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Mirror Symmetry Without Corrections

NAICHUNG CONAN LEUNG

We give geometric explanations and proofs of various mirror sym-
metry conjectures for T™-invariant Calabi-Yau manifolds when in-
stanton corrections are absent. This uses a fiberwise Fourier trans-
formation together with a base Legendre transformation.

We discuss mirror transformations of

(1) moduli spaces of complex structures and complexified symplec-
tic structures, H??’s, Yukawa couplings;

(ii) sl (2) x sl(2)-actions;

(iii) holomorphic and symplectic automorphisms and

(iv) A- and B-connections, supersymmetric A- and B-cycles, cor-
relation functions.

We also study (ii) for 7™-invariant hyperkahler manifolds.
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The mirror symmetry conjecture predicts that there is a transformation
from the complex (resp. symplectic) geometry of one Calabi-Yau manifold M
to the symplectic (resp. complex) geometry of another Calabi-Yau manifold
W of the same dimension. Such pairs of manifolds are called mirror mani-
folds. This transformation should also has the inversion property, namely if
we take the transformation twice, we recover the original geometry.

It is expected that such transformation exists for Calabi-Yau manifolds
near a large complex structure limit point. Such point in the moduli space
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should correspond to the existence of a semi-flat Calabi-Yau metric, possibly
highly singular.

To understand why and how these two different kinds of geometry were
interchanged between mirror manifolds, we study the T™-invariant case in de-
tails. The importance of the T"-invariant (or more generally semi-flat) case
is first brought up by Strominger, Yau and Zaslow in their foundational paper
[SYZ] which explains mirror symmetry from a physical/geometric viewpoint.
This is now called the SYZ mirror conjecture. The T™-invariant case is then
studied by Hitchin in [H1], Yau, Zaslow and the author in [LYZ] and it is also
an important part of this paper. The main advantage here is the absence of
holomorphic disks, the so-called instantons.

We start with an affine manifold D, which we assume to be a domain
in R™ in this introduction. Let ¢ be an elliptic solution to the real Monge-
Ampere equation on D:

det V2 = 1,
V2 > 0.

Then it determines two noncompact Calabi-Yau manifolds, T'D and T*D.
Notice that T*D carries a canonical symplectic structure and T'D carries a
canonical complex structure because D is affine. We can also compactify
the fiber directions by quotienting 7'D and T™*D with a lattice A in R™ and
its dual lattice A* in R™ respectively and obtain mirror manifolds M and
W. The natural fibrations on M and W over D are both special Lagrangian
fibrations.

The mirror transform from M to W, and vice versa, is a combination of
(i) the Fourier transformation on fibers of M — D together with (ii) the
Legendre transformation on the base D. The Calabi-Yau manifold W can
also be identified as the moduli space of flat U (1) connections on special
Lagrangian tori on M with its L? metric. We are going to explain how the
mirror transformation exchanges the complex geometry and the symplectic
geometry between M and W:

(1) The identification between moduli spaces of complex structures on
M and complexified symplectic structures on W, moreover this map is both
a biholomorphism and an isometry;

(2) The identification of HP4 (M) and H" P4 (W),

(3) The mirror transformation of certain A-cycles in M to B-cycles in
W. We also identify their moduli spaces and correlation functions (this is
partly borrowed from [LYZ]). In fact the simplest case here is the classical
Blaschke connection and its conjugate connection, they correspond to each
other under the Legendre transformation;
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(4) There is an sl (2)-action on the cohomology of M induced from vari-
ation of Hodge structures. Together with the sl (2)-action given by the hard
Lefschetz theorem, we obtain an sl (2) x sl (2)-action on the cohomology of
M. Under the mirror transformation from M to W, these two sl (2)-actions
interchange their roles;

(5) Transformations of holomorphic automorphisms of M to symplectic
automorphisms of W, in fact its preserves a naturally defined two tensor on
W, not just the symplectic two form.

In the last section we study T"-invariant hyperkéahler manifolds. That
is when the holonomy group of M is inside Sp(n/2) C SU (n). The coho-
mology of a hyperkéhler manifold admits a natural so (4, 1)-action. In the
T"-invariant case, we show that our sl (2) x sl(2) = so(3,1)-action on the
cohomology is part of this hyperkéahler so (4, 1)-action.

In [KS] Kontsevich and Soibelman also study mirror symmetry for these
T"-invariant Calabi-Yau manifolds, their emphasis is however very different
from ours.

Acknowledgments: The author thanks Richard Thomas, Xiaowei Wang,
Shing-Tung Yau and Eric Zaslow for many helpful and valuable discussions.
The author also thanks Mark Gross for pointing out an earlier mistake on
B-fields and other comments. The paper is prepared when the author visited
the Natural Center of Theoretical Science, Tsing-Hua University, Taiwan in
the summer of 2000. The author thanks the center for providing an excellent
research environment and support. This project is also partially supported
by a NSF grant, DMS-9803616.

1. T"-invariant Calabi-Yau and their mirrors.

A Calabi-Yau manifold M of real dimension 2n is a Riemannian manifold
with SU (n) holonomy, or equivalently a Kéahler manifold with zero Ricci
curvature. We can reduce this condition to a complex Monge-Ampeére equa-
tion provided that M is compact. Yau proved that this equation is always
solvable as long as ¢; (M) = 0, vanishing of the first Chern class of M.

Even though it is easy to construct Calabi-Yau manifolds, it is extremely
difficult to write down their Ricci flat metrics. When Calabi-Yau manifolds
have T symmetry, we can study translation invariant solution to the com-
plex Monge-Ampere equation and reduce the problem to finding a solution
of a real Monge-Ampere equation.

These T"-invariant Calabi-Yau manifolds form a natural class of semi-flat
Calabi-Yau manifolds. Recall that a Calabi-Yau manifold is called semi-flat
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if it admits a fibration by flat special Lagrangian tori. Such manifolds are
introduced into mirror symmetry in [SYZ] and then further studied in [H1],
[Gr] and [LYZ].

The real Monge-Ampeéere equation. First we consider the dimension
reduction of the complex Monge-Ampére equation to the real Monge-Ampeére
equation. The resulting Ricci flat metric would be a T"-invariant Calabi-
Yau metric: Let M be a tubular domain in C"™ with complex coordinates
=2 +iyl’s,
M =D xiR" Cc C",

where D is a convex domain in R™. The holomorphic volume form on M is
given by

Qu =dz" ANdZ2 A -+ ANd2™.
Let wys be the Kéahler form of M, then the complex Monge-Ampere equation
for the Ricci flat metric is the following;:

Q= CWly.

We assume that the Kihler potential ¢ of the Kiahler form wys = i00¢
is invariant under translations along imaginary directions. That is,

¢ (27,y7) = ¢ (27)
is a function of the z7’s only. In this case the complex Monge-Ampere

equation becomes the real Monge-Ampere equation. Cheng and Yau [CY]
proved that there is a unique elliptic solution ¢ (x) to the corresponding

boundary value problem
0%¢
det . =
¢ <(9:UJ oxk > ¢

dlop = 0.

Ellipticity of a solution ¢ is equivalent to the convexity of ¢, i.e.

0%¢
<8x18xk> >0

We can compactify imaginary directions by taking a quotient of ¢{R"™ by
a lattice ¢A. That is we replace the original M by M = D x iT where T is
the torus R™/A and the above Kéhler structure wy; descends to D x ¢T. If
we write

_ 9
- Qzioxk’

Ok



Mirror Symmetry Without Corrections 291

then the Riemannian metric on M is
g = Xojk (da:j ® dz* + dy’ ® dyk)
and the symplectic form wjy; is
i - i
Wy = §2¢jkdzj ANdzZ".
Notice that wjs can also be expressed as
wyr = Serda? A dy*
because of ¢;r = ¢p;. The closedness of wys follows from ¢y = ¢rji =
0;0;01,0.
Remark: It is easy to see that D x iA C T D is a special Lagrangian

submanifold (for the definition of a special Lagrangian, readers can refer to
later part of this section.)

Affine manifolds and complexifications. Notice that the real Monge-

Ampere equation
0%¢
det . = const
( OzI Dk ) ’

is invariant under any affine transformation

(27) — (29) = (Aixk + Bj) .

This is because

82¢ Il gm a2¢

Oziozk — IR pxlozm’

8¢ 2 ¢
det <65L‘3 61"“) det (A)” det <0:E16:Z‘m>

The natural spaces to study such equation are affine manifolds. A man-
ifold D is called an affine manifold if there exists local charts such that
transition functions are all affine transformations as above. Over D, there
is a natural real line bundle whose transition functions are given by det A.
We denote it by R —L — D. Now suppose ¢ (z) is a solution to the above
equation with const = 1 on the coordinate chart with local coordinates
27’s. Under the affine coordinate change 7/ = Aixk + BJ, the function

¢ = (det A)* ¢ satisfies
%
det <6:Z‘j0:f’f) =1

and
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Therefore on a general affine manifold D, a solution to the real Monge-
Ampere equation (with const = 1) should be considered as a section of L®2,

It is not difficult to see that the tangent bundle of an affine manifold
is naturally an affine complex manifold: If we write a tangent vector of D
as Ny’ % locally, then 27 = 27 4 iy?’s are local holomorphic coordinates of
TD. The transition function for T'D becomes (zj ) — <A£zk + BJ ), hence
TD is an affine complex manifold.

We want to patch the T™-invariant Ricci flat metric on each coordinate
chart of T'D to the whole space and thus obtaining a T"-invariant Calabi-Yau
manifold M =TD (or TD/A). To do this we need to assume that det A = 1
for all transition functions, such D is called a special affine manifold. Then

gy = Ybik (dacj @ da* + dy’ @ dyk>
wir = Sjp (z) dad A dyt = %z¢jkdzﬂ’ A dzF.

are well-defined Kéahler metric and Kéhler form over the affine complex man-
ifold M, which has a fibration over the real affine manifold D. Moreover

gp =S¢, () do? @ da®
defines a Riemannian metric of Hessian type on D.

Legendre transformation. All our following discussions work for D be-
ing a special orthogonal affine manifold. For simplicity we assume that D is
simply a convex domain in R® and M =TD = D x iR".

It is well-known that one can produce another solution to the real Monge-
Ampere equation from any given one via the so-called Legendre transforma-
tion: We consider a change of coordinates xj = x (xj ) given by

oxy,
9wl ik,

thanks to the convexity of ¢. Then we have
ox? _ Lk

)

Oxy,

where

<¢Jk> = (¢jr) "
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Since ¢7* = ¢¥J locally there is a function v (z}) on the dual vector space
R™ such that

- 0
o (zp) = qgfcfk)
Therefore,
Sk = 8
ijﬁxk .

This function v (zy) is called the Legendre transformation of the function
¢ (a:J ) It is obvious that the convexity of ¢ and 1) are equivalent to each

other. Moreover 82¢
det (8:09'8:0’“) =C,

9% 1
det <(9:cj(9:ck> =C™ .

Furthermore the Legendre transformation has the inversion property, namely
the transformation of 1 is ¢ again.

is equivalent to

Dual tori fibration - fiberwise Fourier transformation. This con-
struction works for any T"-invariant Kéahler manifold M, not necessary a
Calabi-Yau manifold. On M = D x T there is a natural torus fibration
structure given by the projection to the first factor,

M — D,
(27,97) = (7).

Instead of performing the Legendre transformation to the base of this fibra-
tion, we are going to replace the fiber torus 7" = R™/A by the dual torus
T = R™/A*, where A* = {v e R™ : v (u) € Z for any u € A} is the dual
lattice to A.

In dimension one, taking the dual torus is just replacing a circle of radius
R to one with radius 1/R. In general, if 3/’s are the coordinates for 7" and
y;’s their dual coordinates. Then a flat metric on 7' is given by Egbjkdyj Qdy*
for some constant positive definite symmetric tensor ¢;. As usual we write

(Wk> = (¢x) ",

then Zgbjkdyj ® dy;, is the dual flat metric on T™*.
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Now we write W = D x ¢T™, the fiberwise dual torus fibration to M =
D x ¢T. Since the metric gpy on M is T"-invariant, its restriction to each
torus {z} x T is the flat metric ¢ (z) dy’ ® dy*. The dual metric on the
dual torus {z} x iT* is ¢'% () dy; @ dyy. So the natural metric on W is given
by

If we view T* as the moduli space of flat U (1) connections on 7', then it
is not difficult to check that the Weil-Petersson L? metric on T* is also
¢Fdy; © dyg.

If we ignore the lattice structure for the moment, then M is the tangent
bundle T'D of an affine manifold and

W =T*D,

moreover, gy is just the induced Riemannian metric on the cotangent bundle
from the Riemannian metric gp = X¢jrdr’ ® dz* on D.

Even though T*D does not have a natural complex structure like T'D, it
does carry a natural symplectic structure:

wy = Sdad A dy;,

which is well-known and plays a fundamental role in symplectic geometry.
ww and gy together determine an almost complex structure Jy on W as
follow,

ww (X,Y) = gw (JwX,Y).

In fact this almost complex structure is integrable and the holomorphic co-
ordinates are given by z; = x; + iy;’s where z; (z) is determined by the

Legendre transformation % = ¢j;, as before. In terms of this coordinate

system, we can rewrite gy and wyy as follows
gw = 5S¢ (da; © day + dy; @ dyy)
W = %zwkdzj A dZ.
Suppose that gps is a Calabi-Yau metric on M, namely ¢ (xj ) satisfies

the real Monge-Ampere equation, then 1 (z;) also satisfies the real Monge-
Ampere equation because of

_ o
N 856]8£Ck '

ijk
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Therefore the metric gy on W is again a T™-invariant Calabi-Yau metric.

We call this combination of the Fourier transform on fibers and the Leg-
endre transform on the base of a T"-invariant Ké&hler manifold the mirror
transformation.

The similarities between gr, wps and gy, ww are obvious. In particular,
the mirror transformation has the inversion property, namely the transform

of W is M again.

Here is an important observation: On the tangent bundle M = TD,
suppose we vary its symplectic structure while keeping its natural complex
structure fixed. We would be looking at a family of solutions to the real
Monge-Ampere equation. On the W = T*D side, the corresponding sym-
plectic structure is unchanged, namely wy = Sda? A dy;. But the complex
structure on W varies because the complex coordinates on W are given
by dz; = qukdxk + idy; which depends on particular solutions of the real
Monge-Ampere equation.

By the earlier remark about the symmetry between M and W, changing
the complex structures on M is also equivalent to changing the symplectic
structures on W. To make this precise, we need to consider complexified
symplectic structures by adding B-fields as we will explain later.

In fact the complex geometry and the symplectic geometry of M and W
are indeed interchangeable! String theory predicts that such phenomenon
should hold for a vast class of pairs of Calabi-Yau manifolds. This is the
famous Mirror Symmetry Conjecture.

General Calabi-Yau manifolds do not admit 7™-invariant metrics, there-
fore we want to understand the process of constructing W from M via a
geometric way. To do this we need to introduce A- and B-cycles.

Supersymmetric A- and B-cycles. It was first argued by Strominger,
Yau and Zaslow [SYZ] from string theory considerations that the mirror
manifold W should be identified as the moduli space of special Lagrangian
tori together with flat U (1) connections on them. These objects are called
supersymmetric A-cycles (see for example [MMMS], [L1]). Let us recall the
definitions of A-cycles and B-cycles (we also include the B-field in these
definitions, see the next section for discussions on the B-field).

Definition 1. Let M be a Calabi- Yau manifold of dimension n with a com-
plezified Kihler form w© = w + i and a holomorphic volume form Q. We
called a pair (C, E) a supersymmetric A-cycle (or simply A-cycle), if (i) C
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s a special Lagrangian submanifold in M, namely C' is a real submanifold
of dimension n with
wlc =0,

and
Ime?Q|c =0,

for some constant angle 0 which is called the phase angle.
(ii) E is a unitary vector bundle on C whose curvature tensor I satisfies
the deformed flat condition,

Ble +F =0.

Note that the condition (ii) implies that the restriction of 5 to C repre-
sents an integral cohomology class. Also the Lagrangian condition and the
deformed flat equation can be combined into one complex equation on C:

W+ F=0.

Definition 2. Let M be a Kdhler manifold with a complexified Kdahler form
wC, we called a pair (C, E) a supersymmetric B-cycle (or simply B-cycle), if
C is a complex submanifold in M of dimension m, E is a holomorphic vector
bundle on C with a Hermitian metric whose curvature tensor F satisfies the
following deformed Hermitian- Yang-Mills equations on C':

Im e (wc + F)m =0,
for some constant angle 6 which is called the phase angle.

Constructing the mirror manifold. Now we consider the moduli space
of A-cycles (C,E) on M with C' a torus and the rank of E equals one.
In [SYZ] Strominger, Yau and Zaslow conjectured that W is the mirror
manifold of M. The L? metric on this moduli space is expected to coincide
with the Calabi-Yau metric on W after suitable corrections which comes
from contributions from holomorphic disks in M whose boundaries lie on
these A-cycles, these are called instantons.

When M is a T"-invariant Calabi-Yau manifold with fibration 7 : M —
D as before. Then each fiber of 7 is indeed a special Lagrangian torus and
D is their moduli space. Each fiber together with the restricted metric is a
flat torus. Its dual torus can be naturally identified with the moduli space of
flat U (1) connections on it. Therefore the space W, obtained by replacing
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each fiber torus in M by its dual, can be naturally identified as the moduli
space of A-cycles in this case.

Furthermore the L? metric on this moduli space coincides with the dual
metric gy up to a constant multiple. Physically this is because of the absence
of instanton in this case. We have the following simple result.

Theorem 3. Under the natural identification of W with the moduli space
of flat U (1) connections on special Lagrangian tori in M, the metric gy
equals the L? metric on the moduli space multiply with the volume of the
fiber.

Proof: Recall that D is the moduli space of special Lagrangian tori. Let
% be a tangent vector at a point in D, say the origin. This corresponds to
a harmonic one form on the central fiber C C M. This harmonic one form
on C'is X¢ji, (0) dy*. Now the moduli space L? inner product of % and %
equals

< >

dad’ dal

- /C (851" mdy™ ) dvc

— /C 6 3101md* ™ dve
= 61 (0) 0l (C).

Note that the volume of special Lagrangian fibers in a T"-invariant Calabi-
Yau manifold is constant.
On the other hand

g 0
aw <@, @) = ¢;1(0).

Similarly we can identify metrics along fiber directions of 7 : W — D. By
definition the L? metric has no mixed terms involving both the base and
fiber directions. Hence we have the theorem. [J

Shrinking the torus fibers. Now we fix the symplectic form on M as
wy = Zqukd:cj A dy* and vary the complex structures. Instead of using
holomorphic coordinates 2/ = x7 +iy’’s, we define the new complex structure
on M using the following holomorphic coordinates,

Zi = ;x] +'iy‘7,
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for any t € Ryg. The corresponding Calabi-Yau metric becomes
1 j k j k
gt = Xojk ;dx] ® dz" + tdy? @ dy” | .

The same fibration 7 : M — D is a special Lagrangian fibration for each t.
Moreover the volume form on M is independent of ¢, namely dvy = wf;/n!l.
As t goes to zero, the size of the fibers shrinks to zero while the base gets
infinitely large.

If we rescale the metric to tg;, then the diameter of M stays bound and
(M,tg:)’s converge in the Gromov-Hausdorff sense to the real n dimension
manifold D with the metric gp = Zqﬁjkdxj dz® as t approaches zero. It is
expected that similar behaviors hold true for Calabi-Yau metrics near the
large complex structure limit, as least over a large portion of M. This
prediction is verified by Gross and Wilson when M is a K3 surface [GW].

B-fields. The purpose of introducing B-fields is to complexify the space
of symplectic structures on M, the conjectural mirror object to the space of
complex structures on W which is naturally a complex space. Readers could
skip this part for the first time.

The usual definition of a B-field 5 is a harmonic two form of type (1,1)
on M, ie. 3¢€ Qb (M,R/Z) with d3 = 0 and d*3 = 0. These are equivalent
to the following conditions,

dB =0

BAwi =Wl

It is shown by Gross [Gr| that if we consider a closed form [, then the mod-
ified Legendre transformation, as we will describe later, does preserve the
Calabi-Yau condition on the W side. However the harmonicity will be lost.
To remedy this problem, we need to deform the harmonic equation. There
are two natural way to do this, depending on whether we prefer the complex
polarization or the real polarization. We will first discuss the one using the
real polarization, namely the special Lagrangian fibration. When we are in
the large complex and Kéahler structure limit, the complex conjugation is the
same as the real involution which sends the fiber directions to its negative,
namely da/ — da? and dy? — —dy’ in our previous coordinates. In general
the complex conjugation and the real involution are different. We denote
the holomorphic volume form of M under this real involution (resp. com-
plex conjugation) by Q (resp. ). The author thanks Gross for pointing out
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an earlier mistake about Q. Just like the distinction between Kihler met-
rics and those satisfying the Monge-Ampere equations, namely Calabi-Yau
metrics, we need the following definitions.

Definition 4. Let M be a Calabi- Yau manifold with holomorphic volume
form Q. Suppose that w is a Kdahler form on M and (8 is a closed real
two from on M of type (1,1). Then w® = w + i is called a complexified
Calabi- Yau Kahler form on M if (wc)n is a nonzero constant multiple of
"QAQ. .

(w(c) = ci"Q A Q.

We call this the complezified complex Monge-Ampére equation.

The second definition of a B-field is to use Q and require that the Calabi-
Yau manifold M satisfies

w" = ci" Q0N
Ime (w+iB)" =0

Im Q= 0 on the zero section.

If we expand the second equation near the large Kéahler structure limit,
namely we replace w by a large multiple of w, or equivalently we replace 3
by a small multiple of it, we have

(w+ieB)" = w" +ienfw™ ! + O (£2).

So if we linearize this equation, by deleting terms of order €2 or higher, then
it becomes
ﬂwn—l — C/wn

That is § is a harmonic real two form. This approximation is in fact the
usual convention for a B-field.

Including B-fields in the T"-invariant case. We first consider the case
when w® = w + if satisfies the complexified Monge-Ampére equation.

We suppose 7 : M — D is a T"-invariant Calabi-Yau manifold as before
and wyr = B¢k (z) dridy* is a T"-invariant Kéhler form on it. As usual
we will include a B-field on M which is invariant along fiber directions of ,
namely By = i00n (x). It is easy to see that

Bv = %Enjk (z) dzd A dZ8 = Sy, (@) do? A dy®
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with
9%n
= = Gk
Then the complexified Kéhler form w}?/[ = wpr+1Py is a complexified Calabi-
Yau Kahler form if and only if the complex valued function ¢ (z) + in (z)

satisfies the following complexified real Monge-Ampere equation,

det (¢ + injx) = C,

for some nonzero constant C. If we write

ij (3:) = ¢jk (x) + injk (:C) )

then the above equation becomes det (6;;) = C. In these notations, the
complexified Kéahler metric and complexified Kahler form on M are

95 = Y0k (2) (dacj ® dz* + dy’ ® dyk> and
Wb = %Eij (z) d2? A dz,
respectively.
Now we consider the dual T™-invariant manifold W as before. Instead

of the Legendre transformation dx; = E(bjkdxk, we need to consider a com-
plexified version of it. Symbolically we should write

drj = Y0;pda’ = X (¢, + ingx) da.

The precise meaning of this is the complex coordinates dz;’s on W is
determined by Redz; = qﬁjkdxk and Imdz; = dy; + njkdack. That is
dz; = dx; +idy;.

As before we define

(ajk) = (0;0)7".

It is easy to check directly that the canonical symplectic form on W can be
expressed as follow

w% = Nda? A dy;,

= %zajkdzj A dzp.

Similarly the corresponding complexified Kahler metric is given by
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g% L (dr; @ dxy, + dy; @ dyy)
= Y07%dz; ® dzy,.

After including the B-fields, we can argue using the same reasonings
as before and conclude: If we varies the complexified symplectic structures
on M while keeping its complex structure fixed, then under the Fourier
transformation along fibers and the Legendre transformation on the base,
it corresponds to varying the complex structures on W while keeping its
complexified symplectic structure fixed. And the reverse also hold true.

Theorem 5. Let M be a T"-invariant Calabi-Yau manifold and W is its
mirror. Then the moduli space of complex structures on M (resp. on W) is
identified with the moduli space of complexified symplectic structures on W
(resp. on M) under the above mirror transformation.

Remark: In order to have the above mirror transformation between com-
plex structures and symplectic structures, it is important that the B-fields
satisfy the complexified Monge- Ampere equation instead of being a harmonic
two form.

Next we use the second definition of a B-field, namely w” = ci"QQ,
Ime? (w+iB)" = 0 and Ime®Q = 0 on the zero section. We still use
the Fourier and Legendre transformation, Redz; = gbjkd:l:k and Imdz; =
dy;j + n;xdz®. Then Gross observed that [Gr],

QuwQyw = H (gbjkdxk + idy; + injkdfck) (gbjkdzz:k —idy; — injkdxk>
= (¢jkd:c’f + z'dyj) (¢jkd:c’f - z'dyj) .

So we still have wij, = ci™w Qyy, as if B has no effect.
If we restrict Qy to the zero section of W, which is defined by y; = 0
for all j, then

Im e?Qyy = Ime® H (¢jkd$k + idy; + injkd:ck)
=Im ew H (gbjkd:ck + injkdl‘k)
= Tme" det (5 + injy) dz' - - - da™.

Hence the equation Im e (w+1iB)" =0 for B on the M side is equivalent to
the zero section of W being a special Lagrangian submanifold Im e?Qy = 0.
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Hence under the mirror transformation, the following conditions on M,

Wiy = ci™ Qg
Im e? (wpr +iBa)" =0

Im Q) = 0 on the zero section.
becomes the corresponding conditions on W':

w{}v = CZnQW{ZW
Im eiGQW = 0 on the zero section.

Im e (wy + iBw)™ = 0.

In the following discussions, we will always use the first definition of the

B-field.
2. Transforming 79, HP? and Yukawa couplings.

Transformation on moduli spaces: A holomorphic isometry. Con-
tinuing from above discussions, we are going to analyze the mirror transfor-
mation from the moduli space of complexified symplectic structures on M
to the moduli space of complex structures on W. We will see that this map
is both a holomorphic map and an isometry.

To do this, we need to study this transformation on the infinitesimal level.
Since infinitesimal deformation of Kéhler structures on M (resp. complex
structures on W) is parametrized by H' (M, T;,) (resp. H' (W, Tw))!, we
should have a homomorphism

T H (M, Tjy) — B (W, Ty).
Suppose we vary the T" symplectic form on M to
wifl = wy + 6E£jkdacjdyk =Y (Pjk +€&k) dad dy®.
Here

0%¢ ()

4= prigek

and ¢ is the deformation parameter. Then

S pdad dy = %zgjkdzﬂdzk

ICohomology groups are interpreted as spaces of T™-invariant harmonic forms.
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represents an element in Q%! (M, T};) which parametrizes deformations of
Kahler forms. This form is harmonic, namely it defines an element in
H' (M, T3,), if and only if Sx&jk, = 0 for all j. If we assume every member
of the family of T"-invariant Kahler forms is Calabi-Yau, then the infinitesi-
mal variation & satisfies a linearization of the Monge-Ampeére equation. This
implies that & is harmonic.

Then the new complex structure on W is determined by its new complex
coordinates

Az} = 3 (¢k + &) da® + idy;
= dzj + eX¢jpda"

£ e _
_y (55. + §<z>”“§jk) dzy + Z0MEudz.

Therefore if we project the new d-operator on W to the old Q%! (W), we
have

anew 3 € ) 0 =
0 :8—§2¢7k§kza—zl®dzj+0(52).

It gives an element
Legibe 9 o as e ot
Y — @ dz; € Q0 (W, Tw) ,
2 02[

that determines the infinitesimal deformation of corresponding complex
structures on W. This element is harmonic, namely it defines an element in
H' (W, Ty ), if and only if % (&k¢’') = 0. This is equivalent to &;;;, = 0.
Hence we have obtained explicitly the homomorphism

H' (M,Ty;) — H' (W, Tw)

iYEdz dzF — —zgjm“i ® dz.
8Zj

Notice that these infinitesimal deformations are T"-invariant, ;i = &k ().
Therefore we can use §j;’s to denote both a tensor in M and its transforma-
tion in W.

We should also include the B-fields and use the complexified symplectic
forms on M, however the formula is going to be the same (with 6 replacing
¢). From this description, it is obvious that the transformation from the
moduli space of complexified symplectic forms on M to the moduli space of
complex structures on W is holomorphic.



304 Naichung Conan Leung

Next we are going to verify that this mirror map between the two moduli
spaces is an isometry. We take two such deformation directions z'Efjkdzj dzk
and iX(jrd2’ dz", their L%-inner product is given by

<i2£jkdzjd2k,iECjkdzdek>M % / S M Cedup.
D
While the L2-inner product of their image on the W side is given by

0 d
v Akl = o akl _
< Y&k 7% ® dz;, —2(k0 _azj®dzl>w

=2 [ 9761, (Gu ™) dun
=2V1/ &' F " Cedvp .
D

Here V (resp. V1) is the volume of the special Lagrangian fiber in M (resp.
W). Therefore up to a overall constant, this transformation between the two
moduli spaces is not just holomorphic, it is an isometry too. We conclude
that

Theorem 6. The above explicit mirror map from the moduli space of com-
plex structures on M (resp. on W) to the moduli space of complexified
symplectic structures on W (resp. on M) is a holomorphic isometry.

Transforming differential forms. Next we transform differential forms
of higher degrees from M to W:

T : Q% (M, APT},) — Q%9 (W, APTyy) .
Using the triviality of the canonical line bundle of W, this is the same as
T:QP9 (M) — Q" PI(W).

Readers are reminded that we are discussing only 7T"-invariant differential
forms.

First we give the motivations for this homomorphism. Since M and W
are related by fiberwise dual torus construction, the obvious transformation
for their tensors would be

{ dr? — da? = S¢iFday,

j_ 0
dy) — By
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In symplectic language, such transformation uses the real polarizations on
M and W. To transform (p, q) forms, we want to map this real polarization
to the complex polarization. The real polarization is defined by the vertical
tangent bundle V' C T and the complex polarization is defined by T' ]\1/}0 -
Ty ® C. So it is natural to carry V ® C to Tj/}o and its complement to
T ](\]4’1. That is dz/ — dy’ and dz’ — da? on the M side. By doing the same
identification on the W side and compose with the above transformation, we
have
T : Q% (M, APT},) — QO (W, APTyy),

with
_ 9
a 0,2]'

T (dz7) = S¢'*dzy.

T (dzj)

This homomorphism obviously coincides with the previous identification
between infinitesimal deformation of symplectic structures on M and com-
plex structures on W up to a constant factor .

Using the holomorphic volume form Qy = dzidzs - - - dz, on W, we can
identify /\pTI}‘}0 with A”_pTvﬁ}O*, so we obtain a homomorphism

T:QP9 (M) — QP PI(W).
Explicitly if

= dZ'Ll e dzlpdzjl . dz‘]q E Qp,q (M)

o= Eail...z‘pjl...gq

then
Transforming H?¢ (M) to H" P4 (W). Ifa € QP9 (M) is a T"-invariant
form, then we claim that the above transformation of differential forms from

M to W does commute with the J-operator and also 0*-operator. Therefore
it descends to the Hodge cohomology (also Dolbeault cohomology) level:

T:HPY(M)— H'"PI(W).
To simplify our notations we assume that « is of type (1,1). That is

o= Eajkdzj A dz".
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The form o being T™-invariant means that o = a;i, (z) depends on the
variables only. We have

= 1 Oo,  Oa; ,
_— R Jp J =D 35k
Oo 5 < DP Dk ) dz?dzPdz

Their transformations are

T (a) = Sajpdzy - dz; - - dzndz o™,

= 1 Oa ik Oa; - — =
T (o0) = 55 (G - Gk ) et

Now

= 1 3 kl 3 k 7 — =
oT (o) = 52 <(9—xq (ozjkqﬁ ) ~on <ozjk<;5 q) dzy---dzj - - dzpdzyedZ.
Using the Legendre transformation

0 0
Y e 9
dzq ¢ ozP’

we have

) )
Doy (“jk¢kl> = gy (")
Akt o
= E(ﬁpq ]k(bkl + ¢pq Ak a(ip ¢pl ]k(bkq ¢pl ]k:

¥ <3ayk - 5;;;5) SHLPT 4 ( ¢pq¢k58¢st¢tl +¢pl¢k58¢st¢ ) .

oxP

8(;5’“‘1

The second bracket vanishes because =2 ¢, is symmetric with respect to s, ¢
ozxP
and p. Hence we have

T (a) =T (0a) .
We can also verify B B

T () =T (%)
in the same way, and is left to our readers. Therefore the transformation T’
descends to both the Hodge cohomology and Dolbeault cohomology. More-
over if we go the other direction, namely from W to M, then the correspond-

ing transformation is the inverse of T'. That is T is an isomorphism. So we
have the following result.

Theorem 7. The above mirror transformation T identifies QP4 (M) (resp.
HP49(M)) with Q" P4 (W) (resp. H" P9 (W)).
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Transforming Yukawa couplings. Next we compare Yukawa couplings
on these moduli spaces of complex and symplectic structures; they are first
computed by Mark Gross in [Gr]. We choose any n closed differential forms
of type (1,1) on M: «,f3,--- ,7. We write @ = Sa;jdz" Adz’ and so on. The
Yukawa coupling in the A side on M is defined and computed as follows,

M
= / :l:ailjl ﬁinQ oo fyinjnd’UM
M
- V/ Z iailjhgizjz ce %’njnda:ld;c2 ceodx™
x

where the summation is such that {iy,io,....in} = {Jj1,J2, -y in} =
{1,2,...,n}. The constant V is the volume of a special Lagrangian fiber
in M.

For the Yukawa coupling in the B side on W we have the following
definition: For o/ = T (o), =T (B),---,7 = T (y) € Q" (W, Tw), we
have

BYWw (O/, g, ..., ’}/) = /W QA 50/55/...5719.

Since 2 = dz1dzy - - - dz, with dz; = Eqﬁjkd:ck + tdy;, we have
0,80 = EalkdxdeQ...dzn + dzlagkd:ck...dzn + ...+ dzleQ...ankd:L‘k.
Similarly we obtain
S 0.0 = Z i1 Bings * Vinjndrtda® - - - da"
and therefore, up to an overall constant, we have
AYy (o, By ..) =B Yw (o/,ﬁ', ...,fy’) .

Theorem 8. [Gr] The above mirror transformation identifies the Yukawa
coupling on the moduli spaces of complexified symplectic structures on M
(resp. on W) with the Yukawa coupling on the moduli space of complex
structures on W (resp. on M ).

Remark: The Yukawa coupling is the n derivative of a local holomor-
phic function on the moduli space, called the prepotential 7. On the A-side,
this is given by

AF (M) = /Mw”.
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On the B-side, we need to specify a holomorphic family of the holomorphic
volume form locally on the moduli space of complex structures on W. Then
the prepotential function is given by

Bf(W):/WQ/\Q.

Similarly we can identify these two prepotentials by this transformation.

In fact we can express this identification of the two moduli spaces,
together with identifications of all these structures on them, namely
Q5* H** Y and F, as an isomorphism of two Frobenius manifolds.

3. slyxsly-action on cohomology and their mirror transform.

In this section we show that on the levels of differential forms and cohomology
of M, there are two commuting sl (2) Lie algebra actions. Moreover the
mirror transformation between M and W interchanges them. The first sl (2)-
action exists for all Kéhler manifolds. We should note that results of this
section depend only on the T™-invariant condition but not the Calabi-Yau
condition.

This type of structure is first proposed by Gopakumar and Vafa in [GV2]
on the moduli space of flat U (1) bundles over curves in M, that is B-
cycles. They conjectured that this sl (2) xsl (2)-representation determines all
Gromov-Witten invariants in every genus in a Calabi-Yau manifold. In fact
we conjecture that such sl (2) x sl(2)-action on cohomology groups should
exist for every moduli space of A- or B-cycles (with the rank of the bundle
equals one) on mirror manifolds M and W [L1].

Hard Lefschetz sl (2)-action. Recall that the cohomology of any Kéhler
manifold admits an sl(2)-action. Let us recall its construction: Let M be
a Kéhler manifold with its Kahler form wjy;. Wedging with wys gives a
homomorphism L 4:

La:QF (M) — QF2(M).

Let
Ag: QP2 (M) — QF (M)

be its adjoint homomorphism. Then we have the following relation,

[La,Aa]l = Ha,
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where H4 = (n — k) I is the multiplication endomorphism on Q¥ (M). More-
over we have

[La,Hal = 2Ly,
[Aa, Hal = —2A4.

These commutation relations determine an sl (2)-action on Q* (M). We call
it the hard Lefschetz sl (2)-action.

These operations commute with 0 and 0* because wys is a parallel
form on M. Therefore this sl (2)-action descends to the cohomology group

Variation of Hodge structures sl(2)-action. Suppose M is a T"-
invariant manifold. It comes with a natural family of deformation of complex
structures whose complex coordinates are given by 2/ = %l‘j + iyl

Recall from the standard deformation theory that a deformation of
complex structures determines a variation of Hodge structures. In-
finitesimally the variation of Hodge filtration FP (H* (M,C)) lies insides
FP=Y(H* (M,C)): If we write the infinitesimal variation of complex struc-
ture as ¥t ¢ H'(M,T);). Then the variation of Hodge structures is

dt
determined by taking the trace of the cup product with 4/t

H1 (M, Qﬁ\}) to HIt1 (M, 91]7\4—1) We denote this homomorphism by Lp.
That is

LB_ff HP (M) — HP~Lavl (Ar)

For the T"-invariant K&hler manifold M, it turns out that Lp determines
an sl (2)-action on H* (M,C) = @HP1(M).

To describe this sl (2)-action explicitly, first we need to describe the ad-
joint of Lp which we will call Ag. In general if

My

0
J
— = Yay (2, 2) ® dz"

027
on a Kahler manifold with metric Egj,;dzj ® dz"*, then the adjoint of L on

the level of differential forms is just

AB_2@§%®dﬂ

dM;

where b;’? = gkl_a;—”gmj Since 0 ( ) = 0, Lp commutes with the O-operator.
However Ap might not commutes with 0 and therefore would not descend

to the level of cohomology in general.
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For the T™-invariant case, it is not difficult to check directly that % =
%E% ®dZz7. That is the whole family of complex structures on M is along
the same direction. We can rescale and assume

dM; 0

— Lty ®d¥.
dt 027 ©adz
That is a% (2,%) = dji. Hence
b = 9} g
= M6 midm;
= jk‘
That is 5
—_y_ - J
AB = 282] ® dz’.
Moreover their commutator Hg = [Lp,Ap| is the multiplication of

(p — q) on forms in Q77 (M). We have the following result:

Theorem 9. On a T"-invariant manifold M as before, if we define
Lp= 2% ®dz . QP (M) — QP (0r)
Ap = E% ®dz) QP9 (M) — QPTL (M)
Hp = [Lp,Ap] = (p—q) : Q" (M) — QP4 (M).
Then they satisfy Ap = (Lp)* and

[Lp,Agp] = Hp
[HB,LB] = —2Lp
[HB,AB] = 2Apg.

Hence they define an sl (2)-action on Q** (M). Moreover these operators
commute with 0 and 0* and descend to give an sl (2)-action on H* (M, C).

As a corollary we have the following.

Corollary 10. On any T"-invariant manifold M with % as before. The
operators Lp defined by the variation of Hodge structures, its adjoint opera-
tor Ap and their commutator Hg = [Lp, Ap| together defines an sl (2)-action
on the cohomology of M.

We call this the variation of Hodge structures sl(2)-action, or simply
VHS sl (2)-action.
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An sl(2) x sl(2)-action on cohomology. We already have two sl (2)-
actions on H* (M), we want to show that they commute with each other.

Lemma 11. On a T™-invariant manifold M as above, we have

[La,Lp] =0,
[La,AB] =0.

Proof of lemma: We verify this lemma by direct calculations. Let us
consider

LiLg (dzjl coddIrdzh .. dg’%)

= L% (=1)P"%d9 - deds - d2rdFedzM - dzhe
=¥ (-1)P° (_1)17—1 gbjkdzjdzjl e CZZJ\S ceed2IrdzRdzIrdzR .. . dFa

On the other hand,

LpLa (dzjl B dz’fq)

= L% (—1)P ¢jpd? d2?" - - dzdvdzhdzF - . - dzhe.
If j is not any of the j,’s, then

Lp (1) ¢jrd2d d27" - dzIrdzhdzhr - . - dzhe

= YNpdz?t - drdE dZR AR - d2e

N (1) (—1)P 5 pipdalda? - deds - dedvdEidEhdEM - dzb
However the first term on the right hand side is zero because ¢;i, = ¢5; and
dzldzF = —dzFdz7. If j is one of the j,’s, it turns out we have the same

result. This verifies LyLg = LgL 4 on such forms. However forms of this
type generate all differential form and therefore we have

[LA,LB] =0.

If we replace Lg = E% ®dz by Ag = E% ® dz7, it is not difficult to
check that the same argument works and give us

[La,AB] =0.

Hence we have the lemma. [
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Corollary 12. On the cohomology of M as above, the hard Lefschetz sl (2)-
action and the VHS sl (2)-action commute.
In other words, we have an sl (2) xsl (2)-action on H* (M, C).

Proof of corollary: From the lemma we have [La, L] = 0 and [L4,Ap] =
0. Taking adjoint, we obtain the other commutation relations. Hence the
result. OJ

Remark: The hard Lefschetz sl(2)-action is a vertical action and the
one from the variation of Hodge structure is a horizontal action with respect
to the Hodge diamond in the following sense: L4 (HP) C HPLa+l and
L (HPY) C Hpr—La+1

Remark: Notice that so (3,1) =sl(2) xsl(2). Later we will show that
when M is a hyperkéhler manifold, this so (3, 1)-action embeds naturally
inside the canonical hyperkéahler so (4, 1)-action on its cohomology group.

Transforming the sl (2) xsl(2)-action. First we recall that the variation
of complex structures dz/ = %dx] + ¢dy? on M was carried to the variation
of symplectic structures w = %dxj dy; on W.

Theorem 13. Let M and W be mirror T"-invariant Kahler manifolds to
each other. Then the mirror transformation T carries the hard Lefschetz
sl (2)-action on M (resp. on W) to the variation of Hodge structure sl (2)-
action on W (resp. on M ).

Proof: Let us start by comparing H4 and Hg. On QP9 (M), Hp is
the multiplication by p — ¢. On Q" P4 (W), Hy is the multiplication by
n—(n —p)—q = p—q. On the other hand, T carries QP4 (M) to Q" P2 (W).
Therefore

HAT =THp.

Next we compare L4 and Lp for one forms on M. For the (0,1) form
dz!, we have

T (d2') = S¢/*dz -~ dzndz,
LT (dz7) = 0.

The last equality follows from type considerations. On the other hand
Lp (déj ) = 0, therefore

LT (dz’) = TLp (d#7) .
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For the (1,0) form dz?, we have

T (d27) = (~1)" 7 dzy---dzj -~ dzg
LT (d27) = S (=1)"7 (=1)"H ¢/*dzy - - dzpdz,
=Y¢*dz - dzpdz.

On the other hand

Lp (d27) = d#’
TLg (d2’) = ¢'Mdz -+ dznd?,.

That is
LT (dz7) = TLp (d27).

Similarly we can argue for other forms in the same way and obtain
LAT =TLpg.

We can also compare A4 and Ap in the same way to obtain
AT =TAp.

Hence the variation of Hodge structure sl (2)-action on M was carried to the
hard Lefschetz sl (2)-action on W. By symmetry, the two actions flip under
the mirror transformation 7T'. [J

4. Holomorphic vs symplectic automorphisms.

Induced holomorphic automorphisms. For any diffeomorphism f of
the affine manifold D, its differential df is a diffeomorphism of T'D which is
linear along fibers, for simplicity we ignore the lattice A in this section and
write M = TD. We write fp =df : M — M explicitly as

k
fB (27 +iy?) = f* (a7) —i—iﬁ%yj.
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We want to know when fp is a holomorphic diffeomorphism of M. We

compute
O (i, Of"
?(f T Y

_1 0 0 k 6fk j
_2<aml+a><f 2 aY
_1 afk ka i af ;
_§<a—+lza Toa? T E g
_i 82fk i

27 0xioxl”

Therefore fp is holomorphic on M if and only if f is an affine diffeomorphism
on D. Moreover

(fog)p=[BoYB,

that is f — fp is a covariant functor.

Even though 0fp does not vanish in general, its real part does. To un-
derstand what this implies, we recall that a T™-invariant Calabi-Yau mani-
fold has a natural deformation of complex structure towards its large com-
plex structure limit point. Its complex coordinates are given by dz’ (t) =
t~Yda? + idy’’s with t approaches 0. Therefore we would have

k

fB< x]+zy> fk (CEJ)—FZEgL]y ,

0 (i, s 0ft PfE
= =t E
07 (1) (f L SRr T
Namely (1) the function fp is holomorphic at the large complex structure
limit point Jo; (2) If f is an affine diffeomorphism of D, then fp is holo-

morphic with respect to J; for all . We denote this functor f — fp in these
two cases as follows:

and

(o) : Dif f (D) = Dif f (M, Joo) ,

and

(o) : Dif f(D,af fine) — Diff (M, J).
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Induced symplectic automorphisms. On the other hand, any diffeo-
morphism f : D — D induces a diffeomorphism f : D* «— D* going the
other direction. Here D* C R™ denote the image of the Legendre tranfor-
mation of ¢. Pulling back one forms defines a symplectic automorphism on
the total space T D* which is just M again (see below for explicit formula).
We denote this functor as

()4: Diff(D) — Diff(M,w)
f — fa-

Again
(fog)a= faoga.

That is f — fa is also a covariant functor.

What if f also preserves the affine structure on D?
The map f*: M — M is given by

for (fj (1) ,yj> € T*D* = M.

Since M is the total space of a cotangent bundle T D*, it has a canonical
symplectic form, namely w = Xdz; A dy’, where dz; = Zqukda:k. When the
base space D* is an affine manifold, then there is a degree two tensor w on
its cotangent bundle M = T*D* whose antisymmetric part is w. It is given
by

w = Ydr; @ dy’ .

It is easy to see that w is well-defined on M.

Lemma 14. If f is a diffeomorphism of D, then f preserves the affine struc-
ture on D if and only if f4 preserves w on M.

Proof: ConsidAer the inverse of f as before, f : D* — D*. The pullback
map it induced, f*: M — M, is given by
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for <fj (zk) 7yj> € T*D* = M. We compute

Fr (@) = f* (Sdu; @ dy)

afk k
=Xdzr; ®d| =—
wj @ <8a:]y
afk k k ank
dx; ® <3mjdy +y 8xj89cldml
& fi
=w+Xy* : :
w + Xy 8acj3xldxj ® dx;

Therefore f* (w) = w if and only if f is an affine transformation on D*.
And this is equivalent to f being an affine transformation on D. [J

We denote this functor f — f4 in these two cases as follows:

(0)4: Dif f(D) — Dif f (M,w),
and

(8)4 : Dif f(D,af fine) — Diff (M, w).

Transforming symplectic and holomorphic automorphisms. We de-
note the spaces of those automorphisms Dif f (M, ) which are linear along
fibers of the Lagrangian fibration by Dif f (M, *),,,. Here *x may stand for
J, Joo,w or w. Notice that for any diffeomorphism f of D, its induced diffeo-
morphisms f4 and fp of M are always linear along fibers of the Lagrangian
fibration m : M — D. In fact the converse is also true.

Proposition 15. (i) The map f — fp induces an isomorphism,
(0)p : Diff (D) = Dif f (M, Joo)i,
and similarly
(o) : Diff (D,af fine) = Diff (M,J),, -
(ii) Moreover the map f — f4 induces an isomorphism,

()4 : Diff(D) = Dif f (M,w)y;, »

and similarly,

(o), : Diff (D,af fine) = Diff (M, @)y, -
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Proof of proposition: All these homomorphisms are obviously injective.
To prove surjectivity, we let F' be any diffeomorphism of M which is linear
along fibers. We can write

F=(F. ., F")
F* = f*(x) +iSg) ()9,

for some functions f* (z) and gF (z)’s. We have

0 0 0
557 = (50 + i) () + et @)

oyl
8fk k .3911“ k
= a7~ 90k tig vt
So if F preserves J4,, then
0 k
Re —F*"=0
oz ’

for all j and k. That is g;? = %I;, or equivalently F' = fp. If F preserves J,
additionally we have

oxJ
00 f*
= 57 Bl
That is f is an affine function of 27’s. This proves part (i). The proof for
the second part is similar. Hence we have the proposition. [

Remark: Paul Yang proved that every biholomorphism of M = TD
with D convex is induced from an affine transformation on D, namely the
assumption on the function F' being linear along fibers is automatic. That
is Dif f(M,J) = Diff(M,J),, =Diff(D,af fine).

Next we are going to show that the mirror transformation interchanges
these two type of automorphisms. Recall that W is the moduli space of
special Lagrangian tori in M together with flat U (1) connections on them.
That is the moduli space of A-cycles (C, L) with C' a topological torus. Given
any diffeomorphism F' : M — M which is linear along fibers of 7, F' carries
a special Lagrangian torus C' in M, which is a fiber to 7, to another special
Lagrangian torus in M. The flat U (1) connection over C' will be carried
along under F. Therefore F' induces a diffeomorphism of W, this is the
mirror transformation of F' and we call it F or T (F).
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Theorem 16. For T"-invariant Calabi-Yau mirror manifolds M and W, the
above mirror transformation T induces isomorphisms : (i)

= Diff (W, w)
= Diff (W, J)

T:Diff(M,J),
T:Diff(M,w)

n lin

lin lin *

and (ii)

T : Diff (M, Js)
T : Diff (M,w)

iin — Dif f (W,w)
S Diff (W, )

lin »

lin lin *

Moreover the composition of two mirror transformations is the identity.

Proof of theorem: Given any F' € Dif f (M, J),;, there is a unique dif-
feomorphism f € Dif f (D,af fine) such that F' = fp. Let f be the inverse
of f which we consider as an affine diffeomorphism of D*. It is not difficult

to verify that
Po(f).
! A

In particular ' € Dif f (W, w) Clearly

lin®
F=F

Other isomorphisms can be verified in the same way. Hence we have the
theorem. [

Isometries of M. Recall that a diffeomorphism of a Kahler manifold pre-
serving both the complex structure and the symplectic structure is an isom-
etry. Suppose F' is such an isometry of a T™-invariant Calabi-Yau man-
ifold M, and we assume that F is also linear along fibers of the special
Lagrangian fibration. Then it induces a diffeomorphism f of D which pre-
serves gp = Eqﬁjkdmj ®dx". That is f € Diff (D, gp). In this case we have
F = fq4 = fp. Hence we have

Diff(D,gp) = Diff(M,9),,

= Dfo (M7 J)lin N Dfo (M7w)lin :

By the above theorem, this implies that the mirror transform F lies inside,

FeDiff (W,w),, N Diff (W, Joo)y, -
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In fact one can also show that this common intersection is simply
Diff(W,g),- A different way to see this is to observe that the Legen-
dre transformation from D to D* preserves the corresponding metrics gp
and gp+ because

Egbikd:cj ® dxy,

= 3¢ (duda' ) @ (dpmda™)
= 36] ¢pmda’ @ da™

= Egbjkd:cj ® da*.

Therefore if f € Diff(D,gp) then f e Diff (D*,gp+). Hence F is an
isometry of W, R
FeDiff(W.g).

Thus we have proved the following theorem.

Theorem 17. For T"-invariant Calabi-Yau mirror manifolds M and W, the
mirror transformation induces an isomorphism,

T :Diff(M,gm), - Dif f (W, 9w )i -

Moreover the composition of two mirror transformations is the identity.
5. A- and B-connections.

Mirror transformations of other A- and B-cycles can be interpreted as gen-
eralization of the classical duality between Blaschke connection and its con-
jugate connection via the Legendre transformation. We first recall these
classical geometries.

Blaschke connection and its conjugate connection. On a special
affine manifold D, ¢ is a section of a trivial real line bundle over D. For
simplicity we assume D C R™ and ¢ is a convex function on D. If G C D xR
denote the graph of ¢. Using the affine structure on D x R one can define an
affine normal v which is a transversal vector field along G (see for example
[CY]): If we parallel translate the tangent plane of G, its intersection with
G determines a small convex domain. Its center of gravity then traces out a
curve in the space whose initial direction is the affine normal direction.
Using v, we can decompose the restriction of the standard affine con-
nection on R™ x R to G into tangent directions and normal direction. So



320 Naichung Conan Leung

we obtain an induced torsion free connection on G, called the Blaschke con-
nection [Bl], or the B-connection, gV. The convexity of ¢ implies that the
second fundamental form is a positive definite symmetric two tensor gg on
G. Tts Levi-Civita connection is denoted as V€. We define a conjugate
connection 4V by

Xga (Y, Z) =96 6VxY,Z)+ gc (Y, aVxZ).

We call it an A-connection. The two connections 4V and gV on D induce
torsion free connections on M = T'D by pullback. We continue to call them
the A-connection 4V and the B-connection gV.

When the function ¢ satisfying the real Monge-Ampere equation, then
G is a parabolic affine sphere in R x R. Namely the affine normal v of G in
R™ x R is the unit vector along the last direction, that is the fiber direction
of the real line bundle over D. By abuse of notations, we identify G with
D via the projection to the first factor in D x R. These two torsion free
connections 4V and gV on D are flat in this case. In term of the affine
coordinates x7’s on D, the B-connection gV is just given by the exterior
differentiation d. The A-connection is

AV = d+ S i

One can check directly that it has zero curvature. We will see later that
this also follows from the Legendre transformation (or the mirror transfor-
mation).

A- and B-connections on T"-invariant Calabi-Yau manifolds. From
above, we have two torsion free flat connections 4V and gV on M = TD/A.
Recall that the complex structure on M is given 2/ = 2/ + iy/ and its
symplectic form is wyr = Xoji (x) dzd A dz®. Since gV is the same as the
exterior differentiation on the affine coordinates z7’s on D, it preserves the
complex structure on M. In fact 4V preserves the symplectic structure on

M.

Proposition 18. Let M = TD/A be a T"-invariant Calabi-Yau manifold
as before. Then its A-connection oV and B-connection gV satisfies

AVwyr =0,
BVJ =0.
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Proof of proposition: We have seen that gVJ = 0. From previous dis-
cussions, AV is a torsion free flat connection on M. To check that it pre-
serves the symplectic form, we recall that wy = o) (x) dz? A dy* and
AV = d—i—F{md:cm where F{m = q57k¢klm. Note that 4v (dyk) = 0 because 2V
is induced from the base D. Therefore

AVwy = Eqﬁjkld:cl & (d:cj A dyk> — Zqﬁjkf‘g)quq ® (dxp A dyk)
= Y¢jda’ ® (dxj A dyk) — S Prpgda? @ (dxp A dyk>
= Yojpdat ® (d:cj A dyk> — Srpdr? @ (da:p A dyk>
~0.

We have use the symmetry of ¢;x; with respect to its indices. [

In section 6, we will see that the mirror transformation of flat connection
AV (resp. V) on M is the flat connection gV (resp. 4V) on the zero
section in W and vice versa. In particular the Levi-Civita connection V¢ =
(AV + BV) /2 is preserved under the mirror transformation. In fact this is
a special case of the mirror transformation between A- and B-cycles on M
and W.

6. Transformation of A- and B-cycles.

In this section we discuss how certain A-cycles on M will transform to B-
cycles on W. This materials is largely borrowed from [LYZ].

Transforming A- and B-connections. Recall the A-connection 4V on
M is d + XT,dz!, where I}, = X¢™¢yp, in the affine coordinate system.
Let us consider M and W with their dual special Lagrangian tori fibrations.
The restriction of 4V on each fiber in M is trivial because dz'’s vanish along
fiber directions. Since the dual torus T™ parametrizes flat U (1) connections
on T, the restriction of 4V corresponds to the origin of the corresponding
dual torus. Putting all fibers on M together, we obtain the zero section in
W. This is the Fourier transformation.

However this is not the end of the story, the second fundamental form

of 4V on each fiber in M is non-trivial. This induces a connection on the
zero section in W. To determine this connection, we need to perform the
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Legendre transformation on M,

AV o () = Ty
Voo (Sbus) = 56"y
Sty + D000V o () = Sbmiig
S8V o (52) =o.
That is
v () =0

or equivalently the induced connection on the zero section of W is d in the
affine coordinate system of W. This is exactly the B-connection gV.

Conversely if we start with the B-connection 5V on the whole manifold
M , its mirror transformation will be the A-connection 4V on the zero section
of W. In particular we recover the classical duality between the Blaschke
connection and its conjugate connection for the parabolic affine sphere. Such
duality is in fact more interesting for other affine hypersurfaces (see for
example [Lo]). Summarizing we have the following theorem.

Theorem 19. For a T™-invariant manifold M, the above mirror transfor-
mation take the A-connection (resp. B-connection) on the whole space M
to the B-connection (resp. A-connection) on the zero section of W.

Transforming special Lagrangian sections. Now we are going to gen-
eralize the previous picture to duality between other supersymmetric cycles.
Let (C,E) be an A-cycle in M such that C' is a section of the special La-
grangian fibration 7 : M — D.

Note that C' = {y = y ()} C M being Lagrangian with respect to wy; =
E(bjkdxj dy* is equivalent to

0 0
@(yl(ﬁlk) = w((ﬁljyl)-

Therefore locally there is a function f on D such that

9f

VR PN L ]
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Next we want to understand the special condition on C. Namely
ImerM\c =0.

Recall that the holomorphic volume form on M equals Q3 = dz' A dz? A
e N2
On the Lagrangian section C' we have

dy’ =d (&pj’f o >

dak
i 0°f of
— vl k
= ¢ <8:cl8a:k a gbpnglkp%) da

= Y@’ yHess (f),;, dz".

Here gHess (f) denote the Hessian of f with respect to the restriction of
the torsion free A-connection 4V and we use the affine coordinate on D to
parametrize the section C. We have

dz? = da? + idy’

o O*f of
= <5jk + l(f?ﬂ <61‘l0{l}k — (ﬁpq(ﬁlkp%)) da:k,

and

Qurle = det (I + ig~t AHess () N
=det (g9) ' det (g + i aHess (f))dz' A ... A da™,

Hence C' is a special Lagrangian section if and only if
Ime® det (g +1i aHess (f)) = 0.

Now we perform the fiberwise Fourier transformation on M. On each
torus fiber T', the special Lagrangian section C' determines a point y =
(yl, s y”) on it, and therefore a flat U (1) connection D, on its dual torus
T*. Explicitly, we have

Dy = d + iSy’dy;.

By putting all these fibers together, we obtain a U (1) connection V 4 on
the whole W,
Va=d+ zEdeyj



324 Naichung Conan Leung

Its curvature two form is given by,
ol
Fy= (VA)2 = Eiidl'k A dyj.
oxy,

The (2,0) component of the curvature equals

1 oyk oyl
F20— v ( 22 — 22 ) dz; Adz.
4 =3 (axj Dy, ) O3 1 O

Therefore V 4 gives a holomorphic line bundle on W if and only if
oyt _ oy
ox 5 ox k ’

for all j, k. This is equivalent to the existence of a function f = f (z;) on D
such that
i_9f

¥y = axj'

Therefore we can rewrite the curvature tensor as
Fy =iX pHess (f);, dxy A dy;.

Here pHess (f) is the Hessian of f with respect to the B-connection gV on
w.
To compare with the M side, we use the Legendre transformation to
write of
I — gtk 2
Then pHess (f) on W becomes 4Hess (f) on M. Therefore the cycle C € M
being a special Lagrangian is equivalent to

F% =0,
Ime® (wy + Fa)" = 0.
Next we bring back the flat U (1) connection on E over C' to the picture.

We still use the affine coordinates on D to parametrize C' because it is a
section. We can express the flat connection on C as

d+ide = d + m%dﬁ



Mirror Symmetry Without Corrections 325

for some function e = e (z) on C. Now this connection will be added to the
previous one on W as the second fundamental form along fibers. We still
call this connection V 4. We have

Va=d+iXy dy; +ide
o Of Oe
. . k .

It is easy to see that the curvature form of this new connection is the same
as the old one. In particular the transformed connection V 4 on W continues
to satisfy the deformed Hermitian-Yang-Mills equations.

Im e? (wyy + Fa)™ = 0,

Therefore the mirror transformation of the A-cycle (C, E) on M produces a
B-cycle on W. The same approach work for higher rank unitary bundle over
the section C. This transformation is explained with more details in [LYZ].

Transforming graded tangent spaces. Recall from [L1] that the tan-
gent space of the moduli space of A-cycle (C, E) in M is the space of complex
harmonic one form with valued in the adjoint bundle. That is

T (AM (M))=H'(C,ad(F)) ®C.

And the tangent space of the moduli space of B-cycle (C,E) = (W, E) in
W is the space of deformed d-harmonic one form with valued in the adjoint
bundle.

T (M (W)) = QH' (C, End (E)) .

A form B € Q% (C, End (E)) is called a deformed d-harmonic form if it
satisfies the following deformation of the harmonic form equations:

0B =0,
Ime? (w4 F)™ 1A 0B = 0.

Here m is the complex dimension of C.
The graded tangent spaces are given by

T9raded (, M (M) = @, H” (C,ad (E)) ® C,
197 (M (W) = &rQH" (C, End (E)).
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Now we identify these two spaces when C' C M is a special Lagrangian
section. It is easy to see that the linearization of the above transformation
of A-cycles on M to B-cycles on W is the following homomorphism

Q' (C,ad (E)) @ C — Q¥ (W, End (E))
da? — E%qﬁjkdzk.
We extend that homomorphism to higher degree forms, in the obvious way,
Q% (C,ad (E)) ® C — Q¥ (W, End (E)).

It is wverified in [LYZ] that the harmonic form equation on
Q7 (C,ad (E))®C is transformed to the deformed harmonic form equation on
Q%4 (W, End (E)) . Namely the image of H? (C,ad (E)) ® C under the above
homomorphism is inside QHY? (W, End (E)). In fact the image is given pre-
cisely by those forms which are invariant along fiber directions.

As a corollary of this identification, we can also see that the mirror
transformation between moduli space of cycles, 4M (M) —p M (W), is a
holomorphic map.

Identifying correlation functions. The correlation functions on these
moduli spaces of cycles are certain n-forms on them (see for example [L1]
for the intrinsic definition). On the M side, it is given by

AQ(CLE) (a1, oo cn) = / Trolon A .. Ay,
C
for aj € Q1 (C,ad (E)) ® C at a A-cycle (C, E). On the W side, it is given
by

BUC,E) (Br, s ) = /W QTrs (B A A Bal gy

for B; € Q%1 (W, End (E)) at a B-cycle (C,E) = (W,E). If C # W, then
the formula is more complicated (see [L1]).

One can verify directly that the n-form pQ on the W side is pullback
to 40 on the M side under the above mirror transformation (see [LYZ]
for details). This verifies Vafa conjecture for rank one bundles in the 7"-
invariant Calabi-Yau case. His conjecture says that the moduli spaces of A-
and B-cycles, together with their correlation functions, on mirror manifolds
should be identified. In general this identification should require instanton
corrections.
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7. T"-invariant hyperkahler manifolds.

A Riemannian manifold M of dimension 4n with holonomy group equals
Sp(n) C SU (2n) is called a hyperkéhler manifold.

T™-invariant hyperkahler manifolds. Let D be an affine manifold with
local coordinates 27/’s and ¢ (z) be a solution to the real Monge-Ampere

equation det ( %) = 1. Then both its tangent bundle T'D and cotangent
bundle T*D are naturally T"-invariant Calabi-Yau manifolds. Moreover
they are mirror to each other. If we denote the local coordinate of T'D as x/
and y/’s. Then the complex structure of TD is determined by daz? + idy’s
as being (1,0) forms and we call this complex structure J. Its symplectic
form is given by w = S¢jx () dz? A dy* and its Ricci flat metric is g =
Edjk (dxj ® dz* + dy ® dyk) )

Now we consider its cotangent bundle M = T™* (T'D) and denote the dual
coordinates for =7 and 3’ as uj and v; respectively. Therefore the induced
metric on M is given by

gy = Sbik (d:cj ® dz* + dy’ ® dyk) + B¢ (du; @ duy, + dvj @ doy)

and its induced complex structure J is determined by da? +idy’’s and duj —
idv;’s as being (1,0) forms. Its corresponding symplectic form w; is given
by

wy = Sgrdrd A dy* — S¢TFduj A dvg.

Since M is the cotangent bundle of a complex manifold, it has a natural
holomorphic symplectic form which we denote as 1y and it is given by

ny =X (dz? +idy’) A (du; — idv;) .

Notice that the projection 7w : M — T'D is a holomorphic Lagrangian fibra-
tion with respect to 7 .

We are going to see that M carries a natural hyperkéhler structure. If
we denote the real and imaginary part of ny by w; and wg respectively, then
they are both real symplectic forms on M. Explicitly we have

wr =Reny; = Z(d:cj/\duj —i—dyj/\dvj),
wrg =Imn; =3 (dl‘j A dvj — dy’ /\duj).

They determine almost complex structures I and K on M respectively. In
fact these are both integrable complex structures. If we use the following
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change of variables, du! = ¢/*du;, and dv’ = ¢'*dvy, then the complex
structure of I is determined by dx? + idu’ and dy’ + idv’ as being (1,0)
forms. Similarly the complex structure of K is determined by da/ + idv?
and dy’ —idu’ as being (1,0) forms. It follows from direct calculations that
both (M,g,I,wr) and (M, g, K,wk) are Calabi-Yau structures on M. We
can easily verify the following lemma.

Lemma 20. I? = J?> = K? = [JK = —id. Namely (M, g) is a hyperkiihler
manifold.

Remark: We call such M a T"-invariant hyperkahler manifold. Instead of
T* (TD), we can also consider T (T*D) and it also has a natural hyperké&hler
structure constructed in a similar way. In fact these two are isomorphic
hyperkahler manifolds.

An so(4,1)-action on cohomology. For a hyperkéhler manifold M,
there is a S2-family of Kihler structures w; on it: For any ¢ = (a,b,c) € R?
with a?4+b%+c? = 1, wy = awy+bwj+cwi is a Kihler metric on M. For each
wy, there is a corresponding hard Lefschetz sl (2)-action on its cohomology
group H* (M,R). Tt is showed by Verbitsky in [Ve] that this S? family of
sl (2)-actions on H* (M,R) in fact determines an so (4, 1)-action on coho-
mology. It is interesting to compare the so (3,1)-action from Gopakumar-
Vafa conjecture with this so (4, 1)-action when M admits a holomorphic
Lagrangian fibration.

Note that sl(2)=so0(2,1) and sl(2) xsl(2)=so(3,1). Therefore the
cohomology group of Ké&hler manifolds admit so (2, 1)-actions, the cohomol-
ogy of T™-invariant Calabi-Yau manifolds admit so (3, 1)-actions and the co-
homology of hyperkéhler manifolds admit so (4, 1)-actions. We are going to
show that the so (3, 1)-action we constructed in the 7"-invariant Calabi-Yau
case is naturally embedded inside this so (4, 1)-action for hyperkdhler man-
ifolds. This is analogous to the statement that the hard Lefschetz so (2,1)-
action for K&hler manifolds is part of the so(3,1)-action for Calabi-Yau
manifolds, at least in the T"-invariant case.

Embedding sl (2) x s1(2) inside hyperkahler so (4, 1)-action. As we
discussed before, besides the hard Lefschetz sl (2)-action on Q** (M), the
other sl(2)-action comes from a variation of complex structures on M.
For our T™-invariant hyperkéhler manifold M as above with the com-
plex structure I, the Kéhler structure w; and special Lagrangian fibration
m: M — TD, the second sl (2)-action on M can be expressed using w; and
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wgk. That is we have a natural embedding of the sl(2) xsl(2)-action into
the hyperkéahler so (4, 1)-action on M.

To verify this, we recall that the operator Lp in the sl (2)-action coming
from the VHS will send da/ +idu’ (we write du/ = ¢'*duy,) to do? —idu?. On
the other hand, for the operators L, Ax in the hyperkéhler so (4, 1)-action,
we have

[Ly, Ax] (da? + idu?)

= —AxLy (do? + idu?)

= —Ag (da? + idud) (ZJqSkld:ckdyl - qﬁkldukdvl)
- _ (gbkjduk _ idxk>

=1 (dxj — iduj) ,

because wg = X (d:cj dvj — dy? duj). The same holds true for all other forms.
Thus we have the following theorem.

Theorem 21. For any T"-invariant hyperkédhler manifold M, its Calabi-
Yau so (3,1) = sl(2) x sl (2)-action on the cohomology of M embeds natu-
rally inside the hyperkéhler so (4, 1)-action.
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