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ABSTRACT. Let Oa5 be the vertex algebraic braided tensor category of finite-length modules
for the Virasoro Lie algebra at central charge 25 whose composition factors are the irreducible
quotients of reducible Verma modules. We show that Oas is rigid and that its simple
objects generate a semisimple tensor subcategory that is braided tensor equivalent to an
abelian 3-cocycle twist of the category of finite-dimensional sle-modules. We also show that
this sle-type subcategory is braid-reversed tensor equivalent to a similar category for the
Virasoro algebra at central charge 1. As an application, we construct a simple conformal
vertex algebra which contains the Virasoro vertex operator algebra of central charge 25 as
a PSL;(C)-orbifold. We also use our results to study Arakawa’s chiral universal centralizer
algebra of SL, at level —1, showing that it has a symmetric tensor category of representations
equivalent to Rep PSL2(C). This algebra is an extension of the tensor product of Virasoro
vertex operator algebras of central charges 1 and 25, analogous to the modified regular
representations of the Virasoro algebra constructed earlier for generic central charges by I.
Frenkel-Styrkas and I. Frenkel-M. Zhu.
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1. INTRODUCTION

The Virasoro Lie algebra is fundamental in the mathematics of two-dimensional conformal
quantum field theory [BPZ]. A major problem in the representation theory of the Virasoro
algebra is the construction and study of conformal-field-theoretic braided tensor categories
of modules at a fixed central charge (the scalar by which a canonical central element of the
Virasoro algebra acts), or equivalently of modules for a Virasoro vertex operator algebra [FZ1].
One especially wants to compute tensor product decompositions in such tensor categories and
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prove rigidity (existence of duals in a suitable sense). In this paper, we solve these problems
for the Virasoro algebra at central charge 25, building on our previous work [MY] at certain
negative rational central charges, and using the results of Orosz Hunziker [OH] on vertex
algebraic intertwining operators among Virasoro modules at central charge 25.

R Since the Virasoro algebra is the affine W-algebra associated to the affine Lie algebra
sly via quantum Drinfeld-Sokolov reduction [FFr], one expects close relations between the
representation theories of the Virasoro algebra and of sly. Here, we confirm this expectation
by showing that the Virasoro algebra at central charge 25 admits a braided tensor category of
modules that is equivalent to a twist of the category of finite-dimensional sls-modules by an
abelian 3-cocycle on Z/27. Moreover, we further confirm the duality between the Virasoro
algebra at central charges ¢ and 26 — ¢ [FFu| in the case ¢ = 25 by showing that our sl,-
type tensor category for the Virasoro algebra at central charge 25 is braid-reversed tensor
equivalent to the one constructed at central charge 1 in [McR].

In general, let V. be the simple Virasoro vertex operator algebra at central charge ¢ =
13 — 6t — 6t~ ! for t € C*. It was shown in [CJORY] that the category O. of Cj-cofinite
grading-restricted generalized V.-modules is the same as the category of finite-length V-
modules whose composition factors are the irreducible quotients of reducible Verma modules,
and that O, satisfies all conditions needed to apply Huang-Lepowsky—Zhang’s (logarithmic)
tensor category theory for vertex operator algebra module categories [HLZ1]-[HLZS8]. Thus
O, has the braided tensor category structure described in [HLZS8]. Moreover, rigidity and
tensor products of simple objects in O, are known when ¢ ¢ Q [FZ2, CJORY] and when
t € Qso [Wa, Hul, Hu2, Mi, McR, CMY2, MY]. Thus the remaining central charges to study
are ¢ = 13 — 6t — 6¢~! with ¢ negative rational.

In this paper, we focus on t = —1, that is, ¢ = 25. This case is different from other negative
rational t since Va5 is the quantum Drinfeld-Sokolov reduction of only one affine sly vertex
operator algebra (at level —3) rather than two. As a result, Os5 contains only one sly-related
subcategory. Indeed, the simple objects of Oy5 form a one-parameter family of modules £, 1,
r € Z, with lowest conformal weights 1 — 1 (r + 1)2. Our first main result is that the tensor
category a5 is rigid and that its simple modules have slo-type tensor products:

Theorem 1.1. Let Va5 be the simple Virasoro vertex algebra of central charge 25, and let
Qo5 be the braided tensor category of Ci-cofinite grading-restricted generalized Vos-modules.

(1) The category Ogs is rigid and ribbon, with duals given by the contragredient modules
of [FHL] and natural twist isomorphism 6 = *™ilo,
(2) Tensor products of the irreducible modules in Qa5 are as follows: for r,rv’ € Zy,

r4+r'—1
Lri R Ly & P L
k=|r—r'|+1
k+r+7'=1 (mod 2)

The proof of Theorem 1.1 is based on a detailed analysis of the tensor generator Lo 1 using
intertwining operators constructed in [OH] and results on minimal conformal weight spaces of
tensor product modules from [MY]. The proof of rigidity (and self-duality) for Lo requires
somewhat involved computations with BPZ equations and intertwining operators since the
vacuum space in L91 X L1 = L1 @ L3 lies three levels above the tensor product module’s
lowest conformal weight space (which appears in the £3; direct summand).

The category Os5 is not semisimple, since it contains arbitrary-length subquotients of
Virasoro Verma modules and their contragredients, as well as non-split self-extensions of the
modules £, 1 for r > 2. However, Theorem 1.1(2) shows that the semisimple subcategory (9(2)5
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consisting of all finite direct sums of the simple modules £,.1, 7 € Z., is a tensor subcategory
of Og5. By [KW, Theorem Ay, O is tensor equivalent to the category C(—1,sl2) of finite-
dimensional weight modules for Lusztig’s modified form of the Drinfeld-Jimbo quantum group
U,(slz) specialized at ¢ = —1. Moreover, using the methods of [GN], we find that C(—1, sl3)
has two braidings, and we determine which one makes C(—1, sly) braided equivalent to (985.
There is a similar semisimple tensor subcategory OY C O of Virasoro modules at central
charge 1 [McR]; we show that it is braided tensor equivalent to C(—1,sly) equipped with the
inverse braiding as for O9;. Thus O} and OY are braid-reversed equivalent:

Theorem 1.2. Let X be the 2-dimensional standard representation in C(—1,sly), and let
fx =ixoex be the composition of the coevaluation and evaluation maps for X. Then there is
a braided tensor equivalence 0% = C(—1,sly), respectively O =2 C(—1,sly), where C(—1,5ls)
is equipped with the unique braiding R such that Rx x = i(fx —Idxgx), respectively Rx x =
—i(fx — Idxgx). In particular, OY is braid-reversed tensor equivalent to O3;.

As an application of our results on O (and its relation to OY), we can construct inter-
esting simple conformal vertex algebras containing Va5 as a subalgebra and describe their
representation categories. These algebras have infinite-dimensional conformal weight spaces
and no lower bound on their conformal weights, so we cannot study their representations by
usual methods such as Zhu algebras. Instead, we use the vertex operator algebra extension
theory of [HKL, CKM1, CMY1] applied to the braided tensor category O3;.

The first conformal vertex algebra we construct has automorphism group PSLo(C) and
contains Va5 as the PSLo(C)-fixed-point vertex operator subalgebra. This is analogous to
the realization of Vi3_¢, ¢,-1, p € Zy, as the PSLy(C)-fixed-point subalgebra of a vertex
operator algebra W (p), where W(p) is the triplet W-algebra for p > 2 and the simple affine
vertex operator algebra Lj(sly) for p = 1. Thus we call our new conformal vertex algebra
W(—1); we construct it by applying the braid-reversed tensor equivalence (’)? — (’)85 to
Li(sly), and the representation category of W(—1) is braid-reversed tensor equivalent to the
modular tensor category of Lj(slz)-modules:

Theorem 1.3. For n € N, let V(n) denote the (n + 1)-dimensional irreducible sla-module.

(1) There is a unique simple conformal vertex algebra W(—1) such that

oo
W(-1) = @ V(2n)® Lont1,1

n=0
as a Vas-module. Moreover, PSLs(C) acts faithfully on W(—1) by automorphisms,
and W(—1) has the above decomposition as a PSLy(C)-module.

(2) The category of finite-length W(—1)-modules which as Vas-modules are direct sums

of submodules L1, r € Zy, is a rigid semisimple braided tensor category which is
braid-reversed equivalent to the modular tensor category of L1(sla)-modules.

The second conformal vertex algebra we study contains V; ® Va5 as a vertex operator subal-
gebra. It was constructed in [Ar, Section 7], where it is called the chiral universal centralizer
algebra of SLy at level —1 and denoted Ig}ﬂ. For a general level k, the chiral universal
centralizer I’fg L, can be obtained from the vertex algebra of chiral differential operators on
SLs at level k by a two-step process of quantum Drinfeld-Sokolov reduction; for k& ¢ Q this
was first done in [F'S], where the algebras were called modified regular representations of the
Virasoro algebra, and an alternate construction for k ¢ Q was given in [FZ2]. For k = —1,
the chiral universal centralizer IgiQ can also be constructed using the method of gluing vertex
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algebras from [CKM2]; that is, IEEQ is the canonical algebra in the Deligne product of the
braid-reversed tensor equivalent categories Of and 0Y;. Using the detailed tensor structure
of 0 and 085 combined with vertex operator algebra extension theory, we can determine
the representation theory of Igizz

Theorem 1.4. Let L’fﬁ, r € Z, denote the simple modules in OY for i = 1,25 with lowest
conformal weights (r —1)% and 1 — (r 4+ 1), respectively.

(1) There is a unique simple conformal vertex algebra Igiz such that

as a V1 ® Vos-module.
(2) The category of finite-length I§£2 -modules which as V1 ® Vas-modules are direct sums

of submodules 57("11) ®££?51), r,v" € Zy, is a rigid semisimple symmetric tensor category

equivalent to Rep PSLy(C).

We expect our results for ¢ = 25 to have analogues in the categories O3_g;_g;—1 for general
negative rational . We plan to study these categories in future papers. Especially, we expect
that Visy6pt6p-1 for p € Z>o can be realized as the PSLy(C)-fixed point subalgebra of a sim-
ple conformal vertex algebra W(—p). If so, then a detailed description of the tensor category
O1316p+6p-1 should enable the determination of the category of WW(—p)-modules, similar to
Theorem 1.3(2). A detailed understanding of Oy3. ;16,1 should also allow determination of

the representation theory of the chiral universal centralizer I;ijl/ P In contrast to the p =1
case, we expect Igijl/ P for p > 2 to have interesting non-semisimple representation theory,

since this occurs for Viz_g, g,-1. We remark that I’g , for k & Q can already be studied
using results from [CJORY, FZ2]; we summarize the results on the representation categories
of these algebras in Remark 8.4

The remaining contents of this paper are as follows. In Section 2, we introduce the Virasoro
category Qo5 as well as some elements of the vertex algebraic braided tensor category structure
on categories such as Og5. In Section 3, we derive some results on the structure of Lo 1 XL, 1,
r € Zy, in Ogs, and we determine L£o1 X Lo 1 completely. In Section 4, we prove that Lo is
rigid, and then in Section 5, we complete the proof of Theorem 1.1. In Section 6, we introduce
the tensor subcategory (935 and prove Theorem 1.2. In Section 7 we construct the conformal
vertex algebra W(—1) and determine its representation category, and then we determine the
representation theory of the chiral universal centralizer Ig}J2 in Section 8. We place results
needed for some assertions in Theorems 1.3 and 1.4 (especially the uniqueness assertions) in
the appendices, since their proofs are somewhat long and technical and are not specifically
related to the Virasoro algebra at ¢ = 25.

Acknowledgments. We thank Tomoyuki Arakawa for pointing out to us his construction of
the chiral universal centralizer algebra and for suggesting that we study its representations.
We also thank Drazen Adamovié¢, Naoki Genra, and Andrew Linshaw for comments.

2. PRELIMINARIES

Let Vir be the Virasoro Lie algebra with basis {L,, |n € Z} U {c}, where c is central and

m3—m

5m+n,0c
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for m,n € Z. A Vir-module W has central charge ¢ € C if ¢ acts on W by the scalar c. It is
natural to parametrize central charges by ¢ = 13 — 6t — 6t~! for t € C*. From the Feigin—
Fuchs criterion for singular vectors in Virasoro Verma modules [FFu], a Verma module at
such a central charge can be reducible only if its lowest conformal weight is
-1 rs—1 s2—-1_,; 1 (t—1)2

By == t— tTh = —(tr —s)® -
1 5 T3 AU I

for some r, s € Z. Let V, ;¢ denote the Verma module at central charge ¢ with lowest conformal
weight h, . If ;s € Z4, then V, 4 is indeed reducible, with unique irreducible quotient L,
(see [IK, Section 5.3] for more details). For r,s € Z, we will generally use v, s to denote a
generating vector in V, s or £, s of conformal weight h,. .

We will focus on the central charge ¢ = 25, corresponding to t = —1. In this case, the
conformal weight symmetry h,s = hy41s—1 implies that every conformal weight in (2.1)
equals h, for some r € Z. Then using also the conformal weight symmetry h, s = h_, s,
every conformal weight in (2.1) equals a unique h, ; for r € {—1, =2} UZ, . From [IK, Section
5.3], the Verma modules V_; 1, V_5 are irreducible, and we have embedding diagrams

(2.1)

V_@l — Vi71 — Vi+271 — Vi+471 — Vi—i—ﬁ,l Sy U (2.2)

for ¢ = 1,2. In particular, the maximal proper submodule of V, 1 for r € Z is V,_o 1, that
is, Lr1 = Vp1/Vr—2,1 forr € Zy.

For any central charge ¢ € C, the universal Virasoro vertex operator algebra V. is the
quotient of the Verma module V; ; (with lowest conformal weight space C1) by the submodule
generated by the singular vector L_11. We are interested in the category O, of Ci-cofinite
grading-restricted generalized V.-modules. By [CJORY], O, equals the category of finite-
length Vir-modules at central charge ¢ whose composition factors are irreducible quotients
of reducible Verma modules, and O, admits the vertex algebraic braided tensor category
structure of [HLZ1]-[HLZ8|. Thus at central charge ¢ = 25, the category Oas consists of finite-
length Vir-modules at central charge 25 whose composition factors come from {£, 1 | € Z4 }.

The Verma modules V.1 are not objects of Oas, but all their proper quotients are, as
are all proper submodules of the Verma module contragredients V£,1 for r € Z. Since
all irreducible Vir-modules £, ; are self-contragredient, the surjections V,.1 — £, 1 dualize to
injections £, 1 — V,’,J. In particular, £, 1 is the Vas-submodule of V;’l generated by the lowest
conformal weight space. As a Vir-module, the vertex operator algebra Va5 is isomorphic to
L1 1 since the singular vector L_;1 € Vi1 generates the maximal proper submodule V_q ;.
In particular, Va5 is a simple self-contragredient vertex operator algebra.

We now recall some elements of the vertex algebraic braided tensor category structure on
025, beginning with the definition of (logarithmic) intertwining operator among modules for
any vertex operator algebra V' (see for example [HLZ2]):

Definition 2.1. Suppose Wy, Ws, and W3 are grading-restricted generalized V-modules. An

intertwining operator of type (levi” ) is a linear map

Wa
V: W @ Wy — Wsllog z]{z}
wy @ we — Y(wy, x)we = Z Z(wl)h,kw2 x_h_l(log ZL‘)k
heC keN
which satisfies the following properties:

(1) Lower truncation: For any wy € Wy, we € Wy, and h € C, (w1)p4n w2 =0forn e Z
sufficiently large, independently of k.
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(2) The Jacobi identity: For v € V and w; € Wy,

xalé <x1 _ x2) Y, (v, 21)Y (w1, 22) — ~1 <

Lo

—x9 + T
Zo

> y(’wl, x2)YW2 (v’ 171)

+
= 1] ) <$2 x0> Y(Yw, (v, z9)wr, x2).

z1

(3) The L_1-derivative property: For wy € W,

d
VY(L_jwy,x) = %y(w1a$)~

We will use two consequences of the Jacobi identity in the case that v is the conformal
vector w = L_o1: the commutator formula

LY (w1, 2) = Y(wi,x) Ly + Z (n - )m"H_iy(Lilwl,x) (2.3)

>0

and the iterate formula

V(Lpwy, z) = Z(—l)i(r”,r 1> (Lng1—i 2" Y(wi, z) + (=1)"2" " Y(wr,2)Lic1) . (2.4)

; )
>0
Associated to any intertwining operator ) of type (WWW ) we have an intertwining map

I W @Wy — W3 := H(WS)[h}
heC

defined by
I(w; ® wg) = Y(wy, 1)ws

for w; € Wi, wg € W, where we realize the substitution z — 1 using the real-valued branch
of logarithm In 1 = 0. We then say that ) is surjective if W3 is spanned by the projections of
Y(wy,1)ws to the conformal weight spaces of W3, as w; ranges over Wi and ws ranges over
Ws. Note that the substitution 2 — 1 in (2.3) and (2.4) immediately yields commutator and
iterate formulas for intertwining maps.

Tensor products, also known as fusion products, of V-modules were defined in [HI.Z3] using
intertwining maps; equivalently, we can use intertwining operators:

Definition 2.2. Let C be a category of grading-restricted generalized V-modules and let W1,
W5 be modules in C. A tensor product of W1 and Wy in C is a pair (W XK W, Vi), with
Wi X Wy a module in C and Vg an intertwining operator of type (Wl&WQ) that satisfies the
followmg universal property: For any module W3 in C and intertwining operator ) of type
(W1 ) there is a unique V-homomorphism f : W7 X Wy — W3 such that ) = f o V.

If the tensor product (W) X W, Vi) exists, then the tensor product intertwining operator
Vx is surjective by [HLZ3, Proposition 4.23]. Also following the notation of [HLZ3], we will
use the notation wy K ws := Vg(wy, 1)we € W1 X Ws. Tensor product intertwining operators
YV can be used to characterize the full braided tensor category structure on categories such
as Ogs, including the left and right unit isomorphisms [ and r, the associativity isomorphisms
A, and the braiding isomorphisms R. For a detailed description of these isomorphisms, see
[HLZ8] or the exposition in [CKMI1, Section 3.3].
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For the category Qg5 of Ci-cofinite Vas-modules, all intertwining operators among the mod-

ules L1 were constructed in [OH]. In particular, there is a non-zero (and one-dimensional)
ET‘I, 1

ol r ) if and only if
T, r! 1

space of intertwining operators of type (

re{r+r —1r+7" =3, r—r'|+1}
This strongly suggests but does not quite prove the sls-type fusion product formula

r4+r'—1

LaRLo= P Lra
k=|r—r'|+1
k+r+r'=1 (mod 2)

for r,7" € Z,. We will prove this formula in the following sections.

3. TENSOR PRODUCTS INVOLVING Lo 1

In this section, we study how Ls ; tensors with the irreducible modules in O35 using results
from [OH, MY]. To begin, we fix an N-grading convention for modules in Oy5. Let W be a
grading-restricted generalized Vos-module, and let I denote the set of cosets i € C/Z such
that for some h € 4, the conformal weight space Wy, is non-zero. For i € I, let h; be
the minimal conformal weight of W in i. Then the N-grading W = @,y W(n), where
W(n) = @;c; Win,+n), satisfies

U - W(n) CW(wtv+n—m—1) (3.1)

for homogeneous v € Va5, m € Z, and n € N. There may be multiple N-gradings of W that
satisfy (3.1), but this is the N-grading we shall use.

For n € N, we use 7, : W — W (n) to denote the projection with respect to the N-grading
on W. We then obtain the following from Propositions 3.1 and 3.4 of [MY]:

Proposition 3.1. Let W be a Vos-module in Qa5 such that there is a surjective intertwining
operator Y of type (£2 Klr 1) for some r € Z,. Then

W (0) = span{mo(Y(v2,1,1)vr1), mo(V(L-1v2,1, L)vr1)},

where va1 € L1 and v.1 € L1 are generating vectors of minimal conformal weight, and the
vectors

(1 +r4+ (1 + 1))71'0(:)7(1)2,1, 1)UT71) — 271'0(3)(.[/_11)271, 1)UT71)
are, if non-zero, Lo-eigenvectors with Lo-eigenvalues hy+11.

The preceding proposition especially applies to W = L9171 XK £, and VY = Vx. We can
now determine (Lg1 X £, 1)(0) precisely using the main theorem of [OH], which asserts that

Lri11

Lol L 1), and therefore there is a surjective

there is a non-zero intertwining operator of type (
homomorphism

Lo1 L1 — Lrg1.
This means (L2 &ﬁﬁl)[hrﬂ,l] # 0. Moreover, since hy—1,1 —hr41,1 = r+1 € Z4, Proposition
3.1 and our N-grading convention then imply that (£21 X £;.1)(0) = (L2 X £T71)[hr+171] and
this space is one-dimensional. The universal property of induced Vir-modules then implies
we have a homomorphism

I Vg — Loaa R Ly

which is an isomorphism on degree-0 spaces.
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Now if r > 1, the main theorem of [OH] also implies we have a surjective homomorphism
Lo1 L1 — Lr_11.

When r > 1, then, II is not surjective onto Lo1 X L, 1 because £,_1,1 is not a quotient
of V41,1 (although it is a subquotient). Thus, applying Proposition 3.1 to the natural

L21XL, 1/ Im It

surjective intertwining operator of type ( Lo Lo '), we see that the degree-0 space of

Lo1 XLy q/Im ITF is one-dimensional and spanned by an Lg-eigenvector with eigenvalue
hr—1,1. Thus we get a homomorphism
I - VT7171 — £271 X [,,n’l/lm H:_

which this time is surjective (because from Proposition 3.1, the degree-0 subspace of (L2 X
Ly1/ImILT)/ImII; must vanish).
We have now found that for » > 1, there is an exact sequence

0— Vr+171/j+ — /:2,1 X ﬁr,l — Vr—l,l/j— — 0, (3.2)
where J+ = Ker H;t and both Verma module quotients must be non-zero and Ci-cofinite.
For the rest of this section, we focus on the case r = 2:

Theorem 3.2. In the tensor category Oas, Lo1 X Lo = L1171 D L31.

Proof. From the Verma module embedding diagram (2.2), the only non-zero C;-cofinite quo-
tient of V11 is Vi1/V-11 = L1,1. So in the r = 2 case of the exact sequence (3.2), we have
J- = V_1,1. Similarly, we have either J, = Vi1 or Jy = V_11. Then the existence of a
surjection L1 X L9 1 — L3 1 means that we have another exact sequence

0—>K—>£2,1&£271—>£371—>0

where the submodule K is either £ 1 or a length-2 self-extension of £y ;. Either way, K is
semisimple because £ 1 does not admit non-split self-extensions (see [GI, Section 5.4]). This
means any vector in the non-empty set K \ (Im H; 1 N K) generates a submodule isomorphic

to L1,1. Since L1 is simple, such a submodule is complementary to Im H;l, showing that

Lo1 R Lo =Ly ® (Vs1/Ty).

We have not yet shown that V3 1/J4 = L3,1, but note that we have now shown that Lo 1 X9 4
is not a logarithmic module, since Ly acts semisimply on both £ 1 and V31/7;.

For showing that J; = V1 1, we observe that the Verma submodule V1 C V35 is generated
by the degree-3 singular vector

U110 = (L% +4L_1L_5 +2L_3)v3 1,

where v3 ;1 is a singular vector generating V3 1. Consequently, to complete the proof of the
theorem, it is enough to show that I13 (v1,1) = 0. To compute this vector in (£21 X L21)(3),
we begin with a lemmas:

Lemma 3.3. The vector mp(ve,1 Mg 1) € (L2171 X Lo71)(0) is non-zero.
Proof. From Proposition 3.1, (L2,1 X £21)(0) = (L2,1 X L31)[_3] is spanned by
57T0 1)2 1 &1}2 1) — 27(’0(L 11)2 1 @1}2 1)

while
—7T0(’U271 X ’U271) — 27T0(L,1’U2,1 X U2’1) =0.
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The second expression shows that my(ve1 K v 1) = 0 if and only if mo(L_1v21 K wve 1) = 0.
But the first shows that mo(va1 K v 1) and mo(L_1v21 W vy 1) cannot both vanish, forcing
mo(ve,1 Wwg 1) # 0. 0

We may now assume H;(Ugyl) = mo(v2,1 vy 1), so that we need to show
(L3, +4L 1L 5 + 2L _3)mo(va1 Mwgg) = 0. (3.3)
For this, we use another lemma:

Lemma 3.4. The series Vx(v2,1,x)va,1 satisfies the formal differential equation

de—Q—xi—? Vx(va1,z)v ——ZL ' Va(va 1, z)v
1) YBv21, vy = —ix" VY (v2,1, T)v2,1.

2
dx dx =
Proof. We use the L_j-derivative property, the singular vector (L%, 4+ L_s)va1 € Va1, the
iterate formula for intertwining operators, the L_j-commutator formula, and hg 1 = —g:

2
— YV (v2,1, 2)v21

dz2
= Va(L? v21,2)v21 = —Vi(L-2v21,2)v21
- Z < > (L_g—ix Va(ve,1, z)va, + x_l_iyg(vg,l,a:)Li,lvm)
>0
= - Z it 2 Vg (ve1, )v21) — Va(va,2) (27 Loy + 372 Lg) vas
1>2
i—2 4 d 5
— Z L_iz" *Yx(ve1,x)v21 + dfy&(vg,l, T)vaq + 17 Vi (va1,2)v2,1.
i>1 x
The lemma then follows from multiplying both sides by x? and rearranging terms. d

Now since L1 X L9 1 is not logarithmic, the Lg-conjugation formula implies we can write

L072h271 (

Vv, x)vip =2 vo,1 Mo 1)

hs.1—2h —1/2
= g T (v Mg 1) a1 —2h21 = E mn(v21 Mg ) 2" /2,
n>0 n>0

with mp(ve,1 W w2 1) # 0 by Lemma 3.3. If we insert this series into the differential equation
of Lemma 3.4 and extract coefficients of powers of x, we get
n(n—3)7rn(1)21®1121 ZL—zﬂ'n l(vg1&v2 1)
=1

for all n € N. Taking n = 1,2 first, we get

1 1 1
m1(ve Mg 1) = §L717T0(U2,1 Muwvg1), mo(ve Mwgy)= <4L2_1 + 2L2> mo(v2,1 Mg 7).
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Then taking n = 3, we get

0=—L_ym(va1 Wuwg1) — Lom(va1 Wuwg 1) — L_zmo(ve,1 M)
1. 1
= <—4L5_1 - i(L—lL—Q +L oL y)— L—3> mo(v2,1 KMo 1)

1 1
- (—4L?i1 — L. 4L_o— 2L3> mo(v2,1 W vg1).

This proves (3.3) and thus also the theorem. O

4. RIGIDITY FOR L2

In this section, we show that the self-contragredient Vas-module Lo ; is rigid and self-dual.
The proof is similar to those in [CMY2, Section 4.2] and [MY, Section 4.1], but it is more
computationally intensive because 0 is not the lowest conformal weight of Lo 1 X Lo 1.

Theorem 4.1. The irreducible module Lo 1 in Oa5 is rigid and self-dual.

Proof. The direct sum decomposition of Lo 1X Ly 1 from Theorem 3.2 shows that for s = 1, 3,
we have maps @5 : Ls1 — L21 X Lo and ps : L2171 X Lo — L1 such that

psOiy = 0s5ldg,, and iy opy+izops =Ids, ®es,- (4.1)

We take i1 and p; as preliminary candidates for coevaluation and evaluation, respectively.
Then it suffices to show that the rigidity composition

-1 1R A ®Id !
Log T Lo1RL1 1 — Lo1R(Lo1 WLy 1) D5 (Lo1 R Loy )R Loy 25 £11K Ly 1 = Lo

is non-zero (see for example Lemma 4.2.1 and Corollary 4.2.2 of [CMY3]). Since Lo is

simple, the rigidity composition is a scalar multiple R-Id, ,, so we need to show that R # 0.

For s =1, 3, we define intertwining operators Vs, := ps 0 Vg of type ( Dfl ‘922 1) and

V2 :=1lo(p1XId)o Ao (IdXi,)oYVg=[lo(p KId)oAoYg|o(Id® i)

of type ( ng,ﬁf’ﬁls,l)' In particular,

y221 =N (Toyx) = %'Q(Yﬁzl)v

where (Yr,,) is the intertwining operator of type ( l:fl 221 1) related to the vertex operator

Yr,, by skew-symmetry. We now use (4.1) and the definitions of the unit and associativity
isomorphisms in Os5 to calculate

R - (v2,1, UV, ) (2,1, 1) Vap (2,1, )v21) + (2,1, Vas(v2,1, 1) Vg (va,1, T)v21)
= (2,1, V31 (v2,1, 1)V (v2,1, T)v21) + (2,1, Va3(v2,1, 1) Vg (va,1, T)v21)
= (v2,1,[lo (p1 ®1d) 0 Ao Vx|(v2,1,1) V= (v, z)v21)
= (v2,1,[l o (p1 ®1d) o Vx](Vr(v2,1,1 — 2)v21, 7)v21)
=

Vo1, Yz, (Vag (2,1, 1 — 2)vo1, 2)v2,1),
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where we may take x to be, for example, any real number in the interval (%, 1). We can
rescale p; (and correspondingly 1) if necessary to ensure the following:
(v2,1, Q(Vz,,) (2,1, 1) Vo (v21, T)v2,1) € 27221 (14 2 C[la]]), (4.2)
(02,1, V35(v2,1, 1) V3p (02,1, 2)v2,1) € 172121 [a]], (4.3)
_ 11—z 11—z
(02,1, Yy, Vaa(va,1, 1 — @)va1, w)va ) € (1 — ) =221 (1 +——FC H . ”) , o (44)

where hg 1 = —% and h3 1 = —3.
Now, just as in [BPZ, Hul, TW, CMY2], the products and iterates of intertwining operators
are solutions to a differential equation. The relevant equation at central charge 25 = 13 —

6(—1) — 6(—1)"1, with hoy = =32, is

Pl 2)6 (@) (1= 22)6/(2) ~ 22 (1 = ) 6(a) =0,

If we write
$la) = 27221 (1 — 2) 72 f(x),
then f(z) satisfies the hypergeometric differential equation
(1 —x)f"(x) +4(1 — 22) f'(x) — 10f(x) = 0.
One solution to the hypergeometric equation near the singularity x = 0 is
filz) =27 4272,

and then because the differential equation is symmetric under the interchange x <> 1 —z, the

second fundamental solution is

1,
fa(z) = %(1 —z)7 + %(1 —x) 2 = (11_;)3

Thus the original differential equation has the following basis of solutions near x = 0:
b1(w) = 29/2(1 — )2 + 27%) = & V2(1 — 2)P2(1 + )
1-1x 1
27 — 5/2 1— 71/2 1-Z= )
T == (1 )
Then it is clear that (4.2) is ¢o(x) and (4.3) is some linear combination a ¢1(x) + b ¢a(x), so
(02,1, Yy, (Vaa(v2,1, 1 — @)oo 1, 0)v21) = a i (2) + (R + b)¢()

for = such that both sides converge. Then from (4.4), the iterate on the left side here is a
solution ¢ (z) to the differential equation such that (1 — x)~5/24(x) is analytic near = = 1,

¢a(x) = 2 (1 - 2)>2.

with constant term 1 when expanded as a series in 177‘” The only solution with this property
is %gbl(x), so we may conclude that a = % and R+b=0.

Now to show R # 0 and thus prove that Lo ; is rigid, we need to compute b and show that
it is non-zero. We first note that from the Lg-conjugation formula,

1
§¢1($) +bga(z) = (va1, Vi3(v2,1, 1)V (va1, @)v21)
- <U2,1a Vi3(va,1, 1)ato 22193 (vy 4, 1)02,1>

- Z (v2,1, Y35(va,1, 1)y (V35 (02,1, 1)va1)) 12

n>0
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Denote ¢, = <v271,y223(v2,1, D)7 (Vs (v2.1, 1)v2,1)>; from the series expansions of ¢;(x) and
¢2(x), we have ¢y = % and c3 = % + b. To determine b, we will compute c3 from ¢y using
properties of intertwining operators.

We first compute 7T3(y§’2(v271, 1)vg 1) in terms of v3; = 770(315’2(1)2,1, 1)va1). Let (-,-) now
denote the unique invariant bilinear form on £3 1 such that (v3 1,vs,1) = 1; it is nondegenerate
on the subspace (£31)(3) = (£3,1)[o) which has basis

{L_3v31,L_1L_2v3,}

since (L3, +4L_1L_5+2L_3)vs1 =0 in L371. Now using the commutator formula (2.3),

3,1, L3V (v2,1,1)va1)
3,1, Vao (L—1 + 4Lo)va,1, 1)va 1)
3,1, Vo (L—1 + Lo)va,1, 1)va1) + 3o (vs1, Y35 (va1, 1)vg1)

3.1, [Lo, V35 (va,1, 1)]va,1 ) + 3ho,1 (v31,v3.1)

11
= hs1+2h2y = ——

(L3031, Vin(va,1, 1)v21) =

(
=
=
=

and similarly,

(L_1L_5v31, Y3 (va1, 1)van) = (L_ovs 1, Vi (L—1 + 2Lo)va,1, 1)va 1)
= (L_sv31, [(ad Lo + ho1)Viy(v2,1,1)] v2,1)
= (hag +2) (L_2v3,1, Y3y (v21, 1)va1)
- <"U3,17 Vo ((L-1 + 3Lo)va1, 1 )’02,1>
— <v371, [(ad Lo + 2hy 1)325’2(1)271, 1)] v2,1>

17
—(h31 + ho1) = R

These show how to expand 7T3(315’2(v2,1, 1)va 1) in the basis dual to {L_3vs31, L_1L_sv31}.
To determine the dual basis vectors, we can use the Virasoro algebra commutation relations
to calculate

(L_3vs1,L_3v31) = 32, (L_gv31,L_1L_ov31) =2,
(L1L_ov31,L_3v31) =2, (L_1L_gv31,L_1L_ov31) = —55.

From these, it is easy to show that the dual basis is

55 1 1 8
L_ = —I1_ L_L_ L_1L_ Qe p— ——L 4L_
[L_3v31]" = 1764 31131+882 1L_ovz1, [L_1L_ov3;] gag L-3Vs1— gy L-1L-2v31,
and thus
55 1
3
1 = L_ L_1L_
m3(Vya(v2,1, 1)v21 5 <1764 3?131—1—882 1 2113,1>
17 1 8
— | —L_ ——L 1L_
T (882 ST 2”3’1>
=——L_3v31 — —L_1L_ov3.

6 12
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Now we can compute c3 using the commutator formula for intertwining maps:

€3 = <U2,1> y223(v2,1a 1)773(3)32(?12,1, 1)U2,1)>

1
= —E <U271’ y223(U271, 1)(2L73 + L*lL*Q)U371>

1
=13 (v2,1,2V33((L—1 — 2Lo)va,1, 1)vg 1 + V35(L_1v2,1, 1) L_ov31)
1 2 2
=1 (v2,1,2 [(ad Lo — 3hg,1) Va3 (va1,1)] va1 + [(ad Lo — h2,1)Vi5(v2,1,1)] Logvs 1)
1 1
= 6(_%271 — h31){v2,1Va3(va1, vz 1) — ﬁ(h?),l +2) (va,1, Va3(v2,1, 1) L_ov31)
11 1
BETRET) (v2,1, Y33((L-1 — Lo)va1, 1)vs1)
11 1
=5 T3 (va1, [(ad Lo — 2h21) Y35 (va,1, 1)] v31)
11 1
=51~ ﬁ(_hQ’l —h31)co
11179
24 96 32
Finally, we can compute b and thus also the rigidity scalar fA:
25 9 1
R=—-b=—— —=_.
32 32 2
Thus Lo is rigid and self-dual with evaluation 2 p; and coevaluation ;. ]

5. TENSOR PRODUCTS AND RIGIDITY

In this section we determine tensor products of irreducible modules in Os5, and we prove
that Oys is rigid. To prove the first theorem, we use the exact sequence (3.2) and the rigidity
of Lo1 proved in Theorem 4.1:

Theorem 5.1. The irreducible module L, 1 is rigid in Oas for all v € Z4, and we have

r4r'—1
LB Ly = & Ly (5.1)
k=|r—r'|+1
k+r+r'=1 (mod 2)
forr,r' € 7.
Proof. We first show that £, ; is rigid and that

Lo if r=1

52,1 X ,Cr,l = { [,rfl,l D £r+1,1 if r>2

by induction on r. The base case r = 1 is clear because L1 ; is the unit object of Og5, and
we have proved the case r = 2 in Theorems 3.2 and 4.1.

Now for some r > 2, assume we have proved that £, is rigid and that Lo X L, ; =
Lr—11®DLrp1,1. Then Lo X L, is also rigid, since it is the tensor product of rigid modules,
which means that £, 111 is rigid, since it is a direct summand of a rigid module. Now consider
the module L1 X £, 11,1, which is rigid and self-dual because £o1 and £, are rigid and
self-dual. Self-duality implies that the surjection Lo 1 XL, 11 — L4121 (guaranteed by [OH])
dualizes to an injection £,421 — L21 X £,41,1. Thus the one-dimensional lowest conformal
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weight space (L2171 M L41,1)(0) = (L21 X £r+1,1)[hr+2,1] generates a submodule isomorphic
to Ly42,1, showing that in the exact sequence (3.2), the submodule J, = Ker H;:l is the
maximal proper submodule of V.19 .

We now have an exact sequence

0—Lryo1 — L21WLy11 — Vet /T — 0,

which splits because £,421 is both a submodule and quotient of L9171 X £,411. Now self-
duality of L9171 X £,41,1 again implies that £, is a submodule as well as a quotient of
Lo1XL,41,1. As any singular vector generating the submodule £, ; must be contained in the
summand V,1/J-, this shows that J_ is the maximal proper submodule of V,; and therefore
Lo1XWLri11= L1 @ Lryo1. This completes the inductive step.

So far, we have proved that £, ; is rigid for all r € Z,, as well as the r = 2 case of (5.1).
(The r =1 case is clear because L 1 is the unit object of O25.) We now prove the remaining
cases of (5.1) by induction on r. Assuming the formula for some r > 2 and all v’ € Z,

(Lr—1a W Ly1) @ (Lrprg R L) = (Log VL) KLy
r4r'—1
= Lo W (L WLy ) = @ (Lo WLy 1).
k=|r—r'|+1
k+r+r'=1mod 2)
Since all tensor product modules here have finite length, the Krull-Schmidt Theorem guar-
antees that we can find the indecomposable summands of £, 11 X £,/ 1 by subtracting the
indecomposable (and irreducible) summands of £,_; 1 X £,s; from those on the right side.
Analyzing the three possibilities r > 7/, » = 7/, and r < 7/, we then find that

r+r’
Lry1a R Ly = @ L1
k=|r+1—7'|+1
k+r+r'=0 (mod 2)

as required. ]

By the preceding theorem, all simple modules in Oy5 are rigid. It then follows from [CMY2,
Theorem 4.4.1] that the entire category Ogs of finite-length modules is rigid:

Theorem 5.2. The tensor category Qo5 of Ci-cofinite grading-restricted generalized Vas-
modules is rigid. Moreover, Oz is a braided ribbon tensor category with natural twist iso-
morphism e2milo.

6. THE SEMISIMPLE SUBCATEGORY O3

The category Qa5 is not semisimple: besides containing arbitrary-length indecomposable
quotients of Verma modules and their contragredients, it contains logarithmic self-extensions
of all irreducible modules £, ; for r > 2 (see [GK, Section 5.4]). As a consequence, Qg5 does
not have enough projectives, and we expect that indecomposable objects in Qg5 are essen-
tially unclassifiable. However, the tensor product formula (5.1) shows that the irreducible
modules of Oy; form the simple objects of a semisimple tensor subcategory, which we la-
bel (985. Moreover, the fusion ring of 085 is isomorphic to that of the category Repsls of
finite-dimensional slp-modules under the map that sends £, 1, 7 € Z, to the r-dimensional
irreducible slp-module V (r —1). In the rest of this section, we determine how O35 and Rep sls
are related as braided tensor categories.
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For g € C*, let Uy(sl) be Lusztig’s modified form of the Drinfeld-Jimbo quantum group
specialized at ¢, and let C(g, sl2) be the category of finite-dimensional weight U, (sl2)-modules.
When ¢ = +1 or ¢ is not a root of unity, C(g, sl2) is semisimple with a fusion ring isomorphic
to that of Repsly [Lu]. Moreover, the tensor category C(q, slz) is generated by a 2-dimensional
simple representation L4(1), called the standard representation, in the sense that every simple
object of C(q, sl2) is a subquotient of a tensor power of Lg(1).

Conversely, if C is a rigid semisimple tensor category with a simple self-dual generating
object X, and if tensor products in C agree with those of Repsly under the identification
X — V(1), then [KW, Theorem A, says that there exists g¢c € C, either gq¢ = £1 or
gc is not a root of unity, and with qg uniquely determined up to inversion, such that C is
tensor equivalent to C(gc,sl2)” under a functor that sends X to Lg,(1). Here 7 denotes
modification of the associativity isomorphisms in C(qc,sl2) by a 3-cocycle on Z/27Z. Up
to coboundaries, there is only one non-trivial 3-cocycle 7 on Z/27Z: it changes the usual
associativity isomorphism Lg, (1) ®(Lg, (1) ® Ly, (1)) = (Lge (1) ® Ly (1)) ® Lg, (1) in C(qe, sl2)
by a sign. Note that the number denoted g¢ in [KW] is actually the square of the number
we have denoted g¢ here.

To determine gc, we look at the evaluation ex and the coevaluation ix such that the
rigidity compositions

! i A e
X2 xR N y R X) S RO X 2 gy XS X (6.)

and

5! ix®Idx Axix.x Tdx Rex rx

X X 1mx 2 (v RX O Y R(XRX) DN xR DS X (6.2)
equal Idx. The intrinsic dimension d(X) = ex oix € C is an invariant of the tensor category
structure on C. So because the intrinsic dimension of Ly, (1) in C(qc,ske) is —gc — gz ' (see
[EGNO, Exercise 8.18.8]), we can determine g¢ by comparing with d(X) in C. Moreover,
since +q¢ square to the same number, [KW, Theorem A, implies that C(qc,sl2) is tensor
equivalent to a 3-cocycle twist of C(—gqc, sl2), and this cocycle has to be non-trivial because the
intrinsic dimensions of Ly, (1) and L_g, (1) differ by a sign. Therefore C(qc, sl2) = C(—qc, sl2)"
as tensor categories.

Now we turn to 085, which is tensor generated by the simple self-dual object £2 1. By the
fusion rules (5.1) and [KW, Theorem Ay, the category OY is tensor equivalent to either
C(q,slz) or C(¢,slp)™ for some ¢, ¢’ € C*. The conclusion of the proof of Theorem 4.1 shows
that d(L21) = 2. So if 0% 2 C(q,sl2), we have

d(Ly(1)) = —q¢—q¢" " =2,
and thus ¢ = —1, while if 0 = C(¢/,sl2)7, a similar calculation shows ¢’ = 1. Since the

category C(1,sly)7 is tensor equivalent to C(—1,sl3), we have:

Proposition 6.1. There are tensor equivalences O% = C(—1,sly) =2 C(1,5l3)™ = (Repsl)™.

We next wish to relate the braidings on 09 and C(—1, sl2). Thus we determine all possible
braidings on C(—1, sly) as well as the braiding on 035, and then we find the unique braiding
on C(—1, sly) such that the tensor equivalence C(—1, sly) = OY of Proposition 6.1 is a braided
equivalence. Here we follow the discussion and methods of [GN, Sections 6 and 8§].

We first consider braidings on C(q,slz). By naturality of the braiding isomorphisms and
the hexagon axioms, a braiding R is determined uniquely by its value R x x on the generator
X = Lg(1). Set

fx :=ixoex.
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We claim that fx does not depend on the choice of ix and ex: Since X is simple, the spaces
Homge g 41,y (X ® X, 1) = Endg( (X) = Homg (1, X ® X)

are one-dimensional. Thus any two choices of ex differ by a non-zero scalar multiple ¢,
and the corresponding choices of ix differ by ¢~! in order to preserve (6.1) and (6.2). So
fx =ix oex is well defined.

Now since Idxgx and fx form a basis for the endomorphisms of X ® X, for any braiding
R on C(q,sls), there exist a,b € C such that

'R,XJ( =a-fx+b-ldxgx-

Conversely, if such an Rx x determines a braiding on C(g, sl2), then unital properties of the
braiding, naturality, and the hexagon axioms imply the following:
1

g,512) q,5l2)

Axxxo(dx ®ix)ory
=Axxxo(ldy ®ix)oRyxoly
= Ax xxoRxexxo(ix ®Idx)oly
= (Rxx ®ldx) o Ax x x o (Idx ® Rx x) o Ay'x x o (ix ® Idx) oI, (6.3)
As in [GN, Lemma 6.1], this relation does not have too many solutions when ¢ = —1:

Lemma 6.2. When q = —1, there are precisely two solutions Rx x : X @ X - X ® X to
the equation (6.3), namely

Rx.x = Fi(fx — ldxex).

Proof. Setting Rx x = a- fx +b-Ildxgx and using the definition of fy and rigidity (6.1)
and (6.2), the right side of (6.3) is

a®- (fx ®Idx) o Ax x,x o (Idx ® fx) o A)_(’lKX o(ix ®Idy)oly"
+ab- Ax x x o (ldx ® fx) o Ay'x x o (ix ® Idx) o Iy
+ab- (fx ®Idy)o (ix ® Idx) o l3' + % (ix ® Idx) o I5*
=a® (ix ®Idy)o(ex ®Idx) o Ax x.x o (Idy ®ix)ory'
+ab- Ax xx o (Idy ®ix)ory’ + (d(X)ab+b?) - (ix @ Idy) ol
= (a® +d(X)ab+b?) - (ix @ Idx) o I3 +ab- Ax xx o (Idx ®ix) ory'.
Recall that d(X) = 2 when ¢ = —1, and also note that (ix ® Idx) o l)_(1 and Ax x x o (Idxy ®
ix)o r)_(l are linearly independent; this can be seen by composing both morphisms with
d(X)-lx o (ex ®1dx) —rx o (ldx ® ex) o Ay'x «-
Thus Rx x = a- fx +b-Idxgx solves (6.3) if and only if
b=—-a and b=a"l.
That is, a = ¢ and b = F. ([l
With ¢ = —1, it is easy to check that
(fx —ldxex)® = (d(X) —2) o fx + ldxepx = ldxex.

Thus the two possible braidings Rx, x in Lemma 6.2 are mutual inverses. Since the tensor
category C(—1,sly) is indeed braided, both possibilities for Rx x extend to braidings on
C(—1,sly), and thus C(—1,sly) admits exactly two braidings. We need to determine which
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of these two braidings makes the tensor equivalence O =2 C(—1,sly) of Proposition 6.1 a
braided equivalence, so we determine the braiding on (985 next.
Just as in Lemma 6.2, there are exactly two braidings on (’)85, completely determined by

REQ,17£2,1 = i(f£2,1 - Idﬁ2,1®£2,1) or Rﬂz,l,ﬁz,l = _/I;(f£2,1 - Id£2,1®£2,1)' (64)

One of them is the braiding specified in [HLZ8], and the other is its inverse; we would like
to determine which is the braiding of [HLZ8]. In fact, the construction in [HLZ8] (see also
[CKMI, Section 3.3.4]) shows that R, , r,, satisfies

Reor Lo (Va(va1,2)v21 = X Vg(va1, e x)va 1, (6.5)

where vg1 € Lo is a generating vector of conformal weight ho 1 = —g and Vg is the tensor

product intertwining operator of type (%2’11&52 2’11).

The method of [GN, Sections 7 and 8] shows how to determine which possibility in (6.4)
corresponds to (6.5), by comparing er,, o Rr,, r,, with ez, ,. Similar to equation (4.2) in

the proof of Theorem 4.1, we can choose ez, , so that the intertwining operator £ := e, ; 0V

of type ( Lzﬁl’ﬁlg,l) satisfies

5(1)271, .%')1)271 € x~2h2a (1 + l‘ﬁLl[[.%']]) = $5/2(1 + $£171HJJH) (6.6)
So by (6.5),

(652,1 © R£2,1,£2,1 © y&)(”lla x)v2,1 = exL(_l)g(Uzl’ eml‘)vz,l
€ (e™2)%2(1 + 2Ly 1 [[z]]) = 2°/%(i - 1 + L1 1[[]]).

Since £ spans the space of intertwining operators of type ( l:fl 122 1), it follows that

€Lyy O Repi Lo, 0V =1-E, (6.7)
equivalently e, o Re,, 0., =%+ €c,,. On the other hand,
ery, © i fry, —Ide, me,,) = £i(d(L21) — L)eg,, = +i-eg,,.
As a result, the braiding on O3 given by [HLZ8] satisfies
ReonLon = i(fron —1de, me,,)- (6.8)

To conclude,

Theorem 6.3. The tensor category C(—1,sl2) equipped with the braiding determined by
Ri_ q),r_1) = i(fr_,q) — Wdr_,()er_, (1)) is braided tensor equivalent to 0.

Proof. Proposition 6.1 gives a tensor equivalence F : O — C(—1,sl2) such that F(Lq1) =
L_1(1). Moreover, F becomes a braided tensor equivalence when C(—1, sl3) is equipped with
the braiding induced by the braiding on O via F. This is the braiding R on C(—1,sls)
uniquely determined by the commutativity of the diagram

Rr_y),L_1(1)
L) ®@La(l) —————=L1(1) ® L4(1)

F(Regy,c01)

F(Eg,l X £2,1) ]:(,6271 X ,Cg,l)
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where F': L_1(1)®@ L_1(1) = F(L21) ® F(L2,1) = F(L21 K Lo 1) is the natural isomorphism
that is part of the data of the tensor functor F. So using (6.8),

Ri_)p ) =F " 0iF(fry, — ey me,,) 0 F =i(F~ o F(fr,,) o F —1dr_(1)er_ 1)-

It remains to show that F~1 o F(fros) o F = fr_ ). Indeed, properties of tensor functors

(see for example [EGNO, Exercise 2.10.6] or [CKM1, Proposition 2.77]) show we can take
ey =9¢oF(ec,,)oF and ip qy=F""oF(ig,,)op ",

where ¢ : F(L1,1) — 1 is the isomorphism between units that is part of the data of the tensor

functor F. Thus F~' o F(fr, ) o F = in_(1)°er_ (1) = fr_,(1), as desired. O

In the next sections, we will also work with the category O; of C}-cofinite grading-restricted
generalized modules for the (simple) ¢ = 1 Virasoro vertex operator algebra Vi. By [CJORY],
O, equals the category of finite-length Vir-modules of central charge 1 whose composition
factors are irreducible quotients of reducible Verma modules, and O; admits the vertex
algebraic braided tensor category structure of [HLZ1]-[HLZ8]. By [McR, Example 4.12] and
[CMY?2, Remark 4.4.6], O is also rigid. As at ¢ = 25, {£,1|r € Z;} are all the simple
objects of 01, up to isomorphism; at ¢ = 1, £, is the irreducible Vir-module with lowest
conformal weight £ (r —1)? (by the ¢ = 1 case of (2.1)).

Although O; is not semisimple, [McR, Example 4.12] shows that the Vi-modules L, 1, r €
Z., form the simple objects of a semisimple tensor subcategory O that is tensor equivalent
to C(1,5l3)™ = C(—1,5ly). The braiding on O was determined in [McR], but we can also use
the method of this section:

Proposition 6.4. The tensor category C(—1,sls) equipped with the braiding determined by
Ri_iq),n_101) = —i(fr_,)y~—ldr_,(1)er_, (1)) s braided tensor equivalent to OY. In particular,
there is a braid-reversed tensor equivalence OF — (935 that identifies the simple modules L, 1
in both categories.

Proof. The proof is the same as for (’)85, except that the lowest power of x in (6.6) is z1/2
since now hoy = 1. With this change, (6.7) becomes

€Ly1 © Rﬁ2,17ﬁ2,1 oVx = e_m/Q <&,
and then (6.8) changes to

RE2,1,E2,1 = _i(f£2,1 - Idﬁ2,1gﬁ2,1)' (6'9)

The braided tensor equivalence of O with C(—1,sl3) (equipped with the indicated braiding)
follows exactly as in the proof of Theorem 6.3, and then the braid-reversed equivalence with
OY; is a corollary of Theorem 6.3. U

7. THE VIRASORO VERTEX OPERATOR ALGEBRA Va5 AS A PSLy(C)-ORBIFOLD

In this section, we construct and explore the representation theory of a vertex algebra
W(—1) that contains the ¢ = 25 Virasoro vertex operator algebra Va5 as a PSLa(C)-orbifold,
that is, as the fixed-point subalgebra of an action of PSLy(C) by automorphisms. The algebra
W(—1) is a conformal vertex algebra in the sense of [HLZ1], since it has a conformal vector
but infinite-dimensional conformal weight spaces and no lower bound on conformal weights.
For motivation, recall that for p € Z,, the Virasoro vertex operator algebra Vi3_g, ¢,-1 is
the PSLy(C)-orbifold of a simple Cs-cofinite vertex operator algebra W(p): for p = 1, this
is the sly-root lattice vertex operator algebra [DG, Mi], while for p > 2, this is the triplet
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W-algebra [ALM]. Thus we are now constructing the analogous vertex algebra W(—1) for
p = —1, equivalently, ¢ = 25.

The idea for obtaining W(—1) is to use the tensor equivalence 09 = 09 of the previous
section to transfer the vertex operator algebra structure on the simple affine vertex operator
algebra Lj(sl2) (which is an extension of V) to a vertex operator structure on an extension
of Vo5. To do so, we need some general results on commutative algebras in braided tensor
categories, which we place Appendix A. See also for example [KO, CKM]1] for more notation
and results related to commutative algebras in braided tensor categories.

We now take the Ind-categories, or direct limit completions, Ind(0?) and Ind(09Y;), as

defined in [CMY1]. Specifically, denoting the simple objects of OY for i = 1,25 by £®

1
Ind((’)?) is the semisimple braided tensor category of V;-modules which are isomorphic to
(4)
r,1
O} — OY of Proposition 6.4 extends to a braid-reversed tensor equivalence

possibly infinite direct sums of modules £, » € Z;. The braid-reversed tensor equivalence

F :Ind(0Y) — Ind(0Y)
such that F(ﬁill)) = Ef,?f) forall r € Z.

Theorem 7.1. There is a unique (up to isomorphism) conformal vertex algebra extension
W(—1) of Va5 such that

W(-1) = PV (2n) © L), | (7.1)
n=0

as Vas-modules, where V (2n) denotes the irreducible (2n + 1)-dimensional sly-module. More-
over, PSLy(C) acts by conformal vertex algebra automorphisms on W(—1) with fixed-point
subalgebra Va5 such that (7.1) also gives the decomposition of W(—1) as a PSLy(C)-module.

Proof. For the existence of W(—1), recall that the simple affine vertex operator algebra
Li(slp) of sly at level 1 (equivalently, the sly-root lattice vertex operator algebra) has auto-
morphism group PSLy(C) with fixed-point subalgebra V; such that

Ly(slp) = @ V(2n)® £$1)+1,1
n=0
as PSLs(C)xVi-modules [DG, Mi|. By [HKL, Theorem 3.2] or [CMY'1, Theorem 7.5, L1(sl2)
is a commutative Ind(0Y)-algebra, so W(—1) = F(L1(sly) is a simple commutative Ind(OY)-

algebra by Corollary A.2 in the appendix. Thus again by [CMY1, Theorem 7.5], W(—1) is a

simple conformal vertex algebra extension of Va5 such that W(—1) = @2,V (2n) ® 5%5421,1

as a Vos-module.

Moreover, if ¢ is an automorphism of L;(sl2), then F(g) is an automorphism of W(—1).
Thus PSLy(C) acts on W(—1) by conformal vertex algebra automorphisms; since each au-
tomorphism of W(—1) is in particular a Vos-module automorphism, we get a decomposition

W(-1) = @D FVEn) @ L))
n=0

as a PSLy(C)-module, where each g € PSLs(C) acts on F(V(2n) ® ESI)HJ) by F(g ® Id).
Let T'C PSLy(C) denote a maximal torus and let v; € V(2n) fori = —n,—n+1,...,n—1,n
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denote weight vectors of distinct weights Ag; : T'— C*. Then for each ¢ and each t € T, we
have a commutative diagram

F(q:®1d)

Floi® ESBHJ) F(V(2n)® 'CSL)HJ)

l)\zz‘(t)-ld lt

F(g:®Id)
Floi® L3 0) F(V(2n) @ L5 1)

where ¢; : Cv; — V(2n) is the T-module injection. Note that since ¢; ® Id is non-zero and F
is faithful, F(¢; ® Id) is also non-zero and thus injective (since its domain is an irreducible

Vas-module). This shows that the lowest conformal weight space of F(V(2n) ® ESL)H’I),
which is a (2n+ 1)-dimensional PSLy(C)-module, has the same character as V' (2n), and thus
is isomorphic to V(2n). It follows that

FVn) @ L)1) 2 V() © L57)
as a PSLy(C) x Vas-module, proving that (7.1) gives the decomposition of W(—1) as a
PSLy(C) x Vas-module.

For the uniqueness assertion in the theorem, let V' be any simple conformal vertex algebra
extension of Va5 such that V = @7,V (2n) ® Céﬁim as a Vir-module. Then V = F(A)
for some commutative Ind(Of)-algebra A (this can be proved similarly to Proposition A.1
in Appendix A), and A is simple by Corollary A.2. If we can show A = Ly(sly), then we
have V' = W(—1). Thus it is sufficient to prove uniqueness of the simple vertex operator

algebra structure on @, ,V(2n) ® Egln) +1,1 extending V7. This is proved in Theorem B.1 in

Appendix B. O

Remark 7.2. We can also decompose W(—1) as a PSLy(C)-module using sly. First, sly
acts on Lj(sly) by vertex operator algebra derivations (equivalently, Ind(OY)-algebra deriva-
tions) and thus by the tensor equivalence F acts on W(—1) by Ind(O9;)-algebra derivations
(equivalently, conformal vertex algebra derivations). Then just as in the proof of Theorem
7.1, the lowest conformal weight space of each F(V(2n) ® .Céln) +1.1) is a (2n + 1)-dimensional
slp-module with the same character as V' (2n) and thus is isomorphic to V(2n). It follows that
(7.1) gives the decomposition of W(—1) as an sly x Vas-module. Then since the action of sly
is locally finite, it integrates to an action of SL9(C) on W(—1) by conformal vertex algebra
automorphisms which by the decomposition (7.1) descends to a faithful action of PSLy(C).

Remark 7.3. We expect that the Virasoro vertex operator algebras Vi3 g, 6,1 for p € Z>2
can also be realized as PSLs(C)-orbifolds of simple conformal vertex algebras W(—p). It
would be interesting to see whether all such vertex algebras W(—p) for p > 1 are Cy-cofinite,
although in contrast to the N-graded case, the implications of Ca-cofiniteness for general
Z-graded conformal vertex algebras are not completely understood.

We can now determine the representation theory of the conformal vertex algebra W(—1)
using Corollary A.4 in Appendix A and the well-known representation theory of Li(slz). In
particular, viewing W(—1) as a commutative algebra in Ind(O9;), we have its braided tensor
category Rep’ W(—1) of local modules. As in [HKL, Theorem 3.4], Rep’ W(—1) is just the
category of modules for YWW(—1) (considered as a conformal vertex algebra) which are objects
of Ind(0Y) when viewed as Vaz-modules. Since Lj(sls) is a regular vertex operator algebra
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with two distinct simple modules, Corollary A.4 implies that Rep® W(—1) is semisimple with
two distinct simple objects: W(—1) itself and another simple WW(—1)-module X" such that

x=@Pven-1)0Lh)
n=1

as a Vps-module. The only non-trivial tensor product in Rep? W(—1) is X KX = W(-1),
and moreover:

Theorem 7.4. The category of finite-length W(—1)-modules which restrict to Vas-modules in
Ind((’)g5) s a braided tensor category which is braid-reversed tensor equivalent to the modular
tensor category of Li(sly)-modules.

Remark 7.5. The above discussion and theorem suggest that YW(—1) may be a regular
conformal vertex algebra, in the sense that all its weak modules are direct sums of W(—1)
and X. However, our methods here do not allow us to rule out W(—1)-modules which are
not unions of their C-cofinite Vos-submodules. Also, it is unlikely that Zhu algebra methods
would help with the classification of simple W(—1)-modules, since WW(—1)-modules need not
be N-gradable.

We can also view W(—1) as a commutative algebra in the larger braided tensor category
Ind(O25), and we then have the tensor category Rep W(—1) of not-necessarily-local W(—1)-
modules in Ind(Oss). We now show that W(—1) and & are the only simple objects of
Rep W(—1). To do so, recall from [KO, CKM1] that there is a tensor functor of induction

J:W(—l) : O25 — RepW(—1)
W= W) RW
f= Idy) B f
The induction functor satisfies Frobenius reciprocity, in the sense that there for any objects
W of Og5 and X of Rep W(—1), there is a natural isomorphism

Homy,, (W, X) = Homyy(_1)(F_1) (W), X).

The arguments in the proofs of [MY, Lemma 7.3 and Proposition 7.4] (which use Frobenius
reciprocity) show that:

Proposition 7.6. Forr e Z.,

o [ W(=1)®" ifr is odd
Fwn(Lra) = { xer if T is even

As a consequence:
Proposition 7.7. Every simple object of Rep W(—1) is isomorphic to either W(—1) or X.

Proof. Let X be any simple object of Rep W(—1). Since X restricts to a Vas-module in Oas,
and since every object of Qa5 has finite length, X contains a simple Va5-submodule £, 1 for
some r € Z4. Then by Frobenius reciprocity, the Vas-module inclusion £,; < X induces a
non-zero YW (—1)-module homomorphism Fyy_1)(£1) — X. Since X is simple, this non-zero
map is surjective, so that by Proposition 7.6, X is a simple quotient of either W(—1)®" or
X®". Thus X is isomorphic to either W(—1) or X. O
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Remark 7.8. We can use the methods of this section to construct another simple conformal
vertex algebra extension of Va5 that is analogous to the rank-one Heisenberg subalgebra
M(1) C Ly(slz). Again using the braid-reversed tensor equivalence F : Ind(OY) — Ind(0Y;),
we define M(—1) := F(M(1)), a simple conformal vertex algebra isomorphic to @, , Lon+1,1
as a Vas-module. Alternatively, we could define M(—1) to be the U(1)-orbifold of W(—1).
We can then consider the category of finite-length M(—1)-modules which restrict to Vas-
modules in Ind(0Y5). Using Corollary A.4, this category of M(—1)-modules is a rigid braided
tensor category that is braid-reversed tensor equivalent to the category of finite-length M (1)-
modules which restrict to Vi-modules in Ind(0Y). In particular, the simple M(—1)-modules
in this category are simple currents parametrized by continuous characters of U(1).

8. THE CHIRAL UNIVERSAL CENTRALIZER OF SLs AT LEVEL —1

In this section, we determine the representation theory of a simple conformal vertex algebra
extension of V; ® V5. This algebra was constructed in [Ar, Section 7], where it was called
the chiral universal centralizer algebra of SLo at level —1 and denoted Igig. For a general
level K = —2 +t, the chiral universal centralizer I’fg 1, is an extension of the tensor product of
Virasoro vertex operator algebras at central charge 13 + 6t & 6t~! and can be obtained from
the vertex algebra of chiral differential operators on SLsy at level k by a two-step process of
quantum Drinfeld-Sokolov reduction. In the case t ¢ Q, this construction first appeared in
[F'S], and an alternative explicit construction was given in [FZ2], where I’gLQ was called a
modified reqular representation of the Virasoro algebra.

We take £k = —1,—3, so I§£2 is a simple conformal vertex algebra extension of V; ® Vag
such that
-1 ~ 1 25
I, = @ £ o (8.1)
reZ4

as a V] ® Vos-module, where we use /Jff% for i = 1,25 to denote the simple objects of (’)?. For

r € Z4, the simple V; ® Vas-module Eﬁll) ® [,5215 ) has lowest conformal weight
1

1(7“—1)2—%(?”—1—1)24-1:—7“4—162

by the ¢ = £1 cases of (2.1). Thus 15}42 is Z-graded, but there is no lower bound on the
conformal weights. Another way to obtain a simple conformal vertex algebra structure on
(8.1) uses the method of gluing vertex algebras from [CKM2]. Namely, because Of and O
are braid-reversed equivalent rigid semisimple tensor categories by Proposition 6.4, (8.1) is
the canonical algebra in the Ind-category of the Deligne tensor product 09 ® (’)85, and thus
is a simple conformal vertex algebra by [CMY1, Theorem 7.5] (here we use ® to denote
the Deligne tensor product of braided tensor categories to avoid confusion with our notation
X for vertex algebraic tensor products). In particular, the existence assertion of the next
theorem follows from either [Ar, Section 7] or [CKM2, Main Theorem 3(1)], and we prove
the uniqueness assertion in Appendix C:

Theorem 8.1. There is a unique (up to isomorphism) simple conformal vertex algebra ex-
tension of Vi ® Vags with the decomposition (8.1) as a Vi ® Vas-module.

We now use the theory of vertex algebra extensions developed in [HKL, CKMI1, CKM2,
CMY1] to describe the representations of I§i2 in Ind(OY®0Y;). For notational simplicity, we
set A = Igiz. Let Rep A denote the category of (possibly non-local) A-modules that restrict
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to Vi ® Vas-modules in Ind(O9 ® OY). Then Rep” A is the braided tensor category of local
A-modules in Ind(0Y @ OY;). Let O4 denote the category of finite-length A-modules that
restrict to Vi ® Vas-modules in Ind(O9 ® OY). Obviously, O4 is a subcategory of Rep® A.

Similar to the previous section, there is an induction functor F4 : O ® (’)85 — Rep A
satisfying Frobenius reciprocity:

Hom 4 (Fa(M), W) = Homy, s, (M, W) (8.2)
for any object M of OV ® (985 and W of Rep A. To simplify notation, we denote the simple
objects of O @ 09 by

1 25
My =LY @ £
for r,r' € Zy.

Theorem 8.2. Properties of the categories Rep A and O 4 are as follows:

(1) The category Rep A is semisimple, and the induced modules Wy := Fa(M, 1), r € Ly,
are simple and exhaust all the simple objects in Rep A up to isomorphism.
(2) The tensor products of simple modules are as follows: for r,r’" € Z,,

r+r’'—1
W, BW,, = &y Whe. (8.3)
k=|r—r'|+1
k+r+r'=1(mod 2)

(3) Induced modules have the following decompositions: for r,r' € Z,,

r4r'—1
Fa(M, ) = &y Wh. (8.4)

k=|r—r'|+1
k+r+7'=1 (mod 2)

(4) The category O has simple objects Wayn 1, n € N, and is braided tensor equivalent
to Rep PSLy(C). In particular, O4 is rigid and symmetric.

Proof. Since F4 is monoidal, the sls-type fusion rules of Vi-modules imply

r4r—1 r+r'—1
We ’W,r = Fa(My1) B Fa(M,r ) = fA( % M’“71> - D We,
k=|r—r'|+1 k=|r—r'|+1
k+r+r'=1 (mod 2) k+r+r'=1 (mod 2)

proving (2). To prove (3), first note Fa(M, ) = Fa(M,1) X Fa(My,) because Fy is
monoidal. Then because Of and O35 are semisimple ribbon tensor categories and the modules
E% for i = 1,25 are self-dual, [CKM2, Key Lemma 4.2] (see also [CKM2, Remark 4.3]) shows
that Fa(M,1) = Fa(Mi,). Consequently,

r4r'—1
Fa(Myyr) = Fa(My1) B FA(My) EW, KW, = D W

k=|r—r'|+1
k+r+r'=1 (mod 2)
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To prove (1), Frobenius reciprocity (8.2) and the sla-type fusion rules of Vj-modules imply

Hom (W, Ws) = Homa(Fa(M,1), Fa(Ms1))
s+r'—1

=~ Homy, 15, (MM, &b &y Mk> =g, - C. (8.5)

r'€l+  k=|s—r'|+1

k+s+7'=1 (mod 2)

Now if W C W, is a non-zero submodule, then W contains an irreducible V; ® Vo5-submodule,
say M, » for r',r" € Z,. By (8.2), there is a non-zero A-module map Fa(M, ) = W —
W,.. So because F4(M,s ) is a direct sum of certain Wy, k € Z, by (8.4), and because of
(8.5), Fa(M,s ;) must contain a copy of W, and furthermore there is a non-zero composition
W, — W — W,. By (8.5), this A-module map is a multiple of the identity and is in particular

surjective. Thus W = W,., proving W, is a simple A-module.

Now take an arbitrary object X of Rep A; it is a direct sum of irreducible Vi ® Vaos-modules
M, i, r,r" € Z, since it is an object of Ind(OY ® 09;). By Frobenius reciprocity, X is a sum
of quotients of induced modules F (MM, ,), and it then follows from the decomposition (8.4)
that X is the sum, and thus also the direct sum, of submodules W, for various r € Z. This
completes the proof of (1).

To prove (4), [CKM1, Lemma 2.65] shows that a simple module W, is an object of O4 if
and only if the monodromy isomorphism M4 az,, is the identity on AKX M, ;. For r'eZy,

r4r'—1
Mr,l X Mr’,r’ = @ Mk,r"
k=|r—r'|+1
k+r+7'=1 (mod 2)

Thus by the balancing equation and conformal weights, M4 s, ; = Idaxny, , if and only if

1 1 1
WY+ 0l —hl ez

T ,1
for all ¥/ € Zy and |[r —r'|+1 < k <r+7'— 1 such that k+r+ 7" =1 (mod2). It turns out
that » = 1 (mod 2).
Finally, by Proposition 6.4, the subcategory <£$3+171 |n € N) C O containing the indi-
cated simple objects is braided tensor equivalent to Rep PSLy(C). Also, the composition

MeMeL?y o Fa

<£$z)+1,1 |n € N) (’)(1) ® Oy5 — Rep A
is a braided tensor functor (see for example [CKM1, Theorem 2.67]) which is fully faithful
[CKM2, Lemma 6.1] and essentially surjective onto O4. Thus O4 = Rep PSL2(C) as braided
tensor categories. O

Remark 8.3. As in the last paragraph of the above proof, induction and Proposition 6.4
show that the subcategory of finite-length objects in Rep A is tensor equivalent to C(—1, sl).
Since the entire tensor category Rep A is not naturally braided (although it is braidable since
C(—1,sly) is), we do not view induction as a braided tensor functor in this case.

Remark 8.4. We can similarly determine the representation theory of I’g 1, at generic level,
that is, K = —2 + ¢ where ¢ ¢ Q. In this case, I’;LQ is an extension of V) ® V,_y), where
c(+t) =13 F 6t F 6t 1, and
E o~ t —t
th, = @ £ o £

) )

Elsy/m
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as a Vi) @ Vo(_y-module. Moreover, O are rigid semsimple braided tensor categories
[CJORY] with slo-type fusion rules [FZ2], and the Deligne product category Oy ® Og—y)
has simple objects M, q) (7 sy = Eﬁg) ®£i§j ). Then the following results have proofs similar
to Theorem 8.2:
(1) The category Rep Ig 1, of (possibly non-local) I’g 1,-modules which restrict to V,;) ®
Ve(—ty-modules in Ind(O.;) @ O (—y)) is semisimple, and the induced modules W, :=
]:IIELQ (My.),,1y) for r,7',s € Z, are simple and exhaust the simple objects of
Rep I’g L, up to isomorphism.
(2) For ri,r,s1,7m2,75,82 € Z1,

ritr2—1 ritry—1 s1+s2—1
S1 52 o~ 14
WinBWLL = D D & Wi
k=[ri—r2|+1 k' =|ri—rj|+1 l=|s1—s2|+1

k4+ri+ro=1 (mod 2) k:’+7'/1+r/251 (mod 2) {+s1+s9=1 (mod 2)
(3) For r,s,7", s € Z,

s+s'—1
~ 14
Fio, Moo mon)= @D Wi
l=|s—s'|+1
{+s+s'=1 (mod 2)

(4) The category of finite-length (local) I§L2—modules which restrict to Vi) @ Ve_y-

modules in Ind(O.y) ® Oy—y)) is a rigid semisimple braided tensor category with

simple objects Wﬂvr, such that r = 7’ (mod 2).

Note that the subcategory of finite-length objects in Rep I§L2 for k = —2+41t,t ¢ Q, is the
Deligne product of three tensor subcategories with sle-type fusion rules. Via the induction
functor, these three subcategories are tensor equivalent to

oLy =iV |rezy), O, =TV eny), OF =V |sezy).

,S

All three of these categories are equivalent to quantum group categories C(g, sly) by [KW,
Theorem A.]. We could determine the respective values of ¢ by calculating the intrinsic
dimension of the generating simple object in each category. Alternatively, we can use the
heterogeneous vertex operator algebras of [F'S, Theorem 4.3] (called equivariant affine W -
algebras in [Ar, Section 6]) and the (braid-reversing) tensor equivalence of [CKM2, Main
Theorem 2] to show that these three Virasoro categories are tensor equivalent to Kazhdan-
Lusztig categories for affine sly at suitable levels, which in turn are equivalent to C(g, sl2) at
suitable ¢ [KL]. For example, (’)CL( n will be tensor equivalent to the Kazhdan-Lusztig category

for affine sly at level —2 —¢~1, which is equivalent to C(e~ ™ sly) = C(e™ 5l5). These tensor
equivalences are also given in [CJORY, Proposition 5.5.2], except that we need to make two
corrections in [CJORY, Section 5.3]: ¢t = k + 2 should be changed to t™* = k + 2 and the
W-algebra module L (X,—2(k+nv)y) should be Ly (Xu—(k+nvyv)-

APPENDIX A. ALGEBRAS IN EQUIVALENT TENSOR CATEGORIES

The tensor-categorical results in this appendix are straightforward and certainly known,
but we include some details from their proofs to make this paper more self-contained. We also
use this appendix to recall notation from, for example, [KO, CKMI1] for algebras in tensor
categories and their modules.
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Let C be a braided tensor category with tensor product bifunctor X and unit object 1.
We recall (from [KO, CKM1], for example) that a (commutative) C-algebra (A, pa,t4) is an
object A of C equipped with multiplication and unit morphisms

pa: AKA — A, tga:1— A

which satisfy natural unit and associativity (and commutativity) axioms. An isomorphism
between two C-algebras (A, pa,ta) and (B, up,tp) is a C-morphism f : A — B such that
fopa=ppo(fWf)and fois=1p.

Given a commutative algebra A, the tensor category Rep A of (left) A-modules has objects
(X, px) where X is an object of C and px : AKX — X is a morphism satisfying natural left
unit and associativity axioms. The category Rep A has a braided tensor subcategory Rep® A
consisting of all objects (X, pux) such that

px o Max = px,

where My x := Rx,a 0 R4 x is the natural double braiding, or monodromy, isomorphism
in C. Given an object (X, pux) of Rep A, an A-submodule of X is an object (W, uw) of
Rep A equipped with a Rep A-injection i : W — X. We say that (X, ux) is simple if every
submodule i : W — X is either 0 or an isomorphism. If A is commutative, we can identify
ideals of A with A-submodules of A, so that A is simple as a C-algebra if and only if it simple
as an A-module.

Let F : C — D be a tensor functor, so that there is an isomorphism ¢ : 1p — F(1¢) and
a natural isomorphism

F:Rpo(FxF)— Folke (A.1)

which are suitably compatible with the unit and associativity isomorphisms of C and D. If
(A, pa,ta) is a C-algebra, then (F(A), 14y, tr(a)) is a D-algebra, where

nroay : F(A) Bp F(A) 222 F(ARe A) 284 Fa)

and

) 24, Fa).

If A is commutative and F is braided or braid-reversing, then F(A) is also commutative.
If (X, ux) is an object of Rep A, then (F(X), 1r(x)) is an object of Rep F(A), where

L]:(A) :1p i) .F(lc

nrc - F(A) Bp F(X) 25 FARe X) 28 7oy,

Moreover, if f : X; — Xy is a morphism in Rep A, then F(f) : F(X1) — F(X2) is a
morphism in Rep F(A). If A is commutative, F is braided or braid-reversing, and (X, ux)
is an object of Rep” A, then (F(X), 1F(x)) is an object of Rep? F(A). Thus if F is braided
or braid-reversing, it restricts to a functor from Rep® A to Rep® F (A). In the case that F is
an equivalence of categories, we get:

Proposition A.1. Let F : C — D be a braided or braid-reversing tensor equivalence. If A is
a commutative C-algebra, then F : Rep® A — Rep® F(A) is an equivalence of categories.

Proof. To show that F is essentially surjective onto Rep® F(A), suppose (W, uyy) is an object
of Rep® F(A). Since F is essentially surjective onto D, there is an isomorphism f : W —
F(X) in D for some object X in C, and then f : (W, uw) — (F(X), r(x)) is an isomorphism
in Rep® F(A) where

prx) = fopw o (Idga Bp f71).
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Using the full faithfulness of F, we define ux : A Xe X — X to be the unique C-morphism
such that

Flux) = prx o Fil.
It is then straightforward to check that (X, pux) is an object of Rep A such that F(X, ux) =
(F(X), urx)) = (W, pw ). For example, to prove the associativity of px, the faithfulness of
F implies it is enough to show

Fux o (Ida ®e px)) = Fpx o (pa e Idx) o A ax),
which follows from the definitions and the associativity of (F(X), ur(x)). Similarly, since
W, equivalently F(X), is an object of Rep” F(A), then

Flux) = Flux o M)

since F is braided or braid-reversing, and it follows that X is an object of Rep” A.

Now since F : C — D is faithful, F remains faithful when restricted to Rep® A. Then
to show that the restriction to Rep® A is full, let g : F(X;) — F(X2) be a morphism in
Rep® F(A), where X; and X» are objects of Rep? A. Then g = F(f) for some morphism
f:X1— XoinC, and

F(foux,)=g0purx,) o Fik, = trxy) o Idrm) Kp g) o Fi'y,
= Jir(xa) © Fix, 0 F(Ida Re f) = Flux, o (Ida Ke f)).
Since F is faithful, it follows that f is a morphism in Rep® A. O

Since equivalences of abelian categories preserve zero objects and thus also zero morphisms,
if ¥ :C — D is an equivalence, then a morphism ¢ in C is injective if and only if F(7) is
injective in D. Consequently, F also preserves simple objects. Thus:

Corollary A.2. Let F : C — D be a braided or braid-reversing tensor functor. If A is a
commutative C-algebra, then an object X of Rep® A is simple if and only if F(X) is a simple
object of Rep® F(A). In particular, A is a simple C-algebra if and only if F(A) is a simple
D-algebra.

The next result is that if F : C — D is a braided or braid-reversing tensor functor and A
is a commutative C-algebra, then F is also braided or braid-reversing on Rep® A. The proof
is straightforward but somewhat long, so we only include the more non-trivial details:

Theorem A.3. Let F : C — D be a right exact braided, respectively braid-reversing, tensor
functor. If A is a commutative C-algebra, then F : Rep® A — Rep® F(A) has the structure of
a braided, respectively braid-reversing, tensor functor.

Proof. Letting M4 and X x4y denote the tensor products in Rep’ A and Rep? F (A), respec-
tively, we need to obtain a natural isomorphism

FA:ﬁ]:(A)o(}—XF)—)fogA.

from the original natural isomorphism F' of (A.1). To do so, we recall (from [CKMI, Section
2.3] for example) that for objects X; and X in Rep® A, X1 X4 X5 is the cokernel of ) — (2,
where p(M) = 4 x, M Idy, and 1@ is the composition

RA,XlchdXQ
_—

(AR X1) Ko Xy (X1 K¢ A) Ke X

—1
X1,4,Xo Idx, Mepx,
—r %

X, Ko (ARe X) X Mo Xo.



28 ROBERT MCRAE AND JINWEI YANG

We use nx, x, : X1 Xe Xo — X7 Xy Xo to denote the cokernel morphism. Similar definitions
and notation apply to objects in Rep® F (A). We would like to define morphisms F’ )’?17 x, and

G’;‘(I X, 10 D such that the diagrams

Fxy.x5

F(X1) Kp F(X2) F(X1Ke Xo)
ln}-(xl),}—(xz) . if (1x1,x5)
F(X1) Br(a) F(Xa) B F(X1 B Xs)
and
F(X1 Re Xo) xi F(X1) Bp F(Xa)
J{f (nx1.X5) . lﬁﬂxn,ﬂxw
F(X1 K Xo) Ste F(X1) Kpa) F(X2)
comimute.

From the cokernel definitions of F(X1)X4 F(X32) and XX 4 X5 and by the right exactness
of F (so that F(X; K4 X») is still a cokernel), the existence and uniqueness of F;}h x, and

G’;‘(I X, 18 equivalent to the identities

‘F(nXl»X2) o FXl,X2 © 'u(l) = ]:(ﬁxl,Xz) © FX1,X2 o M(2)v
NF(x). (%) © P x, © (M) = nzxy) 73 © Fx) x, © F(u?).

When F is braid-reversing (the more interesting case), the first identity is proved as follows:

Fnx,.x2) © Fxy x, 0 Wr(xy) Bo ir(x5)) © Az(x) r(4) 7(xa) © (RF),F0x1) B 1d7(x)
= F(x1,%2) © Fxy,x, 0 (Idp(x,) Bp Flux,)) o Idrx,) ¥p Fax,)o
-1
o Az (x),7(A),F(xa) © (RF) 7 0x0) B 1d7(xy))
= ]:(nXth © (IdX1 Xe :U’Xz)) © FX1,A|XCX2 © (Id]-'(Xl) Xp FA,XQ)O
-1
© Az (x) 74y, (xa) © (RF(a) 7 B 1d7(x,))
= F(nx, .x, © (dx, ®e px,) o Ayl 4 x, © (R 4 Be Idx,))o
o Farex1,x, © (Fa,x, Wp Idz(x,))
= F(nx1,x, 0 (Idx, Me pix,) 0 Ax) 4 x, © (Rax, Be Idx;,))o
o F(Myly, Mo Idx,) 0 Fagex, X, © (Fax, Bp ldz(x,)
= F(nx,,x; 0 (px; R Idx,) o (MZ}Xl XIdx,)) o Famex,,x, © (Fax, ¥p Idf(X2))
= F(Nx,,x,) © Fx; x5 0 (F(px,) Me Idx,) o (Fa x, ¥p ldg(x,))
= ]:(UXLX2) © FXLXQ © /‘(1)7

where the next to last equality uses the assumption that X is an object of Rep® A. The

second identity is proved similarly, so we get the desired morphism F 5?17 X, i D with inverse

A
GX17X2'

To prove that F )1?1, X, 18 an isomorphism in Rep? F(A), we use the definitions of 11x,x,x,
and HF(X1) R 4y F(Xs) from [CKMI, Section 2.3], along with compatibility of F' with the
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associativity isomorphisms, to calculate

1F(xiRAxz) © Tdza) Bp FX, x,) o (Idra) Bp nr(x,), 7 (x2))
= F(uxi®ax2) © Faxim,x, © (Idza) Bp F(nx,,x,)) o (Idza) Xp Fx, x,)
= F(pximax, © (Ida Xe nx, x,)) © Fa,x,:0x, © (Idra) Xp Fx, x,)
= F(nx,,x,) 0 Fux, Me Idx,) o F(Aax,,x,) © Fax,mex, © Idra) Bp Fx, x,)
= F(nx1,x,) © Fpux, Me Idx,) o Fagex, x, © (Fax;, ¥p Idz(x,)) © Ara), 7x,),7(xs)
= F(nx1,x2) © Fx; x, 0 (F(px,) Bp Idr(x,)) o (Fa,x, Bp Idr(x,)) 0 Ara),7(x1),7(x2)
= F%, x, © NF(x),.F(xa) © (hrx) B Idx(x,)) 0 Ar(a) F(x1),F(X0)
= F3{, X, © HF(x R0 F(xa) © (1dr(a) RD 17 (x,) F(xa))-

Because Id z(4) Wp nr(x,),7(x,) i surjective, it follows that

rxaE,X) © (Idza) Bp FR x,) = FX, x, © HF(X1)Mz () F(X2)

as required. The proof that F4 defines a natural transformation is also straightforward from
the definitions in [CKM1, Section 2.3] and the fact that F' is a natural transformation.

To show that the natural isomorphism F4 gives F : Rep? A — Rep? F(A) the structure of
a braided (or braid-reversing) tensor functor, we also need F4 to be compatible with the unit,
associativity and braiding isomorphisms. Since the compatibility proofs are straightforward,
we only discuss compatibility with the right unit and braiding isomorphisms in the case that
F is braid-reversing. For the right unit isomorphisms, we need to show

F(A
]:(7”1)4() OF)I?,A = TfEX))

for any object X of Rep® A, where r4 and 7Y are the right unit isomorphisms in Rep® A
and Rep® F(A), respectively. Indeed, from the definitions in [CKMI, Section 2.3] and the
assumption that X is an object of Rep’ A, we get

F(ri) o F{ 4 oz F(a) = F(ry) o Flnx,a) o Fx,a

_ -1 _ A
= 1F(xX) © RE(a),7(x) = TF(X) © IFX),F(A)-
So the desired equality follows from surjectivity of nz(x) 7(4). Similarly, the braid-reversing
properties of F' and the definitions in [CKM2, Section 2.6] show that
]:(,R’f)qﬁ,Xz) © F)Igl,Xz = F§2,X1 © R;%XQ),]:(Xl)
for objects X; and Xy of Rep” A, so that F defines a braid-reversed tensor functor from
Rep? A to Rep? F(A). O

Since equivalences between abelian categories are automatically exact, we get the following
corollary of Proposition A.1 and Theorem A.3:

Corollary A.4. Let F : C — D be a braided, respectively braid-reversing, tensor equivalence.
If A is a commutative C-algebra, then F induces a braided, respectively braid-reversing, tensor
equivalence between Rep® A and Rep® F(A).
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APPENDIX B. UNIQUENESS OF Lj(sl3)

In this appendix, we present some uniqueness results for the simple affine vertex operator
algebra Li(sly) associated to sly at level 1, and also for its non-trivial irreducible module.
These results are perhaps known to experts, but we provide proofs here for completeness.
The automorphism group of L(sly) is PSLe(C), with fixed-point subalgebra the Virasoro
vertex operator algebra Vi [DG, Mi]. As a PSLy(C) x Vi-module,

Li(sk) 2 PV (2n) ® Lont1,1. (B.1)

n=0

We first establish the uniqueness of a simple vertex operator algebra with this decomposition
as a Vj-module, while ignoring PS Ly (C)-actions:

Theorem B.1. If V is a simple vertex operator algebra extension of Vi such that V =
D, V(2n) ® Lont1,1 as Vi-modules (with V(2n) considered just as a (2n + 1)-dimensional
vector space), then V = Ly (sly) as vertex operator algebras.

Proof. For n € N, we use v2,,41,1 to denote a generating vector of L£2,,11,1 of minimal conformal
weight, and we use mo,41 : V — V(2n) ® Lop4+1,1 to denote the Vir-module projection.

By assumption, the conformal-weight-1 space V(1) = V(2) ® v3; is three-dimensional,
and as in [FLM, Remark 8.9.1] it is a Lie algebra with bracket [u,v] = upv and invariant
symmetric bilinear form (-, -) defined by ujv = (u,v)1 for u,v € V(;). We claim that (-, ) is
non-degenerate. Indeed, consider a ® v31,b ® v31 € V(q) for non-zero a,b € V(2). Then we
have an identification of Vj-module intertwining operators

™10 Yvl(ags)obeLs,) = (0 © 31,0 v31)Vis

where y§3 is the unique Vi-module intertwining operator of type ( £3£1 123 1) such that

y§3(71371, $)7)3,1 S $72(1 + $E171Hx”)

Since there is a non-zero intertwining operator of type ( Erli s 1) only for » = 3, it follows
that if (¢ ® v31,0 ® v31) = 0 for all a € V(2), then the V-submodule generated by b ® v3.1
is contained in @@, V(2n) ® Lon11,1. Since V is simple, this is impossible for b # 0, and
thus for such b there exists a € V(2) such that (a ® v31,b® v31) # 0. This proves that (-, )
is non-degenerate.

Since (-, -) is non-degenerate, we can take h € V() such that (h, h) = 1. We would like to
show that w = L_»1 is a multiple of h%ll. Because hopt1,1 = n? > 2if n > 1, we have

RPl=c-w+L ju

for some ¢ € C and u € V(y). We first claim that u = 0. To show this, observe that vertex
operator modes acting on V' satisfy

2 Z h_mhmi1 = Res, 2°Yy (h% 1, 2)

m=0

d
= ¢ - Res, 22Yy (w, ) + Res, xQd—YV(u, x)=c- Ly —2uy.
x

The left side of this equation annihilates V(1) because

hohw = <h,1}>h01 =0
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for all v € V{y), and L; annihilates V{;) as well since V() consists of Virasoro primary vectors.
Thus u; also annihilates V{y), that is, (u,v) = 0 for all v € V(3. Since (-, -) is non-degenerate,
this proves the claim.

We now have h?,1 = ¢ - w, and it remains to calculate c. Let (-,-) be the unique non-
degenerate invariant bilinear form on £; ; C V such that (1,1) = 1. Thus

1
(L_91,L_51) = (1,LoL_51) = 3
so that using (2.3) and the L_;-derivative property,

g = (L_s1,cl_51) = (L_1,h2 1)

= Res, #~ ' (L_o1, (11 0 Yy/)(h, 2)h) = Resg 27 (1, La(m1 o Yy/)(h, z)h)
d

= Resx <1, xd—(m o Yy)(h,x)h + 3(m o Yy)(Loh, a;)h)
x

= (1, =20y + 3hyh) = (b, h)(1,1) = 1.

Thus ¢ = 2 and we get w = 3h2 1.

We will now use [LX, Corollary 3.15] to show that V is isomorphic to the lattice vertex
operator algebra V where L consists of all @« € C such that for some non-zero v € V,
hov = aw. To apply this result, we need to verify Conditions (1) — (3) of [LX]: Condition (1)
is satisfied because

Ly,h = d0p0h, hnh =dp11
for n > 0. Condition (2) is that the algebra generated by the operators h,, n > 0, acts
locally finitely on V. This is clear because V is a vertex operator algebra. Condition (3) is
that Gy = C1, where Gy is the intersection of the generalized hg-eigenspace with generalized
eigenvalue 0 with the Heisenberg vacuum space

G={veV]|hyv=0for n>0}.

Indeed, if v € G, then Lyv = %hgv, so if v is additionally a generalized eigenvector for h with
generalized eigenvalue 0, then LYv = 0 for some N € Z,. Thus v has conformal weight 0
and it follows that Gy = C1.

It now follows from [LX, Corollary 3.15] that V' is isomorphic to a rank-one lattice vertex
operator algebra V7. Since V has the same character as the sly-root lattice vertex operator
algebra, which in turn is isomorphic to Li(sls), it follows that V' is isomorphic to Li(slp). O

We now consider what happens when a simple vertex operator algebra with decomposition
(B.1) does have a PSLs(C)-action:

Theorem B.2. Suppose V is a simple vertex operator algebra extension of Vi with an action
of PSLy(C) by vertex operator algebra automorphisms such that V = @7V (2n) @ Loni1,1
as a PSLy(C) x Vi-module. Then the vertex operator algebra isomorphism Li(sls) — V
guaranteed by Theorem B.1 can be chosen to be an isomorphism of PSLy(C)-modules.

Proof. By assumption, the conformal-weight-1 space V(1) = V(2) ®v3 1 is a PSLy(C)-module
isomorphic to sly, so we may fix a standard basis {e, f,h} for V(1) as a PSLy(C)-module.
Moreover, because PSLy(C) acts on V' by vertex operator algebra automorphisms, the map
Vi) ® Vi) = V(1) given by u ® v — v is a PSLy(C)-module homomorphism, and thus it
must be a multiple of the Lie bracket on sly, that is,

eof =c-h, foh =2c¢- f, hoe = 2c- e (B.2)
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for some ¢ € C. Since V[y) is also a Lie algebra with bracket [u,v] = ugv, and since this
Lie algebra is isomorphic to sly by Theorem B.1, we have ¢ # 0 (but note that we cannot
immediately identify the {e, f,h} basis for V(;) considered as a PSLa(C)-module with the
corresponding basis for V) as a Lie algebra).

We can now replace the vertex operator Yy, with ¢! oYy o (0 ® ), where ¢ is the linear
isomorphism that acts as the identity on V(2n) ® Lo,41,1 for n # 1 and by the scalar ¢ on
V(2) ® L31. Note that

e: (Vip loYyo(p®p),1l,w) — (V.Yy,1,w)

is a vertex operator algebra isomorphism that is also a P.SLy(C)-module isomorphism. Thus
we may assume that the simple vertex operator algebra structure on V satisfies (B.2) with
¢ = 1. As in the proof of Theorem B.1, (u,v) — wujv defines a non-degenerate invariant
bilinear form on V(1) = sly:

u1v = k{u,v)1

for some non-zero k € C, where (-, -) is the invariant bilinear form on sly such that (h, h) = 2.
Thus h1h = 2k1, so by the proof of Theorem B.1, w = ﬁh%ll, and then

1 1 &
Lo=—hi+ =Y h_nhn.
0 4kh0+2k;h h

Using hoe = 2e, hie = k(h,e)1 = 0, and hpe = 0 for n > 2, we get e = Lge = %e, and thus
k=1

We can now conclude that there is a vertex algebra homomorphism from the universal
affine vertex algebra V1(sly) at level 1 to V which sends the generators e(—1)1, f(—1)1,
and h(—1)1 of V1(sly) to e, f, and h, respectively. Since V is simple and generated by
e, f, and h (because V is abstractly isomorphic to L;(slz)), this homomorphism descends
to a vertex operator algebra isomorphism Lj(sly) — V. By construction, this isomorphism
commutes with the PSLy(C)-actions on the weight-one subspaces of Li(slz) and V. Then
because both algebras are generated by their weight-one subspaces, and because PSLo(C)
acts by automorphisms on both algebras, the isomorphism L;(slp) — V is an isomorphism
of PSLy(C)-modules, as desired. O

The vertex operator algebra Li(slz), has a unique (up to isomorphism) irreducible module
which is not isomorphic to Lj(sly). We denote this module by X. The action of sly on X by
zero-modes of the vertex operators for elements of Ll(ﬁ[g)(l) = 5[y exponentiates to an action
of SLy(C) on X such that

g -Yx(v,z)w=Yx(g -v,2)g-w (B.3)

for g € SLy(C), v € Li(slz), and w € X. In particular, the SLy(C)-action and Vj-action on
X commute; we have

X=PVEn-1)® Lo

n=1

as an SLy(C) x Vi-module. We now have a uniqueness result for the SLo(C)-action on X:
Theorem B.3. Suppose W is a simple Li(slz)-module with an SLs(C)-action such that
g-Yw(v,x)w=Yw(g -v,z)g - w (B.4)
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for all g € SLy(C), v € Li(sly), and w € W, and such that W = @7 V(2n — 1) @ Lan1
as an SLo(C) x Vi-module. Then there is an Li(sly)-module isomorphism X — W which is
also an SLy(C)-module isomorphism.

Proof. Let T(W) denote the top level of W, that is, the lowest conformal weight space
V(1) ® va,1. The assumed compatibility of the SLy(C)- and Li(sl)-actions on W implies
that the linear map Li(sl2)) @ T(W) — T(W) give by v @ w = vow is an SLg(C)-module
homomorphism, and thus must be a multiple of the slp-action on V' (1). That is, if {e, f, h}
is the standard basis of L1(sly)(;) = sla, then there is a basis {vi,v_1} of T(W) such that

eovr = 0, hovi = ¢ - vy, fovi =c-v_q,

egv_1 = c-v1, hov_1=—c-v_1, fov_1=0 (B-5)

for some c € C.

On the other hand, the axioms for vertex operator algebras and modules show that the
action of Li(sl2)(1y on T (W) by zero-modes gives T'(W) the structure of an slz-module. The
formulas (B.5) describe an slp-module structure only when ¢ = 0 or ¢ = 1, since if ¢ # 0, then
v1 is the unique (up to scale) highest-weight vector in 7'(W') and thus must have h-eigenvalue
1 as T(W) is two-dimensional. In fact, we may conclude ¢ # 0 because the classification
of simple Lj(slz)-modules shows that W must be isomorphic to X as an L;(slz)-module,
and we know that Li(slz)(1) acts non-trivially on the top level of X. Thus (B.5) holds with
¢ = 1, showing that the assumed SLo(C)-action on T(W) is the same as that obtained by
exponentiating the zero-mode action of Li(sl2)1) = sly on T'(W).

We have now shown that any Lj (sly)-module isomorphism X — W restricts to an SLs(C)-
module isomorphism on top levels, since the SLy(C)-actions on both top levels are obtained
by exponentiating the zero-mode actions of Li(sl2)(;). Then because both X and W are
generated by their top levels, and because (B.3) and (B.4) both hold, we conclude that any
L (sly)-module isomorphism X — W is also an S Ly(C)-module isomorphism. O

APPENDIX C. UNIQUENESS OF THE CHIRAL UNIVERSAL CENTRALIZER

In this appendix, we prove the uniqueness assertion in Theorem 8.1 using Theorems B.2
and B.3. Thus let V' be any simple conformal vertex algebra containing V; ® Vas as a vertex
operator subalgebra and such that

~ 1 25
Ve @ o
TEZ+
as a V1 ® Vos-module. The slo-type fusion rules for Vi- and Vos-modules imply that V' has

a conformal vertex algebra involution which acts as (—1)"~! on [,7("11) ® ﬁf?f’ ). Let V° be the

fixed-point subalgebra of this involution and V! the eigenspace with eigenvalue —1, so that
o0 o0
0~ 1 (25 1~ 1 25
V= @ﬁén)-i-l,l ® [:271—&)-1,17 V= @Egn),l ® ‘an)l
n=0 n=1

as Vi ® Vos-modules. It is easy to see that V¥ is a simple conformal vertex algebra as follows:
For any non-zero v € V0,

V = span{u,v|u € V,n € Z} = span{u,v|u € V°,n € Z} + span{u,v|u € V', n € Z}
by [LL, Proposition 4.5.6] since V is simple. But since V = V%@ V! and since
span{u,v|u € VineZ} CV*
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for i = 0,1, it follows that
VO = span{u,v|u € VO n € Z}

for any non-zero v € VO, and thus V? is simple. A similar argument shows that V! is a
simple V%-module.

Proposition C.1. Any simple conformal vertex algebra extension of V1 ®Vas which is isomor-
phic to VO as a Vi @ Vaos-module is isomorphic to V° as a conformal vertex algebra. Moreover,
any simple V°-module which is isomorphic to V' as a Vi ® Vas-module is isomorphic to V!
as a V-module.

Proof. From Proposition 6.1, 09 is braided tensor equivalent to (Repsly)” with a suitable
braiding. Thus using [CMY 1, Theorem 7.5], uniqueness of the simple conformal vertex alge-
bra structure on V0 = @°° Egl) 411 ®Cgi5+)171 extending V; ® Va5 is equivalent to uniqueness

of the simple commutative algebra structure on the object
[ee]
1
A = @ V(2n)® ﬁgn)ﬂ,l
n=0

in the Ind-category Ind((Repsly)™ ® OY). Moreover, uniqueness of the simple V-module
structure on V1! is equivalent to uniqueness of the simple A°-module structure on the object

o0
A =Pven-1eLy),
n=1 ’
in Ind((Repsly)™ ® O0Y).

Since the sly-modules V(2n) for n € N are objects of the maximal symmetric tensor
subcategory Rep PSLy(C) C (Repsly)”, we can use [CMY1, Theorem 7.5] again to see that
a simple commutative algebra structure on A° in Ind((Repslz)” ® Of) amounts to a vertex
operator algebra structure (A%, Y 40,1, w) such that:

(1) The PSLy(C)-action on the V(2n) factors in A° gives a PSLy(C)-action by vertex
operator algebra automorphisms on A°.
(2) The only PSLy(C)-invariant ideals of A° are 0 and A°.

Moreover, uniqueness of the simple commutative algebra structure on A° in Ind((Rep slz)” ®
(9?) amounts to uniqueness of the vertex operator algebra structure on A up to an isomor-
phism that is also a PSLy(C)-module isomorphism.

Similarly, because (Rep sl2)™ is equivalent to Rep sly when considered as a module category
for Rep PSLy(C), a simple A%-module structure on A! (where A° is considered as a com-
mutative algebra in Ind((Repslz)”™ ® 09)) is equivalent to an A%module structure (A, Y1)
(where A is considered as a vertex operator algebra) such that:

(3) The SLy(C)-action on the V(2n — 1) factors in A! and the PSLy(C)-action on A°
are compatible in the sense that

g Yy, z)w=Y(g v,z)g-w
for all g € SLy(C), v € A, and w € A,
(4) The only SLy(C)-invariant A%-submodules of A! are 0 and A*.
Moreover, uniqueness of the A%-module structure on A' (where A! is considered as a commu-
tative algebra in Ind((Rep slz)™ ® 0Y)) is equivalent to uniqueness of the A°-module structure

on A! (where A° is considered as a vertex operator algebra) up to an A%-module isomorphism
that is also an SL9(C)-module isomorphism.
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We claim that Conditions (1) and (2) imply that A is a simple vertex operator algebra, and
we claim that A! is a simple A°-module. Then the desired uniqueness assertions will follow
from Theorems B.2 and B.3: A" will be isomoprhic to the simple affine vertex operator algebra
Ly (sly) with its standard PSLy(C)-action by automorphisms, and A will be isomorphic to
the unique non-trivial simple L (slz)-module with its standard SLs(C)-action.

To prove the claims, first let I C A° be a non-zero ideal. Since A° is a semisimple Vir-

module, so is I, and thus I contains v®£$3+171 for some n € N and non-zero v € V(2n). Now

consider the ideal generated by V(2n) ® Egln) 41,15 it is PSLy(C)-invariant by Condition (1),
and thus it equals A° by Condition (2). In particular, the ideal generated by V (2n) ®£$3 411
contains V(0) ® Eﬁ Since there is a non-zero PSLy(C)-module homomorphism V(2m) ®
V(2n) — V(0) if and only if m = n, it follows that the Virasoro intertwining operator

o Yalwamecl),, pevemer,,
where m; : A° = V(0) ® Eﬁ is the projection, is non-zero. Thus this intertwining operator

has the form b® ) where b: V(2n) ® V(2n) — V(0) is a non-zero (and thus non-degenerate)
R0
invariant bilinear form and Y is a non-zero intertwining operator of type ( ,, ") ).
L1 Lont1n

Now recall that our non-zero ideal I C A° contains v®£$l) 1,1 for some non-zero v € V(2n).

(1)

Thus letting v2,41,1 denote a non-zero lowest-conformal-weight vector in 5211 1.1, We have
now shown that there is some v’ € V(2n) such that

Y0 (v ® vont11,2) (0 @ vant11) € I((x))
has non-zero projection to V(0) ® Eglg Then because I is a semisimple Vir-module, this
shows that I contains V' (0) ® Eﬁ and thus contains the vacuum vector 1. Since 1 generates
AY as an A%-module, we conclude that I = A%, proving A° is simple.

To show that Al is a simple A%-module, we can now use Theorem B.1, which shows that
AV is isomorphic to L1 (slz) as a vertex operator algebra. Then A' must be simple because the
only L (slz)-module with the same Vj-module decomposition as Al is the non-trivial simple
L (sly)-module. O

We can now prove uniqueness of the simple conformal vertex algebra structure on VY@ V1!,
and thus the uniqueness assertion in Theorem 8.1:

Proof. Let (V,Yy,1,w) and (V, }7\/, 1,w) be two simple conformal vertex algebra structures
on V such that

Y; = Y4 .
Ve ooy = YWliemeeo)sy

Since V = V0 @ V! where VO is a simple subalgebra and V! is a simple V%-module with

respect to either conformal vertex algebra structure on V', Proposition C.1 shows that we
may assume

Yvlvogy = Yv|vogy-
Then skew-symmetry dictates that
Yolvigvo = e 1Yy (=) - [yogyr = €Yy (- —2) - [pogyr = Yolyigyo,

so it remains to consider Yy |y 1gy1.
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The slo-type fusion rules of V- and Vas-modules show that Im ?V‘V1®V1 C V9 We claim

the space of V-module intertwining operators of type (V‘l/s/l) is one dimensional, so that

YWivigyr = o Yy|yigy
for some o € C (note that Yy|y1gy1 # 0 since otherwise V! would be a proper ideal of
(V,Yy,1,w)). Assuming the claim, we have a # 0 since (V, Yy, 1,w) is a simple conformal
vertex algebra, so then
g = Idvo @ \/a . Idvl

is a linear isomorphism of V' such that aof/v =Yy o(o®o0), showing that the two simple con-
formal vertex algebra structures on V' are isomorphic (this is a special case of the uniqueness
proof for simple current extensions in [DM, Proposition 5.3]).

To prove the claim, let g, : E( 1) ® Efﬂl) —Vandm :V — E( 1) ® £$,1) for r € Z, denote
the natural inclusion and prOJectlon respectlvely It is enough to show that the linear map

Y—=moYo(ep®qg)

from the space of V%-module intertwining operators of type (V‘l/;)ﬂ) to the one-dimensional
£ g (25)
space of V1 ® Vas-module intertwining operators of type ( e ) is injective.

Indeed, let

1 ,25 1 25
oLl Loty

V:Vievt = vo(2)

u @ v = Y(ug, x)vy = Z(ul)nvl g~
nez

be a non-zero intertwining operator, and fix a non-zero vy € L’; % ® £(25) Then

span{ (u1)nv1 |u1 € VY, n € Z}

is a VY-submodule of VY by the easy intertwining operator generalization of [LL, Proposition
4.5.7]. Using the commutator formula for intertwining operators, we see that this submodule
is non-zero, since v; generates V! as a V%-module and ) is non-zero (see [DL, Proposition
11.9]). So in fact

LM © L8 = m(V°) = mi(span{(u)yor | u € Vin € Z})
since V0 is simple. That is, there exists m € Z, such that

7 0Y o (gam ® q2) # 0.

Finally, the sly-type fusion rules of V;- and Vas-modules force m = 1, completing the proof
of the claim and also of the theorem. O
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