A\
{ak_a, apia); thatis, G/P = Fly griani1 ={(V<V' <C" |dimV=k—d dim V' =k+d} is

a two-step flag variety. We can reprove the next result of Buch, Kresch, and Tamvakis.

Proposition 2.13 ([3, Corollary 1]). For any Schubert classes % o”,0" in H*(Gr(k, n+
1),Z) and any d>1, the Gromov-Witten invariant le;jd coincides with the
classical intersection number N&%X for o™ U o in H*(Flk_dk+dnt+1, Z), provided that

d<min{k,n+ 1 -k}, £(ux) =£4(uw) — {(x), L(vx)=4L(v) —{(x), and W € W?, and vanishes

otherwise. O
To show the above proposition, we need the next two lemmas.

Lemma 2.14. For any Schubert classes o% 0?,0% in H*(Gr(k,n+ 1),7Z), the Gromov—

Witten invariant Nl’f;)d vanishes unless 0 <d<min{k, n+ 1 — k}. O

Proof. Note N&;sz N{f;}‘*. If k=1 (resp. n), then (wk, Ap) =d+ my + 1 (resp. d+ m; + 1)
is larger than 2, whenever d>1=min{k,n+1—k}. Thus we have Nl'j:’;)’\B =0 by
Theorem 1.1(1). If 2<k<n-—1, then we have (ak, Ap) = m; + ms, + 2. By Theorem 1.1(1)
again, we have N{ff;j\B =0 unless m; =my =0, in which case we still have d=r =mr, <
min{k, n+ 1 — k}. [ |

Lemma 2.15. For any v € W? we have vx e wP if L(vx) =L(v) — L(X). (I
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Proof. Since f(vx)=4L(v) —£(x), we have {f(vx)=4{(vxsy) —1, so that vx(ax) € RT.
For any jef{l,....k—d—-1,k+d+1,....n} we have uvx(x;)=v(x;)eR". For

jelk—d+1,...,k—1} - we have vX(ozj)zvvék)LJ;f‘f_l~-~v,§’?j+1u,i{k;j)v,i’?j(aj) =
vvék)u'éff’l N vzi’i)j+zu1(€2_kfﬂfrl)(ak+1) =v(agrq) € RT. Similarly, for je{k+1,...,k+d—1)}
we have vx(oj) =v(ej_q) € RT. Hence, we have vx e w?. |

Remark 2.16. The Weyl group W for G =SL(n+ 1, C) is canonically isomorphic to the
permutation group S,.; by mapping each simple reflection s; € W to the transposition
(,i+1) € Sy1. In “one-line” notation, each permutation te€ W=S5,,; is written as
(t(1),...,t(n+ 1)). In particular, Grassmannian permutations t € W for G/P = Gr(k, n+
1) are precisely the permutations with (at most) a single descent occurring at the kth
position (i.e., t(k) > t(k+ 1)). Permutations t e WP for G/P =F{x_qkiani1 are precisely
the permutations with (at most) two descents occurring at the (k— d)th and (k+ d)th
positions. With this characterization, vxe WP is the element obtained from ve WP
by sorting the values {v(k—d+1),...,v(k+ d)} to be in increasing order, which coin-
cides with the descriptions in Section 2.2 of [3]. (Indeed, we note that s;(i)=1i for
any je{k—d+1,...,k+d—1} and any ie{l,....,k—d, k+d+1,...,n+1}. Thus we
have vx(i) =v(i) for any such i and, consequently, the set {v(k—d+1),...,v(k+ d)}
coincides with the set {vx(k—d+1),...,vx(k+ d)}.) Similarly, we can show that w is
the permutation (w(d+ 1), ..., wk), wk—-d+1),...,wk+ad),wk+1),...,wn—d+ 1))
, in which (w(k—d+1),...,w(k+ d)) is obtained from w € W by sorting the values
{fw@),...,w(d),wn—d+2),...,wn+ 1)} to be in the increasing order. O

Proof of Proposition 2.13. It follows from Lemma 2.14 and Corollary 2.12 that N}f;}d =
NPx0 if 1 <d<min{k, n+ 1 —k}, £(vx) =£L(v) — £(x) and £(Wx) = £(D) + £(x), or O other-

uvx

wise. When all of these hold, we have vxe wP by Lemma 2.15 and note that x is in
the Weyl subgroup generated by {Sx—d+1, ..., Sk+d-1}. In particular, for any je{k—d+
1,...,k+d— 1}, we have sgn;(vx) =0. Thus, by Theorem 1.1, we have N{fff = Ng’};_olyvx,
provided that £(ux!) =£(u) — £(x '), and zero otherwise. This assumption implies that
ux € WP, because of the observation that x=x"'. As a consequence, N0 =0 unless

ux,vx

W € WP, for which the assumption “4(wx) = £(w) + £(x)” holds automatically. [ |

Acknowledgements

The authors thank Ionut Ciocan-Fontanine, Bumsig Kim, Leonardo Constantin Mihalcea, and

Harry Tamvakis for useful discussions. We also thank the referees for valuable suggestions.

€102 ‘TT 13nbBnYy uo Buoy| BuoH 10 /(I!SBI\!Uﬂ asauIyD 8y L e /Biosfeulnolpioixo-uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

Classical Aspects of Quantum Cohomology of Flag Varieties 3721

Funding

The work described in this paper was substantially supported by a grant from the Research Grants
Council of the Hong Kong Special Administrative Region, China (Project No. CUHK401908), and
partially by the KRF grant 2007-341-C00006.

References

(1]

[2]

[3]

(4]

(5]

[6]

(71

(8l

[l

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Bernstein, I. N., I. M. Gel'fand, and S. I. Gel'fand. “Schubert cells and cohomology of the
spaces G/P." Russian Mathematical Surveys 28, no. 3 (1973): 1-26.

Buch, A. S. “Quantum cohomology of Grassmannians.” Compositio Mathematica 137, no. 2
(2003): 227-35.

Buch, A. S., A. Kresch, and H. Tamvakis. “Gromov-Witten invariants on Grassmannians.”
Journal of the American Mathematical Society 16, no. 4 (2003): 901-15 (electronic).

Buch, A. S., A. Kresch, and H. Tamvakis. “Quantum Pieri rules for isotropic Grassmannians.”
Inventiones Mathematicae 178, no. 2 (2009): 345-405.

Buch, A. S. and L. C. Mihalcea. “Quantum K-theory of Grassmannians.” Duke Mathematical
Journal 156, no. 3 (2011): 501-38.

Chaput, P.-E., L. Manivel, and N. Perrin. “Quantum cohomology of minuscule homogeneous
spaces.” Transformation Groups 13, no. 1 (2008): 47-89.

Chaput, P.-E. and N. Perrin. “On the quantum cohomology of adjoint varieties.” (2009):
preprint arXiv: math. AG/0904.4824.

Ciocan-Fontanine, I. “On quantum cohomology rings of partial flag varieties.” Duke Mathe-
matical Journal 98, no. 3 (1999): 485-524.

Coskun, I. “A Littlewood-Richardson rule for two-step flag varieties.” Inventiones Mathe-
maticae 176, no. 2 (2009): 325-95.

Coskun, I. “The quantum cohomology of flag varieties and the periodicity of the Schubert
structure constants.” Mathematische Annalen 346, no. 2 (2010): 419-47.

Duan, H. “Multiplicative rule of Schubert class.” Inventiones Mathematicae 159, no. 2 (2005):
407-36.

Fomin, S., S. Gelfand, and A. Postnikov. “Quantum Schubert polynomials.” Journal of the
American Mathematical Society 10, no. 3 (1997): 565-96.

Fulton, W. “On the quantum cohomology of homogeneous varieties.” The Legacy of Niels
Henrik Abel, 729-36. Berlin: Springer, 2004.

Fulton, W. and R. Pandharipande. “Notes on stable maps and quantum cohomology.”
Proceedings of Symposia in Pure Mathematics, vol. 62 (Part 2). Providence, RI: American
Mathematical Society, 1997.

Fulton, W. and C. Woodward. “On the quantum product of Schubert classes.” Journal of
Algebraic Geometry 13, no. 4, (2004): 641-61.

Humphreys, J. E. Linear Algebraic Groups. Graduate Texts in Mathematics 21. New York,
Berlin: Springer, 1975.

€T0Z ‘TT 13nBNnYy Uo Buo BuoH Jo A1sleAlun asauIyd 8y e /BJo's[eulnopioxo uiwiy/:dny wolj papeojumod


http://imrn.oxfordjournals.org/

3722 N.C. Leung and C. Li

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Humphreys, J. E. Introduction to Lie Algebras and Representation Theory. Graduate Texts
in Mathematics 9. New York, Berlin: Springer, 1980.

Humphreys, J. E. Reflection Groups and Coxeter Groups. Cambridge, UK: Cambridge Uni-
versity Press, 1990.

Kim, B. “Quantum cohomology of flag manifolds G/B and quantum Toda lattices.” Annals of
Mathematics. Second Series 149, no. 1 (1999): 129-48.

Kostant, B. and S. Kumar. “The nil Hecke ring and the cohomology of G/P for a Kac-Moody
group G.” Advances in Mathematics 62, no. 3 (1986): 187-237.

Kresch, A. and H. Tamvakis. “Quantum cohomology of the Lagrangian Grassmannian.” Jour-
nal of Algebraic Geometry 12, no. 4 (2003): 777-810.

Kresch, A. and H. Tamvakis. “Quantum cohomology of orthogonal Grassmannians.” Compo-
sitio Mathematica 140, no. 2 (2004): 482-500.

Lam, T. and M. Shimozono. “Quantum cohomology of G/P and homology of affine Grass-
mannian.” Acta Mathematica 204, no. 1 (2010): 49-90.

Leung, N. C. and C. Li. “Gromov-Witten invariants for G/B and Pontryagin product for
K." Transactions of the American Mathematical Society (2011): preprint arXiv: math.
AG/0810.4859.

Leung, N. C. and C. Li. “Functorial relationships between QH*(G/B) and QH*(G/P).” Jour-
nal of Differential Geometry 86, no. 2 (2010): 303-54.

Postnikov, A. “Symmetries of Gromov-Witten Invariants.” Advances in Algebraic Geometry
Motivated by Physics (Lowell, MA, 2000), 251-58. Contemporary Mathematics 276. Provi-
dence, RI: American Mathematical Society, 2001.

Siebert, B. and G. Tian. “On quantum cohomology rings of Fano manifolds and a formula of
Vafa and Intriligator.” The Asian Journal of Mathematics 1, no. 4 (1997): 679-95.
Woodward, C. T. “On D. Peterson’s comparison formula for Gromov-Witten invariants of
G/P." Proceedings of the American Mathematical Society 133, no. 6 (2005): 1601-9.

€T0Z ‘TT 13nBNnYy Uo Buo BuoH Jo A1sleAlun asauIyd 8y e /BJo's[eulnopioxo uiwiy/:dny wolj papeojumod


http://imrn.oxfordjournals.org/

	Introduction
	Proofs of Theorems
	Notations
	Proof of Theorem 1.1
	Peterson--Woodward comparison formula
	Z2-filtrations on QH*(G/B)
	Proof of Theorem 1.1

	Applications

	References

