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GLUING VERTEX ALGEBRAS
THOMAS CREUTZIG, SHASHANK KANADE AND ROBERT MCRAE

ABSTRACT. We relate commutative algebras in braided tensor categories to braid-reversed
tensor equivalences, motivated by vertex algebra representation theory. First, for C a braided
tensor category, we give a detailed account of the canonical algebra construction in the
Deligne product C X C™V. Especially, we show that if C is semisimple but not necessarily
finite or rigid, then @Xem(c) X' X X is a commutative algebra, where X’ is a representing
object for the functor Home(e ®c X, 1¢) (assuming X' exists) and the sum runs over all
inequivalent simple objects of . Conversely, let A = ,.; U; KV, be a simple commutative
algebra in a Deligne product ¢ XV with U semisimple and rigid but not necessarily finite,
and V rigid but not necessarily semisimple. We show that if the unit objects 1;; and 1y
form a commuting pair in A in a suitable sense, then there is a braid-reversed equivalence
between (sub)categories of ¢ and V that sends U; to V7.

These results apply when &/ and V are braided (vertex) tensor categories of modules for
simple vertex operator algebras U and V, respectively: Given 7 : Irr(U) — Obj(V) such that
7(U) =V, we glue U and V along Y KV via 7 to create A = @ycpppy X' @ 7(X). Then
under certain conditions, 7 extends to a braid-reversed equivalence between U/ and V if and
only if A has a simple conformal vertex algebra structure that (conformally) extends U® V.
As examples, we glue suitable Kazhdan-Lusztig categories at generic levels to construct new
vertex algebras extending the tensor product of two affine vertex subalgebras, and we prove
braid-reversed equivalences between certain module subcategories for affine vertex algebras
and W-algebras at admissible levels.
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1. INTRODUCTION

We study the relation between certain types of commutative associative algebra objects in
braided tensor categories and braid-reversed equivalences of tensor categories, motivated by
vertex operator algebra theory and its applications to geometry and physics. Commutative
associative algebra objects in tensor categories of modules for a vertex operator algebra are
the same as vertex operator algebra extensions [HKL|, and such extensions together with
equivalences of vertex tensor subcategories are crucial in the context of S-duality for four-
dimensional supersymmetric G'L-twisted gauge theories [CGai] and the quantum geometric
Langlands correspondence [AFO]. In gauge theory, vertex operator algebras are associated
to two-dimensional intersections of three-dimensional topological boundary conditions, while
categories of vertex operator algebra modules are associated to line defects ending on these
boundary conditions. Boundary conditions can be concatenated to form new types of bound-
ary conditions, and the resulting vertex operator algebras are precisely the type of extensions
studied in this work. Categories of vertex operator algebra modules appearing in these prob-
lems are usually not finite and are often, but not necessarily, semisimple. Thus we derive
results in a setting general enough for these applications, especially allowing braided tensor
categories to have infinitely many inequivalent simple objects.

We will now describe our categorical results, followed by vertex operator algebra applica-
tions and comments regarding vertex operator algebra theory and existing literature.

1.1. Tensor category results. Let C and D be braided tensor categories and 7 a map from
simple objects in C to objects in D. Then we consider objects in a direct sum completion
(CXD)g of the Deligne product C X D of the form

A= P XH7(X) € Obj((CHD)g).
XelIrr(C)

We aim to prove under suitable conditions on C and D that a commutative associative
algebra structure on A is equivalent to a braid-reversed tensor equivalence between C and D.
Thus we ask two questions: under which conditions on C and D does a commutative algebra
object imply a braid-reversed equivalence, and conversely what do we need to assume so
that a braid-reversed equivalence yields a commutative associative algebra?

1.1.1. From braid-reversed equivalences to commutative algebra objects.

It is known (see for example [EGNO, Exercise 7.9.9]) that associative algebras can be
constructed from module categories; as we could not find a complete proof in the literature,

we give this construction in Theorem 3.2. Essentially, for C a (multi)tensor category and
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M a C-module category such that internal Homs exist, the internal End of an object M
in M can be given the structure of an associative algebra. Moreover, when C is a braided
fusion category, [DMNO, Lemma 3.5] shows that this algebra is also commutative as long
as induction from C to M is a central functor, that is, it factors through the center of
the module category. In Theorem 3.3, we prove this statement in detail without assuming
finiteness or semisimplicity.

A useful property in showing that internal Homs exist is rigidity, that is, existence of
duals. Unfortunately, braided tensor categories of vertex operator algebra modules are often
not known to be rigid. However, we find that internal Homs can exist under the weaker
assumption that C has a contragredient functor, that is, a contravariant endofunctor X — X’
such that there is a natural isomorphism

Home(X ® Y, 1) = Home (X, Y)

for objects X, Y in C. For vertex algebraic tensor categories, such a functor arises from
the contragredient modules of [FHL], provided that the vertex operator algebra itself is
self-contragredient.

With these preparations, we can state our first main result; for precise notation we refer
to Section 3.3. The algebra of this theorem is called the canonical algebra in C X C™, where
C*v = C as a tensor category but has reversed braidings.

Main Theorem 1. Let C be a (not necessarily finite) semisimple braided tensor category
with a contragredient functor. Then
A= P X®X

XelIrr(C)

is a commutative associative algebra in (C XK C™)g. If C is rigid, then A is simple and for
simple objects X,Y,Z of C, the multiplication rules are given by MEEE .gy- = 1 if and only
if Z is a summand of XRQ'Y.

Since commutative algebras are preserved by braided tensor equivalences, we can restate
Main Theorem 1 as follows. Let C be a semisimple braided tensor category with a contra-
gredient functor, and suppose 7 : C — D is a braid-reversed tensor equivalence (so that
7:C"™ — D is a braided equivalence). Then

A= X' ® 7(X)
Xelrr(C)

is a commutative associative algebra in (C X D)g, and if C is rigid, then A is simple.

1.1.2. From commutative algebra objects to braid-reversed equivalences.
For the converse question, we work in the following setting:

(1) U is a (not necessarily finite) semisimple ribbon category, and {U; };cs is a subset of
distinct simple objects in U that includes Uy = 1.

(2) V is a ribbon category. In particular, both ¢ and V are rigid.

(3) We have a simple (commutative, associative, unital) algebra

A:@Uiﬁvi.
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inC=URXYV, or Cq if I is infinite, where the V; are objects of V, not assumed to be
simple except for Vo = 1y.

(4) The tensor units 1;; = Uy, 1, = V form a mutually commuting (or dual) pair in A,
in the sense that

dim Homu (Uo, Ul) = (5@0 = dim Homv (Vo, V,L> .

(5) There is a partition I = I° U ' of the index set such that 0 € I and for each 7 € I7,
7 = 0,1, the twist satisfies Oaly,mv, = (—1)Idy,zy,. In particular, 62 = Ida.
Under these conditions, we define Uy C U and Vo C V to be the full subcategories whose

objects are isomorphic to direct sums of the U; and V;, respectively, and prove in Proposition
4.4 and Theorem 4.5:

Main Theorem 2. In the setting of this section,

(1) The categories Un C U and Va C V are ribbon subcategories. Moreover, Va is
semisimple with distinct simple objects {V,}ier.

(2) There is a braid-reversed tensor equivalence T : Un — Va such that 7(U;) = V; for
1€ 1.

This theorem relies on the following Key Lemma; here F is the the induction functor from
C to the category Rep A of left A-modules in C:

Key Lemma 1. Foralliec I, F(U;X1y) = F((1, XV,)*) in RepA.

1.2. Applications to vertex operator algebras. Our categorical results translate into
the following theorem for vertex operator algebras; see Theorem 5.10 of the main text:

Main Theorem 3. Let U and V be locally finite module categories for simple and self-
contragredient vertex operator algebras U and V, respectively, that are closed under con-
tragredients and admit vertex tensor category structure as in [HLZ1]|-[HLZ8| and thus also
braided tensor category structure. Assume moreover that U is semisimple and V is closed
under submodules and quotients.

(1) Suppose {U;}ier is a set of representatives of equivalence classes of simple modules
m U with Uy =U and 7 : U — V is a braid-reversed tensor equivalence with twists
satisfying 0-,) = :ET(@J}) forieI. Then

A=EPUierU)
iel
8 a %Z-gmded conformal vertex algebra extension of U@ V. Moreover, if U is rigid,

U’ ®T(Uk) o .
;k®r(ui),ug®r(uj) = 1if and

then A 1s simple and the multiplication rules of A satisfy M,
only if Uy occurs as a submodule of U; XA U;.
(2) Conversely, suppose U and V are both ribbon categories, {U;}icr is a set of distinct

simple modules in U with Uy = U, and
A=EPuUaV

18 a simple %Z-gmded conformal vertex algebra extension of U ® V, where the V; are
objects of V satisfying
dim HOHIV(V, Vz) = 040
4



and there is a partition I = I° U I' of the index set with 0 € I° and

@UZQ?VZ: @ A(n)

i€l neL+z

for g =0,1. Let Un C U, respectively Va C V, be the full subcategories whose objects
are isomorphic to direct sums of the U;, respectively of the V;. Then:
(a) Un and Va are ribbon subcategories of U and V respectively. Moreover, Va is
semisimple with distinct simple objects {V,}icr.
(b) There is a braid-reversed equivalence T : Un — Va such that 7(U;) = V. for all
1€ 1.

Conformal vertex algebra extensions as in the first part of the theorem have previously
been constructed for certain affine Lie algebra [I'S, Zhu| and Virasoro [FZ2] vertex operator
algebras. Also, a closely-related construction due to Huang and Kong [HK, Ko], starting from
braid-equivalent modular tensor categories of representations for vertex operator algebras,
yields a conformal full field algebra in the sense of [HK]. In fact, [Ko| shows that if &/ and V
are braid-equivalent tensor categories of representations for strongly rational vertex operator
algebras U and V, respectively, then conformal full field algebra extensions of U ® V with
nondegenerate invariant bilinear form are equivalent to commutative Frobenius algebras in
U RV with trivial twist.

The second part of Main Theorem 3 (in the case that A is Z-graded) has been stated in
[Lin, Theorem 3.3] under the assumption that U and V are strongly rational vertex operator
algebras (in particular [ is finite in this setting). The proof in [Lin] uses semisimplicity of the
category Rep A of left A-modules in C, citing [[KO] for this result. However, [KO, Theorem 3.3]
assumes additionally that dime A # 0 to prove this semisimplicity, whereas even a modular
tensor category can have objects with dimension zero. Relaxing the condition dim¢g A # 0 is
the work of our Key Lemma 1, so we have in particular filled a gap in [Lin]; moreover, we
recover the semisimplicity of the category of A-modules as a consequence, as we now discuss.

A vertex operator algebra is strongly rational (using terminology from [CGan]) if it is
simple, self-contragredient, CFT-type, Cs-cofinite, and rational; for such a vertex operator
algebra, the full category of grading-restricted generalized modules is a (semisimple) modular
tensor category [Hu3]. Let V be a strongly rational vertex operator algebra and A a simple
CFT-type vertex operator algebra extension of V; then A is believed to have a modular
tensor category of grading-restricted, generalized modules as well. This indeed follows from
Lemma 1.20, Theorem 3.3, and Theorem 4.5 of [KO] as well as [HKL, Theorem 3.5] (see also
[DMNO, Corollary 3.30]) provided the dimension of A as a V-module is non-zero. Moreover,
our previous work [CKM, Theorem 3.65] shows that this modular tensor category structure
is the natural one for module categories of a vertex operator algebra.

Using [Hu3, DJX], the dimension of A in the modular tensor category C of V-modules is
strictly positive if all irreducible V-modules are non-negatively graded, with a non-zero con-
formal weight 0 space occurring only in V itself. This condition together with the rationality
and Cy-cofiniteness of V ensures that the categorical dimensions of V-modules are realized by
strictly-positive “quantum dimensions” defined in terms of characters. But now, we can use
the braid-reversed equivalence of Main Theorem 3 and [ENO, Theorem 2.3] to show dim¢ A

is a positive real number without grading-positivity assumptions (see Corollary 5.13):
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Corollary 1.1. In the setting of Main Theorem 3, assume in addition that U and V are
strongly rational and A is a simple CFT-type (Z-graded) vertex operator algebra. Then
dime A > 0 and A s strongly rational; in particular its category of grading-restricted, gener-
alized modules is a semisimple modular tensor category.

In fact, the calculation of dime A does not require rationality or Cs-cofiniteness for either
U or V, so we prove more generally that if the categories U« and V in Main Theorem 3 are
braided fusion categories, then the category of grading-restricted generalized A-modules in
C is also braided fusion; see Theorem 5.12 in the main text for details. In our setting, this
removes the grading-positivity assumptions from [HKL, Theorem 3.5].

A second corollary of Main Theorem 3 relates to the multiplication rules of the extension
U®V C A. In general, if A = @,_, V; is an extension of a vertex operator algebra V = V; by
indecomposable V-modules V;, define the multiplication rule Mf] to be 1 if Vy is contained
in the operator product algebra of fields of V; with fields of V;; otherwise the multiplication
rule is 0. It is clear that ij = 0 if the fusion rule ij = 0; a question raised in private
communication by Chongying Dong is for which extensions the converse is also true. In
our setting, this is precisely the content of the statements on multiplication rules in Main
Theorems 1 and 3. Thus we can rephrase these statements as follows:

Corollary 1.2. In the setting of part (1) of Main Theorem 3, and assuming U is rigid, the
multiplication rules for the canonical algebra

A=EPU; (V)
el

are 0 if and only if the corresponding fusion rules are 0.

1.3. Examples. We illustrate our results in two examples; the first illustrates both parts
of Main Theorem 3 and shows the importance of allowing categories with infinitely many
simple objects.

1.3.1. Vertex algebras for S-duality and Kazhdan-Lusztig categories at generic level. The
conjecture below is the physics prediction of vertex operator algebras associated to the
intersection of so-called Dirichlet boundary conditions and their general S-duals. These
vertex operator algebras are claimed in [CGai| to play a role as quantum geometric Langlands
kernel vertex operator algebras.

Let g be a simple Lie algebra with dominant integral weights P, and let g be the affine
Lie algebra associated to g. For A € P, and a level k € C, let Ly(\) denote the irreducible
highest-weight g-module with highest weight \ at level k. For irrational levels k, the modules
Li(A) form the simple objects of the Kazhdan-Lusztig category KLy of finite-length modules
for the simple affine vertex operator algebra L(g). By [KL1]-[KL4] and [Zha] (see [Hu4] for
a review), KLy, is a semisimple rigid vertex tensor category. Now the following conjecture is
known to be true for n = 0 as we will explain in a moment and also for g = sl and n =1
[CGai] and n = 2 [CGLJ:

Conjecture 1.3. [CGai, Conjecture 1.1] Let n be a non-negative integer, let P be the set
of dominant weights X such that n\? is an integer, and let 1,1’ be generic complex numbers
satisfying



Then the object
A[g, 9] = @D Ly—n (A) @ Lyr_pv (V)
\epPt
can be given the structure of a simple vertex operator superalgebra.

Let x be an irrational number. The algebra of chiral differential operators of a compact
Lie group G [GMS1, GMS2, AG] with Lie algebra g at level s has the form

DMNG) = @ Loon (N) @ Lo (A7)

AEPL

as an L,_pv(g) ® L_,_pv(g)-module and is a simple vertex operator algebra ([I'S, Zhu| and
[Ch, Proposition 3.15]). Here A\* = —w(\), where w is the longest element of the Weyl group.
Thus DP(G) is a commutative algebra in the direct sum completion of the Deligne product
KL,_pv W KL_,_pv, so by part (2) of Main Theorem 3, the categories KL,_;,v and KL_,_pv
are braid-reversed equivalent with L,_,v(A) sent to L_,_,v(A) under the equivalence. On
the other hand, KL, _jv is also braided tensor equivalent to the category of weight modules
(representations of type I) for the Lusztig quantum group U,(g) for ¢ = exp (ﬁ) [KL1]-
[KL4]. Here r¥ =1 for g in types A, D, and E; r¥ = 2 in types B, C, and F; and r¥ = 3 in
type G (this is sometimes called the lacing number of g, for example in [Ar2]).

Let N be the level of the weight lattice P of g, that is the smallest positive integer such
that NP is integral. The representation category of the rational form of the quantum group
is over Q(s) with s = exp (2-) ([Lu]; see also [BK, Section 1.3]), so KL,_sv and KL,_,v are
equivalent if % = % mod rVN. Combining with the braid-reversed equivalence, this means

KL, _p,v and KL,_j,v are braid-reversed equivalent if

1 1
—4+>=mr'N
k L

for some m € Z, so that by part (1) of Main Theorem 3,

@ Ly—nv(A) @ Ly_pv (A7)

AEPL

for such k and ¢ has the structure of a simple vertex operator algebra. We can change the
simple root system for the second factor by —w (for w the longest element of the Weyl group)
so that
AmrvN[g7 K] = @ Lﬁ_hv ()\) X Lg_hv()\)
AeP;
also can be given the structure of a simple vertex operator algebra. This proves Conjecture
1.1 of [CGai| for n = mrY N, that is,

Corollary 1.4. Let N be the level of the weight lattice P of the simple Lie algebra g. Then
[CGai, Conjecture 1.1] is true for n € NrVN.

1.3.2. Equivalences between affine vertex operator algebras and W -algebras at admissible
level. There are also interesting equivalences of vertex tensor categories at admissible levels:
let g be a simple simply-laced Lie algebra, h" the dual Coxeter number, and & an admissible
level of g. Let P be the set of weights A such that the irreducible highest-weight representa-
tion L,,,(A) is a module of the simple affine vertex operator algebra L,,(g) at positive integer

level m. We parameterize & = —h" + % so that the simple ordinary modules of the simple
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affine vertex operator algebra Ly (g) of g at level k are the irreducible highest-weight modules
Ly () of highest weight A at level k& with X € Pjﬁ’hv. These modules are called ordinary and
the category of ordinary modules at admissible level for simply-laced g is semisimple [Ar2],
vertex tensor [CHY], and rigid [Cr]. Let Wj(g) be the simple principal W-algebra of g at
level k. Tt is strongly rational if &k is non-degenerate admissible [Arl], that is, u,v > h" in the
simply-laced case. We denote the image of Ly (\) under quantum Hamiltonian reduction by
Wi(A). We denote the subcategory of ordinary Ly (g)-modules whose weights lie in the root
lattice @ by Ogord(g), and we use Cgord(W(g)) to denote the category of Wy(g)-modules
whose objects are the images of modules in (’),gord(g) under quantum Hamiltonian reduc-
tion. That is, C,gord(W(g)) is the semisimple category of Wi (g)-modules with simple objects
Wi(X) for X € P N Q.

Now let ¢ satisfy
1 1

Frithy [+ hY
With this notation, a special case of [ACL, Main Theorem 3 (1)] says that

Ly(g) ® Li(g) = @ Li+1(A) ® We(A)

Aerﬁ”*hva

=1.

as Ly, 1(g) ® We(g)-modules. Applying our Main Theorem 3 we have

Corollary 1.5. Let k be admissible and g simply-laced, and define ¢ by
1 1
+
k+14+hY €+ hY

Then there is a braid-reversed equivalence between (9,?+170rd(g) and Cford(W(g)) sending
Lii1(N) to We(N)*.

= 1.

1.4. Outlook. Our research program aims to understand representation categories of vertex
operator algebras using techniques of the theory of tensor categories. In this paper, we have
proven that vertex operator algebra extensions of suitable tensor products of two vertex
operator algebras are possible if and only if certain subcategories of modules of the two
vertex operator algebras are braid-reversed equivalent tensor categories. These results fall
into the area of coset vertex algebras, since the commutant of a vertex subalgebra V C A
is called the coset C of V in A; see [FZ1, Section 5] for the original mathematical definition
of commutant vertex subalgebras and [GKO] for earlier work on coset models in conformal
field theory. Often one is dealing with problems where one knows A and V fairly well and
would like to study the coset vertex operator algebra C. The very first statement we then
need is the existence of vertex tensor category structure on suitable categories of C-modules.
Such an existence result has recently been obtained in the related context of orbifold vertex
operator algebras [McR], and we hope to extend these results to the more complicated setting
of cosets.

Ultimately, one of the deepest problems in the area is the conjecture that the coset vertex
operator algebra of a strongly rational vertex operator algebra A by a strongly rational
vertex subalgebra V is itself strongly rational. Theorem 7.6 of [FFRS] is a good guide as it
gives a relation between the category of modules for the coset vertex operator algebra and

the categories of A- and V-modules without assuming semisimplicity of the coset module
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category. It is however still proven under very strong assumptions, such as separability
(traces of idempotents are non-zero). We now have techniques to prove statements avoiding
assumptions like separability, and we hope to use them to come closer to the rationality
conjecture for coset vertex operator algebras.

A second application is that interesting affine vertex operator superalgebras can be re-
alized as extensions of affine vertex operator algebras and W-algebras, and then using our
theory in [CKM] one can study the representation theory of the superalgebras. This has
for example been succesfully applied to Lg(osp(1|2)) at admissible level as an extension of
Ly(sly) times rational Virasoro algebras [CFK, CKLiuR]. Thus another further goal is to
extend the results of this work to superalgebras and construct many more interesting vertex
superalgebras. With this in mind, we have already proved Key Lemma 4.2 and Proposition
4.4 for (supercommutative) superalgebras.

Acknowledgements. TC thanks Fedor Malikov for discussions on the algebra of chiral
differential operators, and we all thank Yi-Zhi Huang for discussions and comments, and the
referee for comments and suggestions. TC is supported by NSERC #RES0020460. SK is
supported by a start-up grant provided by University of Denver.

2. ALGEBRAS IN BRAIDED TENSOR CATEGORIES

In this section, we review basic definitions and properties of (braided) tensor categories
and (commutative, associative) algebra objects.

2.1. Braided tensor categories. Here we recall some definitions and structures in tensor
categories.

Definition 2.1. Let C be a category with a distinguished object 1¢ and bifunctor ® : CxC —
C. We say that C is a tensor category if

(1) For any object X, there are natural isomorphisms Ix : 1¢c ® X = X (left unit isomor-
phism) and 7x : X ® 1¢ — X (right unit isomorphism),

(2) For any triple of objects X,Y,Z, there is a natural associativity isomorphism Axy z :
X@(Y®Z) = XRY)®Z,

(3) The isomorphisms [, r, A satisfy the triangle axiom and the associativity A satisfies
the pentagon axiom.

A tensor category C is a braided tensor category if additionally:

(1) For all pairs of objects X, Y, there is a natural braiding isomorphism Rxy : X®@Y —
Y ® X

(2) The isomorphisms R satisfy the hexagon axioms.

A tensor category C is rigid if every object has a left and a right dual. We shall only need
notation for the left dual: for any object X we denote the evaluation map by ex : X*®@X — 1
and the coevaluation map by ix : 1 — X ® X*.
A rigid braided tensor category C is ribbon if there is a natural isomorphism 6 : Ids — Ide,
called the twist, satisfying:
(1) 010 = Idlcv
(2) Ox- = (6x)", and
(3) The balancing axiom: fxgy = Ry x © Rxy o (6x ® Ov).
9



We will sometimes need to consider tensor categories that are not or are not known to
be rigid, since they may lack coevaluations. In these cases, however, some consequences of
rigidity still hold when C has a weaker structure (called weak rigidity in [KL4]): we say that a
contravariant functor C — C, which we shall denote by X — X', f — f’, is a contragredient
functor if it permutes the simple objects of C and there are natural isomorphisms

I'xy : Home(X®Y,1) — Home (X, Y'),
natural in the sense that for morphisms f : X; — X5 and g : Y; — Y5 in C, the diagram

FXQ ,Yo

Homc (XQ & YQ, 1)

Home (X2, Y5) (2.1)
lF»—>FO(f®g) lGHg’oGof

HOIIlC (X1 & Y1, 1) HOIIlC (Xla Yll)

I'xy,vq

commutes. Given a contragredient functor, we shall denote the morphism F>’<}®X(Idxz) :
X' ® X — 1 by ex and call it the evaluation for X. Note that if C is rigid and braided, the
duality functor * is a contragredient functor with the natural isomorphisms I'x y obtained
using iy. An example of a non-rigid category with a contragredient functor is the category
of all vector spaces over a field.

Remark 2.2. If C is braided, we have a natural transformation ix : X — (X')’ given by
x = Ixx/(ex o Rxx).

If C is rigid, then % is a natural isomorphism (see for instance [BK, Section 2.2]), and it
follows automatically that the contragredient functor permutes the simple objects of C. If C
is a ribbon category, then the natural isomorphisms dx : X — X** defined by

Ox = I'x x+(ex © Rx x+ o (fx ® Idx+))
have better properties (again see [BK, Section 2.2]).
Definition 2.3. Let C be a tensor category. A triple (A, ua,ta) with A an object of C and

pa AR A — A a1 — A morphisms in C is called an associative algebra if:
(1) Multiplication is associative: pao(Ida®@pa) = pao(pa®lda)oAaan : AQ(ARA) — A
(2) Multiplication is unital: pa o (1o @ Ida) =1l : 1c @ A — A and pa o (Ida ® ta) =7 :
If C is braided, we say that (A, ua,ta) is a commutative algebra if additionally:
(3) Multiplication is commutative: pa o Raa = pa: A A — A.

We will sometimes drop the qualifiers “associative” and “commutative” when the context is
clear.

Remark 2.4. In a commutative associative algebra, the right unit property pao (Ida®ta) =
ra is a consequence of the left unit property and the commutativity.

We shall need the definition of “multiplication rules” and the corresponding multiplication

algebra:
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Definition 2.5. Let (A, pua,ta) be an algebra in a tensor category C and suppose A is
completely reducible in C. For simple C-subobjects X, Y, Z of A we define the multiplication
rule Mg to be

, J1 i Z C Image (ulxeay — A),
XY - . °
’ 0 otherwise

and the unital multiplication algebra of A to be the free Z-module with the set B of
inequivalent simple C-subobjects of A as basis and product

XY= MfZ

ZeB

2.2. Direct sum completion. We would like to work with algebras A that are infinite
direct sums of objects in C, and thus may not be objects of C itself. The most natural
setting for this is the direct sum completion of the (ribbon) category C as in [AR]. The idea
is to construct an extended category Cq whose objects are direct sums €, ¢ X, of objects
in C, where S is an arbitrary index set, and whose morphisms f : @, ¢ X; = @, Y: are
such that for any s € S, f|x, maps to @, Y¢ for some finite subset 7" C T'.

It was shown in [AR] that if C is a tensor category, possibly with additional structure
such as braiding, then Cs can be naturally endowed with the same structures, essentially
defining all structure isomorphisms “componentwise.” Moreover there is a braided monoidal
functor C — Cs which is fully faithful, that is, bijective on morphisms. In effect, if we start
with a braided tensor category C with a balancing isomorphism, we can enlarge it to contain
arbitrary direct sums.

There are three caveats:

(1) First, if C is abelian, then Cg is not in general abelian. However, this complication
does not arise if C is semisimple, since in this case Cq is the category of arbitrary
direct sums of simple objects in C, which is closed under subobjects and quotients
(see for instance [Ja, Section 3.5]). More generally, one could work with the smallest
category that contains C and is closed under direct sums, kernels, and cokernels;
however, we will not need this here.

(2) Second, we will be working with representation categories of vertex operator alge-
bras, where morphism spaces Hom(X; ® Xs,Y) are naturally isomorphic to spaces of
intertwining operators of type (lexg)' We will need this same correspondence to hold
in the direct sum completion.

(3) Third, even if C is rigid, one can not define a coevaluation on Cq. However, for our
purposes, we will only need a contragredient functor on a subcategory of Cg, as we
now explain.

Assume that C is a semisimple tensor category with a contragredient functor. Let Cém
denote the full subcategory of Cs; whose objects contain any simple object in C with at
most finite multiplicity. Note that Cé;m is not a tensor subcategory of Cs unless C has
finitely many equivalence classes of simple objects (in which case Cém = C). However, Cém
admits a contragredient functor in a suitable sense. If X = €, ¢ X, is an object of Cé;m,
then so is X' = @, 4 X|, because the contragredient functor permutes the simple objects of
C. Moreover, if F': X = @,.¢Xs = Y = @,cr Y is a morphism in cl" we can define

F':Y"— X as follows: For any s € S, t € T, let Fys; : Xy = Y; denote the projection onto
11



Y; of the restriction of F' to X,. Then we define F’ by
F,|Y§ = ZFs/t
seS

To see why this sum is well defined, note that Y;, as an object of C, is the direct sum of
finitely many simple objects of C with finite multiplicity. Then since X is an object of Cém,
these finitely many simple objects can occur in only finitely many X, and so F; = 0 for all
but finitely many s € S.

Proposition 2.6. If C is a semisimple tensor category with a contragredient functor, then
there are natural isomorphisms

I'xy : Home, (X®Y,1) — Home, (X,Y’)
for X any object of Cq, and Y an object of Cém.
Proof. Suppose X = @, ¢ Xs and Y = @, Y;. Then because

X®Y = @ Xs @ Yy,

(s,t)eSXT

seS

we have natural isomorphisms

Home, (X®Y,1) = H Home (X, @ Yy, 1) 22 H Home (X, Y)).

(s,t)eSxT (s,t)eSxT

Now, for any tuple {Fs+}sester € H(s,t)ESXT Home (X, Y}) and s € S, we must have Fy; =0
for all but finitely many ¢ € T' since the finitely many simple objects occurring in X, can
occur in only finitely many Y/, given that Y is an object of CL™. This shows that in fact

[[ Home(X,,Y}) = Home, (X, Y),

(s,t)eESXT

as required. [l

The details of the definitions and structures in Cq are gathered in Appendix A. Since most
arguments in the following sections do not change when C is a semisimple ribbon category
and A is an algebra in Cq rather than in C, we shall frequently omit references to Cq.

2.3. Representation categories of an algebra object. Now we define representations
of an algebra in a tensor category and recall some important theorems from [KO], [HKL]
and [CKM]. From now on, we will assume that the tensoring functors X® e and e @ X for an
object X in a tensor category C are right exact (so that in particular, these functors preserve
surjections). This is needed to guarantee that the category of representations of an algebra
object, defined below, has a tensor product bifunctor.

Definition 2.7. Suppose that (A, ua,ta) is an associative algebra in C. Define Rep A to
be the category of pairs (X, ux) where X € Obj(C) and ux € Home(A ® X, X) satisfy the
following;:

(1) Unit property: Ix = pux o (ta @ Idx) : 1¢ @ X = X,

(2) Associativity: pix o (Ida ® ix) = pix © (pa ® Idx) o Aaax : A® (A® X) — X,
12



A morphism f € Hompgepa((X1, tix, ), (X2, pix,)) is @ morphism f € Home(X;, X2) such that
pix, © (Ida ® f) = f o ux,-

When A is commutative, we define Rep” A to be the full subcategory of Rep A containing
“dyslectic” objects: those (X, ux) such that pux o Rxa © Rax = px.

Note that Rep A is the category of left A-modules. One may define the category of right
A-modules analogously. It is easy to show that if (X, ux) is in Rep A, then (X, ux o Rxa)
and (X, px o R/K,lx) are right modules for the opposite algebras (A, ua o Raa, ta) and (A, ua o
R;y{m ta), respectively. Note that when A is commutative, both opposite algebras are equal
to A and the dyslectic modules X (objects of Rep’ A) are precisely those for which the two
right A-module structures on X coincide.

Clearly, (A, ua) is both a left and a right A-module, and an object of Rep’ A, when A is
commutative.

We have an induction functor

F :C — RepA

given on objects by F(W) = A®@W for objects W in C and on morphisms by F(f) = Ida® f
for f: W; — Wy in C. Note that if A is an algebra in Cq, we will still take C as the domain
of our induction functor to Rep A. Critically, the induction functor F satisfies Frobenius
reciprocity [KO, CKM], that is, it is left adjoint to the forgetful functor G from Rep A to
C: there is a natural isomorphism

Hompgepa (F(W), X) = Home (W, G(X)) (2.2)

for objects W in C and X in Rep A. Under this isomorphism, f € Homge,a (F(W), X) maps
to the composition

W 1eW 229 A gw L x
and g € Home (W, G(X)) maps to the composition

A@W 2% A X 25X,

When A is commutative, the category Rep A is a tensor category with tensor product ®a
and unit object A, and the subcategory Rep® A is a braided tensor category (see for example
[KO, CKM]). Since ®p is defined as the cokernel of a certain morphism in C, if A is an
algebra in Cg, we assume that C is semisimple to guarantee Cg is abelian. Crucially, the
induction functor is monoidal [KO, CKM], that is, there are natural Rep A-isomorphisms

le,WZ : ./T"(Wl X Wg) 1) F(Wl) ®/_\ .F(Wg) (23)

which together with the Rep A-isomorphism ra : F(1) = A are suitably compatible with
the unit and associativity isomorphisms in C and Rep A.

The following lemma in the case that C is rigid amounts to part of [KO, Theorem 1.15],
but here we assume only that C has a contragredient functor because we will need to apply
the result in Cg.

Lemma 2.8. If C has a contragredient functor and (X, pux) is an object of Rep A, then
(X!, puxr) is a right A-module, where py : X' @ A — X' is given by

pxr = Pxveax (ex o (Idx @ ix) 0 Axrax) -
13



Proof. To prove the unit property of ux/, we use the commutative diagram

-1
F)<’®A,)<

Home (X' ®@ A) ® X, 1)
Py Fo((Id} ®ta)ry, ©ldx) l

Hom¢(X' ® X, 1)

Home (X' @ A, X')
j Gr—Go(Idy/ ®LA)OT;/1

Hom¢ (X', X')

-1
Ty X

given by the naturality of I'. Applying both compositions to ux/, and then using the definition
of ux/, the naturality of the associativity isomorphisms, the triangle axiom, and the unit
property for X, we get

T (ke o (Idx @ 1a) 0 751) = Tylpa x (kxr) © (Idx @ 1a) @ Idx) 0 (r! @ Idx)
= ex o (Idx ® pix) 0 Ax' s x 0 (Idx ® ta) ® Idx) o (ry' © Idx)
= ex o (Idx ® pix) o (Idx ® (1a ® 1dx)) 0 Ayl x o (rg' ® 1dx)

ex o (Idx ® px) o (Idy ® (1a ® Idyx)) o (Idx ® Ix")

€x.

We conclude that
xr © (Idx/ (%9 LA) o 7“;,1 = Fx@x(@x) = Idx
as required.
To prove the associativity of ux:, we first use the commutative diagram

-1
1—‘X’®A,X

Hom¢ (X' ® A, X) Home (X' ® A) @ X, 1)
lFHFO((/I,X/(@IdA)@Idx)

Home (X' @ A) @ A) @ X, 1)

G—Go (,ux/ ®Ida) L

Home ((X' ® A) @ A, X')

—1
(X' @A)®A,X
_

given by the naturality of I'. Applying both compositions to ux and then using the definition
of ux and the naturality of the associativity isomorphisms, we get

F(_Xl’®A)®A,X(:uX’ o (ux: ®@1da)) = F>_<f1@<>A,x(/~LX’) o ((ux @ Ida) ® Idx)
= ex 0 (Idx @ pix) © Ax/p x © ((kx ® Ida) @ Idx)
= ex 0 (ux @ Idx) o (Idyga ® fix) © Axpaax: (2.4)
Now, the naturality of I" implies
ex o (px @ Idx) = Ty (Idx) o (ux @ Idx)
= Txiaax(Idx 0 pxr) = ex o (Idx ® pix) 0 Axiax-

Putting this back into (2.4) and using the naturality of the associativity isomorphisms, the
associativity of ux the pentagon axiom, the definition of uxs, and the naturality of I'; we get
F(_><1’<z<>A)®A,x(MX’ o (uxr ®1da))
= €x © (Idxl X ,LLX) o A;(’{A,X (¢] (IdX’®A X l,[/x> o A)_(/1®A,A,X
= ex o (Idx ® pix) o (Idx: ® (Ida ® pix)) o )Z’l,A,A®X ° "4)_(’1®A,A,X

= €ex ©o (Idx/ ® ,UX) o (Idxl & (,LLA X Idx)) O (Idxl ® AA’A,X) o A)_(/l?A7A®X o "4_’1®A,A,X
14



= ex o (Idx ® px) o (Idx @ (pa ® Idx)) o A>_<f1,A®A,x © (A)_(’l,A,A ® Idx)
= ex 0 (Idw ® fix) © Axa x © (Idx ® pia) ® Idx) o (Ax/s o ® Idx)
= Dxoax(tixr) © (Idx ® pa) ®@ Idx) o (Ass o © Idx)
= F(_><1'(g>A)<z§>A,x (pxr o (Idxr ® pa) o A)_(’I,A,A)'
Applying I'xgajeax to both sides, we conclude

pixi o (pixe @ Ida) = puxr o (Tdxr @ pa) 0 Ayiia a,
which is the associativity of px. U

Although in this paper we are mostly concerned with commutative algebras, we will prove
some results for superalgebras, which are associative algebras that in particular satisfy pa o
Ri’A = ua. For such an associative algebra, we have a single opposite algebra A°® =
(A, taoRan, ta). Thus in light of the preceding lemma and Proposition 2.6, we immediately
have:

Corollary 2.9. Assume that C is a braided tensor category with contragredient functor and
that either:

(1) A is an associative algebra in C, or

(2) C is semisimple and A is an associative algebra in Cém.
If pa o Ria = fia, then (A, ug, = pa o Raa) and (N, jy, = par o R;,I’A) are objects of
Rep A°P.

Now the following lemma in the case that A is an algebra in C is essentially a special case
of [KO, Theorem 1.17.3], but again we will need the result for algebras in CL":

Lemma 2.10. Assume that C is a rigid braided tensor category and that either:

(1) A is an associative algebra in C, or A

(2) C is semisimple and A is an associative algebra in Cé;m.
If pp o R,%VA = pa, then the morphism ¥ of Remark 2.2 is an isomorphism in Rep A from
(A, ) to (A™, pias- 0o Raas=+), where the right A°®-module structure pas= is obtained using
the left A°P-module structure s, on A*.

Proof. First observe that (A*™, pa« 0 Raa+) is indeed an object of Rep A because our as-
sumption jia 0 RE o = pa implies that (A%)P = A,

If A is an algebra in C, then 14 is an isomorphism in C because C is rigid. If on the other
hand A = @, _4 A is an algebra in Cém, then using the definition

ta = Lana-(ea 0 Raas),

where I'p o+ is the natural isomorphism of Proposition 2.6, together with the natural isomor-
phism

seES

Home, (A,A™) =[] Home(A, A;"),
(s,t)eSXS
we can identify a with the tuple

{587t¢A5}(5,t)€SXS S H Home (Asa AZ*)

(s,;t)eSxS
15



Now since C is rigid, each 1, is an isomorphism in C, and so ¥ is an isomorphism in Cg.
It remains to show that 1 is actually a morphism in Rep A. We need to show that

pias © Raax o (Ida ® 1a) = ¥a 0 pia.
By the naturality of the braiding isomorphisms and the assumption pa o RX A = [a, this is
equivalent to showing
pas= 0 (Ya ®1Ida) = Ya o pa 0 Raa
(that is, ¥a is a homomorphism of right A°°-modules). For this, we first note a general fact
about contragredient functors: if f : W ® X — 1 is a morphism in C, then 'y x(f) is the

unique morphism in Home (W, X’) such that ex o (I'wx(f) ® Idx) = f. This follows from
applying both compositions in the commutative diagram

Home (X' ® X, 1)

Home (X', X)
FHFo(F(f)@Idx)l LGHGOF(JI)

HOII]C (W & X, 1) HOIHC (W, X/)

to ex = F)_(%X(Idxl). In the cases T'wx(f) = pa~ and Dwx(f) = ¥a, we see that pa« :
A*™ @ A — A** is the unique morphism such that

ear 0 (piae ® Ida+) = ea= o (Idaw @ pif.) © Axl g a-
and ¥ : A — A* is the unique morphism such that
eas © (Yo @ Idax) = ep 0o Raa-

Using these relations together with the naturality of the associativity isomorphisms, we
obtain the commutative diagram

A hax .
A A) @A — 2 Ao (A AY) — T Ao (A @ A)
j (notaweidy lsz@IdA@A* wA@M

(A" & A) & A* 278 pw o (o A) IR p o e i A) A A"
Ak * ®IdA* IdA**®/‘/A* 1d M jR .
\\ \ Ax* Q La* wA®IdA* AA

A™ @ A* @ A" A* @ A

Ep*
Ep* -
1

Now we can use the naturality of the braiding isomorphisms and the hexagon axioms to
rewrite the outer composition on the top and right sides of the diagram as

IdA®RA a* Apa* A

(A@A)@A*%A@(A@A*)—’>A®(A*®A);>(A®A*)®A

AL
Ra,ax®1da Aps an
—_—

(A" @A) @A 25 A @ (A A)

Idax ®Ra A
ATTRA,

A*"® (A®A)

(A* @A) @ A Llda p g p o

16
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Next we use the hexagon axioms to rewrite the first five arrows and use the relation
ep o (ILLA* X IdA) = ep O (IdA* X [LA) o AK*{A,A

to obtain

A @ (AR A) A A A A g

Raga,A*

(AR A) @ A* AN v o (A g A) JAERAA,

The naturality of the braiding now implies this is

Ra,a®Id 4= pA®Idpx
e

AR A)® A (A@A) @A L2 p g pr TAN A p 2

which is Ty . (¥a) o ((11a © Raa) ® Idas).
Our calculations have now shown that
ea- © (piare © (ha @ Ida) @ Idax) = Ty ae (¥a) © ((ta © Raa) ® Idas)
= FXéA,A* (A o pia 0o Raa),
where we have used the naturality of I' for the second equality. Applying I'agaa« to both
sides then yields the desired equality pia« o (1)a ® Ida) = 1ha © pua 0 Raa. L]

The main reason we need the preceding lemma is the following corollary:

Corollary 2.11. Assume that C is a rigid braided tensor category and that either:

(1) A is an associative algebra in C, or

(2) C is semisimple and A is an associative algebra in Cém.
If pa o ’R%,A = pua and A is simple as an object of Rep A, then (A*, ua+) is a simple right
A-module.

Proof. We need to show that any right A-module inclusion (equivalently, Rep A°P-inclusion)
1 : X — A* is either 0 or an isomorphism. In fact, the cokernel ¢ : A* — cokeri is also
a morphism in Rep A°P (see for instance [KO, Lemma 1.4] or [CKM, Theorem 2.9]). It is
straightforward to show that the dual

¢ : (cokeri)® — A™

is then a right A°®-module homomorphism (equivalently, a morphism in RepA), and it is
injective. But A** is simple in Rep A since it is isomorphic to A. Therefore ¢* is either 0 or
an isomorphism, and the same then holds for ¢ and . 0]

2.4. The center of a tensor category. The center Z(C) of a tensor category C is an
important construction we will use for studying the commutativity of algebras in C.

Definition 2.12. Let C be a tensor category. The center Z(C) is the category whose objects
are pairs (X,7*) where X € Obj(C) and Y = {75 : M@ X = X®@M | M € C} is a family
of isomorphisms in C, called a half-braiding, that are natural in the sense that

[0
M® X X®M
f®1dxl LIdx@f
n
N ® X X ® N.

17



commutes for all f in Hom¢ (M, N) and such that

X
YOZ)oX — . Xa((Y®2)
./4\(7/' w
Y ® (Z®X) XeY)®Z (Hexagon 1)
m %
Y®(X®Z) — (YoX)®Z

commutes for all objects Y, Z. A morphism in Z(C) from (X,7*) to (Y,~Y) is a C-morphism
f from X to Y satisfying commutativity of the following diagram for all M € Obj(C).

MoX— My (2.5)
w,{jl lm
XoM—2 _ve M,

We have a forgetful functor Z : Z(C) — C with Z(X,~+*) = X for an object (X,+*) and
Z(f) = f for a morphism f.
A basic property of half-braidings that we will use is the following:

Lemma 2.13. IfyX is a half-braiding, then 7 = ry' o lx.

Proof. Using the naturality of vX, Hexagon 1, and properties of the unit in C, the following
diagram commutes:

1®X i X®1
////ji%i/Tﬂszj;Ide Idx®(h71)] ‘&\\\\\\Iigi\\\\
1o (1eX) —  GeheX—2 Xxelel)—2" “Xel) ol
\ /
Id1 ®7% & (X®1) Asxa 1oX) o1 X ®Idy
That is,
7 =rxe1o(7F ®1dy) o Ay x 10 (Idy ®15) o I3y
=13 0 T1ex 0 A1x1 0 Ixh; 01
using also the naturality of the unit isomorphisms. So
7} = Ixg1 © Ai;,l 0 Tiax = lxg1 0 (Idy @ ry') = ry’ olx,
by properties of the unit isomorphisms. O

The center is a tensor category with tensor product
(X7 @ (Y, 7)) = (XY, YY), Y= Axvae (Idx @ 77) ALy (Y @ 1dy) Asxy.
(2.6)
18



The definition of v*®Y is precisely saying that the diagram

XQY
Mo (X®Y) —2 (X2 Y)®M
y 'A;,lY,M
M X)®Y X® (Y®M) (Hexagon 2)
W %@my
XeM) gy ——Xa (MaY)
X,M,Y

commutes for all objects M in C. The unit of the center is 1z() = (1¢, r~tol) with r and [
the right and left unit constraints in C.

The two commutative diagrams (Hexagon 1 and 2) together with the naturality of half-
braidings ensure that for objects (X,7*) and (Y,~Y) in Z(C), the C-isomorphism

Rixr. ) =%t (X@Y, ) = (Y @ X,7¥)

is actually a morphism in Z(C) and defines a braiding on the center. If C is already a braided
tensor category, then we have two tensor functors from C to Z(C):

F: X (X, Rex), fr=f and  F: X (X, Ry, [ f.

Note that composing either F or F*¥ with the forgetful functor Z : Z(C) — C yields the
identity functor on C. In fact, F is an example of a central functor structure on Ide. In
general, a tensor functor F : C — M where C is a braided tensor category is a central
functor if there is a braided tensor functor G : C — Z(M) such that the diagram

C - M
SN A
Z(M)

commutes. In the above example, F** is a central functor structure on Iderev, where C™V
equals C as a tensor category but has reversed braidings: RyY, = R\?,lx'

We can slightly generalize the above central functor structures on the identity of a braided
tensor category in the following way. Suppose we have a fully faithful tensor functor F : C —
M., with C braided, so that F is an equivalence of tensor categories between C and F(C) (the
full subcategory of M consisting of objects isomorphic to some F(X) for X an object of C).
Then we can choose a functor 7' : 7(C) — C and natural isomorphisms 7 : Idzcy — F o F,
h: F' o F — Idc which satisfy

"r(hx) = 77]_:(1x)
for any object X in C (see for instance the proof of [Ka, Proposition XI.1.5]). Then F : C —
F(C) is a central functor with extension G : C — Z(F(C)) defined as follows:

G+ X (F(X), "), f e F(f)
where for an object Y of F(C), 7o *) is the composition
Ny ®Idz(x) =
—

F(F(Y)) @ FX) = F(F(Y)®X)
19
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F(Rzrevy,x) dx@ny
— 2% —

FX@F(Y) S FX) @ FFY)) - FX)®Y.

The tensor functor F : C* — F(C) is also central with a braided extension given by

grev X (]:(X), (,yrev)}‘(x))7 f — ]_-(f)7

)

where (fyre")f(x) is defined similarly to 13 %, except that we use Ry (v instead of Rz/(v)x.

Definition 2.14. Given a braided tensor category C, and a full braided tensor subcategory
B, the centralizer B’ is the full subcategory of C such that X € Obj(C) is an object of B’ if
and only if RY,X 9] ’R,x,y = IdX®y forall Y € ObJ (B)

It is easy to see from the hexagon axioms that B’ is a braided tensor subcategory of C.
The following proposition is essentially [Mii, Proposition 7.3]; although it is only stated there
for fusion categories, it is clear from the proof that no finiteness or semisimplicity conditions
are necessary.

Proposition 2.15. Let C be a braided tensor category and suppose F : C — M is a fully
faithful tensor functor. Then with the braided tensor functors G : C — Z(F(C)) and G™ :
Cv — Z(F(C)) defined as above, we have

g(c)/ — grev(crev) and grev(crev)/ — g(c)'
Proof. An object (F(X), g7 X)) of Z(F(C)) is an object of G(C)' precisely when

F(X) FY) _
Irv) © Trx) = ldrx)erey)

for all objects Y in C. Since g™ is natural, this occurs precisely when, for all objects Z in

F(©),

(X) F(F(2))

% = (1drx) @77") Og]]::(]?/(z)) o (2@ 1drp) = (Idrp @7 ') o (Ve )~ o (nz @1dz(x)).

f
gz

X)

By definition, this means g? is the composition

NzONF(x)
) ——

Z® F(X F(F(2)) © F(F(F(X) = F(F(2Z) @ F(FX))

FRZ}

—1 —1
FIFX),F (2) Nrx) &Nz
_

» F(F(F(X) ®@ F'(Z)) = F(F(F(X) ® F(F(2)) FX)®Z.

However, because n;(lx) = F(hx) and because the central isomorphisms in the composition
F(X) .

are natural, we actually have g7 "’ equal to the composition

IO F(F(2) © F(X) S F(F(Z)©X)

-1 -
]:(RX,}'/(Z)) dx®771 !
— s

F(X® F(2) 3 FX) @ F(FQ2)) -

Z® F(X)
FX)® Z,
which is precisely (’yrev)i(x). This shows that G(C) = G*¥(C™), and the proof that

Grv(Cv) = G(C) is the same. O
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3. FROM BRAID-REVERSED EQUIVALENCES TO ALGEBRAS

In this section we construct the canonical algebra associated to a tensor category C, paying
close attention to the assumptions on C needed to ensure the existence and commutativity
of this algebra. In particular, we will see that when C is rigid, braided, and semisimple but
has infinitely many equivalence classes of simple objects, then the canonical algebra may be
constructed in Cg.

3.1. Associative algebras. For this subsection, we take C to be an F-linear (abelian) tensor
category, not necessarily braided or finite, where F is a field. (For our purposes in this paper,
we may take F = C.) We will construct associative algebras in C associated to a C-module
category M. Although this construction seems to be well known (see for example [EGNO,
Exercise 7.9.9]), we could not find a complete proof in the literature.

Recall that in a C-module category M we have natural associativity isomorphisms

Ax, xom 1 X1 @ (X @ M) = (X1 @ Xo) @ M.
for X1, Xs € Obj(C),M € Obj(M). For every pair Mj, My € Obj(M), we have a contravariant
functor
Omy M, 1 C — Vecr
X = Homy (X ® My, M) for X € Obj(C)
fr=(g—go(f®Ildw,)) for f & Home(X,Y),g€ Hompy(Y @ My, My).
Assume that Gy, m, is representable, which means that there exists Hom(My, My), perhaps

in a suitable completion of C, called the internal Hom of M; and My such that there are
natural isomorphisms

Ax (M1, My) : Homy (X @ My, My) —— Home (X, Hom(My, Ms)) . (3.1)
So, for f: X =Y with X, Y € Obj(C), we have the following commuting diagram:

Homm (X @ My, Mz) 2 Home (X, Hom(My, My))
gHgo(f@IdMl)T ]h>—>hof
Homu (Y ® My, My) —Y~ Home (Y, Hom(M;, My)) .

Remark 3.1. By [EGNO, Corollary 1.8.11, Section 7.9], Gu,.m, is representable if C is a
finite (multi)tensor category. If C is not finite, then [EGNO, Section 7.9] states that internal
Homs still exist as ind-objects of the completion ind — C. In the setting of vertex operator
algebras, certain internal Homs were constructed in [Li2] as weak modules (and thus not
necessarily objects of C itself).

Fix an object M € Obj(M) and abbreviate Ax := Ax(M,M) and A := Hom(M, M). For
i = 1,2,3, we will be using the notation ¢; for a morphism in Homy, (X; ® M, M), where
X; € Obj(C). For Xy, Xy € Obj(C), we have a linear map

Uxy Xy - HOII]M (X1 X M, M) QQr HOIHM (Xg & M, M) — HOIIIM ((Xl ® Xg) & M, M)

under which ¢; ®p @9 is sent to the composition

-1
X1:X2,

2 X @ (X @ M)

A Id
(X1 ®X3) @M e,
21
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Then the natural family of isomorphisms {Ax} induces a natural family of linear maps
ix, x, © Home (X;, A) ®r Home (X2, A) — Home ((X; ® X3), A),
A (1) ©F Ax, (92) = Axiaxa (%, (91 OF 02)).-

Note that v is a natural transformation of contravariant bifunctors M x M — Vecp and p is
a natural transformation of contravariant bifunctors C x C — Vecp. By definition, we have:

AX;@Xa O UXy Xa = HXy Xa © (Ax, ®F Ax,)- (3.2)
Consider the diagram

—1
Ax | X x5 @ldm

(X1 ®@X2) @ X3) @M (X1 ® Xy ®X3)) @M
A;11®X2»X37Ml lA)zll,X2®X3,M
(X @ X3) ® (X3 @ M) X1 @ ((Xe @ X3) @ M)
Aill,x2,><3®M =
IdX1®X2 ®‘p3l \ lldxl ®-Ax2,x37|\/|
(X1 ®Xg) ® X1 ® (Xg @ (X3 @ M))
k A‘in@‘PS
X1 ® (Xo @ M)
<p10(1dx1®s02)l
M

which commutes due to naturality of associativity and the pentagon axiom for M. By
naturality of both A and associativity we then have the corresponding commutative diagram

—1
‘AX1,X2,X3

(X1 ® Xy) ® X3 X1 ® (Xo @ X3)
(3.3)
LHS(¢1,92,¢3) RHS(p1,92,¢3)
A
where (leaving out identity morphisms for readability)
LHS(¢1, 2, 3) = A(Xy @X2)@X3 (901 © 2030 Aill,x%xg\,@)m o >?11®x2,x3,|v|)
= A(X,0X2)®X3 (901 op20 Aill,xz,m w30 A>?11®x2,x3,wl) ’
RHS(SOl? P2, 903) = )‘X1®(X2®X3) (901 O P20@30 A)_(gl,Xg,@M © )_(11,X2®X3,M> :

We now define

m = UAA (IdA Xc IdA) = /\A®A ()\Xl(IdA) o )\Xl(IdA) e} ‘AX,%A,M) . (34)
Given any f; : Xy — A and f5 : X9 — A, we get the following commuting diagram:
Hom(X; ® Xo,A) Hom(A ® A A) (3.5)

HXq Xo ] MA,AT

Hom(X;, A) ®r Hom(Xs, A) <— Hom(A, A) ®r Hom(A, A)
22



Tracing the image of [da®rlda € Hom(A, A)®@rHom(A, A) gets us the following commutative
diagram:
Bxq o (f1®c f2)

X1 @ Xy (3.6)

S~ A

A A
Taking X1 = A® A, Xo = A, fi = m, fo = Ida, this diagram implies that
mo (m® Ida) = pagan (M @p Ida)
= pazaa (Aaza (Ax' (Ida) 0 AR (Ida) 0 Axs ) ®r Ida)
= Aaanen (Aapa (Msa (A3 (Ida) 0 A3 (Ida) 0 AX,IAM)) o A4 (Ida) 0 AK;@A,A,M)
= Aasajea (A (Ida) 0 Ay (Ida) 0 A/:,IA,M o Ax'(Ida) o A;éA,A,M)
= LHS(A' (Ida), A2 ' (Ida), Ay (Ida)).-
Analogously

m o (Ida ® m) = pia aga (Ida ®r m)
= pansa (Ida @ Aaga (Ax' (Ida) 0 AR (Ida) 0 Axa )
= Mapaen) (Aa' (Ida) 0 Ay (Ida) 0 Ay (Ida) © 'A;,lA,M © AK}A@A,M)
= RHS(A;' (Ida), Ay (Ida), AR (Id.a)),
so that this computation together with (3.3) implies that all triangles of the diagram com-

mute:

71

(AR A)® ® (A®A)

m®IdA IdA®m

A A (3.7)

with LHS = LHS(A;'(Ida), Ay (Ida), A" (IdA)), RHS = RHS(A,'(Ida), Ay (Ida), AR (IdA))-
Thus the multiplication m : A® A — A is associative.

The natural candidate for a unit morphism is ta : 1 — A'is A1 (lm) , where [y : 1@ M — M
is the left unit isomorphism for M. We have:

mo (1a ®1Ida) = p1a(ta @ Ida) = Adga (AL (A1(lm)) 0 AR (Ida) 0 AT p )
= )\1®A (lM o >‘A (IdA) o 1,A,M) = )\1®A ()\A (IdA) o (lA X IdM)) =Idpols = lA, (38)

where the first equality follows by (3.6), fourth by properties of unit isomorphisms and fifth
by naturality of \. We conclude

Theorem 3.2. Let C be a multitensor category, M a left C-module category, and M an object
of M such that the functor Guwm is representable. Then with the natural isomorphisms A
defined by (3.1), A := Hom(M, M) together with left unit tn = A1(Im) and multiplication
m = Aawa (Ax' (Ida) 0 Ay (Ida) 0 Axa ) s @ left-unital associative algebra in C.
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3.2. Commutative algebras. Now taking C to be a braided tensor category, we will find
conditions under which the algebra A of the previous subsection is commutative. For this,
we will take M of the previous subsection to be itself a tensor category with tensor unit 1,
and we will consider the algebra A = Hom(1 ¢, 10/).

We assume there are natural associativity isomorphisms

Ax vy My 1 X @ (Mg @4 My) = (X @ My) @pq My (3.9)

for objects X € Obj(C) and M;,My € Obj(M), and that all associativity and unit iso-
morphisms are compatible in the sense that all triangle and pentagon diagrams commute.
Let

F:C—= M, X=X®1pm

be the induction functor, which is in fact a tensor functor with functorial isomorphisms
F(Xi ® Xa) = F(X1) ® F(Xo)

given by the composition

Idx, ®ly

A71 1 1
(X1 @ Xp) @ Ly —222M5 X0 @ (Xo @ 1) ——22M X0 @ (1 @ (Xo @ 1))
AX1,1 04, X2 81 0

(X1 ®@1m) @ (X2 ® 1um).

Assume that F is a central functor, so that there is a braided tensor functor G : C — Z(M)
such that 7 =Z o G, where Z : Z(M) — M is the forgetful functor.

The following theorem is [DMNO, Lemma 3.5], but we add details and observe that neither
finiteness nor semisimplicity is needed in the argument:

Theorem 3.3. In the setting of Theorem 3.2, assume that M is a tensor category, the
natural associativity isomorphisms (3.9) exist, and that the functor Gy,,1,, of the previous
subsection s representable. Assume in addition that C is a braided tensor category and
induction F : C — M is a central functor. Then the multiplication on A = Hom(1, 1)
18 commutative.

Proof. We need to show that the multiplication map m € Hom¢(A ® A, A) is commutative.
Recalling that

m = Aga (Ax'(Ida) 0 Ay (Ida) 0 Axh s, ) 5

we consider the image of m under Ay}, in Hom (F(A® A),1). By naturality of Aaga we
have that

Mea(m 0 Raga) = Aaga(m) © (Raga ® Idiy,) = Aaga(m) o F(Raga),
so we must show that Ayl (m) = Agga(m)oF(Raga). To show this, we will use the diagram

~ A l(1da)®Id Idy ,, ®@A; 1 (Id
FAQA) —=FA) @ FA AT, @ F(A) -2 a 1)

j}-('RA,A) jv;gﬁ)) l’?ﬂj)
Id 7 (a) @A, ' (Ida)

FA®A) —= F(A) @ F(A) 222 L F(A) @ 1y

The left square commutes because F lifts to the braided tensor functor G and because the
braiding isomorphism R z(a) 7@ (7(a),7a) in Z(M) is given by 7;((:‘)) . The square in the
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middle commutes by the naturality of v/ and the pentagon commutes by Lemma 2.13
and naturality of the unit isomorphisms.

Because l1,, = r1,, we now see that it suffices to show that )\;éA(m) is given by the top
(equivalently the bottom) row of the diagram. Since by definition

Maa(m) = A (1da) o (Ida @ A3 (Ida)) 0 Ag a4,

this will follow from commutativity of the diagram

Ay Tda@A5L(1d Azl(d
]:(A(X)A) A,A,MA®f(A) A®A, " (Ida) ]__(A) A (Ida) 1y
~ TN TT}'(A) 1 T
- Id 7 n) @Ay L (Ida) AL (Ida)®1dy
F(A) @ F(A) — s FA) @ Ty 2 1y @ L

In fact, the right square commutes by naturality of the unit isomorphisms, and recalling the
definition of the functorial isomorphism F(A ® A) — F(A) ® F(A), we see that the triangle
commutes if the vertical isomorphism is (Ida ® lag1,,) © A;}lM, Aol Lhen commutativity
of the square in the middle follows from the commutative diagram

—1

Aty IdA®!
A®1a) @ (A 1y) A 0 (1@ (AR 1y) ———2 AR (A® 1u)
lIdA@,lM @Ay H(Ida) LIdA®(Id1M @Ay ' (Ida)) LIdA@)/\Al(IdA)
A/:,11M,1M Ida®l1 y,

(A® 1) @ 1 A® (1y ® 1) A ® 1

together with the unit triangle constraint

(IdA ® llM) © A;,]iM,lM = (IdA ® T]-M) © ;,]iM,lM = TA®1M'

This completes the proof that m o Raa = m. 0

3.3. Canonical algebras. We will now construct commutative algebras more concretely:
we will see that what is called the canonical algebra associated to a suitable braided tensor
category is always commutative.

Definition 3.4. Let C be a monoidal category. The opposite category C°P is the same as
C as a category but has monoidal structure

X®op Y =Y ®X,
associativity isomorphisms AR, ; = A7} y, and unit isomorphisms " = rx, 7% = Ix.
By [EGNO, Example 7.4.2], a multitensor category C is a module category for the Deligne
product C X C°? with module map
XKRY)®Z:=X®RZ)QY.
If we assume in addition that C is braided, then C°P also has a braiding given by
Ry = Ryy : X @op Y =Y @y X.

Recalling the braid-reversed category C*V from Section 2.4, the identity functor on C gives
a braided tensor equivalence between C*" and C°P, with functorial isomorphisms

’R’\?}X : Idc(x & Y) — Idc(X) ®0p Idc(Y)
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Thus we may view C as a module category for either C XIC°? or C XIC™". In this setting, the
natural associativity isomorphism

AX&Y,Z:{,ZQ : (X X Y) ® (Zl & ZQ) — ((X X Y) X Zl) X 22
amounts to an isomorphism
XR(Z1®Zy)) @Y = (X®Z1)®Y)® Zy,

which is given by an appropriate combination of associativity isomorphisms together with
Ry,

To see that the induction functor F : CXKC™ — C is a central functor, we note that F is
naturally isomorphic via the unit isomorphisms to the functor

XRY »X®Y, fRg— f®g

That is, F amounts to the extension to C X C" of the identity functors from C and C™ into
C, both of which are central functors lifting to Z(C) via X — (X, Rex) and Y — (Y, R;l.),
respectively. Since the images of these two functors in Z(C) centralize each other (recall
Proposition 2.15, or [Mii, Proposition 7.3]), the extension to C X C™" is also central. To
be more specific, F lifts to the functor G : C K C* — Z(C) given on objects by XXY —
(X ®Y,7*®Y) where 15®Y is given by the composition

Rz x®ldy
e

Zo(XoY) 22 ZoX) oY X®Z)®Y

1

Ax Idx®Ry >
N D (ZRY) SR X @ (YR Z) Y (XeY)® Z,

as in (2.6).
It now follows from Theorem 3.3 that if the functor G, 1 : CRIC™ — Vec given on objects
by
XKY — Home (X®1)®VY,1) 2 Home (X® Y, 1)

is representable, then A = Hom(1,1) is a commutative associative algebra in C X C™. We
have two situations in which Gq ; is representable. First, recalling Remark 3.1, this holds
when C is a finite (in particular, rigid) braided tensor category. Secondly, when C is not
necessarily finite or rigid but is semisimple and has a contragredient functor, then Gy 1 is
representable if we replace C and C XIC™" with their direct sum completions. In this case we

can take
A= @ X' X X
XelIrr(C)

where Irr(C) is a set of equivalence class representatives for the simple objects in C. Note
that when C has infinitely many equivalence classes of simple objects, then A is not an object
of C X C™ but is an object of (C X Crev)gn. For the braided tensor category structure on
such completions, we refer again to [CGR] and especially [AR]; see also Appendix A.

To describe the algebra structure on A more concretely, let us assume C is rigid and take
simple objects X, Y of C. We would like to determine the Z € Irr(C) for which m((X* XK X) ®
(Y*KY))N (Z* K Z) # 0. We first observe that by the definition of m and the naturality of
>\7

m\(x*&xm(v*&v) = AX*RX)@(Y*RY) ()‘Z\@lgA(m)’((X*®X)®(Y*@Y))®1) :
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The morphism inside parentheses here is the right-side composition in the diagram

(ix®iy)®1d1

(X*EX) @ (V*RY)®1

A®A) ®1

Ao |45
(x*&x)®((Y*&Y)®1)MA®(A®1)
Ldysjax @Ay gy (i) lIdA@@AAl(IdA)
(X*RX)® 1 ol A®1
A (ix) 3 )
1

where ix and 7y represent the obvious inclusions. The diagram commutes by naturality
of associativity and A. Moreover, because A\ is an isomorphism, /\;}&X(ix) is a non-zero
morphism in

Home((X*® 1) ® X, 1),

a one-dimensional space spanned by

dy : (X" ®1) @ X X2 xr g X 251,

where ey is the evaluation morphism. Hence Aifgx(ix) = axdx for some ax # 0, and similarly
AN gy (iv) = aydy for non-zero ay.
From this discussion, it follows that

| (x-mx)@(vmy) = axay Axex)eray) (dx © (Idxeax @ dy) o Axlmy yvemy 1) »
and now the morphism inside parentheses is a morphism from
(X*KX)@(Y'RY)@1l=((X"9Y )R (X®,Y)@1=(X"2Y)®1) e (Y®X)

to 1. In fact, we can identify X* ® Y* = (Y ® X)*, and then this morphism is simply
dygx = eyexo(rx-gy+ ®Idygx) (see for instance [BEK, Tu, EGNO]). Now since C is semisimple,
we have an isomorphism Y ® X = @, _, Z; where the Z; are simple objects of C and [ is a
finite index set. Under this isomorphism, dygx is identified with the direct sum of the dz,
which in turn is identified with non-zero multiples of the inclusions Z7 ® Z; < A under Az,.
Hence under the natural isomorphism

Homegerer (X*RX) @ (Y*RY),A) = [ [ Homemerer (Z; K Z;,A)
1,5€l
m|x=mx)e(v+xy) is sent to the product over i € I of non-zero multiples of the inclusions of
Z; X Z; into A. We conclude that Z* X Z is included in m((X* X X) @ (Y* X Y)) precisely
when Z occurs as a direct summand of Y ® X (or equivalently X ® Y since C is braided). A
slightly different explanation for this observation is given in [EGNO, Example 7.9.14].

We have shown that if C is rigid, then the multiplication rules of A satisfy M§I§§,Y*®Y =1
if and only if Z is a summand of X® Y. We can use this to show that A is a simple algebra:
suppose | < A is a non-zero ideal of A. Because A is semisimple in (CXC™)g and all simple
subobjects of A occur with multiplicity 1, any subobject such as | is also semisimple and

a direct sum of certain X* X X. For such X, we have X = X** because C is braided (recall
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Remark 2.2) and therefore MyZlpy. y-gx = 1. This means 1X1 C |, and then My 5 15y = 1
for any Y € Irr(C) implies | = A.
We summarize the results of this section:

Theorem 3.5. Let C be a (not necessarily finite) semisimple braided tensor category with a
contragredient functor. Then
A= P X®X

Xelrr(C)
is a commutative associative algebra in (C X Cre")g". If C is rigid, then A is simple and for
simple objects X,Y,Z of C, the multiplication rules are given by MZ:§>Z(7Y*@Y* =1 1f and only
if Z 1s a summand of X®Y.

Definition 3.6. The algebra constructed in this subsection is called the canonical algebra
in CXIC™ (equivalently, in C X CP).

Remark 3.7. Since commutative algebras are preserved by braided tensor equivalences, we
can restate Theorem 3.5 as follows. Let C be a semisimple braided tensor category with a
contragredient functor, and suppose 7 : C — D is a braid-reversed tensor equivalence (so
that 7 : C*" — D is a braided equivalence). Then

A= X' & 7(X)
Xelrr(C)

ém, and if C is rigid, then A is simple.

is a commutative associative algebra in (C X D)

4. FROM ALGEBRAS TO BRAID-REVERSED EQUIVALENCES

In the previous section, we showed how to construct a commutative associative algebra
from a braid-reversed tensor equivalence. In this section, we consider the converse problem:
given a simple algebra A in the Deligne product of two braided tensor categories, obtain a
braid-reversed equivalence between the two factors of the Deligne product. Such a braid-
reversed equivalence was obtained in [Lin] under the strong assumptions that the two braided
tensor categories are modular (in particular, finite) and that Rep A is semisimple. Here we
obtain the equivalence without any finiteness assumptions and without any semisimplicity
assumption on Rep A.

4.1. Mirror equivalence. In this section, we work in the following setting:

(1) U is a (not necessarily finite) semisimple ribbon category, and {U;};cs is a subset of
distinct simple objects in U that includes 1. We use the notation Uy = 1.

(2) V is a ribbon category. In particular, both ¢ and V are rigid.

(3) We have a (commutative, associative, unital) algebra

A=EPM;=EPU RV,
i€l el
inC=UNXY, or Cg if [ is infinite, where the V; are objects of V, not all assumed to

be simple, with Vo = 1. Thus Mgy = 1;; K 1), = 1, which we will denote by 1.
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(4) The tensor units 1;; = Uy, 1, = V form a mutually commuting (or dual) pair in A,
in the sense that

dim HOle,{ (Uo7 Uz) = 51'7() = dim HOIHV (Vo, Vz) .

Note that the first equality is automatic because the U; are simple and distinct.

(5) There is a partition I = I° T of the index set with 0 € I° such that for each i € I7,
7 = 0,1, the twist satisfies Oa|m,, = (—1)’Idpy,,. In particular, 03 = Ida.

(6) Finally, A is simple as an object of Rep A.

Note that although we are not assuming C = U XV is semisimple or finite, the conclusion
of Proposition 2.6 still holds for the cases Y = A, A* because we are assuming U is semisimple
and the U; are distinct. This means that we can use Corollary 2.11 together with the final
assumption on A to conclude that A* is also simple as a right A-module (and in fact simple
in Rep A since A is commutative).

As a consequence of the assumption that 1;; and 1y, form a dual pair in A, we have

Home, (1,A) = @ Home (1 ¥ 1y, U; K V;)
iel
= @ Homu(lu, Uz) QF Homy(lv, VZ)
iel
= HOHIC(]_, UO X \/0)7

which is the one-dimensional space ' = End¢(1). Thus we may take ¢a to be the canonical
injection of 1 = Uy XK'V into the direct sum. We then define 5 : A — 1 to be the canonical
projection with respect to the direct sum decomposition of A, so that ep o 1a = Id;.

Let Un C U and Vo C V denote the full subcategories consisting of objects isomorphic
to direct sums of objects appearing in the decomposition of A, that is, of the U; and V,,
respectively. Our main theorem will be a braid-reversed tensor equivalence between Up and
Va, although we have not yet shown that they are tensor categories. The key idea is to use
the induction functor F : UKV — Rep A to identify Up and Va with a common subcategory
of Rep A. More specifically, we will use the two tensor functors

Fu:U — RepA Fvy:V — RepA
X = FXKX1y) Y — F(1uy®Y)
[ = F(fXIdy,,) g +— F(Idy, Xg)

First we show that F;; and Fy are fully faithful, so that &/ and V are tensor equivalent to
subcategories of Rep A:

Lemma 4.1. The functors Fy and Fy are fully faithful.

Proof. We prove that J, is fully faithful; the proof for Fy is the same (in particular, the
proof does not use semisimplicity). We need to show that for any objects X;, Xy in U, the
linear map

]:1/{ : HOIHU (Xl,XQ) — HOHlRepA (A X (Xl X 1V)7A & (Xg X 1y))

is an isomorphism. We first observe that since in the Deligne product C = U XV we have
the isomorphism

HOHlu (Xl, Xg) QF HOIIlV (1y, ].y) i) HOIHC (X1 X 1];, XQ X 1V>
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given by f ®r g — f X g, and since Homy (1y,1y) = FId,,, it is sufficient to show that
F : Home (X1 X 1V7X2 X 1\;) — HomRepA (A ® (Xl X ]-V)a A® (XQ & 1v))

is an isomorphism.
We show that F is an isomorphism by constructing an inverse: given F': A® (X; X 1y,) —
A® (Xy ®1y) in Rep A, we define G(F) : X; K1), — X5 X 1y, in C to be the composition

LA®IdX1

AR (X K1) D A® (X K1)

l71
X181y,

Xlﬁly————):l@()(l&l\/)

1d l
T @ (X B 1y) —2Y X, K 1.

For f € Home (X X 1y, Xy X 1)), it is easy to see that G(F(f)) = f: in fact, G(F(f)) is the
composition

It o !
X, K1y 2% 1@ (X, K1) 2% 1 0 (K1) 222 X, ® 1.
Using ea o ta = Id; and the naturality of the left unit isomorphisms, this reduces to f.

On the other hand, given F' : F(X; ® 1y) — F(Xe ® 1y) in RepA, F(G(F)) is the

composition

IdA®(LA®IdX1‘g1V

1da®ly gy )
A® (X K1) — % A g (1@ (X B 1y)) s A® (A (X K1)

lda®(ea®ldx, w1y,

RS A® (A® (X B 1y))

L A® (1@ (X K1)

ITheE A g (X B ). (4.1)
We first use the triangle axiom, the right unit property of A, and the naturality of the
associativity isomorphisms to rewrite
Ida ® Ix,m1, = (ra ® Idx,m1,,) © Aa1xm1,
= (pa W Idx,m1,) © ((Ida ® ta) ® Idx,m1,) © Aa 1 x.m1,
= (pa X Idx,m1,,) © Aaaxom1y, © (Ida ® (ea ® Idx,ma1,,))-
Thus (4.1) becomes

IdA®F Ida®((tacen)®ldx,m1,,)

A (XiX1ly) ——A® (A® (X;X1y))

ApA X R4,
N

AR (AR (XaX1y))
Id
(A®A) © (X K 1y) L5220 A 0 (X, K1) (4.2)

where F' = F o (ta ® Idx,m1,,)) © l;llmv. Now we use the assumption that 1;; and 1, form a
dual pair inside A to observe that

F € Home (X; K1y, A® (X; K 1y))

= HOIHC (Xl X 1)}, @(Uz X Vz) & (XQ X 1v)>

i€l

=~ P Home (X; B 1y, (U; @ Xp) B (V; @ 1))
i€l
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= @ HOHlu (Xl, UZ X X2) ®]F HOHIV (1]}, Vz)
il
= Homu (Xl, 1u & Xg) QQr HOHIV (1v, ]-V)
= HOI’HC (Xl X 1];, 1® (XQ X 1y>) .
In other words, the image of F inside A ® (Xo X 1y) is contained in ta(1) @ (X3 X 1y). Since
ta © p is the projection from A to ta(1) C A, it follows that ((ta 0 ea) X Idx,m1,,) 0 F' = F.
Consequently, (4.2) becomes

1da®ly sy Ida®(ta®1dy, s1
A®(X1&lv)&A®(1®(X1&1V)) nSn S bmy)

> AR (AR (X X 1y))

AAXoH1y,

A Id
1S A (A® (X, K 1y)) (A®A) © (X, K 1y) L2% A o (X, K1)

Now because F is a morphism in Rep A and because prx,m1,) = (#ta ® Idx,z1,,) 0 Aaax,®1,,
for i = 1,2, we get

IdA®(LA®IdX1Ilev

Al gy, )

A ®Id

MAEYL A@A) @ (X B 1y) Y A (X K 1y) D A® (X K 1y).
Finally, the naturality of the associativity isomorphisms, the triangle axiom, and the right
unit property of pa imply that this composition equals F', as required. 0

Now the following result is key for showing that Ux and Va are tensor subcategories and
Fu(Un) = Fy(Va). It was proved in [Lin] under the assumption that U, V, and Rep A are all
semisimple; but even if I/ and V are modular tensor categories, Rep A is not guaranteed to be
semisimple. By [KO, Theorem 3.3], Rep A is semisimple when A is a rigid algebra in C, which
by [KO, Lemma 1.20] means A is simple and dime A # 0. Here we remove the assumption
dime A # 0. Because the proof is lengthy and requires some preparatory lemmas, we will
defer it to Section 4.2.

Key Lemma 4.2. If U; is simple and dimy U; # 0, then F(Myy) = F(Mg;) in Rep A.

Remark 4.3. In the setting of this section, with the U; simple objects in a semisimple tensor
category, dimy, U; # 0 is automatic by [EGNO, Proposition 4.8.4]. But as the proof of Key
Lemma 4.2 does not use the semisimplicity of &, we have chosen to specify more precisely
what conditions are needed for the result to hold.

As a consequence of the Key Lemma, we will also prove the following in Section 4.2:

Proposition 4.4. The categories Uy C U and Va C V are ribbon subcategories. Moreover,
Va is semisimple with distinct simple objects {V;}ier.

Key Lemma 4.2 and Proposition 4.4 already show that Fy(Ua) = Fyp(Va), so that by
Lemma 4.1, Ux and V, are tensor equivalent. However, to show that Ux and Va are braid-
reversed equivalent, we will need to lift to the center. Let 7, and JFy, denote the restrictions
of Fy and Fy to Ux and Va, respectively, and let M = Fy, (Ua) € Rep A. By Key Lemma
4.2 and Proposition 4.4, we also have M = Fy, (Va). Then Lemma 4.1 and the discussion in
Section 2.4 show that Fy, and Fy, are central functors that lift to braided tensor functors

guA ZZ/{A—>Z<M), gVA :VA%Z(M)a
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using the braidings on U and Va (see Section 2.4 for the precise definitions), as well as
grev u;ev _) Z(M)’ grev . VRGV % Z(M)

using the inverse braidings.
With this setup, we can now conclude our main theorem:

Theorem 4.5. In the setting of this section, there is a braid-reversed tensor equivalence
T :Un — Va such that 7(U;) = V§ forie 1.

Proof. By the universal property of Deligne products, the four fully faithful braided tensor
g)(ff ¥) combine into braided tensor functors

Guuzv, :UAXVa — Z (M), gziz\vva UT RV — Z(M).

Now because U X 1y, for U € Obj(Ua) and 1,y KV for V € Obj(Va) centralize each other in
UA X Va (this follows from Rym1,, 1,8v = Ru1,, X R1,v), so do their images in Z (M) under

rev

QUA.VA Thus

I‘EV

functors gu

Gup (Un) = Guumva Un) € Guiumva(Va) = Gua(Va)',

Gva(Va) = Gupsva(Va) C Guusv, Un)" = Gup (U,
grev( rev) _ Zr/{iVIZVA ( V) g ZI/‘{eAvﬁvA ( rev) I'GV ('VI'BV) ,
grev( rev) ZIZV®VA ( rev) Z{GAV®VA ( rev) grev ( rev) )

It follows using Proposition 2.15, that is, [Mii, Proposition 7.3], that
guA (Z/{A) g gVA (VA) grev( rev) and grev( rev) C grev( rev)/ — guA (Z/{A)’

that is, Gy, (Ua) = G35 (VXY). Hence we can get a braided tensor equivalence 7 : Up — Vi
by composing Gy, Wlth an inverse to Gy;V. This is the same thing as a braid-reversed tensor
equivalence 7 : Up — Va, and 7(U;) = V;" follows directly from Key Lemma 4.2. O

4.2. Proof of Key Lemma 4.2 and Proposition 4.4. We use the same notation as in
the previous subsection. For future use, we shall prove Key Lemma 4.2 and Proposition 4.4
in a slightly more general setting than that of the previous subsection: we allow A to be a
superalgebra in Cg. More specifically, suppose that I = I° LI I' is a partition of the index
set with 0 € I°, and set A = @, ;0 M;; and A" = @, ;1 My; assume that pa is an even
morphism, that is,
,UA(A’L ®A]) g Ai+j
for i,j € {0, 1}, interpreting i + j mod 2Z. Following [CKL], we say that A is:

(1) An algebra of correct statistics if A is a commutative algebra and the twist
satisfies Op = Ida (in this case we may assume I' = (),

(2) An algebra of wrong statistics if A is a commutative algebra and 0x = Idao ®
<_]:(1A1)7

(3) A superalgebra of correct statistics if palaigai © Raini = (—1)7pa
i,7 € {0,1} and Op = Idpo ® (—Ida1), and

(4) A superalgebra of wrong statistics if pia|pioai © Raiai = (—1)7 palpigas for ¢,7 €
{0,1} and 0a = Ida.

At@AI fOl"
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Note that both commutative algebras and superalgebras are monodromy-free: pa o RXA =
pa. While in the previous subsection we only needed to assume A simple as an object of
Rep A, here we will also assume A is simple as a right A-module.

Lemma 4.6. Assume A is simple both as a left and right A-module. Then there is an
involution © — i’ of the index set I such that Uy = U! and V; = V!. Moreover, there is a
unique isomorphism ¢; : My — M3, for each i € I such that the diagram

Mirir @ M;; a A

eM. .

i1 1

l p;®Id

M @ M;

commutes, where ewm,, = ey, W ey, is the coevaluation in C.

Proof. The morphism e€p o pa : A® A — 1 induces ¢ = ['a a(€a © f1a), the unique morphism
in Home (A, A*) making the diagram

A®A A
lgo@Id lEA (43)
Ao A —2 1

commute. Since €p o up is non-zero by the unit property of A, ¢ is also non-zero. We will
show that ¢ is a homomorphism of right A-modules. Then since A is simple in Rep A, A*
is a simple right A-module by Corollary 2.11 and it will follow that ¢ is an isomorphism of
right A-modules.

To show that ¢ is a right A-module homomorphism, we use the diagram

pa®Ida

ARA) @A A® A
(e®1da)®Id B
‘P/ lAA,}A,A
(A* @A) ® A AR (A A) —22A Ao A N\
a2 | SERN
pax ®Ida p®Idaga P®Ida
Idax®pa
A" ® A A @ (A®A) —2 2 A g A A

\ jeA
EA EA
1

which commutes as a consequence of the definitions of pa« and ¢, the naturality of the
associativity isomorphisms, and the associativity of pa. Using the outer compositions of the
diagram and the naturality of ', we get

ea o ((ta- 0 (p @ 1da)) @ Ida) = Taa(p) © (A @ Ida) = Taga a9 © ita).

Applying I'agaa to both sides then yields the desired equality pa- o (¢ ® Ida) = @ o pa.
Now we have A* = @ M}, and the factors M}; = Uf XV} are inequivalent since the U; are
i€l
inequivalent. Thus if we consider ¢|v,, for any i, we see that the image must be contained
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in a unique M3; = U3 XV7, and U; = U;. Thus if we set j = 4’, we get the involution i — i’
of the index set I such that U; = U;. Moreover,

Yi =@ a2V, My = Uy BV — UKV = My

must be an isomorphism. Since Uy is a simple object in U, we can identify ¢; = f; X g;
where f; : Uy — U is a fixed (and unique up to scale) isomorphism and g¢; : Vi — VI is
a morphism. But in fact g; must be an isomorphism as well because ¢; is an isomorphism.
Thus Vi =2V} as well.

Now we restrlct the commutative diagram (4.3) to

Mi’i’ -

If we identify
N A = (U V) o (U, V) = @M & M,

i,j€1 i,j€1

o Z eMii Opi,h
iel
where p; ; : A® A — M;; ® M;; denotes the projection. Consequently,

then under this identification,

eao (¢ ®Ida)|m,, om,; = Zemﬂ o pjjo (pi ®Idm,,) = em, o (i ® 1m,),

Jel
as desired. 0

Remark 4.7. Note that if A is a (super)algebra with /' # 0 (and 0 € I°), Lemma 4.6
together with the evenness of ua imply that ¢ € I' if and only if i’ € I*.

Let us use the notation e;; : M ® M;; — 1 to denote the evaluation ey, X ey, in C, and
similarly for coevaluations. As usual in a rigid tensor category, we identify 1* 1 with
evaluation and coevaluation given by unit isomorphisms and their inverses (and similarly for
1;, and 1y). We will need the following simple lemma:

Lemma 4.8. Fori,j5 € I, the composition

(l_l&r_l)(@(rul@l_])

Mj; © M;; — (MSj ® Mj)) ® (Mjo @ Mo;)
AM*.@MZ‘ M;0,Mo A_ MM, ®ldwm,
P, (M © M) & M) @ My — 02— ('V'EL ® (Mj ® Myg)) @ My
(IdMSj ®ei0)®IdMO TM* ®IdM0J

> (M5 © 1) © My; ——— M; @ Mg; =
is equal to e;; = ey, Mey,.

Proof. This composition in XV is the Deligne product of a morphism in &/ with a morphism
in V. On the U side we get

1
l T,
*® 1,0U%U;,1

A
U ® U, ———>(1M®U) (U@ 1y) —/—5 (ly @ U) @ U;) ® 1y

A_ 1 ®Idg Id1,, Qey. )RId
Y 1@ (U@ Uy) @ 1y (g eu,) By
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r1;,®Idy,, Ly =ryy,
1, ® 1, ——= 1.

By properties of unit isomorphisms, the first two arrows here equal Ta ®U e (ll}1 ®Idy,),

and then we can use naturality to move this inverse right unit 1somorphlsm to the end of

the composition, where it cancels with ry,,. Thus we get
l_ AL

Ur @ U, —>(1U®U)®Ui#>1u®(u*®U)

Now the first two arrows are ZJ}@)UZ_, and naturality of the left unit isomorphisms implies the

di1, ®ey; r1,,=l1
u 1,01, 4% 1,.

composition reduces to ey,, as required.
The V side of the composition is similar:

r\7*1®l\7-1 Avr 91,195,V
* i * 3 &tV VY *
ViV, = (V; 9 1) @ (1y 9 V) =2 (Vi@ 1y) e 1) 9V,
At 1o, ®ldy; Idy+®(l1,,=r1,,))®Idy ;
Ly Vielyeoly)eV, — = (Vi@ Ly)®V,
TV*®IdV
4 Vi®V; SEN 1y. (4.4)

We can use the triangle axiom to rewrite the first two arrows as (r\}}@lv ®Idy,)o (ry+ ®Idy,),
J J
and then the automorphism of V; resulting from the first five arrows is

-1 —1
V*®

r

AV;E 1piy ldyr®r1y, %

But the middle three arrows are Idv;®1v by properties of the right unit isomorphisms, so the
whole composition is Idys. Thus (4.4) is simply ey, . O
Now we can begin the proof of Key Lemma 4.2:

Proof. Frobenius reciprocity and properties of duals show that we have natural isomorphisms
Hompgepa (F(Myo), F(M;;)) = Home (Myo, A @ M)
=~ Home (M;g ® Mg, A)
= Home (U; KV, A),
and similarly
Hompgepa (F(Mg;), F(Myp)) = Home (Uy XV, A).
Specifically, the inclusion U; X V; < A induces a Rep A-homomorphism
O F(My) — F(Mg,)
given by the composition

A®M10 Ida®img;

AMy—= (A® M) ®1 (A® Mjp) @ (Mg; @ M)

(IdA®(TU |Zl\/ ))®IdM*

25 (A @ (Mg @ Mgy)) @ Mg, > (A®@ M) @ Mg,
(1alagm,; ) @Tdye
S A M,
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where assoc. indicates the obvious composition of associativity isomorphisms in C. Similarly,
the inclusion Uy ® V; < A induces a Rep A-morphism

U F(MG,) — F(My)

given by the composition

* T;Q;Mgi * IdA®F{M;’kO * *
A@ Mg — (AR M) ® 1 —— (A® Mg;) @ (Mj; @ Myg)

assoc. " " (IdA®ﬂp;1°(lU2‘ IX’TV;*))®IdMZ-0
B (A ® (MOZ & MzO)) X MiO > (A & Mi/i’) X MiO

P'A|A®Ml-/i/ ®IdM¢0
-

A ® M,

where we have identified M,y as the dual of M}, using the coevaluation
iz, = Ritoms, © (O @ Idws, ) 0 v,

the corresponding evaluation is
'éM:O = em,, © RKA%O,MiO o (9,\7'11_0 ® IdM;O).

We represent ® and ¥ diagrammatically as follows:

A My A Mg,
We will show that
PoVW = (dlmu Uz) . Id}—(MSi)
and
\If @) CI) = :l:(dlmy Vz) . Id]:(Mio)’

where the minus sign in the second equation occurs precisely when A is a (super)algebra of
wrong statistics and ¢ € I'. This will mean that

and since ® # 0 (it is induced by the non-zero inclusion U; X V; — A), we will get

Since dimy, U; # 0 by assumption, it will then follow that ® is an isomorphism in Rep A with
inverse (dimg U;)™! - .
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In order to calculate ® o W, we first observe that by Frobenius reciprocity and properties
of duals, we have natural isomorphisms

Homgep A (F(Mg;), F(Mg;)) = Home (Mg, A ® Mg;) = Home (Mg; @ Mg;, A) .

Under these identifications, a morphism F' € Hompgepa (F(M§;), F(M§;)) corresponds to the
composition

. ll\_/léi®IdMOi . (LA®IdM8i)®IdMOi
Mg; ® Mg; ———— (1 ® Mg;) @ My;

> (A ®Mg;) @ My;
-1

Foldy.. AxME Mo Ida®en... ,
T Mot (A @ M) @ My —0 M0 A ) (M2, @c Mos) —— A1 ™5 A, (4.5)

Thus to show oW = (dimy, U;)-1d F(M;,)» it follows from properties of the unit isomorphisms
that it suffices to show (4.5) with F' = ® o ¥ reduces to (dimy, U;) - (ta © emy,)-
Similarly, we have a natural isomorphism

HOHIREPA (./T"(Mzo), ./T"(Mlo)) = HOHIC (Mlg ® M:O, A)
under which G € Hompgepa (F(Mio), F(M;o)) corresponds to the composition

* l’\;ilo®ld'\"fo * UA@IdMiO)@Ide@ *
Mi(] ® MiO e (1 ® Mzo) ® MiO > (A ® Mz(]) ® Mio

GRldyx 7,}\/| Ida®ey

0 (A M) @ MY, M0 A ) (Mg @ ME) ——% A1 A AL (4.6)

Again by properties of the unit isomorphisms, we need to show that the above composition
for G = W o ® reduces to (4 dimy V;) - (ta 0 emx)).

We now calculate (4.5) with F replaced by ® o ¥, manipulating according to the following
template:
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= = (dimz,{ UZ)

M3 Mo M3g: Mo

We start with the following map in Home (M§; @ Mg;, A), omitting subscripts from identity
morphisms to save space:
I ®ld

M, © Moi —2—s (1@ ME,) @ My, A2k

(A © Mg;) @ My

A®M* ®Id (Id®zM*O)®Id
(A® M) ®@1) @ Mg ———— ((A® Mg;) ® (M5 ® Myp)) @ Mg;

(1d@p; o (ly=Biry- ) @1d) @1d

25 (A® (M5, © M) @ M) ® My — > ((A® Myr) @ Myg) @ My,
®Id
M (A X MzO) (%) MO@ A®MZO ((A X MzO) X 1) & MOi

(Id®im, . )®Id assoc *
RN (A ® M) ® (Mg; @ Mg;)) @ Mg; —— ((A® (Mig ® Mg;)) @ Mg;) @ My;

((1d®(ry;Riy,))@Id)®1d (pa®Id)®Id
—_—

> (A® M) @ Mg,;) @ My, (A @ Mg;) @ Mo
A o, Id®em.. ,
T A (M © Myy) ——25 A1 5 A
The first two simplifications to this composition come from the unit property of pua and the
rigidity of My,;. To achieve these simplifications, we first apply naturalities move (14 ®1Id) ol,\’,%_
over several arrows in the composition before applying the unit property. We also apply
the triangle axiom to TA®M ., and then naturality of associativity to collect all associativity
isomorphisms from the latter half of the composition:
rM6_®Id . (Id®zM:0)®Id . .
Mg; ® Moi ——— (Mg; ® 1) @ Mo; ————— (Mg; ® (M} @ My)) @ Mo;
AMSi’MfO’Mi()@Id * * ((y ;z®1d)®ld)®ld * *
——— ((Mg; ® Mjp) ® Myp) @ My, (L@ Mg;) ® Mjy) @ Mig) ® My;
(A1 mg. mz, @ld)@ld

> (1@ (Mg; @ M) @ Myp) @ My,

((1d@p; " o(lys Kryz))@1d)®1d (Im,,, ®Id)@1d
— » (1@ Myyr) @ Myg) @ Mgy ————— (Myir ® Mig) ® My,

1d®(im,, ®1d)
—

el
& (I\/Ii/i, ® Mio) X (1 ® Mm) (MW ® MZ-O) X ((MOi ® Mgi) ® Mol-)
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pac(Id®(ry, Xy, ))

assoc. % Xemg; r
— (Mi’i’ ® (MZO & MO@)) & (MO’L & MOg) Mo A ®1 —A> A.

Now, the fourth and fifth arrows here are simply ZQ(};Z_@M%, and then we can use naturality
to cancel Iy, , with its inverse. Meanwhile, the pentagon axiom allows us to choose the first
isomorphism in the arrow marked assoc. to be (Id ® Id) ® Al\_A})ivMSﬂMOi’ with the remain-
ing associativity isomorphisms respecting the factor of My, ® My; so that we can applying
naturality of associativity to epm,,:

rh;g@ld (1d®2wo)®1d
Mo; @ Mg ——— (M; ® 1) ® My; —————— (Mg; ® (M} ® Myg)) @ My;

-1
Awg, My Mo ©1 (7 ollys Bry:))@1d)81d

@iy,

—_— (Mi/fy X MzO) ® (1 ® MO’)

A"
Mo;,M§; - Mos

14@ (irgy, ®1d) .
R (M @ Myg) @ ((Mo; ® M) @ M)

. 1d®(Id®ew,, )
(Myir ® Mig) @ (Mo; ® (ME, @ Mg;)) — 2% (Myzr @ Myg) ® (Mg; @ 1)
MAO(Id@)("'Ui'leVi))@Id

2880t (Myy@(Mio@Moi))@l s AR 1A,

Now the rigidity of My; implies that the fifth through eigth arrows above collapse to Id®r,\_,|3)i,
and further simplifications coming from properties of the right unit isomorphisms give:

n}%@Id (1d®iy: )1d
Mg ® Mo; ——— (Mg; ® 1) @ Mo ————— (Mg; ® (Mjy @ Myp)) @ My;

Ana Mo i 1 (7 *ollys Bry:))@1d)@1d

(Mg ® M) ® Mig) @ My, (Mirsr @ Myg) @ My,

-1
,LLAO(Id®(T'U’L, ‘X’lvl

A
M;r41:Mi0,Mo;

)
M @ (Mjg ® My;) > A.

Now observe that the entire composition is a morphism in
Hom¢ (Mg, ® Mo, A) = Homyy (1 X (V] @ V;), A)
=~ (P Homy (1, U;) ® Homy (V] ® V;, V).
jel
Since dim Homy, (1, U;) = 0 ;, it follows that the image must be contained in Uy XV, = 1.

Consequently, post-composing with tp oea has no effect on the composition, and we may use
Lemma 4.6 and naturality of the associativity isomorphisms to reduce to
m%_@ld (1d®€wo)®1d
MG ® Moi ——— (Mg; ® 1) @ Mo —————— (Mg; ® (Mj @ Myp)) @ Mo;
(luf grv;)@’(rui@lvi)

assoc.

— (M}, ® Mg;) @ (Mjo ® Mg;)

M3 @ My —its 1 24 A,
Now using Lemma 4.8, we get

7',\7%_ ®Id (Id@ﬁwo y®Id
Mg; @ Mg ———(Mg; ® 1) ® Mg; ————— (Mg, @ (M}, ® Myg)) @ My;

Id®ep. . )@Id ryx QId eM: .
000D (M @ 1) @ Moy — s M @ Mos <255 1 24 A,
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Since by definition
€M, O,’ZM:O = dlmc Mio, (47)
and since dimy U; = dime My;, it follows that we get (dimg U;)(ea o em,,), completing the
proof that ® o U = (dimy, U;) - Idz(my ).
Now we calculate Wo® by considering equation (4.6) with G = Wo®. We use the following
diagrams as a guide:

Mo Mo Mio Mo Mo Mi

In this case, the relevant composition is:
-1

Iy ®Id 1ARId)RId
Mio @ M2 0775 (1@ My) @ M2, A2V A om0y @ M,

-1 )
TagM,, ®1d Id®im,, )®1d

(A® Mjo) ® (My; @ Mg;)) @ M,
(1d®(ry, Ry, ) @Td)1d

(
(A® M) ® 1) ® M,

assoc. ((A Q (M'LO ® MOZ)) ® MSZ) ® M:(O > ((A & Mn) ® MS@) ® M:O
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DTS (A@ M) @ Miy = (A® M3) ©1) © M

(Id®7M;f0)®Id assoc *
———— (A M;) @ (M}, @ My)) @ M) —— (A® (M, ® M) ® M;g) ® M},
((1d@ep; " o(rysRiy+))@1d)@1d (na®ld)®Id

> (A® Myy) @ My) @ M3, (A ® M;p) ® M,

;’}"'iO’Mfo * 1A®€Mfo TA
—— AR (M M))) —>A®1 = A
As before, we can simplify using the unit property of A and the rigidity of M}, (with evaluation
g'\/'?o and coevaluation iMIo) to get:

Tl ®Id (1d®in, . )®Id
Mio ® My —— (M ® 1) ® My ——— (Mjp @ (Mo; @ M) @ M,
Awg gz @1d . . ((ry,Bly,)2ld)e1d . .
e ((Mip ® Mg;) @ Mg;) @ My, " > (M ® Mg;) @ My,
A“]ili’Mai’M;O * * Id®¢;1O(TU; WV?) HA

Also as before, we post-compose with tp o €4, which does not change the above composition
because dim Homy (1, V;) = do,;.
Now we use the (super)commutativity of pa and properties of the twist 6 to replace

Mii @M1 = :l:'uA © Rl\_ﬂi/i/,M (Id ® el\/l il /)

27y

where the minus sign occurs precisely when A is a (super)algebra of wrong statistics and
i € I' (recall Remark 4.7). Next applying naturality of R and 6 to o; ', and then using
Lemma 4.6, our composition becomes, up to sign,

Tt ®Id (Id@in, . )®Id
Mip @ My —2— (Mig @ 1) @ M ——— (Myo @ (M; @ M) @ M},
A Moz Mz ®d . . ((ry;Rly,)®Id)@Id . .
ot ((Mip ® My;) ® Mg;) @ My, s (M @ Mg,;) ® M,
‘Al\inlll M* . M* Id®(7“ *lZ’lv*) Rl\i/l*.‘l.,M“-O(Id®9Mfi) em. ‘A
— My @ (M © Mp,) ———— Mj; © My, — M; @ M; —5 1 =5 A,

We now have the Deligne product of two morphisms in & and V, which we can calculate
individually. On the U side, we have

i rJ;@Id . (Id®(l1 =ry, Hyeld .

-1

Ay, ®Id Ai’ Y7
Av g1y 81, (Ui @ L) ® U] —5 Uy @ (1 @ U})

. (ry,®ld)®Ild
(U; ® 1) @ 1) @ UF ——y

Id®lu’f R_* U (Id@eu*)
—Z>Ui®U*Z—>U*®U —>1u—>U0

Now, the first six arrows collapse to the identity using the triangle axiom, and then we can
calculate the rest using properties of twists and duals:
ey, © RG%},Ui o(Id®6y)) = ey, o (! ®1d) o RG’},Ui

— ey, 0 ((85) ©1d) 0 R,
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= ey, © (Id & 0611) e} Ra,flui = guj
On the V side, we have the composition:

1
(ld@iy, )®1d
1y ®1y % 1y ®1)®1y —— (1y® (Vi@ V) @ 1y

Agy, v, v ®ld § (v, ®1d)®Id .
e (1y®V)@V)® 1y —— 5 (V@ V) @ 1y

A\Zl,v;-ﬁlv . 1d@ry . R‘Z v,0(1d®0y:) ,
Vo (Violy) —5 VoV — 2 vieV, 25 1, 5 V.

The third and fourth arrows here simplify to ly,gv: ® Id, and then we can use naturality to
cancel this left unit isomorphism with the first arrow of the composition. Moreover, the fifth
and sixth arrows simplify to ry,gv:, and then we can use naturality to move this right unit
isomorphism to the beginning of the composition:

Rvi v, oId®6y:)

Lol 1, Moy g v VE@ V25 1, 3V,
Now using the balancing equation, 61, = Id, and eq,, = €1,,, we calculate
ey, o R\7;*1,Vi o(Id® 9\7;) 0 iy, O €1,, = €y, O 9\7;-‘1®Vi o Ry, v: o (v, ®1d) o iy, o€y,
= 91"} o ey, 07\/; o €1, = (dimy V;)eq,,.
In conclusion, we have shown that the composition in (4.6) with G = ¥ o ® equals
+(dimy V;)(ta 0 emy, )-
This completes the proof that ® and ¥ are both isomorphisms in Rep A. 0]

Finally we prove Proposition 4.4:

Proof. Using Key Lemma 4.2, we have for i,7 € [ the following isomorphisms in Rep A
and/or C:

1%

FU;RVI) =2AR (U;X1y) @ (1, KV7))
A® (U K1) ® (1, ®V])
(A® 1y RV))) @ (1y K V;)

~A® (1R (V; ® V)

I

1%

~PUR (Vi @ (V; ®V))), (4.8)
as well as
FU; RV =A@ ((1yBV)) ®(U; K 1y))
=(A®(1yXV)))® (U;K1y)
= (A® (Y; ﬁlv))e@(ui&h,)
=A® ((Y; *) X1y)
o~ @ (U ® ( U;)) X V. (4.9)
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The first sequence of isomorphisms shows that F(U; X V) is an object of (Ua X V)e, and
then taking k = 0 in the second sequence of isomorphisms shows that F(U; X'V7) contains
(U; ® U;) K 1), as a subobject. This means (U; ® U;) K 1), is an object of Us XV, that is,
U; ® U; is an object of Ua for all 7,5 € I. This shows that U, is a tensor subcategory of U.
Lemma 4.6 then shows that Uy is closed under duals, and hence is a ribbon subcategory of
Uu.

Now we examine the summand of F(U;XV;) corresponding to 1;s. On the one hand, (4.8)
shows this is 1;y X (Vi ® VZ). On the other hand, (4.9) combined with semisimplicity of U
implies it is isomorphic to 1, X @ N Jk: V., where N ]k: is the multiplicity of U; in U; ® U;. In

kel
other words, we have

Vi@ Vi =NV,
kel
in V), or equivalently
V; @V = NS Vi (4.10)
kel
This shows that Va is closed under tensor products (and also duals by Lemma 4.6) and thus
is a ribbon subcategory of V.

Now to show that Va is semisimple with the V; as distinct simple objects, we need to show
that dim Homy (V;,V;) = 4§, ; for ¢, j € I. For this, we calculate

dim Homy, (V;,V;) = dim Homy, (1) ® V;,V;) = dim Homy, (1y,V; ® Vy)
= Z Nﬁ; dimHOHly (1V7Vk’> = NO/ = 51‘7]',

]72
kel

using properties of duals, equation (4.10), the fact that 1;; and 1y form a dual pair in A,
and the simplicity and mutual inequivalence of the U;. 0

Remark 4.9. The above proof only shows that the V; are simple in Va, not that they are
necessarily simple in the possibly larger category V. For example, it is conceivable that
some V; admits a non-trivial simple quotient V; /V provided that V;/ V does not occur as a
submodule of any other V;.

5. FROM TENSOR CATEGORIES TO VERTEX OPERATOR ALGEBRAS

Here we interpret the categorical theorems of the previous sections as theorems for vertex
operator algebras.

5.1. Vertex tensor categories. Here to establish notation and terminology, we recall some
features and structures in the notion of vertex tensor category as formulated and developed
in [HL1], [HL2])-[HL4], [Hul], [HLZ1]-[HLZS]; see also the exposition in [CKM, Section 3.1].
In contrast to the preceding sections, here we will need to use the symbol ® exclusively for
vector space tensor products (over C).

We use the definitions of vertex operator algebra and module for a vertex operator algebra
from [LL], except that we typically allow the Virasoro operator L(0) to act non-semisimply
on a module. Such modules are called grading-restricted generalized modules in

[HLZ1]. To be more specific, a grading-restricted generalized module X has a C-grading
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X = @, cc X, where Xp is the generalized L(0)-eigenspace with generalized eigenvalue h,
satisfying the two grading restriction conditions:

(1) Each X is finite-dimensional.
(2) For any h € C, Xp,—) = 0 for n € N sufficiently large.

The (vector space) tensor product of two vertex operator algebras U and V is a vertex
operator algebra [FHL], and if X and Y are grading-restricted, generalized U- and V-modules,
respectively, then X ® Y is a generalized U ® V-module with

X@Y)m= B Xy ® Yp.
hy+hv=h

The module X®'Y will also satisfy the grading-restriction conditions if at least one of X and
Y is strongly grading-restricted in the sense that there are finitely many cosets {h; +Z} in
C/Z such that Xy # 0 (or Y # 0) only if h € h; + Z for some i. From now on, we will
refer to such strongly grading-restricted, generalized modules simply as modules.

A key feature of the tensor product theory of modules for a vertex operator algebra is
a tensor product for each conformal equivalence class of spheres with two positively ori-
ented punctures, one negatively oriented puncture, and local coordinates at the punctures.
But to obtain braided tensor categories of vertex operator algebra modules, it is sufficient
(see for instance [HLZS8]) to focus on P(z)-tensor products, where P(z) is the sphere with
positively-oriented punctures at 0 and z € C*, a negatively-oriented puncture at oo, and
local coordinates w +— w, w +— w — z, w +— 1/w, respectively. Therefore, we shall here abuse
terminology and use the term “vertex tensor category structure” to refer only to the tensor
product functors and natural isomorphisms corresponding to the spheres P(z) for z € C*.

Given a vertex operator algebra V and a category C of V-modules, the P(z)-tensor product
of modules in C is defined in terms of P(z)-intertwining maps. By [HLZ3, Proposition 4.8],
these are precisely maps of the form Y(-, z)-, where

V. Xl & X2 — X3[1ng]{x}

is a (logarithmic) intertwining operator of type (Xi(g’(z) for modules X;, Xy, X3 in C and the
formal variable z is specialized to z € C* using a choice of branch of logarithm. The range
of a P(z)-intertwining map is the algebraic completion X3, defined as the direct product
(rather than direct sum) of the homogeneous graded subspaces of the module Xs.

The P(z)-tensor product of two modules X;, X5 in C is defined to be a representing object
for the functor V[P(2)]§, x, : C = Vece, where for a module X in C, V[P(2)]%, x, is the space

of P(z)-intertwining maps of type (x1Xx2

V[P(z)]ﬁm = Home (X; Kp(s) Xa, X).

for all objects X in C. In particular, there is a distinguished P(z)-intertwining map - Mp.) -

of type (lef §(ZQ)X2) (corresponding to Idx,mx P(Z)XQ) such that if ) is any intertwining operator

of type (X1XX2) for some V-module X in C, then there is a unique V-module homomorphism

ny : X1 Mp(z) Xo — X such that

). That is, there are natural isomorphisms

Ny (w1 Wp(.y wa) = Y(wy, 2)wy

for wy € Xy, wy € Xg, where 7y is the natural extension of 1y to the algebraic completions
of X; Mp(.) Xy and X.
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In addition to the P(z)-tensor product functors on the category C of V-modules, vertex
tensor category structure on C includes the following natural isomorphisms:

(1) For continuous paths 7 in C* beginning at z; and ending at z,, parallel transport
isomorphisms T’.x, x, : X1 Mp(z;) Xo = X Kp(.,) Xo.

(2) For z € C*, P(z)-unit isomorphisms Ip:)x : VXp) X = X and 7p)x : X Kp(.
V — X

(3) For 21,2, € C* satisfying |21| > |22] > |21 — 22| > 0, P(#1, 22)-associativity iso-
morphisms

APz )% Xo s - X1 Bp(zy) (Xo Bp(ay) X3) = (Xi Mpzy ) Xao) Kp(zy) Xs.
(4) For z € C*, P(z)-braiding isomorphisms R p(.):x, x, : X1 Mp) Xo = Xo KWp_.) X;.

Remark 5.1. The sphere P(zi, 29) in the associativity isomorphisms has three positively
oriented punctures at 0, z1, 2o and one negatively oriented puncture at co. It can be obtained
either by sewing together P(z;) and P(z9) spheres at the punctures 0 and oo, respectively,
provided |z1| > |z2|, or by sewing together P(z; — 25) and P(z3) spheres at the punctures oo
and zo, respectively, provided |z3| > |21 — z2|. Thus the natural associativity isomorphisms in
a vertex tensor category reflect the fact that these two sewing procedures yield conformally
equivalent spheres with punctures and local coordinates.

For conditions on C guaranteeing the existence of these isomorphisms and details of their
construction, see [HLZ1]-[HLZ8|; see also the expository article [HL5] and [CKM, Section
3.1]. In order to obtain a braided tensor category structure from the vertex tensor category
structure, one selects a particular tensor product functor, typically Xp(;) which we shall
denote simply by X (it will be clear from the context when X denotes a Deligne product
category and when X denotes a P(1)-tensor product). To obtain associativity and braiding
isomorphisms for the single P(1)-tensor product, one needs to modify P(1)-braiding and
P(z1, z9)-associativity isomorphisms using parallel transport. For details, see [HLZ8].

In general, it is difficult to show that a vertex tensor category C is rigid, but it will
frequently have a contragredient functor. Given a V-module X = &, ¢ X}, the graded
dual vector space X' = @, ¢ X, admits a V-module structure called the contragredient
module [FHL]. If V is self-contragredient, that is, V = V' as a V-module, then X — X’
defines a contragredient functor. By [FHL, Proposition 5.3.2], X" is simple if and only if X
is, and we have natural isomorphisms

Home(XBY,V) 2 V[P(1)]xy = V[P(1)xy,
~ V[P(1)]xy = Home(X KV, YY) 2 Home (X, Y')

given by the definition of the P(1)-tensor product, symmetries of intertwining operators
(see for example [FHL, Proposition 5.5.2]), the isomorphism V = V', and the right unit
isomorphisms.

The twist on a braided tensor category of modules is given by e
a scalar precisely when X is graded by a single coset of C/Z.

2miL(0) Tp particular, 0x is

5.2. Deligne products of vertex algebraic tensor categories. In this section, we show
that under mild conditions, the Deligne product of braided tensor categories of modules for
two vertex operator algebras is a braided tensor category of modules for the tensor product

vertex operator algebra. Let U and V be vertex operator algebras, and let 4 and V be
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module categories for U and V, respectively, that admit vertex tensor category structure.
We first consider when we can obtain vertex tensor category structure on a suitable category
of U® V-modules.

It is natural to consider the full subcategory C of U ® V-modules whose objects are (iso-
morphic to) direct sums of modules X ® Y where X is a module in ¢/ and Y is a module in
V. For the following theorem, we make fairly minimal assumptions on the vertex operator
algebras U and V; for similar results along these lines see for instance [Lin, Lemma 2.16] and
[CKLinR, Proposition 3.3].

Theorem 5.2. If all fusion rules among modules in either U or V are finite, then the
category C of U ® V-modules admits the vertex tensor category structure given in [HLZ1]-
[HLZ8]. Specifically, for modules U; in U and V; in V:

(1) For z € C*, P(z)-tensor products in C are given by
(U1 ® V1) Bp(s) (U2 ® V) = (U Mp(sy Ug) @ (V1 Kp(zy Va),
with tensor product P(z)-intertwining map
Mp(z) = Mpe) @ Mpe).-

(2) For a continuous path v in C* beginning at z; and ending at z, the parallel transport

isomorphism is

TW;U1®V1,U2®V2 = T’WULUZ QT iV1,Va -

(3) For z € C*, the P(z)-unit isomorphisms are

lpiyuiev; = lpeyu; @ lpz)y,
and
TP(2);U;V; = TP(z)U; @ TP(2)V;-

(4) For z1,z9 € C* such that |z1| > |z2] > |z1 — 22| > 0, the P(z1, 22)-associativity
1somorphism is

AP(Z1,22);U1®V1,U2®V27U3®V3 = AP(Zl,Zz);ULUQ,US ® *AP(Zl,Zz);VLVz,VS'
(5) For z € C*, the P(z)-braiding isomorphism is

Rp)uieviuseve = Rpeyuus @ Reeyvi v,

Moreover, if one of the categories U or V is semisimple and the other is closed under sub-
modules and quotients, the category C is abelian and thus is a braided tensor category.

Proof. Since the parallel transport and P(z1, z2)-associativity isomorphisms in a vertex ten-
sor category of modules for a vertex operator algebra are entirely characterized in terms of
tensor product intertwining maps (see [HLZ8] for details), the indicated formulas for these
isomorphisms in C follow directly from the indicated identification of P(z)-tensor prod-
ucts and tensor product P(z)-intertwining maps in C. The formulas for the P(z)-unit
isomorphisms and P(z)-braiding isomorphisms also follow from these identifications, to-
gether with the formulas Yy,gv, = Yy, ® Yy, (from the definition in [FHL, Section 4.6]) and
e#lvev(=1) = e2Lu(=1) @ e#v(=1) (from the Leibniz formula). Moreover, all the isomorphisms
indicated in the statement of the theorem are well defined; in particular, the convergence

of compositions of intertwining maps in C needed for the associativity isomorphisms follows
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from the convergence of intertwining maps in & and V. Moreover, all coherence proper-
ties needed for a vertex tensor category follow from the corresponding coherence properties
satisfied in & and V.

To show that C admits vertex tensor category structure, then, it remains to show that for
modules Uy, Uy in U and Vq, V5 in V, the pair

((Uy Rpgzy Us) @ (Vi Rz Va), By @ Rpsy)

indeed satisfies the the universal property of a P(z)-tensor product in C. For this, suppose
X is any module in C and Z is any P(z)-intertwining map of type (U1 ®leu2 ®v2)' We may
identify X with a (finite) direct sum X = @, U ® V@ where the U® are modules in U
and the V@ are modules in V. Under this identification, [ADL, Theorem 2.10] implies that
the intertwining map Z may be identified with a (sum of) tensor products of intertwining
maps Without loss of generality, we may assume that fusion rules in U are finite, so for any
i, { i, is a basis for the space of P(z)-intertwining maps of type ( ) Then

7= ZZI(l ® I,
Z v (%)

where each Ii(;) is a P(z)-intertwining map of type (V1 vz)'
Now the universal property of P(z)-tensor products in U and V imply that there are
unique U-module homomorphisms

771 j U1 X P(z UQ — U
such that va = 77@ ¥ ) o P(z), and there are unique V-module homomorphisms
771 ] Vl &p VQ — V

such that Ii(j.) )oX Mp(z). Then the U® V-module homomorphism n =}, S i1 nm) ®7]2(72j)
satisfies Z =7 o (&p(z) ® Mp()).

To show that 7 is the unique U®V-module homomorphism with this property, it suffices to
show that Mp(,) ® Mp(,) is a surjective intertwining map in the sense that the U ® V-module
(U1 Xp(zy) U2) @ (V1 Mp() Vo) is generated by projections to the conformal weight spaces of the
form 7, ((u1 &p(z) Ug) X (w1 gP(z) WQ)) for h € (C, Uy € Ul, U € UQ, V1 € Vl, and vy € Vs.
In fact,

Th ((Ul Np(z) u2) @ (v1 Mps) "Uz)) = Z Thy (U1 Mp(2y u2) @ Thy (V1 Mp(ey v2),
hy-+hy=h

where the sum is finite. Since the U®V-module generated by such projections is stable under
Ly(0) (and under Ly/(0)), this submodule contains each 7y, (u1 Mp(.) uz) @ mp, (w1 Mp(z) wo)
for hy, hy € C. Such vectors span (U; Mp(,) Us) ® (V1 Mp(.) Vo) by [HLZ3, Proposition 4.23],
proving the desired the result. This completes the proof that C admits the indicated vertex
tensor category structure.

Now to show that C is abelian, we may assume that U is semisimple and that V' is closed
under submodules and quotients. Since C by definition includes direct sums, we just need to
show that every U® V-module homomorphism between modules in C has kernel and cokernel

in C. For this, it is sufficient to show that C is closed under submodules and quotients.
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First, we note that by definition of C and semisimplicity of U, every module in C is
completely reducible as a weak U-module, and every weak U-submodule of a module in C is
also completely reducible. Specifically, if X is a module in C, then X = P, U® ® V@ where
the U® are distinct irreducible U-modules in ¢/ and the V@ are V-modules in V. Then if
X C X is a weak U-submodule,

X=PHUu eV,

where the VO C V® are subspaces (possibly equal to zero). If X is additionally a U ® V-
submodule, then the V@ are V-submodules of V®. Since V is closed under submodules, it
follows that the V(® are modules in V and X is a module in C. Similarly, any quotient X/ X
where X is a module in C and X is an U ® V-submodule is isomorphic to

X/X=Pu e (Vm /\7@)) 7

where the U® are distinct irreducible U-modules in U, the V(i) are V-modules in V, and the
V® are V-submodules. Since V is closed under quotients, X/X is a module in C. U

Remark 5.3. Because the braided tensor category structure on C derives from the vertex
tensor category structure, we have the following identifications of structure isomorphisms in
the braided tensor category structure:

(1) The unit isomorphisms are

lUi®V]' = lUZ & le

and

Tu,ev,; = Ty, & Tv,-

(2) The associativity isomorphisms are
Avi@vi,U20Vs,Usevs = Auy,us,us @ Avivs,vg-
(3) The braiding isomorphisms are
Ru,evi,usavs = Ruyu, @ Ry, v,

Remark 5.4. The identification of structure isomorphisms in C with tensor products of
structure isomorphisms in &/ and V do not follow simply from the existence of an isomorphism

(U ® V1) Kp(s) (U @ V) = (Up Mp(sy Uz) @ (Vi Kpey Va),
but also from the identification
XNp(z) = Kp) @ Kp()
under this isomorphism.
Now we can show that C is actually the Deligne product of U and V:

Theorem 5.5. Suppose U and V are locally finite abelian categories, one of U and V 1is
semisimple, and the other is closed under submodules and quotients. Then C is braided

tensor equivalent to the Deligne product category U XV .
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Proof. The functor U x V — C given by (X,Y) — X® Y on objects and (f,g) — f ® g on
morphisms is right exact in both variables, so there is a unique functor

F:UXY —=C

determined on objects by F(XKY) =X® Y and F(f X g) = f ® g on morphisms.
Conversely, we may assume that I/ is semisimple and define a functor G : C — U XV

on objects by G(X®Y) = XK Y for a simple object X in &/ and any object Y in V. For

morphisms, we observe that if X; and Xy are simple in U, then every morphism in

Home(Xy @ Y1, X ® Y2)

can be written as f ® g where f : X; — Xy is fixed (and is either an isomorphism or 0)
and g : Y; — Y5 is some V-module homomorphism. Thus we can define G on morphisms by
G(f®g) = fXg for such f and g.

Now, F o G is naturally isomorphic to Ide because it is an additive functor that equals
the identity on indecomposable objects of C. For the other direction, the functor Go F o :
UxV — UKV is right exact in both variables and sends (X,Y) to XX'Y when X is a simple
module in U. Since the universal property of &/ XV implies that the identity is the only
endofunctor of UKV with this property (up to natural isomorphism), we have GoF = Idysy.

Now because U and V are locally finite, spaces of intertwining operators are finite di-
mensional, so Theorem 5.2 applies showing C is an (abelian) braided tensor category. Then
Remark 5.3 shows that F is compatible with the braided tensor category structures on U XV
and C, and thus is an equivalence of braided tensor categories. 0

5.3. Algebras in vertex tensor categories. The foundational theorem for algebras in
braided tensor categories of modules for a vertex operator algebra is the following result of
Huang, Kirillov, and Lepowsky:

Theorem 5.6. [HKL, Theorem 3.2, Remark 3.3] Let C be a category of modules for a vertex
operator algebra V' that admits the vertex tensor category structure given in [HLZ1]-[HLZS],
and thus also the braided tensor category structure of [HLZ8]. Then the following two notions
are equivalent:

(1) A wvertex operator algebra (A,Ya,1,w) in C (with the same vacuum and conformal
vectors as V).
(2) A commutative associative algebra (A, ua, ta) in C with injective unit and trivial twist:

Op = Ida.

Since we are also concerned with algebras in Cg, or more particularly algebras in Cé;m when
C is semisimple, we need the generalization of this theorem to such algebras. We note that
the conformal weight gradings of objects A = @, 4 As will not necessarily satisfy grading
restriction conditions, but such an object can still be a conformal vertex algebra in the sense
of [HLZ1].

Theorem 5.7. Let C be a semisimple category of modules for a vertex operator algebra V
that admits the vertex tensor category structure given in [HLZ1]-[HLZS8], and thus also the
braided tensor category structure of [HLZ8]. Then the following two notions are equivalent:

(1) A conformal vertez algebra (A, Ya, 1,w) in CL™ with the same vacuum and conformal
vectors as V.

(2) A commutative associative algebra (A, ua, ta) in cgfj” with injective unit and Oa = Ida.
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Proof. Since the proof is the same as that of [HKL, Theorem 3.2] with minor changes, we
only indicate how to obtain a vertex operator Y from an algebra multiplication ua, and vice
versa.

Given a commutative associative algebra A = @ ¢ A, with injective unit, trivial twist,
and multiplication map

HA = {(NA)SLSQ,t}sl,SQ,tES € H HomC(A31 X A527 At)7
(s51,82,t)ESXSXS

the vertex operator Y is defined to be unique the intertwining operator Ya of (weak) V-
modules that satisfies

YA(CLl? 1)&2 = Z (MA)Sl,Sz,t(al X a2)

teS
for a; € Ag,, as € A,,. The sum is well defined because pa is a morphism in Cq and thus for
fixed s1,82 € S, (11a)s;.5,4 = 0 for all but finitely many ¢ € S.

Conversely, given a conformal vertex algebra A =
and conformal vector as V, we would like to define

ses As in Cém with the same vacuum

pia € Home, (AR A A) C [l Home(A, ®A,, A)
(81,82,t)€SXS><S

to be the tuple {(1a)s; so.t Fs1.50.tcs Where
(MA)Sl,SQ,t . A81 A82 — At

is the unique morphism such that

(1A )sy 50,6 (a1 W az) = T (Ya(ar, 1)as)

for a; € As,, as € A,,, where 7, is the canonical projection from A to A,. However, we need
to show that for fixed s1,s9 € S, we have (pa)s,.s,.c = 0 for all but finitely many ¢ € S. In

fact, this holds because A is an object of Cé;m. For, if m; o Ya|a, @A, # 0, it is a non-zero

intertwining operator of type At , and then Hom¢(Ag, XA, , A, 0. But since A,, XA,
As, A 1 2 1 2
51 52

is a direct sum of finitely many simple objects in C and because these finitely many simple
objects can occur in only finitely many A, this space of homomorphisms is non-zero for only
finitely many ¢. U

Remark 5.8. We may replace the condition 85 = Ids with 62 = Id, if we wish to allow
%Z—graded conformal vertex algebra extensions of V.

Remark 5.9. The conclusion of Theorem 5.7 also applies when C = U X'V where U is
semisimple and V is not, provided we restrict our attention to algebras of the form

A=EPuUiaV

where {U;}icr is a set of simple modules in U containing any given simple module of U
finitely many times.
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5.4. The main theorems for vertex operator algebras. We can now combine Theorem
3.5, Remark 3.7, Proposition 4.4, Theorem 4.5, Theorem 5.5, Theorem 5.6, and Theorem
5.7 into the following fundamental theorem relating conformal vertex algebra extensions of
tensor product vertex operator algebras to braid-reversed equivalences:

Theorem 5.10. LetU and V be locally finite module categories for simple self-contragredient
vertex operator algebras U and V, respectively, that are closed under contragredients and
admit the vertez tensor category structure given in [HLZ1]-[HLZS8], and thus also the braided
tensor category structure of [HLZ8]. Assume moreover that U is semisimple and V is closed
under submodules and quotients.

(1) Suppose {U;}icr is a set of representatives of equivalence classes of simple modules
m U with Uy = U and 7 : U — V is a braid-reversed tensor equivalence with twists
satisfying 0, = ﬂ:T(@J}) forieI. Then

A=EPU;@r(Uy)
iel
8 a %Z-gmded conformal vertex algebra extension of U@ V. Moreover, if U is rigid,

then A is simple and the multiplication rules of A satisfy MU;@Q%?U;@T(UJ.) =1 if and

only if Uy, occurs as a submodule of U; A U;.
(2) Conversely, suppose U and V are both ribbon categories, {U;}icr is a set of distinct
simple modules in U with Uy = U, and

A=PuaV,

15 a simple %Z—gmded conformal vertex algebra extension of U ® V, where the V; are
objects of V satisfying
dim HOIHV(V, Vz) = 04,0

and there is a partition I = I° U I' of the index set with 0 € I° and

@UZQ@VZ: @ A(n)

i€l neL+z

for 3 =0,1. Let Un C U, respectively Va C V, be the full subcategories whose objects
are isomorphic to direct sums of the U;, respectively of the V;. Then:
(a) Un and Va are ribbon subcategories of U and V respectively. Moreover, Va is
semisimple with distinct simple objects {V;}icr.
(b) There is a braid-reversed equivalence T : Un — Va such that 7(U;) = V. for all
1 el

Remark 5.11. Note that for part (2) of the theorem, we have dim Homy, (U, U;) = 6, and
dimy, U; # 0 for ¢ € I because the U; are simple objects in a semisimple ribbon category.

As discussed in the Introduction, part (1) of Theorem 5.10 provides a partial answer to
a question of Chongying Dong, while part (2) allows us to address a general question on
the rationality of coset extensions of the form U® V C A: If U and V are strongly rational

vertex operator algebras (that is, simple, self-contragredient, CFT-type, Cs-cofinite, and
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rational), is the extension A also strongly rational? In particular, is the category of grading-
restricted, generalized A-modules semisimple? We answer these questions using results from
[KO] together with Theorem 5.10 and [ENO, Theorem 2.3]:

Theorem 5.12. Suppose U and V are braided fusion categories of modules for simple self-
contragredient vertex operator algebras U and V, respectively, and

A=EPuUiaV

is a simple Z-graded vertex operator algebra extension of U®V in C =U XYV where the U;
are distinct simple modules in U including Uy = U and the V; are modules in V such that

dim I‘IOIHV(V7 Vz) = 51’,0-

Then dime A > 0 and the category of (grading-restricted, generalized) A-modules in C is a
braided fusion category.

Proof. The rigidity and semisimplicity of the braided tensor category Rep’ A of A-modules
in C (and indeed of the larger tensor category Rep A) follow from [KO, Theorem 1.15] and
[KO, Theorems 3.2 and 3.3] provided dime A # 0. Then to see why Rep” A has finitely many
isomorphism classes of simple modules, let {M; }3']:1 for some J € Z, be a set of equivalence
class representatives of simple modules in C. Because C is semisimple, any irreducible module
X in Rep® A contains at least one such M j,» and the U® V-module inclusion M; < X together
with Frobenius reciprocity imply there is a non-zero A-module homomorphism

J
F (@ Mj> — X,
j=1

which is a surjection because X is simple. Thus every irreducible A-module in C is a quotient
of F <@j:1 M j> , and it suffices to show that this module in Rep A has finitely many distinct

irreducible quotients. Since Rep A is semisimple, it suffices to show that F <@;7:1 Mj> is

finitely generated. In fact, since the M; are simple modules in C, each F(M;) = AKX M; is
singly-generated as an A-module by any non-zero m; € M;.

It remains to show that dimg A > 0. The braid-reversed tensor equivalence guaranteed by
part (2) of Theorem 5.10 implies

dime A =) ~(dimy U;)(dimy Vi) =Y (dimy, Uy) (dimggeer U).
i€l iel
We note that since we assume A is Z-graded, each U; ® V; must be Z-graded, which means
that the proper twist to use for calculating dimensions in U™V is 1.
Now for each ¢ € I, recall the isomorphism dy, : U; — U? of Remark 2.2. By [ENO,
Theorem 2.3|, we have

TrUi (5Uz )TIU; ((5;1)/) >0,

where Try,(éy,) and Try/((6;)') are the scalar multiples of Idy determined by the composi-
tions

i Ju.gﬂd 4 ey’ % / ((57_1)/X|Id " ey
ty; / K Uz 1 / Ul Uz / " Yi Uz " 1 Ul
U—UKU, —— U/ XU, — U U—U XU ——— U XU — U,
(2 (2 2 ? K3 (2 (2 K3
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respectively. The definition of dy, shows that Try,(dy,) = dimy, U;, so we just need to show
Try;((6y))") = dimygrev U},
We use the definitions of Try, ((563)’ ) and dual of a homomorphism to obtain
TrU;((éail)/) Idy = eyr o ((562_1)/ X Idyr) o iy, = ey, o (Idy X 563) o iy
On the other hand, using the definition of dy, we have
ey = ey, © Ry, v © (u, ®1dy) o (6 K 1dy)
= ey, © (Idug X (561_1) o Ruyyu: o (Bur Kdy),

so that
-1 . . 1 1 ‘
ey, o (Idy; W dy,) o iy, = ey; o (HU;, XIdy) o Rug’,u; o iy
= ey, o (65" = Idy,) o Ry © v,
p— -1 -1 .
— €U; @) (IdU;' & HU( ) [e] RU’.’ v o) lU;
= ey o Ry © (05} R Idyr) o iy,
- (dimurev U;) . IdU7
as required. -

If the vertex operator algebras U and V of the above theorem are strongly rational, we can
now show that A will also be strongly rational, provided it is CF'T-type. Self-contragrediency
and Cy-cofiniteness follow from the corresponding properties of U and V via [Lil, Theorem
3.1] and [ABD, Proposition 5.2]. Moreover, the argument in Lemma 3.6 and Proposition 3.7
of [CM] (see also [McR, Proposition 4.15]) shows that A is rational provided the category
of grading-restricted generalized A-modules is semsimple, which is the content of Theorem
5.12. Thus we have:

Corollary 5.13. In the setting of Theorem 5.12, suppose U and V are strongly rational
vertex operator algebras. If A is simple and CFT-type, then A is strongly rational.

APPENDIX A. DIRECT SUM COMPLETION

In this Appendix, we gather the main constructions from [AR] of the direct sum comple-
tion of a category. Given a category C with possibly additional structures, Cg is essentially
the smallest category closed under arbitrary direct sums. One may restrict to only countable
direct sums, and this would be enough for our purposes. Even if C is abelian, one cannot
guarantee that Cg is abelian. Hence, we may wish to consider the smallest category contain-
ing C closed under direct sums, kernels and cokernels; see [CGR]. If C is already semisimple,
then Cg is also abelian (see for example Section 3.5 of [Ja]).

If C is a braided tensor category, then Cg also admits a braided tensor category structure.
If C has a system of isomorphisms 6x that satisfy balancing, we get a system of balancing
isomorphisms in Cq as well. However, even if C is rigid, we cannot guarantee rigidity of Cg.

But we shall not need Cq to be rigid.
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Let C be a C-linear additive category. We define the direct sum completion Cq as follows.
The objects of Cq are:

Obj(Cs) = {@Xs | Sisaset, X, € Obj(C) foralls € S}. (A.1)
seS

The morphisms are:

HOHIC€B (@ Xs, @Yt> = { (057 {fs,t}sGS,tEa(s))} / ~ (AQ)

seS teT
with the following definitions.
(1) Let Pgn(.S) denote the set of finite subsets of a set S. Then « : Py, (S) — Pin(T) is a
function that commutes with unions. By abuse of notation, we write a(s) = a({s})

for all s € S. Since it is enough to specify a on singletons, we will often do so.
Sometimes, o will map singletons to singletons, in which case, we shall simply write

a(s) =t (or a:s—t)if a({s}) = {t} and {f}ses in place of {fss}sesser-
(2) fsi € Home(X,,Yy) for all s € St € a(s).
(3) ~ is an equivalence relation defined by:

(Oé, {fs,t}séS,tEa(s)) ~ (6a {gs,t}3657teﬁ(s)) (AS)
if and only if all of the following are satisfied:
(a) for=0ift € a(s)\B(s),
(b) for=gssif t € a(s) N B(s),
(c) gse =01if t € B(s)\ax(s).
The identity morphism on @, ¢ X, is given by (Idp,,(s), {Idx, }ses). Note that we can also
characterize morphism spaces as follows:

Homc@<@xs,@Yt) C J] Home(X.,Y:)

s€S teT SESLET

is the subset of tuples (fs:)sester such that for any fixed s € S, f;; = 0 for all but finitely
many t € 1.

There are natural candidates for C-vector space structure on morphism spaces, for a zero
object, zero morphisms, and direct sums. With these, it was shown in [AR] that Cg is again
a C-linear additive category. There is also a fully faithful functor Z : C — Cq as follows:

X — @B X; with X, := X
1€{0}
f — (Id{O}v {fs,t = f}se{o},te{o}) .

We will sometimes abuse the notation and write X = Z(X).
If C is a tensor category, the tensor product bifunctor on Cg is defined by:

Px. e Py.= P Xev, (A4)

s€s teT (s,t)ESXT

(O[, {fs,s’}séS,s’Ea(s)) ® (57 {gt,t’}teT,t’e,B(t)) = (Oé X 67 {fs,s’ ® gt,t’}(s,t)ESXT,(s’,t’)Ea(s)Xﬁ(t)) .
(A.5)
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The unit object of Cg is

I(1c) = P 1c. (A.6)

se{0}

The structure morphisms are defined as follows. Let

X=PX., Y=Y, Z=Pz. (A7)

s€S teT uelU

If C is rigid, let

X' =Px:. (A.8)

SES

Then define

2 (
(

Agvz = (a: (s, (tw) = ((5,1),u), { fis.tm) = AX Y220} (s,(tu))eSx (TxU))
X

RXV = (Oé : (Sat) — (t> 8)7 {f(s,t) - RXS,Yt}(s,t)ESXT) : X®V — V ®X7

0,5) = s, {f(o,s) =lx,}ses) 1 Z(1e) ® X =X, (A.9)
S, O) =S, {f(S,O) - TXS}SGS) . X®I(1C> — X; (A]_O)

(Y®RZ) - XY)®Z,

ex = (Oé : (3/7 S) — 07 {f(s’,s) = 55’,36X5}(s’,s)65><5) . X* ® X — I(]-C)v
= (s> 8, {fs = Ox }ses) : X = X.

These definitions give requisite structures on Cg, except for rigidity. In particular, O is
proved to satisfy the balancing axiom in [AR].

[ABD]
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[Ar1]
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[ACL]
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