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ABSTRACT. We show that on a Kihler Einstein manifold, existence of
almost Kihler Einstein metrics if and only if Futaki Bando invariants are all
zero. We also discuss their relationships with the supertrace of heat kernel.
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1. INTRODUCTION
Narasiham and Seshadri, Donaldson, Uhlenbeck and Yau proved that an irreducible
holomorphic vector bundle E over a Kéhler manifold X is Mumford stable if and only
if there exists a Hermitian Einstein metric. In order to uncover stability from geo-
metric invariant theory point of view, we need to study Gieseker stability (Mumford
stability is only a linearized version of Gieseker stability in some suitable sense.)
In [Leung|, the author discovered the following equation

[ekuH_F Tdx (W” ) = Xku;—TIE

which explains Gieseker stability in term of differential geometry. Solutions to the
above equations are called almost Hermitian Einstein metrics.
For Kéhler Einstein manifold, we shall study a similar equation:

[ Tdy (w)]"™"—x (X, 0x(LF)) £

As we shall see in later section that this expression is related to the super-trace
of heat kernel that appeared in the Atiyah-Singer local index theorem.

The main result of this paper is to prove that the existence of solution to this
equation for large value of k is equivalent to vanishing of certain Bando Futaki in-
variants.

More generally, one can look at equation of the following form: For any charac-
teristic class A[X] = Ag[X] + Ao [X] + ... + Ay, [X] with 4;[X] € H? (X,R) of X
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satisfying (i) Ag[X] # 0 and (ii) A, [X] = C¢; (M) for some nonzero constant C. We
consider the following equation:

A (X,w) " = o

where A (X,w) being the characteristic form of X representing A [X] defined using
w via the Chern Weil theory and Cy is a suitable constant. Examples of such A [X]
include the Todd class T'dx and the A— class of X, A [X]. Our methods in this paper
can be used to deal with any equation of this form.

For simplicity, we choose A [X] to be the full Chern character class of X, ch (X).
Then we have [e*ch (X, w)] ) — 1y (kw + 2= F)" /n! and we call the corresponding
equation the almost Kéhler Einstein equation:

Tr(kw 4+ 5 F)" —Cp4p

or equivalently .
(u) + ;_ZF)H - XnITXu;z_r!L
where n = %

The goal is to understand its relation with stability of the manifold X itself. How-
ever, in this case, there are new obstructions to the existence of solutions which comes
up even when X carries a Kihler Einstein metric. We identify those obstructions pre-
cisely as Bando Futaki invariants. Recently, Tian has some important progress on
this problem of relating manifold stability and existence of canonical metric.

To begin with, we suppose that X is a compact Kihler manifold of dimension
n whose first Chern class has a definite sign. We shall assume the Kihler class is

proportional to the first Chern class. The Kéhler Einstein equation of X is as follow:
Rcaﬁ = Cga,@

where Rc,j3 is the Ricci curvature form and the constant C' (after the metric being
normalized) is 1,0 or —1 according to the sign of ¢; (X). We can also rewrite this
equation in an equivalent form:

1

s EA (uﬁ:l)! = Oy

where F' € Q! (X, End (Tx)) is the full curvature tensor of X with respect to the
Kihler form w. Motivated from |Leung|. we look at the following perturbed equation:

(w32 F)" = x5

As n goes to zero, then we will recover the Kihler Einstein equation from these
equations.
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We would be interested in elliptic solutions of these equations for small positive
n. Here, X, is a topological constant given by

1 < . .
= Tehy (X) A 22—
Xn n.vol(X)jz_;/Xn(‘ i (X) (n—j)!

where ch; (X) is the j” Chern character of X and  is the Kéhler class.

Because of Kihlerian, to solve the Kihler Einstein equation, we only need to
solve the trace of the equation. To be precise, it is the equation of constant scalar
curvature:

Tr FAwW" ' = Cuw"
Similarly, we will be interested to the trace of the perturbed equation, that is

; n n
Tr(w+ g F) =x, s
Solutions to this equation will be called almost Kdhler FEinstein metrics.
This is a fully non-linear fourth order equation in the Kihler potential. To solve
it in general would be very difficult. In this paper, we shall show that the existence
of solutions to these equations is closely related to the vanishing of Bando-Futaki

invariants.

2. BANDO FUTAKI INVARIANTS

In |Futaki|, Futaki introduced an invariant on any Kihler manifold with positive
first Chern class (that is Fano manifolds). This invariant is an obstruction for the
existence of Kihler Einstein metric. By viewing the Einstein condition as harmonicity
of the first Chern form, Bando [Bando| generalized Futaki invariant to obstruction
for harmonicity of higher Chern forms of X. ‘

Let w be a Kéhler form in the (given) Kihler class Q. Let ch; (w) = Tr (£ F)’
denotes the j* Chern character form of X, where F is the curvature tensor of X with
respect to the Kihler metric defined by w. We denote the harmonic part of ch; (w)
by Hchj (w) as in the Hodge decomposition. Since both ch; (w) and Hch; (w) are in
the same cohomology class, there exists a (real) form b; (w) such that

chj (w) — Hehj (w) = 5=00b; (w)

Such a b; (w) is unique up to addition of a dd-closed form.

Definition 1 [Bando-Futaki Invariants|. f;: H* (X, Tx) — C

f]' (V) = /);'vaj (w) N wn7j+1
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Each f; is a well-defined Lie algebra homomorphism independent of the particular
choice of the Kihler metric w in the Kéhler class €. Moreover, if ch; (w) is harmonic
for some Kéhler form w € €2, then f; will be identically zero.

In general, it is rather rare for higher Chern character forms to be harmonic
because the corresponding equations are overdetermined. However, these invariants
are useful for our almost Kihler Einstein equation as indicated in our theorem below:

Theorem 1. Let X be a compact Kéhler Einstein manifold. If ¢; (X)) is non-positive,
then

Tr (wITx + nﬁF)n = Xn(n“’fnl)!
have elliptic solutions for all sufficiently small positive 1.
If ¢ (X) is positive, then it has elliptic solutions for all sufficiently small positive
n if and only if all Bando-Futaki invariants f; ’s are zero homomorphisms.

3. PROOF OF THE THEOREM

Since X admits Kéhler Einstein, which is the same as the existence of solution of our
equation for n = 0 after rewriting the equation from

Tr (w+ %F)n = Xn(r%l)!

to
1

wn— 2 wn72 - X —1 w™
Tr (FAEtn FPAgss +.) = (220 025y

First, we suppose that the first Chern class of X is non-positive. In this case,
by Yau'’s solution [Yau| to Calabi conjecture, there exists a unique Kihler Einstein
metric in 2. A simple application of implicit function theorem on suitable Banach
space will show that the above almost Kihler Einstein equation can be solved for
sufficiently small positive 7.

Fix any background metric wy € €. For simplicity, we assume that wg is a Kihler
Einstein metric. Let %’ff?’a be the Banach manifold of all C**2* functions ¢ on X
such that [, ¢ = 0 and wy + 0Dy is a positive (1,1) form. Also, let B¥ 2 be the
Banach space of all C¥~** functions ¢ on X with [, ¢ = 0. We consider a Fréchet

continuously differentiable map @, :%TQ’O‘ — BF2a defined hy

n

]_ : n wn
P, (p) oy = " [TT (WITX + UﬁF) — Xp (n71)!}

where w = wq +i00¢ and F is the curvature of X defined by w. Then, ®,_, (0) = 0.
The differential of @, at ¢ = 0 is given by d®,_, (0) : BFF2e — Bk-2e

19,0 (0) (¥) = & (2% + C)
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where A is the Laplacian operator.

Since C' is either 0 or —1, d®,—, (0) is invertible. Therefore, by implicit function
theorem |G-T|, d®, (¢) = 0 can be solved for small 7.

From now on, we assume ¢; (X) is positive and Q = ¢; (X) .

Second, we assume that our equation 1T'r (wITX + niF)n = Xy7oi have solu-
tions for all sufficiently small n and we shall proves that Futaki—Banéo invariants all
vanish in this case. The proof of this part uses Bourguognon’s arguments for Bando’s
results.

Lemma 2. Under the above situation, we have
anfj (V) = /;/)V (w) Tr (wlry + niF)n
j:[] X

where 1y, (w) is the unique function on X determined by [ 1)y, (w) % = 0 and Lyw =

- X
7-001y, (w).

From our assumption, Tr (wITX + nﬁF)n = Xn( ),, we have

f Yy W) Tr (wlrg +n5=F)"
- Xn f d)V ) (nwfnly
X

= 0

from the definition of ¢, (w). So Z n’f; (V) = 0 for all small 5. It implies that

f; (V) =0 for all j and for all holomorphl(' vector field V € H® (X, Tx).
Third, we are going to prove the converse. Suppose f; s are all zero and wy is a
Kéhler Einstein metric of X. As in the first part of the proof, we have

APy (0) () = A (=AY + 1))

However, d®,— (0) is only invertible on the orthogonal complement to the eigenspace
of A\ with eigenvalue one, which we call 8_. That is

Mo d®,_, (0) : B2 5 Bh-20

is an invertible linear operator. Here Il : B — B _ is the orthogonal projection
operator. We apply the implicit function theorem on B _,

I1 (TT (wITx + niF)n /w") =
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can then be solved for all small 7.
Let w,, be an analytic path (in n) of Kéhler metrics which solve the above equation
and let

(pn — TT' (wn]TX -+ niFn)n /(.,()n — W

Suppose that %\nzo # 0, then

0= W) = [y @ e
Jj=0 X
by our assumption on vanishing of Bando-Futaki invariants. This implies that
— a(pn n
0= /wv (wo) (a—n|n20> wg
X

Lemma 3. Under the above situation, we have

— Aty (wo) + 1y (wo) =0

and V + 1y, (wg) is an isomorphism from H° (X, Tx) to the eigenspace Hy_,of /\
with eigenvalue one.

. . o . . .
The previous equation shows that ain”ﬂzﬂ is perpendicular to every element in

0 B .
H,_,. One the other hand, ain"‘nzo € H,_,. Therefore, ain”nzo is the zero element
which contradicts our assumption.
E)Tnpn
on”

In a similar fashion, we obtain that
¢, = ¢ = 0. That is,

n=0 = 0 for all > 0. This implies that
Tr (wlry +03:F)" = X550
can be solved for all sufficiently small positive 7. Hence, we have our theorem.

Remark 1. Most of the materials presented here can be generalized to Kéhler metric
with constant scalar curvature easily.

4. RELATION TO THE SUPERTRACE OF HEAT KERNEL
Now we come back and look at equations corresponding to A [X| = Tdx :

[ Tdy (w)] "™ =x (X,0x (L)) &

where T'dx (w) is the Todd form of X written in terms of the Kéhler form w via Chern
WEeil theory and y (X, OX(Lk)) is the Hilbert polynomial of X with respect certain
polarization L.
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As in the almost Kihler Einstein equation case, the limiting equation as k goes to
infinity becomes the Kéhler Einstein equation Rc,5 = Cyg,j5 since the first Todd class
is represented by the Ricci form of w. Moreover, over a Kihler Einstein manifold X,
existence of solution to this equation for large value of k is equivalent to vanishing of
certain Bando Futaki invariants (as readers can easily verify this using methods from
last section).

Let us now recall the heat kernel of the operator 9 on Q¥* (X, L’“) and the local
Atiyah-Singer index theorem. The Dirac operator for Kéhler manifolds can be iden-
tified as D = /2 (8 + 0*) acting on Q%" (X, L¥) . Let k; (z, ) denote the restriction
of heat kernel of D? to the diagonal.. Then by the local Atiyah Singer index theorem
(see [BGV, BGV] for more details), the limit to the supertrace of k; exists as t goes
to zero. More precisely one has the formula:

lim Trk; (z,z) |dz| = [e*Tdx (w)] (1)
t—0t

Combining with our earlier discussions, we know that for Kéhler Einstein manifold
with vanishing Bando Futaki invariants, we can find Kéhler metric (depending on k)
on it such that for large enough £, the supertrace of heat kernel of Dirac operator on
LF will converge to a constant multiple of its volume form as ¢ goes to zero.

More generally, we can look at the twisted Dirac operator D on QF* (X, Lk). We
obtain the following theorem:

Theorem 4. Let M be a compact Kéhler Einstein manifold with polarization L. We
denote the twisted Dirac operator acting on P+ (X, Lk) by D.

Suppose that Bando Futaki invariants of M all vanish. Then for k sufficiently
large, there exists a canonical Kédhler metric w on M such that the limit of supertrace
of the heat kernel of D as t goes to zero will exist and equal to a constant multiple
of the volume form. That is

lim Trk; (z,7) |de] = C<;
t—0+t "

for some constant C' depending on Todd class of M only.

The proof of the theorem are similar to the untwisted case. First we need to
choose A [X] to be ch (APT%) A Tdx. In the perturbation scheme that we used in
earlier sections, we started with a Kihler Einstein metric on X. By applying the
method we used in previous sections, we know that as long as the Bando Futaki
invariants of M vanish, then we can find w to solve the equation

[ch (APTS,w) Tdx (W)](n’n) = Xk%;
for large enough value of k. Then we can apply the local Atiyah Singer index theorem
and concludes our results.
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