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NAICHUNG CONAN LEUNG 

Abstract 
In this paper we show that stability for holomorphic vector bundles are 
equivalent to the existence of solutions to certain system of Monge Ampere 
equations parametrized by a parameter k. We solve this fully nonlinear 
elliptic system by singular perturbation technique and show that the van
ishing of obstructions for the perturbation is given precisely by the stability 
condition. This can be interpreted as an infinite dimensional analog of the 
equivalencybetween Geometric Invariant Theory and Symplectic Reduction 
for moduli space of vector bundles. 

1. Introduct ion 

This paper is largely grown out from the thesis [7] of the author 
under the direction of Professor S.T.Yau. However, a more concrete 
picture in terms of the infinite dimensional Geometric Invariant Theory 
(GIT) and the symplectic reduction will also be presented here. 

We shall demonstrate that when we use GIT to study the moduli 
problem of vector bundles (following Gieseker), it is equivalent to finding 
certain canonical Einstein type metrics on the bundle E. The curvature 
of such metrics satisfies a fully nonlinear elliptic system of equations 
arised as moment map equations (the almost Hermitian Einstein equa
tions): 
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T h e o r e m 1 (Main T h e o r e m ) . Let E be an irreducible sufficiently 
smooth holomorphic vector bundle over a compact Kahler manifold X. 
Then E is Gieseker stable if and only if there exists an almost Hermitian 
Einstein metric on E. 

The proof of this theorem will be treated in the last section using 
a singular perturbation arguments. There, we start with a singular so
lution (corresponding to k = oo) and a t tempt to perturb it and solve 
the equation for large k. We find that the obstruction for such a per
turbation is precisely captured by the (Gieseker) stability behaviors of 
the bundle E. 

In section two and three, we shall explain the source which makes 
these equations appear naturally. In finite dimension, GIT and sym-
plectic quotient are closely related by a theorem of Kempf and Ness [5]. 
However, when we try to apply GIT to study moduli problem, we have 
to face the difficulty that the dimension of the space in question need 
not be bounded. 

In our present case, we are interested in the moduli problem of holo
morphic vector bundles and the GIT is worked out by Gieseker [4] for 
algebraic surfaces. We need to characterize the bundle E using its global 
holomorphic sections. To generate enough global holomorphic sections, 
we tensor E with high power k of a fix polarization L over X. Intuitively, 
the corresponding symplectic reduction theory would be on the space of 
holomorphic maps from X to a Grassmannian Gr(r, N(k)) where N(k) 
goes to infinity together with k. On the space of all such maps, there is 
a canonical symplectic structure. 

Instead of looking at Map(X, Gr(r, N)), we shall look at the space 
of connections on E, A. These two spaces are closely related in the 
sense that any map will induce a connection on E by pulling back the 
Universal connection on the Universal bundle E over Gr(r, N(k)). This 
map induces a homotopic equivalency between these two spaces in the 
limit as k goes to infinity. We will compare these spaces in more details 
in future. This map also induces a symplectic structure on A as follows: 

Qk(D A)(B,C)= Z Tr E[B Ae^I + ^R^ AC]sym Td(X). 
X 

When we let k goes to infinity, this symplectic structure will be 
simplified to 

Q(D A)(B,C) = Z TrBC/\-n-. 
X {n - l)\ 
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More details and higher degree generalizations of such symplectic 
structures can be found in [8]. 

In section three, we then discuss the corresponding moment maps 
(the almost Hermitian Einstein equations) and symplectic quotients. By 
letting k goes to infinity, the moment map equations will be linearized 
and we recover the Hermitian Einstein equation: 

/ \ R A = PE I E-

The linearized theory is well understood by the work of Narasihan 
and Seshadri [12] in dimension one, Donaldson [3] in dimension two, and 
Uhlenbeck and Yau [14] in general. They showed that irreducible Her
mitian Einstein bundles are equivalent to Mumford stable bundles. In 
our language, their result is interpreted as saying that in the limit where 
we let k equals infinity, the symplectic reduction theory does correspond 
to the 'limit' of the GIT for vector bundles over Kahler manifolds. The 
result in Uhlenbeck and Yau's paper is very important for us in con
structing the singular solution for the perturbation arguments and also 
important in proving the existence of perturbation. In the last part 
of section three, we prove the (Gieseker) stability property for almost 
Hermitian Einstein bundles. 

In the last section, we will solve the almost Hermitian Einstein equa
tions on (Gieseker) stable bundles and prove the main theorem. The 
idea of how to solve it will be explained in the beginning of that section 
and we are not going to repeat them here. However, this gives us the 
infinite dimensional version of the equivalency between GIT for moduli 
of holomorphic vector bundles and symplectic reduction in Gauge the
ory. To put it another way, we find canonial Einstein type metrics on 
(Gieseker) stable bundles. 

2. Infinite d imens ion G I T and symplec t i c reduct ion 

In this chapter, we shall explain the relationship between geometric 
invariant theory and symplectic reduction. Our prime interest is the 
moduli space of holomorphic vector bundles. In our setting, both our 
space and the group which it acts on are of infinite dimensional. How
ever, it has a finite dimensional approximation. We shall interpret the 
notion of Gieseker stability as an asymptotics stability of this approxi
mation and the notion of Mumford stability as 'limiting' stability. We 
shall justify this picture which we portray here by showing the existence 
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of certain Einstein type metrics on (Gieseker) stable bundles. 
We first recall basic results concerning the relationship between the 

Geometric Invariant Theory and the symplectic reduction. Readers can 
find more details from ([11]). Let X be a symplectic manifold of di
mension 2n with symplectic form u, and G be a compact Lie group 
which acts on X symplectically. Then there is a well known procedure 
to produce a quotient space within the symplectic category called the 
symplectic quotient provided that the G action is a Hamiltonian action. 
By an action to be Hamiltonian we mean that a moment map exists. 
That is, 

H : X ->•g*, 

where fj, is G-equivariant with respect to the G action on X and the 
coadjoint action of G on the dual g* of the Lie algebra of G, and fj, 
satisfies 

u(v,Xj,) = dfj,(v)((f>), 

where v is a tangent vector on X, (f> is an element of g and X ^ is the 
vector field generated by (f> via the group action. 

The construction of the symplectic quotient of X by G is the usual 
quotient space of G acting on / i _ 1 (0 ) , which we denote by X//G = 
fi~1(0)/G. On the symplectic quotient space, there is a natural sym
plectic structure induced from u. Notice that the dimension of the 
symplectic quotient is dimX — 2dimG provided that 0 is a regular value 
of the moment map. In general, we can replace zero by other coadjoint 
orbits in the construction of symplectic quotient. 

Now, suppose that X is a projective manifold inside a complex pro
jective space CP and the G action on X factor through projective 
transformations of CP N. That is G -> PGL(N + 1, C). We can assume 
the complexification G of G acts on X via holomorphic transforma
tions. Then one can identify the geometric invariant theory (GIT) quo
tient and the symplectic quotient. The GIT quotient space is certain 
equivalent classes of semi-stable points in X with respect to the G 
action. A theorem of Kempf and Ness states that the two quotients are 
the same. 

T h e o r e m 2. A point x G X is semistable if and only if 

O^Jn/z-^o)^. 

Moreover, the inclusion from / / _ 1 (0) to the set of semi-stable points 
X ss induces a homeomorphism from the symplectic quotient XjjG to 
the GIT quotient. 
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STABLE BUNDLES 

We want to apply the Geometric Invariant Theory to construct a 
moduli space of holomorphic vector bundles over X. First of all, we 
know that for any holomorphic bundle E, there exists a constant ko 
(depending on E), such that , for all k > ko, we have 

(i) H i(X,E N L k) = 0, for all i > 0, 

(ii) E N L k is generated by global sections. 

Suppose that we have a family F of holomorphic vector bundles 
(with fix Hilbert polynomial, x{X,EL )) such that one can find a 
uniform ko, so that for any k > ko, (i N and (ii) work for each member 
E £ F . Then, after tensoring with high power of L, each E can be 
determined by the behavior of its global sections. In other words, we 
hope to get a 'holomorphic' embedding of F to the Grassmannian. We 
denote r to be the rank of these bundles and consider the following 
natural morphism: 

r 

/\H°(X,E<g>L k) ^H°(X,detE<g>L rk). 

For simplicity, we consider those bundles with a fix determinant line 
bundle M, / \ r E = detE = M for some fix line bundle M on X. Then 
H°(X,detE N L rk) becomes a fix vector space; we call it W. By (i) 
and the Riemann Roch theorem, the dimension of H°(X,E N L ) is 
also constant. If we 'pick' an identification of H°(X,E N L k) to some 
fix vector space V of that dimension, then we have a homomorphism 
corresponding to each E: 

r 

l\V ->W. 
The upshot is that this map determines the holomorphic bundle E 

up to a choice of the base for V. So G = SL(V) acts on Hom(/\r V, W) 
and the quotient, if exists, would be the moduli space for the family F . 

In order to interpret stable point in Hom(J\r V, W) in terms of the 
bundle informations, Gieseker ([4]) introduced his definition of stability 
action and proved that a holomorphic bundle being Gieseker stable is 
the same as the corresponding homomorphism / \ r V —> W being a stable 
point under G = SL(V). He also proved that in the case of a projective 
surface, such bundles form a bounded family which implies the existence 
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of a uniform ko tha t makes (i) and (ii) work for all Gieseker semi-stable 
bundles (with a fix Hilbert polynomial). 

Definit ion 1 (Gieseker Stabil i ty) ([4]). Let E be a rank r holo-
morphic vector bundle (or coherent torsion-free sheaf in general) over 
a projective variety X with ample line bundle L. E is called Gieseker 
stable if for any nontrivial coherent subsheaf S of E, we have 

x(X,S®L k) ^x(X,E®L k) 
rankS rankE 

for large enough k. 
E is called Gieseker semi-stable if 

x(X,S®L k) ^x(X,E®L k) 
rankS rankE 

for large enough k. 

Notice that a nontrivial subsheaf S here is assumed to have rank 

strictly between 0 and r. 

T h e o r e m 2 (Gieseker) ([4]). Let X be a projective surface. Then 
the moduli space of Gieseker stable torsion-free coherent sheaves with a 
fix Hilbert polynomial exists as a quasi-projective variety. 

Moreover, the moduli space of the equivalent classes of Gieseker 
semi-stable torsion-free coherent sheaves with a fix Hilbert polynomial 
exists as a projective variety. 

We will explain the equivalent relation later in this chapter. 
Before the works of Gieseker, there has been a lot of works by many 

people on trying to construct the moduli space for vector bundles over 
a curve or complex projective spaces. Among them are Weil, Mum-
ford, Narasimhan, Ramanan, Seshadri, Barth, Horrocks, Hartshorne 
and many others. For the surface case, Maruyama [10] also proved the 
above theorem. 

In case the base manifold is a curve, Mumford defined stability and 
generalized it to higher dimensional case as follow (before Gieseker) : 

Definit ion 2 (Mumford Stabil i ty) . Let E be a rank r holomor-
phic vector bundle over a projective variety X with ample line bundle 
L. E is called Mumford stable if for any nontrivi al coherent subsheaf 
S of E, we have 

US < PE-
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E is called Mumford semi-stable if 

MS ^ HE, 

where /iE is called the slope of E and defined as 

( c 1 ( E ) - c 1 ( L ) n - 1 ) - [ X ] 
HE = 7 ^ • 

rankE 
To define fj,S for a torsion free coherent sheaf which is not necessary 

locally free, we need to make sense of ci(S). One way to do this is to 
define ci(S) as the first Chern class of the double dual of the determinant 
of S. 

Remark. Using Mumford's Geometric Invariant Theory, Seshadri 
proved that over a curve, Mumford stable bundles form a quasi-projec-
tive moduli space with a canonical compactifiaction by equivalent classes 
of Mumford semi-stable bundles. It can be checked that Mumford sta
bility and Gieseker stability are the same over a curve. For higher 
dimensional base manifold, Mumford stable implies Gieseker stable and 
Gieseker semi-stable implies Mumford semi-stable. 

The following standard theorem tells us that each Mumford semi-
stable bundle is built from Mumford stable bundle in an essentially 
unique way. In particular, a Gieseker stable bundle can also be de
composed into Mumford stable bundles. This theorem is important in 
our proof for the existence of almost Hermitian Einstein metric on a 
Gieseker stable bundle. It is also useful in defining the equivalent rela
tion for semi-stable bundles. 

T h e o r e m 3 (Jordan-Holder T h e o r e m ) . If E is a Mumford semi-
stable torsion-free coherent sheaf over X, there exists a filtration of E 
by torsion free subsheaves E i 's 

E = E0D EiD E2D D E k+1 = 0 

such that Q j = E j/E j+i is Mumford stable and ß{Q j) = ß{E) for each 
j . Moreover, 

Gr{E) = Q1®Q2® ®Q k 

is uniquely determined by E up to isomorphism. 

A semi-stable torsion-free coherent sheaf is called sufficiently smooth 
if Gr(E) is locally free. In the case where E is Mumford stable, then 
sufficiently smoothness is the same as E being a smooth vector bundle 
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since in that case the Jordan-Holder filtration consists of only one term, 
namely E itself. But in the semi-stable category, sufficiently smoothness 
is the natural analog for smoothness for stable object. 

Now, we can explain the equivalent relation among semi-stable bun
dles. Two semi-stable bundles are said to be equivalent if their cor
responding graded sheaves Gr(E) in their Jordan-Holder theorem are 
isomorphic. Notice that this equivalent relationship on the set of Mum-
ford stable bundles is simply the equivalent relation of isomorphism 
classes. The second part of Gieseker's theorem states that the set of 
equivalent classes of Gieseker semi-stable torsion-free coherent sheaves 
carries a natural projective-algebraic structure. 

Now, we would like to define these stabilities over a compact Kahler 
manifold X which is not necessarily projective. For Mumford stability, 
we shall replace c\(L) by the cohomology class of UJ in the defining 
inequality. For Gieseker stability, we have used Hilbert polynomial in 
its definition. By Riemann-Roch theorem and Chern-Weil theory, it 
can be expressed in terms of characteristic classes of E and L which, 
in turn, can be computed by curvature of E and L. Therefore, only 
the curvature of L is used instead of L itself. Up to a constant, the 
curvature of L is our Kahler class, therefore, we can define the notion 
of stability even though the Kahler metric UJ may not be an integral 
form. For simplicity, we shall continue to write UJ as the first Chern 
form of a positive line bundle. However, when E is singular, we would 
have problems in defining its curvature and we should continue to use 
the Chern classes expression for \-

When E is a torsion-free coherent sheaf on X, its Chern character 
is defined to be the alternating sum of Chern characters of a locally free 
resolution of it. Notice that the Chern character defines in this way is 
independent of the choice of the resolution of E. 

SYMPLECTIC STRUCTURES ON SPACE OF CONNECTIONS 

Now, we want to study this moduli space of vector bundles problem 
in the realm of symplectic geometry. From the Gieseker's considerations, 
we shall introduce a symplectic structure on the space of connections 
A for each k. They are all invariant with respect to the Gauge group 
action. 

When k gets large, the finite dimensional GIT picture considered by 
Gieseker will approximate an infinite dimensional theory described by 
the space of connections and the gauge group action. Since we study the 
moduli problem by looking at large k behavior, we shall call such a the-
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ory asymptotics GIT. (More careful t reatment about the approximation 
will be treated in a future paper.) Instead, we shall study the infinite 
dimensional GIT/symplectic quotient. In the following sections, we will 
demonstate that the asymptotics GIT and the infinite dimensional sym-
plectic quotient corresponds to each other in the case of moduli space 
of vector bundles. 

First we shall use twisted transgression ([8]) to introduce a symplec-
tic form on the space of connections A for each k. 

Let us recall tha t after we tensor E with high enough powers of L 
(the ample line bundle over X), E can be described using its global 
holomorphic sections, H°(X, E® L k). This is similar to getting a holo-
morphic map from X to an Grassmannian Gr(r, N(k)). Here r is the 
rank of E, and N(k) goes to infinity as k goes to infinity. Over the 
Grassmannian, there is a canonical rank r vector bundle, the Universal 
bundle E which gives E by pulling back E to X via the above holomor
phic map. 

There is canonical map from Map(X, Gr(r, N)) to the space of con
nections over X by pulling back the Universal connection D on E to 
E: 

$ : Map(X,Gr(r,N))—• A. 

Moreover, this map induces homotopic equivalence between these 
two spaces as N goes to infinity (which happens as k goes to infinity). 
By letting N equal infinity, this map is in fact surjective. We will first 
introduce a symplectic structure on Map(X, Gr(r, N)) by twisted trans
gression and induces symplectic structures on the space of connections 
over X. 

First, we look at evaluation map : 

X x Map(X, Gr(r, N)) —> Gr(r, N). 

Over the Grassmannian, we have a canonical Chern character form 
ch(E,D) defined using the Universal connection over the Universal bun
dle E. Then we define the twisted transgression of ch(E, D) ([8]) with 
respect to the harmonic Todd form Td(X) on X by 

fìW = n2*{ev*ch(E,D) ATd(X)), 

where II2 is the projection to the second factor Map(X, Gr(r, N)). fìW 
is an even degree differential form on Map(X,Gr(r,N)). 

The degree two part Q\-2' of this differential form corresponds to the 
symplectic approach to the Gieseker GIT theory for moduli space of 
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bundles. Çpi induces a symplectic form (which can be degenerated for 
a finite k) £i on the space of connections so that <£> preserves these two 
symplectic structures. 

We shall now describe Ci on A with a fix k (we call such a two-form 
by Qk): 

Qk(D A)(B,C) = Z Tr E[B Ae^I + ^R^ AC]sym Td(X), 
X 

where D A is a connection on E, and B, C are tangent vectors of A at D A 
which can be identified as End(E) valued one-forms on X, and R A is the 
curvature tensor of the connection D A- In addition, we have to take anti-
symmetrized product of those terms inside the integral sign (see [8] for 
more details). It is a close differential form and non-degenerate at any 
D A for large enough k. It is because when k is large enough, the term 
kujI E will dominate the curvature term. Moreover, the Gauge group 
acts symplectically on A with respect to any one of these symplectic 
structures. 

In [8], the author also extends it to higher degree forms (to study 
family situations) and relates these forms to family index theorems and 
their equivariant extensions with respect to the gauge group action. In 
this paper, we are only interested in holomorphic maps and connections 
defining holomorphic structures on E. 

When we let the parameter k goes to infinity, we will obtain the 
standard symplectic form Q on A(E) : 

Sl(D A)(B,C) = Z TrBCA- — . 

X (n-iy. 
Notice that this symplectic form is a constant form in the sense that 

it does not depend on the connection D A- In the next section, we shall 
study the symplectic quotient of A by G with respect to these symplectic 
forms. 

3. M o m e n t map equat ions 

In this section, we shall study moment maps that correspond to the 
symplectic action of the Gauge group on the space of connections via 
the whole family of symplectic structures that we introduced in the last 
section. In order to construct a symplectic quotient, we will need to 
choose a suitable coadjoint orbit and solve the moment map equation 
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by requiring that the image of the moment map lies inside the chosen 
coadjoint orbit. The corresponding moment map equations will also be 
called the almost Hermitian Einstein equations for reasons which will 
be explained. For more details of the explanations of these equations 
and their generalizations in symplectic realm, reader can refer to [8]. 

By setting k to equal infinity, this has the effect of linearizing the 
moment map equations, and we recover the Hermitian Einstein equa
tions. We then discuss its relationships with the notion of Mumford 
stability of vector bundles, and also show the (Gieseker) stability prop
erty for almost Hermitian Einstein bundles. In the next section, we 
will complete the picture by solving the moment map equation (almost 
Hermitian Einstein equations) for Gieseker stable bundles. 

Let Çlk be the symplectic form that we defined in last section on 
the space of connections A. As we saw, it is preserved by the action of 
Gauge transformations. Then the moment map is given as follows [8] : 

Hk • A —> Lie G*, 

ßk{D A) = [e ̂ I+^R)Td Xfn. 

Here we have identified the dual of the Lie algebra of the Gauge group, 
Lie G*, with the space of endomorphism valued top forms 
Q2n(X, End(E)) on X via integration. 

A moment map can be considered as an equivariant extension of 
the symplectic form with respect to the group actions. In our situation 
here, for each k, we get a G equivariant closed form on A, namely 
&k + Mk) depending only on the choice of a connection D L on L and 
the Todd form of X . Neverthless, we proved in [8] that the equivariant 
cohomology class it represents, [Qk + //k] G H GfA), is independent of 
such choices. 

In order to construct corresponding symplectic quotients, we first 
need to choose a coadjoint orbit in Lie G*. The simplest such choice 
would be 0, however, / i _ 1(0) may not be non-empty in general. We shall 
choose those coadjoint orbits which consist of a single point. The set of 
all these coadjoint orbits can be identified with the space of 2n-forms on 
X (in the sense of distributions). We shall choose a harmonic 2n-form on 
X as our coadjoint orbit. A harmonic 2n-form is always proportional 
to the volume form n . In fact, the constant is determined by the 
topology of the bundle and given by the normalized Euler characteristic: 
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x(X,E ® L )/rank(E). Hence, our moment map equation is given by: 

1 /.n 

[e i R AME Td{X)](2n) = X(X )E0L I E. 
rk{E) n\ 

Notice that this equation is a fully nonlinear elliptic system for large 
k. The nonlinearity of the equation comes from those terms involving 
products of the curvature of E with itself. Moreover, when E is a line 
bundle, this equation behaves like a complex Monge Ampere equation. 

LETTING k GO TO INFINITY 

To study the limiting case for k going to infinity, we expand Çik and 
ßk in powers of k as follows: 

n-l 

Qk(D A)(B1,B2) = k n-1- / TrB1hB2h- — + O(k n~2 

Jx ( n - l ) ! 
and 

k D A) = k n—I E + k n-xR A A — + O(k n~2) 
n\ (n 1)1 

The leading order term of Çik defines a (everywhere non-degenerate) 
symplectic form Ci on A, which moreover is a constant form on A in the 
sense that there is no dependence of D A in its expression. The moment 
map defined by this constant symplectic form Ci is 

fi(D A) = R A/\ 
wn"1 

1)! 

which is the same as the first nontrivial term in the expansion of //k, 
(since moment map is uniquely determined only up to addition of any 
constant central element and therefore we can throw away the first term 
in the expansion of ßk without any harm). 

The limiting moment map therefore becomes 

LOn 1 U 
R A A T -TT = [IE—TI E, 

[n 1)1 n\ 
n - l 

where fiE = kjE\ < ci{E) U Cl^ _,,, , [X] > is the slope of E with 
respect to the polarization L. For simplicity, we have normalized the 
(symplectic n volume of X to be one. 

Using n and a metric on X, we can convert this equation into an 
equation of zero forms, it reads as : 

R A = VE I E, 
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where / \ is the adjoint to the multiplication operator L = UJ A (...). In 
local coordinates, this equation becomes 

where p — lgajjdza A dz@ is the Kahler form to on X, and (gaß) is the 
inverse matrix to (ga-ß)- This equation is called the Hermitian Einstein 
equations or the Hermitian Yang Mills equations. It is called Einstein 
because / \ R A is a Ricci curvature of E. These equations are more linear 
in nature compared to previous equations 

e R A+k»I E Td(X)]n=——x(XiE®L k)—I E. 
rk{E) n\ 

It is because it depends on the curvature term only linearly, and all 
terms involving powers of the curvature are of lower order in k which 
disappear when we let k go to infinity. We shall call the previous moment 
map equations as almost Hermitian Einstein equations. 

In order to understand the infinite dimensional GIT for moduli of 
holomorphic vector bundles, we want to form symplectic quotients for 
each large k. Therefore, we need to solve these fully nonlinear almost 
Hermitian Einstein equations and relate them to Geometric Invariant 
Theory used by Gieseker. To do that , we first should have a good un
derstanding of the linear theory which shall serve as an approximation. 
The original nonlinear theory will then be analysed using singular per
turbation in the last section of this paper. 

LINEARIZATION 

Narasihan and Seshadri [12] in dimension one, Donaldson [3] in di
mension two, and Uhlenbeck and Yau [14] in general proved that in 
the limiting situation where we let k equal infinity, the symplectic the
ory does correspond to the 'limit' of the GIT, which is the Mumford 
stability. 

To be more precise, let E be an irreducible holomorphic vector bun
dle over X. M. Lubke [9] observed that if E admits a Hermitian Einstein 
metric, then it must be Mumford stable (which should be regarded as 
putting k to be infinity in Gieseker's notion of stability). For the con
verse, we need to solve the Hermitian Einstein equation on any Mumford 
stable vector bundle. 

T h e o r e m 4 (Dona ldson ,Uhlenbeck & Yau) . Let E be a Mum
ford stable bundle over a compact Kahler manifold X. Then there exists 
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a unique Hermitian metric h on E which solves the Hermitian Einstein 
equation: 

/ \ R A = VE I E, 

STABILITY OF ALMOST HERMITIAN EINSTEIN BUNDLES 

Now, we are going to prove that if E is irreducible and sufficiently 
smooth and admits almost Hermitian Einstein connections whose cur
vatures are bounded independent of k, then it is (Gieseker) stable. The 
main difficult part of solving the moment map equations (almost Hermi
tian Einstein equations) will be treated in the next section. We shall call 
such bundle E as almost Hermitian Einstein bundle. We shall see that 
an almost Hermitian-Einstein bundle is always Mumford semi-stable 
and hence has a Jordan-Holder filtration. E is called sufficiently smooth 
if the associated graded sheaf Gr(E) is locally free. This is the natu
ral smoothness assumption on holomorphic vector bundle analog to the 
usual smoothness in Hermitian-Einstein metric situation. If we want 
to extend to the torsion-free sheaf case, then we expect to only assume 
boundedness of curvature tensors in the L2 sense. 

Propos i t ion 3 .1 . Let E be an irreducible sufficiently smooth holo
morphic vector bundle of rank r over a compact Kahler manifold of 
dimension n. Suppose that E is almost Hermitian Einstein. Then E is 
Gieseker stable. 

Let us first recall the moment map equations or the almost Hermitian 
Einstein equations: 

{e{k»I+£R)Td Xfn = -^^x{X,E®L k)—I E. 
rk{E) n\ 

We shall let r] = 1/k and look at the small r] behavior. Now, the 
moment map equations become 

[el"I+"èR)T<X]TOP = XE I E(n, 
n\ 

where Td X is the harmonic Todd polynomial for X with variable r], tha t 
is, 

jr, -, . ci 2 c\ + c2 

T d X = i -\- n—\- TI h •••• 
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If we expand the equation in power of r], we get 

ujn ujn n ujn1 o 
= —TI E + VIVE I E—T + 77MX—r +O(?7 )• 

n! n! 2 n! 

For an almost Hermitain Einstein bundle, we mean the above can 
be solved by a connection for all sufficiently small positive real number 
7] such that the (C k) norm of the curvature is bounded independent of 
r,. 

Proof of Proposition. For simplicity, we assume that the volume 
of X is one, that is X ^ j - = 1. We shall first see that E is Mumford 
semi-stable. From the equation and the boundedness of the curvature, 
we have a Hermitian metric h on E such that for any positive constant 
S its curvature R satisfies the following estimate : 

j A R - HE I E j < S. 

According to [6], such a bundle is said to have an approximate Her
mitian Einstein Structure. It is not hard to show that an approximate 
Hermitian Einstein bundle is Mumford semi-stable; the proof goes es
sentially the same as the one for Mumford stability for a Hermitian 
Einstein bundle. 

Recall tha t a Mumford semi-stable bundle has a Jordan-Holder fil
tration 

E=E0D EtD E2D D E k+1 = 0. 

By assumption, each E i is a holomorphic vector bundle. In the 
following, we are going to show that for each i, 

x(X,E N L k) ^ x(X,E i N L k) 
rankE rankE i 

for large enough k. 
In general, suppose that we are given a subbundle S of E with 

rankS = s. Let h = h{rj) be the Hermitian metric that solves equation 
(aHE)v. Then we decompose E orthogonally with respect to h : 

E = S®Q, 

where Q is the quotient bundle for S —» E. In general we have a 
holomorphic exact sequence : 

O^S ^E ^Q ^0. 
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With respect to this orthogonal decomposition, we can also decom
pose the Hermitian connection D on E and its curvature R as follow: 

D=(D S A* 

and 
R S - A* A dA* 

R dA R Q- AA* 

Here, we have D = d + d as the decomposition of D into sum of 
its (l ,0)-part and (0,l)-part . Since S is holomorphic, A is a (l,0)-form 
with valued in S*N Q and 9A = 0 (which is equivalent to dA* = 0). 
From dA* = 0, A* represents certain cohomology class. In fact, A* is 
the extension class for the above holomorphic exact sequence: [A*] G 
Ext1Ox(Q,S) = H1(X,Q*N S). 

Use R\S = R S — A*A. We take the trace of it over S and integrate 
it over X to obtain 

A\l < C • B + s • fiS-
X 

Since l i m ^ o i]\R\ci = 0 for some family of Hermitian metric depending 
on r], one can prove by elliptic estimate that limr)_).o

7?|A|2 = 0. 
Now, from the equation and the decomposition of the curvature, we 

have 

XE - XS i Z i * w 
- i X TrA(a; + ^ ( i - R + Td!))A* A 

7/ Z7T ^ ^ [n — 2)1 

Z TrA*{u + rì{—R + Tdì))Af\-!— 
2TT X V / V 2 T T ; ; (n ( n - 2 ) ! 

??Ti - ??2T2 2 

Choose a small 77 such that ^ ( ^ r R + Td\)\ ^ 1/2. Then the two 
integrals on the right side are greater than or equal to R \A\2 . To deal 
with those T/ terms. Notice that each T/ is an integral of product of 
terms like A*A, dA, dA*, R S, R Q and some closed even forms of X. 
The number of these terms in the product of T/ is less than or equal 
to l + 1. We claim that each rj Tj is not greater than a small fraction 
of R \A\2. If this is the case, then we have proved the right-hand side 
of the above equation is positive since A cannot be trivial (otherwise it 
will violate the irreducibility assumption of E). 
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Therefore, we have to prove the above estimates of rl T\. First, we 
observe that r] times any one of A*A, dA, dA*, R S, R Q is very small 
by our assumption l i m ^ o i]jRj Ci = 0 and the previous lemmas. Then 
we see that if there is a term of A* A in the expression of T l, we are done 
already. It is because there are now at most l terms left in the integral, 
and when they are multiplied by rj , they become very small and we can 
control them by a small fraction of the L2 norm of A, (small) • R jAj2. 

Now, if there is no A*A term in T l but there is a dA ( or dA*), then 
we integrate that derivative by parts. If the derivative hits a R S or R Q 
term, it will be zero by Bianchi identity. If it hits the closed form of 
X, it is also zero. So, the only possibility is when it hits dA* (or dA), 
then we interchange d and d. Using dA = 0, it will only produce terms 
which are products of curvature and A* A or AA*. Thus using previous 
argument, we are done in this case. 

The final case is there is no A term and only curvature terms ap-
peare. Then we can change them to have only R appeare but not R S 
or R Q since their differences are terms involving A*A or AA*. Those 
terms involving integral of R 's will cancel out automatically. Therefore, 
we have proved that if S is a subbundle of E, then xS < XE-

Suppose S is any coherent subsheaf of E (of s = rank S < rank E ) 
and S is a Gieseker destabilizing subsheaf for E. Since E is Mumford 
semi-stable, we have fj,S is not larger than fj,E. In order for S to be a 
candidate as a Gieseker destabilizong subsheaf of E, ßS must equal to 
HE- Without loss of gerenality, we can assume that S is Gieseker stable 
and S is a Gieseker destability subsheaf for E. Consider the following 
exact sequence coming from the first step in the Jordan-Holder filtration, 

0 -+EX ^E ^Q0 ->0. 

Consider the composition map from S to E to QQ. Since S is 
Gieseker stable, Q is Mumford stable and they have the same slope 
(which is the slope of E), this map must be either zero of an isomor
phism. However, by the irreducibility assumption of E, this cannot be 
an isomorphism. Therefore, we can lift the subsheaf S of E to a coherent 
subsheaf of E\. 

We are going to show that the rank of S is strictly less than the rank 
of E\. Suppose not. Then the quotient sheaf T\ of E\ by S is a torsion 
sheaf: 

0 ^S ^Et - > T i ^0. 
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For large enough positive integer k, we have 

X(X, Ex ® L k) =dimH°(E1 ® L k) 

^dimH°(S<g>L k) 

=X{X,S®L k). 

Since rank E = rank S by assumption, we have 

x(X,S N L k) x(X,E1N L k) 

rankE rankE i 

x(X,E N L k) f 
By our previous argument, this is smaller than —— or k 

rankE i 
sufficiently large contradicting to our assumption that S is a Gieseker 
destabilizing subsheaf for E. Therefore, rank of S is strictly smaller 
than rank of E\. 

Now we look at the next step in the Jordan-Holder filtration 

0->E2->E! - > Q i ^ 0 , 

and S is a sheaf of E\ of smaller rank and with the same slope. Re
peating the previous argument, we see that S is in fact a subsheaf of 
Ei of strictly smaller rank. Inductively, we can conclude that S = E k+i 
which is the zero sheaf. As a result, S does not exist and hence E is a 
Gieseker stable bundle. 

4. Singular perturbat ion 

In this section, we shall prove the existence of almost Hermitian 
Einstein metric on a Gieseker stable sufficiently smooth holomorphic 
vector bundle E over a compact Kahler manifold X. The equations 
involved are in a fully nonlinear elliptic system of partial differential 
equations. 

The method that we are going to use is the singular perturbation 
argument. By the Jordan-Holder filtration of E, we can decompose E 
as Mumford stable bundles and their extension classes. On a Mumford 
stable bundle, there is a unique Hermitian Einstein metric by the theo
rem of Uhlenbeck and Yau. If we try to use their method to construct 
an almost Hermitian Einstein metric on E, then we expect the metric 
to blow up as T] goes to zero. In fact, after suitable rescaling, these 
metric will 'converge' to the direct sum of Hermitian Einstein metric on 
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each component of Mumford stable bundles and 'forget' the extension 
classes. 

Our proof will confirm the above observation and in fact reverse the 
blowing up. We will perturb from the direct sum of Hermitian Einstein 
metric (which is at the infinity of the complex gauge orbit for E). How
ever, the linearized opertor will have a large kernel. The situation is 
similar to Taubes' ([13]) proof of the existence of anti-self-dual connec
tion on SU(2) bundles over compact four dimensional manifolds if the 
second Chern class of E is big enough. In his proof, he glued in con
centrated instantons and try to perturb them. First he needs to use the 
conformal symmetry of Yang Mills theory to rescale the neighborhood 
of those points where concentrated instanton is added. Then to perturb 
the equation, there is still a finite dimensional obstruction which can 
be killed by adding enough instantons and therefore the second Chern 
class of the bundle has to be big enough. 

Instead of the conformal symmetry, we have a complexified Gauge 
group as our symmetry group. We need to rescale the equation order by 
order using this complexified Gauge group. Then we can identify the 
obstruction for perturbation is exactly the coefficients of the Hilbert 
polynomail of E. As a result, if E is Gieseker stable, we will prove that 
there exists an almost Hermitian Einstein metric on it. 

Let us first recall the Jordan-Holder filtration for a Mumford semi-
stable bundle, in particular, a Gieseker stable bundle. 

T h e o r e m 5 (Jordan-Holder T h e o r e m ) . If E is a Mumford semi-
stable bundle over X, there exists a filtration of E by torsion free sub-
sheaves E i 's 

E = E0D EiD E2D D E k+1 = 0 

such that Q j = E j/E j+i is Mumford stable and ß{Q j) = ß{E) for each 
j . Moreover, 

Gr(E) = Qo®Q1® ® Q k 

is uniquely determined by E up to isomorphism. 

Let us first prove the existence result in a very particular case. We 
assume that only two components appear in the filtration and they are 
both locally free. 

Propos i t ion 4 .2 . Let E be a Gieseker stable bundle over a compact 
Kahler manifold X. Suppose that 

0 ->S ->E - > Q ->0 
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is a Jordan-Holder filtration of E, and both S and Q are Mumford stable 
bundles over X. Then E is an almost Hermitian Einstein bundle. 

Proof. Let us denote the i th coefficient of XE by XEI tha t is, 

XE = 1 + VXE + V2xE + V3X3E + ••• • 

As a warm up, we will first assume that xS < XE- Notice that since 

fi(S) = n{E) = fi(Q), we have xS = XE = XQ-
Now, the almost Hermitian Einstein equation on E is: 

Y,R A E A Jn-^Ty. = n.I E + £ T+1 

for sufficiently small positive r] where 

k=o v j / 

Since both S and Q are Mumford stable bundles, there exist unique 
Hermitian Einstein metrics hoS and h$Q on them, with connections 
DOS,D Q and curvatures ROS,ROQ, by the theorem of Uhlenbeck and 
Yau. Therefore, by using fJ,(S) = ß{E) = fJ,(Q), we have 

A R S = ßE S 

and 

A R Q = li-E I Q-

Let B b e a holomorphic (0,l)-form on X with values in Hom(Q, S) 
such that its cohomology class represents the extension class of E being 
an extension of Q by S: 

0 ->S ->E - > Q ->0. 

Notice that the extension class of E in Extl(Q,S) is uniquely de
termined by the above exact sequence up to scalar multiple. Therefore, 
there exists a unique harmonic B which satisfies 

Z\B\2 =(x2E-X2S)-(rkS). 

The existence of such a B is equivalent to xS < XEi which is from 
the assumption of E being Gieseker stable. We shall denote — B* by 
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A. Now, we want to construct a Hermitian connection D E on E of the 
following form: 

D E 

D0S + h-Sldh S -A*-d(j>* 

A + dcp DoQ + h Q d h 

where h S (resp. h Q) is a positive self-adjoint endomorphism of S (resp. 
Q) with respect to the background metrics, and 0 is a homomorphism 
from S to Q. Therefore, the curvature of D E is of the form: 

R E 

RoS + dih S d h S) 
(A* + d<t>*)(A + d<t>) 

d(A + dcf>) 

dnew(A* + d(f>*) 

RoQ + dih Q d h Q) 
(A + d<t>)(A* + d<t>*)/ 

Let us denote (see [14]) 

and 

u S = log h S 

u Q = log h Q. 

Now, we will regard u S,u Q and (f> as the variables for the almost 
Hermitian Einstein equation for a fix small n. It is clear that the equa
tion is solvable for n equal to zero. However, the linearized operator at 
T] = 0 is not invertible. Therefore, we make the following rescaling : 

u S r)u S, 

u Q 

A 

^ 

->Vu Q, 

^nxl2A 

-*r}4>. 

We just rescale each variable by multiplying by n in this case. How
ever, in the general case, the rescaling is more complicated as we will 
soon see. Now, we rewrite the equation in terms of these new variables, 
tha t is, 

D0S + r,h~Sldh S -r,ll2A* - rjd^ 

D E 
r,i/*A + rid<t> DoQ + riQdh Q 



e i n s t e i n t y p e m e t r i c s a n d s t a b i l i t y o n v e c t o r b u n d l e s 535 

Because both background metrics on S and Q are Hermitian Ein
stein, the constant term in r] of both sides of the equation are equal. 

After substracting HE—TI E from both sides of the equation and dividing 
n\ 

both sides by r], the almost Hermitian Einstein equation will become the 
following form (we divide the equation into three equations according 
to different blocks in the decomposition): 

(1), 

i s* Wn"1 

— {d{h-Sxdh S) - A*A) A 
2TT S S ( n l ) \ 

XE-TI S - [(ÏTR A 2 

i cjn~2 

+ _ R A S . X + ( X ] A _ _ + O ( , M . 

(2)„ : 
i — UJn~X 

- ( « (h - • a h Q ) - A A ) A j — J 5 J 
ÜJ 

n I - i R A Q 
i Wn"2 

(3), 

+ - R . X + X ] A - T - + O ( ^ ) . 

2TT
 r n 1 ! w ' 

wn"1 

Notice that in (3)„, we should have a term dA A rr/7?2 • How-
(n — 1)! 

ever, using the fact that B is harmonic, this term is equal to zero iden
tically. 

Next, we claim that these three equations have a unique solution 
at r] = 0 and the corresponding linearized operator is indeed invertible. 
For this purpose, we need to use a refined statement from Uhlenbeck 
and Yau. Although they did not write it down as a theorem, the proof 
is already inside their works. 

T h e o r e m 6 (Uhlenbeck & Y a u ) . Let E be a Mumford stable 
bundle over a compact Kahler manifold X, and ho be any Hermitian 
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metric on E. Suppose HQ is an endomorphism of E such that Tr E HO = 
0. Then there exists a unique positive self-adjoint endomorphism h of 
E with deth = 1, which solves 

V d { h - l d h ) = H0. 

Moreover, the linearized operator from 2Jk+2>a to OS ,a at log h is in-
vertible. 

Here 2$k'a denotes the Sobolev space of C k,a self-adjoint endomor
phism u of E with R Tr u = 0. 

Now, in equation (1), we shall take *Ho to be 

XE ^JI S-[(i-R A ) 2 + i - R A -td ^+td^A U 

n\ 2n oS 2n oS (n - 2)! 

By the choice of B, we have TrHo = 0. Therefore, by the above 
theorem and the fact that S is Mumford stable, (1)^=0 always has a solu
tion, and the corresponding linearized equation at the solution is invert-
ible provided that we restrict to the space of u S such that R Tr S u S = 0. 
By the same reason, equation (2) can be solved uniquely in the same 
way. For (3)^=o, it is 

i - ijjn~l 

—dd^A- - = 0. 

If (f> is a solution of it, then we have d<j)* = 0. That is (f>* defines 
a holomorphic morphism from S to Q. However, both S and Q are 
Mumford stable bundles of the same slope. By the general properties 
of Mumford stable bundles (see chapter two), (f> is either zero or an 
isomorphism. But (f> cannot be an isomorphism, otherwise, we have 
^ S = XQ = y^E which violates our assumption that E is Gieseker stable. 
Therefore, the last equation has zero as its only solution and it is also 
a linear equation. That is, it is invertible too. 

Now, we are almost ready to perturb these solutions to obtain the 
almost Hermitian Einstein metric on E. However, there is a one-
dimensional kernel for both u S and u Q tha t we still need to take care 
of. Let us first introduce the suitable Banach spaces and bounded op
erator that we are going to do perturbation. Let 2$k'a be the space of 
triples {u Siu Qi4>)i where u S is a self-adjoint endomorphism of S with 
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Tr S u S = 0, and u Q is similarly denned. 0 is a homomorphism from 
S to Q, and all these homomorphisms are assumed to be of the class 
C ,a. The above three equations at rj = 0 are therefore uniquely solved 
in these space. However, the almost Hermitian Einstein equation does 
not define an operator on these space for rj is not zero. For the equation 

UJn 
[e ̂ ^R)Td X ] T O P - X E I E ̂ - = V1 

if we take the trace of the left side and integrate it over X, then we will 
get zero. However, if we only do it on the upper left block, the part 
corresponding to the bundle S, then it is only zero up to the second 
order in rj. This is true because of our choice of B and the rescaling. 
The same is true for the lower right block, that corresponding to the 
bundle Q part . So, if we try to define a nonlinear differential operator £ 
from QSk+2'a toQSk'a, then we need to carefully rescale A again. Instead 
of looking at rj1'2A, we should look at rj1'2 • t • A, where t is a function 
depending on (u S,u Q,(J)) and rj such that it goes to one as rj goos to 
zero. Now, the Hermitian connection looks like : 

/DoS + h S'dh S -tf/tA*-d<j>* 

D E = 
\ rfltA + dt DoQ + h Qdh Q 

The insertion of t is so that the integral of the trace of the equation 
OVER S is zero. The existence of t can be proved by the implicit 
function theorem, and t can be written down in terms of the variables 
explicitly. Now, we automatically get the same result for the Q part 
because integrating the trace of the equation over the whole bundle E 
is always zero. 

As a result, we can define the nonlinear differential operator £ as 
follow: 

O • <Vjk+2,a . nyk, 

u S 4> 

£ • ( ) = Ul^I+^R)TdnX]TOP - XE I E n 
W u QJ "i 

where R is the curvature for the above rescaled connection. Notice that 
the operator £ is well-defined even for r] = 0 because DoS and DQQ are 
both Hermitian Einstein of the same slope. 

From the above discussion, we know that £ = 0 can be solved when 
r] equals zero, and the linearized operator is invertible there. By the 
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Implicit Function Theorem in Banach space, the equation £ = 0 would 
therefore have solution for all small enough r] which depends smoothly in 
7] positive. Moreover, the (C ,a) norm of their curvatures are bounded. 
Therefore, E is almost Hermitian Einstein in this case. 

Next, we will only assume xS < XE for small enough TJ. There exists 
an integer m > 1 such that 

Xj S = Xj Ei for j = 1,2,...,m 

and 

xm+1<xE+1. 

Now, the representative B for the extension class of E will be chosen 
to be the unique harmonic form such that 

Z\B\2 = {xE+1-Xm+1)-{rkS), 

which is possible by the above assumption. As before, A = — B*. Before 
the rescaling, the connection on E looks like : 

DoS + h S d h S -vm/2A* - d r 

vm/2A + dcf> DoQ + h Q d h Q 

We need to rescale the variables order by order in r]. First, we note 
/ DoS -Vm A*\ 

tha t the connection DOE = solves the equation in 
\riml2A D0Q A 

zeroth order in r]. Consider 

DoS + vh S ̂ hiS -rml2A* 

r,ml2A D0Q + r,h-Qdh1Q 

We claim that there exist unique pair (hiS, h I Q ) for each small 
r] which solves the almost Hermitian Einstein equation up to order one 
(where the uniqueness is under the normalisation that R Tr S log hiS = 0 
and R Tr Q log hiQ = 0) . Since these variables have no contribution to 
the zeroth order (in r]) part of the equation, we only need to look at the 

D E 

D IE 
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first order terms, which are : 

— 0(hrS*hlS))A 

:D 2 

E I - B R J k - t d X 
n - 2 

2-k 
ni 2nR A S k'td2X k (n-2)V 

k=o 

i ^ wn"1 

:(d(h-idh1Q)) A 
2 î r i Q Q r f n l i ! 

2 

x Q - E ( i R A k-t X-k 
n - 2 

n! Q ^ 2 T T OQ X ( n - 2 ) ! 

By our assumption that XS = XE = XQ> S\ Q> Mumford stable and 
the theorem of Uhlenbeck and Yau, there exist a unique (normalized) 
solution pair (hiS, hiQ). 

In order to solve the equation up to order two, we consider the 
following connection : 

(DiS + r,2(h-lSdh2S) -rm'2A* 

D2E = 
V vm/2A D1Q + r,\h-Qdh2Q), 

We should notice that the background metric has been changed to 
(hP \ 

a new one, which is ho ( 1S h) ) • For example, the operator d is 

with respect to this new background metric, the A is also rescaled such 
that its L2-norm satisfies the previous equality under this new metric. 
However, we are only perturbing everything in the first order of TJ, there 
is no change for the lower order parts of the equation. 

As before, by adding terms involving (h2S, h2Q) will not affect the 
equation up to order one. Therefore, the almost Hermitian Einstein 
equation up to second order in TJ will be : 

i d ( h - S d h 2 S ) A 
w n - 1 

( n - 1)! 

i k /3"k-
(jJn~3 

—TS- (7TR A r t d - — 
n! 2n iS ( n - 3 ) ! 
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-d(h Qdh2Q) A 
wn" 1 

2TT
 2Q z Q ( n l ) \ 

xE ̂ rI Q - E ( i R Jk t X"k "n"3 
n\ Q ^ 2 T T I Q X ( n - 3 ) ! 

By the same reasoning as before, there exists a unique (normalized) 
pair (h2S1 h2Q) such that the connection D2E solves the almost Hermi-
tian Einstein equation up to the second order in TO 

Repeat this process to get (hiS, hiQ), (h2S, h2Q), ••• • When we 

arrive at the ( — )t step, we will have a off diagonal term rjmi2A tha t we 

need to deal with (for simplicity, we have assumed m is an even integer). 
However, its contribution to the equation would be zero because of the 
harmonicity of A. But if we are in (j = m / 1 + 1) order, we will need 

to add a term rjm'2+1(f)mi2+i to the variables. Then in the ( \- l ) t 

order in r], there will be a third equation 

i - bJn~x 

(3) — 9 ^ m / 2 + i A _ = T m/ 2 + i , 

where T m/2+i is some expression in A and the background curvature. 
Since S and Q are Mumford stable of the same slope, we have 
H°(X, Hom(Q, S)) = 0. By the stardard Hodge theory, equation (3) 
has a unique solution çî>m/2+i and is invertible there. But we also have 
to solve equations (1) and (2). In general, if we try to solve the equation 
for all order j > m / 2 , then there will be contribution from the A and 
4l l < j . To be precise, we look at 

D jE 

D(j_1)S + Vj h-Sdh jS -qm A* - vm/2+1d4>*m/2+1 - . . j 9 j 

^2A + rìm/2+ld<f>m/2+i+_ + rìjd<f>j D j _ 1 ) Q + r , j h-'dh jQ 

We can see that in order j > m / 2 , there will be terms in the almost 
Hermitian Einstein equation coming from the products of A or çl s with 
the background. However, these extra terms are all in the off-diagonal 
part as long as j < m. Therefore, in the diagonal parts (the S part and 
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Q part) of the equation, we still face the same equation as before : 

i /•* w n " 1 

:(d(h j Sdh jS))A 
2TT j S jS (n-l)l 

i ,n j + 1 i i ,n-j~i(2) 

n\ k=o 27T A jS X ( n - j - 1 ) ! 

:(d(h jQdh jQ)) A 
wn"1 

2TT j Q jQ ( n l ) \ 

j + 1 n-j-1 

n\ Q ^2TT A jQ) X (n-j-l)l 

(Notice, if j > m, then there will be terms like A*A in the diagonal 
part which would make the trace to be nonzero.) Therefore, there al
ways exists a unique normalized solution pair (h jS,h jQ) for equations 
(1) and (2). Now, for the off-diagonal term, although there might be 
contribution from the A and (f>, but equation (3) can always be solved 
without any traceless assumption by the Hodge theory as in the previ
ous case. As a result, the almost Hermitian Einstein equation can be 
solved up to order j for all j < m. 

When j = m, we do have an extra term A* A in the diagonal whose 
integral of its trace over S is not zero. Nevertheless, this just com
pensates with those coming from the curvature of S, namely, (XE ~ 
Xm S+ )(rkS) > 0, by the choice of A (or the same as for B). Hence, we 
can still solve the almost Hermitian Einstein equation uniquely (after 
normalization) up to order m. 

For higher order, we shall introduce t and do a perturbation argu
ment. By replacing rjm'2A by rjm'2 t A for some suitable function t 
(with the property that t goes to one as r] goes to zero), we can manage 
to make the two diagonals corresponding to the S part and Q part of 
the equation have the property that taking the trace over S (or Q) and 
integrating it over X will get zero. First of all, we only need to do it for 
the S part, and the Q part will follow. For the S part, it is because, we 
already have this property for the equation up to order m, and for the 
even higher order terms, we can perturb the L2 norm of A a little bit 
to adjust them. To be more precise, the existence of t can be proved by 
implicit function theorem easily. 
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After all these careful arrangements, we can finally define the non
linear differential operator £ as follow: 

where R is the curvature for the connection : 

(D mS + Vm h S1 (dh S) -7]m/tA* - d $ * 
D = 

\ r,mltA + 9 $ D mQ + r,m h Ql (dh Q), 

where u S = log h S , u Q = log h Q and 

$ = Vm/2 + 1m/2 + l + +J7m0m + »7m0. 

From the above discussion, we know that £ = 0 can be solved by 
the triple (u S,u Q,(J)) = (0,0,0) when 77 equals zero and the linearized 
operator is invertible there. By the Implicit Function Theorem in Ba-
nach space, the equation £ = 0 would therefore have solution for all 
small enough r] which depends smoothly in r] positive. Moreover, the 
(C k,a) norm of their curvatures are bounded. Therefore, E is almost 
Hermitian Einstein in this case. 

Hence we have proved the proposition. q.e.d. 
Next, we are going to move forward to study the case where there 

are more than two components in the Jordan-Holder filtration for the 
Gieseker stable bundle E. 

Propos i t ion 4 .3 . Let E be a Gieseker stable bundle over a compact 
Kahler manifold X. Suppose that 

E = E0D EiD E2D D E k+1 = 0 

denote its Jordan-Holder filtration as a Mumford semi-stable bundle. If 
each E j 
bundle. 
each E j is a vector bundle, then E is an almost Hermitian Einstein 

Proof. For simplicity, we will assume that X'E < XE for all j ^ 0-
The more general case can be treated using the same method as in the 

Proof, of the previous proposition. Notice that since these E^s are 
the components of the Jordan-Holder filtration of E, they are have the 
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same slope as E does, it implies that XE = XE- Denote Q j = E j/E j+i, 
then they are all Mumford stable bundles and also have the same slope 
as E. 

By the Uhlenbeck and Yau's theorem, there is a unique Hermitian 
Einstein metric on each of the Q j s. Denote the Hermitian Einstein 
connection on Q j by D j . If we write the connection on Gr(E) = 
Q o Q i Q k as follow: 

D 

(D k 0 . . . 0 \ 
0 D k-x . . . 0 

0 0 ... D0 

then it solve the almost Hermitian Einstein equation up to zeroth order 
in T] with the same reason as in the proof of the previous proposition. 
Next, we are going to choose the second fundamental forms for the 
sucessive extension one by one. We will s tart from the bottom of the 
filtration. Consider the last extension sequence : 

0 —» E k —» E k-i —» Q k-i —> 0. 

But we have E k = Q k and therefore this exact sequence becomes 

0 —» Q k —» E k-i —» Q k-i —> 0. 

On those Q j ' s , we already have a background (Hermitian Einstein) 
metric, now we shall choose a harmonic second fundamental form A*k_x k 
(with respect to these metrics) to represnt this extension class such that 
its L2-norm is normalized so that 

A k-i,k j = (XE - X2Q k)(rkQ k)-

This is possible because of our assumption that XQ = XE ^ XE- Now, 

we have a Hermitian connection on E k-i, namely, 
A k-i,k D k-i 

Suppose we have chosen the second fundamental form and get a 
Hermitian metric on E j . Then as the next step, we will be looking at 
the following exact sequence : 

0 —> E j —y E j—i —y Q j - i ^ 0. 
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Thus with respect to the newly formed Hermitian metric on E j and the 
Hermitian Einstein metric on Q k-i, we pick the harmonic second funda
mental form A*_t k-\-A*_x k_x + + A* 

-i,j> where A*j-i,l is its E l com
ponent (that is A* , l is a (0,1) form with valued in Hom(Q j_i,Q k)). 
The suitable normalization turns out to be 

the positivity of the right-hand side is garanteed by the stability as
sumption of E. Notice that , this equaility is equivalent to 

Z jA j-ij2 - Z jA jij+1j
2 = ( x E - XQ jiirkQ j), 

which we will be using in the followings. 
At this stage, we can introduce the rescaling : 

A j l ^T]A j l , if j j - l j > 1. 

Now, the domain Banach space would be the 2Jk+2>a such that an 
element of it would be like (Uj, < i j , i,j = 0 , 1 , 2, . . . , k;i < j), where u j 
is a trace-free endomorphism of Q j , and < i j is a homomorphism from 
Q i to Q j . Let us write h j = eUj. The connection on E would be : 

/ D k + Vh k d h k -v1,2A'k_lik-vd<i>klik -vA'k_2ik - vd<i>'k_2ik 

•n1/2A k_lik+rid<t>k_lik D k_1+-nh~^_1dh k_1 -V1/2 A*k_2k_1 - vd<t>k_2,k-i 

T]A k_2ik +T]dcf>k_2ik f]1/2A k_2ik_1 +f]dcf>k_2ik_1 D k +r]h~^_2dh k_2 

Vi 

Notice that the power rj1'2 only attaches to A j _ I j , and all the others 
have a r] attaches to them. By the harmonicity of the sucessive second 
fundamental forms and the carefully chosen normalization of them, it 
can be proved in a similar fashion as before that up to the first order 
in r], the almost Hermitian Einstein equation can be solved by a unique 
element in 2Jk+2>". 

In order to apply the implicit function theorem, we have to intro
duce the functions t k,t k-i, ,t\, each of them is a function of r] and 
the variables such that t j goes to one as r] goes to zero for each j . 
By replacing 7/1'2A j _ i j by rj1'2 t j A j - \ j , the function t j is so chosen 
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(uniquely) such that on each diagonal block (corresponding to the Q j-i 
part) , taking the trace of the equation over that block and integrate 
it over X will give zero. After this procedure, we can then define our 
nonlinear differential operator £ as in the previous proposition which 
has the property that when r] > 0, the equation £ = 0 is the almost Her-
mitian Einstein equation, and the equation at TJ = 0 can be solved such 
that the corresponding linearized operator is invertible there. Hence, by 
the implicit function theorem, £ = 0 can be solved for small TJ. More
over, the resulting curvature is bounded in 2$fc'a independent of rj. That 
is, we have obtained an almost Hermitian Einstein bundle E, and the 
proposition is proved. q.e.d. 
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