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Abstract. We study the geometry of the Grassmannians of symplectic subspaces in a sym-
plectic vector space. We construct symplectic twistor spaces by the symplectic quotient
construction and use them to describe the symplectic geometry of the symplectic Grassman-
nians.

1. Introduction

On a 2n-dimensional real vector space V, the set of all 2k-dimensional linear
subspaces S C V is the real Grassmannian Gr (2k, 2n). When V is equipped
with a linear complex structure, the complex Grassmannian Grg¢ (k, n) paramet-
rizes those subspaces S which are complex. Gr¢ (k, n) carries a natural complex
structure, which plays important roles in complex geometry.

Throughout this paper, V is a symplectic vector space of dimension 2n
with symplectic form wy, or simply w. We define the symplectic Grassmannian
Gr3P (2k, 2n) to be the set of all 2k-dimensional linear subspaces in V which are
symplectic. The objective of this paper is to study the geometry of Gr5? (2k, 2n).

First we have an identification

Sp 2n, R)

GrsP (2k,2n) ~ ,
rEk 2 = o R) Sp (2 — 2k.R)

and natural inclusions
Gre (k,n) C GrdP (2k,2n) C Gr (2k, 2n),
or equivalently,

U (n) Sp (2n, R) 0 (2n)
UG)U@m—k) ~ SpQk,R)Sp(2n—2k,R) ~ O (2k) O 2n — 2k)’
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The inclusion Gr5P (2k,2n) C Gr (2k, 2n) is the complement of a hyperplane
in A%*V and the inclusion Grc (k,n) C GrSP (2k, 2n) is the intersection with
A%’kv, and topologically it is a deformation retract. In order to describe the sym-
plectic geometry of Gr3P (2k, 2n), we parametrize symplectic subspaces by sym-
plectic homomorphisms ¢ € Hom (S, V), i.e. p*wy = ws. We show that this set
is the inverse image of Jg under a moment map

w:Hom (S, V) — oQk)*,

and the symplectic quotient Hom (S, V) //O (2k) is the set of symplectic sub-
spaces in V together with compatible complex structures on them. We call this the
symplectic half twistor Grassmannian, denoted 7 (2k, 2n). It is the total space of
a fiber bundle

Sp (2k, R)

— T (2k, 2n) — GrP (2k, 2n),
U (k)

and every fiber is a symplectic manifoldin 7 (2k, 2n). We show that such a symplec-
tic fiber bundle structure is sufficient to have naturally defined notions of symplectic
submanifolds and Lagrangian submanifolds in Gr5? (2k, 2n) even though the base
manifold G5 (2k, 2n) does not carry a symplectic structure. Then we construct
symplectic and Lagrangian submanifolds in Gr5P (2k, 2n) using symplectic and
isotropic/coisotropic linear subspaces in V.

In order to describe the Kihler geometry in this setting, we introduce the sym-
plectic twistor Grassmannian T (2k, 2n) which is the set of triples (S, Js, Jso)
with § a symplectic subspace in V and Jg (resp. Js») a compatible complex struc-
ture on S (resp. $“). The symplectic twistor Grassmannian is also the total space
of a symplectic fiber bundle

Sp 2k, R)  Sp 2n — 2k, R)

T (2k,2 5P (2k, 2n) .
0 X Uti—h — 7T 2k, 2n) — Gr>? 2k, 2n)

In addition, it is the total space of another symplectic fiber bundle given by

) Sp 2n. R
Gro (k.n) —s T @k, 2m) L5 P21 R).
U (n)

and this latter bundle structure gives T (2k, 2n) its natural Kihler structure. Note
that Sp 2n, R) /U (n) is the set of all compatible complex structures on V and
thus we are using all complex structures on (V, wy) to define one on T (2k, 2n).
Remark that other symplectic twistor theories with different motivations can be
found in the researches of Albuquerque, Reznikov et al.

The organization of this article is as follows: In Sect. 2, we introduce the sym-
plectic Grassmannians and describe their basic properties. We also review basics
of symplectic geometry that we need. In Sect. 3, we define the symplectic (half)
twistor Grassmannians and construct natural symplectic structures on them using
the symplectic quotient construction. We also prove basic properties of them. In
Sect. 4, we use the symplectic fiber bundle structures on symplectic (half) twis-
tor Grassmannians to define the symplectic geometry on Gr5P (2k, 2n) and we
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construct symplectic submanifolds and Lagrangian submanifolds in Gr5? (2k, 2n)
as special kinds of Schubert cycles. We also analyze the Kéhler geometry of the
symplectic twistor Grassmannians.

2. Symplectic Grassmannians
2.1. Definition and basic properties

In this subsection, we define symplectic Grassmannians and discuss their basic
properties and their relationships with real and complex Grassmannians. Recall
that V always denotes a 2n-dimensional symplectic vector space with symplectic
form w.

Definition 1. Given any k < n, the set of all 2k-dimensional symplectic lin-
ear subspaces in V is called the symplectic Grassmannian, and it is denoted as
Gr3P (2k, V), or simply GrS? (2k, 2n).

Since a subspace being symplectic is an open condition, the symplectic Grass-
mannian has a natural topology coming from its being an open subset of the real
Grassmannian Gr (2k, 2n) of all 2k-dimensional real linear subspaces in V. Recall
that Gr (2k, 2n) >~ O (2n) /O (2k) O (2n — 2k). To see this, we pick a metric g on
V to obtain an orthogonal decomposition V = P @ P for each subspace P in V.
Here P ={v e V: g (u,v) =0 forany u € P} is the g-orthogonal complement
to P. The orthonormal bases of P and P give one on V and therefore Gr (2k, 2n)
is ahomogeneous space of O (2n) with the isotropy subgroup the product of orthog-
onal groups of P and P, For the same reason, if we equip a complex vector space
(V, J) with a Hermitian metric, then the complex Grassmannian Grc (k, n) can be
identified with U (n) /U (k) U (n — k). With respect to any compatible symplectic
structure w, every complex subspace is a symplectic subspace in V. Many of our
later constructions will require a choice of a complex structure or a metric structure
which is compatible with .

Definition 2. Let V be an even dimensional vector space. (1) A Hermitian structure
on V is atriple (w, J, g) with ® a symplectic structure, J a complex structure and
g ametric structure on V satisfying

w(u,v) =g (Ju,v)

for any u,v € V and J is g-orthogonal, i.e. g (Ju, Jv) = g (u, v). (2) Among
symplectic, complex and metric structures, any two of these structures on V are
called compatible with each other if the relation w (1, v) = g (Ju, v) defines the
third structure and together they make V into a Hermitian vector space.

Remark. The space of all compatible complex structures on (V, w) is the Siegel
upper half space Sp 2n, R) /U (n).
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There is also a canonical identification between Gr5? (2k, 2n) and the homoge-
neous space Sp (2n, R) /Sp (2k, R) Sp (2n — 2k, R), and the canonical inclusions

Gre (k,n) C Grd? (2k,2n) C Gr (2k, 2n)
correspond to the following inclusions of homogeneous spaces

U (n) Sp 2n, R) 0 (2n)
UMk)U(mn—k) ~ Spk,R)Sp(2n —2k,R) ~— O (2k) O 2n —2k)’

In order to describe GrSP (2k, 2n) , we recall the following notions.

Definition 3. Let P be any linear subspace in (V, w).
(i) The symplectic complement of P is
P’ :={ueV | w,v)=0forallve P}.
(ii) The null space of P is N (P) := P N P and its dimension is called the

nullity n (P) := dim N (P).
(iii) The symplectic rank, or simply rank, of Pisr (P) :=max {reN: (w|p)” #0}.

Symplectic complements satisfy the following basic properties:
(i (P®)” = P, (i) (PN Q)* = P+ Q” and (iii) P C Qiff P* D 0®.

The null space N (P) is the largest subset in P where the restriction of @ van-
ishes and P/ (P“ N P) thereby has an induced symplectic structure, called the
symplectic reduction of P. The rank is half of the maximal possible dimension
among symplectic subspaces in P and it satisfies dim P = 2 - r (P) + n (P), or
equivalently r (P) = 1 dim P/ (P® N P).

In particular, the following statements are equivalent: (1) P is a symplectic
subspacein V; 2)n (P)=0;3)dimP =2 -r(P)and (4) V = P @ P®.

Proposition 4. There is a natural identification
Sp 2n, R)
Sp 2k, R) Sp 2n — 2k, R)"
Proof. We apply the same arguments as in the cases of real and complex Grass-

mannians together with the above property (4), V. = P @& P® for any symplectic
subspace P, to obtain the identification. O

Gr’P (2k, 2n) ~

Before we proceed, let us recall definitions and basic properties of other impor-
tant notions in linear symplectic geometry: (1) A linear subspace S of V is called
symplectic if the restriction of w to S defines a symplectic structure on S, or equiv-
alently n(S) = 0. In particular, S must be of even dimension. While symplectic
subspaces are those subspaces where the restriction of w are the most nondegen-
erate, isotropic/coisotropic/Lagrangian subspaces are those subspaces where the
restriction of w are the most degenerate. (2) A subspace P is called isotropic (resp.
coisotropic)if P C P® (resp. P C P),andthis conditionisequivalenttow|p = 0;
namely P = N (P) (resp. P® = N (P)). A subspace which is both isotropic and
coisotropic is called Lagrangian. We also have the following characterizations of
coisotropic subspaces.
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Lemma 5. Let P be any linear subspace in (V, ). We have

(i) r (P)+ n(P) < n and equality holds precisely when P is coisotropic.
(ii) Suppose dim P = n + k, then o*|p # 0 and o**'|p = 0 if and only if P is
coisotropic.
It is well-known that the symplectic complement of a symplectic (resp. isotro-

pic) subspace in (V, w) is symplectic (resp. coisotropic). In fact, the same is true
for orthogonal complements.

Lemma 6. Let P be any linear subspace in a Hermitian vector space (V, w, J, g).
We have

JN(P)=N (PL) .

Proof. The compatibility condition w (u, v) = g (Ju, v) implies that
(JP)* =J (P*) = P™.
Taking the symplectic complement we get J P = (P1)”. Therefore,
JN(P)=J(PNP”)=JPNJ(P”)

= (PL)w npt

=N (PH).
Hence the result. O

As a corollary, we obtain

Corollary 7. Let P be any linear subspace in a Hermitian vector space (V, w, J, g).
Then P is symplectic iff P~ is symplectic. Also, a subspace P is coisotropic iff P+
is isotropic.

Proof. By the above lemma and J? = —id, we have n(P) = n(P'). The first
assertion follows from P being symplectic iff n (P) = 0.
For any subspace P in V, by the previous lemma,

dimV:dimP+dimPJ‘:2(r(P)+n(P)+r(PJ‘)).

And if P is coisotropic, 2 (r (P) + n (P)) = dim V and we have r (PJ‘) =0 (ie.
o | pr=0). Therefore Plis isotropic and vice versa. |

Thus we could restrict our attention to only those subspaces in V which are at
most half dimensional. For the rest of this section, we assume that 2k < n.
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2.2. The inclusion GrSP 2k, 2n) C Gr (2k,2n)

Since Sp (2n, R) acts on V =~ R2"_ it also acts on the set of its linear subspaces
Gr (2k,2n). Tt is a well-known fact that two subspaces in V are in the same
Sp (2n, R)-orbit if and only if they have the same rank. We denote the orbit of
rank r subspaces as O, and we have a disjoint union decomposition

k
Gr2k.2n) =[] o,
r=0

Clearly Oy = Gr5P (2k, 2n) is the unique open orbit in Gr (2k, 2n) and the orbit
closure O; = lezoOr for any [ < k. The unique closed orbit Oy consists of
isotropic subspaces in V and we have an identification

N U (n)
~ U(n—2k) 0 (2k)

Oo

By a counting argument, we can show that O, in Gr (2k, 2n) has codimen-
sion (k —r) (2 (k —r) — 1). In particular the complement of Gr5? (2k, 2n) is a
hypersurface in Gr (2k, 2n).

Given any [S] € Gr (2k,2n), we choose any basis vy, va, ..., var of S. The
element vy Avy A--- AUy € /\2k V is independent of the choice of the basis, up
to a nonzero constant multiple. Thus we have a natural inclusion

Gr(2k,2n) C P (/\2’<v)

and the image consists of nonzero decomposable elements in /\2k V.

If we choose a metric g on V, then the set of decomposable elements in the unit
sphere in A%V can be naturally identified with a double cover of Gr (2k, 2n), the
Grassmannian Gr+ (2k, 2n) of oriented linear subspaces in V.

SO (2n)
SO (2k) SO 2n — 2k)°

GrT(2k,2n) ~

For a 2n-dimensional symplectic vector space (V, w), the top form " /n! de-
fines a canonical orientation on V and it gives a natural isomorphism &,

d - /\Zkv E) /\2n—2kv*
defined as follow: For any o € /\2k V, the linear functional
® () e /\2n—2kv* — Hom (/\Zn—ZkV’ ]R)

is given by

wn
Q) (B)=—T@nrp),
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for any g € /\2"_sz. For any integer / between 1 and k, we define a linear
homomorphism,

Fl . /\2kv_) /\2(n—k+l)v*
Fi (o) = @ (a) Ao/l

We restrict the function Fj, : /\ZkV — /\Z”V* to Gr* (2k, 2n) and identify
/\Z"V* with R via 0" /n!,
F : Grt (2k,2n) — R.

Lemma 8. The function Fy can be written as follow,

1 (@ls)*

FSh = 150

where Volg is the volume form on S induced from g.

Proof. Given any volume element of S, 0 # vg € A% S there is a unique volume
element vg1 € A?"~2% 5 which satisfies

n

o
H (US A VSL) =1.
The following homomorphism identifies volume elements in V and in S,

WAV S A
V(x) = (VSLJ(X) |s.

Recall that Fy : A2V — A?"V* is given by

" o*
Fr (B) = ('BJE) A R

We have
" oF
Vo Fy(vs) =¥ ((USJ—) A —)
n! k!
wk
=Wv VSL AN F
= F'S'
Hence the lemma. O

Recall that a two-form 7 on S is non-degenerate if and only if n* # 0. In par-
ticular, S is a symplectic subspace in V if and only if Fy ([S]) # 0. Hence we have
the following corollary.

Corollary 9. The natural inclusion Gr3P (2k,2n) C Gr (2k, 2n) is the comple-
ment of the hyperplane {Fy = 0} in /\2k V.
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In general, every orbit closure of the Sp (2n, R)-action on Gr (2k, 2n) is the
intersection of Gr (2k, 2n) with a linear subspace in A%y,

Proposition 10. We have
O_1 = Gr (2k,2n) N {F; =0} c A\*V

foranyl < k.

2.3. The inclusion Gre (k, n) C GrSP (2k, 2n)

Recall that Gr3P (2k,2n) C Gr (2k,2n) is the complement of the hyperplane
{F; =0} in /\ZkV. Using calibration theory [3], we have Im F;, = [—1, 1] and
F k_l (1) = Gr¢ (k, n). To see this, we notice that given any orthonormal oriented
vectors u and v in V,

o, v)=gu,v) <|Jullv|=1
and equality holds if and only if v = Ju; namely, span (u, v) is a complex line in

(V, J). Furthermore, a generalization of this is the Wirtinger inequality which is

1
Fa)k (c) <1 forall ¢ € Gr (2k,2n) c A**v,

and equality holds if and only if ¢ is a complex subspace, i.e. ¢ € Grc (k, n). Here
oF (¢) denotes

o (e1 ANea... N eag)

where ey, e, ..., ex; is an oriented orthonormal basis of ¢. Equivalently, o /k!is
a calibration with contact set Gr¢ (k, n). From the fact that linear subspaces cali-
brated by ok / k! are complex subspaces, F~1 ({1, -1}) = Gre (k, mUGr (k, n),
where Gr¢ (k, n) is the complex Grassmannian whose elements have the reverse
orientation of elements in Gr¢ (k, n), i.e.

Grg (k.n) = —Gre (k,n) C A%V,

In particular Gr5? (2k, 2n) has two connected components. Combining with the
earlier result, we have the following proposition.

Proposition 11. Let (V, w, J, g) be a 2n-dimensional Hermitian vector space. The
inclusions in the following sequence

Gre (k,n) € GrdP (2k,2n) C Gr (2k, 2n)
correspond to the restriction of
{Fr =1} C {Fr # 0} c A%V

to Gr 2k, 2n).



Grassmannians of symplectic subspaces 391

We can also describe Gr¢ (k, n) as the intersection of Gr (2k, 2n) with a linear
subspace in A%¥ V. In fact, we only need to use the complex structure on V for this
purpose. Let us recall the (p, g)-decomposition of tensors: Eigenvalues of J on V
are =i and we denote its eigenspace decomposition as

veC=Vv"g Vo wihvO! = V10,

By taking wedge products, we have
AVRC=3,, APV with VIP =VPi.
Here
APV = APVIO @0 ATVOL
We also write
ARV = ARy N A%y,
Then we have the following characterization of Gr¢ (k, n) inside Gr (2k, 2n).
Proposition 12. Given any complex vector space (V, J), we have
Gre (k,n) = Gr 2k, 2n) N AG"V,

inside N**V.
Proof. We extend J to A'V ® C by the following formula,

JWiA---Av)={v)A---AJy).

The action of J on AP9V is given by multiplication by i?~9. In particular, J is
identity on AKKV.

Let S be any 2k-dimensional real linear subspace in V. We pick any basis
Vi, ..., Uyt of § and write

vS=v1A-~-/\v2k€A2kV.

Then a vector v € V belongs to S if and only if v A vg = 0.
Now we suppose [S] € Gr (2k,2n) N A%’kV, i.e. vg € AM¥V . For any e € §,
we have e A vg = 0. By applying J, we have

0=J(eAvs)=JeANJvs=JeAvs.

This implies that Je € S.Thatis, S is acomplex linear subspace in V. Conversely, if

S is a complex subspace in V, then we find a complex coordinate system z1, ..., 2,
on V with § being the C-span of zy, ..., zx. By writing z; = x; 4 iy; for each j,
we have

VS = XTI AVIAN - ANXp N Yk

.\ k
l e —_
(5) 11/\11/\-~~/\zk/\zkeAk’kV.

Hence the proposition. O
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In the following theorem, we show that Gr¢ (k, n) U Gr(E (k, n) is actually a
strong deformation retract of Gr5P (2k, 2n). In particular, they are homotopically
equivalent to each other.

Theorem 13. Let (V, w, J, g) be a 2n-dimensional Hermitian vector space. Then
the complex Grassmannian Gre (k, n) is a strong deformation retract of a con-
nected component of the symplectic Grassmannian Gr3P (2k, 2n).

Proof. First, we define a natural basis on S for each [S]in Grsp (2k, 2n). For each
& e Gr(2,95), consider

w(§) =g Wu,v)

where u and v is an oriented orthonormal basis of £. There is a maximizing oriented
orthonormal pair of vectors u#; and vy in S satisfying 0 < g (Juy, v;) < 1. Note
that g (Ju1, v1) is nonzero because S is symplectic. Furthermore, we observe that
for each unit vector a in SN span {u1, v; }J‘, the function

f @) :=g(Juy,cosBv; + sinfa)
has a maximum value at & = 0 and hence the derivative of f at & = 0 vanishes.

0=f'(0)=gWuia,

ie. a L Jup and similarly, ¢ L Jvj. This implies that a is perpendicular to
span {uy, vy, Juy, Jur} and a maximizing pair (u1, vy) is isolated. Furthermore,
SN span {uy, v1}* is symplectic. Therefore, we can repeat the above process with
S being replaced by SN span {u1, v }* and we obtain an ordered orthonormal basis
{uy, vy, ..., ug, v} of S such that

g(Juy,v)) > g(Juz, v2) > ... > g (Jug, vg) > 0,
and S = span {uy,v1} ® - - ® span {uy, vi}.

Now, we deform the symplectic subspace S to a complex subspace: For each
O<t<landi =1,..., k, define

T LT vi + Ju;
U; (t) := cos (—t) u; + s (—t)
2 27 g + Ju;,vi +Ju;)
T 24 —u; + Jv;
Vi (t) := cos (—t) v; + sin (—t)
2 27 Vg (—ui+ Jvi, —u; + Jv;)

and consider S (¢) := span {U; (t), V1 (t), ..., Ux (t), Vi (t)}. Here, one can check
that (i) S (¢) is symplectic for each ¢, (ii) S(0) = § and (iii) S (1) is a com-
plex subspace in V. In order to obtain a deformation retract, we need to show
that the path S (#) is independent of the choice of the basis on S. First we can
replace each {u jh v j} by any oriented orthonormal vectors in the 2-dimensional
subspace. But this will not change the span of U; (¢) and V; (t). Second, when
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g (Juj,vj) = g (Jujt1,vj41), then we may have another order of the subspaces
spanned by { uj, v j} but this will not change S (¢) neither. Thus the family

Gr3P (2k, 2n) x [0, 1] —> Gr3P (2k, 2n)
(S, — S@).

can be easily seen to be a strong deformation retract from GrS? (2k,2n) to
Gre (k, n). m]

If we vary the complex structure J on V, then the corresponding Gr¢ (k, n)
will move inside GrS? (2k, 2n) and cover the whole symplectic Grassmannian (see
Sect. 3).

Remark. When k = 1, Gr (2, 2n) has a natural symplectic structure. Indeed it is a
complex projective quadric hypersurface

Gr(2,2n) = {z%+z§+~-+z§n =0} CCP!'=P(V®C).

To see this, given any 2-dimensional subspace S C V =~ R?", we choose any
orthonormal basis ey, e of S. We write e; = (x1, ..., X2,) and ex = (y1, ..., You)-
Defines z; = x; 4+ iy;. Then (z1, ..., z2,) € V ® C lies in the unit sphere gan—1
and satisfies the equation > z? = 0. Furthermore, its projection to P (V ® C) is
independent of the choice of the orthonormal basis on S.

Recall that the symplectic Grassmannian Gr5P (2, 2n) is the complement of
{F1 = 0}in Gr (2, 2n). In this case, the function F| can be extended to a homoge-

neous function on C*, namely Fj (z1, ..., 22,) = — Im (Z7:112j7122j)-

2.4. A nondegenerate two-form on GrP (2k, 2n)

Recall that a nondegenerate two-form on a manifold is called a symplectic form if
it is closed. We will construct a two-form on Gr (2k, 2n) which is nondegenerate
exactly on Gr3P (2k, 2n). Even though this form is not closed, it does have many
Lagrangian submanifolds.

In the next section, we construct the symplectic half twistor Grassmannian
T (2k, 2n) and show that it does have a natural symplectic form. We will use it to
describe the symplectic geometry on GrS? (2k, 2n) in Sect. 4. Before we do this,
let us recall a natural symplectic structure on the space of all compact symplectic
submanifolds in any given symplectic manifold.

2.4.1. Symplectic knot spaces Let (M, w) be a 2n-dimensional symplectic man-
ifold and let Ky, (M), or simply K (M), be the space of 2k-dimensional submani-
folds in M which are diffeomorphic to a fixed compact manifold X. It is called a
higher dimensional knot space of M. The open subset K 5P (M) C K (M) consist-
ing of those submanifolds which are symplectic is called a symplectic knot space
of M (see [4]).
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For any [S] € K (M) and for any tangent vectors u,v € Tis1K (M) =
r (S, NS/M), we define

C!)k+l
Q(u, = _—
(. v) /s‘ e

Then €2 defines a closed two-form on K (M) which is non-degenerate precisely on
K5 (M), provided that k < n — 2. When k = n — 1, Q is non-degenerate on the
whole K (M). Suppose C is a (n + k)-dimensional submanifold in M, then C is a
coisotropic submanifold in M if and only if K (C) N K57 (M) is a Lagrangian sub-
manifold in K7 (M). More discussions on the symplectic geometry of K57 (M)
can be found in [4].

2.4.2. A nondegenerate 2-form on Gr’P (2k,2n) The above symplectic form
Q cannot be defined on GrS” (2k, 2n) as R is noncompact. In order to find
a nondegenerate two-form on Grsp (2k, 2n), we first recall that given any ele-
ment [S] in the Grassmannian Gr (2k, 2n), its tangent space can be identified with
Hom (S, V/S), or equivalently S* ® V/S. Therefore

A Tis)Gr (2k,2n) = A* (S* ® V/S)
= A2S* @ Sym>V/S + Sym?S* @ A’V/S.

Here Sym?S* is the second symmetric tensor power of S*. Therefore, using a sym-
plectic structure w and a metric g on V, we can define a 2-form 28 on Gr (2k, 2n)
as follow: Given any [S] € Gr (2k, 2n),

QA2 (S*®V/S) >R
is the composition of the following maps
A2(S* @ V/S) %> A2V/S 25 AZkgr LR

Here « is the inner product of the components in S* using the induced metric on S
from g on V; @y is given by
Lwrwmy @ [s

ws (VA W) = Y

where v and w are vectors in V/S, and B is the division by Volg, which is the
volume form on § of the metric tensor. Note that &g is well-defined since for v or
winsS, i Aw)a)k“ |s cannot produce a top degree form on S. Also, if g is chosen
to be compatible with w and S is a complex subspace, then Vol is (@ |5)¥ /k! and
Lgrlgrtanby@ T |5
(k+ D!Volg

Q% (a,b) =

Note that the definition of @g does not depend on gs. In the following proposition,
we show that this form is non-degenerate exactly on GrS? (2k, 2n).
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Proposition 14. For 0 < k < n —2 and [S] € Gr (2k, 2n), s is nondegenerate if
and only if S is symplectic, i.e. [S] is an element in Gr>P (2k, 2n).

Proof. Assume @y is nondegenerate. Suppose S is not a symplectic subspace in V/,
i.e. S is a 2k-dimensional subspace with rank less than k. In general, a subspace P
with r (P) < k has

dmP =2r(P)+n(P)<n+k—1

since r (P) +n (P) < n, and equality holds when P is a coisotropic subspace with
r (P) = k — 1. For the above S, it is easy to see there is a (n + k — 1)-dimensional
coisotropic subspace C containing S. Since k < n — 1, S is a proper subspace of
C and we can take a vector v in C\ S. Observe that span {v} + S still has rank less
than k because r(C) < k. We also denote v as an element of C/S. Now, for any w
inV/S,

+

k+ Dlog (v Aw) = l(mw)a)k s

=wWAw) o |5 F1,0° Ay |s
=0,

for r (S) < k and r (span {v} + S) < k. Therefore, &g is degenerate.

Conversely, assume S is a symplectic subspace. Then, its symplectic comple-
ment S¢ is also symplectic and V = S@ S®. Furthermore, the symplectic structure
can be decomposed into

w=wl|s tw |so .

Observe that S and V/S are isomorphic. We consider

A2V/S B AZkgx

\ | +

AZse "XTOR

where the vertical map at right is given by &/ (" /k! |5) for o in A% S*. Note
these two vertical maps are isomorphisms and it is easy to see that the diagram
commutes, because for any v in §“, 1, |s= 0. Since @ |s» is nondegenerate, s
is also non-degenerate. O

As a corollary, Q¢ is a nondegenerate two-form on Grsp (2k, 2n), provided
thatk < n —2. When k = n — 1, Q8 is nondegenerate on the whole Grassmannian
Gr (2n — 2, 2n). This is because w**! = " is a nonvanishing top degree form
onV.
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3. Symplectic twistor Grassmannians

In this section we introduce the notion of a symplectic half twistor Grassman-
nian 7 (2k, 2n) by considering all compatible linear complex structures on each
[S] € GrSP (2k, 2n). This is analogous to the definition of the twistor space 7y, for
any oriented Riemannian four manifold M where we consider all compatible linear
complex structures on each tangent space of M. Since the space of all compatible
linear complex structures on R* is diffeomorphic to SO (4) /U (2) = S?, we have
the following fiber bundle

S — Ty — M.

The total space 7); admits a canonical almost complex structure in which every fiber
is a pseudo-holomorphic curve in 7;. Furthermore this almost complex structure
is integrable if and only if M is a self-dual manifold. In this situation, the conformal
geometry of M can be described in terms of the complex geometry of 7y;.

We will construct a canonical symplectic structure on 7 (2k, 2n) by using the
symplectic quotient construction in the next subsection. Furthermore the sym-
plectic geometry on 7 (2k, 2n) will be used to define a symplectic geometry on
GroP (2k, 2n).

Definition 15. Given any k& < n, (i) the symplectic half twistor Grassmannian
T (2k, V), or simply 7 (2k, 2n), is the set of pairs (S, Js) where S is a 2k-dimen-
sional symplectic linear subspace in V and Jg is a linear complex structure on S
compatible with the symplectic form w|s.

(i1) The symplectic twistor Grassmannian T (2k, V), or simply T 2k, 2n), is
the set of pairs (S, Jg, Js») where S is a 2k-dimensional linear symplectic sub-
space in V and Jg (resp. Js) is a linear complex structure on S compatible with
the symplectic form w|g (resp. w|s).

Since the map which sends a symplectic subspace S to its symplectic comple-
ment S“ gives a natural identification

Gr3P 2k, 2n) = GrP 2n — 2k, 2n),
we have

T 2k, 2n) =T 2k,2n)  x T (2n—2k, 2n).
GrSp(2k,2n)

Recall that the space of all compatible linear complex structures on CF is the
Hermitian symmetric space Sp (2k, R) /U (k) and therefore we have a fiber bundle

Sp 2k, R) /U (k) — T (2k,2n) — Gr3P (2k, 2n).

When k = n, we have 7 (2n, 2n) = Sp (2n, R) /U (n) because Gr>? (2n, 2n)is a
single point. Given any triple (S, Js, Js») in T (2k, 2n), Js @ Jso defines a com-
patible complex structure on S @ S“ = V, in which both S and S“ are complex
subspaces. Thus T (2k, 2n) is a homogenous space of Sp (2n, R). The isotropy
subgroup consists of unitary transformations of S and S®. Similarly, 7 (2k, 2n)
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is a homogenous space of Sp (2n, R) with isotropy subgroup consists of unitary
transformations of S and symplectic transformations of S“. Thus we have obtained
the following proposition.

Proposition 16. There are natural identifications

Sp 2n, R)

TCk2) = sy an 2B’
and
T 2k, 2n) = M
U U -k

Moreover, the fiber bundle
Sp (2k,R) /U (k) — T (2k,2n) — Gr’? (2k,2n),
can be identified with the following bundle of homogenous spaces,
Sp (2k, R) N Sp (2n, R) N Sp (2n, R)
U (k) U (k) Sp 2n — 2k, R) Sp (2k,R) Sp (2n — 2k, R)’

which comes from the following commutative diagram of injective group homo-
morphisms

Sp 2k, R) — Sp (2n, R)
1 t :
Uk)y — Uc(k)SpQ@2n—2k R)
Similar arguments also give the following

Proposition 17. For any 1 < k < n, the symplectic twistor Grassmannian
T (2k, 2n) is the total space of the following two fiber bundles

Sp 2k, R)  Sp (2n — 2k, R)
vk Um—h

— T 2k, 2n) - Gr® (2k,2n),

and

Gre (k.n) —s T (k. 2m) L5 SP 1B
U (n)

Given any compatible complex structure J on (V, w), i.e. [J] € Sp 2n,R) /
U (n), the fiber ,3_1 (J) consists of all J-complex subspacesin (V, J) and « embeds
B~1(J) into the space of symplectic Grassmannian,

Gre (k,n) C GrdP (2k,2n).

Given any symplectic subspace in (V,w), [S] € GrSP (2k,2n), the fiber
a~ 1 (8) consists of all w-compatible complex structures on 'V which are diago-
nal with respect to the decomposition V.= S @& S® and we have the following
natural embedding given by the restriction of B to o~ (S),

Sp@k.R)  Sp(@2n—2kR) _ Sp(@2n.R)
U (k) Un—k) U (n)
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Indeed the above two fiber bundles arise from successive quotients of the inclu-
sions () U (k) U (n — k) C Sp 2k, R) Sp 2n — 2k, R) C Sp (2n, R) which gives
aand (i) U (k) U (n — k) C U (n) C Sp (2n, R) which gives .

Corollary 18. (i) Every symplectic subspace S in'V is a J-complex subspace for
some compatible complex structure J, i.e.

GrSP (2k,2n) = | | Gre (k, (V, J)).
JeSp(2n,R)/ U (n)
(ii) The set of all such J’s for a given [S] € GrSP (2k,2n) is isomorphic to

Spk.R) . Sp(2n—2k.R)
UK) Un—k) *

3.1. T 2k, 2n) as a symplectic quotient

In this subsection, we define a natural symplectic structure on 7 (2k, 2n) by the
symplectic quotient construction. Let us briefly recall the symplectic quotient con-
struction (seee.g. [1]): Suppose (M, w) is a symplectic manifold with a Hamiltonian
action by a Lie group G and with a moment map,

w:M— (LieG)*.

That is, p is equivariant with respect to the G-action on M and the coadjoint action
on the dual Lie algebra (LieG)*, and forany X € LieG, the functionuy : M — R
defined by ux (x) = (1 (x)) (X) satisfies

dux =130

where X is the vector field on M generated by the infinitesimal action of X. Choose
any element J € (LieG)*, let G ; be the isotropy subgroup of J in G, i.e.

G,:{geG:Ad;(J)zo}.

If the action of Gy on ™! (J) is regular, then the quotient space w () /Gy is
a manifold and  induces a symplectic structure on u~! (J) /G ;. The resulting
symplectic manifold together with its induced symplectic form wyy, /¢ is called the
symplectic quotient of M by G, denoted M//G.

3.1.1. Symplectic quotient of Hom (S, V) by O (S) Given any real vector spaces
S and V of dimension 2k and 2n respectively, we consider the linear space

M=Hom(S,V)=S"®V.
The space of (linear) 2-forms on M is
AIM* = (/\23 ® SymZV*) ® (Sysz ® /\ZV*) .

It is easy to check the following lemma by linear algebra arguments.
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Lemma 19. (i) Given any gs € Sym>S and wy € /\ZV*, the two-form wy =
gs ® wy is a symplectic form on M if and only if both gs and wy are non-degen-
erate. (ii) Given any ws € /\ZS and gy € Sym?V*, the two-form wy = ws ® gy
is a symplectic form on M if and only if both ws and gy are non-degenerate.

Now we choose a positive definite inner product gs on S and a symplectic
form wy on V. Since gg is non-degenerate, it defines a nondegenerate element
gs €S ym?S and we have a linear symplectic form on M given by

oy =85 wy.

By construction, wyy is invariant under the natural Lie group action of O (S, gs) X
Sp (V,wy) = O (2k) x Sp (2n, R). In this article, we only study the O (2k)-action
and the Sp (2n, R)-action will be studied in [5].

Proposition 20. Let M = Hom (S, V) be as above. Then the symplectic O (2k)-
action on (M, wyy) is Hamiltonian with moment map

WM — oQk)*
given by
w(f) =g, (frov)

forany f € M. Here lgg " A?S* — 0 (2k)* is the natural map given by the metric
8s-

Proof. Choose any bases s; for S and v, for V. We write their corresponding dual
bases as s' and v®. Thus the metric gs on S and the symplectic form wy on V can
be written explicitly as

gs = gijs's’ and wy = a)aﬁv“vﬂ,

satisfying g;; = gji and wgp = —wpqy.

Consider the vector space M = Hom (S, V) = §* ® V. The symplectic struc-
ture wy on V induces one wy; on M. We will simply denote it by w and it is given
explicitly as

w= gijwaﬂsiSjv“vﬁ
Givenany f € M wewriteY € TyM = S*Q® V as
Y= Y,fskvﬂ.

Under the natural identiﬁcation 0(S) = A%S given by the metric gg = g; j§i s/,
an element X = X;.sisf € 0 (8) corresponds to the two-form X"/ s;s; = g/kX,’cs,'sj
satisfying X" = —X/*.

Corresponding to the action of O (S) on M, X gives rise to a vector field
on M, denoted by X again. Atany f € M we have

Xr= fl.“X;sjva eTrM.



400 J.-H. Lee, N. C. Leung

Thus we have
o (X7, Y) =g wus fEX" Y.

In terms of these local coordinates, the y map in the proposition u : M — o0 (S)* C
S* ® S is given explicitly as

w(f) = g™ wup [ [ sus’.

We want to show that p is the moment map corresponding to the natural action of
O (S)on M.
For any X € o (S), we write

ux M —>R
as

wx (f) = (X, u(f)

where ( ) is the natural pairing between the Lie algebra o (S) and its dual. So we
need to verify that tyw = dux. Using the above explicit coordinate system on S
and V we have

2ux (f) = g7 fLwws [ X,
and
2 _ _jkyB o yi jk B D ) ayljyh
Y (ux () = g7 Yj wap f; Xj + 87" [ 0ap Yy Xj = 200p f” XY

Here we have used g;; = gj; and weg = —wpgy and X'/ = —XJ'. Hence the
claim. ]

Next we choose a linear complex structure Jg on S which is compatible with
the metric gs. This defines a Kéhler structure on S with Kéhler form wg given by

gs(Us(s),1) = ws (s,1).

We regard Jg as an element in o (2k)* and consider the symplectic quotient of M
by O (2k) at the value Jg.
Using the above description of the moment map, we have

' (Js) ={f € Hom (S, V) : ffoy = ws).

In particular, f is an injective homomorphism.
By sending f € u~! (Js) to the symplectic subspace f (S) in V, we have,

7 (Jg) = GroP (2k, 2n)
7 (f) = [f(S)].

It is not difficult to verify the following lemma.
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Lemma 21. 7 is a surjective map and each fiber 1 =" (7r (S)) consists of all symp-
lectomorphisms of (S, ws), i.e. Sp 2k, R).

Recall that the symplectic quotient is the space
M/]0 k)= ™" (Js) /O (2Kk) 4

where O (2k) j is the isotropy subgroup of Js in O (2k), thatis O (2k) ;, >~ U (k).
Thus 7 descends to a surjective map

wHUs) /U (k) — GroP (2k, 2n)
with fibers Sp (2k, R) /U (k) and this gives the following identification.

Proposition 22. The symplectic quotient M//O (2k) at the value Jg € o (2k)*
equals T (2k, 2n).

We will therefore denote the natural symplectic form on the symplectic quotient
T (2k, 2n) as w7 . This symplectic form is invariant under the action of Sp (2n, R)
because the symplectic form wys on M is invariant under Sp (2n, R).

When k = n, we have O (S) >~ O (2n) actionon M = Hom (S, V) = S*QV
with symplectic quotient 7 (2n, 2n) >~ Sp (2n, R) /U (n) because GrsP (2n, 2n)
is a single point. Indeed the symplectic structure on 7 (2k, 2n) coincides with the
Hermitian Kihler form on Sp (2n, R) /U (n) up to a constant multiple because
both of them are Sp (2n, R)-invariant.

3.1.2. ’j'(2k, 2n) as a symplectic quotient We will describe T (2k,2n) as a
symplectic quotient in such a way that both 7 (2k, 2n) and 7 (2n — 2k, 2n) are
symplectic sub-quotients in it. Recall that when both (S, gg) and (V, wy) are of
dimension 2n, then the symplectic quotient of Hom (S, V') ata compatible complex
structure J € o (2n)* is

Hom (S,V)//0 (S) =T (2k,2n) ~ Sp 2n,R) /U (n).
Now we restrict the Hamiltonian action to the smaller subgroup O (2k) x
O (2n — 2k) in O (2n).

Theorem 23. Suppose (S, gs) and (V,wy) are metric and symplectic vector
spaces of the same dimension 2n. We fix an orthogonal decomposition S =
S1 @ S2 with dim Sy = 2k. Then (i) the symplectic quotient of Hom (S, V)
by O (Sl, g5|51) 0] (Sg, g5|52) in O(2n) ~ O(S,g) at a complex structure
Js € 0 (2k)* + 0 (2n — 2k)* is given by
A Sp (2n, R)
H S,V)//O (k) O (2n —2k) ~T (2k,2n) >~ ——————.
om (8.V)//0 20 0 2n =20 = T 2k, 2m) = o Sm s
(ii) T (2k,2n) C T (2k, 2n) is a symplectic sub-quotient, i.e.
T (2k,2n) = Hom (S1, V) //O (2k)

and
(iii) T 2n — 2k, 2n) C T (2k, 2n) is a symplectic sub-quotient, i.e.

T (2n — 2k, 2n) = Hom (S2, V) /O 2n — 2k) .
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Proof. Recall that u~! (Js) is the set of all symplectic homomorphisms from S to
V. If we identify both S and V with a fixed Hermitian vector space, say C”, then
w=(Js) =~ Sp (2n, R). The isotropy subgroup of Js is

[0 (2k) x O 2n —2K)]NGL (n,C) = U (k) x U (n — k) .

Therefore we have the identification between the symplectic quotient of Hom (S, V)
with Sp 2n, R) /U (k) U (n — k). This proves (i).

Suppose (M, w) is a symplectic manifold with a Hamiltonian G-action with
moment map i : M — (LieG)*. Suppose N is a symplectic submanifold in M
which is invariant under the action of a subgroup H in G. Then the composition
N—MZEL (LieG)* — (LieH)* is the moment map of the action of H on N. If
we choose any J € (LieG)* to construct the symplectic quotient (M //G,omy /G),
then its image in (LieH)* will also define a symplectic quotient (N//H, wn/H ).
We assume that G is a compact Lie group and use an invariant metric to identify
the Lie algebra with its dual. We also assume that both actions are regular at J and
thus both M//G and N//H are smooth manifolds. We have the following easy
lemma.

Lemma 24. In the above situation, N//H is a symplectic submanifold of M /]G
and the symplectic form wy /G on M /]G restricts to the symplectic form wn//u
on N//H provided that J € LieH and every G-orbit in =" (J) contains at most
one H-orbit.

In this situation, we have N //H is a symplectic sub-quotient of M//G.

In part (ii) of the theorem, we take N = Hom (S, C") and H = O (2k) and
the assumptions in the above lemma hold in this case. This proves (ii) and part (iii)
can also be proven in the same way. O

Remark. Suppose (M, w) is a symplectic manifold with a Hamiltonian G-action

and H is a Lie subgroup of G. For any element J € LieH C LieG, the two
symplectic quotients form a fiber bundle,

Gy/H; — M//H — M//G.

In the above situation, we take M = Hom (C", C") and the subgroup H =
O (2k) x O 2n — 2k) inside G = O (2n), then we obtain a fiber bundle

U (n) Sp 2n, R) Sp (2n, R)
— —
UkkU@m—ky  U@kU®m—k) U (n)

which coincides with the previous fibration,

) Sp(2n. R
Gre (ko) —s T @k, 2m) £ 2220 R)
U (n)
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Kéihler structures on T (2k,2n) If a Hamiltonian action of K on M can be ex-
tended to a complex algebraic action of its complexification K C on a Kihler struc-
ture on M, then a result of Ness and Kempf shows that the symplectic quotient
coincides with the GIT quotient, in particular M//K is a quasi-projective Kéhler
manifold.

In our setting, M = Hom (S, V) has a natural Kdhler structure if we put a Her-
mitian structure on (V, wy). We can complexify the action on M from O (2k) =
O (S, gs) to its complexification O (2k, C). However, this action is not algebraic
and we cannot apply the GIT quotient construction to obtain a quasi-projective
(affine) Kahler structure on M//O (2k). Certainly, Sp (2n,R) /U (n) is not an
affine variety. Nevertheless, as explained to us by X.W. Wang, we could use the
Kihler quotient method to obtain a Kéhler structure on 7 (2k, 2n), and similarly on
T (2k, 2n). In this paper, we will discuss a different Kéhler structure on T 2k, 2n).
To see this, we consider the principal bundle

Um — Sp(2n,R) — Sp(2n,R) /U (n).

Its associated vector bundle £ = Sp (2n,R) xy@) C" with respect to the
standard representation of U (n) is naturally a holomorphic vector bundle over
Sp (2n,R) /U (n),

C"—> E— Sp(2n,R) /U (n).

Thus the fiberwise Grassmannian bundle has a natural complex Kihler structure.
This coincides with the associated bundle for the standard action of U (n) on
Gre (k,n) = U (n) /U (k) U (n — k), namely the total space of the symplectic
twistor Grassmannian,

Gre (k.n) —s T (k. 2m) L5 SPELB)
U (n)

Hence 7° (2k, 2n) has a natural Kihler structure.

3.2. Gre (k,n) inT 2k, 2n) and T (2k, 2n)

Suppose (V, wy) is given a compatible complex structure Jy, i.e. V is a Hermi-
tian vector space. The complex Grassmannian Grc (k, n) of all Jy-complex linear
subspaces in V is naturally a subspace in Gr5? (2k, 2n). Furthermore, any such sub-
space S inherits a complex structure Jy |s from V. Therefore the restriction of the
twistor fibration Sp 2k, R) /U (k) — T (2k, 2n) — GrSP (2k, 2n) to Grg (k, n)
has a canonical section, thus giving an embedding

Gre (k,n) C T (2k,2n).

For any complex subspace S, we have S+ = S. Therefore we have another
embedding

Gre (k,n) = Gre (n—k,n) € T (2n — 2k, 2n).
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Combining them, we obtain an embedding of Gr¢ (k, n) into the symplectic twistor
Grassmannian

Gre (k,n) T 2n—2k,2n) =T 2k,2n)  x T (2n—2k,2n).
GrSP (2k,2n)

We are going to describe this embedding from the symplectic quotient point
of view. To do this, we equip both (S, gs) and (V, wy) with compatible complex
structures Jg and Jy, thus making them Hermitian vector spaces. The space of
complex linear homomorphisms

Homc (S,V) C Hom (S, V)

is invariant under the action of the subgroup U (S, gs, Js) = U (k) in O (2k). The
Hermitian complex structure Jg in o (2k)* goes to the identity element in u (k)*, by
viewing u (k)* as the set of Hermitian symmetric matrices. The isotropy subgroup
of Jg inside U (k) is the whole group U (k) and therefore

Homc (S, V) //U (k) = [M_l (Js) N Homg (S, V)] /U (k)
= Grg (k,n).

The last equality follows from the fact that elements in u~! (Jg) N Homc (S, V)
are complex isometries from S into V. Thus the symplectic subquotient

Hom¢ (S,V)//U (k) C Hom (S, V) //0O (2k)
is exactly the embedding
Gre (k,n) C T 2k, 2n)

we described above.

3.3. Symplectic bundle structures on T (2k, 2n) and T 2k, 2n)

We show that every fiber of the bundles 7 (2k,2n) and T (2k,2n) over
Gr3P (2k,2n) is a symplectic submanifold. Such symplectic fiber bundle struc-
tures will be used to describe the symplectic geometry on Gr3? (2k, 2n) in the next
section.

Theorem 25. (1) We consider the fiber bundle structure on the symplectic half
twistor Grassmannian T 2k, 2n),

Sp 2k, R) /U (k) — T (2k,2n) = GrSP (2k, 2n).

Every fiber of w is a symplectic submanifold in T (2k, 2n) with its induced
symplectic form isomorphic to a constant multiple of the canonical Kdhler
form on the Hermitian symmetric space Sp (2k, R) /U (k).
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(2) We consider the fiber bundle structure on the symplectic twistor Grassmannian
T (2k, 2n),

Sp 2k, R) /U (k) x Sp 2n — 2k, R) /U (n — k) — T (2k, 2n) 2 GrSP 2k, 2n).

Every fiber of & is a symplectic submanifold in ’]A“(Zk, 2n) with its in-
duced symplectic form isomorphic to a constant multiple of the canoni-
cal Kdhler form on the Hermitian symmetric space Sp 2k,R) /U (k) x
Sp 2n —2k,R) /U (n — k).
(3) Furthermore, the symplectic form on T (2k, 2n) coincides with the restriction
of the symplectic form on T (2k,2n), i.e. o7 = w4|T.

Proof. We fix any 2k-dimensional symplectic subspace Sp in V, i.e. [So] €
GrSP (2k, 2n). We can replace the symplectic quotient construction of Hom (S, V)
by Hom (S, Sp). It is easy to see that the symplectic sub-quotient Hom (S, So) //
O (2k) of Hom (S,V)//O (2k) is simply the fiber of m over [Sp], because
Gr3P (2k, 2k) is asingle point. Since the induced symplectic form on Hom (S, Sp) //
O (2k) isinvariantunder the action of Sp (So, wy |50) ~ Sp 2k,R), Hom (S, So) //
O (2k) is symplectomorphic to the Hermitian symmetric space Sp 2k, R) /U (k),
possibly up to a constant multiple.

In general, suppose N is a symplectic submanifold of M which is invariant under
the Hamiltonian action by the compact group K. Then N//K = (u~' (J) N N) /K
is a symplectic submanifold of M//K = pu~! (J) /K and the restriction of wyy //K
to N//K is exactly given by oy k.

Then part (1) follows from this general discussions with N = Hom (S, Sp) and
M = Hom (S, V). The proof of (2) is similar. We just need to replace

Hom (S, So) //O (2k) C Hom (S, V) // 0O (2k)
by
Hom (S, So) x Hom (8", S§) //O (2k) O (2n —2k) C Hom (S& ', V) //O (2k) O (2n — 2k)

with § @ 8’ ~ V. Similarly, Hom (S, V) //O (2k) is a symplectic subquotient
of Hom (S @S, V) // 0O (2k) O (2n — 2k) and therefore (3) is proven in the same
way. O

4. Symplectic Geometry on Gr5? (2k, 2n)

The main objects of study in symplectic geometry are Lagrangian submanifolds
(see e.g. [8]). They play important roles in Floer theory, String theory and Mirror
Symmetry, and they are also the objects of study in the classical theory of inte-
grable systems. From physical considerations, Kapustin and Orlov [2] argued that
coisotropic submanifolds are also important ingredients in understanding Mirror
Symmetry. The corresponding mathematical aspects were developed by Oh ([6,7]).
This theory for coisotropic submanifolds is also interpreted as the Lagrangian inter-
section theory of symplectic knot spaces in [4].
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We have constructed a non-degenerated two-form Q& on Gr3P (2k,2n) in
Sect. 2. However, this form is not closed. In this section, we first show that the
base manifold of any symplectic fiber bundle inherits a natural symplectic geome-
try from the total space. In the case of Gr5P (2k, 2n), any of the symplectic fiber
bundles 7 (2k,2n), 7 (2n — 2k, 2n) and T (2k, 2n) induces the same symplec-
tic geometry on GrS? (2k, 2n). Then we construct symplectic (resp. Lagrangian)
submanifolds in Gr37 (2k, 2n) from symplectic (resp. coisotropic/isotropic) linear
subspaces in V as sub-Grassmannians Gp.

4.1. Symplectic geometry on symplectic fiber bundles

In this subsection, we assume that 7 is any symplectic manifold with a symplectic
bundle structure in the following sense.

Definition 26. Let (7, w7) be a symplectic manifold and v : 7 — B be a smooth
fiber bundle. We call this a symplectic fiber bundle if every fiber is a symplectic
submanifold in 7.

A section s : B — 7 is called a symplectic section if s (B) is a symplectic
submanifold in 7.

Any such section s induced a symplectic structure s*w7 on B. The following
linear algebra lemma will be useful. Its proof is elementary and left to the readers.

Lemma27.Let 1 : 7 — B be a smooth fiber bundle with a symplectic
section s. Suppose C is submanifold in B with constant rank r with respect to
s*w7. Then the rank of 7~' (C) equals r + (dim 7 — dim B) /2.

As a corollary we have the following.

Corollary 28. Let & : T — B be a symplectic fiber bundle with a symplectic sec-
tion s and let C be a submanifold in B. (1) C is a symplectic submanifold in B if and
onlyifm~' (C) is a symplectic submanifoldinT . (2) C is a Lagrangian submanifold
in B if and only if 1= (C) is a submanifold in T with rank (diim 7 — dim B) /2.

In particular, a submanifold in B being symplectic/Lagrangian or not does not
depend on the choice of the section s. Indeed, there are many local symplectic
sections on any symplectic fiber bundle and we can use them to define and describe
the symplectic geometry on B. Therefore we make the following definition.

Definition 29. Given any symplectic fiber bundle 7 : 7 — B, the rank of a sub-
manifold C in B is defined to be r (n_l (C)) — (dim 7 — dim B) /2. In particular,
C is a symplectic submanifold in B if r (C) = dim C/2,i.e. #~! (C) is a symplectic
submanifold in 7, and C is a Lagrangian submanifold in B if r (C) = 0.

Remark. Indeed, when we consider a 2k-dimensional symplectic submanifold X
in the 2n-dimensional symplectic vector space, the image of the Gauss map in
Gr3P (2k, 2n) is also symplectic.



Grassmannians of symplectic subspaces 407

In the next section, we will construct many such submanifolds in B =
Gr3P (2k, 2n). Symplectic geometry is largely characterized by the behavior of
their submanifolds, for instance, the intersection theory of Lagrangian submani-
folds and the theory of Lefschetz fibrations by symplectic submanifolds. Loosely
speaking, the above definition defines a symplectic geometry on the base of any
symplectic fiber bundle. Furthermore it is natural with respect to symplectic fiber
subbundles.

Definition 30. Let # : 7 — Band 7w : 7 — B be symplectic fiber bundles over
the same base B. We call 7" a symplectic fiber subbundle of 7 if there is an embed-
ding e : T — 7 such that (i) ¢* (w4) = @7 and (ii) e is a smooth subbundle map
from 7 to 7.

Proposition 31. Given a symplectic fiber bundle 7 : 7 — Banda symplectic
fiber subbundle 7 : T — B, for any submanifold C in B, the ranks of C defined
using T and T are the same.

This proposition follows easily from lemma 27.

Remark. We can regard T (2k,2n) as a fiber product of 7 (2k,2n) and
T (2n — 2k, 2n) over Gr5P (2k, 2n) in the category of symplectic fiber bundles.

4.2. Lagrangian and Symplectic submanifolds in Gr5P (2k, 2n)

We have constructed three different symplectic fiber bundles over Gr5? (2k, 2n)
with total spaces 7 (2k, 2n), 7 (2n — 2k, 2n) and T (2k, 2n). Nevertheless, all
of them define the same symplectic geometry on GrS? (2k, 2n): From the above
discussion, the symplectic fiber bundle 7 : T (2k, 2n) — Gr3P (2k, 2n) defines a
symplectic geometry on Gr5? (2k, 2n). By Theorem 25, 7 is a symplectic fiber sub-
bundle of # : 7 (2k, 2n) — GrSP (2k, 2n). Then Proposition 31 shows that both
T (2k,2n) and T (2k, 2n) define the same symplectic geometry on Gr3? (2k, 2n).
On the other hand,

7T (2n —2k,2n) — Gr3? (2n — 2k, 2n) =~ Gr? (2k, 2n)
is also a subbundle of 7 : ’f’(2k, 2n) — GrSP (2k, 2n) since
T 2k, 2n) ~T 2n — 2k, 2n) ~ Sp 2n,R) /U (k) U (n — k) .

Therefore 7 (2n — 2k, 2n) also defines the same symplectic geometry on GrS?
(2k, 2n). Thus we have proved the following.

Proposition 32. Let C be any submanifold in Gr°P (2k, 2n), then the ranks of C de-
fined using the symplectic fiber bundles T (2k,2n), T (2n — 2k, 2n) and T (2k, 2n)
are all the same.
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We have seen that, given any compatible complex structure J on (V, w), the cor-
responding complex Grassmannian Grc (k, n) naturally lies inside Gr5? (2k, 2n).
As a result, complex Schubert varieties in Grg (k, n) are also a natural class of
subspaces in GrsP (2k, 2n).

Let us recall the definition of Schubert varieties in the (real) Grassmannian
Gr (2k,2n): Fix a flag in V, i.e. a sequence of linear subspaces,

dbcvicwaCc---CVy =V,

with dim V; = j and fix a sequence of integers 0 < ny < np < --- < na,. Then
the Schubert variety is the set of [S] € Gr (2k, 2n) with dim (SN V;) > n; for
every j. This construction gives many subspaces in G5 (2k, 2n) by restriction.
For simplicity, we will only discuss the following special cases.

Definition 33. Let P be an m-dimensional linear subspace in (V, ). We define
Gp (2k, 2n), or simply Gp,

{(S1€ Gr®» (2k,2n) | S C P} ifm =2k

Gp = [{[S] € Gr¥ 2k, 2n) | S D P} ifm <2k

When m > 2k, a nontrivial Gp is an open dense subset of Gr (2k, m) and
therefore dim Gp = 2k (m — 2k). When m < 2k, S/P is a (2k — m)-dimensional
subspace in V /P and therefore dim Gp = 2k — m) (2n — 2k).

Lemma 34. Suppose P is an m-dimensional linear subspace in (V, ) with m >
2k. Then (i) the preimage of Gp under the map w : T (2k,2n) — GrsP 2k, 2n) is

71 (Gp) = (;r‘ (J) N Hom ((Ck, P)) JU (k),
and (ii) the preimage of Gp under the map 7 : T (2k, 2n) — GrSP (2k,2n) is
#71(Gp) = (,fl (J) N Hom (C", P)) JU () x U (n—k).

The proof of this lemma follows directly from the explicit descriptions of the
moment maps involved. The next result is useful for us to identify symplectic and
Lagrangian sub-Grassmannians inside Gr5? (2k, 2n).

Theorem 35. Suppose P is a linear subspace in (V, w) with m > 2k. Let n (P)
be the nullity of P in V. Then the nullity ofy'r_1 (Gp) inside T (2k, 2n) is equal to
2k - n (P) at every point of 1 =1 (Gp).

Proof. Given any [¢] € 71 (Gp), ¢ (S) is a linear subspace Sp in V representing
[So] € Gp. In general, the tangent space of 1~ (Jg) at ¢ consistsof n+x : § — V
with 17 (S) C Sp and x (S) C (Sp)®.

The symplectic form on Hom (S, V) is given by g5 ® wy . The subset wt(Js)
consists of symplectic homomorphisms from S to V and therefore the restriction
of g§ ® wy to M_l (Js) can be decomposed as w1 + wy with

(w1 + w2) (M1 + x1, M2 + x2) = w1 (N1, M2) + w2 (X1, X2) -
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Notice that w; descends to give the symplectic structure along fibers 7~ ([Sp]) =~
Sp (2k, R) /U (k) while w» acts along its symplectic complement (71 -1 ([So]))wT.
Moreover, we have

W =g ® (wylse) = g5 ® (wyys) .

Now we restrict our attention to 7 ~! (Gp). Since the tangent spaces of 7 ~! (Gp)
contain all (symplectic) fiber directions, we only need to determine the nullity along
the horizontal directions. Namely we need to compute the nullity of $* ® (P/S)
inside (S* ® (V/S), g% ® (wy/s)). The nullity of P/S in V/S is the same as the
nullity of P in V because S is a symplectic subspace. Since S is of dimension 2k,
the nullity of S* ® (P/S) is 2k times the nullity of P. Hence our theorem. O

Corollary 36. Suppose P is a linear subspace in (V, w) with m > 2k, then (i)
Gp is a symplectic submanifold in Gr’P (2k, 2n) if and only if P is a symplectic
subspace in V and (ii) Gp is a Lagrangian submanifold in Gr5P (2k, 2n) if and
only if P is a (n + k)-dimensional coisotropic subspace in V.

Now we assume that dim P = m < 2k. Recall that in this case, Gp = {[S] €
GrP 2k,2n) | S D P}and S D P ifand only § C P®. Under the identification

GriP 2k, 2n) = GrSP 2n — 2k, 2n)

P +— P?,

the sub-Grassmannian G p is identified with G p» and we reduce back to our previous
considerations. In particular, we have

Proposition 37. Suppose P is a linear subspace in (V, w), then (i) Gp is a sym-
plectic submanifold in Gr3P (2k, 2n) if and only if P is a symplectic subspace in
V and (ii) Gp is a Lagrangian submanifold in Gr>P (2k, 2n) if and only if P is an
isotropic/coisotropic subspace in V withdim P = n £ k.

Note: If we define symplectic geometry on GrS? (2k, 2n) with the nondegen-
erate 2-form defined in Sect. 2, we also obtain the same proposition.
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